Lecture 37.

Introduction to classical oscillation and resonance 11.
(Ch. 1-2 of Unit 3 4.30.12)

Complete Green's Solution for the FDHQO (Forced-Damped-Harmonic Oscillator)

Beat, lifetimes, and quality factor effects P ; 26
Common Lorentzian (a.k.a. Witch of Agnesi) eview of Lecture

Approximate Lorentz-Green's Function for high quality FDHO (Quantum propagator)

Methods for treating 2D harmonic oscillator equations and eigen-solutions

Geometric method

Matrix-algebraic method

Ildempotent projectors and spectral decomposition
Lecture 37 ends here

Methods for analyzing 2D-HQO beats and mixed mode dynamics

Geometric method

Algebraic method
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Approximate Lorentz-Green s Function for high quality FDHO (Quantum propagator)
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Define complex detuning-decay d=A-iT" variable d is defined with the real detuning A= w,— @,
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Ideal Lorentz-Green’s functions
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Fig. 3.2.13 Ideal Lorentzian in inverse rate space. (Smith life-time 1/T" vs. beat-period 1/A coordinates)

Constant A and I curves in Fig. 3.2.13 are orthogonal circles of 1/z- dipolar coordinates. Recall Fig. 1.10.11.
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Maria Gaetana Agnesi

y= r sin@
x=b-cotf =(1/b)cosBsin6

1 Born May 16, 1718
b Died January 9, 1799 (aged 80)
Residence |[taly
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Potential:
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=(cos0)/r+i
= O +i

= (a/r) sin O=const.

Fig. 10.11 Dipole F-field f(z)=1/z> and scalar potential (®=const.)-circles orthogonal to (A=const.)-circles.



2D harmonic oscillators
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Fig. 3.3.3 One 2-dimensional coupled oscillator

Fig. 3.3.2 Coupled pendulums
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2D harmonic oscillator energy
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2D harmonic oscillator energy
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Fig. 3.3.1 Two I-dimensional coupled oscillators
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2D harmonic oscillator equations
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2D harmonic oscillator equations
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Fig. 3.3.3 One 2-dimensional coupled oscillator
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2D harmonic oscillator equations
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2D harmonic oscillator equations
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2D harmonic oscillator equation solutions

1. Need to rewrite equation M«|x)=-K«|x) in acceleration matrix form: |%)=-A|x) where: A=M"'+K

( )
1 kithky, —ky
Xy m 0 ki +k, =k X1 m m X1
X, 0 m, —k,  kythy, Xy —k,  kytky, Xy
. ™

2. Need to find eigenvectors|e,).|e,).... of acceleration matrix such that: Ale,)=¢,e,)=w?|e,)

Then equations decouple to: |en> = —A| en> - —Sn‘en> = —a)i‘en> where € is an eigenvalue

and @, 1s an eigenfrequency

To introduce eigensolutions we take a simple case of unit masses (m;=1=m>)

So equation of motion is simply: |%)=-K|x)

[ Eigenvectors |x)=|e,}are in special directions where |%)=-K|x} is in same direction as |X>j
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours

| 1 | | k,+k —k X
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\\
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What direction ’X> :|en>
is the same as K|x)??
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours

| 1 | | k,+k —k X
VZE(lirklz)xlz_k12x1x2+5(k2+k12)x§=5<X\K\x>=5x.1<.x=( X| X ) l_kl;z k2+ll§12 ][ | ]

(a) PE Contours

What direction ’X> =|en>
is the same as K|x)?? ‘
Not most directions!

"(S()ZII/IE(IST)

Fig. 3.3.4 Plot of potential function V(x,x5) showing elliptical V(x,x3)=const. level curves.
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours

| 1 | | k +k —k X
VZE(kIJrklz)xlz_k12x1x2+5(k2+k12)x§——<X\K\x>=5x.1<.x=( x| X ) l_kl;z k2+ll§12 ][ | ]
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What direction ’X> =|en>
is the same as K|x)??
Not most directions!
Only extremal axes
WOTK. (major or minor axes)

"(S()III‘/IE(IST)

Fig. 3.3.4 Plot of potential function V(x,x5) showing elliptical V(x,x3)=const. level curves.
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours (Here: ki =k= k3)
1 2 1 2 _ 1 1 kthky  —ky X
I/=§(/c+k12)x1 —k12x1x2+5(k+k12)x2 =§<X‘K‘X>=§X°K°X=( X, X, ) ke, kek,
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours (Here: ki =k= k)

1 | 1 k+k —k X
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Fig. 3.3.5 Topography lines of potential function V(x;,x5) and orthogonal €, ande_ normal mode slopes
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with eigenvector |g,) direction.

A change of basis to {| 51> ) 32>,° " 8n>} called diagonalization gives
(&M[e)) (g[Mley) - (g|M]e,) g 0 -~ 0
(e, M[e,) (&M|e,) - (&Mle,) |_| 0 & - 0
(e IMle) (elMle) (e Mle) | [ 0 0 e,
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

w
N =
N——

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with eigenvector |g,) direction.

< =
~—
I
TN

Trying to solve by Kramer's inversion:

A change of basis to {| 51> ) 32>,° " 8n>} called diagonalization gives
0 1 4—¢g 0
det det
<81|M|£1> <81|M|82> <81|M8n> g 0 - 0 0 2-¢ 3 0
(eMle) (e Mle)) - (eMle) | | 0 & -~ 0 x and  y=
5 e - deMle) | 0 e o det( 4;e 21 )| det( 4;3 21 )|
(e Mle)) (e Me)) - (e Me) | | 0 0 - g c ¢

Monday, April 30, 2012 18



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

w
N —
N——

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with eigenvector |g,) direction.

< =
~—
I
TN

Trying to solve by Kramer's inversion:

A change of basis to {| €1> ) 32>,' " 5n>} called diagonalization gives
0 1 4-¢ 0
det det
(e[Mle) (eMle,) - (g|M]e,) g 0 - 0 0 2-¢ 30
(eMle) (e Mle)) - (eMle) | | 0 & -~ 0 x and  y=
5 e - deMle) | 0 e o det( 4;8 21 j‘ det( 4;3 21 )|
(eMle) (e Me)) - (eMe) | [0 0 g c ¢

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: 0=(4-g)2-¢€)—13=8—6e+£ —13=¢"—66+5
a, =—TraceM,---, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|M]| 0 = £” — Trace(M)e + det(M)

First step in finding eigenvalues: Solve secular equation

detM—¢1|=0=(-1)" (8" tae +a,€"+.. . +a, € +an) O=det|M - & - 1j=det =det

n
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

w
N =
N——

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with eigenvector |g,) direction.

< =
~—
I
TN

Trying to solve by Kramer's inversion:

A change of basis to {| €1> , 32>,' - 5n>} called diagonalization gives
0 1 4-¢ 0
det det
{e[Mle) (&|Mle,) - (g[M]e,) g 0 0 0 2-¢ 30
(eMle) (e Mle)) - (eMle) | | 0 & -~ 0 x and  y=
5 e - deMle) | 0 e o det( 4;8 21 )‘ det( 4;3 21 )|
(eMle) (e Me)) - (eMe) | [0 0 g c ¢

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: k 0=(4—g)2-£)=13=8—68+&> —13=£— 68 +5
a, ==TraceM,---, a, = (—1) Zdiagonal k-by-k minors of M,---, a, = (—1)" det|M| 5 5
0=¢&"—TraceM)e +detM) =" —6€+5

First step in finding eigenvalues: Solve secular equation

detM—¢1|=0=(-1)" (8" tae +a,€"+.. . +a, € +an) O=det|M - & - 1j=det =det

Secular equation has n-factors, one for each eigenvalue.

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

w
N =
N——

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with eigenvector |g,) direction.

< =
~—
I
TN

Trying to solve by Kramer's inversion:

A change of basis to {| €1> ) 32>,' " 5n>} called diagonalization gives
0 1 4—-¢ O
det det
(eM|e)) (g|M]e,) - (e|M|e,) g 0 - 0 0 2-¢ q 3 0
(eMle) (eMle,) - (eMle) || 0 e - 0 ! i—e 1 N A
: A Sl e detf ~ 7 det) .7

(eIMle) (g Mle) -~ (elMle) | 0 0 e ) )

First step in finding eigenvalues: Solve secular equation Only possible non-zero {x,y} if denominator is zero, too!
" ] . _ L 4 1) (10 4—g 1
detM—¢€1|=0=(-1) (8 +ae" +a,€" 7 +...+a, & +an) O=det|M—¢ 1|—det( 3 9 ] 3[ 0 1 ]—det[ 3 g )‘
where: k 0=(d—g)2—6)—13=8—6e+6 —13=¢£>—6£+5
a, ==TraceM,---, a, = (—1) Zdiagonal k-by-k minors of M,---, a, = (—1)" det|M| 5 5
0=¢&"—TraceM)e +detM) =" —6€+5
Secular equation has n-factors, one for each eigenvalue.
det|M—gl|:O:(—l)n(g_gl)(g_gz)...(g_gn) O=(e—-1)(e—-5) solet: & =1 and: &, =5
Each € replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation.
0=M>-6M+51=M-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1) ,
0 0 |_[4 1] (4 1] 10

Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 0 0 3 2 3 2 0 1
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w
N =
N——

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

€, 1s eigenvalue associated with eigenvector |8k> direction. Trying to solve by Kramer's inversion:

< =
~—
I
TN

A change of basis to {| €1> ) 32>,' " 5n>} called diagonalization gives
0 1 4-¢ 0
det det
(e[Mle) (eMle,) - (g|M]e,) g 0 - 0 0 2-¢ 30
(eMle) (e Mle)) - (eMle) | | 0 & -~ 0 x and  y=
5 e - deMle) | 0 e o det( 4;8 21 )‘ det( 4;3 21 )|
(eMle) (e Me)) - (eMe) | [0 0 g c ¢

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: k 0=(d—g)2—6)—13=8—6e+6 —13=¢£>—6£+5
a, ==TraceM,---, a, = (—1) Zdiagonal k-by-k minors of M,---, a, = (—1)" det|M| 5 5
0=¢&"—TraceM)e +detM) =" —6€+5

Ist step in finding eigenvalues: Solve secular equation

0=det|M — £ - 1]=det =det

detM—¢1|=0=(-1)" (8" +ae" +a," 7 +...+ta, € + an)

Secular equation has n-factors, one for each eigenvalue.
detM—¢1|=0= (_l)n(8_81)(8_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5
Each € replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation. 0= M - 6M+51= (M- 11)M-51)

(M—¢g1)(M-g,1)---(M-g,1) 0 0 41 2 41
SEEEERI R P

Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!)

0

Jj#k

Replace jth HC-factor by (1) to make projection operators P, = I1 (M—8 ,-1). p, =(1)(M-51) ZL 4-5 1 ):[ -1 1 ]
p=( 1 (M- 1)}-(M=e,1) P2

p=(M—g1)( 1 )(M-g1) (Assume distinct e-values here: Jiu-deyeneracy canse)
2= 1 n ' i

Ej;tgk;é...

W |
p—
[\

| =
[E—

N—
Il

7~ N\
W W
—_—
N—

P, =<M—1-1><1)=[ !

b =M= M-t 1)( 1 )
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with eigenvector |g,) direction.
A change of basis to {| €1> ; 32>,' -

- = w
N— N =
Il

Trying to solve by Kramer's inversion:

£n>} called diagonalization gives

detf| 0 1 def|| 7€ 0
<81|M‘£1> <81|M|82> <81|M8n> g 0 - 0 0 2-¢ 3 0
(e|Mle) (e|Mle) — (efMle) | | 0 & -~ o0 X and  y=

5 e - deMle) | 0 e o det( 4;8 21 )‘ det( 4;3 21 )|

(eMle) (eMle)) - (eMe) | [0 0 - e ) ¢

Ist step in finding eigenvalues: Solve secular equation Only possible non-zero {x, y} if denominator is zero, too!
) ) . _ a0 ) | 4-e 1
det|M—¢gl|=0=(-1) (8 tae +a,€"+.. . +a, € +an) O=det|M—¢ 1|—det( 3 9 ] 8[ 0 1 j—det( 3 o_¢ )‘

where:

) 0=(4-e)2—-€)—13=8—-6c+e’—13=€"-6e+5
a, ==TraceM,---, a, = (—1) Zdiagonal k-by-k minors of M,---, a, = (—1)" det|M| .

Nen ~degeneracy dase 0=¢"— Trace(M)e +det(M) = e —6e+5
Secular equation has n-factors, one for each eigenvalue.

det|M_gl|:O:(_l)n(8_81)(8_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

Each € replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation. 0=M —6M+5M=(M—11)M-51)

0= (M- 1)(M-£,1)-(M-€,1) [0 0] (4 1]2 [4 1j ( 10
= — +5
Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 00 32 )2 ol
Replace jth HC-factor by (1) to make projection operators p.=]1 (M-e1) p,=MM-51) =[ o ) 1 5 ]:[ _31 13
p=( 1 )M-g1)(M-¢g1)

Assume distinct e-values here: i, -degeneracy clause _
p=M-g1)( 1 )(M-g1) ( CISHIEL yenereey clue) p,=M-1D1)=| *7!
) Ej #E # . 3 2

p,=(M-gl)(M-g1)-( 1 ) 4 1 -1 1 -1 1
Mp, = : =1 =1
P [ 3 2 3 - 3 -3 P
Each pr contains eigen-bra-kets since: (M-ci1)pi=0 or: Mpi=cipi=p:M . ;
3
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[ ‘3‘
pp.=p,][(M-¢,1)=T](p,M-¢,p,1) Mp =¢,p, P =(M—5.1):( —31 13 }
m#k m#k —
Multiplication properties of p;: 3 1 b= (
0 iF:j%k P =(M-1D=| 1j

pjpk=H(8jpj—Smpj)=ij(8j—8m)= p.J](e.-¢.) if:j=k

m#k m#k
m#k

Monday, April 30, 2012
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0
0

|

0
0

|

24



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

—M—s51 = !
p,=M-51) ( 3

pp.=p,[[(M-¢,1)=]](pM-2,p1) Mp,=€,p,
m#k m#k
Multiplication properties of p;:
0 if :j#k p,=M-11)=
epc=Tllep —ep)=p Ille =602 b (e -e,) ir:i=k
[T(M=-¢,1) M-51) 1 1 -1
Last step is to make Idempotent Projectors: Yi= TT( - ) = "ﬁ( ) b= (1-5) "4 3 3
’ E —E& E —E&
m#k ‘ " m#k ¢ " (M 1 1) 1 3 1
yrj#k =750 T4l 3 1]

0
PP = MP, =¢,P,
jTk { Pk Z:]C:j:k k k™ k

Monday, April 30, 2012

3
3

1
1

1
-3

|

4
3

s

N —

0
0

|

0
0

|
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[ ‘3‘ ;
pp.=p [I(M-¢,1)=TT(pM-e,p1) p, = (M—5-1>=( B )
m#k m#k —_ B 0
Multiplication properties of p; : 31 PP _£ 0
0 if1j#k p,=M-11)= ° | ]
e =Illen,—e)=pIl(e, =)=y p (e, -e,) ir:i=k

m#k
Factoring bra-kets into “Ket-Bras:

Last step is to make Idempotent Projectors:

[I(e.~e.) Tl(e-e.)

m#k m#k

0 if:j#k M-11) 1 3 1
— — P: = — =
Pij_{ P if:j=k MF.=¢.L, ©(5-D 4( 31 J [

N = =
N—
—_——
| W
|—
~———
Il
[\
~—
N
\C)

Monday, April 30, 2012
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0
0

|

[T(M-¢,1) _M-5) 1 1 -1 )| o R
P = = 05 Al s = ®(2 = )‘|1><1|
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

|

pp.=p ] [(M-e,1)=]](pM-e,p ) p=M-51=| ' !
m#k m#k 3 _3 0 O
Multiplication properties of p; : 31 PP2=1 o
epc=Tllep —ep)=p Ille =602 b (e -e,) ir:i=k
Factoring bra-kets into “Ket-Bras:
[T(M-g,1) M-51)_1( 1 -1 > L
Last step is to make Idempotent Projectors: P = =& i 1-5 4 -3 3 )| = ®( 2 ):|l><l|
P P J . g(gk_gm) ]n;!(gk_gm) 2
0 if:j#k M-11) 1 3 1| )
— — P ju— = — ju—
PP, { b ik MP, =¢ P, T 4( - J [ |

They’re Ortho-Normal

Monday, April 30, 2012



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j
Pjpk:ij(M_gml)ZH(ij_gmpfl) P :(M_S.l):( 3 - )
m#k m#k 3 _3 _ 0 0
Multiplication properties of p; : 31 PP _£ 0 0 J
0 if:j+k p,=(M-1D= 31 ]
PP, = rln:!(gjpj _gmpj) = pjg(ej _gm): p.J](e.—¢,) if:j=k

m#k
Factoring bra-kets into “Ket-Bras:

[T(M-¢,1) S M=5D 1 1 -1 )| o Lo
b o R=S5 3l 3 3 )| o [BlE )

Last step is to make Idempotent Projectors: Y= e -c) [l(e-¢,)
k m k m

m#k m#k
0 if:j#k M-11) 1 3 1| )
— — P = = — =
P]Pk_{ P, if:j=k MF.=¢.L, TG-D 4( 3 1 j [ )
I 0
They’re Ortho-Normal and satisfy Completeness Relation 1=P +P,+...+P, P+P = ( 0 1 ] =[1){1[+[2)(2]
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

PP, = ij(M—gml)z H(ij_gmpJ'l)

m#k m#k

Multiplication properties of p; :

0 if:j#k
PP :g(gjp.f_gmpf):pfg(gj_gm): pkg(sk—em) if:j=k
N | (L0
. . . P = k — m#k
Last step is to make Idempotent Projectors: *x g( e—¢,) g( £ —¢,)
0 if:j#k
PP = f ] MP, =¢,P,
P if:j=k

They’re Ortho-Normal and satisfy Completeness Relation 1=P +P,+...+P,

Eigen-operators MP, =¢, P, then give Spectral Decomposition of operator M

M=MP, +MP,+..+MP, =¢P, +¢&,P,+..+¢P,

Monday, April 30, 2012

4
3

N —

p1=<M—5-1>=( -

3—3) (00)
PP, =
. 0 0

p2=(M—1°1)=( 31 }

Factoring bra-kets into “Ket-Bras:

_M-sh_1( 1 -1 )| o R
T _4( -3 3 ] [; }®( : 2) I

= N =
N—
®

Lo IS I SN OS]
Bl—= B =
N

L

=1 * * |+5
_3 3
3 3
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

PP, = ij(M—gml)z H(ij_gmpJ'l)

m#k m#k

Multiplication properties of p; :

PP = H(gjpj _gmpj): ij(gj _8’”)

m#k m#k

Last step is to make Idempotent Projectors: Y= T

0 if:j#k
P'Pk: f]
! P if:j=k

They’re Ortho-Normal and satisfy Completeness Relation 1=P +P,+...+P,

Eigen-operators MP, =¢, P, then give Spectral Decomposition of operator M

M=MP, +MP,+..+MP, =¢P, +¢&,P,+..+¢P,

...and Functional Spectral Decomposition of any function fiM) of M

JM) = f(81)P1 +f(82)P2 + “'+f(8n)Pn

Lecture 37 ends here

Monday, April 30, 2012

p.]](e-¢,) if:j=k

i [T(M-¢,1)
H(gk —gm)

MP,=¢,P,

—M—s51 = !
p,=M-51) ( 3

M oto| 31
p,=M 11)(3 j

4
3

N —

|
2 sy

1

Factoring bra-kets into “Ket-Bras:

_M-sh_1( 1 -1 )| o R
T _4( -3 3 ] [; }®( : 2) I

_ -1y 131 )| 2|

-1 4l 31 -

per=( ) 0 J-asa
Y I I . )

Wy W2y | (10

2|1) (2|2) 0 1

M = ‘; ]:111+5P2=1|1><1|+5|'2><2|

Examples with MSO:[ ;1 ; ):150[ o J+55°[ L ]
mz(;‘ ;]=iﬁ[ L ]iﬁ[;‘ ‘I]
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Analyzing 2D-HO beats and mixed mode eigen-solutions

L i ! K K K || kithkn  —kp :( 10 —1]
:—»'x_x :;:'x K, Ky ~kyy  kytkyp -1 10
g 1Y A

The K secular equation K2 —Trace(K)K + Det(K)= K> —20K +99=0= (K —9)(K —11) = (K —9)(K —11)

Eigenvalues K, and squared eigenfrequencies my(g;)’ K =0i(g)=9, K,=w;(e,)=11,

Monday, April 30, 2012
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Analyzing 2D-HO beats and mixed mode eigen-solutions

L i ! K K K || kithkn  —kp :( 10 —1]
:—»'x_x :;:'x K, Ky ~kyy  kytkyp -1 10
g 1Y A

The K secular equation K2 — Trace(K)K + Det(K) = K?>-20K+99=0 = (K-9)K-11)
Eigenvalues K, and squared eigenfrequencies my(g;)’ K =0i(g)=9, K,=w;(e,)=11,

Eigen-projectors P,

Kn-K Ky 10-11 -1 1+
Ky, Ky —-K, -1 10-11 +1 1
Pl = =

K -K, 9-11 2 2 K, K, 11-9 2

Monday, April 30, 2012
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Analyzing 2D-HO beats and mixed mode eigen-solutions

i : i : K K K || kithkn  —kp :( 10 -1 j
| XXy V=X,
The K secular equation K2 — Trace(K)K + Det(K) = K?>-20K+99=0 = (K-9)K-11)

Eigenvalues K, and squared eigenfrequencies my(g;)’ K =0i(g)=9, K,=w;(e,)=11,

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+ Kn-K  Kp 10-9 -1 1 -1
b Ky, Ky - K, -1 10-11 +1 1 Ky,  Kp-kK; -1 10-9 -1 1
1 = = =

K, - K, 9-11 2 K, - K, 11-9 2
J2
:[ 1;& J(uﬁ 132 )=|e)e] :( _11//@ ](1/\/5 1/42 )=|e ) (e

Eigenbra vectors: <81|:(1/x/§ +1/\/§), <e2|=(1/\/§ -1/J§)
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| o o
1 XX V=X,

Analyzing 2D-HO beats and mixed mode eigen-solutions

K Ky K _ ki+kypy o =k _[ 10 -1

The K secular equation  K? — Trace(K)K + Det(K)= K> —=20K +99=0 = (K —9)(K —11)

Eigenvalues K, and squared eigenfrequencies my(g;)’ K =0i(g)=9, K,=w;(e,)=11,

Eigen-projectors P,

Kn-K, Ky 10-11 -1
p Ky Ky -K, 3 -1 10-11

J Lt

Kn=K K 10-9 -1 1 -1
Ky, Ky - K -1 10-9 -1 1
P2 = =

1:

K, -K, 9-11
N2
:[ 1;& J(uﬁ N2 ) =le)el

2 K, K, 11-9 2
N2
:( _11//% ]( N2 12 ) =|e)es)

Eigenbra vectors: <81|:(1/x/§ +1/\/§), <82|=(1/\/§ -1/J§)

Mixed mode dynamics

x@®) = &) (g]x©)e ™ + |ey) (&,]x(0))e

xl(t) 1/\/5 —im.t
= 0 1
[ 50 J [ 1142 wa( ie +[

Monday, April 30, 2012
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Ky
Ky,

: | : ! Ky,

I | K— e
> > Ky,

| X=X,

kl + k12

_k12

Analyzing 2D-HO beats and mixed mode eigen-solutions

_kl2

=(

10 -1
-1 10

The K secular equation  K? — Trace(K)K + Det(K)= K> —=20K +99=0 = (K —9)(K —11)

Eigen-projectors P,

|
|

Eigenbra vectors: <81|=(1/\/§ +1/\/§), <82|=(1/\/§

Mixed mode dynamics

K —-K,
Ky,

Ky,
Ky - K,
K, -K,
1/\2
1/\2

10-11
-1

Eigenvalues K, and squared eigenfrequencies my(g;)’
-1 1+
10-11 ) ( +1 1

(o) (4

J(l/\/i 142 )=|e )z

x0) = &) (ex@)e @+ |ey) (ey]x(0))e @
() 1/~§2 —iot —1/+/2 it
= 0 1 O s
[ X, (1) J [ 13 J<el|x( ))e +[ B ](ez\x( ))e

Full modulation (SWR=0)

€ +e _(0,+0,) (0,—0,) (0,~0,)
l t ——=t I—
X5 (1) o i _ iyt 2 _i(w1;w2) i(a’1_w2)
e —e
2

Monday, April 30, 2012

.

K, = o)

(&)=9, K,=w(e,)=11,

|

1/42 )

Kn=K K 10-9 -1 1 -1
Ko Kp=-K )\ -1 10-9 ) (-1 1
K, K, - 11-9 - 2
1/32
S }( 1/\2 -1/42 ):|52><82| iy a— Bea
_ - 2 AL cos(mny-mq)t/
ol= G 22l R 2702
we=3 31664z | 1 i,
a= 4s= ._I_:'-::.--..-.. . qel an
RN & lxOP Fii k ;
; SN 1V2 | F oy Carrier
IR T T N 1 g ¥ cos(apropt/
RT3 o S 3 0 3 T ;
< 3 71 " P }EE_ _.'H -Pé---.?;'s‘l{l:wz_ml)t/z
<81|X(0)> 5“:

=1v2 | Rt il fg?

YRR Vi t
kiz= -1 a1 S A A U
kiz= 10 i LR RS S
kil= 10 [ . Vo i
F -1 " i
(0, —w))t
(0,+m,) cos
—j——=%¢ 2
—e 2
.. (wz _wl )t
isin
2

Fig. 3.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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2D-HO beats and mixed mode geometry
0 — 1 — Coupled Optical
(a) r =0 r @=m o E(1)

even +45°

[+)

parity
states odd -45°

02
- A %
!0

local
)+ Uo
t=0 v @
| MOQ@

1/4
revivals ﬂzpped y
or beats

1/2 litl:}ov 417

3/4 ¢
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2D-HO beats and mixed mode geometry

(a)

or beats

1/2

Monday, April 30, 2012

r’ ©=0) r' (¢o=m)

1/4 )
. \
revivals

Coupled Optical
Pendula E(t)

even +45°
o 88
C A
2

parity
states odd -45°

N
I>'A

\
v
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Analyzing 2D-HO mixed modes for lower symmetry

—— |\
| :I E_)E K:[ Ky Kpp ]:[ ki+kip =k J:[ 7 —3\/5]

Ky, Ky —kiy  ky ki 3J3 13
The K secular equation K2 — Trace(K)K + Det(K)= K> —20K + 64 =0= (K — 4)(K — 16)

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Monday, April 30, 2012

Det(K)=713-27=91-27 = 64
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The K secular equation

' I b
: i_): K — Ky Ky _ ki+kyp o —kp _ 7 =33
K, Ky —kip  kytkyp 33 13

K? —Trace(K)K + Det(K)= K* —=20K +64 =0 = (K — 4)(K —16)

Eigenvalues K and squared eigenfrequencies m(g)” K =0} (e/)=4, K,= W} (e5)=16,

Eigen-projectors P,

Det(K)=713-27=91-27 = 64

Kn—-K, K 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
| Ko Kp-Ky ) | 3Y3 13-16 ) [ 433 3 K,  Kyn-K -3V3 13-4 33 9
= K, -K, - 4-16 - 12 2= K, - K, - 16— 4 - 12

57 L5 )

NEI V3 3 -
:f:( \/15//22 ](ﬁ/z 172 )=|g;) (g = y :( \/%//22 ](—1/2 V312 )=[e;)(e,|

Monday, April 30, 2012
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| . ] '
| :I E_)E K:[ Ky Kpp ]:[ ki+kip =k J:[ 7 —3\/§J

K, Ky —kip  kytkyp 33 13
The K secular equation K2 — Trace(K)K + Det(K)= K> —20K + 64 =0= (K — 4)(K — 16)
Eigenvalues K and squared eigenfrequencies m(g)” K =0} (e/)=4, K,= W} (e5)=16,

Eigen-projectors P,

Det(K)=713-27=91-27 = 64

Kn—-K, K 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
| Ko Kp-Ky ) | 3Y3 13-16 ) [ 433 3 K,  Kyn-K -3V3 13-4 33 9
= K, -K, - 4-16 - 12 2= K, - K, - 16— 4 - 12

57 L5 )

NEI V3 3 -
:f:( \/15//22 ](ﬁ/z 172 )=|g;) (g = y :( \/%//22 ](—1/2 V312 )=[e;)(e,|

Eigenbra vectors: <81|=(\/§/2 1/2), <82|=(—1/2 \/3/2)

Monday, April 30, 2012

40



| N | !

L E_)E K — STRESCEN ki+kiy  —kpp _ 7 33
K, Ky —kiy  kytkyy 3J3 13

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K + 64 =0= (K — 4)(K — 16)

Eigenvalues K and squared eigenfrequencies m(g)” K =0} (e/)=4, K,= W} (e5)=16,

Eigen-projectors P,

Det(K)=713-27=91-27 = 64

Kn—-K, K 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
| Ko Kp-Ky ) | 3Y3 13-16 ) [ 433 3 K,  Kyn-K -3V3 13-4 33 9
= K, -K, - 4-16 - 12 2= K, - K, - 16— 4 - 12

57 L5 )

NEI V3 3 -
:f:( \/15//22 ](ﬁ/z 172 )=|g;) (g = y :( \/%//22 ](—1/2 V312 )=[e;)(e,|

Eigenbra vectors: <81|=(\/§/2 1/2), <82|=(—1/2 \/3/2)

[Q1(f)= %COS%, q,(1)= —%cos4t}

Using cos4t = 20082 2t—1 derives a parabolic trajectory!

1 2 1 4 5, 1
=——2c08" 2t+—=——¢q; +—
4> ) ) 3Q1 5

Monday, April 30, 2012
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| | :_)E K — Ky Ky ki+kiy  —kpp _ 7 33
| x=x, ly=x, Ky, Ky —kip  kytkp 33 13
The K secular equation K2 — Trace(K)K + Det(K)= K> —20K + 64 =0 = (K — 4)(K — 16) Der(K)=713-27=91-27=64

Eigenvalues K, and squared eigenfrequencies wy(g;)*

Eigen-projectors P,

K —-K, Ky, 7-16 -3/3 9 133
K, Ky - K, 33 13-16 ~ 33 3

P1: =

K,-K, 4-16 12

[ 3 ﬁ]
L[ V312 ](m 1/2)=le el

- 4 1/2

Eigenbra vectors: <81|=(\/§/2 1/2), <82|=(—1/2 \/5/2)

[% (t)= gCOS%, q,(1)= —%cos4t}

Using cos4t = 2COS2 2t—1 derives a parabolic trajectory!

1 2 1 4 5, 1
=——2c08" 2t+—=——¢q; +—
4> ) ) 3Q1 5

Monday, April 30, 2012

Ki=wj(g)=4, K,=w5(e)=16,

Kn—-K Ky 7-4 33 3 33
Ky Kn-—K, —3J3 13-4 3V3 9

P = =
2 K,-K, 16—4 12

L G g i

.......

)
noAR RN AR AR R

AR RN T L[\ & 0
K12 = -5.1961524 |1 T T
2= 15 AR

-1

Fig. 3.3.6 Normal coordinate axes, coupled oscillator trajectories and equipotential (V=const.) ovals
for an integral 1:2 eigenfrequency ratio (0g(€1)=2.0, Wy(€2)= 4.0) and zero initial velocity.
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