Analysis of 1D 2-Body Collisions

(Ch. 2 to Ch. 4 of Unit 1)

Review of elastic Kinetic Energy ellipse geometry

The X2 Superball pen launcher
Perfectly elastic “ka-bong” velocity amplification effects (Faux-Flubber)

Geometry of X2 launcher bouncing in box

Independent Bounce Model (IBM)

Geometric optimization and range-of-motion calculation(s)
Integration of (V1,V>) data to space-time plots (yi(t),t) and (y2(t),t) plots
Integration of (V1,V>) data to space-space plots (vi, y2) — Examples (Mi=7, M2=1) and (M;=49, M>=1)

Multiple collisions calculated by matrix operator products
Matrix or tensor algebra of 1-D 2-body collisions

Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KFE ellipse to circle
How this relates to Lagrangian, ['Etrangian, and Hamiltonian mechanics later on
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Review of elastic Kinetic Energy ellipse geometry
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The X-2 Pen launcher and  Superball Collision Simulator™
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(With g=0 and 70:10 mass ratio)
*Launch Generic Superball Collision Web Simulator  http.//www.uark.edu/ua/modphys/markup/BounceltWeb.html?scenario=1007
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The X-2 Pen launcher and  Superball Collision Simulator*

Caution: Product Liablility Disclaimer

This ballpoint pen could be hazardous to your health! i ,
The experiments which are the subject of this discussion are V1 =-1.000 cry/s
both spectacular and potentially dangerous, and care to V2 =-1.000 cnys
protect one’s eyes should be taken. The simplest experiment

The X‘Z involves sticking a ball point pen into a superball or other
hard rubber ball and dropping the two onto a hard floor.

ba l ZZQO l nt pen- If done correctly the pen will eject the ball with such force
it may stick in the ceiling of the room. Obviously you want
pen launCher to be careful with this weapon. And, this goes doubly and triply
for the more advanced models that may be developed in the
M — ] 0 gm course of studying this stuff. It is recommended that
2 experimenters wear safety glasses when doing these experiments

with pens. (We could just say don’t use pens, but that‘s an easy
way to do this experiment and probably the way most people
S Up er b al l will go about it.) Some of the tangential experiments associated
. with this development are less hazardous. To measure the
p en et ra t on potential force function of a ball one may simply paint the ball

Stperiall

d h and measure the spot size as a function of drop height 4.
ept . o 2
The saggital approximation d=r"/2R allows one to
r2 quickly convert spot radius 7 to penetration depth x for a

d = superball of radius R as shown in the figure. Equating this
¢ 2R to Mgh gives the ball potential energy function V(x).

*Superball Web
Collision Simulator
2 guaranteed to be
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(With g=0 and 70:10 mass ratio)
*Launch Generic Superball Collision Web Simulator  http.//www.uark.edu/ua/modphys/markup/BounceltWeb.html?scenario=1007
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(With g=0 and 70:10 mass ratio)
*Launch Generic Superball Collision Web Simulator  http://www.uark.edu/ua/modphys/markup/BounceltWeb.html
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(With g and 70:35 mass ratio)
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Geometry of X2 launcher bouncing in box
——) [11]cpendent Bounce Model (IBM)

Geometric optimization and range-of-motion calculation(t)
Integration of (V1,V>) data to space-time plots (yi(t),t) and (v2(t),t) plots
Integration of (V1,V>) data to space-space plots (yi, y2)
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Geometry of X2 launcher bouncing in box

Independent Bounce Model (IBM)

—) (Geometric optimization and range-of-motion calculation(s)
Integration of (V1,V>) data to space-time plots (yi(t),t) and (v2(t),t) plots
Integration of (V1,V>) data to space-space plots (yi, y2)
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Geometry of X2 launcher bouncing in box

Independent Bounce Model (IBM)
Geometric optimization and range-of-motion calculation(s)

— [11tegration of (Vi1,V2) data to space-time plots (yi(1),t) and (y2(1),t) plots
Integration of (V1,V>) data to space-space plots (vi, y2) Examples (Mi=7, M>=1)
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity 1{02 vs. V1 Plot Position y vs. Time t Plot

y
Vy2 Vy7=-0.5

means M P LS

somewhere
won some path of slope -0.5
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17



Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity V.
10

) Vs. Vy 7 Plot
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somewhere

Position y vs. Time t Plot

Helght %;eiling at y=7.1

y-axis |/
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity 1{02 VS. Vy] Plot Position y vs. Time t Plot
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity 1{02 VS. Vy] Plot Position y vs. Time t Plot
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) Vy=+1.0 ~ vy-lines to use
means M, is slope
I 1/1=+1 :

somewhere et Floor &t y=0 Time

on some path of slope +1.0 f-axis

];“ig. 3.—6 _
(Unit 1)
(Cl) VyZ VS. Vy] Plot ofBang—](OU (b) yvs. t, Plot ofBang-I(OU
Vo // Y
T T Height
/// v y-a.XiS Ceiling at y=7
210 -0.5 // 0.5 yl 1.0
/
s initial o stove
ARy conditions y1(0) yo(0)=3 \_];
pad ...and y2(0)
5 s YO Time
vV, @2)8/1_0,_1_0) i (V.o VE(H1.0,-1.0) Bang-19}) Floon at y=0 .
Bang-1,97) Bounces (-1,-1) to (+1,-1) | position [-axis
&4(01) : ’ - (v=0,t=1)
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity 1{02 VS. Vy] Plot Position y vs. Time t Plot
V.
y2 V,r=-0.5 . . .
yZM . Helght %f/eiling at y=7.1 UlflﬂlyOM Speley
means M, 1s y-axis T e initial conditions yo(ty) ...
somewhere 05 95/1=-0.5
won some path of slope -0.5

..you don 't know which

D Vyp=+1.0 ~ v-lines to use
means M, is slope
L 1/1=+1 -
somewhere L I Floor at y=0 lime
on some path of slope +1.0 1-axis
];“ig. 3.—6 _
(Unit 1)
(Cl) VyZ VS. Vy] Plot ofBang—](OU (b) yvs. t, Plot ofBang-I(OU
Vo Jig : Y
T T Height
7 - v y-a.XiS Ceiling at y=7
210 -0.5 // 0.5 yl 1.0
/
vas initial o stone
AR conditions y1(0) 7 A0)=3 o
pd ...and y2(0)
77 ] y,(0)=I Time
(Vyl, Vyz)a/I.O,-I.O) 70 (Vyi Vyg) =(+1.0,-1.0) Ba”g'l(Ol) . Floon at y=0 .
| position -axis

Bang—](OU Bounces (-1,-1) to (+1,-1) (y:O le)
’ |

I
.
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity 1{02 VS. Vy] Plot Position y vs. Time t Plot
V.
Z V,=-0.5 . . .
yZM . Helght %f/eiling at y=7.1 UlflﬂlyOM Speley
means M, 1s y-axis T e initial conditions yo(ty) ...
somewhere 0.5 05/1=05
won some path of slope -0.5

..you don 't know which

D Vyp=+1.0 ~ v-lines to use
means M, is slope
L 1/1=+1 :
somewhere L ' Floor at y=0 lime
on some path of slope +1.0 1-axis
Fig. 3.—6 _
(Unit 1)
(Cl) VyZ VS. Vyl Plot ofBang—](OU (b) yvs. t, Plot ofBang-I(OU
Vo Jig : Y
T T Height
7 - v y-a.XiS Ceiling at y=7
210 -0.5 // 0.5 y] 1.0
/
vas initial o stone
A conditions y1(0) 7 A0)=3 _];
// ...andyz(O)
- i Y= Time
V) G010 1o (Vyi, VA (+1.0-1.0) Bang-19;) - ¢ Flootaty=0 .
| position -axis

(v=0,t=1)" i(y=1,t=2) i

I
L 0 e ————

Bang—](OU Bounces (-1,-1) to (+1,-1)
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity 1{0 ) Vs. Vy 7 Plot
Vy2 Vy7=-0.5

means M P LS

somewhere

Position y vs. Time t Plot

Height %
] 1 slope

V-axis

J Vy1=+1.0

-1.0

won some path of slope -0.5

Ceiling at y=7.1

05 95/1=-0.5

~

means M, is slope
/" Vi T
somewhere I Floorary=0 4 1Me€
on some path of slope +1.0 1-axis
Fig. 3.—6 _
(Unit 1)
(Cl) VyZ VS. Vyl Plot ofBang—](OU (b) yvs. t, Plot ofBang-I(OU
Vo Jig : Y
T T Height
7 - y-a.XiS Ceiling at y=7
0.5 // 0.5 Vyl 1.0
/
vas initial o stone
/// 03 conditions y;(0) y,(0)=3 _1; Bang-2(12)
/ ...and yz(O) position
77 0 yi(0)=I " Time
V) G010 1o (Vyi,Vyz) ~(+1.0,-1.0) Bang-19;) ¢ Flooraty=0 o
ti | -axiLs
Bang—](OU Bounces (-1,-1) to (+1,-1) :pog/t:no’t:]) | : (y:]’t:2) :

Thursday, January 28, 16
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Geometric “Integration” (Converting Velocity data to Spacetime)

(@)
2| 32 %

1.0 /

%/
. ‘B ng-?(lz)
7
7
7
7 .5 \ 1.0
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/ i
¢ Bang-3120)
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// 1.0
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(b)

Height y

Bang-3 (20)

Ceiling at y=7

Bang-471-
+0.5 27 (12

k Bang-2(12)  Floor at y=0

Bang—](m) ]”ime t
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Geometric “Integration” (Converting Velocity data to Spacetime)

(@)

20| V2 %

1.0 /

\ Yyl
Bang-3 1> )

(b)

Bang-]m])
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k Ba”g'Z(IZ) Floor at y=0

1g-1 1)

Height y

Bang-3 (20)

Ceiling at y=7
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Time t

(c)

1.0
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7
(-IA(),—IA();)( 10

Ba Zg-l( 1)

RS S
<

D]
7
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Bang-Z(]Z)

Bang—](oj) Bang—7(01)

Bang—8(20)
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Bang—9(12)

Floor at y=0
Time t
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Geometric “Integration” (Converting Velocity data to Spacetime)

(@)

2.0

1.0

Bang-3 1> ) \

(b)

Height y

Bang-3 (20)

Bang-]m])
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1g-1 1)

Ceiling at y=7

Bang-4 (12)

+0.5 27
k Ba”g'Z(IZ) Floor at y=0

Time t

Kinetic Energy Ellipse
(c) ] 1 7 1
L KE=—MV +=-M,V; =—+—-=4
} 2 2 2 2
V.
0 y2 _ ‘/12 + V22 _ xf x;
\\ 2KE/M, 2KE/M, a a;
ang-7( 1) >
é\ \ . Ellipse radius 1 Ellipse radius 2
&}; s JKEIM,  a,=\2KEIM,
ng-2v12
B /4(]‘))\ \
Bang;i()o)\ Banfg\ﬁj‘ ) T_O/y ]
Ba g-é(/]g) \ E
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Fig. 3.7
(Unit 1)
0
(d)
y Bang-3p0)  Bang-5 20) Bang-§2¢)

Ceilinfg at y=7

Bang—9(12)
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Geometric “Integration” (Converting Velocity data to Spacetime)

(@)

2.0

1.0

(b)

Height y

Bang-3 (20)

Bang-l(OI)
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1g-1 1)

Ceiling at y=7

Bang-4 (12)

+0.5 27
k Ba”g'Z(IZ) Floor at y=0

Time t

(d)

Y

(c)

Bang—](oj)

Bang-3(20) Bang-5 20)

Bang-4(12) ang—6(12)
Bang-Z(]Z)

1.0

Start at

/

Bang-6/1p)

=10

Bang-5(]

~
//
7
(—IA(),—IA()ﬁY

Ba

Bang—7(01)

-2012)

D]

Bang—8(2())

Floor at y=0
Time t

Ceilinfg at y=7

Bang—9(12)

Kinetic Energy Ellipse
1 1 7 1
KE==MV}+=M,V; =—+—=4
2 2 2 2
_ VP N V) _ xlj N xg
2KE/M, 2KE/M, a a,
/ Ellipse radius 1 Ellipse radius 2
a,=2KE/M, | a,=.2KE/M,
= 2KE/7 =./2KE/1
Ve =487 = J8/1
=1.07 =2.83
Fig. 3.7
(Unit 1)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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m2= 1kg
ml= 7kg
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Bouncelt Superball Collision Web Simulator:
M;=70, M>=10 with Newtonian time plot

Bouncelt Superball Collision Web Simulator:
Mi1=70, M>=10 with V> vs V; plot



http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1109
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1109
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1110
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1110

Geometry of X2 launcher bouncing in box

Independent Bounce Model (IBM)

Geometric optimization and range-of-motion calculation(t)
Integration of (V1,V3) data to space-time plots (y1(t),t) and (y2(t),t) plots
ey [111€g10ION Of (V1,V2) data to space-space plots (v1, y2) Examples (Mi=7, M2=1) and (M1=49, M>=1)
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Geometric “Integration” (Converting Velocity data to Space-space trajectory)
Ellipse radius 1 Ellipse radius 2

Fig. 3.8
(Unit 1) a,=+2KE/M, a,=.2KE/M,
m =/ =2KE/1
Vezzocizy axis Step-0: At starting position y(0)=(1,3) draw initial velocity v(0)=(-1,-1) line. 2KETT
fym2 Step-1: Extend v(0) line to floor point y(0)=(0,?) and draw Bang-1;) = \J8/7 =4/8/1
velocity v(1)=(1,-1) line. (Find v(1) using V-V plot.) —1.07 =283
Step-2: Extend v(1) line to collision point y(0)=(?,?) and draw Bang—2(1 2)
velocity v(2)=(0.5,2.5). (Find v(2) using V-V plot.)
m,-Height
Y »-axis
R Ceiling aty =7 7]
yz 1 | | ! [/ ! ! [ | | |
/ 7/
// ///
2 A,
A V2
l . ’\ 07
-'I . LY 7
, A A
¥ N 7
12 °
1.0 // Q
ml I // E
Velocity axis S I
Vym] = ~
Ba”g'l(Ol)
(0) | v( 3
-1.0 1.0 /Bang-Z(]Z)
Startg at Bang-](Ol) ’

V1(0)=1,V2(0)=3)

(O) S 0No | 30 40 d0 6o
Floor at y»=0.0 m]-Helght
v(1

Y -axis
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Geometric “Integration”

m2 Velocity axis

(Converting Velocity data to Space-space trajectory)

Ellipse radius 1 Ellipse radius 2
Fig. 3.9

(Unit 1)

a,=\2KEIM, a,=.J2KE/M,

:
L)

Step-2: Extend v(2) line to ceiling point y(3)=(?,7.1) and draw Bang—3(20)

Vym2 = 2KE/] = \2KE/1
velocity v(3)=(1,-1) line. (Find v(3) using V-V plot.)
= Q Step-3: Extend v(3) line to collision point y(4)=(?,?) and draw Bang—4(]2) = ./8/7 =,/8/1
velocity v(4)=(0.5,2.5). (Find v(4) using V-V plot.) _ 983
2 Step-4: Extend v(4) line to ceiling point y(4)=(?,7.1) and draw Bang—5(20) =1.07 o
‘wi'/yf 4,\| velocity v(5)=(1,-1) line. (Find v(5) using V-V plot.)
"7 0 Step-5: Extend v(35) line to collision point y(6)=(?,?) and draw Bang—6(]2)
velocity v(6)=(0.5,2.5). (Find v(6) using V-V plot.)
ing-4 m,-He lght
& (12| A 2
L
/
/
0 /
%5/
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> .
7
7
- E( E| \ {0
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/ Velocity axis 3‘ @
7 g 0§
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K = s ) ’: Vi 220017, N
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@) SN\
1}\Z’Dmm_q 1.
// U(lllg L(IZ)
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\ % (.L)v Ii 7 . 2.0
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v(d)

O
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Floor at y»=0.0 m]-Helght
Y -axis
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y,-axis (height of m,)

Ellipse radius 1 Ellipse radius 2
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Example with masses: mi=49 and m>=1
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Geometric “Integration” (Converting Velocity data to Space-time trajectory)

Example with masses: mi=49 and m>=1

) Bang—3(%0) .i 7911]3]5 {7 19

&

S T1012

5 i L g

Fig. 4.1  Bouncelt Superball Collision Web Simulator:
(Um't ]) Mi1=49, M>=1 with Newtonian time plot

Bouncelt Superball Collision Web Simulator:
M1=49, M>=1 with V> vs Vi plot

Thursday, January 28, 16

36


http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010

Geometric “Integration” (Converting Velocity data to Space-time trajectory)

m2 Velocity axis
- oA A 1

ym2 704 8
iya ﬁx Example with masses: m;=49 and m>=1

.0

I Bang-41p)

) Bang—3(%0) .i 79]]]3]5 {7 19

&

I

I

|

I : A
| g N (1) A
| :
I

I

|

1.0 mli Valocity axis Vym]

Start at
(1.0,-1.0)

V5 1
/Du’lg-l 01)

(pBang-320)

10
Bang-1
a’:lg (0]) 1 ] I:. ] 1 ] ] | ] ]
e
5
Fig. 4.1  Bouncelt Superball Collision Web Simulator:
(Um'z‘ ]) M =49, M>=1 with Newtonian time plot
7

Bouncelt\Superball Collision Web Simulator:
M1=49, M>=1 with V> vs V1 plot

Thursday, January 28, 16


http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010

Geometric “Integration” (Converting Velocity data to Space-time trajectory)

v

m2 Velocity axis 10
N

ym2 7
12 ng

.0

J

Example with masses: mi=49 and m>=1
) Kinetic Energy Ellipse

Thursday, January 28, 16

1 1 49 1
KE=—mV +-m\V; =—+—=25
Bangd(1p) Bang-30) 5 7 9111315 17 19 2 2 2 2
’ R A A Vf V22 xf x§
T':II.T i 1 = + = > >
5 2KE/m, 2KE/m, a, a,
Bang=27y >
( )/' Ellipse radius 1 Ellipse radius 2
a,=2KEIM,  a,=.2KE/m,
- = /2KE/49 = /2KE/1
10 ml Wocity axis Vi = /50/49 = /50/1
/Dung-] 01)
Bang—3(20)
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Multiple collisions calculated by matrix operator products
e\ {11 OF [ENSOT algebra of 1-D 2-body collisions

“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product: R= C*M

Thursday, January 28, 16
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Multiple Collisions by Matrix Operator Products

FIN IN
oM _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: 5 m +m,

Thursday, January 28, 16
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Multiple Collisions by Matrix Operator Products

, . Ve v™  my +m,y
T-Symmetry & Momentum Axioms give: V™ =——"——==—""—2=
1 2

Gives vV in terms of v¥...

FIN coMm IN
v, 2V -V,

FIN | coMm N |
Vv, 2V -V,

Thursday, January 28, 16
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Multiple Collisions by Matrix Operator Products

, . Ve v™  my +m,y
T-Symmetry & Momentum Axioms give: V™ =——"——==—""—2=
1 2

Gives vV in terms of v¥...

IN IN
my," +m,v
FIN DYCOM _ | IN 211 22yl
Vi _ Vi _ m,+m,

FIN com N | N N
v, 2V v, ’ my, +m,v, N

m, +m2

Thursday, January 28, 16



Multiple Collisions by Matrix Operator Products

FIN IN
oM _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: 5 ——
1 2
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
. . N , m,v 11N +my éN o my —myv" +2m,v; m, —m, 2m, v
Vi _ 2V -V _ m, + m, ! B 2my" +myvs —myy’ ~ 2m, m, —m, vy
V§ " 2V — VéN ) myv +my, m, +m, m, +m,
moam,

Thursday, January 28, 16



Multiple Collisions by Matrix Operator Products

FIN IN
oM _ | VA V4 _ m\v, + m,v,

T-Symmetry & Momentum Axioms give:

2 m, +m,
Gives vV in terms of v/V... Finally as a matrix operation: vV =Mev",
. o m o e my —myv" +2m,v; m—-m,  2m, v
Vi B 2V -V B m, + m, N 2my" +myvs —myy’ 2m, m, —m, vy
V;TIN YoM _ véN , my™ +mv! n - m, +m, B m, +m,
m, + m, ?
uiz question about linear solution
Q q m,—m, 2m2
. . . . FIN IN
Linear formula vV =Mev’" gives just one solution e | ety my
to quadratic collision equations. v 2my  my—my vy
m, + m, m, + m,

Thursday, January 28, 16



Multiple Collisions by Matrix Operator Products

FIN IN
oM _ | VA V4 _ m\v, + m,v,

T-Symmetry & Momentum Axioms give:

2 m, +m,
Gives vV in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
v 4 oy my —myv" +2m,v; m, —m, 2m, v
FIN coM N 211 22yl N N N N
v 2V v | m, +m, ! 2myvY +m,vs —my) 2m; my—m, v,
vglN 2V — véN ) my, +m,v, N B m, +m, B m, +m,
2
m, + m,
z question about linear solution
Quiz q m, —m, 2m,

. . . . FIN IN
Linear formula vV =Mev’" gives just one solution i | mtmy mtmy
to quadratic collision equations. v 2m omymm vy

m,+m, m, +m,

Q: What 1s the second solution and to what simple process would 1t correspond?

Example with friction

Thursday, January 28, 16 45
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Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
— “Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product: R= C*M

Thursday, January 28, 16
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Multiple Collisions by Matrix Operator Products

FIN IN
oM _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give:

2 m, +m,
Gives vV in terms of v/V... Finally as a matrix operation: vV =Mev¥
myv" —my™ +2mv m, —m 2m N
FIN com I 2mlvfw +m,vy W 11 2V V2 1M, ) X
Vi _ 2V g _ m, +m, ! 2m1va + mzvéN - mlvéN 2m, m, —m, véN
vy VM —y ¥ 5 myy +my, e - m, +m, m, +m,
m, +m, ?

Matrix operations include...
Floor-bang F of m;:

S
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V 5 ——
1 2
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
. o Sy N 4y o my —myv" +2m,v; m—-m,  2m, v
Vi _ 2V -V _ m, + m, ! 2my" +myvs —myy’ ~ 2m, my, —m, vy
V§ " 2V — VéN ) my; +my, m, +m, m, +m,
moam,

Matrix operations include...
Floor-bang F of m;: Ceiling-bang € of mo:

(31 S
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
N N my" —m,v" +2m,vi m,—m 2m vt
FIN coM IN 2m1V1 +m2v2 —VIN N IN N IN i jN 1 2 2 1IN
12 B VT =y, B m, +m, ! 2my" +m,v, —myv, 2m;  m,—m, v,
V§ " 2V — VéN ) my, +my,’ W B m, +n, B m; +m,
. . _ m, +m, ?
Matrix operations include...
Floor-bang F of m;: Mass-bang M of m; and m; : Ceiling-bang C of m>:
( A
m, —m, 2m,
-1 0 m, +m m,+m 1 0
F — M _ 1 2 1 2 C —
0 1 2m,  m,—m, 0 -1
m,+m, m +m,

\
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/'V in terms of v/V... Finally as a matrix operation: vV =Mev",
m N L, my —myv" +2m,v; m—-m,  2m, v
v — 2V = — m, +m, o ~ 2mv" +myyy —my, B 2m my—m, vy
V;IN ZVCOM — V;N ) mlvllN + mzva _ N - m, +m, m, +m,
2
) . ] m, +m,
Matrix operations include...
Floor-bang F of mj: Mass-bang M of m;and m> : Ceiling-bang € of m>:
m, —m, 2m, )
—1 m +m, m +m 1
F — O M _ 1 2 1 2 C — O
0 1 2m, m, —m, 0 -1
| mtmy mytm,
(096 004
Let: mi=49 and m>=1 M= '
| 196 -0.96
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Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.

—) Geometry and algebra of “ellipse-Rotation” group product: R=C-M

Thursday, January 28, 16
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
v 4 oy my —myv" +2m,v; m—-m,  2m, v
vlFIN B 2VC0M . VllN B 2 1’;11 +mi 2 -V, 2m1v11N +m2véN —mlvéN 2m1 m, —m, véN
V§ " 2V — VéN ) my, +m,v, N ) m, +m, ) m, +m,
. . _ mom,
Matrix operations include...
Floor-bang F of mj: Mass-bang M of m;and m> : Ceiling-bang € of m>:
m, —m, 2m, )
F: _1 O M: m1+m2 m1+m2 C: 1 O
0 1 2m,  m,—m, 0 -1
| mtmy mytm,
)
096 0.04
Let: m;=49 and m>=1 M=
: ’ | 196 —0.96 )
o 17 S D . 1 0 || 09 004 |_| 096 0.04
Define “ellipse-Rotation” R as group product: R= C N|=£ 0 _1 ) ( 106 096 j ( o6 096 ]
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= C
v {1 0
yFIN-9 0 -1

Thursday, January 28, 16

i

096 0.04
196 -0.96

i

096 0.04
196 -0.96

I

0.96
1.96

M

0.04
-0.96

i

0
-1

i

0.96
1.96

M

0.04
—0.96

(INITIAL (0))
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)= € - M

e z[ 10 MO% 0.04 )
-9 7o -1 ) 196 -0.96

"
|FIN®) = B

FIN-9
i _ 096 0.04
yFIN=9 ~1.96 0.96

Thursday, January 28, 16

- C - M

(1 0 096 0.04
0 -1 J{ 196 -0.96
W

. R

096 0.04
-1.96 0.96

° C ° M ° C ° M ° F |INO>

(1 0 )(09% 004 J(1 0 )09 004 (-1 0 ) v =-1
0 -1 196 -0.96 0 -1 196 -0.96 0 +1 )| Vo4
- S —— (INITIAL (0))
. R . R « FIn)
0.96 0.04 _ 0.96 0.04 | ow=l
-1.96 0.96 -1.96 0.96 v, =-1
(after Bang-1)

“ellipse-Rotation” group product. R= C*M
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FINYY= G M . C - M - C - M . C - M . F [IN°)

Ml (10 ) (09 004 Y[ 1 0 (09 004 J[1 0 (09 004 J(1 0 )09 004 J[ -1 0 ) v =-1

VN9 0 -1 )\ 196 096 J{ 0 -1 ) 196 <096 J{ 0 -1 )| 196 096 ) 0 -1 ) 196 <096 | 0 +1 ) ,v__
|\ U \ U \ U (INITIAL (0))

[FIN®) = E . R R . R - FIn)

R 096 0.04 | 096 0.04 | 096 0.04 | 096 0.04 [ w=t

JEIN9 ~196 0.96 196 0.96 196 0.96 ~196 0.96 vy =1
[ v=02925
| v, =—6.768

(after Bang-1)

](aﬁerBang@) “ellipse-Rotation” group product: R= C*M
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‘FIN9>: C ° M ° C ° M ° C ° M ° C ° M ° F |IN0>
Ml (10 ) (09 004 Y[ 1 0 (09 004 J[1 0 (09 004 J(1 0 )09 004 J[ -1 0 ) v =-1
JFIN=9 0 -1 )\ 196 096 J{ 0 -1 ) 196 <096 )\ 0 -1 )| 196 ~096 ) 0 -1 ) 196 096 | 0 +1 ) o
S\ ) U i NG (INITIAL (0))
FIN’) = R . R . R . R - Fln)
R 0.96 0.04 096 0.04 0.96 0.04 096 0.04 =1
JFIN-9 ~196 0.96 ~196 096 ~196 096 ~196 096 vy =—1
2 (after Bang-1)
e 40 [ v =02925
2 | vy =—6768 . o
b 1\ (afr Bang-9) ellipse-Rotation” group product: R= C+M
ang=6(73)
il
é Bang—4(] )
1]

T

20)

I
[
| o A
pBang=2¢2)
| /
| /
0 | 4
| /
/
I /
11| e
| 7
[
;.4'/ I : 1.0 ml Vdlocity axif| V
T
| I
// o | | Start at
) [{1cr0-1.0)
1 A¥5) 1
/ pang=1 0])
/
% [
7 |
7 |
|
I

S

—_——— g%y |~ - - _]

/—

=)

/

=

Fig. 4.1a-b

(revised)

/8415‘————4"————4‘————4"———‘*'\'——— | g g G i G g B P

~
w

IR

Ny
11
Thursday, January 28, 16
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[FINY= C M e C - M - C M -« C - M - F |IN")

(09 004 Y[ 1 0 \[096 004 V(1 0 )[09 004 J[1 0 )[09 004 \[ -1 0 ) v =-1
196 —0.96 0 -1 196 —0.96 0 -1 196 —0.96 0 -1 196 —0.96 0 +1 )| JWN_o_

. \/\/—\J e — = —— (INITIAL (0))
0
|FIV") = R . R . R . R - FIn')
A 096 0.04 . 0.96 0.04 _ 096 0.04 . 0.96 0.04 | ow=l
FIN-9 -1.96 0.96 -1.96 0.96 -1.96 0.96 -1.96 0.96 v, =—1
V2 (after Bang-1)
m2 Velocity axis
e 40 [ v =0.2925
| v, =-6.768 R .
(after Banggd) “ellipse-Rotation” group product. R= C*M
\ Bang—6(]‘>)
’ |
fang-4a1y) Bang-3(0) 5 7 9111315 17 19
b)
Barg=2 Pyl FIN-11 FIN-9
Bang=27j > PR e e L ;
' SRR Vi 096 0.04 Vi
P : :_: 1012 : = -
: ' FIN-11 — FIN-9
: D e w,\ ot 196 096 )|
//
| B“”g% \’8 o v =0.0100
1.0 ml Vdlocity axi. o
Start at 'Illl v2 — _7 .071
(1.0,-1.0) : / (after Bang—l 1)
// )Dung—] 01) EE- II l,Illli
/,// R 12 -,_EE. llI,-"IIIJ kml =49
/// a;ig—2ég2) o
Bang—3(20) / 10
by, 2 L 1,
R fime
Bouncelt Superball Collision Web Simulator:
Mi1=49, M>=1 with Newtonian time plot
7l Bouncelt Superball Collision Web Simulator: Fig. 4.1a-b
JR Mi=49, M>=1 with V> vs Vi plot (revised)
<
57
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010
http://www.uark.edu/ua/modphys/markup/BounceMatWeb.html
http://www.uark.edu/ua/modphys/markup/BounceMatWeb.html

Ellipse rescaling-geometry and reflection-symmetry analysis

— Rescaling KE ellipse to circle
How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 12

Thursday, January 28, 16
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Ellipse rescaling geometry and reflection symmetry analysis

Convert to rescaled velocity: V,=v, \/E , V,=v, \/E , symmetrize: KE =% mﬂ’f"‘% m2v22 :% V12 "'% sz

V2

[11]-tangent
slope
-m /m,= -49
Vil
'I_J"

///
21 | [\f\m

19 3

17 S

1S 7
13

9
11
Thursday, January 28, 16

59



Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

FIN
Vi 1 _ i my —m, 2m, 121 becomes: _
vglNl M 2my my —my 1% M

VN m | memy 2m, V, /Jm;
V2FIN1/‘/m2 Vz/\/mz

2m1 m2 - ml

V2
[11]-tangent
slope
-m /m,= -49
Vil
—U"
12
‘ | fv?ope
| 1/1
|
1 V]
/ N\ slope
21 | [\-\1/1
19
174 [
15 7
13

9
11
Thursday, January 28, 16
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-my, 2m, V| VRN 1| m-my 2m, V) /I {my
=— becomes: =
VgINl M 2ml m2 - ml V2

VZFINI /\/mz 2m1 mz_ml Vz/\,mz

M
or: v/ _ L mmmy 2ymmy Ny v _ L] memmy2ymmy VG
VNI M| 2 mm, my—m, v, ’ v, N2 M\ 2mmy  m;—m, Vs

V2
[11]-tangent
slope
-m /m,= -49

Vil

—I_J"

12

l‘\ 7

I //fv/ope

W 171

'\

:; V]

7NN

N slope
21 | [\-\1/1
19 :
17 >

15 7
13\./9
11
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-m 2m, V| VN Tm, 1| m—-my 2m, V, /(my,
=— becomes:
VgINl M 2ml m2 - ml V2

VZFINI /\/mz 2m1 mz_ml Vz/\,mz

M
VlFINl ] ny—mp 2 mymo, Vl - VIFINz ] nmy—mop 2 mym, Vl ~
or: [ VFINI =M 2 [mm e —m V2 =M.V , OrI VFINZ =M o ~ V =CeMeV
2 17742 2 1 2 1My my; —niy 2
Then collisions become reflections ( cos0 - sind } and double-collisions become rotations | ° "° ]

sin@ —cos@ —sin@ cos@

2 2
— 2 — 2
where: V) cos0 = [u} and: sinf = [ﬂ} with: (u] + [ﬂ) =1

m, +m, m, +m, m, +m, m, +m,

[11]-tangent
slope
-m /m,= -49

s

7
//fv/ope
W 1/1

VI

slope

/// \‘1
21 l\-\]<1
! \

19 ]
17 S
15\ (|7
13\/9
i1
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: V,=v,-fm, , V,=v,-Jm, , symmetrize:KE =y myv, +;m,v, =, V" +; V,

Vf e 1| mmmy 2my Vi b . VlFlNl /\my 1| mmmy 2my Vi /ymy
-, ccomes: -
vy b M 2myp my—my vy VM g | M Zm = N [y
vFIN _ ) Vv ~ VARL — 2 V -
or: 1 _ R nmym,; N YR  or: 1 _ R ) nmymy, L2 CaMeV
Vf Ny M\ 2 /mm, m,—my Vv, V; N2 M\ 2 mm, m—m, Vv,
Then collisions become reflections ( cos§  sing } and double-collisions become rotations | <% ]

sin@ —cos@ —sin@ cos@

2 2
m,—m : 2 ymm : m, —m 2./ mm
Where; vV cos@=| —=2 and: v sinf=| Y12 with: et WAL T D B e R S |
2 m, +m, 2 m, +m, m, +m, m, +m,
[11]-tangent
slope
A-ml/mz— -49 m] i m2 ) 4_8
\ m1+m2 50
12
\‘\3 /v?épe
W 171 _
\‘ V]

/// \‘|
21 l\-\]<1
! \

19 ]
17 S (revised)
15\ | ||/7
13\./9
i1
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-my, 2m, V| VRN 1| m-my 2m, V) /I {my
=— becomes:
VgINl M 2ml m2 - ml V2

VZFINI /\/mz 2m1 mz_ml Vz/\,mz

M
o | V(g mme 2mm Ve g W2 e 2y [V
Vlel M\ 2 /mm, m,—my Vv, , V;INZ M\ 2 mm, m—m, Vv,
cos®  sin® } and double-collisions become rotations _C;’fe 2;“:;]

Then collisions become reflections ( b o
Sin —COS

h COSQ_[ml_mZ} and: siné?—[2 mlmzl with: (ml_m2]2+[2 elie T 1
WS X T, ) NV e ) M ) e, |
R dchsa e oy s
j 4 "y 50 2\/m] m,
‘: Cmytmy
P I 14
| =50
Vi
21 L/ \\11 [\:s'\é??e
1of ]I\ Fig. 4.2a-c
17 S 5 5 (revised)
1& 7
Note: If mi-m: is perfect-square, then 0-triangle is rational (32+4=5 eic.)
64
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: V,=v,-fm, , V,=v,-Jm, , symmetrize:KE =y myv, +;m,v, =, V" +; V,

Then collisions become reflections | <=0 "% ] and double-collisions become rotations

_ 2
V2 cos@=| """ | and: sinf= SN V2 with:
where: m, +m, m, +m,
[11]-tangent
slope
—rn]/m2p= -49
/il
|
12
\e //@;(;pe
. W 1/1
VI
/// \\\\: slope
21 'F\-\m
19 \33
17 >
15U | )7 Fig. 4.2a-c
13 119 (revised)
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[11]-tangent
slope
-m ;/m,= -49

11

Thursday, January 28, 16

[11]-tangent slope

Fig. 4.2a-c
(revised)
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Ellipse rescaling-geometry and reflection-symmetry analysis

—

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on

Thursday, January 28, 16
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Fig. 10.1?

What ellipse rescaling leads to...(in Ch. 9-12) (Unit 1

How this relates to Lagrangian,

and Hamiltonian mechanics in Ch. 10

(a)vLagmngian L=L(v,v,

Thursday, January 28, 16

Collision line and velocity v, rescaled to momentum: p, =m,v,
COM tangent slope velocity v, rescaled to momentum:  p, =m,v,
= -m I/m 5 =-16

COM Bisector

‘ /slope = 1/1

/7

(C) Hamiltonian H = H(pl P 2) Collision line and

COM Bisector slope
_ _ D=m.,V COM tangent slope
my/m, =1/16 72.|Lv< — /]
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Fig. 10.1?

What ellipse rescaling leads to...(in Ch. 9-12) (Cnit 1)

How this relates to Lagrangian,

and Hamiltonian mechanics in Ch. 10

(a)vLagmngian L=L(v,v,

Jlope

Thursday, January 28, 16

Collision line and velocity v, rescaled to momentum: p, =m,v,
COM tangent slope velocity v, rescaled to momentum:  p, =m,v,
1 1

COM Bisector gy Lagrangian L(v,,v,)=KE = 5’"1"12 + Emzvz2
‘ /SlOpe =1/ rescaled to

/7

2 2
Hamiltonian H(p,,p,)= KE = P, P

2m, 2m,
I l

(C) Hamiltonian H = H(pl P 2) Collision line and

COM Bisector slope
_ _ D=m.,V COM tangent slope
my/m, =1/16 72.|Lv< — /]
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Fig. 10.1?

What ellipse rescaling leads to...(in Ch. 9-12) (Cnit 1)

How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 10

(a)vLagmngian L=L(v,v,

Jlope

Thursday, January 28, 16

| /slope = 1/1

/7

Collision line and
COM tangent slope
= -m I/m 5 =-16

COM Bisector

(b) Estrangian E = E(V V)

Collision line and
COM tangent slope

=—\/m]/\/m2=—4

(c) Hamiltonian H = H(p ,p,)

COM Bisector slope B
=m,m, =1/16 Py Y2

ﬁ/\ V1=\/m1v1

(Now we call this one
“I’Etrangian”)

Collision line and

COM tangent slope
=-1/1
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, ['Etrangian, and Hamiltonian mechanics later on
(Preview of next Lecture)
e R oflections in the clothing store: “It’s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)

Thursday, January 28, 16
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Reflections in clothing store mirrors

IIII.'-_lII [ IE: &

fa) o==120° rotations

rifated |'I-f_|.

|I.\_-II|. |.||I|ll.li|_:-\_- Illil-:-llll. I_Illlll.lil_:-\_.

'] . 1 i i ] Ik
|'|'.'||,I|._'|_||l='I |.-.-||_I|,_._II--,

ellected

image F lg .
5.4a-b

e

W

(b} o==180° rotations

Y90

y

>
lef indage || maht imaue

Foldited -II.:l'I_I-"

robaied |'i_ !
b =+ 180"

Ihkrge

g ]
| .II'Ii|_'I_|I|.|I

L oirend

Thursday, January 28, 16
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Symmetry: It s all done with mirrors!

(@Reflections 5,=(}), -0,~(}()  (B)Reflections o5=(} ), 0=}
y=(?)A y=(?) J=-o Ly y=() 4
1
x=0,x=(,) x= é
— (edge-on) _ 'GA X

=0,y
Fig. 4.3
(Unit 1)
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Symmetry: It s all done with mirrors!

(a)Reflections 6 ,=(,"), -0y =1 ")

(b)ReﬂectzonS oz=01), -o5=(57,

y=()A == -0,y y=()
x=0x) x=(;)
T ¢
Mirror plane =
— (edge-on) _ 'GA X
6,y
cos¢ sing
(c) o) reflection (qu> cosd
of x-vector:  gcos ...of y-vector:
y X_(Sznq)
Fig. 4.3
(Unit 1)
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Symmetry: It s all done with mirrors!

(a)Reflections 6 ,=(,"), -0y =1 ")

y=(DA y=Ol = -0,y
x=0,x=())
4
Mirror plane =
— (edge-on) =0 X
A
—_ A.y

cos¢ sing

(c) o) reflection (qu> cosd

of x-vector: cos
4 Yo Oy X_(

X

-Sing

(d)Rotatzon R+¢ OpO4~ Czn¢ coso

IGA acts
]St
A AA

Thursday, January 28, 16

x=())
>

Sing
ﬂsm(p
cosQ

(b)ReﬂectzonS oz=01), -o5=(57,

y—(z) .

...of y—vector

Fig. 4.3

Sing (Unit 1)

p <

Sing
O, y_( cos
cos¢ sing
(e)Rotation:R ¢—GAG¢ (Sl,w coso

y‘\\ﬁ‘ v OyX
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20

1.5

1.0

J.U
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a )
LIR\YJ

05

fa
1.V

n
4.V
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-1.0
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