Based on Lectures 23-25
Group Theory in Quantum Mechanics

Quantum theory of harmonic oscillators U(1)

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , QTCA Unit 7 Ch. 20-22 , PSDS - Ch. 8 )
EM Waves are made of (relativistic) oscillators?

[-D ata algebra of U(1) representations
Creation-Destruction ata algebra
Eigenstate creationism (and destruction)
Vacuum state
15t excited state

Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities

Matrix <anaT“> calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states

Oscillator coherent states (“Shoved™ and “kicked” states)
Translation operators vs. boost operators
Applying boost-translation combinations
Time evolution of coherent state
Properties of coherent state and “squeezed’ states
NEXT Lect 12:2-D ata algebra of U(2) representations and R(3) angular momentum operators
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EM Waves are made of (relativistic) oscillators? (We add later the nonradiative or static field )

QTCA Unit 7 Ch. 22 E . =—VOb
Plane-wave solutions to Maxwell Equations
: 0A
A = 612|a|sm(k-r—a)t+(p) E:_E B=VxA
:elEOcos(k-r—a)t+q)) :(kxel)Bocos(k-r—a)t+¢).
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EM Waves are made of (relativistic) oscillators? (We add later the nonradiative or static field )

QTCA Unit 7 Ch. 22 E . =—VOb
Plane-wave solutions to Maxwell Equations
: 0A
A = 612|a|sm(k-r—a)t+(p) E:_E B=VxA
:elEocos(k-r—a)t+q)) :(kxel)Bocos(k-r—a)t+¢).

Electric E-polarization vector at zero phase Magnetic B-polarization vector at zero phase

Eoel :2|a|a)e1 Bob1=BO(k><el)=622|a|w/C (Letk:w/C)

Tuesday, March 18, 2014 3



EM Waves are made of (relativistic) oscillators?

OTCA Unit 7 Ch. 22

A = e?2|dsin(k- r—wr+9)

Electric E-polarization vector at zero phase

E,e, =2|dwe,

Fourier analyze vector potential A

(We add later the nonradiative or static field )

=-VO
Plane-wave solutions to Maxwell Equations non-rad
0A
E=— B=VXxA
ot
=e1Eocos(k-r—a)t+q)) :(kxel)Bocos(k-r—a)t+¢).
Magnetic B-polarization vector at zero phase
Bob1=BO(k><el)2622|a|a)/C (Letk:w/C)
i(k-r— s _i(kr— —_ 7 1
A= ak’lele’( For) 4 a, e.e er-or), Ay, =1 ‘ak,l ‘ e .
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EM Waves are made of (relativistic) oscillators? (We add later the nonradiative or static field )

QTCA Unit 7 Ch. 22 | | E . =—VOb
Plane-wave solutions to Maxwell Equations
: 0A
A = 312|a|81n(k’r—a)t+¢) E:—E B=VXxA
=e1Eocos(k-r—a)t+q)) :(kxel)Bocos(k-r—a)t+¢).
Electric E-polarization vector at zero phase Magnetic B-polarization vector at zero phase
Eoel :2|a|a)e1 Bob1=BO(k><el)=622|a|a)/C (Letk:w/C)
(K-r— * —_ilkr— —_ 7 i¢k,1
Fourier analyze vector potential A A= a, lele’(kr 1) +a,ee ler-wt) , A1 = l‘ak,l ‘ € .
Averaged EM field energy <U>V for a plane wave in volume V' (Use: <C0$200l > =7)

2
WyW=(2EE+—BB)V=V 8—04|a|2a)2+4mk2 (cos? (k-r—or+0))
2 214 2 2

= 2600°[a* V =2(k* /1o )|’ v
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EM Waves are made of (relativistic) oscillators? (We add later the nonradiative or static field )

QTCA Unit 7 Ch. 22 E . =—VOb
Plane-wave solutions to Maxwell Equations
: 0A
A = 612|a|sm(k-r—a)t+(p) E:_E B=VxA
:elEocos(k-r—a)t+q)) :(kxel)Bocos(k-r—a)t+¢).
Electric E-polarization vector at zero phase Magnetic B-polarization vector at zero phase
Eoel :2|a|a)e1 Bob1=BO(k><el)=622|a|w/C (Letk:w/C)
(K-r— * —_ilkr— —_ 7 i¢k,1
Fourier analyze vector potential A A= a, lele’(kr 1) +a,ee ler-et) , A1 = l‘ak,l ‘ e .
Averaged EM field energy <U>V for a plane wave in volume V' (Use: <C0820)f > =7)

2
WyW=(2EE+—BB)V=V 8—04|a|2a)2+4mk2 (cos? (k-r—or+0))
2 214 2 2

= 2600°[a* V =2(k* /1o )|’ v

hao A Quantum field
Einstein-Planck energy-frequency relation (<U > V= hna)) for n=1 photon. |a = 26,0V ~1/9 £,V =A it
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EM Waves are made of (relativistic) oscillators? (We add later the nonradiative or static field )

OTCA Unit 7 Ch. 22 ==V O
Plane-wave solutions to Maxwell Equations non-rad
: 0A
A = 612|a|sm(k-r—a)t+(p) E=- ~ B=VxA
:elEOcos(k-r—a)t+q)) :(kxel)Bocos(k-r—a)t+¢).
Electric E-polarization vector at zero phase Magnetic B-polarization vector at zero phase
Eoel :2|a|a)e1 Bob1=BO(k><el)=622|a|w/C (Letk:w/C)
(K-r— * —_ilkr— —_ 7 i¢k,1
Fourier analyze vector potential A A= a, lelel(kr 1) +a,ee (ker—-or) , A1 = l‘ak,l ‘ e .
Averaged EM field energy <U>V for a plane wave in volume V' (Use: <C0320)f > =7)
2
U)WV = <8—0E-E+LB-B>V=V(‘c’—04|a|2co2 +4mk2]<cosz(k-r—wt+¢)>
2 214 2 2
= 2600°[a* V =2(k* /1o )|’ v
A Quantum field
Einstein-Planck energy-frequency relation (<U >V = hna)) for n=1 photon. |a = 26w VAR Y g0V =A it
Sum every possible value of k and for each choice e; or ez of polarization orthogonal to k.
4 ) Lo 21 )
i(kr—mt i(kr—mt * —i(k-r—wt L
A= 2|:(Clklel + Clkzez)e ( ) + C.C.:| = 2 2 [akaeae ( ) + k€0 € ( ):| _12.
k kK a=1 (”ﬁ J> B=x., Z)

Fourier analysis of classical vector potential field A

\_ J

Tuesday, March 18, 2014 7



EM Waves are made of (relativistic) oscillators? QTCA Unit 7 Ch. 22

Fourier analysis of classical vector potential field A

2r
: 2 : : kg =ng—
kr-wt k-r-wt * —i(kr—owt L
A= Z[(dklel + akzez)el( ) + C.C.i| = 2 Z [akaeael( ) + Ao €0 € l( )i| (nﬁ 1o
k k a:l ) 9e oo
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EM Waves are made of (relativistic) oscillators? QTCA Unit 7 Ch. 22

Fourier analysis of classical vector potential field A

A= Z[(dklel + akzez)ei(k.r_wt) + C.C i|
k

A time derivative gives electric E field.
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EM Waves are made of (relativistic) oscillators? QTCA Unit 7 Ch. 22

Fourier analysis of classical vector potential field A

ky=n, 2=
A= %[(dkﬂﬁ +ay,e; ) KT 1 ¢ J %;l [ak e ller—or) altaeae_i(k‘r—wf ) } (; ) fz, 5o
A time derivative gives electric E field.
E= _88_? = %%[lakaweaei(k r-or) _ iy, € € (ler wt)}
A curl gives magnetic B field.
B=VxA-= %%[iakakbaei(k'r_wt) it kbge ) | b, = K 7:’“

Tuesday, March 18, 2014 10



EM Waves are made of (relativistic) oscillators? QTCA Unit 7 Ch. 22

Fourier analysis of classical vector potential field A

ky =12
A= %[(aklel + ay e, ) KT=01) 4 ¢ } %ail[aka Mer=ar) altaeae_i(k.r_wt)} (; _ fzj B=1x..2)
A time derivative gives electric E field.
E= _88_? = %%[lakaweaei(k r-or) _ iy, € € (ler wt)}
A curl gives magnetic B field.
B=VXxA= %%[iakakbaei(kr—wt) — iazakbae_i(k'r_wt)} , b, = K ze“

Classical Phasor Energy Relations e
The classical Hamiltonian is a volume ¥ integral of energy density. Electric E field contributionis: UgV = ond r E-E ;
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EM Waves are made of (relativistic) oscillators? QTCA Unit 7 Ch. 22

Fourier analysis of classical vector potential field A
(kr— 2 o . e
A= Z[(aklel + ak2e2)el(k r-or) + c,c;| > D |:akoc (k r-ot) +ay e,e i(kr a)t)i|
k k o=1

A time derivative gives electric E field.

A curl gives magnetic B field.

B=VXxA= %Z[iakakbaei(kr_wt) — iazakbae_i(k'r_wt)} , b, = k ze“
(04

Classical Phasor Energy Relations

E
The classical Hamiltonian is a volume ¥ integral of energy density. Electric E field contributionis: UgV = —Ojd r E-E ;

E-E= 3% X iak'a'w'eae’(k"r_w't) +c.c ) : (iakaa)eaei(k'r_“” ) L e ) simplified by normalization conditions:
cote Jd3 i(K+K)r 5.V
| k' k
. ' e | * % . , . . \
= kz kz —ay gy ly DD €1 @ eael(k +k)r—i(0'+o)r oy VO) €1 @ eael(k +k)r+i(o'+0)t . -5
|al a L |

* (k'—=k)1r—7 _ * (k'— . ] _
+ak'(x‘akaw'w e, .eael(k k)r—i(o'-o)t +ak‘(x'akaw'w e, 0€ael(k k)r+i(w'-o)t
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EM Waves are made of (relativistic) oscillators? QTCA Unit 7 Ch. 22

Fourier analysis of classical vector potential field A
(T o 2 o . e
A= Z[(Clklel + akzez)el(k Foor) | C.C.i| > > [aka i(kr-o1) Oy €€ i(kr wt)}
k k o=l

A time derivative gives electric E field.

A curl gives magnetic B field.

B=VXxA= %Z[iakakbaei(kr_wt) — iazakbae_i(k'r_wt)} , b, = k ze“
(04

Classical Phasor Energy Relations

E
The classical Hamiltonian is a volume ¥ integral of energy density. Electric E field contributionis: UgV = —Ojd r E-E ;

E-E= 3% X iak'a'w'eae’(k"r_w't) +c.c ) : (iakaa)eaei(k'r_“” ) L e ) simplified by normalization conditions:
cote Jd3 i(K+K)r 5.V
| k' k
. ' e | * % . , . . \
= kz kz —ay gy ly DD €1 @ eael(k +k)r—i(0'+o)r oy VO) €1 @ eael(k +k)r+i(o'+0)t . -5
Ial a L |

* (k'—=k)1r—7 _ * (k'— . ] _
+ak'(x‘akaw'w e, .eael(k k)r—i(o'-o)t +ak‘(x'akaw'w e, 0€ael(k k)r+i(w'-o)t

EOV ) k2 Diot 2 Diwt
UV = 27[2|aka| 0 —-a_,a,0e —a_,a,.,0"e }
ko
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EM Waves are made of (relativistic) oscillators? QTCA Unit 7 Ch. 22

Fourier analysis of classical vector potential field A
(T o 2 o . o
A= Z[(Clklel + akzez)el(k Foor) | C.C.i| > > [aka i(kr-o1) Oy €€ i(kr wt)}
k k o=l

A time derivative gives electric E field.

A curl gives magnetic B field.

B=VXxA= %Z[iakakbaei(k'r_wt) — iazakbae_i(k'r_wt)} , b, = k ze“
(04

Classical Phasor Energy Relations

E
The classical Hamiltonian is a volume ¥ integral of energy density. Electric E field contributionis: UgV = —Ojd r E-E ;

E-E= Y ) iak'a'w'eae’(k"r_w't) +c.c ) : (iakaa)eaei(k'r_wt ) tece ) simplified by normalization conditions:
ke Jd3 i(K+K)r 5V
i k' -k
.11 e 1 * % 1 . . \
= kz kz —ay gy ly DD €1 @ eael(k +k)r—i(0'+o)r oy VO) €1 @ eael(k +k)r+i(0'+o)t | _s
Ial a | |

* (k'—=k)1r—7 _ * (k'— . ] _
+ak'(x‘akaw'w e, .eael(k k)r—i(o'-o)t +ak‘(x'akaw'w e, 0€ael(k k)r+i(w'-o)t

gV L) w2 Dint 2 2iot
UV = 27[2|aka| 0 —-a_,a,0e —a_,a,.,0"e }
ko

Magnetic B energy U,V = Jd3rB -B/2u, i1s like above with substitutions: E — B, £o — ! , we,—>kb,=kXe,
2 2,
1% . . . by
UgV=3%— Z‘aka‘z k2 +a" ay  k2e* P +a_y yai ke 2’““}
ko 2Hg -
2 272 2
&V 2 2 % 2 liot 2 it O =ck =k /('u‘)g‘))
= ZT Z‘aka‘ Q) +a_kaakaa) e +a_y o Qo€ }
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EM Waves are made of (relativistic) oscillators!

E V B 2 . ,
— 0 2 * 2 lior 2 2iwt
Uyv=> - 2|a,| @ —d a0 a,,a,me }
ko -

EVT 2 - 2
07 2|y 0° +a’ | yar 07" +a_y a0 !

—|— UBV:E

|

UV =(U,+U,)V =Y 26,0 |a,| V.
ko

OTCA Unit 7 Ch. 22
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EM Waves are made of (relativistic) oscillators! QTCA Unit 7 Ch. 22
eVr % % Diw —2iw
U,V = 207 2|am|2 w -a, a0 —a a0’ t]
koo B

EVT 2 s & ' —2i
07 2ary|” ©% +a it +a_ gay g e O |.

—|— UBV:kz‘,

OV (0, +U)V =3 2600710 V= 3 26V 0, = A 200 (s -] 200 o (s -]
ko ko

ka
= Z%[ka(x +if, ][kaOC Tk ]
ko

= Zé(sza + wzQﬁa)
ko
where: O =2\EVay = eV (ag+tay,).

P, =2w\¢eVa" =w€eV (aka— a,, ) / i.
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EM Waves are made of (relativistic) oscillators! QTCA Unit 7 Ch. 22
eVr % % Diw —2iw
U,V = 207 2|am|2 w -a, a0 —a a0’ t]
koo B

E V_ 2 * * / 7
07 2ary|” ©% +a it +a_ gay g e O |.

—|— UBV:kz‘,

OV (0, +U)V =3 2600710 V= 3 26V 0, = A 200 (s -] 200 o (s -]
ko ko

ka
= Z%[kaa +if, ][kaOC Tk ]
ko

=2 4R+ 0’0
ko
1
° a., =a. +ia = O, +iP,/o
where.' Qka _9 SOVCZE; _ ,—80V (Clka+ a[ia), Cll’ld. k k k 7 SOV ( k k / )
m £\ /s ] e Im 1 :
P, =2w soVaII(a = 4/E,V (aka— a,,, )/l : a,, =a. —ian = 2—'80_V(Qka —iP_, /a))

...to be continued after review of 1D-quantum oscillator mechanics...
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* [-D ata algebra of U(1) representations
Creation-Destruction ata algebra
Eigenstate creationism (and destruction)
Vacuum state
15t excited state
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[-D ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)zmp2+§Ma)2x2

Tuesday, March 18, 2014
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[-D ata algebra of U(1) representations

How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)zﬁp2+§Ma)2x2

A:Rewrite classical H(x,p) with a thick pen!
Hx,p) = p°/2M +V(X) = p°/2M +Mw*x*/2 (with: p = 7K )

Tuesday, March 18, 2014
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[-D ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)zﬁp2+§Ma)2x2

A:Rewrite classical H(x,p) with a thick pen!
Hx,p) = p°/2M +V(X) = p°/2M +Mw*x*/2 with: p = ik

Q: How to solve a quantum HO Hamiltonian H(X,p)?

Tuesday, March 18, 2014
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[-D ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)=ﬁp2+5Ma)2x2

A:Rewrite classical H(x,p) with a thick pen!
Hx,p) = p°/2M +V(X) = p°/2M +Mw*x*/2 with: p = ik

Q: How to solve a quantum HO Hamiltonian H(X,p)?

A:Rewrite H(X,p) with a THICKER pen! (Shows X=p symmetry)

H = P>+ X? where: X = \Mwx/N2 and P = pAN(2M)
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[-D ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)zﬁp2+§Ma)2x2

A:Rewrite classical H(x,p) with a thick pen!
Hx,p) = p°/2M +V(X) = p°/2M +Mw*x*/2 with: p = ik

Q: How to solve a quantum HO Hamiltonian H(X,p)?

A:Rewrite H(X,p) with a THICKER pen! (Shows X=p symmetry)
H = P>+ X? where: X = \Mwx/N2 and P = pAN(2M)

Q: OK! manar But, really how do you solve a quantum HO Hamiltonian H(X,p)?

Tuesday, March 18, 2014
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[-D ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)=ﬁp2+5Ma)2x2

A:Rewrite classical H(x,p) with a thick pen!
Hx,p) = p°/2M +V(X) = p°/2M +Mw*x*/2 with: p = ik

Q: How to solve a quantum HO Hamiltonian H(X,p)?

A:Rewrite H(X,p) with a THICKER pen! (Shows X=p symmetry)
H = P>+ X? where: X = \Mwx/N2 and P = pAN(2M)

Q: OK! manar But, really how do you solve a quantum HO Hamiltonian H(X,p)?

A:Factor P?+X°! (Use X=p symmetry)

Tuesday, March 18, 2014
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[-D ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)zmp2+§Ma)2x2

A:Rewrite classical H(x,p) with a thick pen!
Hx,p) = p°/2M +V(X) = p°/2M +Mwo*X*/2 with: p = ik

Q: How to solve a quantum HO Hamiltonian H(X,p)?

A:Rewrite H(X,p) with a THICKER pen! (Shows X=p symmetry)
H = P>+ X? where: X = \Mwx/N2 and P = pAN(2M)

Q: OK! nanar But, really how do you solve a quantum HO Hamiltonian H(x,p)?
A:Factor P?+X°! (Use X=p symmetry)

H(x,p) = P°+X’= (X-iP)(X+iP)

Tuesday, March 18, 2014
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[-D ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)—ﬁp +2M602x2

A:Rewrite classical H(x,p) with a thick pen!

Hx,p) = p°/2M +V(X) = p°/2M +Mwo*X*/2 with: p = 7k —Eai
[ dx
Q: How to solve a quantum HO Hamiltonian H(X,p)?
A:Rewrite H(X,p) with a THICKER pen! (Shows X=p symmetry)

H = P>+ X? where: X = \Mwx/N2 and P = pAN(2M)

Q: OK! manar But, really how do you solve a quantum HO Hamiltonian H(X,p)?

A:Factor P?+X?! But, recall that X and P don’t i commute... (Use X2p symmetry)

Hx,p) = P°+X’= (X-iP)(X+iP)/2 + (X+iP)(X-iP)/2...s0 make symmetric factors.
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[-D ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)—ﬁp +2M602x2

A:Rewrite classical H(x,p) with a thick pen!

Hx,p) = p°/2M +V(X) = p°/2M +Mwo*X*/2 with: p = 7k —Eai
[ dx
Q: How to solve a quantum HO Hamiltonian H(X,p)?
A:Rewrite H(X,p) with a THICKER pen! (Shows X=p symmetry)

H = P>+ X? where: X = \Mwx/N2 and P = pAN(2M)
Q: OK! nanar But, really how do you solve a quantum HO Hamiltonian H(x,p)?

A:Factor P?+X?! But, recall that X and P don’t i commute... (Use X2p symmetry)

Hx,p) = P°+X’= (X-iP)(X+iP)/2 + (X+iP)(X-iP)/2...s0 make symmetric factors.

Recall commutator [X , p] relation: |[x.p|=xp-px=ti1
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[-D ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)—ﬁp +2M602x2

A:Rewrite classical H(x,p) with a thick pen!

Hx,p) = p°/2M +V(X) = p°/2M +Mwo*X*/2 with: p = 7k —Eai
10X
Q: How to solve a quantum HO Hamiltonian H(X,p)?
A:Rewrite H(X,p) with a THICKER pen! (Shows X=p symmetry)

H = P>+ X? where: X = \Mwx/N2 and P = pAN(2M)

Q: OK! manar But, really how do you solve a quantum HO Hamiltonian H(X,p)?

A:Factor P?+X?! But, recall that X and P don’t i commute... (Use X2p symmetry)

Hx,p) = P°+X*= (X-iP)(X+iP)/2 + (X+iP)(X-iP)/2...s0 make symmetric factors.é

Recall commutator [X , p] relation: |[x.p|=xp-px=ti1
Proof:

(-l < ()5 ()
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[-D ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)—ﬁp +2M602x2

A:Rewrite classical H(x,p) with a thick pen!

Hx,p) = p°/2M +V(X) = p°/2M +Mwo*X*/2 with: p = 7k —Eai
10X
Q: How to solve a quantum HO Hamiltonian H(X,p)?
A:Rewrite H(X,p) with a THICKER pen! (Shows X=p symmetry)

H = P’+X? where: X = \Mwx/N2 and P = pA(2M)

Q: OK! manar But, really how do you solve a quantum HO Hamiltonian H(X,p)?

A:Factor P?+X?! But, recall that X and P don’t i commute... (Use X2p symmetry)

Hx,p) = P°+X*= (X-iP)(X+iP)/2 + (X+iP)(X-iP)/2...s0 make symmetric factors.é

Recall commutator [X , p] relation: |[x.p|=xp-px=ti1
Proof:

<xx_g-:gx|w>—?(x§w<x>—§w< A2l 2v)
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[-D ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)—ﬁp +2M602x2

A:Rewrite classical H(x,p) with a thick pen!

Hx,p) = p°/2M +V(X) = p°/2M +Mwo*X*/2 with: p = 7k —Eai
10X
Q: How to solve a quantum HO Hamiltonian H(X,p)?
A:Rewrite H(X,p) with a THICKER pen! (Shows X=p symmetry)

H = P’+X? where: X = \Mwx/N2 and P = pA(2M)

Q: OK! manar But, really how do you solve a quantum HO Hamiltonian H(X,p)?

A:Factor P?+X?! But, recall that X and P don’t i commute... (Use X2p symmetry)

Hx,p) = P°+X*= (X-iP)(X+iP)/2 + (X+iP)(X-iP)/2...s0 make symmetric factors.é

Recall commutator [X , p] relation: |[x.p|=xp-px=ti1
Proof:

<x\x_r;-:gx\w%(x%w(x)—%w( )25 Lol o) 22 ()| - ()
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[-D ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)—ﬁp +2M602x2

A:Rewrite classical H(x,p) with a thick pen!

Hx,p) = p°/2M +V(X) = p°/2M +Mwo*X*/2 with: p = 7k —Eai
10X
Q: How to solve a quantum HO Hamiltonian H(X,p)?
A:Rewrite H(X,p) with a THICKER pen! (Shows X=p symmetry)

H = P°+X? where: X=\Mwox/N2 and P=p~N(2M)

Q: OK! manar But, really how do you solve a quantum HO Hamiltonian H(X,p)?

A:Factor P?+X?! But, recall that X and P don’t i commute... (Use X2p symmetry)

Hx,p) = P°+X*= (X-iP)(X+iP)/2 + (X+iP)(X-iP)/2...s0 make symmetric factors.é

Recall commutator [X , p] relation: |[x.p|=xp-px=ti1
Proof: QED:

(-l (o) 3 ()| = ) () S () =S ()= )= )
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[-D ata algebra of U(1) representations

Q: How to convert classical HO Hamiltonian to guantum HO Hamiltonian?

1 1
E:H(x,p)—ﬁp +2M602x2

A:Rewrite classical H(x,p) with a thick pen!

H(x,p) = P2/2M +V(X) = P°/2M +Mw’X2/2 with: p = 1k _ﬁai
L1 dx
Q: How to solve a quantum HO Hamiltonian H(X,p)?
A:Rewrite H(X,p) with a THICKER pen! (Shows X=p symmetry)

H = P°+X? where: X=\Mwox/N2 and P=p~N(2M)

Q: OK! manar But, really how do you solve a quantum HO Hamiltonian H(X,p)?

A:Factor P?+X?! But, recall that X and P don’t i commute... (Use X2p symmetry)

Hx,p) = P°+X*= (X-iP)(X+iP)/2 + (X+iP)(X-iP)/2...s0 make symmetric factors.é

Recall commutator [X , p] relation: |:x, p:| = Xp-px=#ii 1 (They only miss commuting by 0.00000000000.. N
Proof: QED:

<x\x_r;-:gx\w>=?[x%vf(x)—%w( )| =5 o) o) =22 (x) | =B (x) = ()~ T

l
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[-D ata algebra of U(1) representations
Creation-Destruction ata algebra
Eigenstate creationism (and destruction)

Vacuum state
15t excited state

<
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Creation-Destruction ata algebra

4 N
4 N , [ 7o o ot [agn
(X-I—iP) ( /Ma)x+ip/~/Ma)) aT:(X_lP):( Mo X—ip/ M(U)
Y Ton Jho J2n
Define { Destruction operator ) and \ Creation Operator y

Commutation relations between a = (X+iP)/2 and a'= (X-iP)/2 with X=VMoxA2 and P=pAN2M :
[a,aqzaaT-aTa=£(\/Mw x+ip/\/Ma))(\/Ma) x—ip/\/Ma))—i(\/Mw x—ip/x/Ma))(\/Ma) x+ip/\/Ma))
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Creation-Destruction ata algebra

4 N
4 N , [ 7o o ot [agn
(X-I—iP) ( /Ma)x+ip/~/Ma)) aT:(X_lP):( Mo X—ip/ M(U)
Y Ton Jho J2n
Define { Destruction operator ) and \ Creation Operator y

Commutation relations between a = (X+iP)/2 and a'= (X-iP)/2 with X=VMoxA2 and P=pAN2M :
_a,aqzaaT-aTa=£(\/Mw x+ip/\/Ma))(\/Ma) x—ip/\/Ma))—i(\/Ma) x—ip/x/Ma))(\/Ma) x+ip/\/Ma))

; .
a,aqzﬁ(px—xp):#[x,p]
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Creation-Destruction ata algebra

4 N
4 N , [ 7o o ot [agn
(X-I—iP) ( /Ma)x+ip/~/Ma)) aT:(X_lP):( Mo X—ip/ M(U)
Y Ton Jho J2n
Define { Destruction operator ) and \ Creation Operator y

Commutation relations between a = (X+iP)/2 and a'= (X-iP)/2 with X=VMoxA2 and P=pAN2M :
_a,aqzaaT-aTa=£(\/Mw x+ip/\/Ma))(\/Ma) x—ip/\/Ma))—i(\/Mw x—ip/x/Ma))(\/Ma) x+ip/\/Ma))

y .
a,aqzﬁ(px—xp): #[x,p]ﬂ

Recall commutator [X , p] relation: |X,p]=xp-px=hi1
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Creation-Destruction ata algebra

4 N
4 N , [ 7o o ot [agn
(X-I—iP) ( /Ma)x+ip/~/Ma)) aT:(X_lP):( Mo X—ip/ M(U)
Y Ton Jho J2n
Define { Destruction operator ) and \ Creation Operator y

Commutation relations between a = (X+iP)/2 and a'= (X-iP)/2 with X=VMoxA2 and P=pAN2M :
_a,aqzaaT-aTa=£(\/Mw x+ip/\/Ma))(\/Ma) x—ip/\/Ma))—i(\/Mw x—ip/x/Ma))(\/Ma) x+ip/\/Ma))

a,aﬂ=%(px—xp)=%[x,p]=1 @a,aqzﬂ or (aaT=aTa+1)

Recall commutator [X , p] relation: |X,p]=xp-px=hi1
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Creation-Destruction ata algebra

4 N
4 N , (s v
(X+,-p) (\/Ma) x+ip/\/Ma)) aT:(X_’P):( Mo x—zp/\/Mw)
a= =
[t > Vho \2h
Define { Destruction operator ) and \ Creation Operator y

Commutation relations between a = (X+iP)/2 and a'= (X-iP)/2 with X=VMoxA2 and P=pAN2M :
_a,aqzaaT-aTa=§(\/Mw x+ip/\/Ma))(\/Ma) x—ip/\/Ma))—i(\/Mw x—ip/x/Ma))(\/Ma) x+ip/\/Ma))

a,aﬂ=%(px—xp)=%[x,p]=1 @a,aqzﬂ or (aaT=aTa+1)

1D-HO Hamiltonian in terms of a'a operator
Recall: H(x,p)=#ho (a’a+aa")/2

Recall commutator [X , p] relation: |X,p]=xp-px=hi1
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Creation-Destruction ata algebra

4 N
4 N , (s v
(X+,-p) (\/Ma) x+ip/\/Ma)) aT:(X_’P):( Mo x—zp/\/Mw)
a= =
[t > Vho \2h
Define { Destruction operator ) and \ Creation Operator y

Commutation relations between a = (X+iP)/2 and a'= (X-iP)/2 with X=VMoxA2 and P=pAN2M :
_a,aqzaaT-aTa=§(\/Mw x+ip/\/Ma))(\/Ma) x—ip/\/Ma))—i(\/Mw x—ip/x/Ma))(\/Ma) x+ip/\/Ma))

a,aﬂ=%(px—xp)=%[x,p]=1 @a,aqzﬂ or (aa*=aia+1)

1D-HO Hamiltonian in terms of a'a operator
Hx,p)=ho (a'a+aa’)/2 =nw(a'a+afa+1)2

Recall commutator [X , p] relation: |X,p]=xp-px=hi1
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Creation-Destruction ata algebra

4 N
4 N , (s v
(X+,-p) (\/Ma) x+ip/\/Ma)) aT:(X_’P):( Mo x—zp/\/Mw)
a= =
[t > Vho \2h
Define { Destruction operator ) and \ Creation Operator y

Commutation relations between a = (X+iP)/2 and a'= (X-iP)/2 with X=VMoxA2 and P=pAN2M :
_a,aqzaaT-aTa=§(\/Mw x+ip/\/Ma))(\/Ma) x—ip/\/Ma))—i(\/Mw x—ip/x/Ma))(\/Ma) x+ip/\/Ma))

_a,aT}:%(px_xp):%[x,p]:'I @a,aqzﬂ or (aa*=aia+1)

1D-HO Hamiltonian in terms of a'a operator
(Hx,p)=ho (@'a+aa’)2 =ro(a'a+a'at1)2 =hoa'a+1i0)2)

Recall commutator [X , p] relation: |X,p]=xp-px=hi1
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Eigenstate creationism (and destruction)

GivenlD-HO Hamiltonian: (H(x,p) —hma'a+ 17l0)/2) and commutation. qa, aT] :3 or GlaLaTa + 1]

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue E,=hw/2.
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Eigenstate creationism (and destruction)

GivenlD-HO Hamiltonian: (H(X,p) —hma'a+ 171(0/2) and commutation: qa, aq :3 or ElaLaTa + 1]

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue E,=hw/2.

H(x,p) |0) = 710/2 |0) (OlH(x,p) = 710/2 (0|
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Eigenstate creationism (and destruction)

GivenlD-HO Hamiltonian: (H(x,p) —hma'a+ 1710)/2) and commutation. qa, aq :3 or GlaLaTa + 1]

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue E,=hw/2.
H(x,p) |0) = 710/2 |0) (OlH(x,p) = 710/2 (0|
Action by @ on ground ket |0 (or @ on ground bra {0|) gives nothing (zero vectors 0).

al0y=0 (Ola"=0
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Eigenstate creationism (and destruction)

GivenlD-HO Hamiltonian: (H(X,p) =hoa'a+1

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue E,=hw/2.
H(x,p) |0) = 710/2 |0) (OlH(x,p) = 710/2 (0|
Action by @ on ground ket |0 (or @ on ground bra {0|) gives nothing (zero vectors 0).

, al0)=0 (Ola’=0
. But, a’ acts on ground ket to give |1} = a0} with H eigenvalue E; =ho+E,. ( |1)=a'l0), (Ola =(1].)

Proof:
H(x,p) a|0) = 7w .a'a a'|0) + /2 a'l0)
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Eigenstate creationism (and destruction)

ho/ 2) and commutation.: qa, aq =3 or Ea__ajfaTa + 1)

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue E,=hw/2.
H(x,p) |0) = 710/2 |0) (OlH(x,p) = 710/2 (0|
Action by @ on ground ket |0 (or @ on ground bra {0|) gives nothing (zero vectors 0).

, al0)y=0 (Ola"=0 .
But, @’ acts on ground ket to give |1) = a0} with H eigenvalue E; =ho+E,. ( |1)=a'l0), (Ola =(1|.)§

Proof:
H(x,p) a|0) = 7w .a'a a'|0) + /2 a'l0)
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Eigenstate creationism (and destruction)

ho/ 2) and commutation.: qa, aq =3 or Ea__ajfaTa + 1)

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue E,=hw/2.
H(x,p) |0) = 710/2 |0) (OlH(x,p) = 710/2 (0|

Action by @ on ground ket |0 (or @ on ground bra {0|) gives nothing (zero vectors 0).

------------
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Eigenstate creationism (and destruction)

h(o/z) and commutation.: qa, aq =3 or Ea__aL_aTa + 1)

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue E,=hw/2.
H(x,p) |0) = 710/2 |0) (OlH(x,p) = 710/2 (0|

Action by @ on ground ket |0 (or @ on ground bra {0|) gives nothing (zero vectors 0).

------------

= ho aTiO) + 0 + ho/2 a'|0) OED:

Hx,p) 1) = (ho +h/2) |1)= E;|1) where: E; =hotE,
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Eigenstate creationism (and destruction)

h(o/z) and commutation.: qa, aq =3 or Ea__aL_aTa + 1)

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue E,=hw/2.
H(x,p) |0) = 710/2 |0) (OlH(x,p) = 710/2 (0|

Action by @ on ground ket |0 (or @ on ground bra {0|) gives nothing (zero vectors 0).

------------

= ho aTiO) + 0 + ho/2 a'|0) OED:

Hx,p)|1) = (ho +h/2) |1)= E;|1) where: E; =hotE,
One-quantum or 1st excited eigenket |1) = a|0)
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Eigenstate creationism (and destruction)

h(o/z) and commutation.: qa, aq =3 or Ea__aL_aTa + 1]

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue E,=hw/2.
H(x,p) |0) = 710/2 |0) (OlH(x,p) = 710/2 (0|

Action by @ on ground ket |0 (or @ on ground bra {0|) gives nothing (zero vectors 0).

------------

= ho aT'|0> + 0 + ho/2 a'|0) OED:

Hx,p)|1) = (ho +h/2) |1)= E;|1) where: E; =hotE,
One-quantum or 1st excited eigenket |1) = a|0)

For kets, @' is creation operator while a is destruction operator.

a|l) = aa’l0) = (a’a + 1)|0) = |0)
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Eigenstate creationism (and destruction)

GivenlD-HO Hamiltonian: (H(X,p) =hoa'a+1

Define ground state |0) as the eigenstate of H(X,p) with the zero point eigenvalue E,=hw/2.
H(x,p) |0) = 710/2 |0) (OlH(x,p) = 710/2 (0|

Action by @ on ground ket |0 (or @ on ground bra {0|) gives nothing (zero vectors 0).

al0y=0 (O|a"=0

But, a' acts on ground keft to give [1)=a’|0) with H eigenvalue E; =ho+E,. ( |1)=a'|0), (Ola :<1|-)§

Pr00f.'§
H(x,p) a|0) = 7w .a'a a'|0) + /2 a'l0)

------------

= ho aT'|0> + 0 + ho/2 a'|0) OED:

Hx,p) |1) (ho +h/2) |1)= E;|1) where: E; =hotE,
One-quantum or 1st excited eigenket |1) = a|0)

For kets, @' is creation operator while a is destruction operator.

a|l) = aa’l0) = (a’a + 1)|0) = |0)

For bras, @' is destruction operator while a is creation operator.

(1la’ = (0jaa’ = (0|(a’a + 1) =(0|
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15t excited state

Tuesday, March 18, 2014

52



Wavefunction creationism (Vacuum state)

Coordinate representation of the “nothing” equation (x|aj0) =0

<x‘a‘0>:ﬁ(x/Miw<x‘x‘O>+i<x‘p|0>/\/M7a)):O
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Wavefunction creationism (Vacuum state)
Coordinate representation of the “nothing” equation {x|al0)= 0
<x\a\0>:ﬁ(\/7Mw (xx]0)+i(x|p|0) /VMw ) =0
\/Ma)xl//()( )+lﬁgw0( )/\/ =0

l
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Wavefunction creationism (Vacuum state)

Coordinate representation of the “nothing” equation (x|aj0) =0

(xtalo) = (Va0 (x]x/o) + (|0} 1 Mw) <0

wao( )+lﬁgw0( )/\/7 0

BRSNS
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Wavefunction creationism (Vacuum state)
Coordinate representation of the “nothing” equation {x|al0)= 0
(x[a]0) = ﬁ(\ﬁm (X0 +i{x||0)/ /M) =0
VMo xl//o(x)+ iﬁ_&wo(x) /NMw =0

I Ox

, Mo
l//()(x) = x‘/’o(x)
dy Mo Mo x> o~ Mo x*/2h
—— =] —xdx, Iny+Inconst.= , Y=
W # h 2 const.
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Wavefunction creationism (Vacuum state)
Coordinate representation of the “nothing” equation {x|al0)= 0
1 :
(alo) = (Voo <x\x\o>+lgx\p\o>/m@):
\/Ma)xl//()( )+lﬁ WO( )/\/ =0

BRSNS

dy Mo Mo x> o~ Mo x*/2h
——=[ —xdx, Inwy+Inconst.= , Y=
W # h 2 const.

\V()( X)

Zero-point

1= I

....... = 1 gt

energzy EO 1 1 1 1 1 1 1 1 I 1 1 1 1
)

=hw/2 > ;" ¢

Classzcal turmngpoints
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Wavefunction creationism (Vacuum state)

Coordinate representation of the “nothing” equation (x|aj0) =0

(xtalo) = (Vo (x[x|o) +i{x{plo) VMo )<
wao( )+lﬁgw0( )/\/7 0

| ‘//o(x):%x‘/’o(x)

dy Mo Mo x2 e—wa2/2h e—wa2/2h

—— =] ——xdx, Iny+Inconst.= RV -

4 h hoo 2 const. NG
e

L : . o 2
The normalization const. 1s evaluated using a standard Gaussian integral: [©_dx ¢”** = \/E
o

e—wazz/zh 7 NG
<WO‘WO> =1= Eooo dx = / const.2 = const.=| ——
const.2 Mo Mw B
V(X))
Zero-point
energy EO .......
=ho/2
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Wavefunction creationism (15" Excited state)

Ist excited state wavefunction y(x)={x |1)

(x 1’0y = (x |1) = vy (x) :

Zero-point

energyEO |5| o
=ho/2

o

e e

JE SISO REEREE

L
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Wavefunction creationism (15" Excited state)

Ist excited state wavefunction y(x)={x |1)

(x 1’0y = (x |1) = vy (x)

Expanding the creation operator

(xa"0) = (\/Ma (+/x]0)~i(xlp|o}Mw ) = (<)1) = (x

Zero-point

energyEO |5| o
=ho/2

SiilhSONooanaE

s
e "L-"
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Wavefunction creationism (15" Excited state)

Ist excited state wavefunction y(x)={x |1) 9990
(x1a’0y = (x |1y =y (x) _ L0

Expanding the creation operator

(x1a"0) = (\/Ma (x/x]0)~i(xlplo} Mw ) = (<)1) = (x

The operator coordinate rgpresentatiqns generate the first excited statefwavefunction.

(x[1)=w (x) = \/;—h(m ()1 . /JMT))

I  Jx

Zero-point
energy E

1 | 1 | 1 1 |
) x

=ho/2 B 2 4 X

SiilhSONooanaE

s
e "L-"
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Wavefunction creationism (15" Excited state)

Ist excited state wavefunction yy(x)={x |1) 9299
(x1a'10) = (x 11) =y () ; —

Expanding the creation operator

(x1a"0) = (\/Ma (x/x]0)~i(xlplo} Mw ) = (<)1) = (x

The operator coordinate rgpresentatiqns generate the first excited statefwavefunction.

<x1>=w1<x>=¢i;[m ¥wo<x>—z-ha""’(x)/mj

I  Ox

2 2
e—Ma)x /21 oo e—Ma)x /2h

I{JMTO x it /JMTU]

2% const. [ dx  const.

Zero-point
energy E

1 | 1 | 1 1 |
) x

=ho/2 B 2 4 X

SiilhSONooanaE

s
e "L-"
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Wavefunction creationism (15" Excited state)

Ist excited state wavefunction yy(x)={x |1) 9299
(x1a'10) = (x 11) =y () ; —

Expanding the creation operator
1 :
(o ]0) = (V10 (xx10) i plo) 1) (1) = ()

The operator coordinate rgpresentatiqns generate the first excited statefwavefunction.

<x1>=w1<x>=ﬁ[“7 frolo)- 22 it ]

l

— Mo x%/2h —wa2/2h
:—1 [mxe —zﬁa /M]
N2k const. i dx  const.
2
—Mwx“/2h
= L e [\/M7wx+zﬁwa/\/7]
2K const. j
Zero-point
encray EO ....... |
=ho/2
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Wavefunction creationism (15" Excited state) \V] (X)

Ist excited state wavefunction y(x)={x |1)

<x | a |O> <X |1> Vi (X) Ist Transition T
energyE]-EO____ O NeF0 N

Expanding the creation operator =ho N A

-2 A2

<x‘a”0> = L(\/ Mw <x‘ X’O> — i<x‘ p‘0> /Mo ) — <x‘ 1> =y (x) Claivical turningploints

1
V21 TT-T-T-T- K= BT

The operator coordinate rgpresentatiqns generate the first excited statefwavefunction.

)=o) | i o) )

2h I
2 2
1 —Mwx“/2h —Mwx“/2h a a.f‘
=— \/Ma)xe —iﬁ.ae /N Mo
\ 2% Cconst. i dx  const.

1 —wa2/2h

-—° [Mx+zﬁwa/r)

\/E const. l
2 3/4
—Mwx“/2h o)
:\/Ma) e (2x)=(@] /27t(xe_wa /2h]
\/E const. 7th
Zero-point
energy EO .......
=h/2
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* Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities
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Normal ordering for matrix calculation

Normal ordering: move destructive @ operators to the right of creation @' to zero out on vacuum |[0).
f(a)g(a)|0) = [f(a), g@)]10) + z(@)Hf(a) 10)
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Normal ordering for matrix calculation

Normal ordering: move destructive @ operators to the right of creation @' to zero out on vacuum |[0).
f(a)g(ah)|0) = [f(a), g(a)]10) + g(a")f(@) [0)

Commutator matrix {0| [f(@), g(@")] |0) needs to be evaluated.
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Normal ordering for matrix calculation

Normal ordering: move destructive @ operators to the right of creation @' to zero out on vacuum |[0).
f(a)g(a)|0) = [f(a), g@)]10) + z(@)Hf(a) 10)
Commutator matrix (0| [f(@), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, @a'] = 1 are useful.
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Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation @' to zero out on vacuum |0).
f(a)g(ahlo) = [f(a), g(@a"] 10) + g(@)Hfi@) |0)
Commutator matrix (0| [f(@), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, @a'] = 1 are useful.

[a,a*z} ~2af , [a,a“} = 332T, cee [a ,aT”} —nal"! (Power-law derivative-like relations)
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Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities

<

Tuesday, March 18, 2014

71



Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation @' to zero out on vacuum |0).
fa)g(ah)l0) = [f(a), g(@"] |0) + g(@"f(a) 0)
Commutator matrix {0|[f(@), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”} = 2aT , [a,a“}: 332T, e [a,a*”} naT”_l (Power-law derivative-like relations)
Commutator derivative identities:
A, BC]=ABC - BCA =[A, B|C + BAC - BCA [AB,C]=-[C. AB]=-[C, A]B - A[C, B]
=[A, B]C + B[A, C] =[A, C]B + A[B, C]
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Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation @' to zero out on vacuum |0).
fa)g(ah)l0) = [f(a), g(@"] |0) + g(@"f(a) 0)
Commutator matrix {0|[f(@), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”} = 2aT , [a,a“}: 332T, e [a,a*”} naT”_l (Power-law derivative-like relations)
Commutator derivative identities:
A, BC]=ABC - BCA =[A, B|C + BAC - BCA [AB,C]=-[C. AB]=-[C, A]B - A[C, B]
=[A, B]C + B[A, C] =[A, C]B + A[B, C]

Binomial power expansion identities:
aa’" =na’"!+al"a <
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Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation @' to zero out on vacuum |0).
fa)g(ah)l0) = [f(a), g(@"] |0) + g(@"f(a) 0)

Commutator matrix {0|[f(@), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.
[a,a”} = 2aT , [a,a“} = 332T, e [a,adm} = naT”_l (Power-law derivative-like relations)

Commutator derivative identities:
[A, BC]=ABC-BCA=[A, B]C + BAC - BCA [AB, C]=-[C, AB]=-[C, AIB - A[C, B]
=[A, B]C + B[A, C] =[A, C]B + A[B, C]
Binomial power expansion identities:
aa” =na’" ! +a'"a <«
Tn—1

a‘a’” = naa + aa'"a
=n(n-Da"?+na’'a + na'"la+a’a’

=n(n— l)aTn_2 +2na'" a +a"a’
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Normal ordering for matrix calculation

Normal ordering: move destructive a operators to the right of creation @' to zero out on vacuum |0).
fa)g(ah)l0) = [f(a), g(@"] |0) + g(@"f(a) 0)

Commutator matrix {0|[f(@), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”} =2aT , [a,a73}:3a27, e, [a,a“}: naT”_l (Power-law derivative-like relations)
Commutator derivative identities:
A, BC]=ABC - BCA =[A, B|C + BAC - BCA [AB,C]=-[C. AB]=-[C, A]B - A[C, B]
=[A, B]C + B[A, C] =[A, C]B + A[B, C]

Binomial power expansion identities:
aa’" =na’"!+a'a <

aZa’” = paa’"! + aa’a

=n(n-Da"?+na"'a + na'"la+a’a’

=n(n-Da'""? +2na'"a +a'l"a’

a’a’” = n(n-1)aa’"? +2naa’" a +aa'"a’
=n(n—1)(n—- 2)aTn_3+n(n — l)aT”‘2a+2n(n — l)aTn_zaJr2naTn_la2JrnaT'/’_laeraJma3
=n(n—1)(n-2)al"> +3n(n—-1a'"%a +3nat" la’ +a'"a’
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Normal ordering for matrix calculation

Normal ordering: move destructive @ operators to the right of creation @' to zero out on vacuum |0).
fa)g(ah)l0) = [f(a), g(@"] |0) + g(@"f(a) 0)

Commutator matrix {0|[f(@), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”} =2aT , [a,a73}:3a27, e, [a,a“}: naT”_l (Power-law derivative-like relations)
Commutator derivative identities:
A, BC]=ABC - BCA =[A, B|C + BAC - BCA [AB,C]=-[C. AB]=-[C, A]B - A[C, B]
=[A, B]C + B[A, C] =[A, C]B + A[B, C]

Binomial power expansion identities:
aa’" =na’"!+a'a <

aZa’” = paa’"! + aa’a

=n(n-Da"?+na"'a + na'"la+a’a’

=n(n-Da'""? +2na'"a +a'l"a’

a’a’” = n(n-1)aa’"? +2naa’" a
=n(n—1)(n-2)a"">+n(n-Da'""a+2n(n-1)a’"a+2na’" 'a’+na'"la’+a’"a’
=n(n—1)(n-2)al"> +3n(n—-a'"%a +3nat" la? +a'"a’

Use binomial coefficienfs [ ’:j j= e ' R ] in expansion for pOWfr/ rf =..3,4.. \
233" :( 3 ) n! 773 +[ 3 n! 4724 +( 3 ] n! 7152 +[ 3 ] n! a'm33
0 J(n-3)! 1 )(n-2) 2 J(n-1)! 3 )(n-0)!
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Normal ordering for matrix calculation
Commutator derivative identities

* Binomial expansion identities

<€
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Normal ordering for matrix calculation
Normal ordering: move destructive @ operators to the right of creation @' to zero out on vacuum |0).

fa)g(ah)l0) = [f(a), g(@"] |0) + g(@"f(a) 0)
Commutator matrix {0|[f(@), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”} =2aT , [a,a73}:3a27, e [a,a*”} naT”_l (Power-law derivative-like relations)
Commutator derivative identities:
A, BC]=ABC - BCA =[A, B|C + BAC - BCA [AB,C]=-[C. AB]=-[C, A]B - A[C, B]
=[A, B]C + B[A, C] =[A, C]B + A[B, C]

Binomial power expansion identities:
aa’" =na’!+a"a
a’a’ =n(n-1a™? +2ma’"'a +al"a’

a’a’” = n(n-1(n-2)a™> +3n(n-Da""%a +3na’'a’> +a'"a’

Use binomial coefficients [ ’:’ = '(’ZLF) in expansion for power m=..3,4..
23afn =| 3 n! a3 L3 n! a2 L 3 n! afn-lg2 | 3 n! aT733
0 J(n-3)! 1 )(n-2)! 2 )(n-1) 3 )(n-0)!
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Normal ordering for matrix calculation
Normal ordering: move destructive @ operators to the right of creation @' to zero out on vacuum |0).

fa)g(ah)l0) = [f(a), g(@"] |0) + g(@"f(a) 0)
Commutator matrix {0|[f(@), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”} =2aT , [a,a73}:3a27, e [a,a*”} naT”_l (Power-law derivative-like relations)
Commutator derivative identities:
A, BC]=ABC - BCA =[A, B|C + BAC - BCA [AB,C]=-[C. AB]=-[C, A]B - A[C, B]
=[A, B]C + B[A, C] =[A, C]B + A[B, C]

Binomial power expansion identities:
aa’" =na’!+a"a
a’a’ =n(n-1a™? +2ma’"'a +al"a’

a’a’” = n(n-1(n-2)a™> +3n(n-Da""%a +3na’'a’> +a'"a’

. . . 1. .

Use binomial coefficients [ ’:’ = '(’Z_r) in expansion for power m=..3,4..
! ! ! !

a3a" = 3 ngtn-3 + 3 matn-2g + 3 n_gtn-lg2 oy 3 m afng3

0 J(n-3)! 1 )(n-2)! 2 )(n-1) 3 )(n-0)!
Normal order a™a™ to a™a® power formula
ama’{‘n _ g m n! aTn_m+rar _ g m! n! aTn_m+rar

r=0\ 7 (n—m+r)! =0 r!(m—r)!(n—m+r)!
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Normal ordering for matrix calculation
Normal ordering: move destructive @ operators to the right of creation @' to zero out on vacuum |0).

fa)g(ah)l0) = [f(a), g(@"] |0) + g(@"f(a) 0)
Commutator matrix {0|[f(@), g(@")] |0) needs to be evaluated.

Generalizations of basic relation [a, a'] = 1 are useful.

[a,a”} =2aT , [a,a73}:3a27, e, [a,a”}: naT”_l (Power-law derivative-like relations)
Commutator derivative identities:
[A, BC]=ABC-BCA=[A, B]C + BAC - BCA [AB, C]=-[C, AB]=-[C, AIB - A[C, B]
=[A, B]C + B[A, C] =[A, C]B + A[B, C]
Binomial power expansion identities:
aa'”=na’ ! +a'"a

a’a’ =n(n-1a™? +2ma’"'a +al"a’

a’a’” = n(n-1(n-2)a™> +3n(n-Da""%a +3na’'a’> +a'"a’

. . . 1. .

Use binomial coefficients [ ’:’ = '(’Z_r) in expansion for power m=..3,4..
! ! ! !

a3a" = 3 ngtn-3 + 3 matn-2g + 3 n_gtn-lg2 oy 3 m afng3

0 J(n-3)! 1 )(n-2)! 2 )(n-1) 3 )(n-0)!
Normal order a™a™ to a™a® power formula
ama’{‘n _ g m n! aTn_m+rar _ g m! n! aTn_m+rar

r=0\ 7 (n—m+r)! =0 r!(m—r)!(n—m+r)!

a"a™ ro a'a’ case

! ntn—1 nln=1)(n-3
a'a"- ¥ no|Egtrar = p 1+naTa+uaT2a2+ ( )( )aT3a3+...
e R Y 2121 3131
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Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities

Matrix <ana*“> calculations ‘
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states
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Matrix <anaTn> calculation
Derive normalization for n™ state obtained by (a")” operator:

fn Natn
|n>:a—m, where: 1=<n|n>: <O|a a |20>
const. (const.)
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Matrix <anaTn> calculation
Derive normalization for n™ state obtained by (a")” operator:

fn Natn
|n>:a—m, where: 1=<n|n>: <O|a a |20>
const. (const.)

Use: a"a’ = nl| 1+ nafa+

a?aZ+. .
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Matrix <ana*'“> calculation

Derive normalization for n* state obtained by (a')" operator: ~Use: a"a™ =n!| 1+na'a+
Tn Natn +
|n>:a |0>’ Where. 1:<n|n>:<0|a a |20>:n!(0|1+na aJ;..|0>: n! :
const. (const.) (const.) (const.)

a'la’+...
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Matrix <a“a*’“> calculation

: L . nln—1
Derive normalization for n* state obtained by (a)” operator: Use: a"a = n!£1+ na'a+ %ama2 +...

[k Nath +
|”>:a—|0>, where: 1:<n|n>:<0|a a |20>:n!<0|1+na a-|2-..|0> n! :
const. (const ) (const.) (const.)

Jn!

tn
[|n>=a |O> Root-factorial normalizatima

Tuesday, March 18, 2014

85



Matrix <a“a*'“> calculation
Derive normalization for n™ state obtained by (a")” operator:

a"|o)

nln—1
Use: a"a’ = n!£1+ na'a+ %a”a2 +

i i
Ola"a™|o) _(0[1+na'a+.|0) n!

R i L T .

const. (const .)2 | (const .)2

(const .)2

tn
[|n>=a |O> Root-factorial normalization

Jn!

Apply creation a:

a“rn+1|0>

Jn!

af|n)= aln) =

Apply destruction a:

_aa”"|0)

Jn!
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Matrix <a“a*’“> calculation

nln—1
Derive normalization for n* state obtained by (a)” operator: Use: a"a = n!£1+ n«’:lTa+%aT2a2 +...
Tn Natn + | o
|n>:a |0>’ Where. 1:<n|n>:<0|a a |20>:n!(0|1+na aJ;..|0> n! :
const. (const.) (const.) (const.)

tn
[|n>=a |O> Root-factorial normalization

Jn!

Apply creation a': Apply destruction a:
tn+l T+l tn
oy _a™o)_ a0} o _aa”o
@l N (n+1)! ) Jn!

Tuesday, March 18, 2014



Matrix (@"a™) calculation a(n=1)
Derive normalization for n* state obtained by (a)” operator: Use: a"a = n!£1+ na'a+ Wama2 +...

fn Natn + |
|n>:a—|0>’ where: 1:<n|n>=<0|a a |20>:n'<0|1+na a-|2-|0>: n. _
const. (const.) (const.) (const.)
tn
a 0 . Tn_  Tn—1 tn
|n> = | > Root-factorial normalization Useraa " =ma ™ +a "a
Jn!
Apply creation a' Apply destruction a:
Tn+l Tn+l n
(a0 —a™o) a0
a'|n) T Jn+ ] n) -
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Matrix <a“a'*'“> calculation

nln—1
Derive normalization for n* state obtained by (a)” operator: Use: a"a = n!£1+ na'a+ %ama2 +...

a’"|o) 0la"a™|0)  (0[1+na'a+.]0)

n!

<
n)y=———-=_, where: 1=(n|n)= =n!
) const. ) (const.)2 (const.)2

(const .)2

tn
[|n>=a |O> Root-factorial normalizatio

Jn!

,,J Use-aa'”=na™ ' +a'"a

Apply creation a:

tn
aln) = aa'"|0)

Apply destruction a:

_(na™ " +a"a)|0)

Vn! Vi (n+1)! Jn!

Jn!
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Matrix <a“a'*'“> calculation

nln—1
Derive normalization for n* state obtained by (a)” operator: Use: a"a = n!£1+ na'a+ %ama2 +...

a’"|o) 0la"a™|0)  (0[1+na'a+.]0)

n!

<
n)y=———-=_, where: 1=(n|n)= =n!
) const. ) (const.)2 (const.)2

(const .)2

tn
[|n>=a |O> Root-factorial normalizatio

Jn!

,,J Use-aa'”=na™ ' +a'"a

Apply creation a:

tn
aln) = aa'"|0)

Apply destruction a:

_(na™ "' +a"a)|o) a[0)

Jn! Vi (n+1)! JNCY

N TN P
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Matrix (@"a™) calculation a(n=1)
Derive normalization for n* state obtained by (a)” operator: Use: a"a = n!£1+ na'a+ Wama2 +...

fn natn + |
|n>:a_|0>, Where. 1:<n|n>:<0|a a |20>:n!(0|1+na aj;..|0>: n
COnSt. (const.) (const.) (const.)
tn
a |0 - aa’ = pat 1 af
|n) = \/|_'> Root-factorial normalizatiOrJ Use: @aa'"=na""" +a'"a
n!
Apply creation a': Apply destruction a:
tn+l tn+l tn tn—1 tn tn—1
N - |0>_\/—a 0) ~aa'"|0) (ma'""+a'a)0) ~—a'""’|0)
a = = +1 an)= = — — 17/
) Jn! " (n+1)! ) Jn! Jn! § (n—1)!
(af[n)=nr1|n+1) aln)=+ln|n—1))

Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor

Tuesday, March 18, 2014



Matrix (@"a™) calculation a(n=1)
Derive normalization for n” state obtained by (a’)” operator: Use: a"a™ = n!£1+ na'a+ Wa”a2 +...

fn natn + |
|n>:a |0> where: 1:<n|n>:<0|a a |20>:n!(0|1+na anr..|0>: n! :
COnSt. (const.) (const.) (const.)
tn
a 0 ) tn _ tn—1 Tn
|n) = 0) Root-factorial normalization Use: @aa'" =na'™ "+a"a
Vn!
Apply creation a': Apply destruction a:
tn+l tn+l tn tn—1 tn tn—1
N - |0>_\/—a 0) ~aa'"|0) (ma'""+a'a)0) ~—a'""’|0)
) Jn! " (n+1)! ) Jn! Jn! (n—1)!
(af[n)=nr1|n+1) aln)=+ln|n—1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
1 1
| .
s
o _ NG
(') A (a)- P
i ‘o
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Matrix <a“a'*'“> calculation

n\ln—1
Derive normalization for n” state obtained by (a’)” operator: Use: a"a™ = n!£1+ na'a+ %a”a2 +...

fn natn + |
|n>:a_|0>’ Where. 1:<n|n>:<0|a a |20>:n!(0|1+na anr..|O>: n
COnSt. (const.) (const.) (const.)
tn
a |0 - aa’ = pat 1 af
|n) = \/|_'> Root-factorial normalizatiOrJ Use: @aa'"=na""" +a'"a
n!
Apply creation a': Apply destruction a:
tn+l tn+l tn tn—1 tn tn—1
N - |0>_\/—a 0) ~aa'"|0) (ma'""+a'a)0) ~—a'""’|0)
a = = +1 an)= = — — 17/
) Jn! " (n+1)! ) Jn! Jn! § (n—1)!
(af[n)=nr1|n+1) aln)=+ln|n—1))

Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor .
(Here 1s a case

b 5 where a'a
a7 | (a)= -3 does not quite
Ja o equalaa’)
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. NaTh .
Matrix (@"a™) calculation n(n-1)

Derive normalization for n* state obtained by (a')” operator: ~ Use: a"a™ =n!| 1+ naTa+WaT232 T
fn natn + |
|n>:a |0>’ where: 1=<n|n>:<0|a a |20>:n!<0|1+na a—|2-..|0>: n! :
COnSt. (const.) (const.) (const.)
tn
a 0 ) tn _ tn—1 Tn
|n) = \/|_‘ ) Root-factorial normalization Use: @aa'" =na'™ "+a"a
n!
Apply creation a': Apply destruction a:
tn+l tn+l tn tn—1 tn tn—1
N - |0>_\/—a 0) ~aa'"|0) (ma'""+a'a)0) ~—a'""’|0)
) Jn! " (n+1)! ) Jn! Jn! (n—1)!
(af[n)=nr1|n+1) aln)=+ln|n—1))

Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor .
(Here 1s a case

Lo 5 where a'a
a7 | (a)= -3 does not quite
o R equalaa’)

(Welcome to wo-dimensional... quantum space!)
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Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities
Matrix <ana*“> calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states
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. NaTh .
Matrix (a"a™) calculation n(n-1)

Derive normalization for n* state obtained by (a')” operator: ~ Use: a"a™ =n!| 1+ n«’:lTa+WaT2a2 +...
Tn Natn + |
|n>:a_|0>, Where. 1:<n|n>:<0|a a |20>:n!(0|1+na a;..|0>: n! :
const. (const.) (const.) (const.)
tn
a0 Cooatn il tn
|n> = \/|_‘ > Root-factorial normalization Usec:aa " =na = "+a"a
n!
Apply creation a': Apply destruction a:
tn+l tn+l tn tn—1 tn tn—1
£y @ |O>_\/—a 0) _aa'"|0) (ma'" +a'a)0) ~—a'""'|0)
== = (n+1) S V! (n=1)!

(af[n)=nr1|n+1) aln)=+ln|n—1))

Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor

1 1
| -
a
" i} NG
(a’) A5 (a)= >
a

Number operator and Hamiltonian operator
Number operator N=a'a counts quanta.
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Matrix (@"a™) calculation a(n=1)
Derive normalization for n* state obtained by (a)” operator: Use: a"a = n!£1+ na'a+ Wama2 +...

fn nafn T ,
) = a |0>’ where: 1= (n|n)= (0|a"a |20> :n!(0|1+na aJZr..|0> __ n! :
const. (const.) (const.) (const.)
tn
a0 Copatn o tn=l, otn
|n) = \/|_‘ ) Root-factorial normalizatiOrJ Use: aa’" =na’ " " +a'"a
n!
Apply creation a': Apply destruction a:
tn+l tn+l tn tn—1 tn tn—1

fly_ @ |O>_\/—a 0) _aa'"|0) (ma'" +a'a)0) ~—a'""'|0)
== I AN Jn! (n-1)

(af[n)=nr1|n+1) aln)=+ln|n—1))

Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor

! 1
| 5
i V2. .
(a)= A (a)= V3 e
Ja oo oo
Number operator and Hamiltonian operator
v v a'aa'”|0)

Number operator N=a'a counts quanta. a'aln)= 7
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Matrix <a“a'*'“> calculation

nln—1
Derive normalization for n* state obtained by (a)” operator: Use: a"a = n!£1+ na'a+ %ama2 +...

fn natn ¥ |
|n>:a_|0>, Where. 1:<n|n>:<0|a a |20>:n!(0|1+na aj;..|0>: n
COnSt. (const.) (const.) (const.)
tn
a 0 ) tn _ tn—1 Tn
|n) = \/|_‘ ) Root-factorial normalizatiOrJ Use: aa’" =na’ " " +a'"a
n!
Apply creation a': Apply destruction a:
tn+l tn+l tn tn—1 tn tn—1
N - |0>_\/—a 0) ~aa'"|0) (ma'""+a'a)0) ~—a'""’|0)
) Jn! g (n+1)! ) Jn! Jn! (n—1)!
(aT|n>:\/n+1|n+1> a|n>=\/;|n—1>)
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
1 1
. .

i V2. .

@)= N (a)= ¥ e
a
* g Use: aa"=na’"!11a™a
Number operator and Hamiltonian operator aiag " 0)
Number operator N=a'a counts quanta. a'aln)= N
n!
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Matrix (@"a™) calculation a(n=1)
Derive normalization for n* state obtained by (a)” operator: Use: a"a = n!£1+ na'a+ Wama2 +...

fn natn ¥ |
|n>:a_|0>, Where. 1:<n|n>:<0|a a |20>:n!(0|1+na aj;..|0>: n
COnSt. (const.) (const.) (const.)
tn
a 0 ) tn _ tn—1 Tn
|n) = 0) Root-factorial normalization Use: @aa'" =na'™ "+a"a
Vn!
Apply creation a': Apply destruction a:
tn+l tn+l tn tn—1 tn tn—1
N - |0>_\/—a 0) ~aa'"|0) (ma'""+a'a)0) ~—a'""’|0)
) Jn! " (n+1)! ) Jn! Jn! (n—1)!
(af[n)=nr1|n+1) aln)=+ln|n—1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
1 1
| .
ao
Ty — a) = . \/g
@) NG . (@) 5
4 . o
g Use: aa"=na’"!11a™a

Number operator and Hamiltonian operator
r ; r ; a'aa’”|0) a'a”|0)
Number operator N=a'a counts quanta. a'aln)= =n

Jn! Jn!
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Matrix (@"a™) calculation a(n=1)
Derive normalization for n” state obtained by (a’)” operator: Use: a"a™ = n!£1+ na'a+ Wa”a2 +...

fn natn ¥ |
|n>:a_|0>’ Where. 1:<n|n>:<0|a a |20>:n!<0|1+na a;..|o>: n
COnSt. (const.) (const.) (const.)
tn
a 0 ) tn _ tn—1 Tn
|n) = 0) Root-factorial normalization Use: @aa'" =na'™ "+a"a
Vn!
Apply creation a': Apply destruction a:
tn+l tn+l tn tn—1 tn tn—1
N - |0>_\/—a 0) ~aa'"|0) (ma'""+a'a)0) ~—a'""’|0)
) Jn! " (n+1)! ) Jn! Jn! (n—1)!
(af[n)=nr1|n+1) aln)=+ln|n—1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
1 1
. .
oo
Ty — a) = . \/g
@) NG . (@) 5
4 . o
g Use: aa"=na’"!11a™a

xumlljer Opemior c;lnda[éamiltotnian 0]?[87‘611‘07' aTa| , aiaq " 0) ] o] 0) n - 0) "
umber operator N=a'a counts quanta. = = = =
! ! ! NIRRT
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Matrix (@"a™) calculation a(n=1)
Derive normalization for n” state obtained by (a’)” operator: Use: a"a™ = n!£1+ na'a+ Wa”a2 +...

fn natn ¥ |
|n>:a_|0>’ Where. 1:<n|n>:<0|a a |20>:n!<0|1+na a;..|o>: n
COnSt. (const.) (const.) (const.)
tn
a 0 ) tn _ tn—1 Tn
|n) = 0) Root-factorial normalization Use: @aa'" =na'™ "+a"a
Vn!
Apply creation a': Apply destruction a:
tn+l tn+l tn tn—1 tn tn—1
N - |0>_\/—a 0) ~aa'"|0) (ma'""+a'a)0) ~—a'""’|0)
) Jn! " (n+1)! ) Jn! Jn! (n—1)!
(af[n)=nr1|n+1) aln)=+ln|n—1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
1 1
. .
oo
Ty — a) = . \/g
@) NG . (@) s
4 .
g Use: aa"=na’"!11a™a

xumlljer Opemior c;lnda[éamiltotnian 0]?[87‘611‘07' aTa| , aiaq " 0) ] o] 0) n - 0) "
umber operator N=a'a counts quanta. = = = =
! . ! NIRRT

Hamiltonian operator
H |n) = ho a'a |n) + 10/21 |n) = ho(n+1/2)[n)
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Matrix <a“a'*'“> calculation

nln—1
Derive normalization for n* state obtained by (a')" operator: ~Use: a"a™ =n!| 1+na'a+ %ama2 +

fn natn ¥ |
|n>:a_|0>’ Where. 1:<n|n>:<0|a a |20>:n!<0|1+na a;..|o>: n
COnSt. (const.) (const.) (const.)
tn
a 0 ) tn _ tn—1 Tn
|n) = 0) Root-factorial normalization Use: @aa'" =na'™ "+a"a
Jn!
Apply creation a': Apply destruction a:
tn+l tn+l tn tn—1 tn tn—1
N - |0>_\/—a 0) ~aa'"|0) (ma'""+a'a)0) ~—a'""’|0)
) Jn! " (n+1)! ) Jn! Jn! (n—1)!
(af[n)=nr1|n+1) aln)=+ln|n—1))
Feynman's mnemonic rule: Larger of two quanta goes 1n radical factor
| 1
. .
sz
Ty — a) = . \/g
* - Use: aa”=na™ '+al"a

Number operator and Hamiltonian operator
v v a'aa’™|0) a'a”'|0) a'"|0)

Number operator N=a'a counts quanta. a'a|n)= =n =n =n|n
Hamiltonian operator 0 1 172 s
H |n) = ho a'a |n) + 10/21 |n) = ho(n+1/2)n)  H=relaat)=io 2 +ho 1/2

3 1/2

Hamiltonian operator is ho N plus zero-point energy 120/2 .
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Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities
Matrix <ana*“> calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n) ‘

Harmonic oscillator beat dynamics of mixed states
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Expectation values of position, momentum, and uncertainty for eigenstate |n)

.. Mo a+a' 0 1
: _ erator for momentum P: =
Operator for position X: ,/ X" p P\ Zmra >
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Expectation values of position, momentum, and uncertainty for eigenstate |n)

" Mo a+a' 1 _a-a'
Operator for position X: ‘/ o X=— Operator for momentum P: e P 5
expectation for position (X): expectation for momentum (p):

x|, = (n|x|n) = ,/M’;w (n|(a+a")[n)=0 §|n:<n|p|n>=i,/m;w (nl(a"~a)ln)=0
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Expectation values of position, momentum, and uncertainty for eigenstate |n)

Operator for position X: \/@ X = aJ;aT Operator for momentum P: ool a;iaT

expectation for position (X): expectation for momentum (p):

x|, = n|x|n>zr (n|(a+a")[n)=0 Bl, = (n|p|n)= W<n|(af_a)|n>=o

expectation for (position)* (X?): expectation for (momentum)? (P?):
=)= 5 tol(ava) 0 [, ={nlp?ln) =2 "2 (o’ ~a) |n)
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Expectation values of position, momentum, and uncertainty for eigenstate |n)

. T
Operator for position X: ‘/A;;’x ~ara

2
expectation for position (X):

x|, = n|x|n>:,/ n|(a+aT)|n> 0

expectation f0r (posztlon)2 (X?):

(nl(a+a’) |n)

x2 [ = ()X )=

Mw

= <n|(a2 +a'a+aa’ + a*2)|n>

a-a'
p:

Operator for momentum P:
p p 2hM @ 21

expectation for momentum (P):

Bl = {nlpln) =i ™22 (nf(a’ ~a)ln)=0

expectation for (momentum)? (P?):
B 2 Mo
p? [, =(nlp|n) =" ——
Use: Mo

aa' =1+a'a =—T<n|(a”—a*a—aa*+a2)|n>
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Expectation values of position, momentum, and uncertainty for eigenstate |n)

" . Mo a+a’ 1 _a-a'
Operator for position X: ‘/ o X=— Operator for momentum P: e P 5
expectation for position (X): expectation for momentum (p):
_ "M o
x|, = (n|X|n) = /2 (n|(a+a")[n)=0 |, = (nlp|n) =i 2 (nl(a" ~a)n)=0
2 (x2 : 2 /n2)-
expectation for posztlon) (X?): expectation for (momentum)? (P?):
2], = (x| n)= ——(n|(a+a') |n) 7 2 M@ (2
X n Mo . p> [, =(np’|n)="==(n|(a" ~a) |n)
h se:
ey <”|(32 +aTa+aaT+aT2)|”> aa’ =1+a'a =—hMTw<n|(aT2 —a*a—aaT+a2)|n>
_h Mo
_—2Ma) (2n+1) == (2n+1)
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Expectation values of position, momentum,

. T
Operator for position X: ‘/A;;’x = aJ;a

expectation for position (X):

x|, :<n|x|n>:,/ n|(a+aT)|n> 0

expectation fOr (pOSltlon)2 (X?):

and uncertainty for eigenstate |n)

a-a'
p:

Operator for momentum P:
p p 2hM @ 21

expectation for momentum (P):

Bl = {nlpln) =i ™22 (nf(a’ ~a)ln)=0

expectation for (momentum)? (P?):

2
x2 | n={nx*|n) = Mw(n|(a+aT) ) p? |, =(np?|n)=i 2 Mo <n|(aT—a)2|n>
h Use:
=S <n|(a2+a7a+aaT+aT2)|n> aa’ =1+a'a =—hMTw<n|(aT2—a*a—aaT+a2)|n>
=L (2n+1) =hM—w (2n+1)
2M o 2

Uncertainty or standard deviation Aqg of a statistical quantity ¢ 1s its root mean-square difference.

(Aq)° =

(¢-7)°

or: qu\/ (q—c7)2
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Expectation values of position, momentum,

.. T
Operator for position X: ,/A;I;’x = aJ;a

expectation for position (X):

x|, :<n|x|n>:,/ n|(a+aT)|n> 0

expectation for (posztlon)2 (X?):

and uncertainty for eigenstate |n)

a-a'
p:

Operator for momentum P:
p p 2hM @ 21

expectation for momentum (P):

Bl = {nlplm) =1, {nl(a’ ~an) =0

expectation for (momentum)? (P?):

2
x2 | n={nx*|n) = Mw(n|(a+aT) ) p? |, =(np?|n)=i 2 Mo <n|(aT—a)2|n>
h Use:
= a7 <n|(a2+a7a+aaT+aT2)|n> aa’ =1+a'a =—hMTw<n|(aT2—a*a—aaT+a2)|n>
=L (2n+1) =hM—w (2n+1)
2M® 2

Uncertainty or standard deviation Aqg of a statistical quantity ¢ 1s its root mean-square difference.

(Aq)° =

h(2n+1)
2Mo

Ax|n=\/ X2 |n =

(¢-7)°

or: qu\/ (q—c7)2

[— Mo (2n+1
Ap|n= p2 |n=\/ (2 )
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Expectation values of position, momentum,

.. T
Operator for position X: ,/A;I;’x = aJ;a

expectation for position (X):

X|,=(n|X|n) = / n|(a+aT)|n> 0
(

expectation for (posztlon)2 X?):

and uncertainty for eigenstate |n)

a-a'
p:

Operator for momentum P:
p p 2hM @ 21

expectation for momentum (P):

B1,= (rlpln) =122 s~y =0

expectati()n for (momentum)? (P?):

N2 t — "M@ 2
X ,=(n|x* |n) Mw<n|(a+a) ) 21,=(n|p?|n)y=i" == (n|(a’ ~a)"|n)
h Use:
= Mo <”|(32 +aTa+aaT+aT2)|”> aa’ =1+a'a =—hMTw(n|(aT2 —aTa—aaT+a2)|n)
h hM o
=" (2n+1 _IMao
o (2n+1) — (2n+1)

Uncertainty or standard deviation Aqg of a statistical quantity ¢ 1s its root mean-square difference.

(Aq)° =

Ax| _ i _ h(2n+1)
" X \ 2Mo

(¢-7)°

or: qu\/ (q—c7)2

S MMo(2n+1
Ap|n= p :\/ (2 )

Heisenberg uncertainty product for the n-quantum eigenstate |n)

s, = | P = \/

(2n+1) \/th(2n+1)
2Mw 2
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Expectation values of position, momentum, and uncertainty for eigenstate |n)

Operator for position X: \/@ X = aJ;aT Operator for momentum P: L a;iaT
expectation for position (X): expectation for momentum (P):
X! =<n|x|n>=\/7 (nl(a+a ) =0 51 = (n[p|n) = W(zﬂ(ﬂ—a)h)zo
expectation for (position)? (X?): expectati()n for (momentum)? (p?):
X 1,=(n|x*|n) = Mw<n|(a+aT) ) 021, = (n|p®|n) = i’ M‘j (nl(a"-a)’[n)

- 2]\3@ (n| (a2 +a'a+aa’ + aT2)| n) aaT[iSﬁ'aTa _ _;_’MTCO(M(aT2 _a'a—aa’ +a2)| n)

=% (2n+1) :hMTa’ (2n+1)

Uncertainty or standard deviation Aqg of a statistical quantity ¢ 1s its root mean-square difference.

n(2n+1) (ACI)ZZ (q_q)z . qu\/ (61—47)2 —  |[mMo(2n+1)
A= % =y P Ap|n=JT=J =

Heisenberg uncertainty product for the n-quantum eigenstate |n)

(ax-ap), FF \/ 22]&;1 \/th(22n+1)
[(Ax.Ap)|n = h(n+%j}
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Expectation values of position, momentum,

.. T
Operator for position X: ,/A;[;’x = aJ;a

expectation for position (X):

X| :<n|x|n>:,/ n|(a+aT)|n> 0
(

expectation for (pOSltzon)2 X?):

and uncertainty for eigenstate |n)

a—a'
pP= :
2hM @ 21

Operator for momentum P:

expectation for momentum (P):

B1,= (rlpln) =122 s~y =0

expectati()n for (momentum)? (p?):

N2 t — "M@ 2
X1, = (n|x|n) A0D®Ka+a)|@ 21,=(n|p?|n)y=i" == (n|(a’ ~a)"|n)
h Use:
= Mo <”|(32 +aTa+aaT+aT2)|”> aa’ =1+a'a =—hMTw(n|(aT2 —aTa—aaT+a2)|n)
h hM o
=" (2n+1 _IMao
o (2n+1) — (2n+1)

Uncertainty or standard deviation Aqg of a statistical quantity ¢ 1s its root mean-square difference.

(Aq)* = (q-7)°

Ax| _ i _ h(2n+1)
" X \ 2Mo

or: qu\/ (q—c7)2

S MMo(2n+1
Ap|n= p :\/ (2 )

Heisenberg uncertainty product for the n-quantum eigenstate |n)

2 1 Mo (2 1
(Ax-dp)|, =y %2 4 p* —\/ M’Z)\/ “’(2’”)

[(Ax-Ap)ln - h(n%D

Heisenberg minimum uncertainty product occurs for the 0-quantum (ground) eigenstate.

[(Ax-Am\o - ZJ
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We pause for sobering considerations of the quantum world vs. the classical one.
Consider a “high”-quantum (n=20) eigenstate wavefunction:
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We pause for sobering considerations of the quantum world vs. the classical one.
Consider a “high”-quantum (n=20) eigenstate wavefunction:

Envelope magnitude
is ~ acos(x)

Y‘Wﬂ" WW“!
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We pause for sobering considerations of the quantum world vs. the classical one.

Consider a “high”-quantum (z=20) eigenstate wavefunction:

Envelope magnitude
is ~ acos(x)

Y‘Wﬂ" WW“!

n=20 wave 1s still a long way from a classical energy value of 1 Joule.
For a I Hz oscillator, I Joule would take a quantum number of roughly

n = 100,000,000,000,000,000,000,000,000,000,000,000=10""
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Normal ordering for matrix calculation
Commutator derivative identities
Binomial expansion identities
Matrix <ana*“> calculations
Number operator and Hamiltonian operator
Expectation values of position, momentum, and uncertainty for eigenstate |n)

Harmonic oscillator beat dynamics of mixed states
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Harmonic oscillator beat dynamics of mixed states

[7) = [0)01%) + [1X11¥) = 10)¥, + [1)¥;

P(x) = (xI¥) = (x|0)XO01Z) + (X[ 1)XLI) = 1ho(x) WO + 91 (x) 1
The time dependence ¥(x,t) of the mixed wave 1s then

W)= o) €Wy + 9 (0) €T = () €N+ by (1) €N

‘T(x’t )‘ =y = \/ (e_iwot‘/’o (x)+ ey, (x))* (e_iwot‘/’o (x)+ ey, (x)) /2
R A e e

ol =+ 200 ) e )eos(n - ) ) 2
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Harmonic oscillator beat dynamics of mixed states

[7) = [0)01%) + [1X11¥) = 10)¥, + [1)¥;

P(x) = (xI¥) = (x|0)XO01Z) + (X[ 1)XLI) = 1ho(x) WO + 91 (x) 1
The time dependence ¥(x,t) of the mixed wave 1s then
W)= o) €Wy + () €T = (Yofx) €7+ () €2

*

“P(x,t)‘ =V¥'P = \/(e_i“’ot v, (x) + e_iwltlljl ( x)) (e"'a’ofwo ( x) + e—iwlfll,l ( x)) /9 Need some overlap

somewhere
to get some wiggle
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Harmonic oscillator beat dynamics of mixed states

[7) = [0)01%) + [1X11¥) = 10)¥, + [1)¥;

P(x) = (xI¥) = (x|0)XO01Z) + (X[ 1)XLI) = 1ho(x) WO + 91 (x) 1
The time dependence ¥(x,t) of the mixed wave 1s then
W)= o) €Wy + () €T = (Yofx) €7+ () €2

*

“P(x,t)‘ =V¥'P = \/(e_i“’ot v, (x) + e_iwltlljl ( x)) (e"'a’ofwo ( x) + e—iwlfll,l ( x)) /9 Need some overlap

somewhere
to get some wiggle

Beat frequency is eigenfrequency difference
Wpear = W7 - Wy = W

Tuesday, March 18, 2014 120



Harmonic oscillator beat dynamics of mixed states

[7) = [0)01%) + [1X11¥) = 10)¥, + [1)¥;

P(x) = (xI¥) = (x|0)XO01Z) + (X[ 1)XLI) = 1ho(x) WO + 91 (x) 1
The time dependence ¥(x,t) of the mixed wave 1s then
W)= o) €Wy + () €T = (Yofx) €7+ () €2

*

“P(x,t)‘ =V¥'P = \/(e_i“’ot v, (x) + e_iwltlljl ( x)) (e"'a’ofwo ( x) + e—iwlfll,l ( x)) /9 Need some overlap

somewhere
to get some wiggle

Beat frequency is eigenfrequency difference
Wpear = W7 - Wy = W

Beat frequency w = Transition frequency
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Harmonic oscillator beat dynamics of mixed states

[7) = [0)01%) + [1X11¥) = 10)¥, + [1)¥;

P(x) = (xI¥) = (x|0)XO01Z) + (X[ 1)XLI) = 1ho(x) WO + 91 (x) 1
The time dependence ¥(x,t) of the mixed wave 1s then
W)= o) €Wy + () €T = (Yofx) €7+ () €2

*

“P(x,t)‘ =V¥'P = \/(e_i“’ot v, (x) + e_iwltlljl ( x)) (e"'a’ofwo ( x) + e—iwlfll,l ( x)) /9 Need some overlap

somewhere
to get some wiggle

Beat frequency is eigenfrequency difference
Wpear = W7 - Wy = W

Beat frequency w = Transition frequency

Transition frequency 1s transition energy/h

AE=FE; o transition=E; - E)=hw
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Harmonic oscillator beat dynamics of mixed states

[7) = [0)01%) + [1X11¥) = 10)¥, + [1)¥;

P(x) = (xI¥) = (x|0)XO01Z) + (X[ 1)XLI) = 1ho(x) WO + 91 (x) 1
The time dependence ¥(x,t) of the mixed wave 1s then
W)= o) €Wy + () €T = (Yofx) €7+ () €2

*

“P(x,t)‘ =V¥'P = \/(e_i“’ot v, (x) + e_iwltlljl ( x)) (e"'a’ofwo ( x) + e—iwlfll,l ( x)) /9 Need some overlap

somewhere
to get some wiggle

Beat frequency is eigenfrequency difference
Wpear = W7 - Wy = W

Beat frequency w = Transition frequency

Transition frequency 1s transition energy/h

AE=FE; o transition=E; - E)=hw

w is frequency of radiating antenna
of a transmitter or of a receiver, i.e.,

of an emitter or an absorber
(Usually of a dipole symmetry)
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Examples of 2-Well system overlap
“P(x,t)‘ _ /‘{J*‘P _ \/(e—iwotwo (x)+ e—iwltwl (x)) (e—iwotwo (x)+ e—iwltwl (x)) /9 Need some OVQI”lap

somewhere
_ J o () + o (o) + v (x)w, (x)(g(wl—wo)r e

to get some wiggle
2 2
[ )

Example of 2-Well system with healthy overlap due to symmetry
Combination state (" +-)

Odd eigenstate ) has lots of wiggle...

U
_NL

\/

Even eigenstate (")

N N
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Examples of 2-Well system overlap
“P(x,t)‘ _ /‘{J*‘P _ \/(e—iwotwo (x)+ e—iwltwl (x)) (e—iwotwo (x)+ e—iwltwl (x)) /9 Need some OVQI”lap

somewhere
_ J o () + o (o) + v (x)w, (x)(g(wl—wo)r e

to get some wiggle
2 2
[ )

Example of 2-Well system with healthy overlap due to symmetry
Combination state (" +-)

Odd eigenstate ) has lots of wiggle...

L

\/

Even eigenstate (")

N N
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Examples of 2-Well system overlap
“P(x,t)‘ _ /‘{J*‘P _ \/(e—iwotwo (x)+ e—iwltwl (x)) (e—iwotwo (x)+ e—iwltwl (x)) /9 Need some OVQI”lap

somewhere
_\/ ‘wo(x)z +|y, (x)2 +y, (x)l,l/1 (x)(ei(a’l‘wo)’ +e

to get some wiggle
2 2
- volol o €T - 2

Example of 2-Well system with unhealthy overlap due to broken symmetry

. L . o
Left eigenstate ) Combination state @ +®)

_/\ has very little wiggle...

Right eigenstate {p®

AN
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Examples of 2-Well system overlap
“P(x,t)‘ _ /‘{J*‘P _ \/(e—iwotwo (x)+ e—iwltwl (x)) (e—iwotwo (x)+ e—iwltwl (x)) /9 Need some OVQI”lap

somewhere
T e

to get some wiggle
2 2
- volol o €T - 2

Example of 2-Well system with unhealthy overlap due to broken symmetry

. L . o
Left eigenstate ) Combination state @ +®)

_/\ has very little wiggle...

Right eigenstate {p®

AN
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* Oscillator coherent states (“Shoved™ and “kicked” states) ‘
Translation operators vs. boost operators
Applying boost-translation combinations
Time evolution of coherent state
Properties of coherent state and “squeezed’” states
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators.: (A “shove”)

Translation operator T(a) shoves x-wavefunctions

T(a)-y(x) = 2
y =U(x) T(a)
(x)
B X % ig X-axis
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators.: (A “shove”)

Translation operator T(a) shoves x-wavefunctions

T(a)y(x) =7
Shoves  a-units to right

y =U(x) T(a)
(x)
B X % ig X-axis
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators: (A “shove”)

Translation operator T(a) shoves x-wavefunctions

T(a)y(x) = Y(x-a)
Shoves  a-units to right

Y =0(x) T(a)

V(x) D(x-a)

X 7 yig X-axis
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators: (A “shove”)

Translation operator T(a) shoves x-wavefunctions

T(a)-y(x) = y(x-a) = T (@)ly) = (x-a|y)
Shoves  a-units to right

y =U(x) T(a)

V(x) D(x-a)

X 7 yig X-axis
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators: (A “shove”)

Translation operator T(a) shoves x-wavefunctions

T(a)-y(x) = y(x-a) = &[T (@)|y) = (x-aly)
Shoves  a-units to right or x-space a-units left
X|T(a)={x-a| or: T (a)x)=|x-a)

Y =0(x) T(a) or: T (a)|x)=|x+a)
VX)) Ap(x-a)
= a xia X-axis
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators.: (A “shove”) Boost operators and generators: (A “kick”)
Translation operator T(a) shoves x-wavefunctions Boost operator B(b) boosts p-wavefunctions
T(@)y(x) = Y(x-a) = AT(@)ly) = x-a|y) B(D)-y(p) = W(p-b) = xBD)lY) = {p-by)

Shoves  a-units to right or x-space a-units left
X|T(a)={x-a| or: T (a)x)=|x-a)

Y =0(x) T(a) or: T (a)|x)=|x+a)
VX)) Ap(x-a)
= a xia X-axis
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators.: (A “shove”) Boost operators and generators: (A “kick”)
Translation operator T(a) shoves x-wavefunctions Boost operator B(b) boosts p-wavefunctions
T(@)y(x) = Y(x-a) = AT(@)ly) = x-a|y) B(D)-y(p) = W(p-b) = xBD)lY) = {p-by)
Shoves  a-units to right or x-space a-units left Increases momentum of ket-state by 5 units
&IT(@)=(x-a| or: T'(a)x)=|x-a) (p IB(b) ={p-b| , or: B'(D)|p)=|p-b)

y T T(a) or: T (a)x)=|x+a)
A\
X 9 yiq X-axis
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators.: (A “shove”) Boost operators and generators: (A “kick”)
Translation operator T(a) shoves x-wavefunctions Boost operator B(b) boosts p-wavefunctions
T(a)-y(x) = y(x-a) = &[T (@)|y) = (x-aly) B(b)-y(p) = y(p-b) = xIBD)Iy) = {p-bly)
Shoves  a-units to right or x-space a-units left Increases momentum of ket-state by 5 units
X T(a)=(x-a| or: T'(@)x)=|x-a) (v IB(b) = {p-b| , or: B'(B)|p)=|p-b)
y v T(a) or: T (@)lx)=|x+a) Jor: B (B)lp ) =|p+b)

A\
X 9 yiq X-AaXis
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Oscillator coherent states (“Shoved™ and “kicked” states)
Translation operators vs. boost operators

Applying boost-translation combinations

Time evolution of coherent state

Properties of coherent state and “squeezed’” states
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators.: (A “shove”) Boost operators and generators: (A “kick”)
Translation operator T(a) shoves x-wavefunctions Boost operator B(b) boosts p-wavefunctions
T(a)y(x) = y(x-a) = xT(@)ly) = x-aly) B(D)-y(p) = W(p-b) = xBD)lY) = {p-by)
Shoves  a-units to right or x-space a-units left Increases momentum of ket-state by 5 units

&IT(@)=(x-a| or: T'(a)x)=|x-a) (p IB(b) ={p-b| ,or: B'(D)|p)=|p-b)
Tiny translation a—da 1s 1dentity 1 plus G-da Tiny boost b—db 1s 1dentity 1 plus K-db
T(da) =1+G-da where: G= a—z B(db) =1+K-:db where: K :aa—lz
1S generator of translations = 1S generator of boosts =
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators.: (A “shove”) Boost operators and generators: (A “kick”)
Translation operator T(a) shoves x-wavefunctions Boost operator B(b) boosts p-wavefunctions
T(a)y(x) = y(x-a) = xT(@)ly) = x-aly) B(D)-y(p) = W(p-b) = xBD)lY) = {p-by)
Shoves  a-units to right or x-space a-units left Increases momentum of ket-state by 5 units

&IT(@)=(x-a| or: T'(a)x)=|x-a) (p IB(b) ={p-b| ,or: B'(D)|p)=|p-b)
Tiny translation a—da 1s 1dentity 1 plus G-da Tiny boost b—db 1s 1dentity 1 plus K-db
T(da) =1+G-da where: G:a—: B(db) =1+K.db where: K :aa—lz
1S generator GNof translations . 0 1S generator K of boosts N -

T<a>=(T<%>) =limN%(l+%G) = ¢ B<b>=(B<%>j =limw(1+%1<) =e™
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators.: (A “shove”) Boost operators and generators: (A “kick”)
Translation operator T(a) shoves x-wavefunctions Boost operator B(b) boosts p-wavefunctions
T(@)y(x) = Y(x-a) = AT(@)ly) = x-a|y) B(b)-y(p) = w(p-b) = xIB(D)IW) = {p-b|y)
Shoves  a-units to right or x-space a-units left Increases momentum of ket-state by 5 units

&IT(@)=(x-a| or: T'(a)x)=|x-a) (p IB(b) ={p-b| ,or: B'(b)lp)=|p-b)
Tiny translation a—da 1s 1dentity 1 plus G-da Tiny boost b—db 1s 1dentity 1 plus K-db
T(da) =1+G-da where: G:a—T B(db) =1+K-:db where: K :a&’—]z

“la=0 b=0
is generator G of translations 1S generator ;V( of boosts N
N N b . b
T(a)=(T(%)) =limN%(l+%G) = ¢C B(b)Z(B(N)j :th%(l; WK) =e™
_g? 9

T(a)-w(x)=e"C y(x)=e 0% y(x) B(b) y(p)=e" y(p)=e 97 y(p)

_ W (x)  a® Pyx)_ @ Py im0 B Pw(p) B Pup)

=y (x)—a ENRLIY YRR TR +... y(p)—b 3 = PO TR +...
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators.: (A “shove”) Boost operators and generators: (A “kick”)
Translation operator T(a) shoves x-wavefunctions Boost operator B(b) boosts p-wavefunctions
T(@)y(x) = Y(x-a) = AT(@)ly) = x-a|y) B(b)-y(p) = w(p-b) = xIB(D)IW) = {p-b|y)
Shoves  a-units to right or x-space a-units left Increases momentum of ket-state by 5 units

&IT(@)=(x-a| or: T'(a)x)=|x-a) (p IB(b) ={p-b| ,or: B'(b)lp)=|p-b)
Tiny translation a—da 1s 1dentity 1 plus G-da Tiny boost b—db 1s 1dentity 1 plus K-db
T(da) =1+Gda where: G=2T% B(db) = 1+K-db where: K = 5’8‘;

a
a=0
is generator G of translations 1S generator %/( of boosts N
N N b . b
T(CZ)=(T(%)) =limN%m(1+%G) = eaG B(b)Z(B(N)j thN%m(l;- ﬁKj = ebK
_g? 9
T(a)-y(x)=e"C . l//(x) —e Ox. w(x) B(b) y(p)=e" y(p)=e 97 y(p)
2 3 2 32 3 93
() LX) > y(x) a9 yx) —y(p)-p ) B W) b Iv(p)
dx 21 )y 31 953 dp 2! 9p% 3 9]
ho ., d Jd . d

G relates to momentum Pp— —— = —ifi— K relates to position X— fii—=i—

9 [ Ox o0x o _1 g Jdp Jdk

G———p%—— K=—X——

0x hi dp h ok
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators.: (A “shove”) Boost operators and generators: (A “kick”)

Translation operator T(a) shoves x-wavefunctions
T(a)y(x) = y(x-a) = X[T(a)ly) = x-a|y)

Shoves  a-units to right or x-space a-units left
X|T(a)={x-a| or: T (a)x)=|x-a)

Tiny translation a—da 1s 1dentity 1 plus G-da

T(da) = 1+G-da where: G:a—T

a

Boost operator B(b) boosts p-wavefunctions
B(b)-y(p) = W(p-b) = xIB(b)Iy) = {p-bly)
Increases momentum of ket-state by 5 units

(p IB(b) ={p-b| , or: B'(D)|p)=|p-b)

Tiny boost b—db 1s 1dentity 1 plus K-db
B(db) = 1+K-db where: K:i)—lz
a=0

1s generator K of boosts

b=0
is generator G of translations
N

T(a)=(T(%)) =limN%(1;%G) = ¢
T(a) w(x)=e"Cy(x)=c 9% y(x)

(), @ Py @ Pyx)

B e TR S TR
h o . d

G relates to momentum p— — —=—ih—

; p [ Ox ox
G=—p—>——

h P ox

i
— _p _

T(a)= e P _ ea(a alNMw/2n

b\ b\
B(b):(B(N)) :limN%(1+ﬁKj =™
9
B(b)w(p)=" w(p)=e 97 -y(p)

ow(p) b Py(p) b Py(p)

=y (p)-b
L P 0,2 3 g9,
. .dJd .0
K relates to position X— hi—=i—
i Jd _-1d Ip Ik

“h T ap h ok
X ib(aha)/\/thw
e
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Oscillator coherent states (“Shoved” and “kicked” states)

Translation operators and generators. (A “shove”)

Translation operator T(a) shoves x-wavefunctions
T(a)y(x) = y(x-a) = X[T(a)ly) = x-a|y)

Shoves  a-units to right or x-space a-units left
X|T(a)={x-a| or: T (a)x)=|x-a)

Tiny translation a—da 1s 1dentity 1 plus G-da

T(da) = 1+G-da where: G:a—T

a

a=0
is generator G of translations
N

T(a)=(T(%)) =limN%(1:%G) = e
T(a) w(x)=e"Cy(x)=c 9% y(x)

(), @ Py @ Pyx)

B e TR S TR
h o ., 0
G relates to momentum p— —— = —ifi—
; p [ Ox ox
G=—p—>—-——
h P ox
—a-p a(aT—a)\/Mw/Zh

T(a)=e " =e¢
Check T(a) on plane-wave with p=nhk

T(a)eikx — e—iap/heikx —

Bottom Line
_ eik(x—a)

—iak ikx
e e

Boost operators and generators: (A “kick”)

Boost operator B(b) boosts p-wavefunctions
B(b)-y(p) = W(p-b) = xIB(b)Iy) = {p-bly)
Increases momentum of ket-state by 5 units

(p IB(b) ={p-b| , or: B'(D)|p)=|p-b)

Tiny boost b—db 1s 1dentity 1 plus K-db

B(db) = 1+K.db where: K:i)—lz

b=0
1s generator K of boosts

b\ b\
B(b):(B(N)) :limN%(1+ﬁKj =™
9
B(b)w(p)=" w(p)=e 97 -y(p)

ow(p) b Py(p) b Py(p)

=y(p)—>b

dp 20 9pr 3L 9p
. .dJd . d
K relates to position X— hi—=i—
. ) _-19 dp ok
dp h dk
b X ib(aha)/\/thw
B(b):e ho=e

Check B(b) on plane-wave with p=nhk

B(b)e = oibWhgikx _ pibx/h ik _ SieHbin)x
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Oscillator coherent states (“Shoved™ and “kicked” states)
Translation operators vs. boost operators

* Applying boost-translation combinations ‘

Time evolution of coherent state
Properties of coherent state and “squeezed’” states
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Applying boost-translation combinations
T(a) and B(b) operations do not commute. Q. Which should come first? 77
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Applying boost-translation combinations
T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e"'P" or B(b)=¢€'"*" 27
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Applying boost-translation combinations
T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e"'P" or B(b)=¢€'"*" 27

A. Neither and Both.
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Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e"'P" or B(b)=¢€'"*" 27

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X—ap)/h
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Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e"'P" or B(b)=¢€'"*" 27

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X—ap)/h

-iIO-J/h -ZJZ(X/he-lJyB/he-lJzY/h)

(More like Darboux rotation e than Euler rotation with three factors e
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Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e"'P" or B(b)=¢€'"*" 27

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X—ap)/h

-iIO-J/h -lJzoﬁ/he-lJyB/he-lJzY/h)

(More like Darboux rotation e than Euler rotation with three factors e

May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].P]=0.

AtB — eAeBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0= [B,[A,B]] (left as an exercise)
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Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e P or B(b)=€**" 97

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X—ap)/h

-i®-J/h -lJzoﬁ/he-lJyB/he-lJzY/h)

(More like Darboux rotation e than Euler rotation with three factors e
May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].P]=0.
AtB — e‘t\eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0= [B,[A,B]] (left as an exercise)

Cla.b)= ei(bx—ap)/h _ eibx/he—iap/he—ab[x,p]/zhz _ oibX/h —iaplh ,~iab/2h

Tuesday, March 18, 2014 151



Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e P or B(b)=€**" 97

A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X—ap)/h

-i®-J/h -lJzoﬁ/he-lJyB/he-lJzY/h)

(More like Darboux rotation e than Euler rotation with three factors e

May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].P]=0.

AtB — e‘t\eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0= [B,[A,B]] (left as an exercise)

C(a.b)= ei(bx—ap)/h _ SibX/h e—iap/he—ab[x,p]/2h2 — ibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(a)B(b)eiab/2h

Reordering only affects the overall phase.
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Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e P or B(b)=e'"*" 79
A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X—ap)/h

-i®-J/h -lJz(X/he-lJyB/he-lJzY/h)

(More like Darboux rotation e than Euler rotation with three factors e
May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].P]=0.
AtB — e‘t\eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0= [B,[A,B]] (left as an exercise)

C(a.b)= ei(bx—ap)/h _ SibX/h e—iap/he—ab[x,p]/2h2 — ibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(a)B(b)eiab/2h

Reordering only affects the overall phase.
C(a.b)= e PXaP)h _ Jibla'+a)N2nMo +a(a’-a)NMw/2h
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Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e P or B(b)=e'"*" 79
A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X—ap)/h

-i®-J/h -lJz(X/he-lJyB/he-lJzY/h)

(More like Darboux rotation e than Euler rotation with three factors e

May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].P]=0.

AtB — e‘t\eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0= [B,[A,B]] (left as an exercise)

C(a.b)= ei(bx—ap)/h _ SibX/h e—iap/he—ab[x,p]/2h2 — ibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(a)B(b)eiab/2h

Reordering only affects the overall phase. Complex phasor coordinate o(a,b) 1s defined by:
_ i(bx—ap)in _ ib(aT+a)/ 2th+a(aT—a)\/Ma)/2h a(a.b)
Cla,b)=e =€ =aM®/2h +ib/N2hM o
Ty | y? T % 2 vk T _ . b
_poa-ora _ || /Zeoca po0a :e|oc| /2e o*a o _[aHM—w}/Mw/zh
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Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e P or B(b)=e'"*" 79
A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X—ap)/h

-i®-J/h -lJz(X/he-lJyB/he-lJzY/h)

(More like Darboux rotation e than Euler rotation with three factors e

May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].P]=0.

AtB — e‘t\eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0= [B,[A,B]] (left as an exercise)

C(a.b)= ei(bx—ap)/h _ SibX/h e—iap/he—ab[x,p]/2h2 — ibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(a)B(b)eiab/2h

Reordering only affects the overall phase. Complex phasor coordinate o(a,b) 1s defined by:
_ i(bx—ap)in _ ib(aT+a)/ 2th+a(aT—a)\/Ma)/2h a(a.b)
Cla,b)=e =€ =aM®/2h +ib/N2hM o
Ty | y? T % 2 vk T _ . b
_poa-ora _ || /Zeoca po0a :e|oc| /2e o*a o _[aHM—w}/Mw/zh

Coherent wavepacket state |0(xg,po)): | (x0.po))=C(xg.p)|0) = ¢! FoXx=poP)h |0)
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Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e P or B(b)=e'"*" 79
A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X—ap)/h

-i®-J/h -lJz(X/he-lJyB/he-lJ2Y/h)

(More like Darboux rotation e than Euler rotation with three factors e

May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].P]=0.

AtB — e‘o‘eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0= [B,[A,B]] (left as an exercise)

C(a.b)= ei(bx—ap)/h _ SibX/h e—iap/he—ab[x,p]/2h2 — ibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(Cl)B(b)€iab/2h

Reordering only affects the overall phase. Complex phasor coordinate o(a,b) 1s defined by:
_ i(bx—ap)in _ ib(aT+a)/ 2th+a(aT—a)\/Ma)/2h a(a.b)
Cla,b)=e =€ =aM®/2h +ib/N2hM o
Ty | y? T % 2 vk T _ . b
_poa-ora _ || /Zeoca po0a :e|oc| /2e o*a o _[aHM—w}/Mw/zh

Coherent wavepacket state |0xo,po)): | (x0.po))=C(xg.p)|0)= ! (oX=PaP)/h 0)

= ol 2,008 o |0)
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Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e P or B(b)=e'"*" 79
A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(b X—ap)/h

-i®-J/h -lJz(X/he-lJyB/he-lJ2Y/h)

(More like Darboux rotation e than Euler rotation with three factors e

May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].P]=0.

AtB — e‘o‘eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0= [B,[A,B]] (left as an exercise)

C(a.b)= ei(bx—ap)/h _ SibX/h e—iap/he—ab[x,p]/2h2 — ibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(Cl)B(b)€iab/2h

Reordering only affects the overall phase. Complex phasor coordinate o(a,b) 1s defined by:
_ i(bx—ap)in _ ib(aT+a)/ 2th+a(aT—a)\/Ma)/2h a(a.b)
Cla,b)=e =€ =aM®/2h +ib/N2hM o
Ty | y? T % 2 vk T _ . b
_poa-ora _ || /Zeoca po0a :e|oc| /2e o*a o _[aHM—w}/Mw/zh

Coherent wavepacket state |0(xy,po)): |0 (xg.p0)) = Clxg,py)|0) = ! X=PoP )t |0)
= e_|a°|2/2ea0 20" a |0)

o ] i
=17l 2o 0) (since: a|0)=0 )
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Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e P or B(b)=e'"*" 79
A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(bx—ap)/ L

-i®-J/h -lJz(X/he-lJyB/he-lJ2Y/h)

(More like Darboux rotation e than Euler rotation with three factors e

May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].P]=0.

AtB — e‘o‘eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0= [B,[A,B]] (left as an exercise)

C(a.b)= ei(bx—ap)/h _ SibX/h e—iap/he—ab[x,p]/2h2 — ibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(Cl)B(b)€iab/2h

Reordering only affects the overall phase. Complex phasor coordinate o(a,b) 1s defined by:
_ i(bx—ap)in _ ib(aT+a)/ 2th+a(aT—a)\/Ma)/2h a(a.b)
Cla,b)=e =€ =aM®/2h +ib/N2hM o
Ty | y? T % 2 vk T _ . b
_poa—ara _ || /Zeoca po0*a :e|oc| /26 o*a oa _[aHM_w}/Mw/zh

Coherent wavepacket state |0(x,po)): | (x0.po))=C(xg.p)|0) = ¢! (o X=Pop)/h |0)
= €_|a0|2/2€a0 2l |0)

e | i
=17l 2o 0) (since: a|0)=0 )

2 (%)
=11 3, (ap@") |0} /!
n=0
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Applying boost-translation combinations

T(a) and B(b) operations do not commute. Q. Which should come first? T(a)=e P or B(b)=e'"*" 79
A. Neither and Both. Define a combined boost-translation operation: C(a,b) = ei(bx—ap)/ L

-i®-J/h -lJz(X/he-lJyB/he-lJ2Y/h)

(More like Darboux rotation e than Euler rotation with three factors e

May evaluate with Baker-Campbell-Hausdorf identity since [X,p]=ii1 and [[X,p].X]=[[X.p].P]=0.

AtB — e‘o‘eBe_[‘L\’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0= [B,[A,B]] (left as an exercise)

C(a.b)= ei(bx—ap)/h _ SibX/h e—iap/he—ab[x,p]/2h2 — ibXIh ~iap/h ~iab/2h

=B(b)T(a)e—iab/2h =T(Cl)B(b)€iab/2h

Reordering only affects the overall phase. Complex phasor coordinate o(a,b) 1s defined by:
_ i(bx—ap)in _ ib(aT+a)/ 2th+a(aT—a)\/Ma)/2h a(a.b)
Cla,b)=e =€ =aM®/2h +ib/N2hM o
Ty | y? T % 2 vk T _ . b
_poa—ara _ || /Zeoca po0*a :e|oc| /26 o*a oa _[aHM_w}/Mw/zh

Coherent wavepacket state |0Uxg,po)): |t (x9.po))=C(xg.p)|0) = ¢! X=PoP)/h |0)

= €_|a0|2/2€a0 aTe_ao* 2 | 0>

oo |? i
=17l 2o 0) (since: a|0)=0 )

ol 2 3 (@) |0)/n!

n=0
n n
_ Aol S (%) y_a"o)
—¢ 170 ’EO 75 |n) , where: |n)= T
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Oscillator coherent states (“Shoved™ and “kicked” states)
Translation operators vs. boost operators
Applying boost-translation combinations
Time evolution of coherent state
Properties of coherent state and “squeezed” states
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n
Time evolution of coherent state: ‘050 (x0-P0 )> _ ool 12 ¥ %VO

Time evolution operator for constant H has general form : U( t,()):e'th /h
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n
Time evolution of coherent state: ‘050 (x0-P0 )> _ ool 12 ¥ M| n)

n=0 \/;

Time evolution operator for constant H has general form : U( t,0)=e'th /h

Oscillator eigenstate time evolution 1s simply determined by harmonic phases.

U(2,0)|n) = H1/h |n) = g il n) Heigenvalues : o, =(n+1/2)a)
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Time evolution of coherent state: ‘0‘0 Xy, p0)> ‘|0‘0| 12 ( ) 0T |y

Time evolution operator for constant H has general form . U( t,()) _oiH/h

Oscillator eigenstate time evolution 1s simply determined by harmonic phases.

U(z,0)|n) = R |n) = g nrli2)or |n) Heigenvalues: hm, =(n+1/2)a)

Coherent state evolution results.

U(r.0)erg (39.p0))=e ™ * £ 2L u(r0)1n)

n=0
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Time evolution of coherent state: ‘0‘0 Xy, p0)> ‘|0‘0| 12 ( ) 0T |y

Time evolution operator for constant H has general form . U( t,()) _oiH/h

Oscillator eigenstate time evolution 1s simply determined by harmonic phases.

U(t,0)|n>=e'th/h|n> = e'i("+1/2)m|n> Heigenvalues : o, (n+1/2)

Coherent state evolution results.

u(z,0) ‘050 X0, p0)> —\ao| /2 Z ((if/(;_? U(t,0)|n>=e_|a0| /2 § (060) e-i(n+1/2)‘&5'z|n>

n=0 n=0 \/;

Tuesday, March 18, 2014 164



Time evolution of coherent state: ‘0‘0 Xy, p0)> ‘|0‘0| 12 ( ) 0T |y

Time evolution operator for constant H has general form . U( t,O) _oiH/h

Oscillator eigenstate time evolution 1s simply determined by harmonic phases.

U(t,0)|n>=e'th/h|n> = e'i("+1/2)m|n> Heigenvalues : 7o, (n+1/2)

Coherent state evolution results. . | no e
0r.0)ay(xo-m))=e 0 5 by o)np=eel 5 Lk it

n=0 \/ﬁ , n=0 \/;
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Time evolution of coherent state: ‘0‘0 Xy, p0)> ‘|0‘0| 12 ( ) 0T |y

Time evolution operator for constant H has general form . U( t,O) _oiH/h

Oscillator eigenstate time evolution 1s simply determined by harmonic phases.

U(t,0)|n>=e'th/h|n> = e'i("+1/2)m|n> Heigenvalues : 7o, (n+1/2)

Coherent state evolution results. . | L
U(t,O)‘OCO (anPO )>=€_‘050|2/2 § (050 ) U(£,0)|n)=e Hot| 12 2 ;me-i(n+l/2)'&i't|n>

n=0 \/ﬁ n=0 \/;

-1t '
, 2, o (aoe’ ) 5 (Ocoe
=e—za)t/2e |OCO| /2 v |n> .

: e
n=0 \/; ........ \/; ......................
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n
Time evolution of coherent state: ‘O‘O(XO,PO )>=e—|ao|2/2 ¥ @M)

n=0 \/;

Time evolution operator for constant H has general form : U( t,O) _oiH/h

Oscillator eigenstate time evolution 1s simply determined by harmonic phases.

U(z,0)|n) = H/A |n) = g nrli2)or |n) Heigenvalues: hm, =(n+1/2)g)

’

Coherent state evolution results.

U(t,O)‘OCO (anPO )>:e—\a0|2/2 § (050 ) U(t,0)|n>=€_|ao|2/2 § Eme-i(n+l/2)'&3't|n>

n=0 \/; n=0 \/ﬁ

dot )" : ( ‘la”)n :
: 2 . o Oolne ) L {Ope y E
o2, ol 2 5 ( 0 : oi(12)or

Evolution simplifies to a variable-a coherent state with a time dependent phasor coordinate a;:

U(”O)‘O‘O(XOaPO» =€'iwt/z‘at(xt,p,)> where: 0 (x.p) =" ag(x0.p0)

[xt+i]‘];t }:e'iwt[x0+i]\];0 }
() ()

Tuesday, March 18, 2014 167



Time evolution of coherent state: ‘0‘0 Xy, p0)> ‘|0‘0| 12 ( ) 0T |y

Time evolution operator for constant H has general form . U( t,()) _oHt/h

Oscillator eigenstate time evolution 1s simply determined by harmonic phases.

U(t,0)|n>=e'th/h|n> = e'i("+1/2)m|n> Heigenvalues : 7o, (n+1/2)

Coherent state evolution results. . | L
U(t,O)‘OCO (anPO )>=e_‘050|2/2 § (050 ) U(£,0)|n)=e Hot| 12 2 ;me-i(n+l/2)'&i't|n>

n=0 \/ﬁ n=0 \/;

dot )" : ( 'ia”)n :
, 2w |One ) | e y :
_,io1/2 Ao /2 ¥ ( 0 : ,i(112)o1

Evolution simplifies to a variable-ay coherent state with a time dependent phasor coordinate a;:

-t

U(t,())‘(xo(xo,po» =e'iwt/2‘0¢t(xt,pt)> where: @ (%.p) ="' ag(xo.p0)

[xt+i1‘];t }: Lot [x0+11\];0 }
()] ()]

(x,p,) mimics classical oscillator Po

X, = XpCoSWt+-——sIinmt
Mw

i :—xosina)t+&cosa)t

M Mo

Real and imaginary parts (x, and p/Mw®) of o go clockwise on phasor circle
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Oscillator coherent states (“Shoved™ and “kicked” states)
Translation operators vs. boost operators
Applying boost-translation combinations

Time evolution of coherent state

Properties of coherent state and “squeezed’” states ‘
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Properties of coherent state o
v 4 Coherent ket |at(x0,p0)) is eigenvector of destruct-op. a.

L B (71,

= 1 (610,)

alar (9. o) =107 5 190 g1

n=0 \/;

classical turning points Ft ‘??_:3 (5 |0°t>

<

(4]o,)

(red energyy e, _ (3o, )
————— I i R | *W'O‘ﬁ
h J<1loct>

(0o, )

IBEE ZonBBEEEREE
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Properties of coherent state

classical turning points

<

i9(h---<7|0‘t>

[ <6|O€t>

el (5o,

(4o, )

(3 o)

(2o, )

(1o, )

(0o, )

TG

o] -] -

Coherent ket |at(x0,p0)) is eigenvector of destruct-op. a.

a| o (xg.pp )= el 2 S (

0 n!

=e—|oc0|2/2

n=

()"
=

%30 )na| )

\/_|n 1)
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Properties of coherent state

I classical turning points

i9(h---<7|0‘t>

= 1 (610,)

el (5o,

(4o, )

(3 o)

(2o, )

(1o, )

(0o, )

TG

o] -] -

a| oy (x9.pg))= el 2 S ((f/(;—) 2L aln)

n=0
_|O‘0‘ /2 ( ) nln—
n:O \/_ \/_| 1>

:0‘0‘050 xoal?o)>

Coherent ket |at(x0,p0)) is eigenvector of destruct-op. a.
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Properties of coherent state

I classical turning points

i9(h---<7|0‘t>

= 1 (610,)

el (5o,

(4o, )

(3 o)

(2o, )

(1o, )

(0o, )

TG

o] -] -

Coherent ket |at(x0,p0)) is eigenvector of destruct-op. a.

a| oy (x9.pg))= el 2 S ((f/(;—) 2L aln)

n=0
_|O‘0‘ /2 ( ) nln—
n:O \/_ \/_| 1>

= ao‘ao X0 Po )> with eigenvalue oy
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Properties of coherent state

(710,

(6o, )

(5o, )

(4o, )

(3 o)

(2o, )

(1o, )

(0o, )

TG

o] -] -

Coherent ket |at(x0,p0)) is eigenvector of destruct-op. a.

a| oy (x9.pg))= el 2 S ((f/(;—) 2L aln)

n=0

Al § (00 )"
\/— e n|n-1)

n:O

= ao‘ao X0 Po )> with eigenvalue oy

Coherent bra {ou(x(0,p0)| is eigenvector of create-op. af.

<050(X0,P0 ‘aT <0‘o(xo,l90 ‘050
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Properties of coherent state o
v 4 Coherent ket |at(x0,p0)) is eigenvector of destruct-op. a.

a| oy (x9.pg))= el 2 S ((f/(;—) 2L aln)

n=0

L B (71,

= 1 (610,)

classical turning points
<

=1 sl (5 o) B (a )

T t |oc0\ /2 0)
h t nin—1
oherent 1 T (10 n=0 \/— | >

explted energy(E (310, = 060‘060 X0 Do )> with eigenvalue ay

‘i< 2o, nemonic 1: Right |a) is eigenvector of destruction-operator

(1l,) Coherent bra {oux(0,p0)| is eigenvector of create-op. ar.

(0o, )

<050(X0,P0 ‘aT <0‘o(xo,l90 ‘050

nemonic 2: Left (o] is eigenvector of creation-operator

IBEE ZonBBEEEREE
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Properties of coherent state o
v 4 Coherent ket |at(x0,p0)) is eigenvector of destruct-op. a.

=T 0, a2 ()"
w1 (610, a‘ao XO,P0)> " ;Eo N ~——aln)

: ilasszcal turning pomt; Oheren;ﬂ-j ‘??3 (5lo,) _| 050‘ ” (050 ) \/_|n 1>
tate |oc0)MJ L (1o n:O
..................... =L B (31, = ot |0t (%o Po )> with eigenvalue oy
ROVZN... TR s .. _'EJ;____ 'fl-{E( 2o, nemonic 1: Right |a) is eigenvector of destruction-operator
L (1l,) Coherent bra {oux(0,p0)| is eigenvector of create-op. ar.

€I, | |2[:I] .: m— (0o, ) <a0 (xo Do ‘aT <a0 (XO Do ‘OCO

nemonic 2: Left (o] is eigenvector of creation-operator

Expected quantum energy has simple time independent form

<E>‘a0 = (g (%0, po ) Hjexg (x0: 2o )}

= <O‘0 (xo,po)‘ (hwaTa + h7w1j‘ o (xo,po )>

_ * how
= (l)OCOOCO+—

IBEE ZonBBEEEREE
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Properties of “squeezed” coherent states

(a) Coherent wave oscillation

=T=21W/® ¢

]

|-

Yeah! Cosine trajectory!

",

uENNAREN

Time t

Amplitude coordinate x

>
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Properties of “squeezed” coherent states

(a) Coherent wave oscillation

= T=2T/® ';"‘EE

| BT Yeah! Cosine trajectory!
- N
(et (-0 | X% (x0- 0 )) = M<O‘0(x09Po)’(a+aT)|O‘0(x09Po)>
| e ; *

Time t ﬁ__ﬁ

Amplitude coordinate x

>
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Properties of “squeezed” coherent states

(a) Coherent wave oscillation

t=1T=21/0 ¢
£
= Yeah! Cosine trajectory!
-
- i
5 ) <0‘0(x0 Py ‘X‘O‘o anPo \/ZM(o 0‘0 xo»Po a+a )‘0‘0 xo»p0)>
1 '
- +
T—HH-- 2Mo (% ao
A I (et (e ¥t (5} =5 e+t
Time t ﬁ——ﬁ = _ -iot
- -~--n=3 at(xt’pt) - e O‘O( 0,p0)
= n=2 t 1wt 0
— X, +1 = X +1
Amplitude coc&z’inatex n=l ) 0" Mo ..and HO phasor
n=0
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Properties of “squeezed” coherent states

(a) Coherent wave oscillation

= T=2T/® ¢
Time t H"‘E}
__.\_\-\_\_ﬁl === 0 .
| Yeah! Cosine trajectory!
-
- [
5 - <a0(x0,p0 ‘X‘Ozo xO,pO 2Ma) 050 xo,po a+a )’0{0 xO,p0)>
%, =T/® Lk_‘EH"' h
- & 2Mw a0+a0
\ e (elson e () =5 e
Time t =20 T _ -iot
: ~n=3 at(xt’pt) - ¢ 0’p0)
Cilgtd- 11 =2
. pt - p()
X, +1i = Xq+i——
Amplitude cociz’inatex . n=1 [ t Mw} { 0 } ..and HOphClSOV
n 0
(b) Squeezed ground state -
(“Squeezed vacuum” oscillation) s HHE}
vy =320 || HH what happens if you apply
% operators with non-linear “tensor”
- exponents exp(sX?), exp(f p?), etc.
Tp=me  r—tH-
2o o E ey
___,_EH____
- I; _____ n:2
==
(em
'.\I Ef.'ln 0
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Properties of “squeezed” coherent states

(a) Coherent wave oscillation

=T=21W/® ¢
Time t

LI

(a) Squeézed amplitude

Time t

1 I_!_I 1

High Ax at zero
Low Ap at zero

Time t

NuNARARARANAN

s L

Amplitude coordinate x

>

(b) Squeezed ground state
(“Squeezed vacuum” oscillation)

ow Ax at crest .

(b) Squeezed phase A

Time t

ujan

T3/4=37'C/20)

B High Mx-griroug
_ Low Ap at-troug

TI/ZZTC/(D

--- Low Ax at zero
L] n=4 High Ap at zero

ek

at crest T

E [
!

|
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