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symmetry analysis techniques, some of which are discussed in later chapters
of this book.

However, the fundamental ideas of symmetry analysis are simple and basic
to all present theories. The beginnings of most symmetry mathematics
involves several mutually commuting operators. We have seen in the preced-
ing chapter that the eigenvalue spectrum of one of several commuting
operators may help to solve the others. This is the main mathematical idea
which will be developed in this chapter.

2.1 SYMMETRY GROUPS

First we shall explain how a physicist can say “‘symmetry” precisely. Consider
a simple fan blade such as you might see on the ceilings of bar and hotel
rooms in the tropical areas. This is shown in Figure 2.1.1. Everybody would
probably agree that this blade has some symmetry, but the question is: How
much?

To answer this we ask, “In how many positions could the fan blade be put
so that it would still look the same in a drawing like Figure 2.1.17” We list
these below and draw them in Figure 2.1.2. (In the latter figure some
markings “left” and “right” have been added. They spoil the symmetry but
allow you to distinguish the different positions.)

1 : THE ORIGINAL POSITION Don’t touch the fan blade.

R.: THE HALF-TURN POSITION Rotate it by 180° around its axle
or the z axis.

R_: THE OVERTURNED POSITION Overturn it 180° around the y axis.
: THE FLIPPED POSITION Flip it 180° around the x axis.

Figure 2.1.1 Fan blade. This is an example of an object which has an Abelian
symmetry D,.
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62 BASIC THEORY AND APPLICATIONS OF SYMMETRY REPRESENTATIONS

The first two possibilities are obvious enough; however, the third (R,) and
the fourth (R,) might be a little surprising at first. Note that a fan blade like
this one works just as well when it is installed “backwards.”

Now we see there are basically two ways to keep track of this symmetry.
According to one we can tally up the allowed positions or position states |1),
R, IR,), and [R,) that look the same. According to the other, we tally up
the operations (turn, flip, etc.) or OPERATORS {1, R, R, R.} that change
one allowed position state to another. These operations have a number of
mathematical properties which we shall study shortly. Most important is the
idea of combination or GROUP MULTIPLICATION.

For example, if we do an R, (overturn) followed by a R, (half turn), all
with respect to fixed spatial axes x, y, and z, then what do we get?
Examination of Figure 2.1.2 shows that the same position state shows up
which would have been obtained by just doing R, (flip) by itself. Let us
express these observations by the following operator and position state
equation:

R,R,1) =R,IR,)) = [R,) = R,I1). (2.1.1)

Now Eq. (2.1.1) is true no matter whether you start with |1) or the other
states, and so we may write it abstractly as Eq. (2.1.2):

R.R,=R,. (2.1.2)

In this way we make a multiplication table or GROUP TABLE such as is
shown below. Here all possible products are accounted for:

1 R, R, R,
1|1 R, R, R,
R,|R, 1 R, R, | (2.1.3)
R,|R, R, 1 R,
R,|R, R, R, 1

This is ultimately how symmetry is coded, through abstract mathematical
properties of symmetry operators. Now we shall see how this type of
mathematics enters a physical problem.

2.2 REPRESENTING SYMMETRY AND SYMMETRY GROUPS

We start by analyzing in detail one of the simplest examples of a physical
system having one of the simplest symmetries. Consider the two identical and
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1
Basestate|1)->(o) BasesmtelZ)—»(?)

1 unit 1 unit

Figure 2.2.1 Coupled pendulums. This is an example of a mechanical system having
one of the simplest Abelian symmetries C, = {1, R}. The base states are related by
the symmetry operation R of reversal or reflection according to |2) = R|1).

coupled torsion pendulums in Figure 2.2.1. Their motion will be described by
the classical matrix equations if the coordinates (x, = (1lx), x, = {2]x)) are
not too great, as was explained in Chapter 1. The unit position base states
1> and |2) are indicated on the right-hand side of Figure 2.2.1. Newton’s
equation of motion is given abstractly by

|%(t)) = —alx(1)). (2.2.1a)

It is represented in the {|1), |2)} basis by the following matrix equation of
motion:

2lal1y  (2lal2) ]\ {2|x(1))

((1lf(t)>)
(2 x(r))

_(<1|a|1> (1|a|2>)(<1|x(t)>

) (2.2.1b)
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Xi| _ _
X2
where a = 2k/ml?, and b = g/I.

The constants are gravity (g), coupling spring constant (k), pendulum

length (/), and mass (m). The classical position state vector |x) is repre-
sented in the {|1), |2)} basis by the ket

x> = 1)) x) + 12)(2] %)
=|Dx:  + 12Xz,

or
a+b —a
—a a+b

X1

. (2.2.1c)
X2

or by the two-component column vector in Eq. (2.2.1). This classical applica-
tion of Dirac notation for vectors and operators ({i|a|j)}) was introduced in
Section 1.4.A.

The symmetry of this device is fairly obvious. The pendulums are identical,
and if someone switches them in the middle of the night no one should be
able to tell the difference. The problem is to formulate this fact in a
mathematical description.

This may be done by defining a symmetry operator R that reflects or
switches the pendulum states according to the following equations (see also
Figure 2.2.1):

RI1) = [2),
RI2) = |1). (2.2.2a)

This allows R to be represented in the {|1),]2)} basis by the following
matrix:

(<1|R|1> <1|R|2>)

_ [0 1
(2IRI1)  (2IRI2) ‘(1 0)- (2.2.2b)

Then for every state |x) of the system, there is a reflected state R|x) which is

represented as follows:
(1]x) =(0 1 x,)z()@
(2|x) 1 0)ixs X1

Now the mathematical statement of the physical symmetry is: THE
EQUATION FOR A REFLECTED STATE R|x) IS THE SAME AS IT
WAS FOR THE ORIGINAL STATE |x). This is written as follows:

(LIRI1)  (1IRI2)

R <\ iRty IrI2)

. (223)

RI%) = —a - Rlx), (2.2.42) ,
%) [Qald a2 (x |
)21) - _(<2|a|1> 2lal2) || x, (2.2.4b) - :
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Note that Eq. (2.2.4b) does not agree with Eq. (2.2.1b) for arbitrary choice
of {ilalj), but that it does agree for the constants we have chosen. In fact we
can now deduce the constraints that operator {a) must satisfy when reflec-
tion symmetry is present.

First, Eq. (2.2.5) below follows directly from the equation of motion

[#> = —alx) no matter whether R symmetry is present or not:
R|X) = —R - alx), (2.2.5a)
0 1)\(x, X2\ [0 1}{<1lall) (Ual2)}[x,
1 0flx, X1 1 0/}<2lall) <(2]|al2) ]} x,
(2lal1) <(2lal2)
- - A (2.2.5b)
(1lal1) <(1}al2) |\ x,

But the presence of R symmetry gives Eq. (2.2.4), which together with Eq.
(2.2.5) gives the following:

a‘R=R"a, (2.2.6a)

(1lal1) <1|a12>)(0 1)2(0 1)((1|a|1> (1lal2)
(2lall) <2lal2)J\1 0 1 0/1<2lall) <(2lal2)

), (2.2.6b)

(1la]2) (1lal1)} _ Q2lal1)  (2]al2)
(<2|a|2> <2|a[1>)—(<1|a|1> <1Ia|2>)' (2.2.6¢)

The last equation shows that R symmetry of a requires that {1l]all) =
(2|al2) and (1|al|2) = (2]lall). However, the first equation (2.2.6a) is a
general abstract definition of a physical symmetry.

Definition 1 A symmetry operator commutes with any operator that is
part of an equation of motion for a physical system having that

symmetry.

In quantum mechanics, all symmetry operators commute with the Hamilto-
nian according to this definition.

A second definition of symmetry operators involves the state vectors or
basis of a physical system. We shall require that the inner product {x|y) of
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any two vectors |x) and |y) shall be equal to that of the transformed vectors
Rlx) and Rly) as given in Eq. (2.2.7):

(x]y) = (xIR'Rly). (2.2.7)

We demand this for quantum and classical descriptions, alike. As explained
in Chapter 1 [see, for example, Eqgs. (1.1.8)], these last requirements imply
that a linear symmetry operator R and its representations %;; = (ilr|j) will
be unitary.

Definition 2 Symmetry operators and their representations are unitary.
RRT =1 =R'R, (2.2.8a)

(#) =®F = (Z)™ (2.2.8b)

In fact, the matrices {i|R|j) = {il;’) will be seen to have the properties of
the transformation matrix defined in Chapter 1.

Combining Eq. (2.2.8a) with Eq. (2.2.6b) gives the most commonly written
expression for symmetry:

a=R-a R (2.2.9)

In other words, the operator a which has R symmetry is invariant or
unchanged when transformed by R. [Recall the form of matrix operator
transformations in Eq. (1.1.23c).] The set of all symmetry operators R
satisfying Eq. (2.2.9) for a given a is called a GROUP by mathematicians or
the SYMMETRY GROUP of a by physicists. The mathematical axioms for a
group, which are shown on the left of Table 2.2.1, were introduced abstractly
by a mathematician named Galois long before matrix applications like
quantum mechanics came along. One may see by examining the right side of
Table 2.2.1 that the mathematical axioms are closely related to the physical
axioms 1-4 for transformation matrices given in Chapter 1.

A lot of mathematical work has involved the determination of all possible
abstract groups with a given order or number of elements. It is not so easy to
come up with a multiplication table which satisfies all four group definitions.
For example, Eq. (2.2.10) is a multiplication table of a group of order 6, but
Eq. (2.2.11) is a multiplication table of something that is not a group
(possibly, this set should be called a “heap” instead), since (ab)c = a #
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TABLE 2.2.1 Demonstrating that the Set of All Symmetry Transformation
Operators Is a Group

Group Definitions

1. If Q and R are in a group then
so is their product P = QR
(called CLOSURE rule).

2. If Q, R, and § are in a group,
then Q(RS) = (QR)S (called

Testing the Symmetry Operators

. If Ra=aR and Qa = aQ then

RQa = aRQ, so RQ is a symmetry
operator, too. (Recall Axiom 4.)

. The operators we discuss satisfy

associativity since they are

ASSOCIATIVITY rule). defined by matrices.
3. There exists an IDENTITY element 3. The unit operator commutes with
1 such that R1 = R = 1R for all any operator, including a, so it
R in the group. is a symmetry operator. (Recall
Axiom 3.)
4. For each R in the group there is 4. If Ra = aR, then RT = R~ which

an INVERSE R~ ! such that
RR"'=R'R=1.

exists by Axioms 24, is a symmetry
operation, too, because
R'RaR" = R'aRRY oraR" = Rfa.

a(bc) = ¢ breaks rule 2. Associativity is a very restrictive property which one
tends to take for granted.

Group (2.2.10)

MU OW N =

MO OW N |-
AR N N
A= a W w
Wwa - O0
AN~ T|T
T Ow N = |y

[}

Not a group (2.2.11)

Q O = Qo
AUV PSS OO0

S e T I
H@&Qﬁ\\

a
a
1
d
b
f
c

R T T NS
~S A0 O R -

However, the determination of all possible groups will not concern us at
first, since the elementary symmetry groups such as C, = {1, R} for the
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pendulums will be given by multiplication tables [viz., Eq. (2.2.12)] or by some
other definition. (C, means “cyclic group of order 2.” Actually the symmetry
group we are using for the pendulums is called C, or C,, as will be explained
in Section 2.11.)

1 R
11 R Pendulum symmetry (2.2.12)
R|R 1| groupC,.

Nevertheless, it is instructive to see the plot in Figure 2.2.2 of the number of
different groups that exist for order less than 65. Physicists have only applied
a fraction of these finite groups so far. Nobody knows yet what all the rest
can mean.

The following introduction to the uses of group theory begins with the
application of some ABELIAN GROUPS including C,. Abelian simply
means commutative; that is, ab = ba for all a, b in the Abelian group. (The
name itself is in memory of the mathematician Abel.) Following this, the next
three chapters contain theory and applications of the more general non-
Abelian finite groups. This is followed by theory and applications of continu-
ous symmetry groups of infinite order. However, the basic structure which we
are about to derive in this chapter for some simple examples is basic to all
symmetry theory.

2.3 SOLVING A PROBLEM WITH SYMMETRY ANALYSIS (C,)

In order to use symmetry to simplify any physical problem, it is necessary to
express the symmetry information, i.e., the group of symmetry operators, in a
more digestible form. Let us now introduce the mechanics of this form using
our simple example of two pendulums, Figure 2.2.1, which has the symmetry
group C, = {1, R}.

First we observe that the operator R and any representation thereof must
satisfy an equation of the form R? = 1, which can be rewritten as

R*—1=0. (2.3.1)

This has two roots: r,= 1 and r_= —1.

Now, whenever you see an operator or matrix satisfying an nth-degree
polynomial equation, you should remember what to do. Following Chapter 1,
you use the roots r;r, --- r, to construct a set of idempotent projection
operators using the following equation, which comes from Eq. (1.2.15);

Pi=TI(R-r)[TT(r;,—1). (23.2)

rEr; r,#rj
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For this example we have r.= 1 and r_= —1, whence Eq. (2.3.2) gives the
following:

P*=(1+R)/2, P=(1-R)/2. (2.3.2),

Such operators must be orthogonal idempotents for the same reasons that
their matrix counterparts were orthogonal in Chapter 1 [recall Eq. (1.2.17)]:

PUiP™ =3, P, (23.3)

This is easily verified for the example being treated:
P*P*= pP*, P*P~=0 =P P*, P~P~=P~. (23.3),
Now the representation {i|P"|j) of P" in the basis {|1), |2>} will help us

reduce the equation of motion. From Eq. (2.2.2) the following representa-
tions result:

479

By taking the first column of each of these matrices one obtains representa-
tions of the eigenkets |e ) = P*|1)V2, and le_) = P7|1)V2:

<1|e+> 1/V2 <1|e_> 12
(<2|e+>)=(1/ﬁ)’ (<2|e_>) = _1/\5). (2.3.4)

Here the normalization coefficient is the inverse square root of the diagonal
component [((1]P*|1))7/2 = y2] in each case. The vectors |e ) are or-
thonormal eigenvectors of the symmetry operator:

apriyy Ptz
@lptin  21P712)

Nl= N
[N SIS

APTIy  11P712)
QP71 2IPT12)

Nl= =

Rle,) = le.>, Rle_) = —le_).

They are also the eigenvectors of the acceleration matrix {ay in Eq. (2.2.1):

a+b —a 172 _b 12

—a a+bl\1n2 12 )
a+b —a V2 142
—a a+b —1/ﬁ)_(2a+b) —in2t
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This may be written abstractly as
ale,) =a,le., ale_) =a_le_),
where the eigenvalues are

a,=b, a_=2a+b,

=g/l, =2k/ml* + g/I.

The eigenvalues may change if the parameters k, m, or [ vary, but the
eigenvectors are fixed by the symmetry.

This shows one of the main ideas of symmetry analysis. Easily reducible
symmetry operators will help reduce more complicated operators which
commute with the symmetry operators. One starts with base states

11> =111),  [2) =RID)

defined by the action of C, group operators 1 and R on the first state |1).
This basis is convenient for deriving the equation of motion (J¥) = —alx)).
Then the idempotents [P*= (1 + R)/2] and [P~= (1 — R) /2] are applied to
the first state to give new base states

le,) =PH1I)W2 = (L+RIDN2, le_) =P [1)W2 = (1 -R)I1DN2
= (D + 12)/V2 = (1) — 2O N2,

This basis is convenient for solving the equation of motion because off-diag-
onal components vanish:

(e,lale_) = (1|PTaP~|1)
= (1laP*P~|1) = 0. (2.3.5)

Here the first definition of symmetry is used (Ra = aR implies P*a = aP™")
along with orthogonality (P*P~= 0). Hence |le,) and |e_) must be eigen-
vectors of a as indeed they are according to the representation in Eqgs. (2.3.5).
This is the main idea behind the applications of group theory.

However, one should note that this whole theory beginning with Eq.
(2.3.1) is really outside of the area known by mathematicians as group theory.
As soon as linear combinations of group operators, viz., (51 — %R), 17R, or 0
are considered one obtains a group ALGEBRA or RING. Elements of a
group algebra satisfy the rules for a vector space (see Appendix A) whose
dimension is the order of the group.
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To complete the problem one writes the equations of motion in the
{le, ), le_)} basis. The (e, | component of the motion is determined by

(e ]%) = —{e,lalx)
—<e+|a|e+><e+‘x> - (e+|a|e_><e,|x>,
—a (e |x). (2.3.6)

<e+|jé>

This is an equation for an amplitude oscillating with angular frequency
.= y/a, . The solution is

{e.|x(t)) =A, cos(w,t+B,), (2.3.7a)

where the constants 4, and B, depend on initial conditions. Similarly, the
{e_| amplitude oscillates according to

(e_|x(t)) =A_cos(w_t +B_), (2.3.7b)

with generally higher frequency @ _= y/a_ . The general solution is a combi-
nation of these obtained by using completeness:

[#(0)) = [e-Xe.|x(0) + e Ye |x().
x:(1) _ 1/\/5 1/\/5
(Xz(l‘)) = (1/\/5 A, cos(w,t+B,)+ A A_cos(w_t + B_).

(2.3.8)

The two terms le,) and |e_) denote the familiar ELEMENTARY
RESONANCES or NORMAL MODES of the system pictured in Figure
2.3.1. The figure also shows elementary examples of SPECTRA with two
“lines.” Two peaks or lines appear in plots of the response of the system to a
harmonic driving force of frequency w for three different values of the
coupling constant k. A particular resonance Iej> will be excited whenever w?
comes close to its eigenvalue a;. (See Problem 2.3.1.)

These double pendulums have been sold in novelty shops from time to
time. They are capable of performing a “beat trading” motion that can be
quite slow for low values of k. By setting initial conditions ¥,0) =0 =
%,(0) = x,(0) and x,(0) = 1 (i.e., by selecting equal amounts of modes le )
and le_); A*=1/Yy2=A" and B*=0=B"), we get the alternating
suppression or “beats” of activity for one pendulum and then the other, as
depicted in Figure 2.3.2(a). The pendulums trade beats at a frequency equal
to the difference between the eigenfrequencies [w(beat) = \/Z - \/Z 1

A perfect beating is only possible if C, symmetry is present. The last point
we would like to make here is that plain physical appearance does not always
indicate the physical symmetry. For example, the Wilberforce pendulum in
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(a) With C, Symmetry (b) Without C, Symmetry

Xy Xy

Lt Lt
e

il
VUV

Figure 2.3.2 Beating results when two eigenmodes are excited simultaneously. Per-
fect transfer of motion between coordinates x; and x, occurs only if C, symmetry is
present. Transfer occurs with a beat frequency equal to the difference of the
eigenfrequencies.

vz

Figure 2.3.3 Wilberforce pendulum. A sys- ﬁ) LIBRATION (X32)
tem can have a C, physical symmetry even if

its geometrical form is asymmetrical. 1 TRANSLATION (X))

60063

Figure 2.3.3 certainly does not “look” C, symmetric, but it will execute its
perfect trade of beats only if its parameters are adjusted so that it has C,
physical symmetry.

Having used symmetry projection to help solve coupled oscillator prob-
lems, one should compare other methods for studying such problems.
Throughout this book we will try to show the advantages of using a variety of
approaches to help one gain a solid physical picture of the systems being
studied. Also, since the coupled oscillator is such an important paradigm for
many physical systems, we should pause here to consider some alternative
views of it.

(a) The Configuration Space View: Lissajous Figures One may recast
the problem of two equivalent one-dimensional oscillators into the identical
problem of a single two-dimensional oscillator. If one plots one oscillator
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coordinate versus the other (i.e., x, versus x,) the resulting two-dimensional
space is called configuration space. However, x; and x, could just as well be
coordinates x and y, respectively, of a single oscillating mass in ordinary
space.

As explained in Section 1.4.B forces are obtained from the derivatives of
the potential function of the form

V(xy, %) = 3(Fuxi + 29 px,x, + Fpxd). (2.3.9)

The curves V{(x,, x,) = constant are tipped ellipses, and some examples are
drawn next to the potential surface in Figure 2.3.4. They are the equipoten-
tial or level lines for the two-dimensional valley. One can imagine that they
are the topography lines for the “Bare Valley” ski resort which has the most
gentle beginner slope running NE to SW along the long axes of the ellipses,
and the steepest path running NW to SE along the short axes. If the
potential has C, symmetry then these axes are exactly at +45° and —45°,
respectively, to the x, axis.

Using the potential map one can see that a particle starting out on one or
the other of the elliptical axes will oscillate back and forth on that axis
forever. This motion is indicated in the right-hand and left-hand parts of
Figure 2.3.5. The major and minor axes correspond to the symmetric low-
frequency (+) mode and the antisymmetric high-frequency (—) mode, re-
spectively, in Figure 2.3.1. If a particle starts out in between these eigenaxes,
say on the x, axis as shown in the central figure, then its trajectory will be a
curve which is called a Lissajous figure. Some examples of Lissajous curves
are given in Figure 2.3.6. Let us consider first the case in Figure 2.3.6a for
which the equipotential lines would be nearly circular, and the coupling
constant (@) in Eq. (2.2.1c) or force &, in (2.3.9) is very small. This will

X2
NE

Bare Valiey PE axis NE
ski resort

(Beginners

SW

(Advanced slope)

(South)

Topography map of
Bare Valley

Figure 2.3.4 Topography plot of two-dimensional oscillator potential with C, sym-
metry.
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(+) mode

(Advanced (+) and (-) __.W — (Beginners
slope motion) _ mixture 7NN slope motion)
AN /)N ) \_/\
Py (Intermediate
~ slope motion)
Figure 2.3.5 Motions corresponding to pure and mixed models.
/
1THS
C 4 N
2N N
G
%
(a) Weak coupling (b) Intermediate coupling (c) Strong coupling

Figure 2.3.6 Lissajous plots of mixed mode motions.

provide an example of the very important phenomenon of resonance, whereby
the effects of small forces can be greatly amplified.

A particle which starts at rest on the x, axis is deflected slightly upward
toward the positive x, axis by the gradient as it falls from the right to the left.
It subsequently follows a counterclockwise path which resembles an ellipse

whose x, amplitude or minor axis increases slightly each period. Meanwhile,

the major axis or x, amplitude decreases until the two are about the same
and the trajectory encloses a maximum area which is nearly circular. From
the equation of motion it follows that the x, oscillation is experiencing a
coupling force which equals ax,. One may consider the quantities x, and x,
as distance and applied force, respectively, for the x, oscillator, and vice
versa for x,. Hence, the area enclosed by the Lissajous curve is a direct
measure of the work done on the x, coordinate by the x, motion, where the

st TS GHBA
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work is

sz(by 1) dx, = ajx1 dx,. (2.3.10)

The rate of energy transfer is greatest when the Lissajous curve is most
nearly a circle and the phase of the driven oscillator is nearly 90° behind the
driver. This is a resonance condition, and is discussed at length in Section
6.5.

Eventually x, becomes exhausted while x, reaches its maximum ampli-
tude. At this point x; falls behind x, in phase by nearly 90°, so that X,
becomes the driver and x, the driven. The Lissajous curve now is orbiting
around in a clockwise or negative sense until x, becomes exhausted and the
curve passes near its starting point on the x, axis. This marks the end of one
beat period in Figure 2.3.2(a).

Beat periods become shorter for stronger coupling, and the difference
between eigenfrequencies becomes greater. An example of larger coupling is
shown in Figure 2.3.6(b), and a more extreme example is shown in Figure
2.3.6(c) (for which w,= 27 and w_= #) and there a complete beating takes
place in exactly two seconds. In each of the latter two examples the ratio of
the two eigenfrequencies is exactly a ratio of two integers. When the ratio of
eigenfrequencies is a rational number, i.e., a ratio of relatively prime inte-
gers,

w,/w_=n_/n_, (2.3.11)

then the Lissajous trajectory will be closed and must repeat perfectly after a
period of time

ty=2mn /o, =2mn_Jow_
=n.t, =n_t_. (2.3.12)
Since the beat period is given by

tgear = 1/((1/t)) — (1/t))
t+t7/(l‘_-—- t+)’

it then follows that the Lissajous period is

by = (n+_n—)[BEAT- (2313)

If the frequency ratio is irrational then ¢, ; is infinite. For the example in
Figure 2.3.6(b) the ratio is (n,/n_= 1), and so a complete Lissajous cycle
takes three beats. The arrows in the figure represent direction of the path for
the first 1(3) beats. You should trace the motion from the extreme right-hand
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point on the x, axis to the top of the x, axis. After this the trajectory simply
retraces its way back to the starting point. For the “most rational” example
in Figure 2.3.6 the two kinds of periods are equal. In nonlinear or anhar-
monic vibrational problems the idea of proximity to rationality is an impor-
tant one. (See Problem 2.3.3.)

(b) The Phase Space View: Phasors One may think of a harmonic
oscillator as a clock and let its sweep second hand be a complex vector which
represents the oscillator phase. If the complex number

% = Ce ™" = Ccos(wt) — iC sin( wt)

is used to represent an oscillator, then the real and imaginary parts cor-
respond to the position and the frequency-scaled velocity (Im & =
—Csin(wt) = v/w) of the oscillator. A vector whose abscissa and ordinate
are the real and imaginary part, respectively, of # is called a PHASOR. As
time advances the phasor rotates clockwise like a second hand, and traces a
circular trajectory in a rescaled phase space of the oscillator.

To use the phasor picture for the two coupled pendulums we let each
coordinate x, and x, be represented by a separate phasor clock. This is one
way to represent the four-dimensional phase space of the two coupled
oscillators. However, one first needs to find ways to set the clocks so that they
run like clocks and maintain constant frequency and amplitude. The normal
modes le, ) and |e_) each correspond to such a setting. If the clocks are set
with equal phase and amplitude this corresponds to the |e, ) mode in which
the clocks run synchronously at frequency w,/(21). For the |e_) mode the
clocks are set with opposite (4 180°) phase and they both run at frequency
w_/Qm).

An arbitrary clock setting corresponds to a combination of the |e, ) and
le _> modes. The first frame on the left-hand side of Figure 2.3.7 shows a sum
of equal amounts of le_ ) and |e_) settings at ¢+ = 0. As time advances the
(+) and (—) components each turn synchronously at their respective rates,
which are taken to be 0.5 and 1.0 Hz, respectively. The phasor vector sums of
the (+) and (—) clocks are shown at -second intervals at the bottom of each
frame. One can see that the x; phasor is roughly 90° ahead of the x, phasor
until the former vanishes at ¢ = 1 sec, and this corresponds to resonant
transfer of energy from x; to x,. By ¢t = 2 sec the x; coordinate will have
recovered all the energy it had at the beginning of the beat period as shown
in the Lissajous plot of this example, which is Figure 2.3.6(c).

The example just treated is one of very strong coupling. The energy
transfer is accomplished in one or two oscillations of the coordinates. The
process is more like a series of jarring collisions than a gentle but persistent
persuasion of resonance. Nevertheless, in the harmonic limit for which the
equations of motion are linear the description of strong coupling is the same
as that of weak coupling for which the beats take a long time.
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Figure 2.3.7 Phasor diagram of strongly coupled oscillation.

We shall use phasors to describe resonance and wave phenomena
throughout this book. They are convenient for displaying the motions of
three or more oscillators while the configuration space view can be rather
limiting as the number of dimensions goes up. When discussing any pair of
directly coupled phasors one should always remember that the one which is
behind in phase by some amount between 0° and 180° is receiving energy on
the average from the one which is ahead.

2.4 IRREDUCIBLE REPRESENTATIONS

The orthonormality of P* and P~ has just been used to solve an equation of
motion. Now we study some of the mathematics associated with the com-
pleteness relation [Eq. (2.4.1)] and spectral decomposition [Eq. (2.4.2)], which
will later help us to do more complicated problems:

1=P"+ P, (2.4.1)
R=P*— P, (2.4.2)
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TABLE 2.4.1
g = 1 R
1=D"()P*+ D (1)P~ D*(g)=11 1
R=D"(R)P*+ D (R)P~ D (g)y=|1 -1

These equations are analogous to the matrix equations (1.2.18) and (1.2.21),
respectively, which were derived in the preceding review chapter. The coef-
ficients or eigenvalues in these equations are called IRREDUCIBLE REP-
RESENTATIONS or CHARACTERS of the Abelian group C, = {1, R}.
Table 2.4.1 is called a CHARACTER TABLE. Equations (2.4.1) and (2.4.2)
have been rewritten just to show the notation.

In Chapter 3 we shall distinguish between irreducible representations and
characters. In general the latter are the traces of the former, but for 1 X 1
matrices the trace of the matrix is the same as the matrix itself. Since all the
elements of an Abelian group are mutually commuting unitary operators it
will always be possible to simultaneously reduce the entire group to combina-
tions of projectors multiplied by eigenvalues using the procedure in Section
1.2.B(d). (see Appendix C). So each element g of Abelian group G =
{1, g, g',...} can therefore be spectrally decomposed into a sum of products
of eigenvalues D*(g) and idempotents P“ as follows:

1=D*(1)P*+D“(1)P* + -+ =P*+P* + -,
g =D%(g)P* + D¥(g)P* + - -+,
g =D(g)P*+ DY(g)P¥ + ---. (2.4.3)

As shown in Section 1.2.B(b) the P* are orthonormal (P*P% = §%“P%) and
complete (1 = P* + P* + ---). The coefficients of such decompositions
must obey the following rule: The product D*(g)D*(g’) of an irreducible
representation « of group elements must equal the same irreducible repre-
sentation D%(gg’) of the product gg’. We see that this follows from the
properties of the idempotents as follows:

g’ = (LD(e)P*)( ZD¥(2)P¥) = LD()D*(8)P",
by using the definition
gg' = L. D%(gg')P*,

whence

D*(g)D*(g') = D*(gg'). (2.4.4)
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In other words, the sets of irreducible representations will “imitate” an
Abelian group with just (1 X 1) matrices, i.e., the numbers in a character
table.

But it is more important, probably, to observe that the irreducible repre-
sentations of any group are a complete set of “building blocks” for any
representation of that group. Every representation has to be “made” from
them and only them. Suppose somebody brings to you a representation of
group C, without telling you where it came from. For example, let us be
given a representation of C, by matrices €(1) and €(R) defined by

1 00 00 1
{@'(1) =0 1 ole(R)={0 1 0)}. (2.4.5)
0 0 1 1 0 0

Now we check to make sure that it is a representation of our group, i.e., that
@(ab) = @(a)@(b) for all a and b in the group. (Here it is enough to check
that @(R?) = @(R)@(R) = (1).) This guarantees that the completeness and
orthonormality relations for the representations @(P*) of the idempotents
must hold as well. The £(P*) matrices follow from Egs. (2.3.2), and (2.4.5):

19 2 19 -1
2 2 2 2
e(P*)y={0 1 0 P )=| 0 0 0| (246)
7 0 3 -3 0 3
| 1 1
PR 0 _—
V2 V2
g=10 1 0 (2.4.7)
L 1
V2 V2

This implies that the transformation matrix made from orthonormal columns

of @(P%) as just shown will diagonalize the representation as seen in Eq.
(2.4.8):

1 0 0 D* (1) 0
gleg={0 1 o= 0o DY) 0 |
00 1 0 0 D (1)
1 0 0 D*(R) 0 0
Fe(R)yT =10 1 0l=] 0  D*R) 0 |. (24.8)
00 -1 0 0 D (R)

This is because each nonzero column of a representation of P* must be an
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eigenvector of the representation of all symmetry operators R in an Abelian
group, each with eigenvalue D*(R):

R-P* = D*(R)P* & @(R)@(P*) = D*(R)@(P*). (24.9)

The completeness relation guarantees that one has accounted for all possibil-
ities. So every representation @(g) of any Abelian group operator g must be
reducible to a string of (1 X 1) irreducible representations D=(g) on the
diagonal. The notation for the reduction given in Eq. (2.4.8) is given in the
following using the DIRECT SUM sign &:

Tle(g)T =D*(g)®D"(g) ® D (8). (2.4.10)

2.5 PARTIALLY SOLVING A PROBLEM WITH SYMMETRY
ANALYSIS (C,)

It is probably a good idea now to sce an “imperfect” application of symmetry
analysis in order to see some of the limitations of this theory from the start.
The pendulum system drawn in Figure 2.5.1 has the same symmetry C, =
{1, R} which we have been discussing. Operator R is defined in terms of the
base kets by R|1) = |3), RI2) = 12), and R|3) = I1). That is, we may

Base states:

|1> [2>=R|2> [3>=R|1>
} !

" 1
NP D6 | b &
u ~
( \
~ \1_7
Sl 1=

Figure 2.5.1 Coupled pendulums. This is a more complicated example of C, symme-
try. Only two of the three bases are connected by the C, symmetry operator.
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switch the two outside pendulums, but the middle one has to be left alone
because it is different in mass and location.
The equation of motion is written out in three different forms:

[%(2)) = —alx(1)), (2.5.12)
(1] 2(2)) (1lal1l)  <1lal2)  (1lal3) ) [(1]x(2))
(2x(1))y | = = | lally (2lal2) (2lal3) || {2|x(2)) |, (2.5.1b)
(3|%(1)) (3lal1)  (3lal2)  (Blal3) [ \(3]x(¢))
X a+b —a 0 X,
i, l=— -4 24+b —-A ||x,]. (2.5.1¢)
X4 0 —-a a+bl\x,

The constants in the acceleration matrix are a = k/ml*, b =g/I, and
A = k/MI*

The representation of the C, symmetry operator R in the {[1),[2), 3)}
basis is (see Figure 2.5.1)

1|RI1Y <{1|R]2) <{1IRI3) 0 0 1
2IR11Y <(2IRI2) <(2IRI3>|=1{0 1 0,
GIRI1Y  (3IRI2) (3|RI3) 1 0 0

which is precisely the & representation treated in the preceding section. .

[Compare Eq. (2.4.5) with the preceding one.] There we found that a change
of basis from {|1), [2), 13)} to {le, ), l¢’. ), le_),}, represented as

(1le.) 142 (1]e) 0
le,> — <2Ie+> = 0 1 le',> — <2|e,+> =11},
Gley | |12 Gley| o
(e )| 142
le_> = |(2]e) o |, (25.2)
Ble) [\ —142

caused the & representation to assume a reduced or diagonalized form.
[Recall Eq. (2.4.8).] Applying the same change of basis to the acceleration
matrix in Eq. (2.5.1) we see that a partial, but not total, reduction of it occurs:

a+b —V2a 0
TeT = _y24 A+b 0o |- (2.5.3)
0 0 a+b
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Symmetry analysis guarantees that components like (e_lale_), or
(e_lale ), etc, are zero, but it cannot guarantee that a coupling like
(e, |ale ) will go away. In fact, it does not—it equals ~ V24 in Eq. (2.5.3).

So for this problem the (—) eigenvector is fixed, but the (+) eigenvectors
still remain to be solved, and the results will depend upon the values of the
constants g, k, 1, m, and M. Symmetry analysis with the group C, can do no
more than separate the (+) type modes from the (—) types.

In a general symmetry analysis you will determine the REPETITION
FREQUENCY f¢ or the number of times each irreducible representation
D appears in the reduction of the physical group representation. This tells
you how much work is left after the symmetry analysis is completed: Each
[ X f% matrix may need to be reduced. The final reduction is completed
using standard techniques reviewed in Chapter 1, or may be accomplished
numerically on a computer. (Or, perhaps, you may find a higher symmetry!)

2.6 AN EXAMPLE WITH SLIGHTLY HIGHER SYMMETRY (C,)

If the three pendulums are coupled in a more symmetric way, as in Figure
2.6.1, it will be possible once again to deduce the complete solutions to the
equation of motion

X 2a +b —a —a X,
X, = - —a 2a +b —a X, (2.6.1)
X, —a —a 2a + b x,

using symmetry analysis techniques. The constants in the equation are
b =g/l and a = s/ml?, where s is the coupling spring constant and g, [, and
m are gravity, length, and mass constants, respectively. The basic coordinates
Xy, X,, and x, are defined by Figure 2.6.1. Symmetry operators include the
cyclic exchange or 120° rotation operator labeled r which transforms base
states as follows:

rl1y =12y,  rl2) =13), rl3) =D,
the double exchange operator r? which does the transformations,
rA1y =13), A2y =11, 33 =2),

and the identity 1, which changes nothing. (1)i) = |i)). There are some other
symmetry operators such as “reflections” o,, ¢,;, and o5,, where, for
example,

opll) =12),  opl2) =11,  o,l3) = 13).

However, let us put off discussing these until Chapter 3.

viisidHIHES R




AN EXAMPLE WITH SLIGHTLY HIGHER SYMMETRY (C;) 85

symmetry
rotation
Base States:
) O
7 N ) ] QY
- S,
O

Figure 2.6.1 C; symmetric coupled pendulums.

The three operators {1, r, r%} form a group called C;. The multiplication
table is

1 r r?

1 r 2
A R (2.6.2)
22| 2

Now one can use the minimal equations (+>=1, or r> —1=10) to
produce the idempotents associated with the group elements. The minimal
equation for r is factored into the three roots of unity:

0= (r’—1)=(r—el)(r —e1)(r — gl),
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where

e =1, £, = e2m/3, £y = e 2mi/3,
Using Eq. (2.3.2) we obtain three idempotents P%:

_ (r —e;,)(r — &51)
(&1 —&2)(e — £3)

- (r — e )(r — &) 1 5

P?= (oo e)(eae) 5(1+33r+82r )s

3 _ (r —&1)(r — &,1)

- (63— &1)(e3 — &;)

Pl

1
= §(1+r+r2),

1
= 5(1 + ey + £577). (2.6.3)

The inverses of Eq. (2.6.3) are the completeness and spectral decomposition
relations in the following. These follow from the theory given in Sections
1.2.B(b) and (c).

1=P' + P2+ P>=DY(1)P' + D*(1)P? + D3(1) P,
r=P' +¢&,P? +¢;P? = D' (r)P' + D*(r)P? + D¥(r)P?,

r?=P' +&,P” + £,P? = D'(r*)P! + D*(r?) P2 + D3(r?)P3. (2.6.4)

The eigenvalues D*(g) in the decompositions above are the irreducible
representations (we abbreviate this “irrep,” henceforward) of C;. There are

three kinds of irreps as tabulated in the following using Eq. (2.6.4). Two )
other standard notations for the irreps of C; are shown on the left-hand side /
of the character table (see a “phasor” version of this table at the top of

Figure 2.6.2):

g = 1 r r2 |
D%(g)=D"4(g) =D'(g) = | 1 1 U] s |
D's(g) = D*(g) =D*(g)= 1 e2mi/3  gm2mi/3 [ 0. :
Dza(g) = DE*(g) = DS(g) = 1 e_z”Ti/:” eZ‘n’i/3

The C; example shows many of the properties of general cyclic C, groups
{1,r,7%,...,r""1}. In general there will be n distinct roots to the minimal
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