
Relawavity: Spectroscopy, transitions, and acceleration   
(Unit 3  p.45-61 - 4.26.16)

Lecture 32 Relawavity-Dynamics 
Thursday 5.05.2016

Relativity relates charge, current, and magnetic fields
Geometric derivation of magnetic constant µ0 from electric ε0

Lorentz-Poincare symmetry and energy-momentum spectral conservation rules
Review of 2nd-quantization “photon” number N and 1st-quantization wavenumber κ=m

Sketches of atomic and molecular spectroscopy
Relativistic optical transitions and Compton recoil formulae 

Feynman diagram geometry
Recoils shifts

Compton recoil related to rocket velocity formula
Geometric transition coordinate grids

Relawavity in accelerated frames
Laser up-tuning by Alice and down-tuning by Carla makes g-acceleration grid

Analysis of constant-g grid compared to zero-g Minkowsi frame
Animation of mechanics and metrology of constant-g grid

Xtra stuff: Some numerology: Which is bigger...H-atom or an electron? What’ spin?
Space-Space waves gone mad 
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Relativistic effects on charge, current, and Maxwell Fields

(+) Charge fixed (-) Charge moving to right (Negative current density)
(+) Charge density is Equal to the (-) Charge density  

Observer velocity 
is zero relative to 
(+) line of charge

wire appears 
neutral
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(+) Charge fixed (-) Charge moving to right (Negative current density         )
(+) Charge density is Equal to the (-) Charge density          (Zero  ρ(x,t)=0)

Observer velocity 
is zero relative to 
(+) line of charge

wire appears 
neutral

Relativistic effects on charge, current, and Maxwell Fields

 

j(x,t)
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(+) Charge fixed (-) Charge moving to right (Negative current density         )
(+) Charge density is Greater than (-) Charge density          (Positive  ρ(x,t)>0)  

Observer velocity 
is +v relative to 
(+) line of charge

wire appears 
postive (+)
(repulsive to 
observer q[+])

observer has
q[+] 

 “test-charge”

Relativistic effects on charge, current, and Maxwell Fields
Current density changes by Lorentz asynchrony

 

j(x,t)

Asynchronyduetooff-diagonal sinhρ   (a 1st-order effect)

in Lorentz tranform :
coshρ sinhρ
sinhρ coshρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

~
1 v/c
v/c 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

asynchrony 
       in PAST

asynchrony
 in FUTURE
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 in FUTURE

Relativistic effects on charge, current, and Maxwell Fields
Current density changes by Lorentz asynchrony
Asynchronyduetooff-diagonal sinhρ   (a 1st-order effect)

in Lorentz tranform :
coshρ sinhρ
sinhρ coshρ

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

~
1 v/c
v/c 1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

6Thursday, May 26, 2016



observer has
q[+] 

 “test-charge”

Observer velocity 
is -v relative to 
(+) line of charge

wire appears 
negative (-)
(attractive to 
observer q[+])

Relativistic effects on charge, current, and Maxwell Fields
Current density changes by Lorentz asynchrony
Asynchronyduetooff-diagonal sinhρ   (a 1st-order effect)

in Lorentz tranform :
coshρ sinhρ
sinhρ coshρ
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asynchrony 
       in PAST

asynchrony
 in FUTURE

(+) Charge fixed (-) Charge moving to right (Negative current density         )
(+) Charge density is Less than (-) Charge density               (Negative  ρ(x,t)<0)  

 

j(x,t)
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If Black is moving to Left
Before red starts moving to right
     Black sees same number of red and blue
After red starts moving to right
     Black sees more red than blue

Before

After

Before

After

If Black is moving to Right
Before red starts moving to right
     Black sees same number of red and blue
After red starts moving to right
     Black sees more blue than red

Simple 1st-order relativistic geometry of magnetism
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(-)Trajectory

(+)

(+)

(+)

(-)

(-)

(-)

(-)

(-)

(+)Trajectory

u/c

x(-)

y=x(-) v/c
v/c

x(+)=y u/c
=x(-) uv/c2

(-)

(+)

x(+)

(+) charge
separation

(-) charge
separation

Unit square: (u/c) /1 = x(+)/y
                     (v/c) /1 = y/x(-)

  

ρ(−)
ρ(+)

= (+) charge separation
(−) charge separation

= x(+)+ x(−)
x(−)

  

ρ(−)
ρ(+)

= x(+)
x(−)

+1= uv
c2 +1

  
ρ(+)− ρ(−) = ρ(+) 1− ρ(−)

ρ(+)
⎛
⎝⎜

⎞
⎠⎟
= − uv

c2 ρ(+)

Magnetic B-field is relativistic sinhρ 1st order-effect
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Using 4-vectors to EL Transform (charge-current)=(cρ, j)

c ′ρ
j ′x

j ′y

j ′z
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⎟
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⎟
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Iρ<0 F

F (repels)
Iq>0

+

Iρ<0 F

F (attracts)

Iq<0
+

  
F = qE = q 1

4πε0

2ρ
r

⎡

⎣
⎢

⎤

⎦
⎥ , where: 1

4πε0
= 9×109 N ⋅m2

Coul.

The electric force field E of a charged line varies inversely with radius.  The Gauss formula for force in mks units :

  
F = qE = q 1

4πε0

2
r

− uv
c2 ρ(+)

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ = − 2 qv ρ(+)u

4πε0c2 r
= −2×10−7 Iq Iρ

r

I see excess (+)
charge up there. Yuk! I’m repelled.

+

I see excess (-)
charge up there. Yum! I’m attracted.

+

1/4πε0 =9·109

c2=9·10-16

1/(4πε0 c2)=10-7

+ + + + + + + + +
- - - - - - - - -

+ + + + + + + + +
- - - - - - - - -

+++++++++
- - - - - - - - -

+ + + + + + + + +
- - - - - - - - -

(Suppose (+) carriers)

(Suppose (+) carriers)

Magnetic B-field is relativistic sinhρ 1st order-effect

Right moving ship 
holding (+)-charge

Left moving ship 
holding (+)-charge
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Evenson axiom has symmetry based on isotropy of space-time and invariance to translation
operation T(


δ ,τ ) having plane wave eigenfunctions x,t ψ k,ω  and roots-of-unity eigenvalues. 

     T(

δ ,τ )ψ k,ω = ei(ki


δ −ω⋅τ ) ψ k,ω (relation

eigen-ket )   ψ k,ω T
†(

δ ,τ ) = ψ k,ω e− i(ki


δ −ω⋅τ ) (relation

eigen-bra )

Lorentz-Poincare symmetry and (E,cP) spectral conservation rules
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Evenson axiom has symmetry based on isotropy of space-time and invariance to translation
operation T(


δ ,τ ) having plane wave eigenfunctions x,t ψ k,ω  and roots-of-unity eigenvalues. 

     T(

δ ,τ )ψ k,ω = ei(ki


δ −ω⋅τ ) ψ k,ω (relation

eigen-ket )   ψ k,ω T
†(

δ ,τ ) = ψ k,ω e− i(ki


δ −ω⋅τ ) (relation

eigen-bra )

 

This also applies to N-particle product states  ΨK,Ω=ψ k1,ω1
ψ k2 ,ω2

ψ kN ,ωN
where exponents 

add (k,ω )-values of each constituent in K= k1+k2+... and Ω=ω1+ω 2+... so T(

δ ,τ )-eigenvalues

have the form ei(Ki

δ −Ω⋅τ ).    

Lorentz-Poincare symmetry and (E,cP) spectral conservation rules
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δ ,τ )ψ k,ω = ei(ki


δ −ω⋅τ ) ψ k,ω (relation
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†(

δ ,τ ) = ψ k,ω e− i(ki
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This also applies to N-particle product states  ΨK,Ω=ψ k1,ω1
ψ k2 ,ω2

ψ kN ,ωN
where exponents 

add (k,ω )-values of each constituent in K= k1+k2+... and Ω=ω1+ω 2+... so T(

δ ,τ )-eigenvalues

have the form ei(Ki

δ −Ω⋅τ ).    

 

Matrix ′Ψ ′K , ′Ω U ΨK,Ω  of T-symmetric evolution operator U (Hamiltonian H or U=e− iHt ) is
tested by assuming symmetry T†(


δ ,τ )UT(


δ ,τ ) =U or commutivity UT =TU for all  


δ  and τ .

                 ′Ψ ′K , ′Ω U ΨK,Ω  =  ′Ψ ′K , ′Ω T
†(

δ ,τ )UT(


δ ,τ ) ΨK,Ω       

                                             

Lorentz-Poincare symmetry and (E,cP) spectral conservation rules
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δ − ′Ω ⋅τ )ei(Ki


δ −Ω⋅τ ) ′Ψ ′K , ′Ω U ΨK,Ω  (by relations

eigen-ket-bra  )

Lorentz-Poincare symmetry and (E,cP) spectral conservation rules

Exponents must cancel for all (δ,τ)
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δ −Ω⋅τ ) ′Ψ ′K , ′Ω U ΨK,Ω  (by relations

eigen-ket-bra  )

This requires that ′Ψ ′K , ′Ω U ΨK,Ω = 0  unless: ′K = K and: ′Ω =Ω.

Lorentz-Poincare symmetry and (E,cP) spectral conservation rules

Exponents must cancel for all (δ,τ)
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This also applies to N-particle product states  ΨK,Ω=ψ k1,ω1
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where exponents 

add (k,ω )-values of each constituent in K= k1+k2+... and Ω=ω1+ω 2+... so T(

δ ,τ )-eigenvalues

have the form ei(Ki

δ −Ω⋅τ ).    

 

Matrix ′Ψ ′K , ′Ω U ΨK,Ω  of T-symmetric evolution operator U (Hamiltonian H or U=e− iHt ) is
tested by assuming symmetry T†(


δ ,τ )UT(


δ ,τ ) =U or commutivity UT =TU for all  


δ  and τ .

                 ′Ψ ′K , ′Ω U ΨK,Ω  =  ′Ψ ′K , ′Ω T
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δ ,τ )UT(


δ ,τ ) ΨK,Ω       

                                              =  e− i( ′K i

δ − ′Ω ⋅τ )ei(Ki


δ −Ω⋅τ ) ′Ψ ′K , ′Ω U ΨK,Ω  (by relations

eigen-ket-bra  )

This requires that ′Ψ ′K , ′Ω U ΨK,Ω = 0  unless: ′K = K and: ′Ω =Ω.

That’s TOTAL momentum (P=K) and energy (E=Ω) conservation!

Lorentz-Poincare symmetry and (E,cP) spectral conservation rules

Exponents must cancel for all (δ,τ)
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2nd Quantization: 
      (                           ) implies (                                                           )  hυ phase=E=hυAcoshρ hNυ phase=EN=hNυAcoshρ with quantum  numbers

         N=1,2,3,..

1
2
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4
5
6
7
8
9
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11

N1 = 12

1

2

3

4

5

N2 = 6

1

2

3

N3 = 4

EEnn
eerr
ggyy

==
hh··

FFrr
eeqq

uuee
nncc

yy

cc··MMoommeennttuumm == hhcc··WWaavveennuummbbeerr

n=1 n=2 n=3

cp=hcκ

E=hυN=hN1υ1

cp

E=hN2υ2

cp

E=hN3υ3

1
2
3
4
5
6
7

N1 = 8
9

:-)

1st Quantization:
Mode quantum number n of half-waves

2n
d
Q
ua
nt
iz
at
io
n:

Ph
ot
on
nu
m
be
rN
os
ci
lla
to
rq
ua
nt
a

Boosted wave mode

1

2

N4 = 3

cp

E=hN4υ4

n=4

-1-2-3-4

Boosted cavity
wave

has invariant
mode number n
photon number Nn

zz

xx

+1 +2 +3 +4

ct

x

Lorentz
contracted
cavity length
L=3.2

Proper length
l=4.0

 hυ  implies  hNυ  

Cavity quantum electrodynamics
(CQED)

and spectra are analogous to
molecular rovibronic dynamics

with
rotation-vibration algebra

replaced by
Lorentz-Poincare-Dirac algebra 

(and geometry!)

http://www.uark.edu/ua/pirelli/html/quantized_2.html
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2nd Quantization: 
                   (                         ) implies(                                                 )  hυ phase=E=hυAcoshρ hNυ phase=EN=hNυAcoshρ (N=1,2,..)

N1=2
red photons

ckn=1·ω ckn=2·ω ckn=3·ω ckn=4·ω

N1=0

N1=1
red photon

N1=3
red photons

N1=4
red photons

N2=0

N2=1
green photon

N2=2
green photons

N3=0

N3=1
blue photon

N4=0

N4=1
violet photon
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zero-point
energy
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 hυ  implies  hNυ  
http://www.uark.edu/ua/pirelli/html/quantized_1.html
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From Fig. 6.5.5.  
Principles of Symmetry, Dynamics, and 

Spectroscopy
W. G. Harter, Wiley Interscience, NY (1993)

                 Radio-frequency     Microwave  to   far-infrared                       Infrared                   Near-infrared to visible to ultraviolet to X-ray

el
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c
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ls

n=0

n=1

n=2

n=3
n=4
n=5

n
=
0
vi
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ls

ν=0

ν=1

ν=2

ν=3

ν=4

ν=5

ν=6

ν=7

ν=8

ν=9
(n
=
0
ν
=
0)
ro
ta
tio
na
l
le
ve
ls

J=0
J=1
J=2
J=3

J=4

J=5

J=6

J=7

J=8

CO2
MICROWAVE
B0(1/λ)=0.2cm

-1

λ=5cm
υ=60MHz

CO2 laser
INFRARED
υ=30 THz
λ=10µm

1/λ=1000cm-1
EeV=0.124eV

or
H-Lyman α

ULTRAVIOLET
υ=2.4PHz
ELyα=10.2eV
λ=125nm

Typical
VISIBLE
υ=600THz

λ=0.5µm
=500nm
=5000A

EeV=2.48eV

1/λ=2·106m-1
=2·104cm-1

Nuclear spin
hyperfine splitting

Ammonia NH3
inversion doublet

CF4and SF6
J-tunneling

superfine splitting

A1
T1

E

(−)
(+)

O
th
er
ty
pe
so
fs
pe
ct
ra
ls
pl
itt
in
g

Spectral 
Quantities

Frequency υ 
Hertz(sec-1)
THz   1012s-1

GHz   109s-1

MHz  106s-1

kHz    103s-1

Wavelength λ 
meters(m)
fm   10-15m
pm   10-12m
nm   10-9m
µm   10-6m
mm   10-3m
cm    10-2m
km    103m
Wavenumber 
per meter(m-1)
cm-1   102m-1

Energy  ehυ 
electonVolts
(eV)

electronic spectravibrational spectrarotational spectra

rovibrational  spectra vibronic  spectra

rovibronic  spectra

fine structure

A sketch of modern 
molecular spectroscopy

The frequency hierarchy
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Example of frequency
hierarchy

for 16µm spectra 
of CF4 

(Freon-14)
W.G.Harter

Fig. 32.7
Springer Handbook of
Atomic, Molecular, &

Optical Physics
Gordon Drake Editor

(2005)
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more

species mixing

less

mixing more

Primary AET species mixing

increases with distance from

“separatrix”

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72 71

81

88 87 86 85 84 83 82 81 80 79 78 77 76 75 74 73 72

88878685848382 88878685848382

pure A1 T1 E T2 A2 species
species more mixed

mixed

Internal 3-fold axial quanta

label C
3
-CLUSTERSC
3
-CLUSTERS

......==KK44

KK33 ==......

Cubic

Octahedral

symmetry

O

4-fold (100)-clusters C
4
symmetry

3-fold (111)

C
3
symmetry

clusters

(2 modulo 3

equals

-1 modulo 3 and

86 mod 3)

86=88-1
4-fold (1oo)

C
4
symmetry

clusters

WGH Phys. Rev. A
24, 192 (1981)
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From: Electromagnetic Spectrum 
Wikepedia Commons (2013)

From: Electromagnetic Spectrum 
Wikepedia Commons (2013)

750Thz

600Thz

500Thz

429Thz

548Thz 548nm548Thz 548nm

400Thz 750nm

Frequency·Wavelength
speed of light
υ·λ = c 

=2.997.2458·108m/s

Wavelength
 λ=

Frequency 
υ= 

Units of frequency (Hz), wavelength (m), and energy (eV)

Exa: 1018

Peta: 1015

Tera: 1012

Giga: 109

Mega: 106

kilo: 103

milli: 10-3

micro: 10-6

nano: 10-9

pico: 10-12

femto: 10-15

atto: 10-18

jokey!
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From: Electromagnetic Spectrum 
Wikepedia Commons (2013)

10-10m 10-9m 10-8m 10-7m 10-6m 10-5m 10-4m 10-3m 10-2m 10-1m 100m 101m 102m 103m10-11m10-12m10-13m

mmmmmmm

HzHzHzHzHzHzHz

H
ug

e 
w

av
el

en
gt

h 
 (T

in
y 

fr
eq

ue
nc

y)

(T
in

y 
fr

eq
ue

nc
y)

 H
ug

e 
w

av
el

en
gt

h 
 

H
ug

e 
fr

eq
ue

nc
y 

 (T
in

y 
w

av
el

en
gt

h)

(T
in

y 
w

av
el

en
gt

h)
 H

ug
e 

fr
eq

ue
nc

y 
 

Note peak of human
visual acuity is ~ 
548Thz = 548nm

which is also peak of
terrestrial solar spectrum 

Note peak of human
visual acuity is ~ 
548Thz = 548nm

which is also peak of
terrestrial solar spectrum 

Q:  Does this prove 
“Intelligent Design”?
A: Maybe for some.

Q:  Does this prove 
“Intelligent Design”?
A: Maybe for some.

From: Electromagnetic Spectrum 
Wikepedia Commons (2013)

Spectral 
windows

in 
Earth 

atmosphere
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From: Electromagnetic Spectrum 
Wikepedia Commons (2013)
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Note peak of human
visual acuity is ~ 
548Thz = 548nm

which is also peak of
terrestrial solar spectrum 

Note peak of human
visual acuity is ~ 
548Thz = 548nm

which is also peak of
terrestrial solar spectrum 

Note also
infrared 
window

(might be 
blocked by
CO2,CH4)

Note also
infrared 
window

(might be 
blocked by
CO2,CH4)

Also HUGE
radio

astronomy
window 

Also HUGE
radio

astronomy
window 

From: Electromagnetic Spectrum 
Wikepedia Commons (2013)

Spectral 
windows
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Earth 
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electronic spectravibrational spectrarotational spectrafine structure

Simple
Molecular
Spectra 
Models

2-well tunneling Bohr mass-on-ring 1D harmonic oscillator Coulomb PE models
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More
Advanced
Molecular
Spectra 
Models
(Use symmetry
group theory)

2-well tunneling Bohr mass-on-a-ring 1D harmonic oscillator Coulomb PE models

2-state U(2)-spin
and quasi-spin

tunneling models

3D R(3)-rotor
and D-function
lab-body wave

models

2D harmonic oscillator
and U(2) 2nd quantization

U(m)*Sn analysis of 
multi-electron states

Rotational Energy Surface (RES)
analysis of rovibronic tensor spectra

2D-HO
Potential
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Relativity relates charge, current, and magnetic fields
Geometric derivation of magnetic constant µ0 from electric ε0

Lorentz-Poincare symmetry and energy-momentum spectral conservation rules
Review of 2nd-quantization “photon” number N and 1st-quantization wavenumber κ=m

Sketches of atomic and molecular spectroscopy

Relativistic optical transitions and Compton recoil formulae 
Feynman diagram geometry

Recoils shifts
Compton recoil related to rocket velocity formula

Geometric transition coordinate grids

Relawavity in accelerated frames
Laser up-tuning by Alice and down-tuning by Carla makes g-acceleration grid

Analysis of constant-g grid compared to zero-g Minkowsi frame
Animation of mechanics and metrology of constant-g grid 
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Review of Thales geometry of
 relativistic ω(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Fig. 30 
(modified) 
of Unit 3
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Review of Thales geometry of
 relativistic ω(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Examples of photon pathways connecting   
 high = ωh    mid = ωm    low = ω 

Fig. 30 
(modified) 
of Unit 3
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Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Initial stationary
 BLUE Kh thing ωh=Mhic2 Kh

Example   of photon pathway  connecting   
 high = ωh    mid = ωm

Fig. 30 
(modified) 
of Unit 3
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Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Initial stationary
 BLUE Kh thing ωh=Mhic2

    transitions to
Final moving
GREEN Km thing ωm=Mmc2

Kh

Km

Example   of photon pathway  connecting   
 high = ωh    mid = ωm

Fig. 30 
(modified) 
of Unit 3
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Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Initial stationary
 BLUE Kh thing ωh=Mhic2

    transitions to
Final moving
GREEN Km thing ωm=Mmc2

Kh

Km

khm

Example   of photon pathway  connecting   
 high = ωh    mid = ωm

photon carrying
c-momentum   -cphm
 =ckhm=ωmsinhρ
and energy 
ωhm=ωmsinhρ

Transition Kh to Km 

Fig. 30 
(modified) 
of Unit 3
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Relativity relates charge, current, and magnetic fields
Geometric derivation of magnetic constant µ0 from electric ε0

Lorentz-Poincare symmetry and energy-momentum spectral conservation rules
Review of 2nd-quantization “photon” number N and 1st-quantization wavenumber κ=m

Sketches of atomic and molecular spectroscopy

Relativistic optical transitions and Compton recoil formulae 
Feynman diagram geometry

Recoils shifts
Compton recoil related to rocket velocity formula

Geometric transition coordinate grids

Relawavity in accelerated frames
Laser up-tuning by Alice and down-tuning by Carla makes g-acceleration grid

Analysis of constant-g grid compared to zero-g Minkowsi frame
Animation of mechanics and metrology of constant-g grid 
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Fundamental processes and Feynman diagrams

FFuunnddaammeennttaall lliigghhtt--mmaatttteerr pprroocceesssseess::
AAbbssoorrppttiioonn AA EEmmiissssiioonn EE AAEE TTooggeetthheerr

((CCoommppttoonn SSccaatttteerriinngg))

Q

P′
ωQP′

Q

P′ ωQP′
Q
ωQP′P′

1-photon
processes

2-photon
process

Modified from Mod. Phys. Lect. 33
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Fundamental processes and Feynman diagrams

FFuunnddaammeennttaall lliigghhtt--mmaatttteerr pprroocceesssseess::
AAbbssoorrppttiioonn AA EEmmiissssiioonn EE AAEE TTooggeetthheerr

((CCoommppttoonn SSccaatttteerriinngg))

Q

P′
ωQP′

Q

P′ ωQP′
Q
ωQP′P′

““EExxoottiicc”” pprroocceesssseess:: AAAA TTooggeetthheerr EEEE TTooggeetthheerr
((PPaaiirr--CCrreeaattiioonn)) ((PPaaiirr--AAnnnnhhiillaattiioonn))

QωQP′
P′

Q

ωQP′

P′

positron
e+

electron
e−

e+
positron

e−
electron

1-photon
processes

2-photon
processes

Modified from Mod. Phys. Lect. 33
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MM

LL´́
ωMMLL´́

LL´́

MM
ωMMLL´́

MM

ωLL´́MM
LL´́

LL´́

ωLL´́MM
MM

M-to-L´
emission

L´-to-M
absorption

LL

MM´́

ωMM´́LL

MM´́

LL

ωMM´́LL

LL

MM´́

ωLLMM´́

MM´́

LL

ωLLMM´́

L-to-M´
absorption

M´-to-L
emission

Grotian 2-level diagrams

Feynman (ω,ck) diagrams
(1-photon)

Wave geometry of 1-photon transitions and Compton recoil
Fundamental processes and Feynman diagrams

LL

MM´́

ωMM´́LL

ωLLMM´́

ωme
−ρ ω2 2=

ωme
+ρ

2
ωmcoshρ=ωm(e

−ρ+e+ρ)

ωm=Em

ω=E

ωmsinhρ

MM´́

LL´́

MM

LL

2

MM

LL´́

ωMMLL´́

ωLL´́MM

2-Level (ω,ck) “baseball” diamonds

(ω,ck)
vector sum
(energy-
momentum
conservation)

Modified from Mod. Phys. Lect. 33
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Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Initial stationary
 BLUE Kh thing ωh=Mhic2

    transitions to
Final moving
GREEN Km thing ωm=Mmc2

Kh

Km

khm
Kh

Km

khm

Feynman
diagram

(scaled down)
of

emission
process

=ωmsinhρYELLOW khm

    Recoil from emitting an
oppositely c-moving

YELLOW khm “photon” ωhm=c| khm |

photon carrying
c-momentum   -cphm
 =ckhm=ωmsinhρ
and energy 
ωhm=ωmsinhρ

Transition Kh to Km 
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Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Initial stationary
 BLUE Kh thing ωh=Mhic2

    transitions to
Final moving
GREEN Km thing ωm=Mmc2

Kh

Km

khm

YELLOW khm

    Recoil from emitting an
oppositely c-moving

YELLOW khm “photon” ωhm=c| khm |

Kh

Km

khm

Feynman
diagram

(scaled down)
of

emission
process

=ωmsinhρ

Classical (and spectroscopic)
Energy-momentum conservation

is due to
conservation in

quantum-phase space-time 
“wiggle-count”

photon carrying
c-momentum   -cphm
 =ckhm=ωmsinhρ
and energy 
ωhm=ωmsinhρ

Transition Kh to Km 
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photon carrying
c-momentum    -cphm
 =ckhm=ωmsinhρ
and energy 
ωhm=ωmsinhρ

Transition Kh to Km 

Fig. 31 (modified) of Unit 3
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photon carrying
c-momentum    -cphm
 =ckhm=ωmsinhρ
and energy 
ωhm=ωmsinhρ

photon carrying
c-momentum +cpm=cphm
 =ckm=ωmsinhρ
and energy 
ωm=ωmsinhρ

Transition Kh to Km 
Transition Km to K 

Fig. 31 (modified) of Unit 3
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Relativity relates charge, current, and magnetic fields
Geometric derivation of magnetic constant µ0 from electric ε0

Lorentz-Poincare symmetry and energy-momentum spectral conservation rules
Review of 2nd-quantization “photon” number N and 1st-quantization wavenumber κ=m

Sketches of atomic and molecular spectroscopy

Relativistic optical transitions and Compton recoil formulae 
Feynman diagram geometry

Recoils shifts
Compton recoil related to rocket velocity formula

Geometric transition coordinate grids

Relawavity in accelerated frames
Laser up-tuning by Alice and down-tuning by Carla makes g-acceleration grid

Analysis of constant-g grid compared to zero-g Minkowsi frame
Animation of mechanics and metrology of constant-g grid 
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Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Key recoil relations:
ωme−ρ = ω

ρ= ln M/Mm
or:

u~ c ln M/Mm
Photons are more
like “rockets”
than “bullets”

Km

K

Easy to compute
recoil rapidity ρ 

or recoil velocity u

Exact recoil rapidity
where:  urecoil

c
= tanhρ

Low-urecoil approximation where: ρ ≈ urecoil
c
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Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Key recoil relations:
ωme−ρ = ω

ρ= ln M/Mm
or:

u~ c ln M/Mm
Photons are more
like “rockets”
than “bullets”

Km

K

Easy to compute
recoil rapidity ρ 

or recoil velocity u

Exact recoil rapidity
where:  urecoil

c
= tanhρ

Low-urecoil approximation where: ρ ≈ urecoil
c

Recoil downshift = δ

 

δ =ωmcoshρ-ωm
ωm

2
ρ2

KErecoil
ωm

2
ρ2= Mm

2
u2

3-2 transition short by δ   
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Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Key recoil relations:
ωme−ρ = ω

ρ= ln M/Mm
or:

u~ c ln M/Mm
Photons are more
like “rockets”
than “bullets”

Km

K

Easy to compute
recoil rapidity ρ 

or recoil velocity u

Exact recoil rapidity
where:  urecoil

c
= tanhρ

Low-urecoil approximation where: ρ ≈ urecoil
c

Recoil downshift = δ

 

δ =ωmcoshρ-ωm
ωm

2
ρ2

KErecoil
ωm

2
ρ2= Mm

2
u2

3-2 transition short by δ   

Recoil upshift = δ

 

δ =ω hcoshρ-ω h
ω h

2
ρ2

KErecoil
ω h

2
ρ2= Mh

2
u2

2-3 transition long by δ   
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Relativity relates charge, current, and magnetic fields
Geometric derivation of magnetic constant µ0 from electric ε0

Lorentz-Poincare symmetry and energy-momentum spectral conservation rules
Review of 2nd-quantization “photon” number N and 1st-quantization wavenumber κ=m

Sketches of atomic and molecular spectroscopy

Relativistic optical transitions and Compton recoil formulae 
Feynman diagram geometry

Recoils shifts
Compton recoil related to rocket velocity formula

Geometric transition coordinate grids

Relawavity in accelerated frames
Laser up-tuning by Alice and down-tuning by Carla makes g-acceleration grid

Analysis of constant-g grid compared to zero-g Minkowsi frame
Animation of mechanics and metrology of constant-g grid 
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Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

ω =E(cp)

ck =cp

Relativistic optical transitions 

=ωh

 =ω 

 high = ωh    mid = ωm    low = ω 

Key recoil relations:
ωme−ρ = ω

ρ= ln M/Mm
or:

u~ c ln M/Mm
Photons are more
like “rockets”
than “bullets”

Emission photons
are analogous to

rocket exhaust (not “bullets”)
(Vburnout=cexhaustln[Minitial/Mfinal])

Low-urecoil approximation where: ρ ≈ urecoil
c

...and this process is reversible

Exact recoil rapidity
where:  
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           0th: V(0)=1/10=0.1   1st: V(1)=1/10+1/9=0.211  2nd: V(2)=1/10+1/9+1/8=0.336
 3rd: V(3)=V(2)+1/7=0.478 4th: V(4)=V(3)+1/6=0.646 5th: V(5)=V(4)+1/5=0.846
 6th: V(6)=V(5)+1/4=1.096 7th: V(7)= V(6)+1/3=1.429 8th: V(8)=V(7)+1/2=1.929
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By calculus: M·ΔV=-ve·ΔM    or:                      Integrate:dV = −ve
dM
M

dVVIN
VFIN∫ = −ve  M

dM
MIN

MFIN∫

VFIN −VIN = −ve lnMFIN − lnMIN[ ]=ve lnMFIN

MIN⎡
⎣

⎤
⎦The Rocket Equation:

     ve known as
“Specific Impulse”

Unit 1
Fig. 7.8a-b

Rocket Science!
from

Lecture 10
p.85
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Wave frames of varying acceleration
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Fig. 8.1 Optical wave frames by red-and-blue-chirped lasers (a)Varying acceleration (b)Constant g

Varying acceleration (General case)
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A long way to go to get a beer!
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Relativity relates charge, current, and magnetic fields
Geometric derivation of magnetic constant µ0 from electric ε0

Lorentz-Poincare symmetry and energy-momentum spectral conservation rules
Review of 2nd-quantization “photon” number N and 1st-quantization wavenumber κ=m

Sketches of atomic and molecular spectroscopy

Relativistic optical transitions and Compton recoil formulae 
Feynman diagram geometry

Recoils shifts
Compton recoil related to rocket velocity formula

Geometric transition coordinate grids

Relawavity in accelerated frames
Laser up-tuning by Alice and down-tuning by Carla makes g-acceleration grid

Analysis of constant-g grid compared to zero-g Minkowsi frame
Animation of mechanics and metrology of constant-g grid 
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RelativIt Web Simulation 
{Accelerated proper-time frame}
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RelativIt Web Simulation 
{Accelerated proper-time frame}
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Fig. 8.2 Accelerated reference frames and their trajectories painted by chirped coherent light 

From Lect. 35 
ModPhys (2012)
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Relativity relates charge, current, and magnetic fields
Geometric derivation of magnetic constant µ0 from electric ε0

Lorentz-Poincare symmetry and energy-momentum spectral conservation rules
Review of 2nd-quantization “photon” number N and 1st-quantization wavenumber κ=m

Sketches of atomic and molecular spectroscopy

Relativistic optical transitions and Compton recoil formulae 
Feynman diagram geometry

Recoils shifts
Compton recoil related to rocket velocity formula

Geometric transition coordinate grids

Relawavity in accelerated frames
Laser up-tuning by Alice and down-tuning by Carla makes g-acceleration grid

Analysis of constant-g grid compared to zero-g Minkowsi frame
Animation of mechanics and metrology of constant-g grid 

Xtra stuff: Some numerology: Which is bigger...H-atom or an electron? What’ spin?
Space-Space waves gone mad 
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Bohr model has electron orbiting at radius r so centrifugal force balances Coulomb attraction to the opposite charged proton.

          

Bohr hypothesis: orbital momentum  is a multiple N of  or 
     = me v r = N  (N = 1, 2,...).    
This gives the atomic Bohr radius a0 =0.05nm
    . 

Bohr Radius
a0= 0.5 E-10 m

a0=α−1 

Dirac Radius
d0= 1.9 E-13 m
α−1rc==αa0

Classical e- Radius
rc= 2.8 E-15 m

rc=α 

Compton wavelength 
=2d0= 3.9 E-13 m

2α = 2.137
magnification

α /2= 137/2
magnification a0d0rc

Fig.8A.2  Various electron radii and their relative sizes related by fine-structure constant α = 1/137.

  

mev2

r
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2

mee2
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    or:     

mev2r2

r
= e2
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    or:       r =

4πε0mev2r2

e2
=
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2
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Now, some numerology of Dirac’s electron radius involving zwitterbewegung where  ωzitterbewegung = 2mc2/=1.56·1021(radian)Hz 

ωzitterbewegung r =c  or      rDirac = c/ωzitterbewegung =/2mc = 1.93·10-13 m  relates to the Compton wavelength =/mc=3.8616·10-13 m 
   

   
    or:     

mev2r2

r
= e2

4πε0
    or:       r =

4πε0mev2r2

e2
=

4πε0(mevr)2

mee2
  =

4πε0
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mee2

Reduced Compton wavelength: 2π =h/mc=2.4263·10-12

or Compton “circumference”

.

E

cp2mc2= 1.0MeV slope
c/u

photon dispersion(less)
slope
u/c

.

.

dispersion

electron electron moving
at speed u

electron
at rest

anti-electron (hole)
at restanti-electron (hole)

moving
at speed u

ωzitterbewegung =

2.4263102175±33×10−12 m

rDirac

c
(Some crazy “thing” 
going c around a 
circle!)
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Bohr Radius
a0= 0.5 E-10 m

a0=α−1 

Dirac Radius
d0= 1.9 E-13 m
α−1rc==αa0

Classical e- Radius
rc= 2.8 E-15 m

rc=α 

Compton wavelength 
=2d0= 3.9 E-13 m

2α = 2.137
magnification

α /2= 137/2
magnification a0d0rc

Fig.8A.2  Various electron radii and their relative sizes related by fine-structure constant α = 1/137.

Now, some numerology of Dirac’s electron radius involving zwitterbewegung where  ωzitterbewegung = 2mc2/=1.56·1021(radian)Hz 

ωzitterbewegung r =c  or      rDirac = c/ωzitterbewegung =/2mc = 1.93·10-13 m  relates to the Compton wavelength =/mc=3.8616·10-13 m 
   

.

E

cp2mc2= 1.0MeV slope
c/u

photon dispersion(less)
slope
u/c

.

.

dispersion

electron electron moving
at speed u

electron
at rest

anti-electron (hole)
at restanti-electron (hole)

moving
at speed u

ωzitterbewegung =

The classical radius of the electron defined by setting its electrostatic PE to mec2 :
  e2/(4πe0 rclassical) = mec2    or   rclassical =  e2/(4πe0 mec2) = 2.8·10-15 m.

As a final numerological exercise, find angular momentum  = mevr 
of fictitious "zitterbewegung" orbit inside the electron. 
With v=c and r = rDirac the following is obtained.

      = mec rDirac  = mec/(2mec)      
        = /2 

   

rClassical
rBohr

=
e2  /4πε0mec2

4πε0
2 / mee2

= e2

4πε0c

⎛

⎝
⎜

⎞

⎠
⎟

2

 = 1
137.

⎛
⎝⎜

⎞
⎠⎟

2
 

Another fine-structure ratio to rBohr.
    

rDirac

c
(Some crazy “thing” 
going c around a 
circle!)
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Thales of
Miletus
624-543 BCE

Thales showed a circle diameter subtends a right angle with any circle point P

This leads to a convenient
construction of geometric means
and relativistic hyperbolas.

equ
ila

ter
al 

hyp
erb

ola
 

r·b
=2

= 4 !1
4 +1

Thales Mean Geometry (600BCE) helps “Relawavity” I

Minkowski-Lorentz Grid 
in terms of P’, G’

2015 DAMOP

Special Relativity and Quantum Mechanics by Ruler and Compass I.
The simplest “molecule”: 2 CW Lasers form Minkowski Space-time (and Reciprocally-related) Frame Coordinates

Harter-Soft Educational Tools
Heyoka Technical Consulting

Special relativity and quantum mechanics
are very much a story of 

the geometry of light-wave motion

Per-space Per-space Geometry

1564-1642

looks worried?

Galilei Galileo

First of all it’s
Complicated

..though comforting to the
“A Place for everything and

everything in its place”
crowd.

It’s going c.
It’s going c.
(Of course)

It’s going c.
FFLLAASSHH!!

It’s going -c. PPuullssee
WWaavvee

It’s going -c.

It’s going -c.
(Of course)

!

PW peaks precisely locate places where wave is.

Pulse wave (PW) train

Einstein Pulse Wave (PW) Axiom: PW speed seen by all observers is c

It’s going c.
It looks blue!

It’s going c.
It looks green.
(Of course)

It’s going -c.
It looks blue!

It’s going -c.
It looks red! It’s going -c.

It looks green.
(Of course)

It’s going c.
It looks red!

660000 TTHHzz
((ggrreeeenn))

LLaasseerr
ssoouurrccee

Sees Doppler blue shift Sees Doppler red shift

!

CW zeros precisely locate places where wave is not.Continuous wave (CW) train

Evenson Continuous Wave (CW) axiom: CW speed for all colors is c

Using
Occam’s
Razor

A “road-runner” axiom
is a “show-stopper”

Can be made
more self-evident
and productive

Simpler1CW coherenceAcos "t

A1cos "t+A2cos 2"t+A3cos 3"t+A4cos 4"t+...

FFLLAASSHH!!
1879-1955

Albert Einstein

1285-1349

William of Ockham

1929-2002
c=299,792,458 m/s

Kenneth Evenson

(and Evenson’s lasers)

beep-meep!

It’s “Zen-like”

1CW is affected by
1st-order Doppler
Blue shifts b =e+!

and
Red shifts  r =e-!

of frequency !
and wavenumber "

SPEED
LIMIT
c=

299,792,458
m/s

Making sense of light-wave           axiom(s).

Jean-Baptiste
Joseph Fourier
1768-1830

A

Greek “t” 
for time

Greek “n” for numberHeinreich
Kayser
1853-1940
1Kayser=1cm-1

of waves per second
or Hertz (Hz)

Heinreich
Hertz
1857-1894
1Hz=1sec-1

Greek “k” 
for Kayser

(or “kinks”)

How does space-time and/or per-space-per-time carry light-waves?

              (wavelength ! _ period ")    and/or      (wavenumber # _ frequency $)
         (       ! =1/#       and    " =1/$  )                      (     # =1/!        and                $ =1/" )
(! = meters per wave and " = seconds per wave)     (# = waves per meter and $ = waves per second)    

B

=!A

1-1

1

2

-! !

!

"-"

-"

#-#
2

SPACETIME 
(c!, ")-graph

x-space wavelength "x
(units: !µm)

c·time period c!
(units: !µm)

!µm #µm 1µm!="µm

"=5/6fs

"=5/3fs

"=5/4fs

"=10/3fs

1-1

1

2

-! !

!

"-"

-"

#-#
2

per-SPACETIME 
(!,c!)-graph

c·wavenumber c!x
(units: 600THz)

frequency !
(units: 600THz)

!=300THz

"=106/m 2·106/m 3·106/m 4·106/m

600THz

900THz

1200THz

1800THz

!
=
1·!

A

c! =1·c! A ! = 1·!A

c!
=1
·c!

A

c! A="A

=!A

Doppler Shift in per-space-per-time

Atom traveling along wave
sees less wave “hits” /sec. 
(that is: Doppler red-shift)

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

Atom traveling against wave
sees more wave “hits” /sec. 
(that is: Doppler blue-shift)

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

"hit"

Christian
Doppler
1803-1853

(c#,$)-graph (!,c")-graph

Moving against a 600 THz 1CW could Doppler blue shift it to 1200 THz

Move fast enough this way then the
“green” wave gets bluer and bluer

until YOU die

Move fast enough this way then the
“green” wave gets redder and redder

until it dies
Frequency AND Amplitude

decrease exponentially
Frequency AND Amplitude

increase exponentially

C

Space x!

2CW Minkowski-spacetime grid

PP=KKphase

Time
ct!

GG=KKgroup

RR=KK44

LL=KK--11

0 0.5 1 1.5 2-0.5-1

0.5

1

1.5

2

Frequency
!"

(units of
!A=600THz)

0 Wavevector c#"
(units of c#A=2·10

6/m)

300
THz

600
THz

900
THz

1200
THz

1500
THz

0.5

1

1.5

2

2.5

+106 +2·106 +3·106 +4·106-1-2

GG
LL=KK--11

RR=KK++44

PP

0.5 1 1.5 2-0.5-1

Im!4Re!4Re!4

Ti
m
e
ct
"

CW green-laser
600 THz

# 4= 4ck4= +4
Right-directed 1CW ei(k x-# t)

Space x"

4 4

Wavelength $=2%/k=1/&
(1/4µm=0.25·10-6m)

Im!'1 Re!'1Re!'1

Space x"

Ti
m
e
ct
"

CW green-laser
600 THz

k-1 = -1 # -1= 1c
Left-directed 1CW ei( k x-# t)

Wavelength $=2%/k=1/&
(1µm=10-6m)

-1 -1

Doppler blue shifted
to 1200THz

Doppler red shifted
to 300THz

Kphase=PP=
RR++LL
2

Kgroup=GG=
RR--LL
2

Phase vector P
1/2-sum vector 

Group vector G
1/2-diff vector 

2CW per-Spacetime Plot
2CW Minkowski-Spacetime Grid

Im!4Re!4Re!4

Ti
m
e
ct
"

CW green-laser
600 THz

# 4= 4ck4= +4
Right-directed 1CW ei(k x-# t)

Space x"

4 4

Wavelength $=2%/k=1/&
(1/4µm=0.25·10-6m)

Im!'1 Re!'1Re!'1

Space x"

Ti
m
e
ct
"

CW green-laser
600 THz

k-1 = -1 # -1= 1c
Left-directed 1CW ei( k x-# t)

Wavelength $=2%/k=1/&
(1µm=10-6m)

-1 -1

Doppler blue shifted
to 1200THz

Doppler red shifted
to 300THz

Bob: The spacetime 
wave-zeros replicate

the same pattern. 

(Except P#-phase and
G#-group indicators
get switched again.)

Letʼs measure these 
in careful detail! 

2 Doppler shifted CWs Interfering in Space-TimeH

R S = !RECEIVER

!SOURCE

B A = !B

!A

= 1200
600

= 2
1

C A = !C

!A

= 400
600

= 2
3

!RS = loge R S !BA = loge B A = loge
2
1

!CA = loge C A = loge
2
3

!BA = 0.69 !CA = "0.41

Bob-Alice Doppler ratio: Carla-Alice Doppler ratio: 

Bob-Alice rapidity: Carla-Alice rapidity: 

Doppler ratio: 

rapidity: 

Carla-Bob Doppler ratio: 

Carla-Bob rapidity: 

C B = !C

!B

= !C

!A

!A

!B

= C A A B

e!CB = e!CAe!AB implies: !CB = !CA + !AB
= !0.41! 0.69 = !1.10

Galileo’s Revenge (part 1)
    Rapidity adds just like
        Galilean velocity

(so:!AB="0.69)R S = e!RS
 or: 

Easy Doppler-shift and Rapidity calculation

Definition of Rapidity

B A = !B

!Ais time-reversed 
A B = !A

!B

!A=600THz

RECEIVERRECEIVER

SOURCESOURCE

RECEIVERRECEIVER
!B=1200THz !C=400THz

!A=600THz

!A=600THz

Bob: I see Doppler
Blue shift to 1200THz 

Carla: I see Doppler
Red shift to 400THz 

Alice: Hey, Bob and Carla! Read off your Doppler
shift ratios !B"A# and !C"A# to my 600THz beam.

Also, rapidity %BA and  %CA  relative to me.
I got !B"A#=2,
    and %BA =ln(2)
                 =+0.69

I got !C"A#=2/3,
    and %CA =ln(2/3)
                 =-0.41

Now, Carla, whatʼs your rapidity %CB relative to Bob?

I got !C"B#=!C"A#!A"B#=(2/3)(1/2)=1/3,
    and %CB = %CA+%AB =-1.10
           Weʼre in Splitsville!ALICE’S

LASER
GAUNTLET

E

Geometry applies to (x,y)   space-space
                             to (kx,ky) per-space-per-space
                             to (x,ct)  space-time

Bsinh !

stellar
angle "

Btanh !

Bcsch !

Bs
ec

h 
! Bc

os
h 
!

p-Circle

Tr
an

sfo
rm

ed
 P

er
-T

im
e

   
   

   
   
# A 

- a
xis

Ste
lla

r a
be

rra
tio

n
ra

y

Transformed Per-Space     
                         

     
     

c! A 
- axis

Bcoth !

b-cir
cle

B=2

g-circle

C $

C

S

S$

A$

A

L$

YQ
c!"
axis

#"= $"⁄2%

Be-!

Doppler
red-shift

Be+!

Doppler
blue-shift

kk

Occam's 
Sword
(u/c=3/5)

stellar
angle "

Btanh !

Btanh! sech!

Be-!

Doppler
red-shift

Bsinh !C $ P $

P

A$

A

Bc
os

h 
!

Bc
os

h 
!

O C

Bs
ec

h 
!

X
X

S

slope-sinh !

slo
pe

cs
ch

 !

slo
pe

co
th

 !

slope

tanh !

slope

tanh !

B

O

BB

B!

axis
(Units of 300THz) 

Table of 12 wave parameters (includes inverses) for relativity

...and values for u/c=3/5

An aid to
pattern recognition:

group bRED
Doppler Vgroup

c
!group

!A

"group

"A

# group

# A

$ group
$ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

# phase

# A

$ phase

$ A

! phase

!A

"phase

"A

c
Vgroup

1
bRED
Doppler

     %
rapidity e&% tanh% sinh% sech% cosh% csch% coth% e+%

 angle   '
stellar   ( 1/e+% sin' tan' cos' sec' cot' csc' 1/e&%

)*u
c

1&)
1+)

)
1

1
)&2&1

1&) 2

1
1

1&) 2

)&2&1
1

1
)

1+)
1&)

)=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
=2.0

effects bRED
Doppler Vgroup

past-future
asymmetry
Lorentz-transform )
(off -diagonal

x-contraction(Lorentz )

$ phase-contraction
t-dilation(Einstein)

! phase-dilation
Lorentz-transform )
(on-diagonal

inverse
asymmetry Vphase bBLUE

Doppler

K

Optical wave guide relativistic geometry aided by Occam’s Sword

Example of near-cut-off mode with low Vgroup=c/2 and high Vphase=2c . (High dispersion.)

Relativistic mode with near-c Vgroup=c/2 and Vphase=2c . (Low dispersion.)

L

M
*Lewis Carroll Epstein, Relativitätstheorie, Birkhäuser, (2004) Earlier English version (1985)-

Comparing Longitudinal relativity parameter: Rapidity % = loge(Doppler Shift)

           to a    Transverse*relativity parameter: Stellar aberration angle &

   We used notion & 
for stellar-ab-angle,
(a “flipped-out” % ).
Epstein not interested 
in % analysis or in
relation of & and %.

Epstein’s trick is to
turn a hyperbolic form
into a circular form:

(c! )2 + ( "x )2 = (c "t )

c! = (c "t )2 # ( "x )2

Then everything (and everybody) 
    always goes speed c through (x#,c") space!

J

• How do we measure space and time with light waves?
          Use 1CW laser-phasors for a phase-based theory
• How do we make spacetime coordinate graph with light waves?
          Use 2CW laser-phasors and wave interference geometry

Remember your algebra? Exponents of prod-
ucts add. 

So,  half-sum           plus half-diff         gives  a,   
and  half-sum        minus half-diff        gives  b.

Presto!
You factor eia+eib into    

a ! b
2

a ! b
2

e
ia+b
2 e

ia!b
2 + e

! i a!b
2

"
#$

%
&'

G 2 CWs Interfering in Space-Time

Re!

Im!

Re!

Im! Re!Re!
Im!

Re!Re!

Space x

Ti
m
e
ct

Space x

Ti
m
e
ct

Period "=2#/$=1/%
(5/3fs=1.67·10-15s)

Wavelength &=2#/k=1/'
(1/2µm=0.5·10-6m)

CW Dye-laser
600 THz

CW Dye-laser
600 THz

$ = 2ck = +2 k = -2 $ = 2c
Right-moving CW ei(kx-$t) Left-moving CW ei(-kx-$t)

Space x

Ti
m
e
ct Re(Re( Im( ((x,t)=eia + eib

kx-$ t -kx-$ t

=ei (ei +e-i )
a+b____
2

___
2
a-b___

2
a-b

=e-i$t(eikx+e-ikx)

((x,t)=e-i$t2coskx

phase
factor

group
factor

Standing CW ei(-$t)2coskx

Cool! 
You guys 
made me 

a space-time
graph out of
real zeros.

Bob:

Easy! 
You get zeros of any wave-sum eia+eib

by factoring it into phase and group parts.

Carla:

a + b
2

a + b
2

Howʼd it
do that?

B moves relative to A

PLUS

!

"
cos"

sin"

cos!

Red phasor B

EQUALS:

Green phasor A

("+!)/2

("#!)/2

("#!)/2

(b) Typical Phasor Sum:

r= 0 r= 1 r= 2 r= 3 r= 4 r= 5 r= 6 r= 7 r= 8 r= 9 r=10 r=11 r=12 r=13 r=14 r=15 r= 0

kk== 22kk== 22

kk== 33kk== 33

GGrroouupp oorr BBeeaatt:: NNooddee oorr ZZeerroo::

A moves relative to B

(c) Phasor-relative views

(a) Sum of Wave Phasor Array

A

A B

B

$A=e
i"

$B=e
i!

Sum: %A+B=$A+$B

Difference:%A#B=$A#$B

%A+B=$A+$B

("#!)

Geometry of the 
Half-sum 
Phase
and
Half-difference
Group

Galileo’s Revenge (part 2)
Phasor angular velocity 

adds just like
Galilean velocity

Happy now? 

Then Evenson’s axiom holds:
“All colors go c = !$ = $/# ”

Vacuum only makes one $ for each !.*

*for each beam and polarization orientation

Clarify Evenson’s CW Axiom (All colors go c) by Doppler effects 
Alice tries to fool Bob that she’s shining a 600THz laser. (Bob’s unaware she’s moving really fast...) 

600THz line600
500
400
300

700
800

frequency !="/2#
(Inverse period !=1/$)

wavenumber %=k/2!
(inverse wavelength %=1/&)

(" = ck)
or

(! = c%)

B C

900

&= 1.00µm 0.50µm 0.33µm
%= 1·106/m 2·106/m 3·106/m

THz

Only ONE
kind of
RED
allowed (ONE that goes c)

A

Also could be labeled :

Linear-(non)-dispersion 
axiom: $ = c#

Q1: Can Bob tell it’s a “phony”  600THz
      by measuring his received wavelength?

Answer to Q2 is C, the one with slope $/#=$·$=c.
If he sees Green 600THz then he measures $=0.5µm.
If he sees   Red  300THz then he measures $=1.0µm.
Answer to Q1is NO! 
CW Light carries no birth-certificate!

Q2:If so, what “phony” $ does Bob see?

D

The “Keyboard of the gods”

1

1

2

-! !

!

"-"

-"

#-#
2 1

1

2

-! !

!

"-"

-"

#-#
2

1

1

2

-! !

!

"-"

-"

#-#
2

per-SPACETIME 
(!,!)-graph

wavenumber !
(waves per meter)

frequency !
(waves per sec.)

SPACETIME 
(t,x)-graph

wavelength !
(meters per wave)

period "
(sec. per wave)

wavelength !
(meters per wave)

period "
(sec. per wave)

Press a key to get a wave (a 1-CW) 
“1-CW” means 

“single Continuous Wave”

...for
all

time...

(and hold)

%

...at a speed of: 

!=2/3

!=
5/
4

distance
time

=wavelength
period

 = !
"
= 2/3

5/4
= 8

15
m.
s.

= 1/!
1/"

= "
!

distance
time

=wavelength
period

= frequency
wavenumber

   Vwave  =
!
"

 = 1/#
1/$

   = $
#

  = 1/"
1/!

           = 2/3
5/4

= 4/5
3/2

            = 8
15

m.
s.

wave-velocity formula

Vlight= c =
!
"
= 1/#
1/$

= $
#
= 1/"
1/!

= 299,792,458m.
s.

Vlight
c

= !
c"

= 1/#
c/$

= $
c#

= 1/"
c /!

= 1

Dimensionless Light wave-velocity c/c=1

...in spacetime...

Light

...That “continues” 
             everywhere…

LightLight wave-velocity c (our main topic)

!=2/3=1/"
wavelength

! =5/4 =1/"
period

!=2/3=1/"
wavelength

! =5/4 =1/"
period

! = 4 / 5
frequency

! = 3 / 2
wavenumber

wave-speed equals slope-to-vertical in (!,")-graph 

wave-speed equals slope-to-horizontal in (#,$)-graph 

(#,$)-graph (!,")-graph

Or per-space-per-time graphs vs. space-time graphs 

2

k= ! = 1c
300 THz laser
(Infrared)

Space x

cre
st
pa
th
(ph
ase
=
0)

zer
o p
ath
(ph
ase
=
+!
/2
)

tro
ug
h p
ath
(ph
ase
=
+!
)

(1µ 10-6=m

laser-phasors

Real "=Re"

Imaginary
"=Im"

"(x,t)

Period #=2!/!=1/$
(10/3 fs=

Real "=Re"

3.33·10-15s)

+1

m)

zer
o p
ath
(ph
ase
=
+3
!/2
)

Im"Re"Re"

Wavelength %=2&/k=1/'

Time
ct

Re
al

ax
isangular 

units

1 CW Laser-phasor Wave Function
! = A"ei(kx#$t ) = A"cos(kx #$t)+ iA"sin(kx #$t)

(kx!"t )
phase-angle

Imaginary
axis

phase-angle

Amplitude
A

Amplitude
A

'

'

'

'

Clock velocity u=0
 frequency 300THz

Clock velocity u~c
frequency~0.0 THz

Two extremes give
identical phasor
clock (x,ct) array

Other Doppler versions
 "$/#$=c=$$/%$ 

must match this phasor
clock-(x,ct)-array, too.

That’s gauge invariance!
%x-$t = %$x$-$$t$

Vlight
c

= !
c"

= #
c$

= 1= %
ck

Dimensionless Light wave-velocity c/c=1
angular 

units

     angular frequency :! = 2"#
angular wavenumber : k = 2"$

“winks”
‘n

“kinks”
k =wavevector

F

1

3

4

Relawavity - Using light’s own wave-like 
nature to better understand special relativity 

and quantum mechanics

! phase =
! A +! B

2
! group =

! A "! B

2

Link to pdf version of Part I online
Note: When printed at their optimal resolution, each poster is 7 feet across!
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Low speed !phase and "phase approximations vary with u 
       like Newton’s kinetic energy   Mu2 and momentum Mu.

1
2

group bRED
Doppler Vgroup

c
!group

!A

"group

"A

# group

# A

$ group
$ A

Vphase

c
bBLUE
Doppler

phase 1
bBLUE
Doppler

c
Vphase

# phase

# A

$ phase

$ A

! phase

!A

"phase

"A

c
Vgroup

1
bRED
Doppler

     %
rapidity e&% tanh% sinh% sech% cosh% csch% coth% e+%

 angle   '
stellar   ( 1/e+% sin' tan' cos' sec' cot' csc' 1/e&%

)*u
c

1&)
1+)

)
1

1
)&2&1

1&) 2

1
1

1&) 2

)&2&1
1

1
)

1+)
1&)

)=3/5
value for 1

2
= 0.5 3

5
=0.6 3

4
=0.75 4

5
=0.80 5

4
=1.25 4

3
=1.33 5

3
=1.67 2

1
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functions Vgroup=
ctanh%

momentum
cp=Mc2sinh%

-Lagrangian
L= -Mc2sech%

Hamiltonian
H=Mc2cosh%

DeBroglie
"=+ csch%

Vphase =
ccoth%
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Special Relativity and Quantum Mechanics by Ruler and Compass II.
The simplest “molecule”: Relativistic mechanics by optical coherence geometry
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DeBroglie (1921)

Using wave parameters to quickly derive Planck (1900), Einstein (1905), and DeBroglie (1921) formulation

Planck (1900)

(Famous Mc2shows up here!)

Max Planck
1858-1947

Louis DeBroglie
1892-1987
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e.m. energy density
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“particle” normalization
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Thales geometry of
 relativistic !#(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle

!# =E(cp)

!ck =cp

Feynman diagram of relativistic optical transition 
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Feynman
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Take-away point 0
Classical (and spectroscopic)

Energy-momentum conservation
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conservation in
quantum-phase space-time 

“wiggle-count”

Thales geometry of
 relativistic !#(ck) or E(cp)-space

Doppler RED factor: Doppler BLUE factor:

p-circle

g-circle
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!ck =cp

The “Rocket Science” of relativistic optical transitions 
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Key recoil relations:
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u~ c ln M!/Mm
Photons are more
like “rockets”
than “bullets”

Take-away point 1
Emission photons
are analogous to

rocket exhaust (not “bullets”)
(Vburnout=cexhaustln[Minitial/Mfinal])

Low-urecoil approximation where: ! " urecoil
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...and this process is reversible

Exact recoil rapidity
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of Lorentz Poincare Group
(Feynman path integrals defined
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(a) Exact Einstein-Planck Dispersion

(b) Bohr-Schrodinger Approximaion
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photon:
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E =± c p
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tachyon:
imaginary µ

Atom frame
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Definition(s) of mass for relativity and quantum theory 

hB = h!A = Mc2 = hc" A

Rest Mass Mrest   (Einstein’s mass)          Defines invariant hyperbola(s)     

E = ± Mc2( )2+ cp( )2

Momentum Mass Mmom (Galileo’s mass) Defined by ratio p/u of relativistic momentum to group velocity.   

E =Mc2 cosh! = h" phase Given:  Energy:

cp =Mc2 sinh!= hc" phase momentum:

u =c tanh! = d"
d#

 Group velocity:
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general wave formula
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Defining phase %, action S=!%, Hamiltonian, and Lagrangian 

Define Lagrangian L in terms of phase %=kx-#t=k&x&-#&t& for k=kphase and #=#phase. 

Use DeBroglie-momentum p=!k relation and Planck-energy E=!# relation
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Legendre transforma-
tion

 
L=dS

dt
! ! d"

dt
= !k dx

dt
# !$ = p dx

dt
# E ! p "x # E ! pu # H = L

 
!! h

2"

L = pu ! H = (Mcsinh")(c tanh")!Mc2 cosh"

= Mc2 sinh
2! " cosh 2!
cosh!

= "Mc2sech!

C

1

2

3

4  
L = ! d!

dt
= "Mc2 1" u

2

c2     = "Mc2 sech# = "Mc2cos$

H = h! phase = Mc
2 1" u

2

c2   =   Mc2 cosh# =   Mc2sec$

H =Mc2 1+ sinh 2! =Mc2 1+(cp)25

(a) Hamiltonian

Momentum p

P
P!

P!!

-L
-L!
-L!!

L(q,q)
Velocity u=q

Q
Q!
Q!!

-H

-H!

-H!!

H
H!

H!!
L
L!
L!!H

H!

H!!

slope is
momentum p:

slope is
group velocity u:
"H
"p

= q
= u

"L
"q

= p

(b) LagrangianH(q,p)

radius = Mc2

O

O

Light cone u=1=c
has infiniteH

and zero L

#!!
#!
#

Comparing
Lagrangian       L(velocity u) 

with 
Hamiltonian H(momentum p)

 Hamiltonian Legendre transforms to Lagrangian 

e-!

co
sh
!

1

tanh!

coth!

se
ch
!

csch!

sinh!

Stellar aberration !
Realtivity angle "

si
nh
!

cosh!

e+!

u=  Vgroup    =   c tanh!  =   csin"

cp = ch! phase=Mc
2 sinh" = Mc2tan#

6%=kx-#t

Relawavity variables plotted versus Group Velocity Vgroup=c tanh $3

 
!ckphase= !Bsinh! =Mc

2

2"
sinh!

D Geometry and plots of
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of Compton scattering
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of constant acceleration paths
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Link to pdf version of Part II online
Note: When printed at their optimal resolution, each poster is 7 feet across!
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Applications to optical waveguide, spherical waves, and accelerator radiation
 

from CMWith a BANG!  Lecture  31 
Thur. 12.10.2015

Xtra stuff: Some numerology: Which is bigger...H-atom or an electron? What’ spin?
Space-Space waves gone mad 
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Optical wave guide relativistic geometry aided by Occam’s Sword
geometry applies to (x,y) space-space
                    to (kx,ky)per-space-per-space
                             to (x,ct) space-time

Example of near-cut-off mode with low Vgroup=c/2 and high Vphase=2c . (High dispersion.)

Relativistic mode with near-c Vgroup=c√3/2 and Vphase=2/√3c. (Low dispersion.)
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Optical wave guide relativistic geometry aided by Occam’s Sword
geometry applies to (x,y) space-space
                    to (kx,ky)per-space-per-space
                             to (x,ct) space-time

Example of near-cut-off mode with low Vgroup=c/2 and high Vphase=2c . (High dispersion.)

Relativistic mode with near-c Vgroup=c/2 and Vphase=2c . (Low dispersion.)
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Optical wave guide relativistic geometry aided by Occam’s Sword
geometry applies to (x,y) space-space
                    to (kx,ky)per-space-per-space
                             to (x,ct) space-time

Example of near-cut-off mode with low Vgroup=c/2 and high Vphase=2c . (High dispersion.)

Relativistic mode with near-c Vgroup=c√3/2 and Vphase=2/√3c. (Low dispersion.)

GuideIt Web Simulation: σ = 30°

GuideIt Web Simulation: σ = 60°
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http://www.uark.edu/ua/modphys/markup/GuideItWeb.html?scenario=260
http://www.uark.edu/ua/modphys/markup/GuideItWeb.html?scenario=260
http://www.uark.edu/ua/modphys/markup/GuideItWeb.html?scenario=230
http://www.uark.edu/ua/modphys/markup/GuideItWeb.html?scenario=230


Spherical wave relativistic geometry
Also, aided by Occam’s Sword

RelativIt Web Simulation 
Litehouse’s frame
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http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=207
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=207
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=207
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=207


Occam 
Sword
geometry
in (x,y)
space-
space

RelativIt Web Simulation 
Litehouse’s frame

RelativIt Web Simulation 
Ship’s frame
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http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=207
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=207
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=207
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=207
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=206
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=206
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=206
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html?scenario=206


Spherical wave 
relativistic geometry

Occam 
Sword
geometry
in (x,y)
space-
space

RelaWavity Web Simulation 
Wavefronts in Space-Space
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http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C1
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C1
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C1
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C1


Spherical wave 
relativistic geometry

u/c = 1/3

Web Simulation 
Spectral Ellipse 

{PerSpace-PerSpace}
{β = u/c = 1/3}
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http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.3333&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=2
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.3333&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=2
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.3333&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=2
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.3333&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=2
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.3333&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=2
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.3333&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=2
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.3333&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=2
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.3333&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=2


Spherical wave 
relativistic geometry

u/c = 3/4

Web Simulation 
Spectral Ellipse 
{β = u/c = 3/4}
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http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.75&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=3
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.75&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=3
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.75&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=3
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.75&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=3
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.75&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=3
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=6%7C3&protractorInd=0&protractorVectorCnt=720&velocity=0.75&gCircleInd=1&asympInd=2&insetInfoInd=1&ssCurvedElementsInd=0&vertBranchInd=1&swordTypeInd=1&swordLineWidth=3

