Lagrangian and Hamiltonian dynamics:
Living with duality in GCC cells and vectors,

(Ch. 12 of Unit 1)

1. GCC Cells and base vectors.: Covariant E, vs. Contravariant E™
Polar coordinate examples

2. Metric quadratic forms and tensors: Covariant gm, vs. Invariant 8," vs. Contravariant g""
Polar coordinate examples

3. Lagrange prefers Covariant gm, with Contravariant velocity q"
Polar coordinate examples
How to finesse centrifugal and Coriolis “‘forces”
Lecture 16 ends here
4. Hamilton prefers Contravariant g™ with Covariant momentum pm
Deriving Hamilton s equations
How to finesse centrifugal and Coriolis energy and other things like phase space.
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A dual set of quasi-unit vectors show up in Jacobian J and Kajobian K.

J-Columns are covariant vectors{E,=E, E,=E}

ox!

K-Rows are contravariant vectors {E'=E E’=E’}

ox ox o g—in r_ ol
<J>: aql 8q2 ) g—cosq) E)q)_ rsin ¢ <K>:<J_1>: ax—cosq) ay_s ¢ |« E =E
2 Oxl dy . dy dp —sing Jd¢ cos¢
321 3;62 g—smq) a¢—rcos¢ - -, — E? = E2
TE, TE, TE, TE,
Inverse polar definition:
Derived from polar definition: x=r cos ¢ and y=r sin @ r’=x*ty? and ¢ =atan2(y,x)
(2) Polar coordinate bases (b) Covariant bases {E, E,}
| (1angent) dr=E1dq1 +E2dq2
(AN
s
=7 "/ “ A =10 E:1
>< - =K, (C) Contravariant bases {E' E?}
' ' A (Normal)
\"' "I A F A\ F=fE+F R
{
N
1 Fig. 12.10
=100
C q
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0 . 3"
geometric unit

Covariant bases {E, E,} match,cell walls

(Tangent) Ar :ElAql ‘|‘E2Aq2 is based on chain rule: dr :aa—qu dq'1+aa—qr2 dq2 :Eldql'l'Equz

Comparison: Covariant E,=
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geometric unit

Covariant bases {E, E,} match,cell walls

(Tangent) Ar :ElAql ‘|‘E2Aq2 is based on chain rule: dr :aa—qu a’q'1+aa—qr2 dq2 :Eldql'l'Equz

Comparison: Covariant E,=

E; follows tangent to g°=const. ...
since only gq! varies in P
while ¢°, ¢°,... remain constant
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0 . 3"
geometric unit

Covariant bases {E, E,} match,cell walls

(Tangent) Ar :ElAql ‘|‘E2Aq2 is based on chain rule: dr :aa—qu a’q'1+aa—qr2 dq’ :Eldq1+E2dq2

Comparison: Covariant E,=

E; follows tangent to g°=const. ...
since only gq! varies in P
while ¢°, ¢°,... remain constant

E, are convenient bases for extensive quantities like distance and velocity.

V=VE +VE,=v' 11290
dq dq
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0 . 3"
geometric unit

Covariant bases {E, E,} match,cell walls

(Tangent) Ar :ElAql ‘|‘E2Aq2 is based on chain rule: dr :aa—qu a’q'1+aa—qr2 dq’ :Eldq1+E2dq2

Comparison: Covariant E,=

E; follows tangent to g°=const. ...
since only gq! varies in P
while ¢°, ¢°,... remain constant

E, are convenient bases for extensive quantities like distance and velocity.

or or
V= VlE1 + V2E2 = Vla_ql + Vza—q2
Contravariant {E' E?} match reciprocal cells
(Normal)
aqz 2
—Vq* =F2
it i U

. . dq'

E’ is normal to q'=const. since E)j]c
gradient of q'is vector sum Vq' = i
of all its partial derivatives aq
y
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0 . 3"
geometric unit

Covariant bases {E, E,} match,cell walls

(Tangent) Ar :ElAql ‘|‘E2Aq2 is based on chain rule: dr :aa—qu a’q'1+aa—qr2 dq’ :Eldq1+E2dq2

Comparison: Covariant E,=

E; follows tangent to g°=const. ...
since only gq! varies in

while q2, remain constant
E, are convenient bases for extensive quantities like distance and velocity.
V=V'E,+VE,=v' 2L 429
dq g
Contravariant {E' E?} match reciprocal cells
(Normal)
2 — 1 2
or A [
Rl I 0 ole : dq'
_v, is normal to q'=const. since o
gradient of q'is vector sum Vq' = i
. . . . q
=200 of all its partial derivatives 3

E" are convenient bases for intensive quantities like force and momentum.

a 1 a 2
F:F1E1+FZE2:ﬁ;aiﬂgai:lﬂvqlﬂquz
r r
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or : g’
Comparison: Covariant ®=755 vs. Contravariant ¥=5-=vq
geometric unit
Covariant bases {E E,} matchAcell walls
(Tangent) Ar= ElAq ‘|‘E2Aq is based on chain rule: dr —idq +— or dg’=E.dq'+E,dq’

dq' g

E; follows tangent to q°=const.
since only q varies in ; :
while ¢°, ¢°,... remain constant

E, are convenient bases for extensive quantities like distance and velocity. Co-Contra dot
V=VE +VE,=v 2 29 products E,-E" are
dg'  Iq°
: orthonormal!
Contravariant {E' E?} match reciprocal cells 8 3’
(Normal) E =T %4 _5"
r \
_y, E! is normal to q'=const. since gq
gradient of q'is vector sum Vq' = axl
. . . . q
72=200 of all its partial derivatives 5

E" are convenient bases for intensive quantities like force and momentum.

aql aqz 1 2
—+Fz¥:FNCI +EVq

F=FE'+FE =F
or

Monday, February 27, 2012



2. Metric quadratic forms and tensors:
Covariant gmn vs. Invariant s,," vs. Contravariant g"”
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Covariant gmn  VS.

E O - or . or

Egmn

Covariant
metric tensor

Emn

Invariant 8,"  vs.

E .E'= or_dg =5"
dq" oJr
Invariant

Kroneker unit tensor

-

1 ifm=n
" 0 ifm#n

Contravariant g™

Jdq" dq" _ .,

E"E"= =
Jr or o

Contravariant
metric tensor

gmn
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Covariant gmn

E O - or ’ or

Egmn

Covariant

metric tensor
Emn

Polar coordinate examples (again):

VS.

—rsing

o O o _ cos ¢ &
(/)= dg' 9g” | |or op
2 2
ox“ Ox a_y:sin¢ a—yzrcosgzb
aql 8q2 or L)
TE, TE,  TE, TE,

Invariant 8,"  vs.
E .E'= or_dg =5"
dq" oJr
Invariant

Kroneker unit tensor

-

1 ifm=n
" 0

if m#n

(K)={s7)-

Contravariant g™
dq" dq"
Em.El’l: q o q E(gl”l”ll’l
or or
Contravariant
metric tensor
gmn
or ﬁ . r_pl
g—cosqb ay—smq) < E =E
0p —sing d¢ cos¢
= = —E’ =E?
ox r dy r
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Covariant gmn,  vs. Invariant &,  vs.
or oJr or 94g"
Em.En: m. n Egmn Em.En: m. q :5:1
dg" dq dg" or
Covariant Invariant
metric tensor Kroneker unit tensor
mn (
1 ifm=n
0=+ /
0O ifm#n
Polar coordinate examples (again):
ox'  ox' ox 0 ox ino
al 82 a—:COS a—(P:—I"Sll’l )
= (K)=(77)5
dx”  Ox a—y:singb a—y=rcosgz>
aql aq2 or 8¢
TE, TE, TE, TE,
Covariant gmn Invariant &
g & | | EE E_E, 5/ &) | [ BB E.E
g 8 | | E,+E. E,-E, 5/ 8! | | EqE EqE g

i)

Lo 1)

or

0x

99 _

Contravariant g™

mn

dq" 9q"
9"99"_,

dr or

E"E"=

Contravariant
metric tensor

gmn

i=singb

dy
—sing  d¢ _cos¢

=Ccos ¢ «E =E

ox

—E? =K’
r dy r

Contravariant g""
& | [ E-E E.E
g% | E*.E" E’.E°
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3. Lagrange prefers Covariant gmn with Contravariant velocity "
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian L=KE-U is supposed to be explicit function of velocity.
L(V)=;Mvev—U = ;Mi+r—U = ;M (E, ¢")(E, ¢)-U=7M(g,,q"¢")-U=L(q)

Monday, February 27, 2012
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_ Covariant gm, metric (1-page back) [ 8w 8o ]:[ E-E E-E, ]
8or 80
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate Covariant gmn, metric (1-page back) [ 8 8rp
8or 80
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_ Covariant gm, metric (1-page back) [ 8 8 ]:[ E, -
Eor 8o

This gives polar GCC form (Actually it's an OCC or Orthogonal Curvili
L(7,0) ——M(g,,,,r + g¢¢¢ ) =U(r,0) ——M(l 7247’

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising,
p, = s =Mg r=Mr radial momentum p, has the
r usual linear M-v form
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=sMvev—U = ;Mii-U = ;M(E _¢")E ¢")-U=;M(g,¢"¢")-U=L(q)

Use polar coordinate Covariant gmn, metric (1-page back) [ 8 8rp ]

Il
7~ N
= =

This gives polar GCC form (Actually it's an OCC or Orthogonal Curvili
L(7,0) ——M(g,,,,r + g¢¢¢ ) =U(r,0) ——M(l 7247’

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_ Covariant gm, metric (1-page back) [ 8 8 ]:[ E, -
Eor 8o

This gives polar GCC form (Actually it's an OCC or Orthogonal Curvili
L(7,0) ——M(g,,,,r + g¢¢¢ ) =U(r,0) ——M(l 7247’

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.

2" [ -equation involves total time derivative pm for each momentum pm:

aL M ag¢¢ oU Y _B_U Centrifugal b =8_L 0 oU  Angular momentum pq is conserved if
o 2 or (P ar B r¢ or force Mro* 0 o) 8¢ potential U has no explicit §-dependence

b, =
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (1-page back) [ 8
g(pr

L(7,0) = M (8,,7* + 8,,0) —U(r,9) =s M (1% + r**¢*) = U (r.,9)

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.

2" [ -equation involves total time derivative pm for each momentum pm:

. _dJdL M ag¢¢ 5 dU ., U Centrifugal . 8_L —0- a_U Angular momentum py is conserved if
pr= o 2 or 0" - 3 Mro™— S force Mro* Ps l0) 0  potential U has no explicit ¢-dependence
C e : . _d d o . v : o :
Find pm directly from I’ L-equation: p, = % = M8,,q")=M8,,q"+8,,4") Equate it to P,in 2" L-equation:
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (1-page back) [ 8
g(pr

L(7,0) = M (8,,7* + 8,,0) —U(r,9) =s M (1% + r**¢*) = U (r.,9)

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.

2" [ -equation involves total time derivative pm for each momentum pm:

. _dJdL M ag¢¢ 5 dU M ré? oU Centrifugal b = a_L _ O—a—U Angular momentum py is conserved if
Pr= o 2 or ¢ _g =Mr¢ _g force Mro? * 99 dp  potential U has no explicit ¢-dependence
: . : : . d, d . L o : = :
Find pm directly from I’ L-equation: p, = % = M8,,q")=M8,,q"+8,,4") Equate it to P,in 2" L-equation:
. _dp. ..
Py = dr My Centrifugal (center-fleeing) force
U equals total
=M r(ﬁz— a— Centripetal (center-pulling) force
r
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Lagrange prefers Covariant gmn with Contravariant velocity

Lagrangian KE-U is supposed to be explicit function of velocity.
L(v)=;Mvev=U = ; Mii-U = ;M (E,¢")E, ¢")-U=;M(g,,q"q¢")-U=L(G)

Use polar coordinate_Covariant gmn metric (1-page back) [ 8
g(pr

L(7,0) = M (8,,7* + 8,,0) —U(r,9) =s M (1% + r**¢*) = U (r.,9)

GCC Lagrange equations follow. 15! L-equation is momentum pm definition for each coordinate q":

oL Nothing too surprising, I _ ~ Wow! gy gives moment-of-inertia
p, = a— =Mg r=Mr radial momentum p, has the Py = % = Mg, = Mr’¢  fuctor My? automatically for the
r usual linear M-v form 0 angular momentum py=Mr’o.

2" [ -equation involves total time derivative pm for each momentum pm:

. oL M ag¢¢ oU oU Centrifugal . _JL 0 oU  Angular momentum pq is conserved if

Py - 0 == =M == force Mro? Po=30 ™" 30 al Uh licit §-depend
or 2 oJr or or 1) ¢  potentia as no explicit 90-dependence
L. : : . _dp, d o . v : . :
Find pm directly from I’ L-equation: p, = % = M8,,q")=M8,,q"+8,,4") Equate it to P,in 2" L-equation:
dp e T l . |
y = L= M ¥ . . . ﬂ _ . , - lorque relates to two distinct parts.
br dt Centrifugal (center-fleeing) force Po="1"7= ZM’;WP-I_ Mr¢ Coriolis and angular. acceleration
equals l‘Ol‘al o ---------: ............................
=M r(bz— a—U Centripetal (center-pulling) force =0- a_U Angular momentum pgy is conserved if
ar 9P potential U has no explicit ¢-dependence
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Rewriting GCC Lagrange equations :

) =L = M¥ . . . p - lorque relates to two distinct parts.
Pr dt Centrifugal (center-fleeing) force b, = dt 2MW¢ N Mr (I) Corzolls and angular. acceleration
A equals total - s e ehiek et
=M r¢2— — Centripetal (center-pulling) force -0 - — Angular momentum py is conserved if
ar 9P potential U has no explicit O0-dependence
Conventional forms U U
radial force: Mi=Mr@°— o> angular force or torque: Mr*g =—=2Mri¢ — %
r
Field-free (U=0) o
radial acceleration: ¥ =r¢ angular acceleration: ¢ = —2—-
r
Coriolis acceleration w1th (]) >() and r<0
(1) =-27 q) /r makes & pdsitive) Eﬁect on
Inward flow|to pressre Low Northern
<0 Hemisphere
..makes\wind| turn/fo the right local weather

Y

/zﬂm

Northérn hem

0

W T

Cyclonic flow
around lows

zsphere otation

>()
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4. Hamilton prefers Contravariant g™ with Covariant momentum pm

Deriving Hamilton s Equations
How to finesse centrifugal and Coriolis energy and other things like phase space.

Monday, February 27, 2012
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Deriving Hamilton s equations

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocityq ...

Monday, February 27, 2012
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Deriving Hamilton s equations

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity g ...

dL 0L dqm+ dL dg™
dt  gg™ dt g™ dt

L(g.4.1)=

...OfCOOVdinal‘eS and velocity and time, too. (You can safely drop last chain-rule factor [1=dt/dt])

dL  JL dqm+ oL dq'm+aL dt
dt  gg™ dit  9ggm dt ot di

Monday, February 27, 2012
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Deriving Hamilton s equations

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocityq ...

dL _ oL d¢"™ 3L dg"

L(q’q’t):dt:aqm dt g™ dt

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U(t)-dial.)

dL _ 0L dg" 9L dq" L K
dt  gg™m dt  ggm dit  dt

...smaller!

NO,BIGGER!

...NO,smaller!

Monday, February 27, 2012 27



Deriving Hamilton s equations

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocityq ...

dL 0L dqm+ dL dg™
dt  gg™ dt g™ dt

L(g.4.1)=

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL 0L dg™ oL d¢" OJL
= + +

a’t_aqz1 dt aqfﬁ dt ot
_oL || _dL

. s I QUL = 208"
Recall Lagrange equations. | Pm 9" pm_aq.m X W o M

o dL v dg™ L dim oar
L(g-G:1) =7 = Pu=yr * Pm— g+,

...smaller!

NO,BIGGER!

...NO,smaller!

L(g.4.1)=
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Deriving Hamilton s equations

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocityq ...

dL 0L dqm+ dL dg™
dt  gg™ dt g™ dt

L(g.4.1)=

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL 0L dg™ oL d¢" OJL
= + +

a’t_aqz1 dt aqfﬁ dt ot
_oL || _dL

. s I QUL = 208"
Recall Lagrange equations. | Pm 9" pm_aq.m X W o M

0 dL .ldqm ldq'm oL
L(qaqat):E:me_Fpm dt +

...smaller!

NO,BIGGER!

...NO,smaller!

L(q.4.t)=

Use product rule: ot
PR _dL_ i( m) Lo
dt dt - dt dt dt pmq at
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Deriving Hamilton s equations

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocity 4 ...

dL _ oL d¢"™ 3L dg"

L(q’q’t):dt:aqm dt g™ dt

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL 0L dg™ oL d¢" OJL
+ +

dt aq! dt aqfl dt ot
Ol —

Recall Lagrange equations: | Pm= 9" Py = 2" ' ot

4L v dgm Lagm ar
L(g-q:1)= 7= Pu=yr + Pm g+,

...smaller!

NO,BIGGER!

..NO,smaller!

Use product rule:

A A _9L_ i(p q’") _dL
Ya Var dr ot «—dt """ dt
and switch the dL/dt and OL /0t to define the Hamiltonian function H(p)=pev— L(V)
d , 0. dH .
—(pmqm—L):——z— where: H=p ¢" -1
dt Jat  dt
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Deriving Hamilton s equations

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL _ oL d¢"™ 3L dg"

L(q’q’t):dt:aqm dt g™ dt

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL JL dqm+ oL dqm+aL
dt a%m dt — gg™ dt ot

...smaller!

NO,BIGGER!

...NO,smaller!

* W\ - = \Vf 7
S — aL aL - | ® | e ) @) (R ‘,’
Recall Lagrange equations: | Pm™ w Py = 2" | '.E.'_E!__! d

\

L Vv dg" L ag™ oL

-

L 1= —= e SLOxw
. (Q9q9 ) dt pm Jdr +pm i + at -
Use product rule. N
i _dL— i(p qm) —dL
dt — dr dr Ot «——dt\ """, dt
Define the Hamiltonian function H(p)=pev— L(V) (That's the old Legendre transform)
d ( -m aL dH - M dL
S\ Pm4 —L)=——=— where:H =p g — L  (Recall =—=0)
de\" " ot dt m O
Hamilton's 1" GCC equation
o,
3 q
Pm
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Deriving Hamilton s equations

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL 0L dqm+ dL dg™
dt  gg™ dt g™ dt

L(g.4.1)=

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

L( . t) . dL _ aL dqm n aL dqm n aL L ...smaller!
D)= T og™ dt  ggm di ot © YO & | Nomalert
v ¥ ~\ e ‘
| . _OL || oL " (I r
Recall Lagrange equations: | £m 9" Pm = 2" ,‘\{f! | ek d /

L+ dg™ ldqm oL m\

L(g,g,t)=—=p ——+ +
(qq) dt P dt P dt ot

Use product rule:

dv v d oL adi _dL
T e Ot «——dt (pmq ) dt
Define the Hamiltonian function H(p)=pev— L(V) (That's the old Legendre transform)
oL
d . o/, dH . (Recall: . =
—(pmqm—L):——z— where:Hzpmqm—L i
dt ot dt and:  —=0 )
q
Hamilton's I* GCC equation Hamilton s 2 GCC equation
H L
aH __-m a—:0.0_a—:_pm aH o
q g™ g™ — =Py
o 1 9 m
P dq
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Deriving Hamilton s equations

Consider total time derivative of Lagrangian L=T-U
that is explicit function of coordinates and velocilyq.

dL _ oL d¢"™ 3L dg"

L(q’q’t):dt:aqm dt g™ dt

...0f coordinates and velocity and time, too. (Imagine Mad Scientist turning U-dial.)

dL 0L dg™ oL d¢" OJL
+ +

dt aq! dt aqin dt ot
Ol —

Recall Lagrange equations: | Pm= 9" P = 2" N

4L v dgm Lagm ar
L(g-q:1)= 7= Pu=yr + Pm g+,

...smaller!

NO,BIGGER!

...NO,smaller!

Use product rule:

dv  dv_d, 9L d _dL
T e Ot «——dt (pmq ) dt
Define the Hamiltonian function H(p)=pev— L(V) (That's the old Legendre transform)
oL
d . o/, dH . (Recall: T
—(pmqm—L) ——=——| where:H=p, q" - L i
dt ot dt and:  —=0 )
q
Hamilton’s I GCC equation | §roribecei ™ 0o, Hamilton's 2"/ GCC equation
o, o
P dq
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