15t axioms and theorems of classical mechanics
(Ch. I and Ch. 2 of Unit 1)

Geometry of momentum conservation axiom (ala Occam'’s Razor)
Totally Inelastic “ka-runch’collisions™ (begin 4:1 graph project)
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry*
+Intro to weighty-averages and vector notation
Comments on idealization in classical models

Geometry of Galilean translation symmetry
45° shift in (V1,V>3)-space
Time reversal symmetry
...of COM collisions

Algebra, Geometry, and Physics of momentum conservation axiom
Vector algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem

Numerical details of collision tensor algebra

Note - Many of the underlined links throughout this lecture file link to the specific selected cases within those Web Simulators
*Launch Car Generic Collision Web Simulator http://www.uark.edu/ua/modphys/markup/CMMotion Web.html
*Launch Generic Superball Collision Web Simulator  http://www.uark.edu/ua/modphys/markup/BounceltWeb.html
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A pI‘Oblem ln Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision..... After collision...what velocities?
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kcmd solve... )

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html
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A pI‘Oblem ln Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) VS uv and Change Violently

Before collision..... After collision...what velocities? but NOT total momentum
g 60 7, e Protal= Msuy Vsuy +
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1 ~ | ZmVi(initial) = XimVi(final)
“ Y | XimV?i(initial) = XimV7i(final)
%

kcmd solve... )

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html
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A pI‘Oblem ln Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) VS uv and Change Violently

Before collision..... After collision...what velocities? but NOT total momentum
g 60 7, e Protal= Msuy Vsuy +

I mile > Perfe.dly?. _ : Y 2222
1 08 06 04 02 elastic ﬂelastzw
A case case Ko /ich!
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48 oo b IS momentum and energy formulas/axioms. 1285-1349
1 ~ | ZimVi(initial) = ZimVi(final)
C%) Y | XimVZi(initial) = Xim V7 (final)

@

% Wielder of

kcmd solve... ) 5 , .,
Occam's Razor

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html
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A pI‘Oblem ln Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) VS uv and Change Violently
but NOT total momentum

Before collision..... After collision...what velocities?
7 mile Perfectly B9 678 Torally e Prowar= Msur Vsur +
1 08 06 04 -02 elastic ‘inelastic \| /@/
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S Conventional solution: Look up the usual William of Ockham
48 soe IS momentum and energy formulas/axioms. 1285-1349
| ~ | XimVi(initial) = XimV(final)
C%) Y | XimVZi(initial) = Xim V7 (final) :
Dy Wielder of

kcmd solve... )

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

“Occam’s Razor”

“Pluralitas non set poneda sine necessitate.”

and has a number of interpretations:

1. Literally:”Don t make pluralities of conjectures without necessity.”
2. Logically: “Assume less to prove more.”

3. Practical coding advice: “Keep it simple, make it powerful.”

*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html
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A pI‘Oblem ln Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) VS uv and Change Violently

Before collision..... After collision...what velocities? but NOT total momentum
: e Totall
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Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s) codm 8 Razer

Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

GO! (INITIAL or IN) STOP! (FINAL or FIN)
VNG + VIN = VEIN G )+ VEIN . =constant
*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html

Friday, January 22, 16 7


http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html

A pI‘Oblem ln Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) VS uv and Change Violently
but NOT total momentum

Before collision..... After collision...what velocities?
7 mile Perfectly B8 &9 Ty % Proia= Msuyv Vsuy +
> elastic =~ ‘inelastic’ |
-l -08 -06 -04 -02 () case K /\ ase R ‘/@!
A == [a |===4
-6 sec. Iisi /E -0
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S Conventional solution: Look up the usual William of Ockham
48 sec s | momentum and energy formulas/axioms. 1285-1349
) ~ | XimVi(initial) = XimV(final)
C%) Y | XimVZi(initial) = Xim V7 (final)
0} :
“ \_and solve... y y Wlelc,ier of )
Occam s Razor

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

GO! (INITIAL or IN) STOP! (FINAL or FIN)
VIN g+ VN y = VEIN G+ VEIN 0 =constant
. 60 + [ .10 = . + .27 =250
*Launch Car Collision Web Simulator http..//'www.uark.edu/ua/modphys/markup/CMMotion Web. html
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A pI‘Oblem 1n Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) VS uv and VV /4 Change Violently
but NOT total momentum

Before collision..... After collision...what velocities?
1 mile Pelffectlyg Y Totally ! B Prowai= Msuv Vsur + MywVyvw
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S Conventional solution: Look up the usual William of Ockham
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1 ~ | ZimVi(initial) = ZimVi(final)
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% :
“s \_and solve... ) Wlelc}er of N
“Occam s Razor

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

GO! (INITIAL or IN) STOP! (FINAL or FIN)
VINGoi+ Myw VN = VEIN G o+ Myw VEIN . =constant
. 60 + [ .10 = .3 + [ .27 =250

It’s a simple Cartesian equatio
x + 1 .y =250

Rene Descartes
1596-1650

*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html
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A pI‘Oblem 1n Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) VS uv and VV /4 Change Violently
but NOT total momentum

Before collision..... After collision...what velocities?
1 mile Pelffectlyg Y Totally ! B Prowai= Msuv Vsur + MywVyvw
> elastic ’ —

-1 -08 -06 -04 -02 () e

case

: . 272?
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case /ich!

A =
-6 sec. lisi /'E -
. + == otLlision!
12 sec. = %0 ’G
)
_ =
-24 sec. -+ S
o
C b 7 7
-36 sec. =y X e : 3 ™\
S Conventional solution: Look up the usual William of Ockham
48 sec S| momentum and energy formulas/axioms: 1285-1349
1 ~ | ZimVi(initial) = ZimVi(final)
C%) Y | XimVZi(initial) = Xim V7 (final)
% :
“s \_and solve... ) Wlelc}er of N
“Occam s Razor

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

GO! (INITIAL or IN) STOP! (FINAL or FIN)
VINGoi+ Myw VN = VEIN G o+ Myw VEIN . =constant
. 60 + [ .10 = .3 + [ .27 =250

It’s a simple Cartesian equation...
x + 1 .y =250
Yy =250 -4 -Xx

Rene Descartes
1596-1650

*Launch Car Collision Web Simulator http://'www.uark.edu/ua/modphys/markup/CMMotion Web.html
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(a) N . After Ka-runch ! collision...
100 glj)h Velocity-veiocity plot (b)
80 Mgy _\During of Axiom-1:
70 7 s \collision..... My Vo 411,V
60 =constant =P.. =250 o PFINAL?
50mph \ 9
40 :
30 Befe i . _ My P
o ol 7, ==V
10mph L0 — _ 4 VSUV + 250 INITIAL
Ol 10 20 30 4050m?90h\70 80 90 100mpi \
SUV oo 60mph

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

GO! (INITIAL or IN) STOP! (FINAL or FIN)
VING A+ My VIN = VEIN g o4 My VEIN )y =constant
. 60 + [ .10 = .3 + [ .27 =250

It’s a simple Cartesian equation...

x + 1 .y =250
Yy =250 -4 -Xx

...with a simple Cartesian line-plot.

Rene Descartes
1596-1650
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Geometry of momentum conservation axiom

——- [0l Inelastic “ka-runch”collisions (begin 4:1 graph project)
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry
Comments on idealization in classical models
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. o b)| After Ka-runch ! collision...
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Geometry of momentum conservation axiom

Totally Inelastic “ka-runch ’collisions
— Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry
+Intro to weighty-averages and vector notation
Comments on idealization in classical models
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After Ka-runch ! collision...
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Geometry of momentum conservation axiom

Totally Inelastic “ka-runch ’collisions

Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry
_) +Intro to weighty-averages and vector notation

Comments on idealization in classical models
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Geometry of Momentum Conservation Axiom -1

Total
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Geometry of Momentum Conservation Axiom -1

Momentum Co servation lzne: —
Divide Axiom -1by M, =(M-~+M,)
IN IN Total —
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Geometry of Momentum Conservation Axiom -1

(MM = MV MV = MV MV =M VI MLV = M, VO

Total

Momentum Conservation line: —3» L. A .
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OM _xCOM ;
equal components o ViS5 . coM the momentum line
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Geometry of momentum conservation axiom

Totally Inelastic “ka-runch ’collisions
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry

TIntro to weigleirmginciadls and vector notatioy «uu—

Comments on idealization in classical models
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Geometry of Momentum Conservation Axiom -1
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Geometry of Momentum Conservation Axiom -1
CoOM _ IN IN_ FIN FIN
(M +M,)V | =MV, "+M,V, _M1V1 +M.,V,
Momentum Cotlervation ling —>»
M\V"+

IN
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Geometry of Momentum Conservation Axiom -1
(M1+M2 )VCOM:MI‘/][N'l'Msz[N:Ml‘/lFIN'I'MZVZFIN
Momentum Conservation line; —s»
M V"™ +M V"= constant

e

100 — -

0 V= You may be used to giving coordinates as (X,y).
= 0 1 :
80 J Thisis a row-vector (or bra(FIN| in QM)
70 V™ =(40,90)
60 o /[1 30
" y 50
40 N
30 Thisis a column-vector (or ket |IN') in QM)
20 /N 60 T 60
"0 \ 10 10
10 20 30 40 50 60\70 80 90 100 [otgh
Vi=Vsur

This 1s a dot product (or scalar product)

VeV = (40,90)-( fg )= (FIN|IN)Y= 40 60 + 90 10= 2400 + 900 = 3300

of a row-vector V'™ = (40,90) (or bra(FIN |)

with column-vector = [ fg j(or ket |IN))
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Geometry of Momentum Conservation Axiom -1
(M1+M2 )VCOM:MI‘/][N'l'Msz[N:Ml‘/lFIN'I'MZVZFIN
Momentum Conservation line; —s»
M V"™ +M V"= constant

N g
Vz - VVW

100 — -

0 V= You may be used to giving coordinates as (X,y).
= 0 1 :
80 J Thisis a row-vector (or bra(FIN| in QM)
70 V™ =(40,90)
60 o /[1 30
" y 50
40 N
30 Thisis a column-vector (or ket |IN') in QM)
20 /N 60 T 60
"0 \ 10 10
10 20 30 40 50 60\70 80 90 100 [otgh
Vi=Vsur

This 1s a outer product (or tensor product)

VNR VN = 60 ®(40,90) =| INY{FIN| = 60 40 60 90 |_| 2400 5400
10 10 40 10 90 400 900

of a column-vector = [ f(()) )(or ket |IN))

with a row-vector V'™ = (40,90) (or bra(FIN |)
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Geometry of momentum conservation axiom

Totally Inelastic “ka-runch ’collisions
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry
+Intro to weighty-averages and vector notation

—— Comments on idealization in classical models e

Friday, January 22, 16
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Geometry of momentum conservation axiom

Totally Inelastic “ka-runch’collisions™
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry*
—) Comments on idealization in classical models

Friday, January 22, 16
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The and ldealized thought experiments

Idealization 1. Ignore background.
(No rolling friction, air resistance, etc.)

50 & o

ldealization 2. Make each 1-dimensional.
(Cars “constrained” to ride on frictionless rail)

=] ﬁ System now has
: ~ [0 D = just two “dimensions”

or “degrees-of-freedom”

Landscape 1.1 Idealized model for collision model and thought experiments

Friday, January 22, 16
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Summary of Classical Mechanical Degrees of Freedom
Translation (Each body has 3 translational degrees of freedom) (Intoduced in Units 1 and 2)

\
6 translational
- degrees of freedom

/ y
& for and

Friday, January 22, 16
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Summary of Classical Mechanical Degrees of Freedom
Translation (Each body has 3 translational degrees of freedom) (Intoduced in Units 1 and 2)

) \
6 translational
- —3 degrees of freedom
- e $4
s ——— {ﬂ\:\ for and
l@ = S
° \?"}
Rotation (Each body has 3 rotationaldegrees of freedom) (Intoduced in Units 3 and 7)

6 rotational

degrees of freedom
for and

Friday, January 22, 16 29



Some Topics in Classical Mechanics with a BANG!
Summary of Classical Mechanical Degrees of Freedom

Translation (Each body has 3 translational degrees of freedom) (Intoduced in Units 1 and 2)

\
6 translational
- —3 degrees of freedom
- e $4
V& ~_ {ﬂ\:\ for and
l@ — 2
° \?"}
Rotation (Each body has 3 rotationaldegrees of freedom) (Intoduced in Units 3 and 7)

6 rotational

degrees of freedom
for and

and system involves
12 rigid-body degrees of freedom

Vibration (Each body has many vibrational degrees of freedom) (Intoduced in Units 3-8)
é‘\é\\ Generalized Curvilinear Coordinates (GCC)
o
()

introduced in Unit 1 Chapters 10 -12
/ An N-atom molecule has
’ 3N-6 vibrational degrees of freedom

Landscape 1.2 Some idealized classical model degrees of freedom

Friday, January 22, 16



Geometry of Galilean translation symmetry
m—— /5 © shift in (V1,V>)-space

Time reversal symmetry
...of COM collisions

Friday, January 22, 16

31



A pI‘Oblem lIl Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean translation (A symmetry transformation)
If you increase your velocity by 50 mph,... (In some direction x,y, or z...)

...the rest of the world appears to be 50 mph slower  (In that direction...)

(a) Galileo transforms to COM frame

160 FE =
;al:l\a V 90 a < ;
VW 80 X =y :
0 7 S y
60| .~ 58 1) -
/ / VL ) ‘
FC059 / > ’)l
0 A ” . b
P U ;7 ot %
. / . R R
// WA 10””65)0”’% Lt Galileo Galilei
50,5
“ : 4 1564-1642
100 -90-80-70/—9_% ) 90-30-20-1 K 10 20 30/49 5060 70 80 90 10
y 220 / V
e L0 it SUV
// T ICOM %
=50
v 7
770
s 280
/
- -90
‘ -10
Fig.1.4a

32
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A pI‘Oblem lIl Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)
Geometry of Galilean translation (A symmetry transformation)

If you increase your velocity by 50 mph,...

(In some direction x,y, or z...)

...the rest of the world appears to be 50 mph slower  (In that direction...)

(a) Galileo transforms to COM frame

10N

1 UU
fﬂ:l\a V 90

VW 80
70

60
) Al 50)
v

L Eart”

L7 o) 7
0

btracting\” pari

(50,50)

-90-80-70-60~
10072030 250
/
/
/
/
/

-40-30-20-1
0

-20
-30

10 20 30 495
/

060 70 80 901

VSUV
=

Friday, January 22, 16

(b) ... ve or six other reference frames
100 Fo
l art
2 o/};am | A Fo
VW 80
70 //
/
— ;6[(]), E SUV(F) 7’
L co "/0 /
/
F SUV(I) /

0 v
v < [
/ /Earth
F V’ﬁ{? e 1 ] -

vl
_100 -90-80—70—60§ -40-30-20 0 10\ 20 30/495/0 60 70 80 90 100
E o y V
/ ] SUV

7 T SUV(F)
/ A O oo
/ ~ Fcom

/ 2 Lsurw

33



Geometry of Galilean translation symmetry
45° shift in (V1,V3)-space

——) ] ime reversal symmetry
...of COM collisions

Friday, January 22, 16
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A prOblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean translation (A symmetry transformation)
If you increase your velocity by 50 mph,...

...the rest of the world appears to be 50 mph slower

(a) Galileo transforms to COM frame
v LIxE

> V),
VW 80 o o VW 80 )
70 / 70 a
60

60 // / /s E/
| 50

hd & SUV(F)

I C()MJy / 1 C(I‘LJ/ >
0 Y F 0 )
~ %o - suv( 0 %
/ I L / [ P
/ f fl”actillg JFarth P / }Zu//‘/h
7l 7 (50,50) F. .- I b

ve or six other reference frames
/

I’
L Eard

L
1 Earid

Final F and Initial 1

trade places...
Time-reversal (F-I)
symmetry pairs
(Four examples)
100 i

4 Eart}z/

F

v

/ / Vl/ﬁ\l) V(i \/
-90-80-70-60¢, -40-30-20-1 ~90-80-70- ~40-30- d
-100 //_50 7 10 20 30/4950 60 70 80 9 100 _100 90-80-70 60§ 40-30-20 A 10\ 20 30/4950 60 70 80 90 100
A -20 % V E s V
. / 30 1 SUvV % 7 SUV
7 SUV(F)
£ - O— / %
- jf) ICOM T 7 j s
s 4 by L suva
~00 60
7 /
;770 o0 =70
780 -80
4 L vwE)
, 90 I 90 -10
/ N 7 10
UV 1U

Friday, January 22, 16

D

/

/
L.,

 -90-80-70-605 5060 70 80 90 100
F 1%
SUV
! =
L sy
1
v -160
Time-reversal means flip t to -t...
(Run a movie backwards)

35



A pI’Oblem ln Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) Final F and Initial [

Geometry of Galilean translation (A symmetry transformation) trade places e
If you increase your velocity by 50 mph,...
...the rest of the world appears to be 50 mph slower Time-reversal (F-1)
symmetry pairs
, . (Four examples)
(a) Galileo transforms to COM frame (b) ... and tgAflve or six other reference frames on p
& i e EIET i 1 Earg”
VVW 80 P /’ VVW 80 iwi =)= V F
70 V4 70 Va
. col 565 - // / F'co 56,2 ES/UV(F) s /
4 (0)/ f /// FSUV(I) z /// |
/ ractin Lo 1 L, 2
S (50,t5a0jn lf ] Fopo K ! L) ®

, IR yw()

_100 —90—80-70-%0 -40-30-20-1 A 10 20 30/4950 60 70 80 90100 _100 -90-80-70-6 5 -40-30-20 y 10\ 20 30/495b 60 70 80 90100 P
)il 20 y V E o / V. .
// 230 // N4 // 1 [SUV(F) SUV [ /
%
// :?) ICOM —3 7 T4 - I com % Earth
. __% X - Lsuva F
// // 0 V-Vp /
770 070 < g
/ _80 [ -80 -90-80-70-6
o 10 S 0% 7 B 100
L SUV
’
. %
Fig.1.4a Fig.1.4b =5

L sy

Time-reversal means flip t to -t...
(Run a movie backwards)

That means you flip Velocity V to -V ...
(Everything goes backwards)
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Geometry of Galilean translation symmetry
45° shift in (V1,V3)-space
Time reversal symmetry

> ...of COM collisions

Friday, January 22, 16
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A prOblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean translation (A symmetry transformation) THE
If you increase your velocity by 50 mph, ...

...the rest of the world appears to be 50 mph slpwer COM Time-r ever sal
symmetry pair
(Just 1 case)
(a) Galileo transforms to COM frame (b) ... and tgAflve or six other reference frames - .
10 / 10 s 110N /
100 S 7 EaY L Farin 1UU £ Earth”
&Vt il Fé\ Eo 1V Fuy
o P VW s0
o0 g 0\F SUV(F) 4 7
F (.'()Mjgo { F 1E(‘(7:L5;0Y // 70 ///
// // suv( // 60 // .
4 o/md ng Iﬁu{m it : [ﬁm/-/h | A S/Y FS UV(F) .7
// 1 (50,50) Y FV@F 1 1 IVW(I N 1 CcO J/ /
_100 —90—80—70—1;_%0 -40-30-20-1 A 10 20 30 4950 60 70 80 9()]00 _100 —90-80—70—6(%‘ -40-30-20 A 10\ 20 30 4Q5b 60 70 80 90100 F ]@0 //
/ 20 A E o \5/ V sy o s
A ol \ 7 Suv P | T Suv / e
/ ool | B / Ao & A\ L,
e -80 i =80 -90-80-70-602K, -40-30- f /xJ
// oo 1 Ol _100 90-80-70 605 40-30-20 f 10\ 20 30 ft/050 60 70 80 90100
160 -10 E y Yo 1 V
7 | 7 SUV
: , / L suver)
Flg.]-4a Flg14b o 'j /?[COM %
e :j6/0 7L suva
There is just one velocity frame I 779
in which the time-reversed collision Iy "
looks just like the original collision - -100
That is th Time-reversal means flip t to -t...
atis the (Run a movie backwards)
Center-of-Momentum

(COM)-frame That means you flip Velocity V to -V ...

(Everything goes backwards)
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Algebra, Geometry, and Physics of momentum conservation axiom

=] ctor algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry

Friday, January 22, 16
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Quick lesson on

Gibb’s notation for

dot () product of matrix operator M and column vector V/V:
M .VIN

IN
A,XIN _I_ByIN
o+ Dy
Algebra, Geometry, and Physics of momentum conservation axiom

= |octor algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry

Friday, January 22, 16
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Quick lesson on

Quick lesson on
Dirac notation 1s

Gi1bb’s notation for

dot () product of matrix operator M and column vector V/V: much simpler:
v M|IN)

M
( j x" A B ) (2IN)
y" C D )| (ylIN)
~ A)CIN _I_ByIN
o+ Dy
Algebra, Geometry, and Physics of momentum conservation axiom

= |octor algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry

Friday, January 22, 16 41



Quick lesson on Quick lesson on

Gibb’s notation for Dirac notation is
dot () product of matrix operator M and column vector V/V: much simpler:
MeV ™ M|IN) (...t first!)

(A B j[ ] (M) (ximly) [ (alv)
C D y" GiM|x)y GIM|y) )| OIN)
[ AxB] (ML) (x| I+ (o] [ 5) o )

Cx'"+ Dy (1M ) (x] N+ (5] M] ) 5] V)

Algebra, Geometry, and Physics of momentum conservation axiom

= |octor algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry

Friday, January 22, 16 42



Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M,> for 2 dimensions
B=MpV,

£

With 45° diagonal V¢ go: .

N\

Y e P1 M1 V1
> denoted - P=MV or: —
M V

2 2

) Generalizing the definition\ 2

of momentum...

CoOM COM __ y;COM 1 101 -
Ve =yt =y ...and 3 ways to write Axiom-1

100

90
80
70
60
50

40
30
20
10

10 20 30 40 5

00

Friday, January 22, 16

0 60\70 80 90 1

=Vsur
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General Inertia Tensor M or inertia matrix of 3 coefficients M;;, M>> and M >=M>; for 2 dimensions

N

= Mp+ MY - denoted :P=M+V or: d = My My, £
b=M,V,+ MV, ) Generalizing the definition £ M, M, £
of momentum...some more...
With 45° diagonal V¢“" so:. VM =y M =y ...and 3 ways to write Axiom-1

Ak

90 =

V
o v (
70
60
50 O
40
30
20 |
10 ‘ I

10 20 30 40 5

T ==

Friday, January 22, 16

0 60\70 80 90 1

=Vsur
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General Inertia Tensor M or inertia matrix of (n?+n)/2 coefficients M;; =M;; for dimension n=2, 3,....

( \ [ Y4 h
Pl:MllV1+M12V2"' L Pl M11 M12 Vl
P=MUV+MUV..  denoted:P=MV or:| p |=| M. M. - 1%
? 2 22 Generalizing the definition ,2 ,21 ,22 , ,2
- Jof momentum...some more..andmkre -+ ) \ - : U )

With 45°diagonal VCOM _(VF IN 4y IN )/2 so: VCOM VCOM —pcom .. .and 3 ways to write Axiom-1
Pry =MV M VN = M VN M, v = MIVCOM +M VM =M MYV = p VEOM

— /&8
VZ_VVW \
100
90 =TT
- \Y (
70

60
50 O
40
30

20 /

3/
10 /3

\

10 20 30 40 50 60\ 70 80 90 100 %
Vi=Ve,
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Algebra, Geometry, and Physics of momentum conservation axiom

Vector algebra of collisions

=P\ [atrix OF tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry

Friday, January 22, 16
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Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M,> for 2 dimensions

N

=M}V L o I M, 0 4
> denoted :P=M+V or: =

P = M.V, | Generalizing the definition | £, 0 M, V,
* of momentum...

With 45°diagonal V<O =(VN 4 1Vy/2 so: 1M =y COM=pcOM  ...and 4 or 5 ways to write Axiom-1

— /&8
VZ_VVW \
100
90 ==
" \Y (
70

60
50 O
40
30

20 /

7
10 /3

\

10 20 30 40 50 60\ 70 80 90 100 %
Vi=Ve,
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Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M,> for 2 dimensions

N

=M}V L o I M, 0 4
> denoted :P=M+V or: =

P = M.V, | Generalizing the definition | £, 0 M, V,
* of momentum...

With 45°diagonal V<O =(VN 4 1Vy/2 so: 1M =y COM=pcOM  ...and 4 or 5 ways to write Axiom-1

A product of total momentum Pz and V" is expressed by fensor quadratic forms veMeu

> «>

VCOMPTotal _ VCOM .M.VIN _ VCOM .M.VFIN _ VCOM .M.VCOM _ VCOMMTotalVCOM

— /&8
VZ_VVW \
100
90 ==
" \Y (
70

60
50 O
40
30

20 /

7
10 /3

\

10 20 30 40 50 60\ 70 80 90 100 %
Vi=Ve,

Friday, January 22, 16
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Numerical details of collision tensor algebra
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Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M,> for 2 dimensions

N

=M}V L o I M, 0 4
> denoted :P=M+V or: =

P = M.V, | Generalizing the definition | £, 0 M, V,
* of momentum...

With 45°diagonal V"' =(V""+V'")/2 so: VICOM: pComz o ..and 4 or 5 ways to write Axiom-1

COM -

A product of total momentum PTomz and V is expressed by tensor quadratic forms veMeu

- — -« - — -« -

VCOMPTotal _ VCOM .M.VIN _ VCOM .M.VFIN _ VCOM .M.VCOM _ VCOMMTotalVCOM

Write this out with the numbeNn Fig. 1.3 wheré

S0P, =( 50 50 )° ( g (1) j[ fg ]=( 50 50 )( ;‘

40

o0 ) =50M,, ,50=12,500

10 20 30 40 50 60 70 80 90 100

‘;E
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Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M,> for 2 dimensions

N

=M}V L o I M, 0 4
> denoted :P=M+V or: =

P = M.V, | Generalizing the definition | £, 0 M, V,
* of momentum...

With 45°diagonal V<O =(VN 4 1Vy/2 so: 1M =y COM=pcOM  ...and 4 or 5 ways to write Axiom-1

A product of total momentum Pz and V" is expressed by fensor quadratic forms veMeu

> «>

yCoMp.  _COM [N N = YCOM (N GFIV = COM |1, COM _yyCOM pp 1/ COM

Write this out with the numbeNn Fig. 1.3 wheré

4 0 60 4 0 | T 40
SOPTotal:( 50 50 ).( 0 1 ).( 10 ):( 5050 ).( 0 1 90 ]ZSOMTotalsozlz’SOO
4-60 4-40
:( 50 50 )-L 10 ) :( 50 50 )-( 1.0 ] =50M,, ,50=12,500
— /6%
110/02 VVW\ Fig. 1.3

10 20 30 40 50 60\70 80 90V1l;)o =5 =)
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Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M,> for 2 dimensions

N

=M}V L o I M, 0 4
> denoted :P=M+V or: =

P = M.V, | Generalizing the definition | £, 0 M, V,
* of momentum...

With 45°diagonal V<O =(VN 4 1Vy/2 so: 1M =y COM=pcOM  ...and 4 or 5 ways to write Axiom-1

coMm -

A product of total momentum Pz and V is expressed by tensor quadratic forms veMeu

> «>

yCoMp.  _COM [N N = YCOM (N GFIV = COM |1, COM _yyCOM pp 1/ COM

Write this out with the numbeNn Fig. 1.3 wheré

100

B 4 0 60 | _ [ 40 40 | _
50PT0W_( 50 50 )( o ]( o ]_( 50 50 ) ( - 00 ]_SOMTOWSO—U,SOO
B 4.60 3 4-40 _ _

_( 50 50 ).[ 10 ] _( 50 50 ).[ 1,90 ] =50M,, ,50=12,500
50-250 = 50-4-60+50-1-10 = 50-4-40+50-1-90 = 50-5-50 =12,500

=V /,/Fl/g. 1.3

90
80
70
60
50

—
VN Z 40
/ 90
o
VY= 50 50 }—

40
30
20
10

10 20 30 40 50 60\70 80 90[/1f0 =)
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Algebra, Geometry, and Physics of momentum conservation axiom

Vector algebra of collisions

Matrix or tensor algebra of collisions
= Deriving Energy Conservation Theorem

Energy Ellipse geometry

Friday, January 22, 16
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Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M,> for 2 dimensions

N

=M}V L o I M, 0 4
> denoted :P=M+V or: =

P = M.V, | Generalizing the definition | £, 0 M, V,
* of momentum...

With 45°diagonal V<" =(V™+v™)/2 so: VICOM =y M=y O _and 4 or 5 ways to write Axiom-1
A product of total momentum PTomz and V" is expressed by tensor quadratic forms veMeu

Py = VEOM WNL VIV = VCOM (N FIV = COM  j.

COM _ y,COM coM
- *V =V M Total 4
Write this out with the numbers used in Fig. 1.3 wher€

S0P, =( 50 50 )s [ 40 )( fg ]:( 0 50 )( g 0

0 1
P1oia1 =250 1s the same at IN; FIN, and COM.-

VCOM

QM _ 50,

‘9‘8 ] =50M, 50=12,500

= 100-125

=50-250

ow use T-symmetry: VO =V v y/2

(Axiom-2)
Cou {]FIN_i_{][N .y {IF]N-F{]IN DS {]F[N_F{]IN . VFIN+V]N
v PTotal = 7 M.V — ) M.V = 7 ) ° 5
szVﬁ
19000 - /H
80 VIV 40
70 /( 90 J
60 \
o V= 50 50 }—

30 /
20 —
10 V

10 20 30 40 50 60\70 80 9OV‘ILO

Friday, January 22,
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N

Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M,> for 2 dimensions

=M}V L o I M, 0 4
> denoted :P=M+V or: =

P = M.V, | Generalizing the definition | £, 0 M, V,
* of momentum...

With 45°diagonal V<" =(V™+v™)/2 so: VICOM =y M=y O _and 4 or 5 ways to write Axiom-1
A product of total momentum PTomz and V" is expressed by tensor quadratic forms veMeu

coM VCOM N1 vIN = YCOM | Np. VFIN = yCOM | N, yCOM _ 1,COM coM
V PTotal V V V V V M i V — V MTOtalV
Write this out with the numbeNn Fig. 1.3 where
4 0 40
50P 50 5() 5() 50 =50M,, ,50=12,500
Total ( ) 0 90
= 100- 125 =50-250
P11 =250 is the same at IN; FIN, and COM~ Now use T-symmetry: V- =V 1v"y/2  (Axiom-2)
Cous VFIN_l_VIN L VF]N+{7[N I VFIN_I_{]]N . VF]N+VIN
V PTotal - l ) \M?/ = l 5 "\NI’Y = 5 Mo 5
&:Vﬁ _ Z%VFIN°M°V]N+%VIN°M°V]N :%VF[N.M.{]FIN+%VIN.M.{7FIN
" vi( 40 J
70 / 90
a2 V= 50 50—

30 /
20 —
10 V

10 20 30 40 50 60\70 80 9OV‘ILO

Friday, January 22,
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Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M> for 2 dimensions

N

=M}V L o A M, 0 4
> denoted :P=M+V or: =

P = M.V, | Generalizing the definition | £, 0 M, V,
* of momentum...

With 45°diagonal V<" =(V "™ +V™)/2 so: 1,“M=p M=y <" . and 4 or 5 ways to write Axiom-1

A product of total momentum Pry and VY is expressed by tensor guadratic forms veMeu
p p y q

> «>

VCOMPTotal _ VCOM .M.VIN _ VCOM .M.VFIN _ VCOM .M.VCOM _ VCOMMTotalVCOM

Write this out with the numbeNn Fig. 1.3 wheré
4 0 60 | _ 4 0
S0Py, =( 50 50 )-[ - )-( o ]-—( 50 50 )-[ )

= 100-125
P1oia1 =250 1s the same at IN; FIN, and COM.-

40

o ]:SOAdeSOzlzﬁOO

=50-250
ow use 7-symmetry: V- =v*™+v™y/2  (Axiom-2)
y ry

< FIN 7 IN < FIN <7 IN
V' 7'+V - V' 7'+V -
)7 COM p _ Y N VIV , . FIN

Total = l 5 ‘\ = l 5 ‘-\MA = 5 M- 5

=%VFIN0M°VIN+%V[N°M°VIN =%VF[N°M°VF[N+%V[N'M°VFIN

VFIN-I-{]]N . VFIN+VIN

(Transpose symmetry (Mix =My;) of M-matrix makes ‘lopsided’ FIN-IN-terms equal:)

V Bl [ﬂy (VN Ve VY _ VA oM. VN h
VA 4 0 ) [ 60 4 0 ) [ 40

- VEU=( 50 50 }— . . = . .

: (/] (4090)[01j[10](6010)[01](9()}

oy R = 100-105 = 100-105 =10,500/
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Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M> for 2 dimensions

N

=M}V L o A M, 0 4
> denoted :P=M+V or: =

P = M.V, | Generalizing the definition | £, 0 M, V,
* of momentum...

With 45°diagonal V<" =(V™+v™)/2 so: VICOM =y M=y O _and 4 or 5 ways to write Axiom-1

COM -

A product of total momentum PTomz and V is expressed by tensor quadratic forms veMeu

VCOMPTotal VCOM VIN VCOM VFIN VCOM MOVCOM _ VCOMMTotalVCOM

Write this out with the numbwn Fig. 1.3 where
4
0

S0P, =( 50 50 ) ( (50 50 )

= 100- 125

P1oia1 =250 1s the same at IN; FIN, and COM.-

40

o0 ] =50M,,_,50=12,500

=50-250

ow use T-symmetry: VO =V 4v™y/2  (Axiom-2)

7 FIN x7IN  FIN x7IN v FIN  x7IN v FIN ,x7IN
yCoMp VO 7 A S 08 20 A S P
Total l 2 \ l 2 \ 2 2
Z%VFIN°M°V]N+1VIN°M V IVFIN M {] N+1VIN M VFIN FIN—IN—tGI”m
_IVNV Y = Iy Ny 1s subtracted
to give
ST ATRL _ VD eV N | Conservation of
40 - 40 40 Kinetic Energy
‘ ‘ = ° ° VARV
(4090)[01][10](6010)[01](90) KE =1VeM.V=
L = 100-105 - 100-105 ~ 10,500, My My}
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Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M> for 2 dimensions

N

=M}V L o A M, 0 4
> denoted :P=M+V or: =

P = M.V, | Generalizing the definition | £, 0 M, V,
* of momentum...

With 45°diagonal V<" =(V™+v™)/2 so: VICOM =y M=y O _and 4 or 5 ways to write Axiom-1

COM -

A product of total momentum PTomz and V is expressed by tensor quadratic forms veMeu

VCOMPTotal VCOM VIN VCOM VFIN VCOM MOVCOM _ VCOMMTotalVCOM

Write this out with the numbwn Fig. 1.3 where

S0P, =( 50 50 ) ( (50 50 ) [ + o

0
= 100- 125

P1oia1 =250 1s the same at IN; FIN, and COM.-

40

=50M,, ,50=12,500
90

=50-250

ow use T-symmetry: VO =V 4v™y/2  (Axiom-2)

VFIN+{7[N L VFIN-F{][N L {/F]N_I_{/v}N . VF]N+V]N
VN By 1 2\<¥3W -7 zx\gifw e
:%VFIN.M.V[N+1V[N.M.V[N _ 1{] M {] N+1V[N M VFIN FIN—IN—tGI’m
COM 1< FIN N 1IN won GIN _ 1< = = 1s subtracted
yCoMp  LyIN Ny =LV MV Y = Iy PN Ny 7 to give
50-250 14-10.500 4 WNM.VY ) = 7 VAN MV Conservation of
-12-10, o0 10) 40 )[60) _ 40 90 ) 4 0 40 Kinetic Energy
2 0 1 10 2 1 90 KE =1VeM.V=
1 2.1 2
. )L ) MV MyV3
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Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M> for 2 dimensions

=M, 5% S0 T (g
> denoted :P=M+V or: =
P = MV, | Generalizing the definition | £, 0 M, v,
* of momentum...

With 45°diagonal V<" =(V "™ +V™)/2 so: 1,“M=p M=y <" . and 4 or 5 ways to write Axiom-1
Prour = MV + MV = MV Mo v = M v e M VO =M M)V M = Mg,V M
COMis expressed by tensor quadratic forms veMeu

A product of total momentum Pz and V
= VCOM N IN = YCOM {1 GFIN = §GCOM | N yCOM _yyCOM pp  1,COM

VCOM F Total —
Write this out with the numbeh’s&{jn Fig. 1.3 where

4 0 40
S0P, =( 50 50 | ( (50 50 ) [ ) o ]=50MT0m150= 12,500
= 100- 125 =50-250
P11 =250 is the same at IN; FIN, and COM~ Now use T-symmetry: V- =V 1v"y/2  (Axiom-2)
VCOMPT | _ {I]F]N_l_{{lN .M. Ly _ ?F]N_F?IN .M.VF[N _ {]F]N_i_{/v}N .M. VF]N+V]N
ota l ) \ l » \ 7 7
:%VFIN M.V[N+%VIN.M.V[N :%V M {] N+1V[N M VFIN FIN—IN—tGI’m
yCop 1IN, Ny Y _IVNV Y = Iy Ny T 1s subtracted
4 LN MoV I / Ly FIN g€ o VIV N\ C to gl\;e f
TV M. = V.M. onservation o
50-250 -%-10,500 ’ 40 ? 40 40 Kinetic Ener
( 60 10 )° . = %( 40 90 )- . = qu
12,500 - 5,250 0 1 SLo 90 KE =y VeM+V=
=1(60-4-60+10-1- 10) - 1(40-4-40+90-1-90) M2 P2
\ J J
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N

Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M> for 2 dimensions

=M}V L o A M, 0 4
> denoted :P=M+V or: =

P = M.V, | Generalizing the definition | £, 0 M, V,
* of momentum...

With 45°diagonal V<" =(V "™ +V™)/2 so: 1,“M=p M=y <" . and 4 or 5 ways to write Axiom-1
Proar = MV + M VN = MV Mo vy N = My v EOY M, v O =M M)V Y = Mg VEOM
A product of total momentum Pz and V" is expressed by fensor quadratic forms veMeu

PTotal VCOM VIN VCOM VFIN VCOM MOVCOM :VCOMMTotalVCOM

Write this out with the numbwn Fig. 1.3 where
')

4 4 0
S0P, =( 50 50 | ( (50 50 ) [ )

= 100-125 =

P1oia1 =250 1s the same at IN; FIN, and COM.-

C OM

Y01 =50, 50=12,500
90

=50-250

ow use T-symmetry: VO =V 4v™y/2  (Axiom-2)
VCOMP ~ {]F]N_l_{]IN M V[N VFIN-FVIN .
Total °AvLe

\ v & VF[N _VFIN_l_{]]N M VFIN+V]N
= l > \ —l > \ = >

2
:%VFIN.M.VIN+%VIN. bV =

M WVIN MV N+1V’N M.V FIN-IN-term
COM 1 < FIN N 1OV o OIN LG FIN wr < 1s subtracted
yCorp  _LyFINNLY =V - 1y # M\i - to give

50-250 -15-10.500 | VMV = VLMLV Conservation of
2 (o0 10 )| 4 O O] |50 o0 ) 4 O] 2 Kinetic Energy

12,500 - 5,250=7,250 |3 o 1 o] =L o 1l 9 KE LV
=160-4.60+10-1-10 — 1040-4-40+90-1-90 1 2.1 2

ol _ ) _ ol 1 _ ) MV MyV3

L 2.3600+50 =7250) =\ 201600 + 18100 = 7250,
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Algebra, Geometry, and Physics of momentum conservation axiom

Vector algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem

=3 Fnergy Ellipse geometry

Friday, January 22, 16
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Geometry of Momentum Conservation Axiom -1

(M1+M2 )VCOM:Ml‘/IIN‘l'M2V21N:M1‘/1FIN+M2V2FIN

Momentum Co
MV"+

servation linée:

;

IN
V' = constq

VZ

100

ant

—>

90
80
70
60
50

vad

40
30

20
10

com

v/ IN

10 20 30 40 5

0 60\70 80 90 1

Friday, January 22, 16

Collision Web Simulator
Basic elastic Collision
Dual Panel
Space vs Space
and

V(VW) vs. V(SUYV)

Bouncelt
Superball Web Simulator
Basic elastic Collision
Dual Panel
Space vs Space
and

V(VW) vs. V(SUYV)
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1104
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20007

Geometry of Momentum Conservation Axiom -1

(M1+M2 )VCOM:M1‘/1[N+M2V2[N:M1‘/1FIN+M2V2FIN

Momentum Co
M V" +

servation linée:

;

IN
V' = constant

100

V,=

—>

FE
VW/'

90
80
70
60
50

x7 FIN

40
30
20
10

[ on )
Hi 7
140

con [ |5€
\

10 20 30 40 5

0 60\70 80 90 1
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Geometry of Momentum Conservation Axiom -1 Geometry of Kinetic Energy Conservation Axiom-2/Theorem-1
(M+M, )VCOM:M1‘/11N+M2V21N:M1‘/1FIN+M2V2FIN KEU\/:%]M1 (VIIN )2+%M2 (Vle )2: %Ml (‘/1FIN )2_|_ %MZ(VZFIN )2:KEFIN
Momentum Conservation line: —»

M N +MZVIN = constant

Y =T
10

100

KE Conservation ellipse:

Geometryof KE Conservation Theorem -1

/ 90
/ 80
/ 70

KE""™=IM (V, )2+§M AV, )2:§4(6O)2+§1(10)2:7,250

/ 60
/ S0
/ 40
/ 30

| 20
10

10 20 30 40 50 60|70 80 90 100 orateh

| \ VI 1 Vor T
L DU )
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Geometry of Momentum Conservation Axiom -1 Geometry of Kinetic Energy Conservation Axiom-2/Theorem-1
(M1+M2 )VCOM:M1‘/1[N+M2V2[N:M1‘/1FIN+M2V2FIN KEINZ%Ml (‘/IIN )2+%M2 (VZIN )2:%M1 (‘/1FIN )2+%M2(V2F]N )2:KEF]N

Momentum Conservation line: —s»
M V" +M V" = constant

100

T =T
I

KE Conservation ellipse:

Geometryof KE Conservation Theorem -1

/ 90
/ 80
/ 70

/ 60

/ S0

/ 40
/ 30
| 20

2 2
KE™"™=IM (V) +3M,(V, ) =14(60)"+11(10)’=7.250
v v, A v,

or:1= + = +
[ 2-KE’FNj (2-KE’FNj SKE™ ) SKE )
Ml M2 M1 Mz

A

0\70 80 90 100 fgrte

VI 1 Vor T
L DU )
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Geometry of Momentum Conservation Axiom -1 Geometry of Kinetic Energy Conservation Axiom-2/Theorem-1
(M1+M2 )VCOM:M1‘/1[N+M2V2[N:M1‘/1FIN+M2V2FIN KEIN:%Ml (‘/IIN )2+%M2 (VZIN )2:%M1 (‘/1FIN )2+%M2(V2F]N )2:KEF]N

Momentum Conservation line: —s»
M V" +M V" = constant

KE Conservation ellipse:

Friday, January 22, 16

N =T/
a _5;2 Vf?’?\ Geometryof KE Conservation Theorem -1
// 90 KE’N‘”F’N:%MI(VI )2+§M2(V2 )2:§4(6O)2+§1(10)2:7,250
80 2 2 2 2
V V. V V.
/ 7 O e e
50 M, M, M M
/ 40 1 ’
| o | P
/ - Has the algebraic form: 1= pel + e
10
10 20 30 40 50 60\70 80 90 100 fgte)
| A Vi= Ve
| |
\ / \
\ / MSU?
\ MS(/V::4 slope M,
\ =1
\ / \
\ / \
\
N\ / \
N s
S~ _
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Geometry of Momentum Conservation Axiom -1 Geometry of Kinetic Energy Conservation Axiom-2/Theorem-1
(M1+M2 )VCOM:M1‘/1[N+M2V2[N:M1‘/1FIN+M2V2FIN KEINZ%Ml (‘/IIN )2+%M2 (VZIN )2:%M1 (‘/1FIN )2+%M2(V2F]N )2:KEFIN

Momentum Conservation line: —»
M V" +M V" = constant

KE Conservation ellipse:

Geometryof KE Conservation Theorem -1

KE""™=IM (V, )2+§M AV, )2:§4(6O)2+§1(10)2:7,250

V12 sz V12 V22
or . 1= + = 2_|_ >
[ 2-KE’FNJ (2-KE’FNj S KE™ S KE
M, M, M, M,
x2 y2
Has the algebraic form: 1= —+ -
a b
2KEIN0rFIN 2KEIN0rFIN
10 20 30 40 50 63\70 80 90 1»00_- jat_;% ellipticradii:a:\/ m b:\/ 7
| A Vz ] VSU;V
| |\ 27250  _ [27.250
\ / \ - 4 -
\ / - Mo =60.21 =120.42
\ Mg JV——4 slope :'MVW
\ Il =]
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Bouncelt Simulation: frictionless 1D-track with elastic bumper cars bouncing between walls

Car-2
(VW)

Car-1
(SUV)
M>=4

(@),

1]-2
-15

—

-

-10

(N

VFIN—3

4

Friday, January 22, 16

From Fig. 2.4

“2-(40,-90)

Bouncelt
Superball Web Simulator
Repeated elastic Collisions
Dual Panel
Space vs Space
and

V(vw) vs. V(SUV)

69


http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1105

Bouncelt Simulation: frictionless 1D-track with elastic bumper cars bouncing between walls

Car-2
(VW)

Car-1
(SUV)
M>=4

(@),

]-2
5

-1

—_—

-

-10

VFIN—3

(N

4
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From Fig. 2.4
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—

Transpose symmetry (Mjx =M;) of the M-matrix 1mphes v

o el 1

100-105 =10,500

NeM VNV _ VY oMo VIV

= 100-105 =

With (M;2 =0=M:)) kinetic energy KE™"™ =] V.M.V is the same at V=V~ and V=V''\,

Jcon _VF[N.M.V]N ) VY oM.V ) VN SV VY R
Total - — =
2 2 o)
4 0 60 4 0 40
osop L6010 )( 0 1 ][ 10 j (40 90 )[ 0 1 ][ 90 ]
12,500 — d = _ _ g NorFIN
2 2 2
12,500 — 5,250 = 7,250 = 7,250

Friday, January 22, 16
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—

Transpose symmetry (Mjx =M;) of the M-matrix 1mphes v

o el 1

100-105 =10,500

'M V[N — {]IN 'M'VF[N

= 100-105 =

With (M;> =0=M>;) kinetic energy KE™"N=1y.MV is the same at V=V'N and V=VFN,
gy =5

Jcon _VFIN.M.V]N ) VY M.V ) VN SV VY R
Total - — =
2 2 2
4 0 60 4 0 40
osop L6010 >( 0 1 ][ 10 j (40 90 )[ 0 1 ][ 90 ]
12,500 — d = _ _ g NorFIN
2 2 2
12,500 — 5,250 = 7,250 = 7,250

Consider kinetic energy KE““Y when V=V*OM_1t is reduced by 7,000 from 7,250 to 6,250.

KECOM_1 7 COM , 3 7 COM _1 . 4 0 . 50

? (50 50 ) 0 1 50
=2(50-4-50+50-1:50) = 22500 +5 2500

=5000+,-1250 = 6,250

Friday, January 22, 16



Geometry of Momentum Conservation Axiom -1 Geometry of Kinetic Energy Conservation Axiom-2/Theorem-1
(M1+M2 )VCOM:M1‘/1[N+M2V2[N:M1‘/1FIN+M2V2FIN KEINZ%Ml (‘/IIN )2+%M (VIN )2:%M1 (VFIN) 41 M (VFIN) :KEF]N

Momentum Conservation line: —s»
M V" +M V" = constant

/V 14—

K

/

IOO

KENorFIN Conservation ellipse:
KECOM Kq-runch ellipse:

Geometryof KE Conservation Theorem -1

90
80
70
60
50

40
30

20
10

KEINorFIN:%MI (Vl )2+%M2 (V2 )2
v i % -

[\

:)\70 80 90 100

VI 1 Vor T
L DU )

= + — 2
or [2,KEIFN j (2,KE1FN ) SKET™ 2KE’FN 2
M, M, m
X’ y
Has the algebraic form: 1= —+ -
a b
JE% Geome ﬂ'y Of KE com at C enterOfMomenmm

KE cozwzl]u1 (VCOM) I M (VCOM )2

=\(M+M )(VCOM

KECOM KECOM
ellipticradii:a“ / b=
Ml

Friday, January 22, 16
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—55.90 =111 .80
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—

Transpose symmetry (M =My;) of the M-matrix 1mphe \4

o el 1

100-105 =10,500

'M VIN — {]IN 'M'VF[N

= 100-105 =

With (M2 =0=M:)) kinetic energy KE™"™ =] V.M.V is the same at V=V'N and V=V''\,

Jcon _VFIN.M.V]N ) VY M.V ) VN SV VY R
Total - — =
2 2 2
4 0 60 4 0 40
osop L6010 >( 0 1 ][ 10 ] (40 90 )[ 0 1 ][ 90 ]
12,500 — — = — _ g NorFIN
2 2 2
12,500 - 5,250 = 7,250 = 7,250

Consider kinetic energy KE““Y when V=V*OM_1t is reduced by 7,000 from 7,250 to 6,250.
- - {/COM. M.‘_'/COM _ {IIN.M.VIN N VF[N.M.‘_}IN :lKE]NorF]N {7 14{'/1{7

{ZCOM‘M°VCOM
KECOM VCOMPT - —IVCOMPT =
ot 2 2 o1 2 4 4 2
12,500
12,500 — : = 6,250 = 6,250 = 3,625 + 2,625 = 3,625 + 2,625

2
KECOM_L /COM  Ng 7 COM _L 4 0 | | 50

L 250 50 ) o7 5
=1(50-4-50+50-1-50) = 2-2500+1-2500
=5000+,-1250 = 6,250

Friday, January 22, 16



—

Transpose symmetry (Mjx =M;) of the M-matrix 1mphes v

o3 30 o H 5 T

100-105 =10,500

'M VIN — {]IN 'M‘VF[N

= 100-105 =

With (M2 =0=M:)) kinetic energy KE™"™ =] V.M.V is the same at V=V'N and V=V''\,

Jcon _VFIN.M.V]N ) VY M.V ) VN SV VY R
Total - — =
2 2 2
4 0 60 4 0 40
osop L6010 >( 0 1 ][ 10 ] (40 90 )[ 0 1 ][ 90 )
12,500 — d = _ _ g NorFIN
2 2 2
12,500 — 5,250 = 7,250 = 7,250

Consider kinetic energy KE““Y when V=V*OM_1t is reduced by 7,000 from 7,250 to 6,250.
v/ CO 1 v CO v/ CO 1 v CO \/ \ T\ \/ YRS \/ YR Y
KECOM_ 1,COM p Ve MV _ ;VCOMPTOW v M'Z/I'V " _ V1N°1:I°VlN n VF[N'Z/I'V[N _ %KEINorFIN v 1:[ vV

Total 2

2 —_
KECOM_L /COM  Ng 7 COM _L 4 0 | | 50

L 250 50 ) o7 5
=1(50-4-50+50-1-50) = 2-2500+1-2500
=5000+,-1250 = 6,250

Introducing
Potential Energy=PE

Difference is inelastic “ka-Runch”> KENortIN_.KCOM — For elastic “ka-Bong” the 1,000 is
VMY VoY Y

4 - 4

3,625 — 2,625

1,000

Friday, January 22, 16

PECOMlof compression.
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—

Transpose symmetry (Mjx =M;) of the M-matrix 1mphes v

o3 30 o H 5 T

100-105 =10,500

'M VIN — {]IN 'M‘VF[N

= 100-105 =

With (M;> =0=M>;) kinetic energy KE™"N=1vy.MV is the same at V=V'N and V=VFN,
gy =5

Jcon _VFIN.M.V]N ) VY M.V ) VN SV VY R
Total - — =
2 2 2
4 0 60 4 0 40
osop L6010 >( 0 1 ][ 10 ] (40 90 )[ 0 1 ][ 90 ]
12,500 — d = _ _ g NorFIN
2 2 2
12,500 — 5,250 = 7,250 = 7,250

Consider kinetic energy KE““Y when V=V*OM_1t is reduced by 7,000 from 7,250 to 6,250.
v/ CO 1 v CO v/ CO 1 v CO \/ \ T\ \/ YRS \/ YR Y
KECOM_ 1,COM p Ve MV _ ;VCOMPTOW v M'Z/I'V " _ V1N°1:I°VlN n VF[N'Z/I'V[N _ %KEINorFIN v 1:[ vV

Total 2

2 —_
KECOM_L /COM  Ng 7 COM _L 4 0 | | 50

L 250 50 ) o7 5
=1(50-4-50+50-1-50) = 2-2500+1-2500
=5000+,-1250 = 6,250

Introducing
Potential Energy=PE

Difference is ine1astic;‘l;]%-Rgan"H{[(E”‘i@’g\]]\f-lgEf?ﬁ. For elastic “ka-Bong” the 1,000 is|PE““Y|of compression.
V oMoV B V .MQV KECOM _ {]]N.M.VIN N {]F[N.M.V]N
4 4 4 4
1,000 = 3,625 - 2,625 6,250 = 3,625 + 2,625
Difference KEMNerFIN.KECOM =] ()00 is the same in all frames including COM-frame where V¢ 9"=(),

76
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Geometry of Momentum Conservation Axiom -1 Geometry of Kinetic Energy Conservation Axiom-2/Theorem-1
(M1+M2 )VCOM:M1‘/1[N+M2V2[N:M1‘/1FIN+M2V2FIN KEINZ%Ml (‘/IIN )2+%M (VIN )2:%M1 (VFIN) 41 M (VFIN) :KEF]N

Momentum Conservation line: —s»
M V" +M V" = constant

KENorFIN Conservation ellipse:
KECOM Kq-runch ellipse:

Y=y |
/ &N Geometryof KE Conservation Theorem -1
100 T 90 ) : )
90 P E"itgo )/ KEINorFIN:%MI (Vl ) +%M2 (V2 )
o NK i v
0 < or 1= + = .
o | L/ ya 2.KE™ \ (2.KE™ S KE™ > KE,FN
K veor150 ) (T U, ) [
// \// >0
/ Ve Has the algebraic form: 1= x_ y_
2 2
\ Vg T 60 a b
= 10

:)\70 80 90 100

Geometry Of KE com at C enterOfMomenmm
KE cozwzl]u1 (VCOM) 41 M (VCOM )2

SO =
Vi= Ve

=\(M+M )(VCOM

Friday, January 22, 16

\Slop cTM,, KECOM KECOM
=1 ellipticradii:a“ b=
\ M,
\ 26,250
\
\
—55.90 =111 .80

77



Geometry of Momentum Conservation Axiom -1 Geometry of Kinetic Energy Conservation Axiom-2/Theorem-1
(M1+M2 )VCOM:M1‘/1[N+M2V2[N:M1‘/1FIN+M2V2FIN KEINZ%Ml (‘/IIN )2+%M (VIN )2:%M1 (VFIN) 41 M (VFIN) :KEFIN

Momentum Conservation line: —»
M V" +M V" = constant

Y =pes
4 VV\
IOO

KENorFIN Conservation ellipse:
KECOM Kq-runch ellipse:

\ Geometryof KE Conservation Theorem -1

/

{5 A
|

40 WGO 7'/'"
10 3.2

90
80
70

KE™™ =1y (V1 )2+ M, (Vz )2

[\

Vv v, vV

2

orzlz[

+ —
2.KEIFN j (Z'KEIFN j 2KE1FN 2KE1FN 2
M1 Mz M

VCOM@: 50_50 L
50-50

:)\70 80 90 100

J \ VI 1 Vor T
L DU )

oo

owve_[ 60-50 |
10-50

KE IN(-B 1
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X Y_

Has the algebraic form: 1=—+ e
a

Geometry Of KE com at CenterOfMomentum
KE COM:lMl (VCOM) 41 M (VCOM )2

_1 M+M XVCOM
COM COM
ellipticradii:a“ \/F JcoM — KE
Ml
26,250
—55.90 —111.80
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Ve —= 160 \\ \\Final “Ka-Bong”-point\
90
"~ [2KE|Y
Ny |7
=120.42 g
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Elastic || ;‘0
Kinetic| | 2
| [2KE 60:10)
Ener ( ad— M. ... \Imtial—point
: =60.21 °Y)| 10 20 30 405 070 80 90
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_50 _/V_/f 1 Zf/_
\ 0 5U/f Momentum
\ :;g ///} - - pTi Dtal:250
\ 00 // e \lme
N /
\ | 110///
\ sz
Fig.3.1a
in Unit 1

Fig. 3.1

Developing
Conservation-of-Momentum
The key axiom of mechanics
leading to
Conservation-of-Energy Theorem

If and only if...
there is T-Symmetry
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Friday, January 22, 16 80



As usual in physics, opposite extremes are easier to analyze

than the generi

(a) Ideal

Elastic
(Ka-Bong!)

_J2E
belastic N \/ M

H_

1,8) '\ elastic

(2,2)

|

_JPE
Delastic \/M2

(3,-4 /

elastic

=35

Here T-Symmetry
is best

Friday, January 22, 16

(b) Generic

inelastic
(Ka-whump!) whump
(*/56)
/
— 2Ewhutpp
whump N py
1
- — > _

_ 1 2Ewhulr
a =N
whump "\ M2 l

whump

M =6 \‘
M,=I

=23.33

Here T-Symmetry
is less

(c) Totally

inelastic
(Ka-Runch!)

“rexder) world” in between!

Fig. 2.3 (6-Ton SUV)

2IE
com "M, Foum
e s (During Bush Il era an SUV
\ ‘|' with a mass of at least 6 tons
2-IE| allowed its owner to take
oo™ VM, | a 100% write-off (up to $100,000)
\t. J4 on Federal Income Tax.)
1E oy
=14

Here T-Symmetry

is least
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Graph paper facilitates construction of energy ellipses given the two radii ¢ and » in KE equation.
First step: draw concentric circles of radius a and b.

Then any radial line OBA “points” to point E on the ellipse.

Ellipse point E lies at the intersection of a vertical line AE thru radial intersection A with circle a
and a horizontal line BE thru radial intersection B with circle b.

Graph grid helps locate E for a radius OBA, and usually there 1s no need to draw AE or BE.

You can pick x and find y or else vice-versa.
IM VP +5 My Vy*= KE
i l V12 V22 .
2-KE 2-KE

vl = = () )
N | NN K

2-KE
b M2

wi
o mep

Ellipse coordinates (xg=a:cos G, ye=b-sinG) are
rescaled base and altitude
(x,=r-cos o, y,=r'sinc) of Fig. 2.6.
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Algebra, Geametry, and Physics of Momentum Conservation Axiom :
Conservation of momentum line: _Ly, ~ (...one of co-many...) Developing
ye's Conservation-of-Momentum
Momentum My o The key axiom of mechanics
Conservation leading to
Axiom Conservation-of-Energy Theorem
plus \ If and only if...
FIN o T
TSymmery | | A 7 there is T-Symmetry
Axiom I
(M=MTi plied) 60
50 yaray Vs AT il 0 N

. V L/UlVl:(V JlV_l_V 1 IIV)/Z

ives 40 .
s 30 \ I-Symmetry Axiom
Kinetic Energy ¢o
Conservation R VN
Theorem ) 60 70 80 90 100 V%

N4

Vv COM,M,V COM—]/ZV FIN.M.V IN
=12V NeMeV N=y v FINeoY FIN

These are equations for energy conservation ellipse:

All lines of s , ,
KE - 1/2MSUVVSUV + ]/2MVWVVW

...are bisecte
(slope=1)-C

2 2 _ .2 2

VSUV T VVW —F +y_

== 2-KE 22KE a° +b°
MSUV MVW
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Note “crunch” energy ciusicKE-ieiasiclE = 0.21
1s the same 1n all frames including com-frame.—

Vﬁb pa (a) Earth |
FINAL| "% Frame View
F+ 6/// //

0.7m/s 1 1.4dm/s |

(d) Final VW 0?3 0.0 ///
Frame View | g ZO\S ST 0.2mls

-02.7] 7] & &
\ / yeorgo. Sm/
’ COME(). 8m/s
oL
F

Flastic KE(Joule)

2.45

\-;.
0. 77\-g.
\-g.

0 al 0. é]//
_1.0 0.6 =i A—40.8 V%

A
‘ o}
L -0.8,7X-06 [\-0.4] \-0.2 0 | 04\[ 0608 sU¥ - -1.0 | \
Vi 7l 5.7 06110 > 2
-0.8, , | 0
-0.2 Y | ,
// 1*().4 /,’ ‘ ® ®
‘ 0.5m/s 1.2m/s
7/
‘2 Iw‘;,: g |

’
N /:
/

\ 3

0.6 )
-~ 4 1() bc;hg.’ y by
é@.Mt,frame Y
& 0.Im/s | +0,6m/s 0.7mls | 0 Om/s X
COM ) /// Ly, M / | A N
ling ) 51 | yeorlo.6m/ Q '
00 ﬁb‘mé (b) Initial VW
7 | FrameView
- +0.Im/s | -0.6m/s
' (c) COM
prow=g Frame View !
Fig. 34 Galilean Frame Views of collision like Fig. 2.5 or Fig. 3.1 with Bush (6:1) SUV.
(a) Earth frame view (b) Initial VW frame (VW initially fixed)
(c) COM frame view (d) Final VW frame (VW ends up fixed)

appropriate for Fig. 3. 4.
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Fig.3.5 Momentum (P=const.)-lines and energy (KE=const.)-ellipses
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