Lecture 39.

Fourier symmetry for discrete quantum waves
(Ch. 4-8 of Unit 3 5.3.12)

2-State Schrodinger quantum analogy with classical 2D-HO Review of Lecture 38
ABCD Symmetry operator analysis and U(2) spinors
ABCD Time evolution operator and U(2)~R(3) spin spaces

The “Crazy-Thing-Theorem” and generalized complex operators

Example 1:4 or Z rotation
Example 2: C or Y rotation

Example 3: Any po=wt-axial rotation
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
Life in 2D Spinor space is “Half-Fast”
Hamiltonian for NMR: 3D Spin Moment Vector m=(my, m,, mz,) in field B=(Bx, By, B:)
Euler s definition of spin state of rotation
Using spin-1/2 matrix R(o/2) and R(B/2)
3D Stokes vector components S, definition
Polarization ellipses, 2D HO orbits, and spin- states
A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ac4+Bop
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Matrix-operator spectral decomposition, eigenvectors, and eigenvalues Example matrix M=£

PP, = ij(M—gml)z H(ij_gmpJ'l)

m#k m#k

Multiplication properties of p; :

PP = H(gjpj _gmpj): ij(gj _8’"):

m#k m#k

0 if:j#k
p.]](e-¢,) if:j=k

m#k

N | (L0
. . . P = k — m#k
Last step is to make Idempotent Projectors: *x g( e—¢,) g( £ —¢,)
0 if:j#k
PP = f ] MP, =¢,P,
P if:j=k

They’re Ortho-Normal and satisfy Completeness Relation 1=P +P,+...+P,

Eigen-operators MP, =¢, P, then give Spectral Decomposition of operator M

M=MP, +MP,+..+MP, =¢P, +¢&,P,+..+¢P,

...and Functional Spectral Decomposition of any function fiM) of M

JM) = f(81)P1 +f(82)P2 + “'+f(8n)Pn

From Lecture 37
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Ky,

Ky, _
K,

Spectral decomposition of 2D-HO mode dynamics

ki+kypy o =k _| 10 -1

The K secular equation  K? — Trace(K)K + Det(K)= K> —=20K +99=0 = (K —9)(K —11)

Eigenvalues K, and squared eigenfrequencies my(g;)’

Eigen-projectors P,
Ky

K -K,
K12 K22_K2
b= K —-K
17 A2

10-11 -1 I +1
3 -1 10-11 )\ +1 1

9-11 2

N2
:[ 1;3 J(l/ﬁ N2 ) =le)el

Eigenbra vectors: <81|=(1/\/§ +1/\/§), <82|=(1/\/§

Mixed mode dynamics

x0) = &) (ex@)e @+ |ey) (ey]x(0))e @
() 1/~§2 —iot —1/+/2 it
= 0 1 O s
[ X, (1) J [ 13 J<el|x( ))e +[ B ](ez\x( ))e

100% modulation (SWR=0)

K =0i(g)=9, K,=0j(g)=11,

Kn=K K 10-9 -1 1 -1
K,  Kp-—-KkK -1 10-9 -1 1
P2 = = =

K,-K, 11-9 2
1/32
:[ S }( 1/\2 -1/42 )=|£2><82| P g 4— Beat
o= 3 32| A cos(@poptly
wi=33l66eds ) 1 Eo . no
an a5 E oA

Qes i

<€5Ix(0) : E_ k u'
T —_1/\2 F: l.r' Carrier
-1 - ST Sy R 1 :ﬂ i COS((J)2+0)1)t /2
A 5 S o % e A R :
(S e TSI of BT i el
- ' ! RUAE I R
<81|X(0)> 5“:

=12 e fEig i dd i e h;.‘?

CEEERT IRV t
klz= -1 "EE S AR E R A U
kiz= 1D I SR T AR B R U

kll= 10 [ Woib oL ;
—iwt | —iwyt o : ¢
e "+e 7 (0, +0,) (0,-0,) (0,—0,) (0, — )t
- > t —i——t [———t (0,+®,) cos
0@ | 2 _e e 2 t+e 2 _, 2
X5 (1) o i _ iyt 2 —i(wl_wz)t i(wl_wz)t . (0, —0)t
2 1S1n
e —e
2 . p% 2
Note the i phase

From Lecture 38
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Fig. 3.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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2D-HO beats and mixed mode geometry

Sunday, May 6, 2012

From Lecture 38
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

| kitkn o k| 7 =33
—kip  kytkyp 33 13

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K + 64 =0 = (K — 4)(K — 16) Der(K)=713-27=91-27=64

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

K -K, Ky 7-16 33 9 433 K,-K,  Kp 7T-4 -33 3 33
p_ Ko Kp-K; ) 3J3 13-16 ~ +3/3 3 b _ K  Kp-K | 3J3 13-4 ) 33 9
b K -k, - 4-16 - 12 2 K, —K, - 16—4 - 12
DL el e
I o £ L)=la)al | 5 s || a5 (4 ¥ )=le)iel
4 4 2 1 4 2
Eigenbra vectors: <81|=( J3/2 172 ) <82|=(—1/2 x/§/2) e T B
Spectral decomposition of initial state x(0)=(1,0): Gk \
TR 0
1 | 1 Ne 1 IR S S N S A A
1-x(0)= (P, +P - L) + 5
()(1 2)(()) 2[0] 2 (Oj (V0 S W S W VY B
73 -
= 21 (f) (Note projection onto eigen-axes) =
2 fAL AL AR AR D
e f\ Lﬂ
J3 1 k12 = -5.1961524 1 SRR AR
(%(f):?COSZI, qz(’)=—50084f 2 U ? i 'éiji i ,

Using cos4t = 20082 2t—1 derives a parabolic trajectory!
Fig. 3.3.6 Normal coordinate axes, coupled oscillator trajectories and equipotential (V=const.) ovals

8 for an integral 1:2 eigenfrequency ratio (0g(€1)=2.0, Wy(€2)= 4.0) and zero initial velocity.

1 1 4, 1
G =—520082 2t+§=—§q12+5 From Lecture 3

Sunday, May 6, 2012 5



2-State Schrodinger equations ih%|‘1’(t)> =H|¥(¢)) are analogous to classical 2D coupled oscillator equations.

First start with 2-by-2 Hermitian (self-conjugate) matrix

H=£ pi T ]=HT Then start with classical Hamiltonian.
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( 5 2
) = Yool | wtip | | o« TS\ (x1x2+p1p2)+ (xlpz—x2p1)+? Pyt X
Y ) | ntin ) | a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation iOW=HWVY

into pairs of real real 15%-order differential equations. SH  JH

— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OM vs. Classical —*1~ apf = 4py+ Bpy = Cx P =+ By + Gy )
_ _ Equations are SH SH
X, = Bpl + Dp2 + Cxl Dy = —Bxl — sz + Cpl identical %, = a_c = Bp, + Dp, + Cx, py=— 8xc - _(Bx1 +Dx, — Cpl)
Py 2
Finally a 2™ time|derivative|[(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \X> =-K- X>
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
. For C=0 2 $
Y |_ | A*+B* AB+BD | Is form of 2D Hooke Ca e U N T I Ky K M
Xy AB+BD B>+D? X, harmonic oscillator or’ ) X, Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!
2 2 2 2, p2
0 [ A B (.aj_ A B 0 | A*+B°* AB+BD
I—= =>|i— | = >-—-——F=
ot B D ot B D ot AB+BD B?*+D?

Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | |)=-K-
t

x)
From Lecture 38
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A. B—iC —A 1 0O + B 0 I +C O —I +D 0 0 :Ae11+B($B+C0'C+De22
B+iC D 0O 0 1 O i 0 0 1

A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 o -1 1 0 i 0 2 L o1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, G¢c } are best known as Pauli-spin operators {G1=069, G5=0x, Gc=Cy, C4=0C 7 }

O

In 1843 Hamilton discovers quaternions {1, 1, j, k}. They are related to 6*s: {6;=1=0y¢, ior=i=i0y, iGc =j=iCy, i04 =k=iCz}.

Each Hamilton quaternion squares to negative-1 (12 = j2? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)

Each Pauli 6y squares to positive-1 (6.2 = 6y? = 6 z2 = +1) (Each makes a cyclic C> group CZAZ{I, 64}, C"={1,03}, or C2C={1, oc}.)

(a) Cy'-symmetry (a-b) CyB-symmetry (b) CoB-symmetry
(A 0) X, 4B |2
0 D fgst

From Lecture 38

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.
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4 . )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
“P ( t)> _ M ‘ P (O)> evolution
operator
Hamilton generalized Euler’s expansion e " = cosQtf —isinQ¢ so matrix exponential becomes powerful.
| —i[ A e }t —i—A;D ( I 01 ]-t—iB( 0 1 }t—iC( 0 J't—iA;D£ Lo } | o .
e—zH-t — e B+iC D — e 0 - 1_ 0 i 0 0 1 _ e—l(a)OGO + 0eC)t _ e—la)o t(lCOSO)’t— i sina)-t)
O04=07 Op=0Ox OCc=Oy @
w, A-D
- A+ D
where: o=w-t=| w, |-f= 2 -t and: @, =
B 2
®
N . ¢ y
Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.
o-products do dot ¢ and cross x products by symmetries: 0,0, =1i0,=—0,0, 0,0, =Ii0,=—0,0,, 0,0,=i0, =—0,0,
c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)

a,b,1 +a.b,0,0, -a,b,0,0, +i(ayb, —a,b,)o

= -a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a.b,)0,

+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ab, —a,b, )0,

Write the product in Gibbs notation. (Where do you think Gibbs got his {i,j,k} notation!)
0,0,=(0ea)oceb)= (a*b)l + i(axb)eo
(Recall (1.10.29). in complex variable unit.)
A*B . TiA)* (B, +1iB,) —iA,)(B, +1iB,)

Aom-+dAbi

+AYB -l—zAB AYBX

From Lecture 38
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\_

) )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
]‘P( t)> _ ~iHt ‘ \P(O)> evolution
operator

. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

| A  B-iC A-D[ 1 0 o 0 1 A 0 —i A+D[ 1 0
_ —I . A ‘t—iB t=iC| ‘=i 't . o .
o Ht _ B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—l(a)OGO + WeG)t _ e—la)o-t(

O04=07 Op=Ox Oc=Oyvy

W, A-—D
L A+ D
where: P=w- = Wp = 2 -t and: 0y =
B 2
a)C C

1cosw-t— iC, sma)-t)

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)

: 1 1 1 1 1
—ip . (s 2 (s 3 il 4.“: - 2 . 4“. —
e =1+( w)—i—Z!( i) —|—3!( ip) —1—4!( ip) 1 2!90 -|-4!90 ] [cos ]

. 1 o
—i(p +5903 ) —i(sing)
Note even powers of (-i) are +/ and odd powers of (-i) are +i.: (i)’ =+1, (=)' =—i, (=i)’=-1, (=i)’ =+i, (=)' =+1, (=i)’ =—i, etc.

Lecture 38 ends here
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. . . —i1Q o« e . .
Hamilton generalized Euler’s expansion € " = cosQt —isin Q¢ so matrix exponential becomes powerful.
g p p p

| A  B-iC A-D[ 1 0 o 0 1 A 0 —i A+D[ 1 0
_ —I . A ‘t—iB t=iC| ‘=i 't . o .
o Ht _ B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—l(a)OGO + WeG)t _ e—lwo-t(

Oo4=07 Op=Ox Oc=Oyvy

) )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
]‘P( t)> _ ~iHt ‘ \P(O)> evolution
operator

1cosw-t— iC, sma)-t)

0, A—D
- A+ D
where: o=w-t=| w, |-f= 2 -t and: @, =
B 2
®
C
. ¢ y
Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.
Hamilton 1s able to generalize Euler’s complex rotation operators e “and e . (Recall (1.10.17).)
e =1+ (i) + i) il (i) = [ —opt Hmgte]= [cosyl
2! 3! 4! 2! 4!
: 1 o
—i(yp e ) —i(sing)
Note even powers of (-i) are +/ and odd powers of (-i) are +i.: (i)’ =+1, (=)' =—i, (=i)’=-1, (=i)’ =+i, (=)' =+1, (=i)’ =—i, etc.
Hamilton replaces (-i) with —ic, in the e power series above to get a sequence of terms just like it.
(—io )’ =+1, (-io,))' =-ic,, (-ic ) =-1, (-ic,)’ =+io,, (-ic,)'=+1, (-ic,)’ =—ioc,, etc.
Sunday, May 6, 2012 10



. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

| A  B-iC A-D[ 1 0 o 0 1 A 0 —i A+D[ 1 0
_ —I . A ‘t—iB t=iC| ‘=i 't . o .
o Ht _ B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—l(a)OGO + WeG)t _ e—la)o-t(

Oo4=07 Op=Ox Oc=Oyvy

W, A-—D
L A+ D
where: P=0-1=| wp |[I= 2 -t and: 0y =
B 2
a)C C

\_

. )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
“P( t)> _ ~iHt ‘ \P(O)> evolution
operator

1cosw-t— iC, sma)-t)

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)

: 1 1 1 1 1
—ip . (s 2 (s 3 il 4.“: - 2 . 4‘“ —
e =1+( zgo)—i—Z!( i) —|—3!( ip) —1—4!( ip) 1 2!90 —1—4!90 ] [cos ]

: 1 o
—i(p +5903 ) —i(sing)
Note even powers of (-i) are +/ and odd powers of (-i) are +i.: (—=i)" =+1, (=i)' =—i, (=i)’=-1, (=)’ =+i, (=)' =+1, (=i)’ =i, etc.
Hamilton replaces (-i) with —ic, in the e power series above to get a sequence of terms just like it.

(—io )’ =+1, (-io,)' =-io,, (-io, ) =-1, (-ic,)’ =+io,, (-ic,)' =+1, (-io,)’ =—io,, etc.

This allows Hamilton to generalize Euler’s rotation € to e %Y for any oO,=(0ea)=a,0,+a,0,+a,0,

e P=1cosp — ising generalizes to:( e ®¥P=Tcosp - i0G,sing )

Sunday, May 6, 2012
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. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

| A  B-iC A-D[ 1 0 o 0 1 A 0 —i A+D[ 1 0
_ —I . A ‘t—iB t=iC| ‘=i 't . o .
o Ht _ B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—l(a)OGO + WeG)t _ e—la)o-t(

Oo4=07 Op=Ox Oc=Oyvy

4 . )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
“P( t)> _ ~iHt ‘ \P(O)> evolution
operator

1cosw-t— iC, sma)-t)

w, A-D
. A+ D
where: o=w-t=| w, |-f= 2 -t and: @, =
B 2
®
C
. ¢ y
Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.
Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).) - N
iy . 1, 1, 1, . 1 1 The (¢
Y — 14 (— —(—io) + —(—io) + — (=)= 1 — =2 —ot]= \
e (=) + 5 (i) + o (i) + 5 (i) [ e MDTR [cos¢] Crazy Thing
iy n %@% L) —i(sing) Theorem:
! 22—
Note even powers of (-i) are 1 and odd powers of (-i) are +i.: (=) =+1, (=)' '=—i, (=) =-1, (i)Y =+i, (=)' =+1, (=)’ =—i, etc. If ( \ - '1
i N wi - i - . o Then:
Hamilton replaces (-i) with —ic_ in the ¢ power series above to get a sequence of terms just like it. ( ) 0
(—ic,)’ =+1, (-ic,) =—io,, (—ic, ) =-1, (-ic,) =+ic,, (-ic,)' =+1, (-ic,)’ =—ic,, etc. E ‘ :10039"'(" -)sm@)

This allows Hamilton to generalize Euler’s rotation € to e %Y for any oO,=(0ea)=a,0,+a,0,+a,0, .

e P=1cosp — ising generalizes to:( e ®¥P=Tcosp - i0G,sing )

Sunday, May 6, 2012
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_iH- evolution
w(0))=e P (0))
operator
Hamilton generalized Euler’s expansion e " = cosQtf —isinQ¢ so matrix exponential becomes powerful.
| —i[ A Bc ]-t —i—A;D ( b0 ]-t—iB{ 01 j-t—iC( oo ]'t—iAJ;D ( L0 ]-t | o .
oMt _ , \ B+iC D —e 0 -l bo l_o 0 1) _ i@g0q + 0e6)1 :e_lwolt(lcosa)-t—ic sina)-t)
04=07 OB=O0Ox Oc=Oy 0]
e P=1cosqp — ising
A-D
DA — generalizes to:
L B 2 _ _A+D
where: 0=0-1=| @, |i= -t and: @, = —= -
B 2 (e CP=T1cosp - iGasmgo)
o C
\_ J
[1 0
_2[0—1]“”/4_ 1 0 (1 0 |
e = [ 01 cosp, —i [ 0 sing, Example |1:
- | AorZ 4 )
_ | cosp, —ising, 0 e o rotation The @
0 cosp, —ising, 0 e Crazy Thing
Theorem:

Then:

If ( =1

e(v)0 =1cosO+(y)sin®
. J

Sunday, May 6, 2012
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

O04=07 Op=Ox Oc=Oyvy

A4 B=iC A-D[ 1 0 ol 0 1 A 0 =i A+D[ 1 0
_ —I . A ‘t—iB t=iC| ‘=i 't . o .
o Ht _ B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—l(a)OGO + WeG)t _ e—la)o-t(

ABCD Time
evolution
operator

1cosw-t— iC,, sma)-t)

~N

e P=1cosqp — ising
A-D
DA e 4+ D generalizes to:
where: ¢=0-t=| w, |t= -tand: @, = -
B 2 B | ; :
o e =1cosp — i0,sme
N ¢ ¢ J
{1 0
o -1 1 0 11 0 |.
e [ ] — [ - cosp, — 1 [ 0 1 sing, Example |:
- | AorZ 4 )
_ | cosp, —ising, 0 _| e 0 rotation The @
0 cosp, —ising, 0 " Crazy Thing
Theorem:
—1 0 —i P . 2— -
€ [Z ! ] |10 cosp, —1 [ . sing,, Example 2: ¢ v 1
0 1 | i 0 CorY Then:
_ | cose, —singp, rotation e(\)e =lcose+((‘~)sine
sing,  cosg, . J

Sunday, May 6, 2012
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. )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
]‘P( t)> _ ~iHt ‘ \P(O)> evolution
operator

. . . —iQ . e . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

A4 B=iC A-D[ 1 0 ol 0 1 A 0 =i A+D[ 1 0
_ —I . A ‘t—iB t=iC| ‘=i 't . o .
o Ht _ B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—l(a)OGO + WeG)t _ e—la)o-t(

O04=07 Op=Ox Oc=Oyvy

1cosw-t— iC,, sma)-t)

e %=1 cosp — ising
A-D
W — A+ D generalizes to:
where: 0= -1t=| w, |t= -t and: @, =— -
B 0 2 —i0,(Q . .
B (e ““=1cos¢p — i0, smgo)
N e < /
[1 0
o -1 P4 1 0 11 o |.
e [ ] — [ - cosp, —i [ N singp Example |1:
N | AorZ 4 A
_ | cosp, —ising, 0 e oo rotation The @
0 cosp, —ising, 0 " Crazy Thing
Theorem:
—i| 0 — . 2—
. [z 0 ]%: 10 leosp —i | 0 7 |sing Example 2: If( =-1
0 1 ¢ i 0 ¢ CorY Then:
_ | cosp. —sing, rotation e(v)0 =1cosO+(y)sin®
sing,  cosy, . J
L . COS(Q — i@ , sin —i® , — @ )sin o
e (@*) =1cosp—ic, sing=1cosp—i (o ®H)sing = .fo Ao e .(EC). " | where:g=0-1 Example 3:
(=iQp+@c)sing  cosp+i(,sing Any p=wt-axial

rotation

Sunday, May 6, 2012 15



OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

. . . —Q . . . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

ABCD Time |

evolution
operator

{ e Y 200 el 0 e 0 Jerten( 1 0)
_iH - 2 _ - 2 _ Y o
e iH-t _e B+iC D — e 0 -1 1 0 1_0 0 1 —e (00 + WeG)t — e lwot(lcosa)'t—zcw sma)-t)
C4=0z OB=Ox Oc=0v
e P=1cosqp — ising
A-D :
DA — generalizes to:
. ) A+ D
where: 0=0-1=| @, |i= -t and: @, = —= -
B 2 (e @=T1cosqp - icasmgo)
o C
\_ J
[1 0
{3 S 04
0o -1 11 0 110 g U vo
€ = [ 0 1 |S8FaT? [ 0 —1 |7 Example 1. e "0 10 cos,, —i [ 0 - sing,, Example 2:
o ' Aor 7 0 1 g CorY
_ COsS@p, —1i81yY, 0 [ B_WA 0 ] rotation B cosp,, —Singpc rotation
0 cosp, —ising, 0 €™ - sing,  cosg,

We test these operators by making them rotate each other ....
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4 )

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
]‘P( t)> _ e—iH-t‘LP(O)> evolution
operator

. . . —Q . . . .
Hamilton generalized Euler’s expansion € " = cosQt —isin Q¢ so matrix exponential becomes powerful.
g p p p

A4 B=iC A-D[ 1 0 ol 0 1 A 0 =i A+D[ 1 0
_ —I . A ‘t—iB t=iC| ‘=i 't . o .
o Ht _ B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—l(a)OGO + WeG)t _ e—za)o-t(

O04=07 Op=Ox Oc=Oyvy

1cosw-t— iC,, sma)-t)

e P=1cosqp — ising
A-D .
o DA e 44D generalizes to:
where: 0=0-1=| @, |i= ‘tand: @y =—1— —= -
B 2 (e CP=1cosp - io, smgo)
o C
\_ J
—z[ 10 ]soA (0 i
0 -1 1 0 10 | —Z[. Z]‘%
€ = [ 0 1 |G [ 0 —1 |7 Example 1: e '" ") = é (1) cosp., —1i [ U0 sin e Example 2:
N | Aor”Z ! CorY
_ COsS@p, —1i81yY, 0 _ B_WA 0 rotation cosp,, —sin o rotation
0 cosp, —ising, 0 e | sin Yo COSQ,
3D vector a defines a combination G, =G4+ asos+ accc of operators 64,65.Gc
These may be rotated by 2-by-2 6, matrices acting twice, fore and aft! The result is rotation by rwice the 2D angle .. )
Rle,) - o, R'(s) ZorA
| cosg, —singp, 1 0 cosp, sing, /ﬁ T
N sing,  cosg, 0 —1 —sing, cosy,

2 s 2 :
cos”p, —sin”p,  2sing, cosy,

Y or C
or rotation

by wc=30°
or: 3=2pc =60°

. . 2
2sinp, cosp,  sin” @, —cos @,

1 0
= cos2yp  +
L Ja,

= O, cos2¢p,+ O, sin2p,

0 1 sin 2, X

A
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4 )

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
]‘P( t)> _ ~iHt ‘ \P(O)> evolution
operator

. . . —Q . . . .
Hamilton generalized Euler’s expansion € " = cosQt —isin Q¢ so matrix exponential becomes powerful.
g p p p

A4 B=iC A-D[ 1 0 ol 0 1 A 0 =i A+D[ 1 0
_ —I . A ‘t—iB t=iC| ‘=i 't . o .
o Ht _ B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—l(a)OGO + WeG)t _ e—za)o-t(

O04=07 Op=Ox Oc=Oyvy

1cosw-t— iC,, sma)-t)

e P=1cosqp — ising
A-D
DA — generalizes to:
L B 2 _ _A+D
where: 0=0-1=| @, |i= ‘tand: @y =—1— —= -
B 2 (e “@=1cos¢p - i0, smgo)
\_ J
—z[ 10 ]soA (0 i
0 -1 1 0 10 | =i ke
€ = [ 0o 1 |FFFaT! [ 0 —1 |7 Example 1: e [Z v ] - é (1) cosy,, — i [ 0 - sing, Example 2:
o . Aor 7 g CorY
_ COsS@p, —1i81yY, 0 _ 6_wA 0 rotation cosp,, —sin o rotation
0 cosp, —ising, 0 e | sin Yo COSQ,
3D vector a defines a combination G, =G4+ asos+ accc of operators 64,65.Gc
These may be rotated by 2-by-2 6, matrices acting twice, fore and aft! The result is rotation by rwice the 2D angle .. )

Rle:) - o0 R7(e] Z or A Rlec) - o R(e)
4

_ | o8 —sing,, 1 0 ] cosy,  sing, cosp,, —sing, 0 1 cosp.,  singp,
sing,  cosy, 0 =1 )| —sinp, cosg, | sin Q. cosg, 1 0 ] —sing, cosy,
— cos® Yo sin” po  2singp, cosg, B Y or C —2siny, cosy,, cos’ 0, — sin’® ©.
28I, COSP, sin’ LI cos’ Ye or rotation N cos’ 0, — sin’® .  2singp, cosy,
= (1) _01 ]cos 20, + O gin 20, X by wc=30° I s B P 2. + 0 1 |cog 20,
= O, cos2¢p,+ O, sin2p, or. 622@(? =60° U

A .
= —0, sin2p.+ 0, cos2yp,
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

a=| 4
B+iC

Sunday, May 6, 2012

D

. B . Notation for
e )10 Ll 1 0 )0 1] 0 )

2 2 2D Spinor space

0 1 0 -1 1 0 i 0

= ®, O, + @, Oy +0p Op +O- O, =w060+m06:w01+w0w

A A A

Symmetry archetypes: A4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—ic ) A+D( 1 o) 4A4-D( 1 o 0 1 0 i Notation for
H= = +— + B +C .
2 2 0 —1 1 0 i 0 2D Spinor space

B+iC D 0 1
= ®, O, + ®w, O, +w, Op +O- O, :w060+woo:a)01+wcw

= QO 1 + QA SA +QB SB +QC SC :QOI+ QeS

:AJ’D( (1) (1) j+(A—D)

0 Notation for

3D Vector space

-

0

+28 +2C

S N
S N

1
2
0

ST
| ~.

1

2
/! A N

Symmetry archetypes: A4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )7z })
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o0 A-D( 1 0 0 1 0 i Notation for
H= = +— + B +C .
2 -1 1 0 0 2D Spinor space

B+iC D 2 0 1 0 I
= w0, O, + w, O, +wy Op +0- O :a)060+6)06:a)01+w6w
= QO 1 + QA SA +QB SB +QC SC :QOI+ QeS
1 1 I .
=0 0 = 0 —= Notation for
:A+D( Lo j+(A—D) 2 +2B 2 i) 2 D1 J
2 0 1 0 _% % 0 % 0 ector space

7 A N

Symmetry archetypes: A4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)
The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )7z })

. A-D
Notation for DA 5 4+ D
. where: 0= -t=| w, |t= -t and: @, =
2D Spinor space B 2
G)C C

_l.[ A B-iC ],t
—H B+iC D —i(WNCn + DGt —i0nt —] DG —iwnt —IiC, .-t —iwn-t ) )
e HI_, : =e (@y5¢ ) — ¢ W0t wect _ ;Ti00T ,TI0 W _ 7 (lcosa)-t—zo'wsma)-t)

Sunday, May 6, 2012

21



The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o A-D( 1 0 0 1 0 i Notation for
H= = +— + B +C .
B+iC D 2 0 1 2 0 -1 1 0 i 0 2D Spinor space

= ®, O, + ®w, O, +w, Op +O- O, :w060+moo:a)01+wcw
= QO 1 + QA SA +QB SB +QC SC :QOI+ QeSS

:AJ’D( (1) (1) )+(A—D)

0

-

Notation for
3D Vector space

0

+28 +2C

S N
S N

1
2
0

ST
| ~.

1
2

7 A N

Symmetry archetypes: A4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gop, 63=0Cy, Gc=0Cy, C4=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )7z })

: A-D
Notation for DA 5 4+ D
: where: 0= -t=| w, |t= -t and: @, =
2D Spinor space B 2
) O
_l[ A B=iC )-t C
oMt \ BHC D — o (@00 T OO)T _ iyl =i 08t _ i TIO,WT _ Tyt (1 cosmt—iG Sina)'f)
i DeS)- —iQ -t —i O —iQ - Q-t . (2
= o (Sl + A8t _ millyt i (b1eS —¢ % t[lcos——i(}'w s1n7j
Notation for 24 A-D
o g A+D
where: ©@=Q-r=| Q, |-t=| 2p |tand: Q,=
3D Vector space
Q. 2C
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

U(2):2D Spinor {|")|Y)}-space (complex) R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)
) spin “dn”
L) s Az S
s 1 : 0
an v o 5 || o
\j ) spin “up” s, ) L
|¢> spin “dn”
5 (3 Se | sinp ) (V32
/)Ei [\PT] 5 H iy : Oﬁ : 1?2
2 6|1 o = = ; cos
\J ’ >Spm up ¥, Siné 1
2 2
|i,> spin “dn”
B 1 Sx sin 3 1
s ) %y || B s, 1=l 0 |5 o
DI R o S s, ) Lo ) Lo
sin — —
\/ 2 J2
|\L> spin “dn”
B Sx sin 3 0
0 Sy |= 0 =/ 0
1 S, cosf3 -1

COS—
/ b Yool 2 _L
2 2 - -
\ ) spin “up” | ¥ sing

Life in 2D Spinor space is “Half-Fast”
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

U(2):2D Spinor {|")|Y)}-space (complex)

b

|¢> spin “dn”

C/ ) i -
L) spin “dn”
@ o
L) spin “dn”

B |11

6/ 1) gpin -
L) spin “dn”
) 1) spin

up )

up )

Mp )

13 )
up

COS—

SIn —

COS—

Sin —

COS—

SIn —

COS—

Sin —

—_— O
N

S 6L

I
w|~wg‘
o

y

‘

Z

Y-rotation

by ©=3=270°

Ydrotation
y ©=3=360°

R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)

Life in 2D Spinor space is “Half-Fast” and needs ©=4n=720° to return to original state

Sunday, May 6, 2012
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Hamiltonian for NMR: 3D Spin Moment Vectar m=(myx, m,, m,) in field B=(Bx, By, B:)

b N B B, —igB B
H=m*B=g c*B=p_ &Pz &Py T I8Py - gB, 1 0 vgB, 0 1 +gB, 0 —i
Notation for
2D Spinor space
A A A

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, C4=0C 7 }

O-Qt A The driving ©=Qt vector is defined by the ABCD of Hamiltonian H .

The driven spin vector S defines the state. But, how?

Fig. 3.4.2 Two views of Hamilton crank vector Q(@©,9) whirling Stokes state vector S in ABC-space.
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Euler s definition of state of rotation using spin-1/2 matrix R(0/2) and R(3/2) )

o) =) 1)

= R|aabout Z]-R[3about V|- R[yabout ZH T>

i cosﬁ —Sinﬁ
_|e?* O 2
0 o2 siné Cosé
oty e
e 2 cosé —e 2 sinﬁ
_ 2 2
o=y oty
e 2 Siné 2 cosﬁ
2 2
o 3
e 2cos— :
— A 2 || BT
< T+
eQSing 2 TP,

Sunday, May 6, 2012

Original
Spin State |1)
=T)

(1) Rotate by 'y
around Z

(2) Rotate by 3
around Y

(3) Rotate by o

around Z %

General Spin Stateé
'¥)=R(opy)|T)-
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3D Stokes vector components S, define polarization ellipses, 2D HO orbits, and spin-: states.

a |
a?

Each point {£;,E>} in complex 2D oscillator space or in analogous to W-space given by 2D array: 7, +ip,

maps to real 3D spin vector (54, Sz, Sc) in that “points™ to a particular state of polarization.

T, + in

1 1 « 1 a Ir o« x 1
Asymmetry SAZE(a|GA|a)=—( a, a, )[ 0 _01 j{ 1 Jzz[aﬂl_azaz] =E[x12+p12—x§—p§]

a
1 1 * * 0 1 aq 1 * *
Balance SBZE(G|GB|CI)=5( a a, )E | 0 ] =5|:a1a2+a2a1:| =|:p1p2+X1X2:|
a
. . 1 1 * % -1 a —1 * *
Chirality Sczg(a|ac|a):§( a  a, )( (z) OZ j : =?l[ala2—a2a1]=[x1p2—x2p1]
ar

Sunday, May 6, 2012
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3D Stokes vector components S, define polarization ellipses, 2D HO orbits, and spin-: states.

Each point {£;,E>} in complex 2D oscillator space or in analogous to W-space given by 2D array:

. . . 99 . . . ) eiigcos_ 0
maps to real 3D spin vector (54, Sz, Sc) in that “points™ to a particular state of polarization. [ “ ] Py e ?
% T, i, eig sin s
4 )
1 L 1 0 a Ir « . Ira, 2 2 2 2B 2B 1
Asymmetry S, =—|a|o 4|a =—( ) =—|aay —ara =—| x1 + — Xy — = —|COS ——SIn — = —CO0S
Y yA2(|A|)2a1 az[OIj{%]z[ll 22] 2[11?1 2P2] 2[ 2] > B
1 1 * * a 1 * * . + . - + - . I .
Balance SB:E(a|GB|a)=5( a,  a, )( (1) (1) j a: :E[al@ +a2a1J :[p1p2+x1x2] :I{—smazysm(x2y+cosa2y cosazy}cosﬁsm— :Ecosocsmﬂ
o 1 | . 0 —i a —i[ o« . oa+y . oa—y a-y . OC+]/:| g. Bl 1. .
Chirality S =—\aloc|a =—( ) =—| a;a, —a,a; |=| Xy py —X =[| cos sin — oS +—SIn——— |coS—sin— |=—sina sin
y c2(|c|)2a1 a2£i0ja2 2[12 21][1192 2P1] [ > > ) Y D p
J
SXT.-o1- ~S.Y?§§inasin3
Jepsesind IERRRES

General Spin Stateé _
'¥)=R(apy|T)-
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3D Stokes vector components S, define polarization ellipses, 2D HO orbits, and spin-: states.

Each point {£;,E>} in complex 2D oscillator space or in analogous to W-space given by 2D array:

. . . ’9 . . . ) eiigcos_ 0
maps to real 3D spin vector (54, Sz, Sc) in that “points™ to a particular state of polarization. Gl BTy e
% o+, e’? sin B
4 )
1 I« )\ 1 0 I D N S IR N A S S 2B 2B 1
Asymmetry S, =—\a|o 4|a =—( ) =—|aa; —ara =—| x1 + — Xy — = —|COS ——SIm — =—COS
Y yA2(|A|)2a1 612[01){612]2[11 22] 2[11?1 2P2] 2[ 2] B
1 Y (V| a | 11 o« s 7 o a+y o o—y a+y a-y B. Bl 1 .
Balance SB—E(a|GB|a)—5( a,  a, )( - ] . —5[a1a2+a2a1} —[p1p2+x1x2] —I[—sm sin + cos 5 cos > cosasm— —Ecosasmﬁ
o 1 IR Y 0 —i a | i o« _ _ o+y . a-y o—y . o+y B. B I .
Chirality SC—E(a|GC|a)—E( a, a, )[ : 0 ] . —7[‘1102—0201]—[Mpz—leﬁ] —I{cos sin 5 —Cos 5 ~—s1nT COSESIHE =5 nosinf3
2 [ J
azimuth
angle o olar
angle 3
S .-
S':CE—)SG“S@&B

General Spin Stateé _
'¥)=R(apy|T)-
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3D Stokes vector components S, define polarization ellipses, 2D HO orbits, and spin-: states.

Each point {£;,E>} in complex 2D oscillator space or in analogous to W-space given by 2D array:

. ; 173 . Y . . . a x, +ip 67’5 cos= | o
maps to real 3D spin vector (54, Sz, Sc) in that “points™ to a particular state of polarization. el T |24 2 1"
% T, i, ei% sin B
1 I « 1 0 a Ir o« s Ilro 2 2 2 2 B 2 B
AS mmetr S =—\alo ,|a =—( ) =—|a a; —a»a =—| X7 + — Xy — = —|COS ——SIn —
y Y 94 2( |04/ a) A @ L 0 —1 j{ . ] 2[ 14 —ay 2] [ 1tpPi—x Pz] [cos™ 2 5]
1 1/ « 0 1 a Ir « « . a+y . a-y a+y a—y] B. Bl I .
Balance Sp=—laloxsla =—( ) =—|aya, +a-ra = + XX =/ | —sin sin +Ccos coS COS—SIN—j=—COS (X SIn
B 2(|B|) o\ 4 @ (1 0 a 2[12 21} [p1p2 12] [ 2 2 2| 2 P
o 1 1/ « 0 —i a —ir , a+y . o—y o-y . oc+}/} B.BIlI.[ .
Chirali S~ =—lalo-|a =—( ) =—1/aa, —a»ra; |=|x —X =I[cos sin —Cos -—8Iin——— [CcOS—sIn—=%—Sifi ¢ sin
ry C2(|C|)2al az[io . 2[12 21][1192 2191] > > > >S5 T5 B
2 \_
azimuth
SRy
Jcose: )

_____________7_4&\)? _
2\

VI=V10A3

Sunday, May 6, 2012

General Spin Stateé _
'¥)=R(apy|T)-
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~
-
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3D Stokes vector components S, define polarization ellipses, 2D HO orbits, and spin-: states.

Each point {£;,E>} in complex 2D oscillator space or in analogous to W-space given by 2D array:

maps to real 3D spin vector (S4, Sz, Sc) in that “points” to a particular state of polarization. “ ] ERAC
a? $2+ip2
1 I 1 0 a I« . Iro, 2 2 2 2 2 p
Asymmetry S, =—\a|o 4|a =—( ) =—|aa —ara =—| x;7 + — Xy — = —|COS ——S1m —
y yA2(|A|)2a1 a2£01j£a2]2[11 22] [1191 2192] [cos™ 2 5]
1 | 0 1 a Ir o« « . a+y . a-y o+y o—y
Balance — Sp=—(alog|la =—( ) =—laqa, taa; | = +x;Xxy | =[|—sIn sin + cos cos
B 2( | B| ) A ( 10 a 2[ 162 Tt 1} [P1P2 1 2] { 5
o 1 | . 0 —i a —i[ s . a+y . o—y o-y . a+y}
Chirality Sy =—\aloc|a =—( ) =—|a,a, —ara; |=| X py—Xx =[| cos sin —COS - —sin———
y Sc¢ 2(|C|)2a1 az[i 0 " 2[12 21][1192 2191] [ > > >
\ sz
29 =90° .
N5 b= Jeose

20=90° phd

VI=VN10A3

m

1
A
=

General Spin Stateé -
'¥)=R(apy)|T)-

Sunday, May 6, 2012

eii5 COS — y
e 2
eig siné
\
=—cos 3
}Cosﬁsin—:icosa sin 3
2 2| 2
cosﬁsinﬁ=:£si ocsin 3
2 2|2
- -,
azimuth
olar
angle 3

-
~ -
-

-

S -
~
-
S -
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(a)
Stokes Vector
ABC-Space

(b)
Polarization
Xy-Space

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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A X>H crank-2 vector

for negativeﬁ?2

S(0) ~ |-B
)

' ﬁ) Nwy
& |y>[ @

Y I-A

Fig. 3.4.6 Time evolution of a B-type beat. S-vector rotates from A to C to -A to -C and back to A.

(a)
Stokes Vector
ABC-Space

(b)
Polarization
Xy-Space

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).

Sunday, May 6, 2012



(a)
Stokes Vector
ABC-Space

(b)
Polarization
Xy-Space

|X(15°))

Iy>[

S(0

7

x(30°)) rs

Ix<45°>>=|{+)>

28

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2). |X(60°)>

ly)

< H crank-Q vector

for negativeﬁ?2

-B
e

IR)

¢

-A

Fig. 3.4.6 Time evolution of a B-type beat. S-vector rotates from A to C to -A to -C and back to A.

X(150°))

¥

H crank-Q vector
for C=1

-A Koy

Fig. 3.4.7 Time evolution of a C-type beat. S-vector rotates from A to B to -A to -B and back to A.
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A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ac 4 ""BO'B:H:( e j

Sunday, May 6, 2012

B -4

B -4

H= L +4 B ] Secular equation: e2_0-e— ( e Bz) gives hyperbolic energy levels: € = im

0.1

0.995 " =(y]

ly)

N\

[x)
N\y‘ﬁ

Energy
or
Frequency
Eigenvalues

CIN2 -IA2 T = ()

\\@

0995 0.1 =(x]
ly)
$~Tb()

Here we display
eigenvalues and
eigenvectors while
holding B constant
and varying A.
Obviously it can be
done vice-versa and
with C, as well.

- =
_SJ

’
’
.
’
’
’
: §

{H +pE \ Zero E POSITive E n

s i . (A=pE)- s

_ (A(<<B) B ] [ A B J _ [A(>>B) B J (Applledﬁeld)
B D(>>B) g - B A . 3 B p(<<B) )

N2 12 = (@)

—

—>
—>

or
66dn,’ |
y

;ﬁ‘
V

0.1 0995 =]

WON
T
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4 . )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time

W) ="MW (0)) evolution
operator

. . . —Q o« o . .
Hamilton generalized Euler’s expansion e = cosQt —isinQ¢ so matrix exponential becomes powerful.

. A B—=iC A-D| 1 0 o 0 1 . 0 —i A+Df 1 0
_ - 4 i =i =iC| " i f . o .
o Ht _ B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—l((UOGO + WeG)t _ e—za)o-t(

B . lcoswt—ic sina)-t)
C4=0z OB=0Ox Oc=0Ov

o = A+D “a A=D A+ D
where: 0=0-t=| w, |t= 123 -tand: @, = 5 and: ©=Q 1= Qp, |'t=| 2B |tand: Q;=
e C Q- 2C

-

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

3D crank vector ® = Q-t and spin_operator S defines 3D ABC-rotation with ratio !or 2 between O, and ¢,= } ©, or between S and ¢=2S.

A . @ . VaY A . @

L e o .6 cos == ISH sin— (—i®p — G)C)sz Example 3:

¢TI0 _,i0°02 _ =10 _ 1 05— i (G e@)sin— = Any ©=Q¢-axial
2 2 A ~ . 0 ® ~ .0 _
(=i®p+0O,)sin— cos—+i0 , sin— rotation
2 2 2
1 — A n . . .
2D angle :p =5 © 3D Crank vector: @ =00 =2¢,a=20 2Dspinmatrix : S :% o

- A The driving ©=Qt vector is defined by the ABCD of Hamiltonian H .

The driven spin vector S defines the state. But, how?

Fig. 3.4.2 Two views of Hamilton crank vector Q(©,%) whirling Stokes state vector S in ABC-space.
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