Lecture 38.

Classical analogs for quantum resonance
(Ch. 4-6 of Unit 3 5.1.12)

Matrix-operator spectral decomposition, eigenvectors, and eigenvalues

Review of Lecture 37
Spectral decomposition of 2D-HO and mixed mode dynamics (B-Symmetric case))

Algebraic approach
Geometric phasor view

Spectral decomposition of 2D-HO and mixed mode dynamics (Asymmetric case)
Algebraic approach
Mode trajectories

2-State Schrodinger quantum analogy with classical 2D-HO
ABCD Symmetry operator analysis and U(2) spinors
ABCD Time evolution operator and U(2)~R(3) spin spaces

Lecture 38 ends here
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Matrix-operator spectral decomposition, eigenvectors, and eigenvalues Example matrix M=£

PP, = ij(M—gml)z H(ij_gmpJ'l)

m#k m#k

Multiplication properties of p; :

PP = H(gjpj _gmpj): ij(gj _8’”)

m#k m#k

Last step is to make Idempotent Projectors: Y= T

0 if:j#k
P'Pk: f]
! P if:j=k

They’re Ortho-Normal and satisfy Completeness Relation 1=P +P,+...+P,

Eigen-operators MP, =¢, P, then give Spectral Decomposition of operator M

M=MP, +MP,+..+MP, =¢P, +¢&,P,+..+¢P,

...and Functional Spectral Decomposition of any function fiM) of M

JM) = f(81)P1 +f(82)P2 + “'+f(8n)Pn

Lecture 37 ended here
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Spectral decomposition of 2D-HO mode dynamics

L i ! K K K || kithkn  —kp :( 10 —1]
'l_)lx—x :;:'x Ky, Ky ~kiy  kyt+kp, -1 10
A 1 A

The K secular equation K2 —Trace(K)K + Det(K)=K* 20K +99=0=(K —9)(K —11)

Eigenvalues K, and squared eigenfrequencies my(g;)’ K =0i(g)=9, K,=w;(e,)=11,
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Spectral decomposition of 2D-HO mode dynamics

L i ! K K K || kithkn  —kp :( 10 —1]
:—»'x_x :;:'x K, K, ~kiy  kytkyy -1 10
S 1V A

The K secular equation K2 — Trace(K)K + Det(K) = K?>-20K+99=0 = (K-9)K-11)
Eigenvalues K, and squared eigenfrequencies my(g;)’ K =0i(g)=9, K,=w;(e,)=11,

Eigen-projectors P,

Kn-K Ky 10-11 -1 1+
P Ky, Ky —-K, -1 10-11 +1 1
- _

K -K, 9-11 2 2 K, K, 11-9 2
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Spectral decomposition of 2D-HO mode dynamics

i : i : K K K || kithkn  —kp :( 10 -1 j
| XXy V=X,
The K secular equation K2 — Trace(K)K + Det(K) = K?>-20K+99=0 = (K-9)K-11)

Eigenvalues K, and squared eigenfrequencies my(g;)’ K =0i(g)=9, K,=w;(e,)=11,

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+ Kn-K  Kp 10-9 -1 1 -1
Kip  Kp—-K -1 10-11 ) { +1 1 K Kn-K -1 10-9 ) | -1 1

Pl: = = P2 = = =

K - K, 911 2 K,-K, 11-9 2
1/2 NG
:[ s J@( N2 142 )=e) (e :[ _11//% ]@( 12 142 ) =]e; ) e

Eigenbra vectors: <81|:(1/x/§ +1/x/§), <82|=(1/x/§ -1/\/5)
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| x_x]

Spectral decomposition of 2D-HO mode dynamics

K Ky K _ ki+kypy o =k _[ 10 -1

The K secular equation  K? — Trace(K)K + Det(K)= K> —=20K +99=0 = (K —9)(K —11)

Eigenvalues K, and squared eigenfrequencies my(g;)’

Eigen-projectors P,

Kn-K, Ky 10-11 -1
p Ky Ky -K, 3 -1 10-11

J Lt

K =05(g)=9, K,=0i(e)=11,

Kn=K K 10-9 -1 1 -1
Ky, Ky - K -1 10-9 -1 1
P2 = =

1:

K, -K, 9-11
N2
:[ 1;& J(uﬁ N2 ) =le)el

Eigenbra vectors: <81|:(1/x/§ +1/\/§), <82|=(1/\/§

Mixed mode dynamics
x@®) = &) (g]x©))e " +

xl(t) 1/\/5 —im.t
= 0 1
[ 50 J [ 1142 wa( ie +[
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Ky
Ky,

Ky, _
K,

_k12

_kl2

Spectral decomposition of 2D-HO mode dynamics

H

10 -1
-1 10

The K secular equation  K? — Trace(K)K + Det(K)= K> —=20K +99=0 = (K —9)(K —11)

Eigenvalues K, and squared eigenfrequencies my(g;)’

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+
p_ Ko Kp-Ky ) (-1 10-11 ) { +1 1
b K,-K, - 9-11 - 2
—| U2 0E 0 )=le e

1/32

Eigenbra vectors: <81|=(1/\/§ +1/\/§), <82|=(1/\/§

Mixed mode dynamics
x0) = &) (ex@)e @+ |ey) (ey]x(0))e @

x| | 142 —iw,t ~1/2 —iw,t
[ X, (1) J_[ 1/42 J<81|X(0)>€ +[ ]<£2‘X(O)>e

1/42
100% modulation (SWR=0)

.

(&1)=9,

K, =0§(g,)=11,

|

1/42 )

Kn=K K 10-9 -1 1 -1

Ko Kp=-K )\ -1 10-9 ) (-1 1
K, K, - 11-9 - 2

1/32

s }( 1/\2 -1/42 )=|£2><82| P g 4— Beat
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Fig. 3.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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2D-HO beats and mixed mode geometry
0 — 1 — Coupled Optical
(a) r =0 r @=m o E(1)

even +45°
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states odd -45°

02
- A %
!0

local
H)+H=) Uo
t=0 \2 v
| MOQ@

1/4
revivals ﬂzpped y
or beats

1/2 litﬂov —17

3/4 ¢

Tuesday, May 1, 2012



2D-HO beats and mixed mode geometry
0 — 1 — Coupled Optical
(a) r =0 r @=m o E(1)

even  445°
- 88 .7
C A
2

parity
states odd -45°

N
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\
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

T — I !
| :I i_)i K:[ Ky Kpp ]:[ ki+kip =k J:[ 7 —3\/5]

X=X, ly=x, Ky, Ky —kip  kytkp 33 13
The K secular equation K2 — Trace(K)K + Det(K)= K> —20K + 64 =0 = (K — 4)(K — 16)

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,
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Det(K)=713-27=91-27 = 64
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

T — I !
| :I i_)i K:[ Ky Kpp ]:[ ki+kip =k J:[ 7 —3\/5]

K, Ky —kip  kytkyp 33 13
The K secular equation K2 — Trace(K)K + Det(K)= K> —20K + 64 =0= (K — 4)(K — 16)
Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

Det(K)=713-27=91-27 = 64

P = K12 K22_K2 _ _3\/§ 13_16 _ +3\/§ 3 P K12 K22—K1 _3\/5 13—4 _3\/5 9
b K, -K, - 4-16 B 12 2 K, —K, - 16—4 - 12
3N V3 5 IE 1 5
4 2 3 1 4 4 1 3
L3P et o) L LT ot 2 )
Vi1 L > JFlaal 53 A |87 2 |£2){&]
4 4 2 iy 4 2
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

| kitkn o k| 7 =33
—kip  kytkyp 33 13

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K + 64 =0= (K — 4)(K — 16)

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

Det(K)=713-27=91-27 = 64

P = K12 K22_K2 _ _3\/§ 13—-16 _ +3\/§ 3 p K12 K22—K1 _3\/5 13—4 _3\/5 9
b K, -K, - 4-16 B 12 2 K, —K, - 16—4 - 12
3N J3 5 L _\3 1z 5
4 2 301 4 4 1 3
| LU ety v | LT A et -
Vi1 L > JFlaal 53 A |87 2 |£2){&]
4 4 2 1 4 2

Eigenbra vectors: <el|=( J3/2 172 ) <82|=(—1/2 V312 )
Spectral decomposition of initial state X(0)=(1,0):

1-X(0)=(P1+P2)( (1) j=

—_ ng‘
(\S]] )

Tuesday, May 1, 2012
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

_ kj+kpp  —kp _ 7 =33
—kiy  ky ki 3J3 13
The K secular equation K2 — Trace(K)K + Det(K)= K> —20K + 64 =0 = (K — 4)(K — 16)

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

Det(K)=713-27=91-27 = 64

P = K12 K22_K2 _ _3\/§ 13—-16 _ +3\/§ 3 p K12 K22—K1 _3\/5 13—4 _3\/5 9
b K, -K, - 4-16 B 12 2 K, —K, - 16—4 - 12
3N J3 5 L _\3 1z 5
4 2 301 4 4 1 3
| LV Jete v | LT E el -
N | Y 3 |=le(al G 5 ®| -3 3 &5)(&,]
Z 4 2 _Z 4 2

Eigenbra vectors: <81|=( J3/2 172 ) <82|=(—1/2 J3/2 )
Spectral decomposition of initial state x(0)=(1,0):
V3

1-x<0>=<Pl+P2>( ; j=

((h(f) = gCOS%, q(1)= —%cos4t}

Using cos4t = 20082 2t—1 derives a parabolic trajectory!

1 2 1 4 5, 1
=——2c08" 2t+—=——¢q{ +—
92 5 ) 3611 >

Tuesday, May 1, 2012
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

| kitkn o k| 7 =33
—kip  kytkyp 33 13

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K + 64 =0 = (K — 4)(K — 16) Der(K)=713-27=91-27=64

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

K -K, Ky 7-16 33 9 433 K,-K,  Kp 7T-4 -33 3 33
p_ Ko Kp-K; ) 3J3 13-16 ~ +3/3 3 b _ K  Kp-K | 3J3 13-4 ) 33 9
b K -k, - 4-16 - 12 2 K, —K, - 16—4 - 12
DL el e
I o £ L)=la)al | 5 s || a5 (4 ¥ )=le)iel
4 4 2 1 4 2
Eigenbra vectors: <81|=( J3/2 172 ) <82|=(—1/2 x/§/2) e T B
Spectral decomposition of initial state x(0)=(1,0): Gk \
TR 0
1 | 1 Ne 1 IR S S N S A A
1-x(0)= (P, +P - L) + 5
()(1 2)(()) 2[0] 2 (Oj (V0 S W S W VY B
73 -
= 21 (f) (Note projection onto eigen-axes) =
2 fAL AL AR AR D
e f\ Lﬂ
J3 1 k12 = -5.1961524 1 SRR AR
(%(f):?COSZI, qz(’)=—50034f 2 U ? i 'éiji i ,

Using cos4t = 20082 2t—1 derives a parabolic trajectory!
Fig. 3.3.6 Normal coordinate axes, coupled oscillator trajectories and equipotential (V=const.) ovals

1 2 1 4 2 1 for an integral 1:2 eigenfrequency ratio (0g(€1)=2.0, Wy(€2)= 4.0) and zero initial velocity.
qr> = —EZCOS 2t+5 = —gql +5

Tuesday, May 1, 2012 14



2-State Schrodinger equations ih%|‘1’(t)> =H|¥(¢)) are analogous to classical 2D coupled oscillator equations.

First start with 2-by-2 Hermitian (self-conjugate) matrix
He L A B-iC J g
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
¥ Xy +ipy a
2 Xp +1ps a)

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

Tuesday, May 1, 2012
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2-State Schrodinger equations ih%|‘1’(t)> =H|¥(¢)) are analogous to classical 2D coupled oscillator equations.

First start with 2-by-2 Hermitian (self-conjugate) matrix

a| A B-iC |_p
B+iC D

that operates on 2-D complex Dirac ket vector |¥) .

¥, X +ip, a
2 Xy +1Ip; a,

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1%-order equation iOW=HWV ;O Mtip ZL A B-iC j Xy +ipy
into pairs of real real 15%-order differential equations. or( Xy +ip, B+iC D Xy +ip;

. 0
() = B (1)

Tuesday, May 1, 2012
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2-State Schrodinger equations ih%|‘1’(t)> =H|¥(¢)) are analogous to classical 2D coupled oscillator equations.

First start with 2-by-2 Hermitian (self-conjugate) matrix
He L A B-iC ] g
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
¥ Xy +ipy a
2 Xp +1ps a)

Separate real x; and imaginary pi parts of Wy amplitudes
to convert the complex 15-order equation i0U=HWV .0 [ Xy +ipy ]:[ A B-iC ]{ X1 +ipy ]

. 0
L w(0) = B (1)

l = . . .
into pairs of real real 15%-order differential equations. or( Xy +ip; B+iC D Xy +1py

S L ; % 1
X, = Ap, + Bp, - Cx, py=—4x,— Bx, —(p, iy~ py | | Ax +Bxy+Cp,y+idp, +iBp, —iCx,

Tuesday, May 1, 2012
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2-State Schrodinger equations ih%|‘1’(t)> =H|¥(¢)) are analogous to classical 2D coupled oscillator equations.

First start with 2-by-2 Hermitian (self-conjugate) matrix

H=£ pi T J=H* Then start with classical Hamiltonian.
that operates on 2-D complex Dirac ket vector |¥) .
)= ¥, ) [ x+in | [ 4 Hc:E(pl +x1)+B(x1x2+p1p2)+C(x1p2—x2p1)+3
¥ ) | nrip | | @

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

X, = Ap,+ Bp, — Cx, p, =—Ax,— Bx, - (p,

X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,

Tuesday, May 1, 2012

2, 2
(27 +3)
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2-State Schrodinger equations ih%|‘1’(t)> =H|¥(¢)) are analogous to classical 2D coupled oscillator equations.

First start with 2-by-2 Hermitian (self-conjugate) matrix

H= A B-iC
B+iC D

that operates on 2-D complex Dirac ket vector |¥) .

Y, x; +ip
m{ ; J[ |
2 Xy 1Py

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

X, = Ap,+ Bp, — Cx,
X, = Bp,+ Dp, + Cx;

Tuesday, May 1, 2012

J-w

M)

p, =—Ax,— Bx, - (p,
p, =—Bx;— Dx, +Cp,

Then start with classical Hamiltonian.

A 2 2 D( 5 2
H, = 5(191 X )+ B(xyx,+ pypy )+ Cxyp, _X2P1)+E(p2 +x2)
Then Hamilton’s equations of motion are the following.

JH , oH

)élzé)—pczApl+Bp2—Cx2 P =- 8x1‘3 =—(Ax1+Bx2+Cp2)

1

 JH . JH

xz :&—pC:Bpl+Dp2+Cxl Py =— &ch :_(Bxl+Dx2_Cpl)
2
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2-State Schrodinger equations ih%|‘1’(t)> =H|¥(¢)) are analogous to classical 2D coupled oscillator equations.

First start with 2-by-2 Hermitian (self-conjugate) matrix

H=£ pi T J=H* Then start with classical Hamiltonian.
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( 5 2
) = Yool | wtip | | o« TS\ (x1x2+p1p2)+ (xlpz—x2p1)+? Pyt X
Y ) | ntin ) | a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation iOW=HWVY

into pairs of real real 15%-order differential equations. SH  JH

. . . - —_ C _ —_ c _ _ A B C

X, = Ap, + Bp, - Cx, py=—Ax, - Bx, - Cp, OMys. Classical ™1~ 3, Ap, + Bp, = Cxy =m0y (A3, + B, + Cpy)

. . Equations are Py Ol

%, = Bpy+ Dpy +Cx, Py ==Bx = Dx, +Cp, identical %y =——C= Bp; + Dp, + Cy p2=—8xc=—(Bx1+Dx2—cpl)
Py 2

Tuesday, May 1, 2012
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2-State Schrodinger equations ih%|‘1’(t)> =H|¥(¢)) are analogous to classical 2D coupled oscillator equations.

First start with 2-by-2 Hermitian (self-conjugate) matrix

a| A B-iC |_p
B+iC D

that operates on 2-D complex Dirac ket vector |¥) .

¥, X +ip, a
2 Xy +1Ip; a,

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - (p,

OM vs. Classical

Then start with classical Hamiltonian.

% ) D( o, >
chg(Pl X )+B(x1x2+p1p2)+c(x1p2_x2p1)+j(p2 +x2)

Then Hamilton’s equations of motion are the following.

X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,

N X = Ap, + Bp, - Cx,

= —A(Ax1 + Bx, + sz)— B(Bx1 + Dx, — Cpl)— C(Bpl +Dp, + Cx1)

_ _(A2 + B2 +C2)x1 —(4B+ BD)x,~C(4+D)p,

Tuesday, May 1, 2012

Equations are
identical =

Finally a 2 time|derivative|(Assume constant A, B, D, and /et C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-

. JH , oH
X —é)—p":Apl+Bp2—Cx2 P =- 8x1‘3 =—(Ax1+Bx2+Cp2)
1
 JH . JH
X, —a—pC:Bpl+Dpz+Cx1 Py == 8x; :_(Bx1+Dx2_CP1)
2

x)
i, = B, + Dp, *Ch
= —B(Ax1 + Bx, + sz)—D(Bxl +Dx, — Cp1)+ C(AP1 +Bp, - sz)

=—(A4B+BD)x, —(B2 +D? +C2)x2+C(A+D)p1

21



2-State Schrodinger equations ih%|‘1’(t)> =H|¥(¢)) are analogous to classical 2D coupled oscillator equations.

First start with 2-by-2 Hermitian (self-conjugate) matrix

H=£ pi T ]=HT Then start with classical Hamiltonian.
that operates on 2-D complex Dirac ket vector |¥) .
: H =224 + B(xx, + pyp, )+ C(x,py — x )+2 24 X2
¥, X +ipy ay
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations. SH oH,
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OM vs. Classical ™ _a—_Ap1+Bp2 ) P T =+ B+ G,
_ Equations are Py oH,
X, = Bp, + Dp, + Cx, P, =—Bx,— Dx, +Cp, identical %, = =< = Bp, + Dp, + Cx, Py ===~ =—(Bx, + Dx, - Cp,)
pz 2

Finally a 2™ time|derivative|[(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \X> =-K-

x)

\ i = Ap, + Bp, ~ Ci, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
. For C=0 2 ¢
X 2, p2 0 X X K, K X
"1 __| A +B AB+BD Is form of 2D Hooke < L "1 __ 11 12 1
Xy AB+BD B>+D? harmonic oscillator ™| X, Xy Ky Ky X

Tuesday, May 1, 2012 22



2-State Schrodinger equations ih%|‘1’(t)> =H|¥(¢)) are analogous to classical 2D coupled oscillator equations.

First start with 2-by-2 Hermitian (self-conjugate) matrix

a| A B-iC |_p
B+iC D

that operates on 2-D complex Dirac ket vector |¥) .

¥, X +ip, a
2 Xy +1Ip; a,

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - (p,

OM vs. Classical

Then start with classical Hamiltonian.

% ) D( o, >
chg(Pl X )+B(x1x2+p1p2)+c(x1p2_x2p1)+j(p2 +x2)

Then Hamilton’s equations of motion are the following.

X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,

N X = Ap, + Bp, - Cx,

= —A(Ax1 + Bx, + sz)— B(Bx1 + Dx, — Cpl)— C(Bpl +Dp, + Cx1)

_ _(A2 + B2 +C2)x1 —(4B+ BD)x,~C(4+D)p,

Equations are
identical =

Finally a 2 time|derivative|(Assume constant A, B, D, and /et C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-

. JH , oH
X —é)—p":Apl+Bp2—Cx2 P =- 8x1‘3 =—(Ax1+Bx2+Cp2)
1
 JH . JH
X, —a—pC:Bpl+Dpz+Cx1 Py == 8x; :_(Bx1+Dx2_CP1)
2

x)
i, = B, + Dp, *Ch
= —B(Ax1 + Bx, + sz)—D(Bxl +Dx, — Cp1)+ C(AP1 +Bp, - sz)

=—(4B+BD)x,~(B*+D? +C2)x2 +C(4+D)py

. For C=0 2 :

X 2 2 X X X K K X
No|o_| 47+B AB+BD ! Is form of 2D Hooke 82 T e T B 1
Xy AB+BD B>+D? X, harmonic oscillator ™| X, Xy Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!

2[4 8] (2] (43
o0 |\ B D o) | B D
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2-State Schrodinger equations ih%|‘1’(t)> =H|¥(¢)) are analogous to classical 2D coupled oscillator equations.

First start with 2-by-2 Hermitian (self-conjugate) matrix

a| A B-iC |_p
B+iC D

that operates on 2-D complex Dirac ket vector |¥) .

¥, X +ip, a
2 Xy +1Ip; a,

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - (p,

OM vs. Classical

Then start with classical Hamiltonian.

% ) D( o, >
chg(Pl X )+B(x1x2+p1p2)+c(x1p2_x2p1)+j(p2 +x2)

Then Hamilton’s equations of motion are the following.

X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,

N X = Ap, + Bp, - Cx,

= —A(Ax1 + Bx, + sz)— B(Bx1 + Dx, — Cpl)— C(Bpl +Dp, + Cx1)

_ _(A2 + B2 +C2)x1 —(4B+ BD)x,~C(4+D)p,

Equations are
identical =

Finally a 2 time|derivative|(Assume constant A, B, D, and /et C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-

. JH , oH
X —é)—p":Apl+Bp2—Cx2 P =- 8x1‘3 =—(Ax1+Bx2+Cp2)
1
 JH . JH
X, —a—pC:Bpl+Dpz+Cx1 Py == 8x; :_(Bx1+Dx2_CP1)
2

x)
i, = B, + Dp, *Ch
= —B(Ax1 + Bx, + sz)—D(Bxl +Dx, — Cp1)+ C(AP1 +Bp, - sz)

=—(4B+BD)x,~(B*+D? +C2)x2 +C(4+D)py

. For C=0 2 :

X 2 2 X X X K K X
No|o_| 47+B AB+BD ! Is form of 2D Hooke 82 T e T B 1
Xy AB+BD B>+D? X, harmonic oscillator ™| X, Xy Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!

0 (A B (.ajz_ A B
l—= = 1— =
ot B D ot B D

Conclusion: 2-state Schro-equation ih§|‘1’(t)> =H|\¥(r)) 1s like “square-root” of Newton-Hooke. \/ |%)=-K-
t

Tuesday, May 1, 2012
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

AB—iC:AlO+301+CO—i+DO
B+iC D 0 0 1 O i 0 0

Tuesday, May 1, 2012
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 o -1 1 0 i 0 2 L o1

O

Tuesday, May 1, 2012
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

B+iC D 0O O I O i 0 0 1
A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 0 -1 1 O i 0 2 0 1

A-D A+ D

Hz—/cA + B :B +C GC\ + 5

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, G¢c } are best known as Pauli-spin operators {G1=069, G5=0x, Gc=Cy, C4=0C 7 }

O

Tuesday, May 1, 2012
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

[ A. B-ic ]:A[ o ]+B£ vl ]+C[ O N }LD( 00 JZAe11+BGB+C0'C+De22
B+iC D 0 O 1 O i 0 0 1
A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 0 -1 1 0O i 0 2 0 1

A-D A+ D

Hz—ch + B :B +C GC\ + 5

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, G¢c } are best known as Pauli-spin operators {G1=069, G5=0x, Gc=Cy, C4=0C 7 }

O

In 1843 Hamilton discovers quaternions {1, 1, j, k}. They are related to 6*s: {6;=1=0y¢, ior=i=i0y, iGc =j=iCy, i04 =k=iCz}.

Tuesday, May 1, 2012
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A. B—iC —A 1 0O + B 0 I +C O —I +D 0 0 :Ae11+B($B+C0'C+De22
B+iC D 0O 0 1 O i 0 0 1

A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 o -1 1 0 i 0 2 L o1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, G¢c } are best known as Pauli-spin operators {G1=069, G5=0x, Gc=Cy, C4=0C 7 }

O

In 1843 Hamilton discovers quaternions {1, 1, j, k}. They are related to 6*s: {6;=1=0y¢, ior=i=i0y, iGc =j=iCy, i04 =k=iCz}.

Each Hamilton quaternion squares to negative-1 (12 = j2? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)
q q g J giary

Each Pauli 6y squares to positive-1 (6.2 = 6y? = 6 z2 = +1) (Each makes a cyclic C> group CZAZ{I, 64}, C"={1,03}, or C2C={1, oc}.)
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A. B—iC —A 1 0O + B 0 I +C O —I +D 0 0 :Ae11+B($B+C0'C+De22
B+iC D 0O 0 1 O i 0 0 1

A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 o -1 1 0 i 0 2 L o1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, G¢c } are best known as Pauli-spin operators {G1=069, G5=0x, Gc=Cy, C4=0C 7 }

O

In 1843 Hamilton discovers quaternions {1, 1, j, k}. They are related to 6*s: {6;=1=0y¢, ior=i=i0y, iGc =j=iCy, i04 =k=iCz}.

Each Hamilton quaternion squares to negative-1 (12 = j2? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)

Each Pauli 6y squares to positive-1 (6.2 = 6y? = 6 z2 = +1) (Each makes a cyclic C> group CZAZ{I, 64}, C"={1,03}, or C2C={1, oc}.)

(a) Cy'-symmetry (a-b) CyB-symmetry (b) CoB-symmetry
(A 0) X, 4B |2
0 D fgst

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = cosQt —isinQt so matrix exponential becomes powerful. ABCD Time
evolution
oA BHC | ADE 0 g 0Ly e O AP 10
il \ B+HC D _, 200 - 1 0 i 0 2 {01 operator
Bl B 04=0z OB=0x OCc=Oy
. Q.- QA A-D A+ D
= o IOU2 720 yhere: @=Q 1= Q, |t= 2B |tand: Qq=
Q. 2C
1\ J
Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.
Each 0y squares to one (unit matrix 1=o,.5, ) and each quaternion squares to minus-one (—1=i-i=j-j, etc.) just like i=~/-1.
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\_

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e P (0))

. . . —i1Q o« e . .
Hamilton generalized Euler’s expansion € " = cosQt —isin Q¢ so matrix exponential becomes powerful.
g p p p

oA BHC | ADE 0 g 0Ly e O AP 10
Bt _, \ BHC D _, 200 - 1 0 i 0 2 o1

04=07 Op=O0Ox Oc=Oy

. Q.- QA A-D A+ D
= ¢ 102,70 Ghere: ©@=Q 1= Qp |'t=| 2B |tand: Q4=
Q. 2C

J

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

ABCD Time
evolution
operator

Each 0y squares to one (unit matrix 1=0, -0, ) and each quaternion squares to minus-one (—1=i‘i=j*j, efc.) just like i=~/-1.

This is true for spinor components based on any unit vector a=(a,,a,,a,) for which aea=1=a;+a, +a, .
To see this just try it out on any a-component: O, =0e®a=a,0,+a,0, +a,0,

Gj =(cea)ocea)= (a,04+a,0,+a,0,)a,0,+a,0,+a,0,)

a,0,a,0, +a,0.a,0, +a,0,a,0, a,a,0,0, +aya,0,0, +a,a,0,0,
= +a,0,a,0, +a,0,a,0, +a,0,a,0, = +a,a,0,0, +a,a,0,0, +a,a,0,0,
+a,0,a,0, +a,0,a,0, +a,0,a,0, +a,a,o0,0, +a,a,0,0, +a,a,0,0,

Tuesday, May 1, 2012
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e " = cosQtf —isinQ¢ so matrix exponential becomes powerful. ABCD Time
evolution
| o4 B-ic), _4D[ 1 0 | 0 1| 0 i A4D[ 1 0
ot \ B+iC D _, 2 Lo 10 i 0 2 {01 operator
B B 04=0C7 OB=Ox OCc=0Oy
Q
A A-D
—7c00)- —7 . A+D
= 10012, e @=Q - 1= Q. |'t=| 2B |tand: Q;=
Q. 2C
g J

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

Each 0y squares to one (unit matrix 1=0, -0, ) and each quaternion squares to minus-one (—1=i‘i=j*j, efc.) just like i=~/-1.

. . . . A . A A 2 2 2
This is true for spinor components based on any unit vector a=(ay,a,,a,) for which aea=1=a,+a, +a; .

To see this just try it out on any a-component: O, =0e®a=a,0,+a,0, +a,0,

2 A A :
Ga = (G o a)(G i a) = (aXGX + aYGY + aZGZ)(aXGX +aYGY +aZGZ) 1 0 ][ 0 1 j [ 0 1 j [ 0 —i ]
= =il - =i0y
a0 a0 +aXO-XClYO-Y +aXGXaZo'Z a,a,0 O +aXaYGXGY +aXaZGXGZ 06—1 10 0 -1 0 i 0
X Z
= +a,0,a,0, +a,0,a,0, +a,0,a,0, = +a,a,0,0, +a,a,0,0, +a,a,0,0, ( 0 1 ]( { o j ( 0 1 ] [ . ] .
= = —1 i = —1 Y
+a,6,a,06y +a,6,4,06, +a,0,a,0, +a,a,0,0, +a,a,0,0, +a,a,06,0, AL 1o i 0

To finish we need another symmetry property called anti-commutation: o.0,=-0,6, , c,0,=-0,0,,elc.

o’=(ocea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)

a; +a,a,0,0, +a,a,0,0,
= -a,a,0,0, +a;1 +a,a,0,0, =(a,+a, +a))1=1
-aya,0,0, —a,da,0,0, +a;1
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = cosQt —isinQt so matrix exponential becomes powerful. ABCD Time
evolution
oA BHC | ADE 0 g 0Ly e O AP 10
il \ B+HC D _, 200 - 1 0 i 0 2 {01 operator
B B 04=0z O3=Ox OCc=Oy
, Q.. 4 A-D A+ D
= o IOU2 720 yhere: @=Q 1= Q, |t= 2B |tand: Qq=
(9 C 2C
\ y,
Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.
o-products do dot * and cross x products by symmetries: 0,0, =1i0,=-0,0,, 0,0, =10, =—0,0,, 0,0,=1i0,=-0,0,
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e " = cosQtf —isinQ¢ so matrix exponential becomes powerful.
oA BHC | ADE 0 g 0Ly e O AP 10
Mt _, \ B+HC D _, 2L0 - 1 0 i 0 2 {01
Bl B 04=07 OB=0x OCc=Oy
. Q.- QA A-D A+ D
= o IOU2 720 yhere: @=Q 1= Q, |t= 2B |tand: Qq=
Q. 2C
. J

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

o-products do dot * and cross x products by symmetries: 0,0, =10,=—0,0,, 0,0, =10, =—0,0,,

c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)

ayb,1 +a.b,0,0, -a,b,0,0, +i(ay,b, —a,b, )0
= —a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a,b,)o,
+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,

Tuesday, May 1, 2012

ABCD Time
evolution
operator

0,0,=1i0,=-0,0,
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = cosQt —isinQt so matrix exponential becomes powerful. ABCD Time
evolution
oA BHC | ADE 0 g 0Ly e O AP 10
ot \ B+iC D _, 2 Lo 10 i 0 2 {01 operator
B B C04=07 OB=0Ox Oc=Oy
Q
A A-D
_igeQt/) —iQn A+ D
= o 1Ot2 T et ©=Q- 1= Q. |'t=| 2B |tand: Q;=
(9 C 2C
\ J

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

o-products do dot * and cross x products by symmetries: 0,0, =1i0,=—0,0, 0,0, =Ii0,=—0,0,, 0,0,=i0, =—0,0,

c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)

a

a,b,1 +a.b,0,0, -a,b,0,0, +i(ayb, —a,b,)o
= —a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a.b,)0,
+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ab, —a,b, )0,

Write the product in Gibbs notation. (Where do you think Gibbs got his {i,j,k} notation!)

0,0,=(0ea)oceb)= (a*b)l + i(axb)eo
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = cosQt —isinQt so matrix exponential becomes powerful. ABCD Time
evolution
oA BHC | ADE 0 g 0Ly e O AP 10
ot \ B+iC D _, 2 Lo 10 i 0 2 {01 operator
B B C04=07 OB=0Ox Oc=Oy
Q
A A-D
_igeQt/) —iQn A+ D
= o 1Ot2 T et ©=Q- 1= Q. |'t=| 2B |tand: Q;=
(9 C 2C
\ J

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

o-products do dot * and cross x products by symmetries: 0,0, =1i0,=—0,0, 0,0, =Ii0,=—0,0,, 0,0,=i0, =—0,0,

c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)

a,b,1 +a.b,0,0, -a,b,0,0, +i(ayb, —a,b,)o
= —a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a.b,)0,
+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ab, —a,b, )0,

Write the product in Gibbs notation. (Where do you think Gibbs got his {i,j,k} notation!)
0,0,=(0ea)oceb)= (a*b)l + i(axb)eo

(Recall (1.10.29). in complex variable unit.)

A*B=(A, +1A)*(B, +1iB,) —iA,)(B, +1iB,)
= (A, B, +AB,)) +7,AX Y—AYBX = AoB) + i(AxB),
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e " = cosQtf —isinQ¢ so matrix exponential becomes powerful.
oA BHC | ADE 0 g 0Ly e O AP 10
Mt _, \ B+HC D _, 2L0 - 1 0 i 0 2 {01
Bl B 04=07 OB=0x OCc=Oy
. Q.- QA A-D A+ D
= o IOU2 720 yhere: @=Q 1= Q, |t= 2B |tand: Qq=
Q. 2C
\_ J

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)

: 1 1 1 1 1
—ip . (s 2 (s 3 il 4.“: - 2 . 4‘“ —
e =1+( zgo)—i—Z!( i) —|—3!( ip) —1—4!( ip) 1 2!90 —1—4!90 ] [cos ]

. 1 o
—i(p +5903 ) —i(sing)
Note even powers of (-i) are +/ and odd powers of (-i) are +i.: (i)’ =+1, (=)' =—i, (=i)’=-1, (=i)’ =+i, (=)' =+1, (=i)’ =—i, etc.

ABCD Time
evolution
operator

Lecture 38 ends here

Tuesday, May 1, 2012
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = cosQt —isinQt so matrix exponential becomes powerful. ABCD Time
evolution
oA BHC | ADE 0 g 0Ly e O AP 10
ot \ B+iC D _, 2 Lo 10 i 0 2 {01 operator
B B O04=07 OB=0Ox OCc=0Oy
Q
A A-D
_igeQt/) —iQn A+ D
= o 1Ot2 T et ©=Q- 1= Q. |'t=| 2B |tand: Q;=
Q. 2C
\§ J

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)

: 1 1 1 1 1
—ip . (s 2 (s 3 il 4.“: - 2 _ 4‘“ —
e =1+( zgo)—i—Q!( i) —|—3!( ip) —1—4!( ip) 1 2!90 —1—4!90 ] [cos ]

. 1 o
—i(p +§¢3 ) —i(sing)
Note even powers of (-i) are +/ and odd powers of (-i) are +i.: (i)’ =+1, (=)' =—i, (=i)’=-1, (=i)’ =+i, (=)' =+1, (=i)’ =—i, etc.

Hamilton replaces (-i) with —ic, in the e power series above to get a sequence of terms just like it.

(—io )’ =+1, (-io,)' =-io,, (-io, ) =-1, (-ic,)’ =+io,, (-ic,)' =+1, (-io,)’ =—io,, etc.

Tuesday, May 1, 2012 39



4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = cosQt —isinQt so matrix exponential becomes powerful. ABCD Time
evolution
oA BHC | ADE 0 g 0Ly e O AP 10
ot \ B+iC D _, 2 Lo 10 i 0 2 {01 operator
B B O04=07 OB=0Ox OCc=0Oy
Q
A A-D
_igeQt/) —iQn A+ D
= o 1Ot2 T et ©=Q- 1= Q. |'t=| 2B |tand: Q;=
Q. 2C
\§ J

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)

: 1 1 1 1 1
—ip . (s 2 (s 3 il 4.“: - 2 _ 4‘“ —
e =1+( zgo)—i—Q!( i) —|—3!( ip) —1—4!( ip) 1 2!90 —1—4!90 ] [cos ]

. 1 o
—i(p +§¢3 ) —i(sing)
Note even powers of (-i) are +/ and odd powers of (-i) are +i.: (i)’ =+1, (=)' =—i, (=i)’=-1, (=i)’ =+i, (=)' =+1, (=i)’ =—i, etc.

Hamilton replaces (-i) with —ic, in the e power series above to get a sequence of terms just like it.

(—io )’ =+1, (-io,)' =-io,, (-io, ) =-1, (-ic,)’ =+io,, (-ic,)' =+1, (-io,)’ =—io,, etc.

This allows Hamilton to generalize Euler’s rotation € to e %Y for any oO,=(0ea)=a,0,+a,0,+a,0,

e P=1cosp — ising generalizes to:( e ®¥P=Tcosp - i0G,sing )
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = cosQt —isinQt so matrix exponential becomes powerful. ABCD Time
evolution
oA BHC | ADE 0 g 0Ly e O AP 10
ot \ B+iC D _, 2 Lo 10 i 0 2 {01 operator
B B O04=07 OB=0Ox OCc=0Oy
Q
A A-D
_igeQt/) —iQn A+ D
= o 1Ot2 T et ©=Q- 1= Q. |'t=| 2B |tand: Q;=
Q. 2C
\§ J

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)

: 1 1 1 1 1
—ip . (s 2 (s 3 il 4.“: - 2 _ 4‘“ —
e =1+( zgo)—i—Q!( i) —|—3!( ip) —1—4!( ip) 1 2!90 —1—4!90 ] [cos ]

. 1 o
—i(p +§¢3 ) —i(sing)

Note even powers of (-i) are 1 and odd powers of (-i) are +i.: (=) =+1, (=)' '=—i, (=) =-1, (i)Y =+i, (=)' =+1, (=)’ =—i, etc.
Hamilton replaces (-i) with —ic, in the e power series above to get a sequence of terms just like it.

(—io )’ =+1, (-io,)' =-io,, (-io, ) =-1, (-ic,)’ =+io,, (-ic,)' =+1, (-io,)’ =—io,, etc.

This allows Hamilton to generalize Euler’s rotation € to e %Y for any oO,=(0ea)=a,0,+a,0,+a,0,

e P=1cosp — ising generalizes to:( e ®¥P=Tcosp - i0G,sing )
—i[l 0 ]SOA
0 -1/ |1 0 110 |.
e = [ 01 cosQ, — 1 [ 0 sing, Example 1:
AorZ
cosp, —ising, 0

rotation

B e—W’A 0
0 cosp , —ising, 0 %
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N
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e P (0))
Hamilton generalized Euler’s expansion e ™ = cosQt —isinQt so matrix exponential becomes powerful. ABCD Time
evolution
oA BHC | ADE 0 g 0Ly e O AP 10
ot \ B+iC D _, 2 Lo 10 i 0 2 {01 operator
B B O04=07 OB=0Ox OCc=0Oy
Q
A A-D
_igeQt/) —iQn A+ D
= o 1Ot2 T et ©=Q- 1= Q. |'t=| 2B |tand: Q;=
Q. 2C
\§ J

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)

: 1 1 1 1 1
—ip . (s 2 (s 3 il 4.“: - 2 _ 4‘“ —
e =1+( zgo)—i—Q!( i) —|—3!( ip) —1—4!( ip) 1 2!90 —1—4!90 ] [cos ]

. 1 o
—i(p +§¢3 ) —i(sing)
Note even powers of (-i) are +/ and odd powers of (-i) are +i.: (i)’ =+1, (=)' =—i, (=i)’=-1, (=i)’ =+i, (=)' =+1, (=i)’ =—i, etc.

Hamilton replaces (-i) with —ic, in the e power series above to get a sequence of terms just like it.

(—io )’ =+1, (-io,)' =-io,, (-io, ) =-1, (-ic,)’ =+io,, (-ic,)' =+1, (-io,)’ =—io,, etc.

This allows Hamilton to generalize Euler’s rotation € to e %Y for any oO,=(0ea)=a,0,+a,0,+a,0,

e P=1cosqp — ising generalizes to:( e ®P=1cosp - i0,sing )
—i[ 1 0 ]SOA [ 0 —i }
0 —1 1 0 |10 | oo [P '

(& = — . 1 0 . 1 0 . 0O —1 . .

[ 01 cosp, — 1 [ 0 singp ixamzple 1. e =l |eosee [ PR LG léxaméyle 2.

or or
_ cosw, —isingp, 0 _ o %4 O rotation _ | cose, —sing, rotation
0 cosp , —ising, 0 e sing,, cosy,
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
()= P(0))
Hamilton generalized Euler’s expansion e ™ = cosQt —isinQt so matrix exponential becomes powerful. ABCD Time
evolution
oA BHC ) ADE 0 g 0L e O AR 0,
i, B+C D _, 200 - 10 i 0 2 {01 operator
B B C4=0z OB=0Ox Oc=Oy
Q
| A A-D
— o 1ON1/2 T e O=Q-t=| Q, |t= 2B -tand: Qg = 4D
QC 2C
\ J

Symmetry relations make spinors O, , O, ,and O, or quaternions i=-io, , j=—io, ,and k=-io, powerful.

3D crank vector ® = Q-t and spin_operator S defines 3D ABC-rotation with ratio !or 2 between O, and ¢,= } ©, or between S and ¢=2S.

. e 0 o cosz — i(:)A sin% (—i(:)B — C:)C)sin% Example 3:
¢TI0 _,i0°02 _ =10 _ 1 05— i (G e@)sin— = Any ©=Qt-axial
2 A A Q) ® -~ .06 _
(—=i®p +®C)smz COSE""ZGA sin— rotation
1 — A n . . .
2D angle . =5 O 3D Crank vector: @ =00 =2¢p,a=20 2Dspinmatrix : S =% o

Fig. 3.4.2 Two views of Hamilton crank vector Q(©,%) whirling Stokes state vector S in ABC-space.
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Vector space

3D vector a defines a combination G, =a4G4+ azos+ acce of operators 64,65 ,0¢.

These may be rotated by 2-by-2 6, matrices acting twice, fore and aft!

The result is rotation by twice the 2D angle ..

-1
Rlec) - o~ R(e)
| cosp, —sing, 1 0 Cosy,,
sing,  cosy, 0 —1 —sing,

2 s 2
cos” ¢, —sin” g,

2sinyp,, cosy,

|1 0 ]COS2§00—|-

0 —1

— GA

0 1

3D Stokes vector components S, define polarization ellipses, 2D HO orbits, and spin-! states.

Each point {£,E>} in complex 2D oscillator space or in analogous to W-space given by 2D array:
maps to real 3D spin vector (54, Sz, Sc) in that “points™ to a particular state of polarization.

Asymmetry S, = %(a|GA|a) = %(

Balance

2

Chirality S¢ = %(a|c7c|a) = l(

Tuesday, May 1, 2012

Sp :l(a|63|a)= l(

0052900—1— c, Sin2900

2sinyp,, cosy,

sin 2y,

s 2 2
sin” ¢, —cos” ¢,

sin,,

cos ¥,

-1
R("OC) 6, R (900)
| cosg, —sing, 0 1 cos .,
sing,,  cosp, 1 0 —sing,,

: 2 s 2
—2singp,, cosp,,  cos” ¢, —sin” @,

2 2 :
cos™p, —sin" ¢, 2sing_ cosy,

-1 0
0

= —0, sin2p .+ G, cos2yp,

0 1

sin2p,, + coS2p,,

}i[aral-az@}=§[x%+pf—x%—pﬂ

] =%[a1*a2 +a;a1} =[p1p2+x1x2}

} =_7i[afa2 - azal :|=[xl P2 = X2 Py }

al _
2

Original

Spin State |1)
= |T> (2) Rotate by B
around Y

Sy SY/B/

(3) Rotate by o

around Z %
@ ;

(1) Rotate by y
around Z

S SXZ.--
oot

General Spin Stateé
[¥)=R(opy) [T)-

T, + z'pl

T, + z‘p2
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Vector space

3D vector a defines a combination G, =a4G4+ azos+ acce of operators 64,65 ,0¢.
These may be rotated by 2-by-2 6, matrices acting twice, fore and aft!
The result is rotation by twice the 2D angle ..

-1 R * G * Ril

R(e.) - o, - R'(p) (ec) - o ()

_| cose. —sing, 1 0 cosp, singp, _ | 8% —sing,. 0 1] cosp,  sing,
sing,  cosg, 0 —1 )| —singp, cosyp, sing,  cosp, 1 0 —sing,,  cosp,

2 s 2 : . 2 .92
Cos” ¢, —sin" @, QSln(pCCOSQOC —28111300 COsyp, COS ¢, —SsIn" @,

. s 2 2 2 s 2 :
2sinp, cosy,  sin”p, —Cos @, Cos™ @, —sin“ ¢, 2sinp, cosy,

1 0
0

G,

0 1 -1 0

0
—0C, sin2p.+ G, cos2yp,

0 1

] cos2p,, + sin 2y,

sin2p,, + coS2p,,

cos2p,+ G, sin2gp,

Original

Spin State |1)
= |T> (2) Rotate by B
around Y

SY/B/

(3) Rotate by o

around Z %

(1) Rotate by y
around Z

General Spin Stateé
[¥)=R(opy) [T)-

3D Stokes vector components S, define polarization ellipses, 2D HO orbits, and spin-! states. B
. . . . ) a T, +ip S
Each point {£},E>} in complex 2D oscillator space or in analogous to ¥-space given by 2D array: | ] N + z‘pl . 5 | 2
. . . . . . 2 2 2 2 oin =
maps to real 3D spin vector (54, Sz, Sc) in that “points™ to a particular state of polarization. ¢RIy
1 L« 1 0 a Ir o« * Ira 2 2 2 I 2B .2
A iry S, =—l\alo =—( ) =—|aja —axa, | =—| x{ + p; —x5 — = —[cos™ ——sIn" — =—C0s
symmetry S 2(a| ala) A @ ( 0 -1 ] . 2[ 141 — a4 2} 2[ i tpi—x Pz} Sleos™ 2 5! B
1 1 . . 0 1 a 11 « " oty . a-v +y a-y| B. B I .
Balance  Sp=—(a|og|la =—( ) =—|a1ar, +tara; | = + XXy | =[| —sIn sin +cos cos COS—SIn—=—CO0S O SIn
alance B 2(a| sla) A E 1 0 ] a 2[ 14y T dy 1} [Plpz 1 2} I > 5 ST, B
Chirality S, =l(a|c7 |a)=l( L a, ) 0 = “ =_—i[a*a —aya Jz[x Dy —XoD } =I_cosa+ysina_y—cosa_y-—sina+y_cosésin—=£sinasin[3
C 9 C 7 a a ; 0 a 9 142 241 172 21 i 9 > 7 9
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Vector space S,

Orlglnal (1) Rotate by y

around Z

Spin State |1)
=IT)

3D vector a defines a combination G, =a4G4+ azos+ acce of operators 64,65 ,0¢. S
These may be rotated by 2-by-2 6, matrices acting twice, fore and aft!

(2) Rotate by B
around Y

The result is rotation by twice the 2D angle ..

Sy T Sy
-1 R - O, - R
R(e.) - o, - R'(p) (ec) - o ()
. . o : (3) Rotate by o
_ CoOsy, —Ssme, 1 0 COSQ,, SINy., _ COSL. SINY, 0 1 ] COS®, SIP,, around Z
sing,  cosg, 0 —1 —singp, cosyp, sing,  cosp, 10 —siny, Ccosyp, 3 C %

2 s 2 : . 2 .92
Cos” ¢, —sin" @, 231n<p0cosg00 —23111300 COsyp, COS ¢, —SsIn" @,

2sinp, cosp,, sin’ ®, — cos’ o | cos? ©. — sin’ .  2sinp,cosy,
1 0 0 1 | — .
= cos2¢,. + sin 2¢p,, = 10 lgin 20+ 01 1cos 20 :
0 —1 0 Y ¢ . :
6 2o b o sin2 General Spin State
4 o B o = —0, sin2p, + G, cos2p, P) :R((XBY) |T> -
=
3D Stokes vector components S, define polarization ellipses, 2D HO orbits, and spin-! states. B
. . . . ] a T, +ip € COSE 2
Each point {£},E>} in complex 2D oscillator space or in analogous to ¥-space given by 2D array: | = |=| N Z.pl =4, 5l ’
maps to real 3D spin vector (54, Sz, Sc) in that “points™ to a particular state of polarization. 2 S ¢’sing
1 1 s s 1 O a Ir « * 1 I . I
Asymmetry S, = E(a|GA|a) = 5( a a, )( 0 —1 ] . =5[a1a1 —azaz} =5[x12 +p12 —x% —pﬂz 5[C0s2§—sm2 g] = Ecosﬁ
Balance SB:%(a|GB|a)=%( a  a )[ (1) (l) j : =%[afa2 +a;a1} =[p1p2 +x1x2} =I_—sina;ysina;y+cosa;—y cosa;y_cosgsin§=écosasinﬁ
Chirality SC=%(a|GC|a)=%( af a; )( (z) z)i le =_7l[afa2—azalJz[xlpz—xzpl} =I_cosa—2i_ysina;y—cosa;y-—sina;y_cosgsingzésinasin[)’
Euler s definition of state |a) of rotation using spin-1/2 matrix R(0/2) and R(B/2) )
| ) =R{a)|1)
= R|[aabout 7| - R[Fabout Y| - R[y about Z]’ T>
9t & _i& I6; il I6;
i coS— —sin— 2 A e ? cos— —e ? sin— A e 2cos— :
_le?2 0 2 2 {le? 0 _ 2 2 _ 4 S| BT
i : il 2= ] i T, +1
0 e? Smé cosé 0 e? 0 e ? sinﬁ e ? cosﬁ 0 ezsinﬁ > TP,
2 2 2 2 2
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A X>H crank-2 vector

for negativeﬁ?2

S(0) ~ |-B
)

' ﬁ) Nwy
& |y>[ @

Y I-A

Fig. 3.4.6 Time evolution of a B-type beat. S-vector rotates from A to C to -A to -C and back to A.

(a)
Stokes Vector
ABC-Space

(b)
Polarization
Xy-Space

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).
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(a)
Stokes Vector
ABC-Space

(b)
Polarization
Xy-Space

|X(15°))

Iy>[

S(0

7

x(30°)) rs

Ix<45°>>=|{+)>

28

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2). |X(60°)>

ly)

< H crank-Q vector

for negativeﬁ?2

-B
e

IR)

¢

-A

Fig. 3.4.6 Time evolution of a B-type beat. S-vector rotates from A to C to -A to -C and back to A.

X(150°))

¥

H crank-Q vector
for C=1

-A Koy

Fig. 3.4.7 Time evolution of a C-type beat. S-vector rotates from A to B to -A to -B and back to A.
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