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Tables

FORMULAS AND TABLES OF GROUP
REPRESENTATIONS AND RELATED
QUANTITIES

F.1. THE ORTHOGONAL GROUP O(3) AND UNITARY
UNIMODULAR GROUP SU(2)

The multiplication rules for O(3) and SU(2) may be visualized using Hamil-
ton turns. (See Sections 3.1B, 5.3.C, and 5.5.A.) The common choices for
parameters are Darboux axis angles R{#0w] and Euler coordinate angles
R(apBy). (See Sections 5.3.A and 5.3.B.) The following irreducible represen-
tations of Wigner D-functions are derived in Section 5.4 using SU(2) boson
algebra:

)

VG +miG—mG + miG—m)!

Dintapy) = {1 [R(aY)

— -1 k e—i(ma+n7)
kgo( ) (j+m—kk!W(j—n—-k)(n—m+ k)!
2j+m—n—2k B n—m+2k N
X (cos %) (sin E) . (F.1.1)
Here the rotation operator is expressed in terms of angular momentum
generators and Euler angles, \\
R(aBy) = e ":/M e iflu/hemiv /0, (F.1.2)

Representations D/(J,) (x = x, y, z) are derived in Appendix E. Irreducibil-
ity, completeness, and orthogonality properties are derived in Appendix G.

790



williamharter
Text Box
Principles of Symmetry, Dynamics, and Spectroscopy 
- W. G. Harter - Wiley (1993)
            Tables


APPENDIX F 791

Spherical harmonics Y,\ and multipole functions X ; are the n = 0 cases
of D-functions. They are functions of polar coordinates (o = ¢, B =6)and
(¢, 8, r) but not the third Euler angle v:

! 2l +1 * k k yk*
Ym(d)a) = 477_ DmO(d’O ')’ Xq(¢0r) =r Dq0(¢0 )

The multipole functions also have a radial k-power dependence and are
kth-degree polynomials of {x, y, z}. In Table F.1.1 these polynomials are
denoted by I, II2, III3, and IV} for k =1, 2, 3, and 4, respectively. The
inverse relations to the kth degree harmonic monomials x%y®z¢ are also
given. The number of harmonic monomials is

(k+1)(k +2)
> )

d(u(3)) =

which exceeds the number (2k + 1) of multipole functions in all cases except
k =0 and k = 1. Therefore the even monomials involve combinations of
multipole functions of degree k, k — 2,...,2, and 0 multiplied by r°,
r?,...,r*72, and r*, respectively, while the odd monomials combine x* of
degree k, k —2,...,3, and 1 multiplied by r°, r2...,r¥"3 and r¥-1,
respectively. The harmonic monomials can be realized as a basis of a
three-dimensional harmonic oscillator and span the symmetric representa-
tions of SU(3).

The Clebsch-Gordan and Wigner-3; coupling coefficients are related as
described in Section 7.2,

. . . (~1)j1—j2—m3 . . ,
Ju. T2 U3 | _ Ji )2 J3 (F.1.3)
my m; m, VZ2is +1 my m, —my o
The standard CG-Dirac notation is
j1 jz j3 _ jl jz . . j3
le m, my <m1 m |1 ®]2m3>. (F.1.4)
The general formula is similar to the one derived in Section 7.2.D:
( U PR ) — (1) Ur +J2 ~js)Us —Ja + i) —jy + jy + J3)!
my m, m, ) (jy +jp +Jj3 + 1) ’\
Xy + m)IGy = m)Uy + my), = m)(Jz + m3)(j3 — m3)
1Nk
N Dp— _ D __
B kW + iy — 73 — Wi —m, — k) + my — k)13 —Ja—my + K~ — my + k)
(F.1.5)
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TABLE F.1.1 R(3) Multiple Functions and SU(3) Harmonic Monomials

1 1
V= —— +iy) x = —% - Y
V2 V2
1 1
1D = —(x —iy) iy = ——=Y + 1{N
2 V2
18) =z z= 18)
3 1 1 1
Y = v/ = (x +i)? x2= —UP + IR - 1P + —r?
8 6 3 3
3 1 1 1
D= —nf —z(x + i 2o I + UB) — —1IP + —r?
11§ 3 z(x + iy) y 6( § » 3 § 37
1 2 1
g = 5(312 -r?) 2= - 5115@ + §r2
3 i
u® = 'JE 2(x — iy) xy = F(n@ — %)
3 1
ne =4/ = — i) xz = =12 - 11%)
2 Vs Ve

i
yz = —‘/:(II(IZ) + 119)
6

5 1 3 3
me = - £(x +iy)? x? = ——=, — ) + £(111$3> — IS + —a¥) - 1{")r?
4 2/5 10 5¢2
15 1 B 3
mP = ¢/ — z2(x + iy)? iy? = —=1S, + mIP) + £(111§3) + IS - —=aW, + 1{Y)r?
8 25 10 52
3 2 3
o = - g(x +iyX5z%2 - r?) 3= gIIIQ’ + glllg)’z
1 1 1 1
g = —z(5z2 - 3r%) 2y = — — (IS} + ) + —=IP + MNIS) — —AP + 1{)r?
£=3 n5 1043 Y}
V3 1 1 3
m® = X (x — pX522 - D) xy? = —= ), — M) + —= P - W) + —a¥) — 1,2
1 2 Z\E 3 § 10‘/3— 1 3‘5 1
15 1 1 1
@ = 1) Z 2x - iy)? 2z = — (P + M) — 1§ + 12
e \/ 2 2(x — iy) x2z \/ﬁ( 5 D=3 5 3 Wr
V5 1 1 1
O = (x— i) 2z = — — (Y + W) — — I + —10r2
Iy = ——(x - &) v’z @( § V-5 B+ 10

2 1
2 - _ 3) _ (3) M) _ 1(1n,2
x2? = — —=(If me) + —ad, - 1"r
53 Ylse
2 1
iyz? = — —IP + MI¥) — —=AD) + 1{V)r?
5/3 2

1
ixyz = — IS, — 11§
V30
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1 2 3 3
VI = 4/ — (x + ip)* = —— AV + V) — v 4 V&) + IV(S“) + - P+ 11,2
1 \/128 /70 Sy §
2 1
- 711{,%2 + gr“
35 1 2 3 6
VY = — rz(x +iy)? ¥= =V + V) + —— v + V) + 1v3") £(1152> + IA)r2
4 V70 Wio 7
2 1
- 7[152)r2 + gr“
5 . 8 . 4 1
1§ = %(x +)2(722 — ) Ea e AL 7[1%2»2 + gr4
42 i3
5 R . .. 1 1 1
v{® = —g(x + X7z = 30 XY= — VT - TV ¢ — Ivg‘) - —115% + I—Sr
3 l)
1 1 8
IV§D = g(35z“ - 30222 + 3r%) x2z% = g(ng Ce IVELY) —(IV§2) + IV®),2 OIV(S“’
7y6

1 1
+ —IPr? + —r*
21 15

5 V2 1 R 8
e = —‘/:(x - iyX72% ~ 3% v22l = - v + v =V + V32 - vgh
4 35 Iy 70

1 1
+—1Pr2 4+ —,4
21 15

V5 | ! 1
IV = ——(x — 9)2(72% = ) irlyz = - ——=AV{ + IV®) + ——_av® 4 [vd)) — (1P + 19,2
Tk 235 Y las ! Y96 !
V35 1 1 1
vy = -y w2z = + —=aV{ — IVE) ¢ ——avd - v + — 1P - 1),
2435 145 3
1 [2 1
% =4/ = (x — iy yz® = 2/ S avEY - IV - —_a@ - @),2
7 5 76
1 1 3
ix3y = 4) ) 4) 4y __ 2) _ 11(2y,2
w’y = —==AVf{® - 1v¥) - — v — 1vd) a1 — n®)r
Vo 3 YT ! Tk :
1 1 3
i3y = — 4) ) 4) “4) 2) _ 112)y,2
px = ——=QVfH — v - —— v - v - —=® - u®),
\/7‘ o 3
3 4) _ ) ,5 4y _ “4) 3 2) 2)y,2
x7z = — ——(1V Ive) + L= 1vf V) + —a1P — u®)r
ZF 145 3
1 3 3
iv3z = 4) 4) 4) @y _ 2) 2)y,2
iy°z = ——=(aV§Y + IV + avi® + 1Iv¥) - — @@ + n1®),
235 Tl Yk !
2 3
Zly = — —= (VP + IVY) - —— P + 12,2
5 76
2 3
3= — 4) (4) 2) 2)y,2
-2 = ===V - IVY) + — 1P - 1)
7]5* t 1 7/6 i 1
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Coupling coefficients are matrix elements of tensor operators according to
the Wigner-Eckart theorem. (See Section 7.3.B.)

J3

Unit tensor operator matrices are given in Tables 7.1 through 7.4, at the end
of Chapter 7.
The Racah-6;j recoupling coefficient used in Section 7.3.D is given by

Ji

ey Cilliall)-

p\_oi b _
m, my m; m;

i J . . . .
li lz lz}=(‘_1)11+12+h+}2A(1112]3)A(11lzl3)A(111213)A(1112]3)

> (-D*
X : ; ; : ; ;

L+ —L =K+l —i— L+ N+ =, — L+ k)Y

where

i+ k—DI(j—k+DI(—j+k+1)!
A(jkl)=\ﬁl+ )(§J+k++l-|)~§)!l+ Iy (F.L.6)

F.2. THE OCTAHEDRAL GROUPS O AND O, =0 x C;

The 24 operations of the octahedral O group are shown by Figure 4.1.2. Its
multiplication rules can be determined by the Hamilton turns shown in
Figures 4.1.3 and 4.1.4. A group multiplication table (Table F.2.1) is given
below. It includes (—) signs which are needed to transform half-integral spin
particles or spinor bases. Ignore them for vector transformations. The O
character table is given in Eq. (4.1.11) and the spinor characters are given in
Eq. (5.7.25).

The full octahedral group O, is simply related to the outer product
O X C, of O and the inversion subgroup C; = C,. Its 48 elements are
displayed in Figure 4.1.5, which shows other cubic symmetry groups as well.
The full O,, vector character table is given by Eq. (4.1.16) and in Table F.4.1
in this appendix. ‘

A conventional set of irreducible representations is given in Table F.2.2,
and the corresponding multipole functions or “Kubic harmonics” are given in
Table F.2.3. The remaining representations given in Tables F.2.4 to F.2.7 are
defined by various subgroup chains which are described in Section 4.2.
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TABLE F.2.3 Octahedral Multipole Functions and Harmonic Monomials

1w =x s =7,
I%‘m =y 12Tlg =J,

Ig'm =z = J,

1 1 1
s = x2 4 p2 4 ;2 xt= I — _ffs 4+ - _q15
y 3 6 1 2‘/5 2
Hfe= —x2 —y24 9,2 y?= lII*'!g— lIIEx— LHEze
1 3 6 1 2‘/3‘ 2
E, 2 2 2 1 A 1 E
5 = 3(x2 - y2) 2% = SUhe e f
s =yz yz = 1]
N2 = xz xz = 1152
172 < xy xy = 1152
142 = xyz x3 = 17
17t = &3 y3 =17
15 = 3 23 = 11w
- . 1 1
- =z 2= I + Z11 T
k Xy 5 5
I =y ” = et xz? = lm'Tlu - lIHTzu
1 & fand - 2 1 2 1
T 2 2 2 1 /T, 1 T.
HIS ™ = yz° + yx o= SIS — — 11102
2 2
Ty 2 2 2 1 /Ty 1 T
5™ = zx* + zy yz< = EIIIZ 4+ EIIIZZ"
1.1
HIf24 = xy? — x52 zx? = 1w + 1112
2 2
T. 2 2 2 1 1T ! T
iz = yz* ~ yx 2% = U —

2w = zx2 — 72 xyz = [1142

Il
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TABLE F.2.3 (Continued)

VA = x* +y* + 2¢

IV/Ae = x2y2 + x%22 + y222
TVEe = —x* —y* + 22¢
IVE = 3¢ - 3

Vi = 2x2y? — x222 — y72?

IViEe = 3 (—x222 + y22?)
Vs = y3z — 2%

Vi = 23x — x%2

Ve = X%y — y’x

IV = x2yz

IV = xy’z

vy = xyz?

1viTs = y37 + 2%
IV&ng =23k +x%2

V4T = X3y + y3x

1 1 1
xt = SIVAE -~ CIVFe + —=IVFe

23

1 1 1
yt= SIVAR — ZIVFe — = [Vfs

2y3
1 1
74 = —IVAE + —TVE:
3 3

1
3

ZZ2

1 1
y v/ Ae — EIV{EE + —TViEe

2/3

1 1 1
x2z2 = gIV_/A“g _ gIViElg _ IVéEE

2y3
1 1
2,2 1A JE
= —IVv'®e 4 —TV(Ee
X7y 3 3 H

1 1
VAL SV

1 1
yx* = SIviTs - STV

3:

1
Xz vy e + EIV:T 1

[ ST

1 1
/T
2x® = SIV3Te = S IV
1 1
/T
yz3 = Elvl ® — EIVITIE

1 1
T,
zy® = 2 Vi % + 3 v

x%yz = lVlTlg

xy’z = IV2TZs
xyz? = IV3'%
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TABLE F.2.5 O D D; D C, Labeled Irreducible Representations

(Yamanouchi Threefold Standing-Wave Bases)

T T,
E A,
B B

T
1
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[1423}
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E
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E
E
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Cy:
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2
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and E in Bases D3:
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)
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E
A

|

0:|T,
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(b) Tensor Representation 7T, in Bases D3:|4,
Cy:

iy = (12

(Continued)

TABLE F.2.5
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TABLE F.2.5 (Continued)

2E0) = iy =121 RZ = (13][24] R, = (1423}
10 1 0 10 10
0 1 0 -1 0 1 0 -1
ry =[132] is =[13] ry = [234] ic =124]
) -1 = - )
2 2 2 2 2 2 2 2
Bt -3 1 Na) 1 -3 1
¥ 2 v vz v
2 2 2 2 2 2 2 2
ri =1123] iy =[23] r} =142 R3 = [1342]
-1 3 -1 B -1 3 -1 B
2 2 2 2 2 2 2 Tz
| Vo1 -y -1 N
2 2 2 3 z 2 7 2
RZ = [14123] R} = [1324] R} = [12134] i = [34]
1 0 1 0 1 0 1 0
0 1 0 -1 0o 1 0 -1
ry = [124] R, = [1234] ry = [143] R =[1432]
-1 -3 -1 -3 ~1 -3 ~1 =
2 2 2 2 2 2 2 2
B -1 -3 1 B -3 1
2 2 2 2 2 2
r} =[134] i = [14] r7 = [243] R, = [1243]
-1 B -1 3 -1 B —1 3
2 2 2 2 2 2 2 2
-3 -1 Vi1 -3 -1 Bt
- 7 T 2 2 R

For scalar (A4;) |4,
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A

A

A 2
and pseudoscalar (A4,) (4,

B

representations, see the O character table.
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TABLE F.2.6 (Continued)
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TABLE F.2.7 0 > D; D C, Subgroup Chain Labeled Irreducible Representations (Threefold Moving-Wave Bases)

(a) Vector T, Representation
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The O © Dy O C, T representation is obtained from that of O > Dy > D, by the following transformation matrix:
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TABLE F.2.7 (Continued)

(¢) Tensor Representation E
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F.3. CLEBSCH-GORDAN COEFFICIENTS

APPENDIX F

These coupling coeflicients in Table F.3.1 and F.3.2 belong to the representa-
tions and bases listed in Tables F.2.1 and F.2.2. To obtain O > D, > D,
labeled coefficients, change the sign of the second component of T,. [Com-
pare Tables F.2.1(b) and F.2.3(b).]

TABLE F.3.1 Standard Fourfold Axial Octahedral Clebsch-Gordan Coefficients

@T, 8T, DT, ® T,
7, T,| 4 | E T, T T, Ty| A, | E T, T,
1 21 2 3|1 2 3 1 201 2 3|1 2 3
1 1 -1 1 1 1
11— — 11| — —
VBl V2 VBV e
12 ! iy 2 ! !
V2 V2 V2 V2
1 3 -1 ! 13 ! !
V2 V2 V2 V2
o 21 NI 1 1
V2 V2 vz V2
11 1 1l-1 1
2 2|l—=—= — 2 2l — = —
V3|6 viz VB VZ e
1 1 1 1
2 3 . — 2 3 — —
vz V2 V2 V2
. 1 1 s . 1 1
V2 V2 V2 vz
3 -1 1 3 2 1 -1
2 S . — — —
V2 V2 vz V2
3 3|12 o 3 3| Lo 22
V3| Ve V3 Vo
T, 8T,
T T A E T, T,
: : ' 1 2 i 3 % 2 3
1 1 -1
1 1 — — —
V3 3 3
1 1
b z E
-1 1
o 7 ’
—1 1
S 2 2
' 1 1 1
2 A L 2
V3 Ve V2
1 1
e 7 7
1 1
o " 2
-1 1
P V2 7
3 3 ! 2 0
V3 3
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TABLE F.3.1 (Continued)
DT, o F )T, ®E
7, E| T T, T, E| T T,
1 3 1 2 3 1 2 3 1 2 3
-1 3 3 —-1
i 1 —_— £ 1 1 £ .
2 2 2 2
3 1 1 3
1 2 £ - 1 2 — [_
2 2 2 2
-1 _‘/:; —\/C; -1
2 1 —_ _— 2 1 - —
2 2 2
*‘/37 1 1 _‘E
2 2 —_— 3 2 2 5 —
3 1 1 . 3 1 . 1
3 2 . -1 3 2 -1 .
0T, ®A, @7, ®A4,
T Ay T, T, A, T,
1 2 3 1 2 3
1 1 . 1 1 .
2 . 1 . 2 . 1 .
3 . 1 3 . 1
(h E®F () E®Eand 4, ® A,
E E| A | 4, | E
1 2
1 1 * R E A, | E
V2 vz 12
1 -1 1
1 2 — —
V2 V2 Lo
-1 -1 4, 4,4
7 1 - - 2 2 1
V2 V2 1
s 5 1 -1
V2 V2




TABLE F.3.2 O > D; D C; Subgroup Labeled Clebsch-Gordan Coefficients
(@ T,®T 1,87,
T, T\{A | E T, T, T, Ty|A> | E T, T,
1 211 2 341 2 3 1 211 2 3t1 2 3
- 1|1 1 1 . 1 -1 1
V3| Ve Ve V3 V3 V2 Vo
-1 1 -1 1 -1 1
1 2 -— — — 12 — — —
Ve V2 V3 V3 V2 g
L -1 -1 1 L3 1 -2
Vil V2 Ve V3 V6
-1 -1 -1 -1 1 1
21 — — — 21 — — —
V6 V2 V3 Vo V2 V3
. 1 1-1 1 1 - -1 1 -1 -1
V3 | V6 V6 V3 V3 g V3 Ve
- 1 1 -1 5 3 -1 -1 -1
V3 V2 a3 V3 V2 Ve
- -1 1 1 . 1 1 -1 1
V3| V2 V6 V3 a3 V3 Ve
3 2 1 -1 -1 - 1 1 -1
V3 V2 3 Vo V2 V3
3 3 1 -2 5 3 1 1 1
a3 Ve a3 E |
@T,eT,
T, T, A, E 7 T,
1 2 1 2 3 1 2 3
1 1 ! 2
V3 g
1 1 -1
1 2 — — —
V3 V2 3
1 1 -1
1 3 — — —
V3 V2 V6
5 . 1 -1 -1
V3 V2 V6
1 1 -1 1
2 2 — — — —
Vi | Ve Ve o VB
5 3 -1 1 -1
V6 V2 V3
1 -1 -1
3 1 — - -
V3 V2 V6
. 5 -1 -1 -1
V6 V2 3
s 3 1 -1 -1 -1
Vi | V6 )
818
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TABLE F.3.2 (Continued)

T, 8E © 71,8
I, E T, T, I, E 7, T
1 2 3 1 2 3 1 2 3 1 2 3
. ! 1 -1 1 1 1 1 1
E 2 7 7
1 ) 1 -1 -1 L ) 1 1
2 % 9 9
) 1 -1 1 1 1 1 -1
1 = - —= 2 — = -
2 2 ‘/i ‘/f 2 2
) 1 1 -1 2 2 -1 1 -1
2 —_— - —_— —_— _ —_—
ﬁ 2 2 2 2 ,/2—
3 { 1 1 5 1 -1 1 1
V2 V2 2 22
3 ) -1 -1 3 ) 1 -1 1
V2 V2 Vo2 2
T, ®4, (@ T, ® A,
T, Ay | T, T, A, | Ty
1 2 3 :
1 2 3 o
1 . - 1 1 . . 1
2 -1 - 2 -1 -
3 1 : . 3 1
(hy E®E () E® Eand 4, ® 4,
E E| A | A, E
1 2
Y L E 4,]E
\/i \/5 1 2
1 -1
12 L -t 1 1
V2 A 2 1
-1 —1 A, A, | A
2 - - 2 2 1
vz VZ 1
s o 1 -1 H
V2 V2

F.4. CHARACTER TABLES FOR OCTAHEDRAL SUBGROUPS

Tables F.4.1 through F.4.7 list the characters of the important types of
subgroups of octahedral O and O, symmetry. The characters of O and 0,
are given first and then subgroups are listed.




820 APPENDIX

F

TABLE F.4.1 Octahedral Characters for Groups O and O, = O X (;

0, |1 rr? R*: RR i I IrnIr? IR? : IRIR® i
A, 11 1 1. 1 1 1 1 1 1 1
Ay, |1 1 1. -1 -1 1 1 1 -1 -1
E, |2 -1 2 0 0 2 -1 2 0 0
T, | 3 0 -1- 1 -1 3 0o -1 1 -1
T, | 3 0 ~-1-. -1 1| 3 0o -1 -
A, |1 1 1 1 1] -1 -1 -1 -1 -1
A, |1 1 1 - -1 -1 -1 -1 1 1
E, |2 -1 2 0 0] -2 1 -2 0 0
T,, |3 0 -1 1 -1 -3 0 1 -1 1
T,, |3 0 -1 -1 -3 0 1 1 -
TABLE F.4.2 Characters for Dihedral Groups D,, D,, and Two Kinds of D,.
D] 1 RY RLRY RLRY isi, Dy|1 R |Ri R}
A1 1 1 1 1] Ds| 1 rprf inigis] D21 RS iy iy
B, |1 1 -1 1 -1 4, |1 1 1 A1 1 1 1
A, 1 1 1 -1 -1| 4, |1 1 -1 B, 1 -1 1 -1
By | 1 1 -1 -1 i E|2 -1 0 A, 11 1{-1 -1
E|2 =2 0 0 0 B,|1 -1|-1 1

TABLE F.4.3 Characters for Cyclic Groups C, = C,,, C;, and Two Kinds of C,.

C,, | 1 IR; RE IR}
c, |1 R, RY R}
0, | 1 1 1 1
L, |1 =i -1 i
2, 11 —1 1 -1
3, | 1 i -1 =i

Cy| 1 r, r}
0, | 1 1 1
I, | 1 e=3™ X
2, 1 e% _i’”'

Cy| 1 R}
C, | 1 i
0, | 1 1
L |1 -1

TABLE F.4.4 Characters for C,,, C;,, and Two C,, Groups That Are Isomorphic to D,, D,

and D,, Respectively.

’ 2 2 2
C.. |1 RY R4 R} IRLIRY iy, li, G} 1 RS IR; Ry
7 |1 1 1 1 71 G|l ror Tl Mis| ¢, 11 i, | IR} i,
B |1 1 -1 1 -1 A4 |1 1 1 4 |1 1 1 1
4 1 1 1 -1 -1 4 |1 1 -1 B 11 -1 1 -1
B |1 1 -1 -1 1 E |2 -1 0 = 11 -1 =
E 2 -2 0 0 0 B’ 1 —1 =1 1




TABLE F4.5 Characters for D,, and D,,

and D; X C,, Respectively.

APPENDIX F 821

Groups That Are Isomorphic to D,

Dy | 1 ryr} dpigisc I Ir,Ie? Ty iy, Hs
Dy |1 R} IR, IR} RLR: iy li, PR ] n ] f -
A 111 1 1 Ta,, |1 1 -1 1 1 -1
By 1 -1 R B o I R 0 2 - 0
A4, |1 1 1 -1 s T B
B, |1 1 - -1 P T 1 1 -1 =1 -1
E |2 s 0 0 0| As |1 1 -1 -1 -1 1
E, |2 -1 0 -2 1 0

D, is isomorphic to Dy, is not contained in 0,.

TABLE F.4.6 Characters for D

s =Dy X C;and D, = D, X C,

(D3, = Dy X C, = D is not contained in 0,)

and is not an allowed crystal point symmetry.

Dy, |1 R: R.RY RLR: i, | I IR} IR, IR} IRLIR Ii,, Ii,
A, 1 1 1 1 1 1 1 1 1 1
B | 1 1 -1 1 -1 1 1 -1 1 -1
Ay | 1 1 1 -1 -1 1 1 1 -1 -1
By, | 1 1 -1 -1 1 1 1 -1 -1 1
E, |2 =2 0 0 0 2 =2 0 0 0
A, |1 1 1 1 1 -1 -1 -1 -1 -1
B, |1 1 -1 1 ~1 ]| -1 -1 1 -1 1
Ay | 1 1 1 -1 -1]|-1 -1 -1 1 1
By, | 1 1 -1 -1 1| -1 -1 1 1 -1
E, |2 -2 0 0 0| -2 2 0 0 0
Dy |1 R R RI| I IR} IR IR}

Dy, | 1 R} i iy I IR} I, I,

A, |1 1 1 1 1 1 1 1

B, |1 -1 1 -1 1 -1 1 -1

Ay, | 1 1 -1 -1 1 1 -1 -1

B,, |1 -1 -1 1 1 -1 -1 1

A, |1 1 1 1y -1 -1 -1 -1

B, |1 -1 1 -1 -1 1 -1 1

Ay 11 I -1 -1/ -1 =1 1 1

By, |1 -1 -1 1| -1 1 1 -1
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TABLE F.4.7 Characters for C,, = C4; = C4 X C;, C3; = C3 X Cjyand Gy, = Cy; = G, X C.

C 1 R, R R}| I IR, IR} IR} .
ah ? 3 3 2 3 3 Cy|l1 r ri. 1 Ir, Ir?
04 | 1 1 1 1 1 1 1 1
' ) ' O |1 1 1.1 1 1
14 | 1 —-i -1 i 1 —-i -1 i
Iy | 1 & &% 1 e* £
24 (1 -1 1 -1 1 -1 1 -1
] ) ] ] 23, |1 & . 1 € e*
34 | 1 i -1 —i 1 i -1 =i P N N
05,1 1 1--1 =1 -1
04, | 1 1 1 1f{-1 -1 -1 -1 *
X ' L . . ) 1 ) 15, | 1 ¢ e . -1 —e5 —¢
4u : ¢ ! ! 25, |1 & . -1 —e ~¢
2411 -1 1 -1}-1 1 -1 1
311 i -1 -i|l-1 i 1 i where ¢ = ¢27//3
w1 Ry | I IR
Con |1 iy | 1 Tig
0, | 1 1 1 1
L, | 1 -1 1 -1
0y, | 1 1 -1 -1
L, 11 —-1] -1 1

The symmetry Cs, = C3 X Cj, is distinct from Cy; = C3 X C; but isomorphic to it:

Cyul|l1 v 2 o or, or}

0, |1 1 1+ 1 1 1
1, |1 &* ¢ 1 &* €

25 |1 ¢ 1 € &* |o = reflection through a mirror
0 |1 1 vy PR 1 plane normal to r; axis
11 & & -1 —e* ¢

2511 & €, -1 —-e —£*

where & = e27/3

TABLE F.4.8 Characters for C, = C, =C; = C,
C |1 I
C, 11 a 2 .

o = IR] = reflection through a
G |1 Rj mirror-plane normal to R axis

1

0, | 1 1| R} = 180° x-axis rotation.
1, |1 -1

F.5. CORRELATION TABLES FOR OCTAHEDRAL SUBGROUPS

Tables F.5.1 through F.5.5 list the correlations of representations of select
subgroups of octahedral O and O, symmetry. Rows have subduced represen-
tations I" | H. Columns have induced representations y(H)1 O. Details and
applications of tables are described in Chapter 4.




TABLE F.5.1 Correlations of O with Dihedral Groups D,, D,,
and D) = {1, R%,R%,R3}.

APPENDIX F
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D, = {1, R%,i,,i,},

O>D, | A, A, B, B, E
41D, | 1

A, D, 1

E |D, | 1 1

T, D, 1 1
T, D, 11
0O>D, |4, B, A, B,
A LD, | 1

A, | D, 1

E |D,| 1 1

T,lD, 1 1 1
T,1D, | 1 1 1

O>D; | A4, A, E
A LDy | 1

Ay | Dy 1

E | D, 1
T, ) D, 11
T,lD; | 1 1
05D, |4, B, A, B,
A, LDy |1

A, LDy |1

E |Dy| 2

T, D), 1 1
T, | D, 1 1

TABLE F.5.2  Correlations of O with Cyclic Groups C,, C;, C, = {1,i,}, and C} = {1, R%}.

0>C, |0, 1, 2, 3,/ 0>C, |0, 1, 0>5¢C, 10, 1,|] 0>5C, |0, 1,
4,1C, |1 A 1C |1 A,1C, |1 4,10 | 1
A, 1C, 1 A,1C, | 1 A4,1C, 1| 4,1¢c |1
ElC, |1 - 1 E |C, 1 ELC, {1 1| Eyc|2
T iC |1 1 1l Tuc |11 TG |1 2| Tyc |1
T,1C, 1 1 1] TG |1 1 TG, |2 1| Tuc|1
TABLE F.5.3 Correlations of D, with Subgroups C,, D, = {1, R3,i,,i,},
and D), = {1, R3,R2, R}
Dy2Ci |04 1, 24 34] DyOD,| A4, B, A, By| D,oDy|A, B, A, B,
4,1¢, |1 . A,.D, | 1 . ALy |1
BilCy | - 1 BiiDy | - 1 B lDy |1 '
A4,1C, | 1 - A, 1D, | - 1 A, LDy | - 1
BylCy | - - 1 - BylDy {1 - . . B, D) o1
E |C, 1 -1 ElD,| - 1 1 E D, r- 1
TABLE F.5.4 Correlations of D, with Subgroups C; and C,.
Dy;oCy |0, 1; 2,4 D;>C, [0, 1,
A lCy |1 A lC, |1
A,1Cy | 1 A, L C, 1
E | C, 1 1 ElC |1 1
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TABLE F.5.5 Correlations of O, with Groups C,,, Cs,, C,, = {l,i4, IR3, s},
and C}, = {1, R, 1IR3, IR}

0,5C, |4 B A4 B E 0,2C,, | A A E
A, 1C. 1 - A LG, |1

AZg 'L C4u : 1 : ’ ’ A2g ‘L C3L' : 1
E,lCp |t 1 - - - E, 1Cs, | -+ - 1
T iCow |- - 1 - 1 T iCy | - 1 1
T, 1Cy | - : . 1 1 1G5 | 1 . 1
Alu 'J' C4u ' : 1 : : Alu ‘L C3u : 1

AZu 1 C4L, ‘ ¢ : 1 ! A2u ) C3L‘ 1

E, 1Cy |- - 1 1 - E, \Cy | - - 1
T\, 1Cy | 1 ’ ’ ’ 1 T, 1G5 | 1 ’ 1
Ty, 1Cy | - 1 ’ ’ 1 T, 1Cy | - 1 1
Oh D CZL, AV B’ A” B” Oh D CIZL‘ AI BI AH BN
Alg 1) C2L' 1 : : : Alg N\ C’ZU 1

A2g 1) C2L‘ : 1 ’ ’ A2g M C’21 1

E, 1Cp |1 1 - - E, 1Cy, | 2

T,lCh | - 1 1 1 T lCh | - 1 1 1
T,olCyp |1 - 1 1 T, lCh | - 1 1 1
Alu ‘L CZU : : 1 ’ Alu 'L CIZL : ’ 1

A2u { CZL' ’ ' : 1 A2u 'L C’ZL : : 1

E, LGy | - . 1 1 E, |C5 1 - . 2
T,1C, |1 1 - 1 T, 1Ch |1 1 - 1
T, 1C, |1 1 1 - T,,1C, |1 1 - 1

F.6. HEXAGONAL SYMMETRIES

All hexagonal and trigonal symmetry groups are subgroups of Dy, (Table
(F.6.1). They are all isomorphic to outer products involving only C,, C,, and
D,. D, itself is isomorphic to D3 X C, X C,. See Chapter 3.

g 1 - ——
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TABLE F.6.1 Characters of Dg,.

Deu|1 MBS pypsps -h® B0 puphps | I ILIN o,05,05 - 0 IWLTh o} 0,0
A1 1 1 11 1 1 1 1 1 1 1
A1 1 -1 11 -1 11 -1 1 1 -1
Eyl2 -1 0 2 -1 0 2 -1 0 2 -1 0
"B,l1 1 R R 2 11 12 -1
Bt 1 -1 -1 -1 1 11 -1 -1 -1 1
Egl2 -1 0 -2 1 0 2 -1 0 -2 1 0
A1 1 1 11 T -1 -1 -1 =1 -1 -1
Al 1 -1 11 -1 -1 -t 1 -1 -1 1
E.|2 -1 0 2 -1 0 |-2 1 0 -2 1 0
"B, |11 1 -1 -1 N S | -1 1 1 1
Bt 1 -1 =1 -1 1 -1 -1 1 1 1 -1
En|2 -1 0 -2 1 o |-2 1 0 2 -1 0

F.7. ICOSAHEDRAL AND PENTAGONAL SYMMETRIES

The rotational symmetry Y of the icosahedron was mentioned after Figure
4.1.6. It has 60 elements in 5 classes of rotations: one of 0°, 12 each of 72°
and 144°, 20 of 120°, and 15 of 180°. These are listed at the top of its
character table (Table F.7.1). The largest subgroup is the pentagonal dihedral
group D,. The Dy characters are given in Table F.7.2.

Representations and correlation tables involving these symmetries as well
as applications to the Cy, rotation and vibration problem can be found in the
sequel to this text and in the references [1]-[5] listed below. Reference [4]
contains the entire Y-group table.

TABLE F.7.1 Icosahedral (Y) Group Characters

Y classes | 0° 72° 144° 120°  180°
°cg 1 12 12 20 15
A 1 1 1 1

1+vV5 1-+5
T, 3 > > -1
1-V5 1445
T, 3 5 5 -1
G 4 -1 -1 1 0
H 5 0 0 -1 1
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TABLE F.7.2 Pentagonal Dihedral (D;) Group Characters

D; classes | 0° 72° 144° 180°
‘e, 1 2 2 5
A, 1 1 1 1
A, 1 1 R |

—1+vV5  -1-45
E,
2 2
-1-V5 -1+5
E, 2
2 2
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TABLE 7.1 (j) Subshell Tensors

@j=1 ®j=3 ©j=3
3

AN
g=0_ 1 23 5—\\/5— SUNTNCTN
a=0_ 1 R o3
L 3‘11 B2 - da=| " B 1 -3
faTl tg=] - 2 -1 -3 N .
h 10
N ,3ﬁ N
20
: 5 -5l
5 V5 V5 :
1 -1 1 . 5 -1 -yz2 3
1 -1 0 lﬁ =5 V2 -4 0 3 .
2= 1 0 -1 15 C 3 0 -4 i 5|y®
1 -1 1{ 3-V2 -1 5|y
4
L R Y
5 -y10 5 -5 :
111 -1y Vo -7 1 1 -k
1 -3 -1 o 5o-1 4B -1 5|V
L311733—1‘/§ =l 1k 4 1 -5V
1 -1 1 -1 # -1 -1 7 —y10fyE0
V20 W5 50 s 180
1 —y2 3 -1 1 -
V23 5 o5 0 a2
vi=l 3 -5 2 05 1jy2
1-y5 0 2-5 3|y
N =2 )
1 -1 37‘/2_ 1\/2—8
1 -1 1-/2 1 -1
1 =5 Y10 -5 5 -1|y2
vi=| 1 —y10 10 —y20 5 -2 10
V2 =5 20 —10 IO —1|V12
1 -5 5 —yio 5 —1|y42
1 V2

]
¥

Linear relations between the irreducible tensor operators U; and the
elementary unitary operators E,, , . will be used in later chapters. A simple
example of such a relation involves the ¢ = 0 operators for (j = 1). From Eq.
(7.3.12) [or the diagonals of Table 7.2(p)] one may write

vg = (Ey; — 2Ey + E33) /V6,
vo = (Ey — E33)/\/§,
vy = (Ey + E, + E)/V3. (7.3.16)




TABLE 7.2 (1) Subshell Tensors
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TABLE 73 (g)l=4

vio
V130
VI8

V2
V2

V26
V26

286

V858
v858

V110

V33

V660
V1980

V26
V26

234
VI8

V156
V468

N

N

N

5

N

-1
-4

>y
-1 ¢7
2

V10 32

V0 —v28
—56 V490 —112 28 —/32

VIO —V490 70 —vy490 V70 -v10

V28 — V112

-1
-4
~14

N
-1 1
-8 28

1 —y28

-2

V56

28

1

Vs

14

Vs —vio

-5 14 -4

-14

490

1 -v32
Vi

28 —28
V28

V7o
V10

Vs6 —v28

-2
—4
-1

-8

-4
-1

2 —y32
V7

Vs

-1

5 -3
Vo0 -8

-5
-8

3
10

-1
-3

2

V8

Voo -5
8 -5

0
28

V70 —v28
ven) 0-
0 V70 V70

252
-14

V10 —v70
V28

14 -
252

-10
-8

3
5

V5 —vo0

14 —y252

252

0 —v70
V28 —V10

-8

3

3 V286

-V7
-1

-14
~10

0
-2

-2

6

V7

8
5

V8 —Vo0

-3

3 =5
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—1

/3o
V1o
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2
13
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Mixed Subshell Tensonrs

TABLE 7.4

) @

<

o)

©

@) (p)

-~ BEE

olgly

=

S ge g
g~ = -

Coalg g .
st ig

T ey

elg ™

gle g

Segees

FELTEES

e

Jegws -

Tasgl

gl

o
I

_e2kBe

IN
0

]

B

q
q

tliglg

2zl

Sl T o

rseg
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el

4%3@@@3&3@50%%% 501_4fo_o1_JOﬁ ﬁ,ﬂ_Oﬁﬁ ﬁa..ﬁ

3M@M@E%Mﬁqﬁm%1ﬁ_wﬁqﬁﬁﬁ.rﬁoﬁzﬁ_ ECLS
T i i i !

N sl L A L g'e”

l\0~ I ] 0 I I

v e N i S i N

reflects the choice of numbers 1 to 5 for d states
., 15y =1-%)) and 6 to 8 for the p states (|6)

P

E;

2
1

(5,17) = 15, 18) = | 4. The tables exhibit the v}(l,/,) matrices for [, — I,
A > 0, and the transpose is found using the symmetry relation

The numbering for

(1) = 12,12 = |

(7.3.19)

5% (L)

(L) = (-1

k
Yq
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