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conjugates in terms of P’s and Q’s:

1
Ay, = AL + ia™ = W(Qka + Py, /@), (8.6.13a)
1
a:a = aﬁz - iallirg = (Qka - iPka/w)' (8613b)
2yelV

The cavity energy L'V in (8.6.11) shall be the classical electromagnetic
field Hamiltonian H = H(Q. P). H describes a set of independent harmonic
oscillators. To obtain a quantum field theory we make these into quantum
oscillators. The situation is very similar to the molecular vibration problem in
which a set of classical normal modes were “quantized” in Chapter 4.

(c) Quantum Field Operators Oscillator ladder operations a and a’ were
defined in (4.4.50) in terms of coordinate and momentum operators. For each
em mode (k, «) this definition translates to the following:

7]
a,, = % (Qua + P /@), (8.6.14a)

w
ke = 1/ 57 (Qua = 1Pya/), (8.6.14b)

where boldface notation Q,, and P, indicates the quantum operators that
correspond to the classical phase variables Q,, and P, , respectively.

By comparing (8.6.14) with (8.6.13) we note that the ladder operators are
proportional to whatever operator would correspond to the classical phasor
amplitude. So with correspondences @, — Q,, and P,, — P, we have
the phasor correspondence relations:

ak=

1 . 1 .
a W(Qka + lPka/w) - W(Qka + lPka/w)

1 [ 2h h
B 2YeV ¥ w Hea = 2eq0V s

W(Qka ~ iPy,/w) = W(Qka — P, /o)

1 [ 2h + h :
2 EOV © Ay, = m Ay, (8615)

k
aka

The proportionality or scale factor (8.6.15) turns out to be the quantum
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amplitude derived in (8.6.4). Note that coordinate and momentum operators
are observables and are self-conjugate (Q = Q" and P = P7). The phasor
operator a is a complex combination of observables and therefore is not
self-conjugate.

The oscillator Hamiltonian operator for the quantum field is the same
form as (4.4.52), namely,

H = Y ho(al,a,, + 3)- (8.6.16)
Ka ’

This is the same for the classical energy (8.5.10) or (8.6.11) except for the
extra hw/2 terms which are each mode’s quantum zero-point energy. The
eigenvalues of the number operator a},a,, are the number n,, of photons
in mode (k, @). The creation or destruction operators a}, and a,, raise or
lower the photon number:

a“.nk’a"“>= /nka+1|“'nka+1.“nk’a"”>’
Ayl My M ) = Vel e = 1 My ),
b My My ) = Vi T LI Ry Mg 1),

ak,a,| S Ry, Ay ey = /nk,a,l Ryt Ny — 1---).
(8.6.17)

a’;m| R

Again, these relations are the same as before. [See (4.4.62).] Here each
additional quanta contributes an increase in A amplitude equal to the scale
factor \/h/2¢,wV in the correspondence relation (8.6.15).

The quantum A-field operator corresponding to the classical field (8.6.5a)
is found by replacing a,, and af, according to (8.6.15):

h
20V

A-T

ka

[ayq e,e® 0 + al e e Ten] (8.6.18)

The time dependence of the ladder operators is determined by the operator
equations: ihO = [H, O] [recall (8.5.3D}:

ihéka = [H’aka] lha.‘i&a = [H’ a‘;(a]

- _ - \
= —hwa,, = hwal,.

Here we use the afa form (8.6.16) of the field Hamiltonian and the
standard commutation relation (4.4.51) which is repeated in the following
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[recall also (4.4.53):
[k ala]| = 8y 1Bu o1 (8.6.19)

According to the foregoing a equations the ladder operators have the
following time-dependent phases:

aka = aka(o)eiwr‘ Ayy = ala(o)e—iwt'
The phases cancel time factors in (8.6.18) to give a time-independent field
operators

h .
- a0 + al (0)e ™ "]e,.  (8.6.20a)

A _ i
g\/ 2eqwV

The electric and magnetic quantum field operators follow:

h
20V

E= Z [—iwa, (0)e* " + iwal, (0)e ™ e, (8.6.20b)

B=Y 7 [ika,,(0)e™ ™ — ikal (0)e ™ "]b,.  (8.6.20c)
ka

When atoms are much smaller than the wavelength (A = 27 /k) of the

radiation, the fields can be simplified by the dipole approximation ¢’*'F = 1.

A= Z [aye +iwal,]e, = 2 — Quatar (8:6.20d)

26‘ wV

E= Z

250 lw[aJ{m -ale, = Z oV P..€,, (8.6.20¢)

h

2gq0V

ik[a,, — aj,|b (8.6.20f)

a*

B=)
ka

Note also the simple connection between the approximate A and E and the
canonical field coordinates Q,, and momenta P, which follows from (8.6.14).

B. Electromagnetic Quantum States and Transitions

Consider an atom coupled to an clectromagnetic cavity. Suppose this system
starts in a state in which the atomic state is [s) and all the photon numbers
ny, are definitely known. We consider some of the possible final states and
their probabilities as a function of time.
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The states of the whole system at the start and finish will be labeled |S)
and |F), respectively. The starting state |S) is a ket-ket product of atomic
|s) and radiation | -+ - n}, - ny, ") states:

1Sy = Iyl == S, = Ay e ).
The final state is written in a similar way:
\Fy=If>] - ”ia ”La' cee ),

One may picture the states by imagining atomic and electromagnetic levels
as sketched in Figure 8.6.1. A typical transition which conserves energy (more
or less) can be imagined as going from the state on one side of the figure to
the other. There we imagine that the atom jumps up from level |s) to [f)
while simultaneously a mode number jumps down one level. This is an
atomic absorption process. (The atom appears to swallow a photon.) If this is
reversed, or if the atom jumps down from level |s) to |f') while a mode
number jumps up the process is called an emission. (The atom appears to
spit out a photon.) As we will see these two processes are usually the most
likely ones.

The derivation of the probabilities for quantum field atomic transitions of
the type shown in Figure 8.6.1 are given now. This derivation uses the
first-order perturbation formula, because we only need to create or destroy
one photon:

1 .
(1) = 0 + G [t e CEIIS)

1
= bps + o-S(wps, )CFIH||S). (8.6.21a)
12
—_ pa— ]
—_g —5 __g —5
:ié —7— :ié —7 —
8 —s5 —3 __, 8 —s —a _,
¢t g e — ;4 P
i @ J— 3 .
— i —2 ., t i —> . T
X g xR |
—.—s —0 =———0 ——0 -—0 —l—_g —_0 —0 —90 0
Atomic Levels Field Mode Levels Atomic Levels Field Mode Levels
Starting State | S ) Final State | F )

Figure 8.6.1 Atom-field energy levels for initial and final states in an atomic
absorption process involving a single photon from a resonant electromagnetic field
mode.
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Here the spectral function is the following:

S(A, 1) = 261872

in(tA/2
&IA/—). (8.6.21b)

[Recall (8.4.34) and (8.4.38) and discussion of Figure 8.4.2.] The detuning
parameter A must include the difference of both the atomic and radiation
energy:

A=wrs=wp —wg= wy+ Z(nﬁa + %)wk} — [ws + Z(nfm + %)wk .
ka ko

(8.6.22)

For the absorption process depicted in Figure 8.6.1 the mode number has
gone down one step for the (ka) mode (n{, = n, — 1) while the atom went
up. All other quanta stayed the same, so the detuning is

A=wf—ws—wk=wfs—wk.

Here zero detuning corresponds to picking a mode whose frequency Wy
matches the atomic transition frequency wg,. This is similar to the semiclassi-
cal definition of absorption resonance. Compare (8.4.38b) with the foregoing
A equation.

Now we see some important differences between quantum field theory
calculations and semiclassical ones. For one thing, if you really insist on
counting every photon, then the absorption and emission processes become
clearly separated.

(a) Single-Mode Atomic Dipole Transitions The first-order S to F
transition probability |c.|* obtained from (8.6.21) is (assuming S # F)
,sin*(tA/2)

W- (8.6.23)

P = cyl*> =|<FIH,IS)|
FeS

We now evaluate the matrix element of the interaction operator (8.4.18b):

[ A
H =gE r =~ — ‘wal,  — i ‘r. (8.6.24
I q Q§ ZEO(L)V [lwaka lwaka]ea r ( )

The quantized E field (8.6.20b) is used with the dipole approximation
e'’*'* = 1. The matrix element consists of a field part followed by the usual
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atomic matrix element:

<F|H1|S>=‘IZ[<"' ”ﬁa |ia§ml ”ia>—<"‘ ’l{a |iaka| "fm>]
ka

X

2eoV e, {flrls).

The field part of this matrix element is quite selective. If more than one
mode changes its photon number the whole thing is zero. (Recall that
{nln') =3,,.) The only possible nonzero elements occur when a single
mode goes up or down by exactly one photon. The two possible types of
nonzero matrix elements are listed in the following:

h
CFIH,IS) = =i + 1 + 0]y 5= ae, -ty
0

if all nf = n* except nf, = ni, + 1
(1 PHOTON EMISSION)

h
= [0+i\/a] ﬁ/qea-rﬁ,

if all nf = n* except nf, = nj, — 1
(1 PHOTON ABSORPTION)
= 0, otherwise. (8.6.25)

The field matrix elements follow from (8.6.17) and the atomic dipole expecta-
tion value is denoted by rj; = {(flrls).

If matrix element (8.6.25) allows any transition between |S) and |F) it will
be an emission or an absorption but not both. If it allows one then the
probability for the other is zero. This is very different from the semiclassical
transition amplitude (8.4.37) in which both processes would simultaneously
have nonvanishing probability. The semiclassical amplitude is a sum of a
resonant and a nonresonant spectral function. The quantum amplitude
(8.6.21) has only one spectral function in the ¢, expression. Strict photon
counting prevents absorption from interfering with emission.

(b) Muitimode Atomic Dipole Transitions Supposc that we accept (or
are forced to accept) any of a set of possible final states going from
[FY)=1If) - ng, — 1+ ng, ') in which mode (k, &) lost a photon to
|F'y = |fyl -+ ng, " Ay — 1 -+ in which mode (K, a') lost a photon.
In each case the atom jumps up from state |s) to state |f ) but now we let it
accept a photon from different cavity modes. It is only necessary that the
donor modes have nonzero photon number and a frequency w that is close
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enough to the atomic transition frequency w, = w;— @, so the spectral
function |S|? gives a measurable value.
The total probability for the atomic f « s transition will be a sum of

probabilities fc¢ F|2 + o+ lcFll2 as though the contribution of each mode is
distinct:
ko Ko’ sin?(1A/2)
P =lcp >+ +lepl? = Tlepl* = ¥ CHD|®. (8.6.26)

fes ka ka hZ(A/z)?

Since we are effectively counting the photons from each mode the amplitudes
Cp...cp have random relative phases and interference between them 1s
washed out. Hence the total probability is the sum of thelr squares ZICFI
instead of the more complicated square of the sum |Tc|%. (Recall discussion
in Chapter 1, Section 1.1: Axiom 4.)

The sum over mode wave vector k can be converted to an integral over
k = |k| or over mode frequency @ = ck. According to (8.6.5b) the k sum is a
sum over integer values of photon number n, = k L/27=1,2,..., or

An An An
= An An An.= [dk —= [dk,— [dk —=
% L L LAnAn, An. / "Akx/ yAky[ Ak,

n n

x v

L. . .
- (; ) [k, [dk, [ak_.
Here the sum is converted to an integral over Cartesian k components using

A LAk A LAk A 1 LAk
e O e i v

This sum can then be converted to a polar coordinate integral in k space:

L\’ v . v . 2
- (2_7;) [ak - (zw)3fdﬂkfk~dk = (2—77_)3fd¢kfd0ksm0kfk dk,

k
(8.6.27)

where (¢, 8,) are azimuth and polar angles of k, dQ}, is the incremental
solid angle in k space, and ¥ = L* is the cavity volume. This reduces the
probability sum (8.6.26) to an integral over solid angle and k or w = ck:

P, = Z(—zw—ffdﬂkf:kzdklcﬂz /dﬂ/ dwlcFI

Qk/d w_331n2(tA/2)
¢ h2(A/2)

—[CHD (8.6.28)
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Now we approximate the integral of the spectral function |S(A, HI1* by
assuming that time ¢ is large enough that |S|* becomes very narrow. (Recall
Figure 8.4.2.) Then most of the probability comes from the neighborhood
around zero detuning (A = 0). We may set w = w;, and put all other
functions of frequency outside the integral:

sin®(tA/s)

(1)2 2 r*
Ja0ugasICHOT [ do w8727

| 4
P,_.= —
f ; (217)3

The area under the spectral function is simply the elapsed time multiplied
by 27 as was noted before equation (8.4.40).

Vo

kaH,HZZWt (8.6.29)

P, = Z/dﬂ

The peak of the spectral function at A = 0 goes up quadratically with time,
but the area only increases linearly. This is because the width of the peak
decreases linearly with time according to the uncertainty relation (8.4.42). As
a result the time derivative or rate R, = Pf(_s of the transition probability
is a constant in this approximation. This is known as the Fermi golden rule of
constant transition rates. We write this as

2
Ry, =L [dQup(wg)[KHD[ 7, (8.6.30a)

where the spectral density of modes p(w) is defined here:

Vw?

= —. 8.6.30b
(277)303 ( )

p(w)

The absorption dipole matrix element (8.6.25) gives the following rate if
the photon number in near-resonant modes is ny, = n:

R Vo? 27 ho
fes —-n(277)3c3 h* 2e,V

»’ q2 2 2
- he? d7e, fko(|e1 “rplt + le, - I.fSl )

The polarization sum and integral is simplified by using the vector relation

QZZfko|ea ) rfslz

Ir|>=le, -l + le, - r|* + Ik - rl?.
1 2
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If we let the induced dipole r = t be along the polar z axis then k - =
Irfslcos 6,. The sum and integral is then easily evaluated:

Zfdﬂklea : rfsl2 = fko(Iel . rfsbz + le, - l‘f5|2 + k- rfsl2 — k- rfslz)

—fdQ (1- cos™ 8, )rfs fd(bfdﬁsm ¢9lrfx|2 Irfslz.

The resulting absorption rate is

40° ¢? 5
(absorption) = n4 = N33 yr —lrl” = B. (8.6.31)

f‘_S

The corresponding emission rate is the same form except that a factor
(n + 1) replaces n in the matrix element (8.6.25):

R, _ (emission) = (n + 1)4A =4 + B. (8.6.32a)

The first term is the famous Einstein A4 coefficient, which is the spontaneous
decay rate of an excited atom in a vacuum (n = 0):
4o g-

2
: 8.6.32b
T 3k 4= gG' rr ( )

The second term is the Einstein B coefficient which is the decay rate induced
by the presence of n resonant photons:

40’ g2

3hct 4me,

B=nA=n Ir,, |2 (8.6.32¢)

B is the only contribution to the absorption rate (8.6.31) since spontaneous
excitation is impossible in this approximation.

(c) “Impotence” of Photon Number States We noted that the first-
order transition amplitude ¢’ in (8.6.21) could only have an absorption term
or ¢lse an emission term but not both. This is because the quantum field
transition matrix element (8.6.25) cannot be nonzero for both processes at
once. We also noted that the semiclassical transition amplitude (8.4.36) does
have terms from both processes. In fact, the derivation of resonant excitation
of the oscillator expectation value {x) depends upon the precise interference
between these two terms to reproduce the classical result. [Recall comparison
of (8.4.45) and (8.4.47).]

The calculation of the atomic position expectation value (¥|x|¥) using
quantum field number states is quite different and so are the results. The
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perturbed atom-field state is

W) = |8) + X e rsic,|F),
F#S

where the first-order approximation to the amplitude is
1 . )
o = 8ys + — ['dt, ers(FIH,IS),
ih /g

according to the basic time-dependent perturbation formulas (8.4.34). The
matrix element is given by matrix elements (8.6.25) between the initial state
lS> = |s>atom|nia e niv(’a’>ﬁeld and final state |F> = ]f>atom|n£a
nﬁla&ﬁeld. The atom part only requires that the induced dipole moment
qry, = {flr|s)q be nonzero. The field part is more restrictive; it requires that
exactly one mode gain or lose a single photon. The result is a perturbed state
of the form

1T = 18) = Isdlns, - nlw) + di(Ff e — 1+ Hlg) + -+
+di () )nye - Bgw — 1) + -+
+de (NI + 1 ng) + -
Fde (O InL, - A + 1)+ -+,

where the transition amplitude to a higher state [f) due to absorption from
mode (k, ) is

—iwgpt

¢ .
ia(f) = h j;)dtl eltlAwkvnka ea ) l‘f'S (A = wa - wk)7

and the transition amplitude to a lower state |f') due to emission from mode

(k, @) is

e—impt

lia(fl) = h j;)tdtl eitlAwkvnka +1 €q” rf's (A = wf'S + wk);

and w, is the scale factor (8.6.4) times frequency w and charge q.

h
2eqwV

Wia = @x4

If |s) is the atomic ground state the emission terms with d° amplitudes are
nonexistent. However, there may be several atomic states |f), |f’),... which
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can be reached by near-resonant absorption. The same goes for state reached
by emission if |s) is an excited state.

Now the expectation value (W |x|¥) can be evaluated. We write the bra
and ket on the left and top, respectively, of the box in the following, and we
collect the scalar products inside:

(Plx|¥) =

IsXInge ) +di lfdlng, — 1)+ -
(e = sl | (slxlsd{D) + d@ (slx[FY0) + -
Fdiclmg = 1o Il |+ flels)0) + 1dg, X flxlf X1y + -+ .

The sum includes only one field mode and one higher atomic state |f). This
is enough to see that all the results must be zero if the atomic states have
definite parity ((slx|s) = 0 = ( flx|f)). The orthogonality ((n,|n, — 1) = 0)
of the photon states kills the possibility of any contribution from the induced
moment matrix elements (slx|f) or { flx|s), however large they may be,

So photon number states are “impotent”; they cannot create a coherent
excitation of an atom. This is consistent with the idea that classical phase is
completely uncertain or random for a field oscillator eigenstate which has
probability distributed more or less evenly over its phase space. To have a
well-defined phase we need a nonstationary coherent oscillator state IakB)
for a mode (k, B) instead of a stationary cigenstate |7, 5> This will give a
wave packet in (QkB,PkB) phase space or (A,E) space which may have
well-defined phase as shown in the next section.

Photon number states may be “impotent” but they are not powerless.
They can create large fluctuations in expectation (W[x?|¥) even though
(¥lx|¥) is identically zero. From the foregoing calculation we get the
following:

CPII) = Gslalsd + 2, ey + . (8.6.33)

The expectation of x? is proportional to the photon intensity ny,. the square
IrfSI2 of the atomic induced moment, and the mean square x for the final
state |f ).

(d) Coherent Radiation States A much better description of a laser-cav-
ity mode includes the nonstationary coherent or wave packet states lay g
According to (8.2.17) these may be defined as follows in terms of photon
number states lnk3> for a single-cavity mode (k, B):

layg) = e lowal”/2 Y (ip) ™m0 - -) / /T, (8.6.34)

Ngg
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The complex parameter ag is the field phasor expectation value and the
quasieigenvalues of the ladder operators:

akglak3> = akﬁiak5>, <Olkﬁ|a1;(ﬂ = <ak3|a;‘:3. (8635)

Recall (8.2.23) and (8.2.24). We assume here that only the (k, B) mode is
excited and all others are in their ground or vacuum states.

The A-field expectation value should equal the classical expression (8.6.2a)
which began this section:

[ h
<akB|Alakg> = W [(ak[giak3|ak5> + <akﬁ|alg|akﬁ>]eﬁ

h

- 2gq0V [akﬁ * atﬁ]eﬁ

= [akBe”“‘" + aﬁﬁei“’]eﬁ.

In the last line is the classical value. Note that the dipole approximation
¢%'T = 1 is used here. The a has the necessary e *“’ time dependence noted
in (8.2.20c). This gives the nonstationary phase packet motion described by
(8.2.22). The relation between o and the classical amplitude a involves the
phasor and the quantum scale (8.6.4):

iout 2eqwV
— —iw
Qg = dyg€ K 7 .

The a, expectation value of the —gE - r interaction in a coherent state
then becomes equal to the classical value quoted in (8.4.35a):

<akBlH1|akB> = —iwkqeﬁ . r(akﬁe—iwl _ a*eiwt).

It has the positive and negative frequency parts needed to coherently excite
an atom.

This might lead you to believe that a coherent quantum field can repro-
duce the effect on an atom of a classical wave. Indeed, for very high «, and
short enough time the effect of the two are nearly the same. However,
eventually the coherent wave produces dephasing and rephasing effects
which are quite remarkable. These coherent decays and “revivals” are
discussed in works listed at the end of this chapter and are the subject of
much ongoing research.



williamharter
Stamp


SPECTRA OF ATOM IN LASER CAVITY 777
8.7 SPECTRA OF ATOM IN LASER CAVITY

When the atom interacts strongly or resonantly with an electromagnetic field
the distinction between the field and the atom is blurred. Observer and the
observed become a single entity that is more than just a sum of its parts. It is
as though the atom had become part of a molecule in which the excited levels
involve excitation of all the constituent parts.

An atom interacting strongly with a single mode of a simple cavity is
described by what is called the Jaynes-Cummings model. Here we will give a
brief qualitative sketch of states and levels of this model. This is an important
model! for beginning to understand spectroscopic effects of strong laser fields.
It is also a simple solvable example of an atom interacting with something
that has a multitude of states. This is the kind of problem one encounters
when atomic motions go together to make a molecular rotation or vibration
spectrum.

A. Jaynes-Cummings Hamiltonian

In a static electric field the two-level atomic system Hamiltonian has the
following representation (8.5.2b) in the basis of atomic eigenstates:

_ 10 1 0)_ (0 1)_ _
= H| )+5(0 _1) pE(1 O)—fnf+&5 PEa,.
(8.7.1a)

Generally the electric field-dipole factor pE is folded into the Rabi coeffi-
cient

r= —pE,/h. (8.7.1b)

In an oscillating electric field the Hamiltonian is transformed into rotat-
ing-wave form (8.5.13), which is now rewritten:

A r A r
_ 21 0 o 1y_2 r
Hgw = 2(0 _1) + 2(1 0) 20'Z+ 7% (8.7.2a)

Here the detuning factor

A=e—-Q (8.7.2b)

is the difference between the atomic transition angular frequency ¢ and the
angular frequency () of the stimulating laser.

In preparation for using a quantum field we need to separate the atomic
and radiative contributions to the Hamiltonian. In the following the terms
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which involve the laser frequency  have been collected into one term which
is labeled Hygq4:

_00_€+9(10) 1 0}, {0 1
HRW_Q(O 1) 7 o 1 “(0 0)+§(1 0)

= Hfield + Hatom + Hinteraction'

In the Jaynes-Cummings model the classical electric field is replaced by an
expression using its quantized form. However, only one mode of the field is
considered and only the dipole terms (8.6.20e) are used. We shall drop the
unit matrix term. The resulting Hamiltonian is as follows:

Hyc = Hgeq + H,

atom

+ H,

interaction >

€ g
Hy. = Qa'a + 5(0'2 +1) + iE(aT — a)o,, (8.7.3a)

Q. q{2lz|1 —
E=V 2ey  a (8.7.3)

is the Rabi factor that would correspond to a one-photon laser field. [Recall
(8.6.4).] The field amplitude for an N-photon field is proportional to VYN, so
we have the following relation between the semiclassical and quantum
interaction constant:

where the coefficient

r=gV/N. (8.7.3¢c)

We let a,, = a since only one laser cavity mode ka of frequency () = w is
being considered. By expressing o, in terms of spinor raising and lowering
operators, o, = (o, + o_), this becomes

€ 4
Hyc = Qa'a + E(O'z +1) + ia(aJr —a)(o.+ o). (8.7.4)

A final approximation to the model keeps only the interaction term a'o_ in

which a photon is created while the atom drops from the upper (1) level 2 to
the lower () level 1 and the term ao . in which the reverse process occurs:

€ -4
Hyoy = Qa'a + 5(02 +1) + iE(aTO'_— ac.). (8.7.5)
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z7 =3 zpply the Hamiltonian (8.7.5) in turn to the radiation-atom product
stzzz: with N = 0,1,2,... photons which we label {]|0)]|),
G U DI, 1221 L0, 12011, ... ). The following sequence of state
--:-s7armation equations results:
g
HiemlO1L) = (0- Q2+ 0)I0)] 1) + iE(O - 0),
g
Hyeyl011) = (0-Q +£)I0)11) + ii(mm 1 =0),
g
Hyeu DI = (1- @+ 0)IDIL) +i2(0 = V110y1 1)),
4
Hie DI = (1-Q + &)1 +i§(\/fl2>|l> - 0),
g
Hyeml2D14) = (2- @+ 0)[2)[1) +i-(0 - V211 11)),
4
Hiul11) = 2+ @+ )21 +i5(BIDI1) - 0), (8.76)

It is 2asv to see that an infinite series of two-by-two matrices results in this
representation of Hyqy:

0Ol 10>1 1) 1L Iy 1200 -

o . 0-Q+0 .
. —igy1
0f¢* . 0-Q+e¢
gyl
Al ’gz 1040
_; \/f
(| : : : 1-Q+e¢ ’i .
igyV2
QI > 2-0+0
(8.7.7)
The general form of each two-by-two matrix is the following:
IN - DI L) NI
—igVN
<hJCM>= <N— 1|<J,| (N-l)Q-F& ——E— (878)
ig/N
(NICH - NOQ 40
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In the classical limit of large N the two-by-two matrix begins to look
something like the semiclassical matrix (8.7.2a). We can write the two-by-two
part of the Hamiltonian as follows:

o= 0=03 )+ 0(g 8)ly §) - 52 )

=((N=—1ﬂ)+ EZS))(l 0)+-8;s)(é _?)4—5gz{2 ‘5) | |

“(v-nas )G 250 950 )

(8.7.9)

The Rabi factor r = g¥N for N photons is recovered. The factor of (i) is due
to our choice of phase for the field operators.

No essential physics is changed if we use the following modified Hamilto-
nian in which this phase is absorbed:

€ -4
Hjcy = Qad'a + 5(0’2 +1) + E(a*a_+ ao,).

Then we can apply the semiclassical dressed eigensolutions (8.5.41)-(8.5.46)
to the following real two-by-two matrices:

IN=DIL>  INIT

/N A L
g —_—
, N-1 N-1)Q + D 2
- 0
g\/lv 2

(NI{1] 5 NG

A r

e+ Q P b
=[(N-1)Q+ 1+ 8.7.10

r —-A

2 2

These matrices have the same eigenvectors as the semiclassical matrices. The
only difference is that the Rabi factor r depends upon photon number N and
there is a pair of levels for all N greater than zero. The eigenvalues are the
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same. 100. except for the unit matrix term which yields a ladder of doublet
cigenvalues. We examine this ladder of levels now.

B. Jaynes-Cummings Eigensolutions

An attempt to picture the dressed eigenlevels is made in Figure 8.7.1. A
column containing stacks of energy levels is shown for each of three cases of
detuning: (a) laser tuned below atomic transition (A > 0); (b) at resonance
(A = 0), and (c) laser tuned higher (A < 0). Recall that the detuning parame-
teris A =¢ — Q.

Two stacks of horizontal lines on each side of the (a), (b), and (c) columns
in Figure 8.7.1 indicate what the levels would be without any interaction
between atom and field (r = gY¥N = 0). An N-photon level in which the atom
is in the first [1) = | 1) or second |2) = || ) state is labeled |1, N) or
|2, N'), respectively. Each of these levels for N > 0 is connected to a pair of
lines in the center of the column that are shifted up and down by +68 /2. The
quantity & is the AC-Stark shift discussed in Section 8.5 (recall Eq. (8.5.45¢)).
The shifted lines are the “dressed” eigenlevels with the interaction turned on
(r = g/N > 0). The lines that connect the shorter lines to the zero-field
levels indicate the relative the greater of the two amplitudes (sin8/2 or
cos 0 /2) of the zero-field states in each the dressed eigenstates correspond-
ing to that level. Recall Egs. (8.5.47) and (8.5.48).

Below resonance (A > 0) the Hamiltonian rotation vector  makes an
acute angle (8 < 7/2) with the z-axis. The lower dressed eigenstate |1°N +
1, N) indicated at the top left-hand side of Figure 8.7.1 is mostly composed
of the atom-field product state |1, N + 1) while the higher dressed state
2PN + 1, N) is mostly composed of |2, N ).

As the detuning approaches resonance (A = 0) the zero-field levels get
lined up, the AC-shifts reach their maximum, and the rotation angle 6
approaches 7 /2. One may use the diagrams from Section 8.5.E to quantify
the variation. However, caution should be used since the Rabi parameter
r = gVN is here a function of N. In other words, the Rabi parameter which
was a constant in the semiclassical theory is now dependent upon what level
you are on. It increases with the laser mode electric field amplitude, which is
proportional to the root VN of the photon number.

At resonance (A = 0) the rotation angle is 8 = 7 /2. Then the Hamilto-
nian rotation vector @ makes an angle of = /2 with the z-axis and has its
minimum magnitude of |w| = r, which is the Rabi frequency. This was
shown in Figure 8.5.1c. The resonance values for the dressed eigenstate
amplitudes are sin8/2 = 1/v2 and cos 8/2 = 1/ V2. This corresponds to
50-50 mixtures of the atom-field product states |1, N + 1) and |2, N) in the
dressed 2igenstates |1°N + 1, N) and 2PN + 1, N ).

Above rzscnance (A < 0) the Hamiltonian rotation vector w makes an
obtuse angle - > = /2) with the z-axis. Now the lower dressed eigenstate
[1PN + 1, N = =-s:lv composed of |2, N) while the upper dressed state
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Figure 8.7.1 Level structure of 2-level atom and 1-mode cavity showing elementary
transition processes of fluorescence, Rayleigh scattering, and three-photon coherent
Stokes-Raman scattering (CSRS). Transitions are between levels belonging to dressed
eigenstates.
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2PN — 1. N is mostly composed of |1, N + 1), as shown in the upper
right-hand side of the figure.

C. Transitions in the Jaynes-Cummings Model

The diagram of levels in Figure 8.7.1 involves just one ; = mode
interacting with the two-level atom. We have ignored all the other field mode
levels such as were sketched in Figure 8.6.1. We have just concentrated on
loading photons into one laser cavity mode whose frequency 2, =  is being
tuned close to the value & = w; — w, of the atomic transition.

However, if these other modes are off-resonance by enough or only have
one or two photons, one can treat them using perturbation theory as was
discussed in Section 8.6.B. Transition rates between the dressed states of a
laser driven atom can be derived using the Fermi golden rule (8.6.30).

Some of the commonly observed transitions are indicated by vertical
arrows in the Figure 8.7.1. The strongest transitions involved the so-called
RAYLEIGH SCATTERING processes such as (1.N + 1) —» |1, N) for
N=0,1,2,... or 22N> > 2.N—1 for N=1,2,..., where only the
photon number changes and the system emits one of its laser-mode photons
into an external mode of the same frequency ), . These transitions yield light
with the frequency of the laser just like classical Rayleigh scattered light
discussed in Section 6.5.B.

The other transitions are more complicated. One called FLUORES-
CENCE is a transition between dressed states which involve fundamental
transitions such as 2, N) - |1, N) or |2, N — 1) - |1, N — 1). The latter
is the major part of the transition indicated by an ), arrow in the upper
left-hand side of the figure since the initial (upper) dressed state |[2°N, N —
1) is mostly composed of |2, N — 1) and |1°N, N — 1) is mostly composed
of |1, N — 1) in the final (lower) dressed state.

The fluorescence transition angular frequency is the difference between
the initial and final dressed eigenlevels connected by the Q. arrow. The
initial and final eigenvalues are

eP(2,N,N—-1)=NQ, + A +6/2,

2(ILN-1,N-2)=(N-1Q, —5/2.
The difference is the fluorescence transition frequency,

Qp=Q, +A+8=0Q; + VA’ + 2. 8.7.11
F L L

For small values of the Rabi factor (r < A) or large detuning (A > r) this
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becomes
Q.- 0, +A=g, r <A, (8.7.12)

which is the atomic transition frequency. This transition drops the atom from
its upper state |2) to its lower state |1) but takes no photons out of the cavity
mode since N stays constant. It emits one photon into an external mode of
frequency Q.

Another transition called the three-photon process or COHERENT
STOKES RAMAN SCATTERING (CSRS) is a transition between dressed
states which mostly involves transitions of the type [1, N) — |2, N — 27. The
latter is the major part of the transition indicated by an {2, arrow in the
upper left-hand side of the figure since the initial (upper) dressed state
[1PN,N — 1) is mostly composed of |1, N, and [2°N — 1, N — 2) is mostly
composed of |2, N — 2) in the final (lower) dressed state.

The CSRS transition angular frequency is the difference between the
initial and final dressed eigenlevels connected by the (), arrow. The initial
and final eigenvalues are

¢P(1,N,N —1) =NQ, —5/2,
P(LN-—1,N-2)=(N-1)Q, +A-35/2.

The difference is the CSRS transition frequency.

Q= Qegps = Q@ —A—8=0, - VA +r? (8.7.13)

For small values of the Rabi factor (r < A) or large detuning (r < A) this
becomes

Q= Qers = O, —A=2Q, -6, r<4, (8714

which is the difference between two laser photons and the atomic transition
frequency. This transition raises the atom from its lower state |1) to its
upper state |2). It also takes two photons out of the cavity mode since N de-
creases by two. It emits one photon into an external mode of frequency (25
which is approximately the difference between 20 and the atomic transition
frequency e.

A direct transition of frequency = VA® + r* = A between [1°PN,N — 1)
and |2PN — 1, N — 2) is forbidden by C, parity. However, in a system that
does not have C, symmetry it would be possible to have such a transition as
is indicated by the small vertical arrow near the bottom of Figure 8.7.1(a).

The three allowed transitions account for three main spectral components
that may be observed coming out of the sides of a laser atom cavity. It
consists of a strong Rayleigh line at Q; = Q and two sidebands Q and Q,
as shown in Figure 8.7.2. The triple-pronged spectral line is called the
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3-Photon CSRS  Rayleigh Scattering Fluorescence
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Figure 8.7.2 Structure of the Mollow spectrum and its elementary processes of

fluorescence, Rayleigh scattering, and three-photon coherent Stokes-Raman scatter-
ing (CSRS).

MOLLOW LINE SHAPE. One sideband is centered at Q, = Q + w which
is approximately {) + A far from resonance, and the other is at O, = Q — o,
which is approximately ) — A.

Near resonance at A = 0 the sidebands will follow AC Stark shift hyper-
bolic paths given by (8.7.11) and (8.7.13) rather than simply collapsing upon
Q at A =0. The hyperbolic curves in the semiclassical level diagram in
Figure 8.5.3 are approximate traces of the spectral sidebands for variable
detuning A around resonance. At resonance (A = 0) there will still be
two sidebands but now they will be located at  + r, where r is the
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Rabi parameter. In general, the sidebands are located at ) + w, where
w = VA? + r? = A is the frequency of the Rabi precession or crank rotation
shown in Section 8.5.

The sidebands correspond roughly to fluorescence and CSRS processes,
respectively. With positive detuning (¢ — Q = A > 0) the upper sideband
Qr=Q+0=0Q+A) is due (mostly) to fluorescence while the lower
sideband (Q; = Q — w = Q — A) is due (mostly) to the three-photon CSRS
process. Above resonance the detuning parameter reverses sign (e — Q = A
< 0) and the order is reversed. At resonance (A = 0) it is not possible to
distinguish the two processes since the initial states |1, N) and |2, N — 1)
are mixed 50-50 and so are the final states |1, N — 1) and [2, N — 2).

Below resonance (A > 0) the Q5 photon from the CSRS process has
lower frequency than the (2 photon from fluorescence. It also must come
earlier in time. The CSRS process pumps the atom from its lower state-1 into
its excited state-2. Only then can it emit a fluorescence photon which puts it
back into its ground state. Above resonance (A < 0) the Q; photon from the
CSRS process has higher frequency than the €}, photon from fluorescence.
Then it is the higher frequency sideband that comes earlier. These time
correlations have been observed.

This concludes our introduction to the recent fundamental developments
in laser spectroscopy. Many details have been left out of this discussion and
many new effects will soon be discovered as this new set of tools becomes
more widely used. Perhaps the most important development so far lies in the
way we are coming to think about the observed object (atom or molecule)
and the observer’s tool (radiation). In modern laser spectroscopy the distinc-
tion between the observer and the observed has practically disappeared, and
the atom-radiation-cavity becomes a single quantum object.
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This discusses the A « P versus E - r perturbations and the Power-Zienau-Wolley
transformation. A simplified discussion and other references are in the following
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E. A. Power and T. Thirunamachandran, Ann. J. Phys., 46, 370 (1976).

An early paper which gave a classical transformation between E - r and A - p
Hamiltonians is by Marie Goeppert-Mayer:
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A discussion which uses the two-level quasi-spin is by Courtens and Szoke:

E. Courtens and A. Szike, Phys. Rev. A, 15, 1588 Q977).
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