Kinetic Derivation of 1D Potentials and Force Fields
(Ch. 6, and Ch. 7 of Unit 1)

Review of (V1,V2)—(v1,y2) relations (From Lect. 3)

Special mass ratio Mi/m> =3
High mass ratio M/m> =49

Force “field” or “pressure” due to many small bounces

Force defined as momentum transfer rate
The 1D-Isothermal force field F(y)=const./y and the 1D-Adiabatic force field F(y)=const./y>

Potential field due to many small bounces

Example of 1D-Adiabatic potential U(y)=const./y?
Physicist’s Definition F=-AU/Ay vs. Mathematician's Definition F=+AU/Ay

Example of 1D-Isothermal potential U(y)=const. In(y)

“Monster Mash classical segue to Heisenberg action relations

Example of very very large M| ball-walls crushing a poor little m>
How m; keeps its action
An interesting wave analogy: The “Tiny-Big-Bang " [Harter J. Mol. Spec. 210, 166-182 (2001)],[Harter, Li IMSS (2012)]

A lesson in geometry of fractions: Ford Circles and Farey Sums
[Lester. R. Ford, Am. Math. Monthly 45,586(1938)] [John Farey, Phil. Mag.(1816)]
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Review of (V1,V2)—(y1,y2) relations

=3 Special mass ratio M/m> =3
High mass ratio M/m> =49
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“Symmetric” mnitial velocity

30 -4 “Generic” initial velocity
it . R

N

(V]:].O, V2:0])

(v;=1,v,=0) or (v;=1,v f-])

15 N h — \ 3
e e e b - is
" - - i -'..- u H --,
-y 1 Py OB i
. - : : S i N :
- [ os < :  os H = T -
e AR LIPS -1 : ,_1
% ... 2SS P s . 1= AP A [ =
E = - 2 ; - i B
——— - csws Lile sss = . - E
- - oS = : - as : =
-l - - --- 1‘ _- E
.. Y i -1
-t - - L : i
zi-=- - = =<
1.\; |- _5,‘: | 1.5
I . |

Friday, December 21, 2012



Scaled y down by
IN3=0.577
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V3=1.732

/N

Space-space (V;, y,) paths |

R

™~

\VANIVAV
AVAN
/N/
O
\/

ected...

JANIIVAVAN
/

/\
.
X/

\
/N

\VAVARVA

and transforme
by the rest of D...

Friday, December 21, 2012



<X
L
AT
YKL
PSR

>

S

-
K
X

>
Z

<
<

>
>

5

...they’re just straight lines going forever.




Review of (V1,V2)—(y1,y2) relations

Special mass ratio M/m> =3
w3 [igh mass ratio M;/m> =49
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Geometric “Integration” (Converting Velocity data to Space-time trajectory)

v

m2 Velocity axis 10
N

ym2 7
12 %

.0

J

Example with masses: mi=49 and m>=1
) Kinetic Energy Ellipse

I I 49 1

KE=—my, +—m,, =—+—=25
Bang-4(]‘3) 2 2 2 2
Sy 379 171 : S
T'f_ " e Dot O .'. 1 _ Vl n Vz _ X12 n Xé
5 2KE/m, 2KE/m, a; a,
Dang_d(u)/' Ellipse radius 1 Ellipse radius 2
a,=\2KE/m,  a,=.[2KE/m,
i = /2KE/49 = /2KE/1
1.0 ml Vdlocity axis VymI — '\’ 50/49 — 50/1
f;fa(i)‘t_c]zto) — 101 — 707
/Dung-l 01)
Bang—3(20)

Fig. 5.1
in Unit 1
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Force “field” or “pressure” due to many small bounces

Force defined as momentum transfer rate
The 1D-Isothermal force field F(y)=const./y and the 1D-Adiabatic force field F(y)=const./)?
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Big mass-m; ball feeling “force-field” or “pressure”
of small (m2 << my) rapidly (v2>>v;) bouncing ball

(a) Uncompressed
(Large Y-space)

Unit 1
Fig. 6.1

y] =H-Y

Small' momentum transfer
<@—"Low pressure”

Low energy
“Cool “

~&— |/H small

Y

> <

(b) Compressed
(Small Y-space)  High energy

LY

V) large
Big momentum transfe
@i “[1igh pressure”
- Y
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Big mass-m; ball feeling “force-field” or “pressure”
of small (m2 << my) rapidly (v2>>v;) bouncing ball

(a) Uncompressed (b) Compressed
(Large Y-space)

Low energy (Small Y-space) I;Iigh energy

Unit 1 “Cool *

Fig. 6.1

~&— |/H small ‘ Vs large
Small' momentum transfer Bzg momentum transfe

|
Y =H-Y > (“ ) Y I

<@—"Low pressure <— ‘High pl’essure

IN e
V2 1 g —— —, ShOI’tel’
AP& lOW@I" ‘Vz‘ longer At % ———— Al‘
( 2Y seconds AP — :
AP At =— per Bang higher ‘vz‘
- \ 4
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Big mass-m; ball feeling “force-field” or “pressure”
of small (m2 << my) rapidly (v2>>v;) bouncing ball

(a) Uncompressed (b) Compressed
(Large Y-space)

Low energy (Small Y-space) I;Iigh energy

Unit 1 “Cool *

Fig. 6.1

‘

~&— |/H small

Small' momentum transfer
<@—"Low pressure”
y,=H-Y P

V) large
Bzg momentum transfe

i “[1ig pressure

|

> Y -«
IN s
v, g — ——= shorter
AP& lower ‘Vz‘ longer At %‘5 —— A
FIN AP —
2 — AP —
AP L
( 2Y seconds AP — v
AP At =— per Bang higher ‘vz‘
N
AP 1 y
F=— AP — FIN _

Force F on m; = (Momentu* per sec.) = (Momentum per Bang)-(Bangs per second)

Friday, December 21, 2012 11



V> Double-Bang Sequences V5
Jfor mj =>=>mjy axis V(4)
(a) After 2 Bangs (b) After 4 Bangs f A A
Increase
by
VZ_ / =~2v]
wis | v(2) ) v(2)
Very skinny .|Increase / . )
Energy ellipse 0T by / / T Unlt 1
or mi>>m; v =2 —f .
: < g / a Flg 6.2
/ /
o /7 V| axis /7 V| axis
¥4 V(1) V(1)
D— TStartat Start at
(tvi=vp \ (tvi=vp)
IN — \w(3)
V2
AP < lower ‘vz‘ longer At
FIN
FIN IN
2 — ‘ ‘—‘ V, “"‘2"1‘ for: m, >>m,
At _ _Y seconds
AP@ —_—— o per Bang V2 = —V2 — 2V1
22
F = £ N 1 v,
AP =m,v," —m,v." =
Aq 2V2 i 2 2 Ar |2V
Force F on m; = (Momentum per sec.) = (Momentum per Bang)-(Bangs'per second)
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V>

Very skinny
Energy ellipse
for mi>>m;

Force F

Double-Bang Sequences V)

Jormy>>m, axis | V(4)
(a) After 2 Bangs (b) After 4 Bangs f A[ A
ncrease
by
VZ. =2 V]
axis V(2) V(Z)

\Increase

adk by
// z2 V]
n
/ ,
7
A
ya

A A

7 Fig. 6.2

/
il |
/ / ; Unit 1

7 V| axis d V| axis
V(1) V(1)
i \ i
_ \v(s)
vy
AP e lower ‘Vz‘ longer At
FIN
L
2 — ‘ FIN‘—‘ ZN‘-I-‘ZVI‘ for: m, >> m,
. Y seconds
AP& L, — At—v_ per Bang V2 —_V2 _2V1
2
F = £ N 1 v,
AP =mv. —m,v)" =
Aq 2 V2 i 2 2 Ar 12
on m; = (Momentum per sec.) = (Moment m per Bang)-(Bangs'per second)
AP =m v —m)(—v =2v)=2m,v!N + 2m,v,

13
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V>

Very skinny
Energy ellipse
for mi>>m;

Double-Bang Sequences V)
Jfor mj =>=>mjy axis V(4)
(a) After 2 Bangs (b) After 4 Bangs f A A
Increase
by
r2 / =2v]
axis V(2) A V(Z)
,|Increase / . )
/ 1 / / L Unit 1
v =2 / .
.// V] / .// Flg. 6.2
/ /
7 V| axis d V| axis
(1) V(1)
Start-at Start-at
(tvp-vp \ (tvpvp
_ \v(s)
AP e lower ‘Vz‘ longer At
L
— ‘ FIN‘—‘ 2N‘+‘2v1‘ for: m, >>m,
Y seconds
AP& — At:_ per Bang V2 —_V2 _2V1
22
F = £ N 1 v,
AP =m,v) —m,vy' =
Aq 2V2 i 2 2 Ar 12
tum per Bang) (Bangs'per Second)

Force F on m; = (Momentum per sec.) = (Momen

. L ~ L

Assuming slow m, :

V<V,

14
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V> Double-Bang Sequences V5
Jfor mj =>=>mjy axis V(4)
(a) After 2 Bangs (b) After 4 Bangs f A A
Increase
by
VZ_ / =~2v]
axis V(2) A V(Z)
Very skinny \Increase / .
Energy ellipse / ot by / / T Unlt 1
or mi>>m; / =2 % .
! v i / v Flg 6.2
/ I
i V4| axis /7 V| axis
"/ (1)
’ )_V] \D.S’Xrga} ) \DSZF tat
+vp=vp) \ (tvi=vp
_ \V(:’))
vy
AP < lower ‘vz‘ longer At
FIN
L
2 — ‘ FIN‘—‘ ZN‘-I-‘ZVI‘ for: m, >> m,
A _ Y seconds
AP@ — 1= V_ per Bang V2 = —V2 — 2V1
—
AP |
F=" AP — 0 _ v
Aq = m2v2 i m2V2 Ar 12V
Force F on m; = (Momentum per sec.) = (Moment m per Bang)-(Bangs'per second)
. . ~ L
AP =m,v, — m2|(—v2 —2v)=2m,v," +2m,v, =2m,v,
AP 1 Vv, | _m v :
F=—2= (AP ~ 2m2v2)- - — Assuming slow m, : v, < v,
At At 2Y Y
15
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AP 1 ’
F:—:(Apzzmzvz).( ~ szzmzv2
At At 2Y Y

2
ID-Isothermal Force Law (assume V., is constant for all Y): |F = myv, _ const.

Y Y

Isothermal expansion or contraction:  Wall serves as thermal bath to keep m 5 cool

(a) Uncompressed (b) Compressed

(Large Y-space) (Small Y-space) Low energy
“Still Cool

@l -

Low energy

~— V5 small & |/, still smal
Small' momentum transfer Bigger momentum transfer
@—"Low pressure @—Higher pressure”
y] =H-Y ! Y . Y

>

...due to reduced Y only
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Force “field” or “pressure” due to many small bounces ¢

Force defined as momentum transfer rate
The 1D-Isothermal force field F(y)=const./y and the 1D-Adiabatic force field F(y)=const./y’

Friday, December 21, 2012
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= AP (AP 2m2v2) (Alt V, j m2V2

Ar 2Y Y
2
ID-Isothermal Force Law (assume V., is constant for all Y): |F = MV, _ CONSt.
Y Y
. g . . . ) . dyl dY
However, if ceiling 1s elastic, v, isn’t constant if m; changes bounce range Y. ——=v; =——

dt dt

When m; collides with m; it adds twice its velocity (2v;) to v2. This occurs at “bang-rate” B=v>/2Y .

d dY
T2y B=2v =272
dt 2Y dt 2Y
Wall not given time to give or take KE
(a) Uncompressed (b) Compressed

(Large Y-space) (Small Y-space)  High energy

Low energy
((HOt €€

“Cool

ey, - o 5 "4
| ~&— /) small :‘ V5 large
Small' momentum transfer Big :mome.ntum transfe
_ILY <—“LOW pressure “ ﬁ “ngh pressure B
! > < Y <«
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= AP (AP 2m2v2) (Alt V, j m2V2

At 2Y Y
2
ID-Isothermal Force Law (assume V., is constant for all Y): |F = m,v, _ const.
Y Y

However, if ceiling 1s elastic, v, isn’t constant if m; changes bounce range Y- o =y = 5
When m; collides with m; it adds twice its velocity (2v;) to v2. This occurs at “bang-rate” B=v>/2Y .

d dY

T2y B=2v =272
dt 2Y dt 2Y

: : : : . d
Differential equation results and has logarithmic integral. J:x =Inx+C=log,x+log,e" =log, (e x)

dv dy . const. const.
—2 =_—— integrates to: Inv,=—InY+C or: Inv,=1In or: Vv, =

Vy Y Y Y

Wall not given time to give or take KE

(a) Uncompressed (b) Compressed
(Large Y-space) Low energy (Small Y-space) High energy

“Cool “ HO___t

~&— /) small V5 large

Small' momentum transfer Big :mome.ntum transfe
_HLY <@—"Low pressure” <_|- “High pressure”
! > < Y <«
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ID-Isothermal Force Law (assume V., is constant for all Y): |F =

F =

AP
At

m2v2

=(AP =2m,v,)- (Alt

v, j
2Y Y

>
m,v,

const.

Y

Y

However, if ceiling 1s elastic, v, isn’t constant if m; changes bounce range Y- =

dt

When m; collides with m; 1t adds twice its velocity (2v;) to v2. This occurs at “bang-rate” B=v,/2Y .

: : : : . d
Differential equation results and has logarithmic integral. J:x =Inx+C =log, x+log,e” =log,(e"x)
const.

Y

av, __4Y

%)

integrates to: Inv, =—InY +C or:

2VIB 2V1

dY V2

dt 2Y

const.

Inv, =1n

or. V2 =

Force law with this variable v> 1s called adiabatic or not-diabatic or not-gradual.

const. véNY(t =0)

m, (VéNY(f = O))2 const.

[ D-Adiabatic Force Law (assume v varies: V) = = )AF = 3 =—

Y Y Y Y
(a) Uncompressed 1 (b) Compressed [ ]
(Large Y-space) Low energy (Small Y-space) [:]igh energy

“Cool* Hot
~&— V) small V) large
Small momentum transfer Big momentum transfe

_ILy <‘— ‘Low pressure " <—f- “High pressure*

Y ) ( Y ' ( Y
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Potential field due to many small bounces

- ['xample of 1D-Adiabatic potential U(y)=const./y?
Physicist’s Definition F=-AU/Ay vs. Mathematician's Definition F=+AU/Ay
Example of 1D-Isothermal potential U(y)=const In(y)

Friday, December 21, 2012
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Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>vi) bouncing ball

const. L
the total energy £ is strictly conserved.

In adiabatic case where v, =

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

Potential energy PE(Y)=U(Y)= %mz ( CO;SZ'j

(b) Compressed

Low energy (Small Y-space) Hll;ght energy
0

(a) Uncompressed
(Large Y-space)

2

|
| V) large
Big momentum transfe
@i “High pressure
- Y

~&— |/) small

|
Small momentum transfer
<@—"Low pressure”
|

>

y;=H-Y Y
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Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>vi) bouncing ball

const. L
the total energy £ is strictly conserved.

In adiabatic case where v, =

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

2
Potential energy PE(Y)=U(Y) :%mz(co;ﬂ'j relates to Force F(Y) thru Work relations F-dY=xdU

Q?Another axiom? A: No.

(a) Uncompressed 1 (b) Compressed [ ]
(Large Y-space) Low energy (Small Y-space)  High energy
“Cool ** “Hot™
e Gl e o |
} ~— V/ small TV, large
Small momentum transfer Big }momgntum transfe
) =H-Y <‘—“L0w pressure <—f- “High pressure*
1/ > Y s Y

23
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Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>v;) bouncing ball

const. L
the total energy £ is strictly conserved.

In adiabatic case where v, =

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

2
Potential energy PE(Y)=U(Y) :%mz(co;ﬂ'j relates to Force F(Y) thru Work relations F-dY=+dU

: : d dY v’
Q?AnOther axiom? A: No. JFdY = J—p -dY = J— -dp = IV -dp = JV -d(mV)=m—+ const =
dt dt 2
(a) Uncompressed 1 (b) Compressed [ ]
(Large Y-space) Low energy (Small Y-space) [“{l'gh fnergy
“Cool Hot
Gl 2
3 ~&— |/) small : Vy large
Small momentum transfer Big momentum transfe
Y <‘—“L0w pressure @i “Figh pressure
Y - ) ( Y ( Y

24
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Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>v;) bouncing ball

const. L
the total energy £ is strictly conserved.

In adiabatic case where v, =

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

2
Potential energy PE(Y)=U(Y) :%mz(w;”'j relates to Force F(Y) thru Work relations F-dY=+dU

: : d dY V
Q?Another axiom? A: No. JF'dY - J_p.dy _ J—‘dp _ jv.dp _ JV-d(mV)z M+ const —
dt dt 2
dY d d(mV dmv?)/2 d
or else : B Py ( )-V: ( ) =
dt dt dt dt dt
(a) Uncompressed 1 (b) Compressed [ ]
(Large Y-space) Low energy (Small Y-space)  High energy
“Cool “Hot"
. |
3 ~&— |/) small : Vy large
Small momentum transfer Big momentum transfe
_iLy <‘—“L0w pressure @i “Figh pressure
Y - ) ( Y ( Y
25
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Potential field due to many small bounces

Example of 1D-Adiabatic potential U(y)=const./y?
=) Physicist’s Definition F=-AU/Ay vs. Mathematician's Definition F=+AU/Ay
Example of 1D-Isothermal potential U(y)=const In(y)

Friday, December 21, 2012
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Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>v;) bouncing ball

Cconst.

In adiabatic case where v, =

I 1 1 1 const s
CO"St':EZEml"lZJ“Emz"%:5m1v12+5m2( ” j

the total energy £ is strictly conserved.

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

const.

Potential energy PE(Y)=U( Y):%mz( i j relates to Force F(Y) thru Work relations F-dY=+dU

The “Physicist” View of Force The “Mathematician” View of Force
U(Y) U(y)
FM™(Y)=-—

AT o

UphyS (Y) — _Jthys dY

Fmath (Y) — + d_U
dY

UY)=+|F" ay

Y Y
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Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>v;) bouncing ball

Cconst.

In adiabatic case where v, =

I 1 1 1 const s
CO"St':EZEml"lZJ“Emz"%:5m1v12+5m2( ” j

the total energy £ is strictly conserved.

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

const.

Potential energy PE(Y)=U( Y):%mz( i j relates to Force F(Y) thru Work relations F-dY=+dU

The “Physicist” View of Force The “Mathematician” View of Force
U(Y) U(y)
FM™(Y)=-—

AT o

Uphys (Y) — _Jthys dY

Fmath (Y) — + d_U
dY

UY)=+|F" ay

Y
g (OK, But, does it work?)
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Big mass-m; ball feeling “potential-field” or “gradient”
due to small (m2 << mj) rapidly (v>>>v;) bouncing ball

Cconst.

In adiabatic case where v, =

I 1 1 1 const s
CO"St':EZEml"lZJ“Emz"%:5m1v12+5m2( ” j

the total energy £ is strictly conserved.

Define for big mass m;: Kinetic energy |KE(vi)|vs| Potential energy PE(Y)=U(Y)

const.

Potential energy PE(Y)=U( Y):%mz( i j relates to Force F(Y) thru Work relations F-dY=+dU

The “Physicist” View of Force The “Mathematician” View of Force
U(Y) U(y)
FM™(Y)=-—

AT o

UphyS (Y) — _Jthys dY

Fmath (Y) — + d_U
dY

UY)=+|F" ay

Y | Y
(OK, But, does it work?)
2 2 2
thys =m, (CO;i‘t-) consistent thys _ _i_l;:_;iyémz ( CO;Sf.) —m, (CO;it.)
with :
(Hurrah!)
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Potential field due to many small bounces
Example of 1D-Adiabatic potential U(y)=const./y?
Physicist’s Definition F=-AU/Ay vs. Mathematician's Definition F=+AU/Ay
- [xample of 1D-Isothermal potential U(y)=const In(y)

Friday, December 21, 2012
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2
1D-Isothermal Force Law (assume v is constant for all Y): |F = nm,v, _ const.

Y Y
2
hys m 2V2 AU . : 2
F7 = T — 'E implies : U=—m2v2 hl(Y)
1 (a) Off center x>0: Negative ‘:estoring force d Force |Potential
Ftotal Utotal
Hot ’
“Low pressure* “High pressure .
. B ! Unit 1
+ ! Y- .
o - e — Fig. 6.2
Y Y \iFtotal(x)
1 (b) Equilibrium x=0.: Balanced d
Medzum edlum
— QBB |
Medlum pressure Medlum pressure x F0 Anha.r monic
oscillator
& . terms...
Harmonic
Two opposing 1D-Isothermal Force fields OS(ljlllam’”
erm

F = fo_J =f[1—x+x2—x3...]—f[1+x+x2+x3...]:—2f-x—2f-x3—...

I+x 1—x
HO 1 k
HO _ _ oy = — U [JHO = Z | x? = —jFHO dx HO Xfrequency: @ = |— =27V
0x 2 m,
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m3 = 0.1 kg
m2= 350Kkg
ml = 0.1 kg

2

s V3= 208 mis
0156 m/s
186 m's

rrryry. .

N

&3

i

- E=39580595. . il
G deltaT= 0010 o0 ooioiy

55

\\\\\

s T L H
- . W - s s® o ol . . - N o - .
Lo . 8y 8 N w L et .
- ., " . - L N . .

LY . L4 . " . . .
. - . " . N - N l .- H
. RN - “ v . '
. '
. e - H

] -

I . L 4 [
' '

Unit 1
Fig. 6.3

Simulation of

the adiabatic case

See Homework problem 1.6.1: Compute frequency and/or period for both isoT and adiabatic cases
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“Monster Mash classical segue to Heisenberg action relations

_)Example of very very large M ball-walls crushing a poor little m>
How m; keeps its action
An interesting wave analogy: The “Tiny-Big-Bang’ [Harter, J. Mol. Spec. 210, 166-182 (2001)],[Harter, Li IMSS (2012)]

A lesson in geometry of fractions: Ford Circles and Farey Sums
[Lester. R. Ford, Am. Math. Monthly 45,586(1938)] [John Farey, Phil. Mag.(1816)]

Friday, December 21, 2012
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(a) Big ball moves in and traps small ball between it and The Wall

Time

Space —>»
Q
| vo=0 The Wall
N~
Y
vy=2

(b) Trajectory geometry exposed

v

The Classical
“Monster Mash”

Classical introduction to

Heisenberg “Uncertainty” Relations

_ const.
V2 = —Y

1s analogous to: Ax-Ap=N-h

or: Y -v,=const.

Space —>»
Time Unit 1
¢ S Fig. 6.4
i /]
(a) Big space // \\ Vy2 (b) Decreas‘ing space || _\\ Vy2 (c) Small space ﬁ
Low speed || Increasing speed {1 High speed
2 AN V. Y = const. /
Bal’lg (1)12 / N 1 y // ~
— \‘.-'\_Y — Hr=—7)  Bawas -—_ Y
I I T — - 1 — - ——
= ' —— \\ ~ +1
N s ang (n
-/ » \\ // Bang (2),, <7 —» IE '/ , «r //3 g (ntl)y
07777 4/;27‘\\ // Oi—wﬁ/ﬁl W Ve L :ﬁ
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Double “Monster Mash’”

V=0

p—

Unit 1
Fig. 6.5

See Homework problem 1.6.2: Construct related spacetime case

270 vy I
Vy=- vo=+1

VI +1 V2 2

7 R \\ \1/')/ 3
™ \_\\'""’I e % \ ==.

1 — =3 72 \\\\

Eigggg » __":i ) ;%i:>< HE

/

/

/
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(a) (b)

. VIIN=yINLD Y, >
+vV N/ /
\ -/
V=1 V=l Vsl
Unit 1 i
. 0,
Flg. 6.6 +5 V=1 V=1 B V=1 B, V=1 B,
and 4
- 3
Fig. 6.7 12 (¢c) 4 A, A,
+1
0 v,
Y /
2
B’ B, B,

(a) Galilean shift by V=1
0

(b) /) The Wall

Nrha
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“Monster Mash classical segue to Heisenberg action relations

Example of very very large M| ball-walls crushing a poor little m>
How m; keeps its action
N 471 interesting wave analogy: The “Tiny-Big-Bang” [Harter J. Mol. Spec. 210, 166-182 (2001)].[Harter; Li IMSS (2012))

A lesson in geometry of fractions: Ford Circles and Farey Sums
[Lester. R. Ford, Am. Math. Monthly 45,586(1938)] [John Farey, Phil. Mag.(1816)]
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TlIIl@ [ (umts of fundamental period T)
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1/1 “1/2~1/2 _|_n'/2
A 0 "
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Coordinate ¢ (umts of 27t)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Time Z- """""" ]'/d& " '*']3/61] n./d, path slope is 1/d
. - —1/2/d,
R .
(n,+1)/d, .
n,/d;—
(n2—1)/d2 n/d, path slope is-1/d, o
____________________ n,/d, and n,/d, path
: 3/d, fractions
. numerator/denominator
2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢
-2 -14 0 14 12 (ynits of 2m)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

, 1/1
Time ¢

(units of Ty) -
(n,+1)/d,

(n,-1)/d,

14/d,
13/ d] nZ/dZ path slope is ]/d2
-1
12/d, % = 1/d,
e —
In2/d2 El/dl -t
n/d——12-¢ — ~ld,

n ]/d ; path slope is -1/d ;

n,/d, and n,/d, path . n,/d, and n./d, path
intersection point 3/d, | intersection time
_dmynd, | . ¢ = n;+n,
® d] I d2 2/d, 2/d, | Y d] n d2
(Ford-Cross) 1/d, 1/d, (Farey-Sum)
0/] | Coordinate ¢
-2 -1/4 0 14 12 (units of 27)
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“Monster Mash classical segue to Heisenberg action relations

Example of very very large M| ball-walls crushing a poor little m>
How m; keeps its action

An interesting wave analogy: The “Tiny-Big-Bang’ [Harter, J. Mol. Spec. 210, 166-182 (2001)],[Harter, Li IMSS (2012)]
= 4 [esson in geometry of fractions: Ford Circles and Farey Sums

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)] [John Farey, Phil. Mag.(1816)]
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Unit Real Interval % Farey Sum

"N\
&
— S

RS T U 2N ST ST S SR ST S L S L
R related to
ol ¥ vector sum
= 18
3 and
=g Ford Circles
gé B 1/1-circle has
S Sl i diameter /
S
S o
T~ 2l 12
S
Q -1
N -
SE=
Qo
'q:_
= 8
g
= 6
=] 4
3
=P
VOZ(O,I)_ .
AR R oy Numerator Axis N
-3 -2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19
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Unit Real Interval
S0P P7 P8 PO

— O

1
1
1.0

(b)

T L N L

|

-?\
|

19

18

17

16

14

13

12

11

Denominator Axis D

|1||p'|2||p'%||p'fl||p'§|||O'?—||p'|7|||0'|8|||0

=3
v,=(0,1)
=

Numerator Axis N

30020 -1 1 2 3 4 6 7 8 9 I 12 13 14 16 17 18 19

Farey Sum
related to
vector sum

and
Ford Circles

1/1-circle has
diameter /

1/2-circle has
diameter 1/2?=1/4
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(¢)

— 1O

% Unit Real Interval

1
1
_L-J'llli _LIP'F_LJP'%_LIP' Ip'ﬂ-iJHO']S_LIP'?_LIP'7LJP'§lIP'?l L

19

Denominator Axis D \‘
| ||0'|2| | IO%| | pf“ | p§| | p|6| | |0|7| | |0|8| | |09| |

=V Numerator Axis N

30020 -1 0 1 2 3 4 5 6 7 8 9 w1 12 13 14 15 16 17 18 19 20

Farey Sum
related to
vector sum

and
Ford Circles

1/2-circle has
diameter 1/2?=1/4

1/3-circles have
diameter 1/3°=1/9
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(d) % 3 % Unit'Real Interval %
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Farey Sum
related to
vector sum

and
Ford Circles

1/2-circle has
diameter 1/2?=1/4

1/3-circles have
diameter 1/3°=1/9

n/d-circles have
diameter 1/d?
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(d) % L 1, EY- R % Unit'Real Interval % Farey Sum
18761152 417 5 1 5 74
Y Y 9 Y
FEL EEE I'JW, il . ! J s, . pe . p7, . P8, P2 Jio related to
RE vector sum
=l and
Q — 17 .
-5 Ford Circles
S
X
N o
= ) 1/2-circle has
g o diameter 1/2?=1/4
X2
S N
. 1/3-circles have
V= 3 4 :
QN 5 5 diameter 1/32=1/9
5
<+ 6
= 4 5 6
- 707 7 .
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=i 8 8 diameter 1/d?
z
i See Homework
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v,=(0,1) Construct related
= . ti
v Numerator Axis N PPACEIe cane
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(Quantim, computer’ simulation
hat makes an &-ly deep "3D-Magic-Eye’/pictiwe
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Geometric “Integration” (Converting Velocity data to Spacetime)

7
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Potential Energy g)eometry of Superballs and Related things
(a)

i \/x(ZR—x)) (z V2Rx for: x<< R)
\ — \/:'"Sagittalf" Theorem due to Thales' geometry

“Fx)=? - f bow’
Unit 1 . |
Fig. 7.1 If superball was a balloon its bounce force law would be linear F'=-k-x @ooke Law

: (Pressure)
(modified)

balloon(‘x) = P-A = P'ﬂ:rz ~ 2mPRx

Instead superball force law depends on bulk modulus and is non-linear F~ x?° +? power Law?)

RnX* (for:X <<R)

4

3
Volume(X) = jéfnrz dx = Jo mx(2R—x)dx = Jo 2 R1tx dx — Jo e dx = RX? — nX = .
3 3R (for: X =2R)

It also depends on velocity x:%, Adiabatic differs from Isothermal as shown by “Project-Ball*”

* Am. J. Phys. 39, 656 (1971)
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( a ) Drop height

(Zero kinetic energy)
2.5

|

Force is
weight mg

( b) Maximum kinetic energy

(Zero total force)
- 25
Unitl [ 2
Flg’ 1.2 F 1.5 Floor force
balances
weight mg

¥

—

2.5

*f?enetmtion Xstatic X

( C ) Maximum penetration

(Zerp kinetic energy again)

Force is
maximu

-2

~ Total potential
" energy curve
U(x) +mgl.

Equilibrium
pénetration

" Xstatic

&

Total potential

energy curve
U(x) +mgY

Total energy E

fRoZrce isi | Kinetic
(7, \zero ., | energy

Maximum

Y1

Force i penetration
maximu Xmax B
Total energy E
:’.‘\ Maximum
=03 L
| w1 Korce . . . !
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(a) 30 11 (c) 30
(Force=30) X (Distance=1) (Force=6) X (Distance=)5)
Force 01 Force 20
F(x) . cancels F(x) _ cancels
(Units (Units
of Mg [10 (Force=-1) X (Distance=30) of Mg ¥ (Force=-1) x (Distance=30)
Newtons) / Newtons)
-]-;in 10m 20 m 30 m Sm 10m 20 m 30 m
ey ‘A}ea:_ 30 Constant Force ‘A\m:_ 30 Unit 1
Linear Potential Area=+30 .
Vodels: Fig. 7.3
(b) 30 A L oaeLs. (d) 30 ek
Potential ) loplej F)=k,  potential o Oe Oéum
U(x) 0 Gentle U(X) =-kx Ux) 1 Gentle
(Units slope (Units 20 slope
of MgY Potential of MgY Patential
Joules) 10 Jump =-30 Joules) 10 Jump =-30
Potential v Potential '
Jump =+30 10m  20m  30m Jump =+30 10m  20m  30m
. dU(x)
Work =W = [ F(x)dx = Energy acquired = Area of F(x)=-U(x) F(x)=- y
X
. dP(1)
Impulse= P = JF (1) dt = Momentum acquired = Area of F(t)= P(?) F()= r
5

Friday, December 21, 2012 53



(a)Force F(Y) Units Mg (N)

30
Strnongly
ingreasing 120
Farce
fo)=-16y -1
| 10
| Gentle Constant
| ) Gravit|Force | Y
I )
| 10m  20m  30m
|
y=-1 y=l y=2 y=3
|

(b)j?otentia"l U(Y)Units of MgIY (J)

30{ u=s
u@)=8f ty| !
20 u="=2 uy)=y
! Gentle
Rapidly f constant slope
growing \10] y=1 (Puye gravity)
slape [
/ Y
10m  20m  30m
=1 vl y=2 =3

y:

y:

(c)Force F(Y) Units Mg (N)

30
20
Gently
ITICTeusIing 70
Forep f(y)=-2y-1 Gentle|Constant
| T Gravity Force
: 10m | 10m 20m  30m
-3 y=2 oyl y#l  y=2 y=3
(d)Pot&'ntial U(Y)Units of MgY (J) |
" 30| u=3 /
u(y)=\F +y : /
! /
v 20 |u=2 1(y)=y
| / Gentle
. / constant slope
Growing A0 u=1/ (Pure gravity)
slope | p/
l Y
-3 y2 oy y=l  y=2 =3

(e) Geometry of Linear Force with Constant Mg and Quadratic Potential

U(Y)=(1/2)kY?+Mg Y

u=3 /

u()= (1/4)y° +y /
u=2 /’

)= -(1/2)y -1 ;o Su)=y
u=1 | / :
Vo= M | /
y=-5 y_éw-d y 2 y=-d y y=2  y=p
Ued.t,:=-(Mg)* /2k
shift~ -(Mg) S

FTotal — parav Ftarget _

UTotal — sy 4 Utarget _ )

Unit 1
Fig. 7.4
-mg (y20)
—Mg—ky(y<0)
ngy (yzO)
ng+5ky2 (y<0)
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Force F(x)
and

Potential U(x)
for soft heavy

non-linear
superball

Unit 1
Fig. 7.5

total (y) Mg_|_ Fball y)

Total Energy

\

F areas
cancel

ymax

y static

y static

Utoml(ymax j‘ Ftoml(y ) dy _|_j' Ftatal(y) dy ‘|‘U(h)

y=h

Uh) =E

[ Jfotal (v)=-Mgx+ [ jball ()
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RumpCof
Project Ball
2—-Bang Model

@_* Finite

——3 1nitial

%ﬁ Coy

n .. VZ 2 5 gmf ars @W/@

: 2 ... Vi=0.> g}é&ﬂ “Clastic DBownee

:_ Q@Za?/ %&6 % gm%lf/ﬂn [
1

5
E%&lgﬁg

© 0 -covrirasss

), =0.6/730277

Unit 1
Fig. 7.6
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Quartic |F (y)=y* %mRumpany%i Vo= 103
V=

Shpewrr Trvee Tt Velucity 2 0,996
/ gmw/alw//?/ :_

Quadratic F(y)=y2

/
Y
Linear 7
Force Fly)=y
- %M@ZM@(M[A %&/wg’
\ Y [ 5 geyzw)we
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(a) Quartic Force
F(y) =ky*

Initial Velocities
3= -1 mis

= -1 miz

Final Velocities
Wiz 34l mi:

Va= 0701 mis

(=]

¥l= 02953 mis

mz= 10kg
mz2 = 30kg
ml= 100 kg

Final Velocities
262 mis

0538 mis
007 mi's

0.54,3.62) _
’ )mS : -1 mi=s

-1 mfs
ang(2)};
END (0y7,2.1)
\

Bang(3) )
Vup H@%&% §m’tial Velocities

o 100
30 START

% Bang(2) ;5

(c) Linear Force mZ= 10kg

Foy)=ky mZ = 30kg Vaz -1 mis
ml= 100 kg

Final Velocities
Ta= 142 mis

E‘E: 1.32 mi=
Wi= 081 m's
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(a) Quartic Force
F(y) = ky*

2

Initial Velocities

: (2,

) - 2 Final Velocities
m3= 10kg - Wiz -l mis Ti- 341 mis
me = 30 kg = -1 mis ~ V2= 0.701 mis
ml= 100 kg va W= 0298 m(s

3

12

z o ® ®
o ®

1 e ® ° ¢

PS [}

[ 1
e

-1 mi=
-1 mi=

V Ban (3)23
Kl H@%Y.M,iﬂ)mg |

ang(2)f;
END (07,2.1)
\

(c) Linear Force
Fy)=ky

mil= 100 kg

G538 mi's
077 misz

Final Velocities
° o 1{3: 1428 m's

W= 0.1 mis

Unit 1
Fig. 8.1b
Independent Bang Model
(IBM)
3-Body Geometry

ve= 182 ate ,
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’\
S
5

Bang(4) 34
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©e -
//

bLao/?)nn
S\ /u/(

/ )
| )} -
/ COVES S il \

AR
LU L L
L s &

B 8(1)0[

(d) Single © \%& /
pop-up s (1,0)

o .
:_, / . e
o// Barfga);;o\ \v

(c) Bouncing ('1’”)\ -
column i
Q 000099
* +o OQW O

*& 809 ¢8988

/‘ "

ang/

/‘/‘

Unit 1
Fig. 8.1a-b
4-Body IBM Geometry
Fig. 8.1c-d
4-Equal-Body Geometry

4-Equal-Body
“Shockwave” or pulse wave
Dynamics

Opposite of continuous wave dynamics
introduced in Unit 2
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Unit 1
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Unit 1

Fig. 8.5
Pile-up:
One 60mph car
hits
five standing cars

Fig. 8.6
Pile-up:
Five 60mph cars
hit
one standing cars
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Fig. 8.5
Pile-up:
One 60mph car
hits
five standing cars

Fig. 8.6
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Five 60mph cars
hit
one standing cars

Fig. 8.7
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hit
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dM
By calculus: M-AV=-veAM or: dV =-v,~ - Integrate: J“//IZN vV ==v,[y Velp, W

The Rocket Equation: Vppy—Vin=—V [ln M py—InM IN] |:lnMF,N }
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(a) Draw my:m ; box

in 1st quadrant \/ q / into 2nd quadmnt\ \ box

Vs

(b) Using m, arc Q
copy my:m ; box

Draw extended

A . |4 )i 7 V]
(c) Locate m 2\ JSTART m 2\ ySTART
center of N
extended box v
and draw arc 2
from its t \/Wl )i \/m /
to top of mj /
m 2/ m 2/
pd m2 ///

Mo box. \
This locdtes \K{
m 2.'\/m  slope.

//to \/mZ.'\/m] line
aCoM IS give COM-ellipse radii “~_

4
4
7/

__/(d) Projections from vcOM

aCOM gnd HCOM .

1~ 1
COM
5

COM-ellipse

(e) Projections from VSTART
to \/m2:\/m] line

give START-ellipse radii

) START
aSTART gnd HSTART a
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