Matrix algebra of quantum 2-state eigenmodes and dynamics
(Ch. 3-4 of Unit 2 )

More algebraic theory of matrix diagonalization
Review of matrix ortho-completeness (Lect.16 to 17 p. 56-85)

Discussion of orthogonality vs. completeness vis-a -vis Operator vs. State

A proof of completeness using Lagrange interpolation formula (Truer-than-True)
Diagonalizing Transformations (D-Ttran) from projectors

2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

2D-HO eigensolution example with asymmetric (ABD-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase

ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(1)) versus Classical 2D-HO: 0*x=-KeX
2D-HO Hamilton equation approach to ABCD Hamilton-Pauli spinor theory (Lect. 16 p.27-33 )
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Review of matrix ortho-completeness (Lect.16 to 17 p. 56-85) Wlth example matrix M

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

Mp,=¢p,=pM

p1=(M—5'l)=(

-1
3

1
-3

(&,=(r2 172)/kye—

31
4 p =(M—1°1)=( j
0 if . j#k ’ 31
. = EDPD.—E = . E.—E = . .
p,D, ,1,11( P, —€.p;) pjg( €)= pll(e-e.) =k
m# e% e e o000 0000
Last step: i [IM-z,1):  M-51) 1[ 1ol ] %
1 S P = k — m#k . 1~ _ = _ =K 3
make Idempotent Projectors: P, e -2 16—z : (1-5) 4 -3 3 ) 4| -
(Idempotent means: P-P=P) v " v "7 . “Gauge” scale factors that only affect plots
. . M = = M : _1. ¢ 1
0 if: j#k P.=&P=PM . P2=(M ll)zl 3 1 —k, 2
Pij — _ implies : (5-1) 4\ 3 1 %
P if:j=k MP,=¢,P,=PM : A
E ooooooooooooooooooooooooooo % ‘y>
Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal (e]e) (g)e,) | Projectors <y’ » 1€5) =k, .
as are bra-ket (¢j|and|e;) inside P;’s (e,]e) (ee, of matrix:
Lo -3 5]
=( 0 1 3 | 2 i
e s P
...and the P; satisfy a . = ( =5 )
Completeness Relation: 1 0
B P +P,= 11 -1
1= P;+ P> +.+ Py 0 1 =7l 5 3

=[e1)(e1l+|e2)(2l+-.+[en) (e

|81>:k1

1/2
-3/2

|

4
3

s

N —

o O

|

Factoring bra-kets into “Ket-Bras:

0
0

|
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Review of matrix ortho-completeness (Lect.16 to 17 p. 56-85) With example matrix M=[

|

pjpk:ij(M_eml):H(ij_gmpjl) Mpk:gkpk:pkM E p,=(M-51)= -
m#k m#k o 3 -3 0O 0
Multiplication properties of p;: ; wino| 31 PP2Z1 0 0
0 if:j#k P>~ B 1
pfpk:H(gjpf_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
mak mk oy A . Factoring bra-kets into “Ket-Bras:
. ) . 1 |
Last step: | b H(M—Eml) . P:(M_S.l):l 1 -1 . ) ®( 2 T2 )=‘S><8‘
make Idempotent Projectors: P, = e "_g ] = ”’l’ik[ 6 —c) -5 4 303 = k, Y
(Idempotent means: P-P=P) LTl L AT T
. 3 1
o Mp,=¢,p, =pM -1 ) ( 1 2 )
0 ik PR TR p O L gl 2 e e e
Pij = o implies : . 5-1) 4\ 3 1 s % k,
Pk lf‘ )= k MPk :‘ngk = PkM E Eigen-bra-ket ?£| [
R R o projectors ., le,)=t, :Z <~ (&)= 12)ke—,
of matrix:
. M=[§ ;] y 1 32
The P; are Mutually Ortho-Normal - (ele) (ele) P S BRIy TR
€1 /€2 T -5) EER))
as are bra-ket (¢j|and|e;) inside P;’s (e,]e) (ee, :1[ - J 7 =1[ 3 ]
* |_3_13 B (&) 1=(112 -112)rk, ! f T
R RN A S —
crrernes . k|l o A T
...and the P; satisfy a . - [ e>]< 7 o= 50 - { zj><ez
Completeness Relation: : pip-| 10 )
1= P, + P> +.+ P, L 1 4 - 3o
=ler) (e1]+|e2) (2|+..4|€n) (€4] =le, ) e | +]e, ) (&, M:[ 3 9 jzlPl+5P2:1|1><1|+5|2><2|:1 R +5 s

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

\ J
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Review of matrix ortho-completeness (Lect.16 to 17 p. 56-85) With example matrix M=[

PP, = ij(M—eml) = H(ij_gmpjl) Mp,=¢,p, =pM p,=M-=51)= -
m#k m#k o 3 -3 B 0O 0
Multiplication properties of p;: ; M ( . PP2Z1 0 0
- ° p2: —1- =
0 if:j#k : 31
op=Tllew-ew) 0 TT(6 )| [0 -c.) i1 -
mk mk oy A . Factoring bra-kets into “Ket-Bras:
. ) . 11
Last Step. | b H(M—Eml) . P_(M_S.l)_l 1 -1 s % ®( ) T2 )—‘8><8‘
make Idempotent Projectors: Pk:H(g "_g )= "’l’ik[(g e ) =5 4l 3 3 ) 2 ko
(Idempotent means: P-P=P) LTl L AT T
. 3 1
s Mp,=¢.p, =pM ~1 ) ( 7 2 )
I Pzz(MS_lll)ﬁ[ o ] “k| © | @ L =e)lel
P, = ST implies : : 5-1 ) 2
P if:j=k MP,=¢ P, =PM -
The P; are Mutually Ortho-Normal (ele) (e]e,)
as are bra-ket (¢j|and|e;) inside P;’s (e]e) (e]e,)
_| O
0 1
...and the P; satisfy a :
Completeness Relation: : PP, = 1 0
1= P;+ P> +.+ P, . 0 1 4 1 L, S
=leerlsleelrale) el o =|a)e]+e) el M{ 3 2 }“’1*5"2=1|1><1|+5|2><2|=1 R L
. i 7 i 7
(Eigen—operators MP,=¢, P, then give Spectral Decomposition of operator M ) Exanip lels.' L 3 143590 5%_1
S0 _ 1% 4 4 550 44
M=MP +MP, +..+MP, =¢P +&,P,+..+¢ P L 3 2 ] . " 3ol 4[ 3.5%0_3 593 ]
...and Functional Spectral Decomposition of any function (M) of M | , N TN
4 1 i 1 i 1 L 7
- fFM)== f(g )P, + f(&,)P, + ..+ f(¢,)P, )\/ﬁz[ . )_iﬁ[ S ]i\/E[ - ]=[ RTIND
i 3 i 4 i3 i1
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Review of matrix ortho-completeness (Lect.16 to 17 p. 56-85) Wlth example matrix M

pjpk = p]H(M—Eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

PP, :H(gjl’j—gmpj)=PjH(8j—em)=<

m#k m#k

Last step:

(0

Mp,=¢p,=pM

|

4
3

N =

|

-1 1
p1=<M—5-1>=( ]
3 3 . _( - j
p2=<M—1-1>=( 51 j
if . j£k 31

pkH(gk_gm) if . j=k

m#k

[1(M-¢,1)

.% ......... ..
L]

Factoring bra-kets into “Ket-Bras:

p_(M-51)_1

1
-3 3

—1
1
1

<«

J

. “Gauge” scale factors that only affect plots

t
\

N |—

NEN)

1 3

2

R = N =

(&,=(r2 172)/kye—

make Idempotent Projectors: P, = H(fpk . )= "’lik[(g - YT =5 4
(Idempotent means: P-P=P) L Tl L T
0 if: j#k Mp,=¢,p, =pM . Pzz(M_l'l):l 3
PP = S implies (5-1) 4{ 3
e =k MP=¢P.=PM : A
E ooooooooooooooooooooooooooo % ‘y>
: Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal - (e]e) (g)e,) | Projectors <y‘ » 1€5) =k, i
as are bra-ket (¢j|and|e)) inside P;’s - (ele) (e, of matrix:
: - =(4 1 )
= 3 2
e [ 01 ST '
...and the P; satisfy a : = M=>1)
: 1-5)
Completeness Relation: 1 0
P +P,= 11 -1
1= P;+ P> +.+ Py 0 1 =7l 5 3

=[e1)(e1l+|e2)(2l+-.+[en) (e

-

{|x),|y) }-orthonormality with {|e;),|e2) }-completeness
(x| y) =8, = (x[1]y)=(x[e, )& [y)+(x]&,)(e,| 7).

{|e1),|e2) }-orthonormality with {|x),|y) }-completeness

\_ <8i|ej> :5i,j :<8i|1 8j>:<gi|x><x‘€j>+<8i|y><y‘8j> Y,

|81>:k1

1/2
-3/2

):‘81><81‘
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More algebraic theory of matrix diagonalization
Review of matrix ortho-completeness (Lect.16 to 17 p. 56-85)

3 Discussion of orthogonality vs. completeness vis-a -vis Operator vs. State
A proof of completeness using Lagrange interpolation formula (Truer-than-True
Diagonalizing Transformations (D-Ttran) from projectors

ANALOGY: VEersus
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

0 if :j#k
P.P, 25'kPk = f J
! ! P if:j=k

1=P;+P>+..+P,
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
&) (gjlex) (ex| =6klex) (x| or:  (gjlex) =0 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =8jk|ex) (ex| or:  (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ N

{|x),|y) }-orthonormality with {|e;),|e2) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&)| y)+{x] &, )(&,| ¥)-

{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(ele,) =6,,=(el1]e;)=(e|x)(x]e,)+{e|) ()
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =8jk|ex) (ex| or:  (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ N

{|x),|y) }-orthonormality with {|e;),|e2) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&| y)+{x] &, )(&,| ¥)-
(y)=6x.n=" v,y +y, (Y, (0)+..

Dirac &-function

{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(ele;) =6,,=(e[1]e,)=(e|x)(x]e,)+(e]|y)(]¢,)

\ _/

However Schrodinger wavefunction notation v (x)={x|1) shows quite a difference...
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =8jk|ex) (ex| or:  (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ ™

{|x),|y) }-orthonormality with {|e;),|e2) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&| y)+{x] &, )(&,| ¥)-
(Hy)=8x. =" v,y +Y, (Y, (0)+..

Dirac é-function
{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(ele,) =6,,=(el1]e;)=(e|x)(x]e,)+{e|) ()

(e]e,)=86,,= LAY OV ()Y, W () + o> j dxy (DY (x)
\ _J

However Schrodinger wavefunction notation v (x)={x|1) shows quite a difference...
...particularly in the orthonormality integral.
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A PVOOfOfPVOjQCtOV Completeness (Truer-than-true by Lagrange interpolation)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = ezk'Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = Z f(&,) *"1_1 )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl S )P (x)  where: P, (x)=-%
- I1 (xk —X )
j#k J
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %’,Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl S )P (x)  where: P (x)=-%
- I1 (xk —X )
j#k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.

Wednesday, March 23, 2016 15



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[[(M~¢,1) [[(M-e,1)
— — m#k bn
1=P+P>+..+P, = X P, =3 e 2. f(M>=f<el>P1+f(sz>P2+-..+f<en>Pn=Zf<ek>Pk=Zf<ek>mH(8 )
&y & k m & € k_ m

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) — k{,lf(xk)-}}c(x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[I(M-¢,1) [I(M-e¢,1)

— — m#k m#k
1=P+P>+..4P, = ZPk — Z H(g _ e ) f(M): f(gl)I,] +f(82)P2 + +f(8n)Pn — Zf(gk)Pk = Zf(ek) H(S _c )
& & k m €k C g "

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) — k{,lf(xk)-};c(x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= g_lxiPm(x)
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[I(M-¢,1) [I(M-e¢,1)

— — m#k m#k
1=P+P>+..4P, = ZPk — Z H(g _ e ) f(M): f(gl)I,] +f(82)P2 + +f(8n)Pn — Zf(gk)Pk = Zf(ek) H(S _c )
& & k m €k C g "

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) — k{,lf(xk)-};c(x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= g_lxiPm(x)

One point determines a constant level line,

X1
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[I(M-¢,1) [I(M-e¢,1)

— — m#k m#k
1=P+P>+..4P, = ZPk — Z H(g _ e ) f(M): f(gl)I,] +f(82)P2 + +f(8n)Pn — Zf(gk)Pk = Zf(ek) H(S _c )
& & k m €k C g "

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) — k{,lf(xk)-};c(x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
_ < N 2 N
1= zlpm (x) x=Xx, P (x) X = lempm(X)
m= m=1 m=

One point determines a constant level line, two separate points uniquely determine a sloping line,

X] X1 X2
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = SZk,Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl S )P (x)  where: P (x)=-%
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= § xiPm(x)
m=1 m=1 m=1

One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points \niquely determine a parabold, etc.

X] X1 X2 X1 X2 X2
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl S )P (x)  where: P (x)=-%
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= § xiPm(x)
m=1 m=1 m=1

One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl S )P (x)  where: P (x)=-%
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= glxiPm(x)
m=1 m=

m=1
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values e;=e2=...=¢ep satisty 2 Pi=1.
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl S )P (x)  where: P (x)=-%
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
! N 2 N
=3 P, (x) x=3 x,P () =2 5P, (x)
m= m=1 m=
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values €;=e2=...=¢cy satisfy 2 Piy=1. Completeness 1s truer than true as is seen for N=2.

L nbe) by
I (e-¢))

J#l

N _ (M—821)+(M—£11) _ (M-g,1)-(M-¢g]1) _—gltel
I1 (82_gj) (e1-€)  (e,-¢) (e1-¢,) (=€)

j#l

=1 (for all ej)
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = ;P" = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X )
N 2k J
L(f(x))= kzl S )P (x)  where: P (x)=-%
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
! N 2 N
=3 P, (x) x=3 x,P () =2 5P, (x)
m= m=1 m=
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values €;=e2=...=¢cy satisfy 2 Piy=1. Completeness 1s truer than true as is seen for N=2.

L nbe) by
I (e-¢))

J#l

N _ (M-g,1) +(M—511) _ (M-g,1)-(M-¢g]1) _—gltel
I1 (82_gj) (e1-€)  (e,-¢) (e1-¢,) (=€)

j#l

=1 (for all ej)

However, only select values ex work for eigen-forms MP= Pk or orthonormality P;P=0ixPx.
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More algebraic theory of matrix diagonalization
Review of matrix ortho-completeness (Lect.16 to 17 p. 56-85)

Discussion of orthogonality vs. completeness vis-a -vis Operator vs. State
A proof of completeness using Lagrange interpolation formula (Truer-than-True
¥ Diagonalizing Transformations (D-Ttran) from projectors

ANALOGY: VEersus
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(Angle of Crank Rotation)
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ues

More theory of matrix diagonalization

Discussion of orthogonality vs. completeness vis-a -vis Operator vs. State
Lagrange functional interpolation formula
Diagonalizing Transformations (D-Ttran) from projectors
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41—;1) _ i[ 13 —31 ]_ K, i ®(2—_2) =|e,)(e,]

G-1) 4| 3 1

DO = DO |—
N
—_—
NSO
o
[N}
N |—
~—————
Il
™M
\S}
—
N
™
NS}
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41—;1) _ %( 13 —31 ]_ K, i ®(2—_2) =|e,)(e,]

5-1) 4| 3 1

Load distinct bras {¢,| and {c2| into d-tran rows, kets |¢;) and |e2) into inverse d-tran columns.

DO = Do [—
N
—_—
NSIRRON}
o
[N}
N |—
~—————
Il
™M
\S}
—
N
™M
NS}
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41—;1) _ %[ -l ]: K, i ®(2k—_2) =le,)(e

3 3
G-1) 4| 3 1

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.

DO = Do [—
N
—_—
NSIRRON}
o
[N}
N |—
~—————
Il
™M
\S}
—
N
™M
NS}

() (1)
el=( 4~ Mel=(3 3 ) fledd 2 Ped=| 2 |t
U2y \ 2 )
(€,,&,) <« (1,2) d—Tran matrix (1,2) « (&,,¢,) INVERSE d—Tran matrix
122 122
( ) ( A
@lx) (el _ 5 3 () ey _ 3
CHEIRNCARY \% ; ) (le) (e \ - %)
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors.

p_ M-51)_1
(I-5)

p_(M-LD_1
(5-1)

il
il

I -1
-3 3

®( - ):‘81><81‘

1 -
—k| A S
]1_; z

1
301 z
31] =k
2

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.
r )

{<31‘:( 7 3

(€,,€,) < (1,2) d—Tran matrix

<81

x) (ely)

<82

x) (&)

() (1)
(eal=\ 3 3 |- ) 5 Hed=|
3 1
U2 .2 )]
(1,2) <~ (&,,€,) INVERSE d—Tran matrix
( ) ( )
B > <x£1> <x£2> _ > 3
) ke Gl Ty

Use Dirac labeling for all components so transformation is O

(rley) (x
(ve) (o

(&)

|

[ (e]x) (&)

x) (&)

1

2
1
2

DLW D=

|

(efK]x) - (o[ )
(vK]x) (vK]y)

5

I

|

1
2

3
2

N [— N|—

(eKle) (e|K]e,) }

(e:|Kley) (e:]K]e,)

g2> ]
£,)

-3
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _M-5D 1
- (-9

p - M-ID 1
5-1)

1 -1
3 3
31 _k%
31 BRI

2

®( - ):‘81><81‘

1 -
—k| A S
]1_; z

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.
r 3

( 1 A 1 \
fed=( 2 3 Med=(2 1 Qe 2 fea| 7L
\ L 2 ) 2 )
(,,€,) < (1,2) d-Tran matrix (1,2) < (¢,,€,) INVERSE d-Tran matrix
CIRCIEY :(% - \ (x|e,) (x]e,) :( 1 %\
&al) (&) Sk Ve (le) =y

. . J .
Use Dirac labeling for all components so transformation is O

(W) (les) ]
<y|81> <y82>

(efK]x) - (o[ )
(&l (&l ] | OIK[x) (K]y)

G G )
S

Check inverse-d-tran is really inverse of your d-tran.

{<el|1> (&1]2) N (&) (1le.) N (eltle) (eilife,)

[ (e]x) (&)

DLW D=

<82|1> <£2|2> <2|81> 2‘82> <82|1|81> <‘92|1|82>

(

|

1
2

3
2

1
2
1
2

(eKle) (e|K]e,) }

(e:|Kley) (e:]K]e,)

-3
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Diagonalizing Transformations (D-Ttran) from projectors

. . . . 1 1 _1
Given our eigenvectors and their Projectors. p _M-5D 1/ 1 -1 | | > ®( > )_‘ e,
-5 4l 3 3 ) 2 PR

1
I)ZZ(M—1.1)=1 31 ]
G-1) 4 3 1 !

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.
r 3

( 1 A 1 \
fed=( 2 3 Med=(2 1 Qe 2 fea| 7L
\ L 2 ) 2 )]
(,,€,) < (1,2) d-Tran matrix (1,2) < (¢,,€,) INVERSE d-Tran matrix
CIRCIEY :(% - \ (x|e,) (x]e,) :( 1 %\
(@) (b)) (33 | Dl Dle) J{

Use Dirac labeling for all components so transformation is O

[<elx> (&) Num (4[]} ][ (W) (les) ] (e1[Kle,) <elKez>}

(&lx) {ealy) | [ OIKE) OIK]) L Ola) Ole) ) | (&lKe) (oK)

1 1 1
2 4 1 2 2 _ 1 O
1 3 2 231 0O 5
2 2 2

Check inverse-d-tran is really inverse of your d-tran. In standard quantum matrices inverses are “easy’”

{ (&%) (a]») N () (xle) H (el1e) (&1l ) .
“ (e (ile,) ]

(e (el | Oled Oled || ) <e2|1|e2>} [ e|x) (&) N (e} (x]e,) T: (&) (e |
{5 —i] _ { ; 5} _ [1 0} (&%) (&) (le) Ole) <x‘82>* (v]e,) Ola) Oley)

DLW D=
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- 2D-HO eigensolution example with bilateral (B-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

2D-HO eigensolution example with asymmetric (ABD-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase

ANALOGY: VEersus
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Analyzing 2D-HO beats and mixed mode eigen-solutions

K K K || kithkn  —kp :( 10 —lj Det(K)=1010-1=99
K, Ky ~kiy Ky tkpp -1 10 Trace(K)=10+10 = 20

The K secular equation K2 —Trace(K)K + Det(K)= K> —=20K+99=0=(K -9)(K —11) = (K-K,)K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,
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Analyzing 2D-HO beats and mixed mode eigen-solutions

K K K || kithkn  —kp :( 10 —1) Det(K)=1010-1=99
K, Ky ~kiy Ky tkpp -1 10 Trace(K)=10+10 = 20

The K secular equation K2 —Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11)=(K-K{)(K-K))
Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,
Eigen-projectors P,

K=Ky Kp 10-11 -1 1+l Kiu-Ki  Kp 10-9 -1 1 -1
Ky, Ky —-K, -1 10-11 +1 1 K, Ky - K -1 10-9 -1 1
Pl = = = P2 = =

K, -k, 9-11 2 K, - K, 11-9 2
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K K
K= n Koo
K, Ky

ki+kypy o =k _| 10 -1

Analyzing 2D-HO beats and mixed mode eigen-solutions

Det(K)=1010-1=99
Trace(K)=10+10=20

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+
b Kp Kp-K; | -1 10-11 ) { +1 1

e K, -K, - 9—11 2
N
:[ 1;3 J( UNZ 12 ) =[e)el

Eigenbra vectors: <81|=(1/\/§ +1/\/§), (82|=(1/x/§

K12w3(81)29, K2=a)3(82)=11,

Kn-K Ky 10-9 -1 1 -1
Ky,  Kp-KkK; -1 10-9 ) | -1 1

P, = K, K, B 11-9 - 2
o
:( e ]( UNE A1 )=o)
1/42 )
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Analyzing 2D-HO beats and mixed mode eigen-solutions

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)
Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,

Eigen-projectors P,

Kn-K, Ky 10-11 -1 1+ Kn-K  Kp 10-9 -1 1 -1
p_ Ko Kp-Ky ) (-1 10-11 ) { +1 1 p K Kp-—K -1 10-9 -1 1
! K,-K, 9-11 2 2 K,-K, - 11-9 - 2

1/4/2
== \/_ (1/\/5 1/\/5 ):‘81><81| —— 1/\/5 (1/\/5 -1/\/5 ):|82><82|

1/42 132

Eigenbra vectors: <81|=(1/\/§ +1/\/§), <82|=(1/\/§ -1/x/5)

Mixed mode dynamics

x0) = &) (ex@)e @+ |ey) (ey]x(0))e @
() 1/~§2 —iot —1/+/2 it
= 0 1 O s
[ X, (1) J [ 13 J<el|x( ))e +[ B ](ez\x( ))e

K:[ Ky Kpp J:[ kj+kip  —kp ]:( 10 -1 j Det(K)=1010-1=99
Trace(K)=10+10=20
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Ky
Ky,

Ky,
K,

H

kl + k12

_kl2

—ki2

Analyzing 2D-HO beats and mixed mode eigen-solutions

10 -1
-1 10

Det(K)=1010-1=99
Trace(K)=10+10=20

M

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’

Eigen-projectors P,
K —K;
K12

Ky,
Ky - K,

10-11
-1

-1
10-11

)

I +1
+1 1

9-11

L

1/\2 e Ve
( e J(l/\/_ 142 )=|e )z

_K2

Eigenbra vectors: <81|=( /2 +1/2 )

Mixed mode dynamics

x0) = le) (alx@)e® s &) (elx@)e
t . _ .
| V2 (1| x(0))e " + 12 (&;|x(0)) e~
Xy (1) 1/42 1/2
. ia i atb i -7
100% modulation (SWR=0) ¢“+¢" _ 5 e > +e °
2
e—iw1t+e—iwzl‘ _l_(a)1+602)t —i(wl_wz)t i(wl_wz)t
X5 (1) ol _ iyt 2 —i(wl_w2)t i(wl_%)t
> e 2 —e

2

(82|=(1/x/§

_ 2 _ _ 2 _
Ki=wi(g)=9, K,=w0i(&)=11,
Kn=K K 10-9 -1 1 -1
P K  Kp-Kk -1 10-9 -1 1
2: = =
K,-K, 11-9 2
1/J—
= N2 132 ) =g, ) e
X R :' £, cos(my-m)t/
-:-:1 3 ol M 2772
wi=33l66eds ) 1 i [ ;
El= dEﬂ I{.' oo - : .
/42 ) de 1 E .
Jes . L <€5Ix(0)> :E EE
- —_ 112 F ; 24 Carrier
1 AT L 7 T N 1 g C°S<®2+‘”1>”2
< R T |'_-'.'.I J }E-_l ) . Sm(u)z—u)l)t /2
[ L “h.
O P gy i i ﬂ
V2 | it (LG
klz= -1 GET1 A=3.158 SR SR P A R
kii= 10 B=-0.158 L P S
kil= 10 D=3.158 ; R A
i ¥

[ -1 H
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html

BoxIt (Beating) Simulation

Fig. 3.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.
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Analyzing 2D-HO beats and mixed mode eigen-solutions

Ky
Ky,

Ky,
K,

H

kl + k12

_kl2

—ki2

H

10

-1
-1 10

Det(K)=1010-1=99
Trace(K)=10+10=20

The K secular equation K2 — Trace(K)K + Det(K)= K> —20K +99=0 = (K-9)K-11) =(K-K{)(K—-K,)

Eigenvalues K, and squared eigenfrequencies my(g;)’ K, = a)g (81) =9, K,= a)g (82) =11,
Eigen-projectors P,
Kn-K, Ky 10-11 -1 1+ Kn-Ki Ky 10-9 -1 1 -1
p_ Ko Kp-Ky ) (-1 10-11 ) { +1 1 P _ Ko  Kp-K ]\ -1 10-9 ) [ -1 1
b K,-K, - 9-11 - 2 2 K,-K, - 11-9 - 2
1142 142
{ 3 J( 1742 1/\/5):‘81><81| :[ iz }( 1742 '1/‘5):|82><82| s ﬁ 4/Beat
N4 o 1 N ﬁCOS((Dz ot/ :
wg=3 66 L - -
Eigenbra vectors: <81|=( 1/\2 +1/42 ) <82|=( 1/32 -1/42 ) @;ﬁ“ e, a0
€ <& Ix(0)
: - g 21x(0)
Mixed mode dynamics : V2 | E Gy Carie
x@) = &) (g]x0)e ™ + |&5) (&;]x(0))e L S - Lcos(mzml)t/z
3 S VAT T A ) 1
x, (1 _ _ ‘ ' ' : I wf PR Sin(-0t/
ORI 1/V2 (&1]x(0)) ™" + 1V2 (&;|x(0)) e~ < . g R
X, (1) 1/42 1/2 ExOp F oy f ﬂ
P B A =12 | B 1 L Wy
100% modulation (SWR= 0)6 vl e ?4e 2 [07E) wpe a4 A s VL e
2 2 ) k= 10 B=-0.158 v ¥
kil= 10 D=3.158 i .- i
e—iwll‘ + e—iwzl‘ i (@,+ wZ)t . (wl_wz)t ‘ ((01—(02)t (0, -0, httr)://www.uarE-.ledu/ua/modDhV;/markun/BoxItWeb.html
i -l I
x((1) 5 e 2 e 2 41 2 —i@r T BoxIt (Beating) Simulation
= = =e
X5 (1) o i _ iyt 2 —i(wl_wz)t i(wl_wz)t . (0, —0)t
2 _ 181
2 € ¢ 2
Note the i phasey

Fig. 3.3.9 Beats in weakly coupled symmetric oscillators with equal mode magnitudes.

Wednesday, March 23, 2016

39


http://www.uark.edu/ua/modphys/markup/BoxItWeb.html
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html
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2D-HO eigensolution example with bilateral (5-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

¥ 2D-HO eigensolution example with asymmetric (ABD-Type) symmetry
Initial state projection, mixed mode beat dynamics with variable phase

ANALOGY: VEersus
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Det(K)=713-27=91-27=64
Trace(K)=T7+13=20
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

K,,-K, K> 7-16 —3\/5 9 +3\/§
b K, Kn-K, 3J3 13-16 33 3
1 = =

K,-K, 4-16 12

&Y
:ﬁ—lz[ NeIE ](@/2 12 )=le e

4 1/2
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
_ Kp  Kp-—K 33 13-4 ~ 33 9

o L Ko Kn-Ky ) -3J3 13-16 +33 3 b _ B
b K,-K, - 4-16 12 2 K,-K, - 16— 4 12
[ 343 1 -3
31 J3/2 -3 3 —-1/2
SN 3/2 1/2)= = = —1/2 3/2)=
1 1/n (\/— ) &) (el 4 J3/2 ( /2 3/ ) |&2)(&,)|

46

Wednesday, March 23, 2016



Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies wy(g;)*

Eigen-projectors P,

K —-K, K> 7-16 —3\/5 9 +3\/§
K,  Kp-K, -3J3 13-16 ~ 33 3

P = -
! K, -K, 4-16 12

4 1/2

[ 3 \/5]
L[ V312 ](@/z 1/2)=le el

Eigenbra vectors: <el|:(\/§/2 1/2), <82|=(—1/2

K, =g (&,) =16,

Kn—-K Ky 7-4 33 3 33
Ky Kn-—K, —3J3 13-4 3V3 9

P, =
2 16—4 12

[ 1 —\/EJ
B3 _[%//22 ](_1/2 V312 )=|e)es

47
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2D-HO eigensolution example with bilateral (5-Type) symmetry
Mixed mode beat dynamics and fixed n/2 phase

2D-HO eigensolution example with asymmetric (ABD-Type) symmetry
$ [nitial state projection, mixed mode beat dynamics with variable phase

ANALOGY: VEersus
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
| Ko Kp-Ky ) | 3Y3 13-16 ) [ 433 3 K,  Kyn-K -3V3 13-4 33 9
= K, -K, - 4-16 - 12 2= K, - K, - 16— 4 - 12
5 7 5 )

NEI 3 3 -
:f:[f’//j ](ﬁxz 172 )=|e )| = y =[J;//22 ](—1/2 V312 )=|e;)(ey]

Eigenbra vectors: <el|:£ J3/2 172 ) <82|=(—1/2 J31/2 )
Spectral decomposition of initial state x(0)=(1,0):

: syl ? RRRE
off 1 1)) 2 le(s #)
2

1-x(0)= (P, +P2)( (1) j:

NST R
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
p Ky Ky —K, 33 13-16 +343 3 K, K> - K, -3J3 13-4 33 9
l = = =

- K, -K, B 4-16 12 2= K, -K, B 16— 4 12
[ 3 43 J [ 1 /3 J
NEI 3 3 -
:f=[ */15//22 ](\/3/2 172 )=|g;) (g = y :[ \/;//22 ](—1/2 V312 )=[e;)(e,|

Eigenbra vectors: <el|:£\/§/2 1/2), <82|=(—1/2 \/5/2)
ial state x(0)=(1,0):

Spectral decomposition of ini

1-x<0>:<P1+P2>( : j=
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
~ Ky, Ky - K, ~ 3J3 13-16 ~ 33 3 Ky, Kyn-Kk 3J3 13-4 3J3 9
= K, -K, - 4-16 - 12 2= K, - K, - 16— 4 - 12

&N )

NEI 3 3 -
:f:[f’//j ](ﬁ/z 172 )=|e )| = y =[J§//22 ](—1/2 V312 )=|e;)(ey]

Eigenbra vectors: (g| :g N3/2 172 ) (&) =(—1/2 \3/2 ) Aers
Spectral decomposition of initial state x(0)=(1,0): oo 4 X2 B=0.566
Q= 30° =3.

! )
W7 =

1-x<0>:<P1+P2>( : j=
./‘ia A A '

1
3 = 1L
= 21 (f) (Note projection of x(0) onto eigen-axes) ( (({ é :
~ NE) ~ 1 \ 1z=-5.j1951524 -1
(q‘(t)_TCOSZt’ 0, (1) == cosdt xO)=\ L g0)=v302
q2(0)=-1/2.-*
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K, and squared eigenfrequencies m(g)" K =0} (e/)=4, K,= % (e5)=16,

Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
p_ Ky,  Kp-K; ) 33 13-16 ~ +3/3 3 K, Ky-K, 33 13-4 33 9
b K, -K, B 4-16 B 12 2= K,-K, B 16—4 - 12
[ 3 \/§J 1 -3
31 J3/2 -3 3 —-1/2
:f:[ o (V372 172 )=[e) e = y :[ i ](—1/2 V312 )=|e)) (e,
Eigenbra vectors: <el|:£\/§/2 1/2), <82|=(—1/2 \/5/2) . af 4o
Spectral decomposition of initial state x(0)=(1,0): 1 RS N

...........

s )

(Note projection of X(0) onto eigen-axes)

1-x<0>:<P1+P2>( : j=

:

1

1

P

:

: LOAR AA AR AR nj\

] SR R R B T R R

' e O LR a0
' A RSN LA P | R P .

J3 1 \ K12 = -5.1961524 ! E A S A U
t)=—=cos?2t, t)=——cos4t — K22= 13 Lo AT TN RS
(QI( ) 2 210 2 x(0) 0 K= > q1(0)=/3/2 A A A
q2(0)=-1/2.-- BoxIt Simulation

Using cos4t= 20052 2t —1 derives a parabolic frajectory!

Fig. 3.3.6 Normal coordinate axes, coupled oscillator trajectories and equipotential (V=const.) ovals

1 1 4 2 1
9> (t) =——2 COS2 2t+—=— —[ql (l‘)] +— for an integral 1:2 eigenfrequency ratio (0g(€1)=2.0, Wy(€2)= 4.0) and zero initial velocity.
2 2 3 2 http://www.uark.edu/ua/modphys/markup/BoxItWeb.html
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Spectral decomposition of 2D-HO mode dynamics for lower symmetry

Eigenvalues K and squared eigenfrequencies my(g;)” K, = a)g (e/)=4, K,= a)g (e5)=16,
Eigen-projectors P,

Kn-K Ky 7-16 -3\3 9 +3V3 Ky-K Ky 7-4 33 3 33
K12 K22_K2 _3\/§ 13-16 _ +3\/§ 3 K]Z K22—K1 _3\/§ 13—4 _3\/5 o

P1: = P2: =
K, -K, 4-16 12 K,-K, 16—4 12
NEI 3 3 -
:f:[ \/15//22 J(ﬁ/z 172 )=|g;) (g = y :[ \/;//22 ](—1/2 V312 )=[e;)(e,|

Eigenbra vectors: <£1|:£ J3/2 172 ) <82|=(—1/2 J31/2 )
Spectral decomposition of initial state x(0)=(1,0):

s )

(Note projection of X(0) onto eigen-axes)

NE)

1-x<0>:<P1+P2>( : j:

2
1
2

/

BoxIt Simulation

(1) J3 ot (1) 45 1 \ K12 = 51561524 1 Lo
= ——cos?2t, =——cos — = oo
q 2 q 2 X(O) 0 Ril= 7T L 611(0) :\/3/2 : Pafnuty Chebyshev
: g " Pafnuty Lvovich Chebyshev was a Russian
USng COS 4t = 2 0082 2t - ]. derives a parabolic rajectory! qZ(O) =-1/2.-" \ ﬁ mathematician. His name can be alternatively

transliterated as Chebychev, Chebysheff,
Chebyshov, Tchebychev or Tchebycheff, or
Tschebyschev or Tschebyscheff. Wikipedi:

1 1 4 1
g, (t)= —52cos2 2t + 5= —5[% (t)]2 2 Example of a Tschebycheff Polynomial order 2

Born: May 16, 1821, Borovsk
Died: December 8, 1894, Saint Petersburg
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x1 = 0.430
pl/w = 0.824
x2 = 0.359
p2/w = -0.091

x1(0) = 1.000
p1(0)/w = 0.000
x2(0) = 0.000

p2(0)/® = 0.000

A =2.500

3.9

3.5

3
X2 Phasor ﬁ

time = 40.400 E =1.250

IV

BoxIt Simulation
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x1=0.430 [3-3 33

time = 40.400 E =1.250

10 ;s 20 s 30 35 40

Aa U1 F W S TR A S TR A lll‘lll‘llt.‘llllllllllll

pl/w =0.824 [

x2 =0.359 -3

p2/mw = -0.091 X2 Phasor 3»

x1(0) =1.000 125

p1(0)/w = 0.000 :

x2(0) = 0.000 )*Elz

p2(0)/o = 0.000 ;

A =2.500 R

B =-0.866 [

C =0.000 I

D=3500 1
0.5
A
--0.5
-1

(Start) (Resume) (ResetT-O) (Erase Paths)

Speeil O 2 () x10n O“‘-z @

ol =2.000 [~2:3 PyO)= O o
w2 =4.000 '
® = 60.000 L -3 Show Multi-Phasor View ¥

Show the YXT Phasor View ¥

Draw Main Phasors ¥

X(0) = O 1 BlA= O 2.5 ) Number of Derivatives = O 0 ®
Y(0) = O 0 @ B= O -0.866 [3)
Px(0) = O 0 B/C= O 0 6]

@/D= O 35 6]

wantVectorHeads, wantTimeRateTangents
Draw PE Levels () Left Phasor Rides on Right Phasor [

Draw Box Lines # Left Phasor Rides on Right Phasor [

Draw Modal Phasors ¥ Normalize Phasors ¥ Print w1:w2 fractions [

Draw Vector Heads # Draw Time Rate Tangents ¥
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¥ ANALOGY: 2-State Schrodinger: ind,| V(1)) =H|W¥ (1)) versus Classical 2D-HO: 0*Xx=-KeX
2D-HO Hamilton equations
Another approach to ABCD Hamilton-Pauli spinor equations (Lect. 16 p.27-33 )
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

H- ( A B-iC |_ gt obey: (Hj) *= Hy
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) ¥ X +ip 1 (2 =2+2)
Y ) | ntin | | @
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

B+iC D
that operates on 2-D complex Dirac ket vector |¥) . Both have 4 parameters

|‘{’>=[ ¥y ]:[ X1 +1ip — 1 (22 =2+2)

Y, Xy +1p) a,

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 15-order equation i0\U=HWV
into pairs of real 1%-order differential equations.
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>=—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ J
7 | (o) =H](0)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 1%-order equation iOW=HW ;O Mtip :( A B-iC j Xy +ipy
into pairs of real 1%*-order differential equations. or( Xy +ip, B+iC D Xy +ip;
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>=—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ J
7 | (o) =1 (1)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 1%-order equation iOW=HW ;O mtim :[ A B-iC ] X +ipy
into pairs of real 1%*-order differential equations. or( Xy +ip; B+iC D Xy +ip;

S L ; Y 1
X, = Ap, + Bp, - Cx, py=—4x,— Bx, —(p, iy~ py | | Ax +Bxy+Cp,y+idp, +iBp, —iCx,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>:—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: _Al 2 2 B Do
P Y Xy +ip a H. = AL +B(x1x2 +p1p2)+C(x1p2 x2p1)+ S \P2 %
Y ] | ntin | | @

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

X, = Ap,+ Bp, — Cx, p, =—Ax,— Bx, - (p,
X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

in| (1)) =H|¥()) |x>: K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: _Al 2 2 B Do
|‘{’> Y, x| +ipy a H_ = > P X +B(x1x2+p1p2)+C(x1p2 x2p1)+ > Py X,
Y ] | ntin | | @

Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 15-order equation i0U=HWV
into pairs of real real 15%-order differential equations.

X _ch 5y — a]_Ic —
X, = Ap; + Bp, = Cx, p, =—Ax,— Bx, - (p, ng VS. ClaSSical Wi Ip, = Ap, + Bp, = Cx, b == ax, (Axl +Bx, + sz)
. . quations are SH
%) 2

Wednesday, March 23, 2016 63



ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix

H-= ( A B g Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) . p 5
. _ A 2 2 2, 2
9 = Vi | | -+ | | @ Hc—g(Pl +x1)+B(x1x2+p1p2)+c(x11’2_x2p1)+3(p2+x2)
¥ Xy +ipy ap
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW
into pairs of real real 15%-order differential equations.

JH oH
. . o v, — — € — _ ), = — € =— A B C
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OMys. Classical ™1~ 3, Apy+ Bpy = Cxy P (4 By + Gy )
. . Equations are e SH
X, = Bp, + Dp, +Cx, Py =—Bx; = Dx, +(p, identical i, =—<= Bp, + Dp, +Cx, Py === ¢==(Bx+ Dx, ~Cp,)
ap, 0%,
Finally a 2 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H=| 4 B~ |_gt Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( 52 2
9 = Vi | | -+ | | @ c =5\~ X (x1x2+p1p2)+ (xlpz_xzpl)J“E Dy TX
¥ Xy +ipy ap
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW
into pairs of real real 15%-order differential equations. SH oH,
— X, = Ap, + Bp, — Cx, py=—Ax, - Bx, - Cp, QE%ZZ.ﬁ(OZ;ZgSZZZal 0= 8— = Ap,+ Bp, - Cx, P = (4, + Bx, + Cp, )
_ S ’ / 0H,
x2 = Bpl + Dp2 + Cxl 2% —Bxl — sz + Cpl identical i, = 8_ = Bp, + Dp, +Cx, Py = o (Bx1 + Dx, — Cpl)
Py 2
Finally a 2 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
~ For C=0 2 v
X 2, p2 X X K., K X
o A°+B AB+BD Is form of 2D Hooke 3_2 T e T B 1
X, AB+BD B*+D? harmonic oscillator 0" X, X Ky Ky | %
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX
i (1)) = H| W (7)) |%)=-K-

x)

First start with 2-by-2 Hermitian (self-conjugate) matrix
o[ A B-ic |_

B+iC D
that operates on 2-D complex Dirac ket vector |¥) .

H Then start with classical Hamiltonian.

. Al 2 2 D( 52 2
|lP>— ¥, - x; +ip, | HC:E(pl +x1)+B(x1x2+p1p2)+C(x1p2—x2p1)+3(p2+x2)
¥, Xy +ipy a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.
. _8HC_A B C ; ——8HC——(Ax + Bx, +C )
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OM vs. Classical xl_é’—pl_ PL¥ BP0 T
. . Equations are Py SH
x2 = Bpl + Dp2 + Cxl p2 — _Bxl - sz + Cpl identical xZ = a—pc = Bpl + Dp2 + Cxl ﬁz =- &x; = _(Bxl + sz - Cpl)
2
Finally a 2 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
-- For C=0 2 v
X 2, p2 X X X K., K X
No|o_| 47+B AB+BD 1 Is form of 2D Hooke 3_2 T e T B 1
Xy AB+BD B>+D? X, harmonic oscillator ™| X, Xy Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!

2
0 (A B (.8)2_ B > | A2+B*> AB+BD
i—= =|i—| = =-——=
o9 \ B D ot B D o> | AB+BD B*+D?
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

in| (1)) =H|¥()) |x>: K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
= A B-iC |_pyi Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
, A D
|‘P>— Y, oxmtip | | o H, = E(pl2 +x12)+B(x1x2 +p1p2)+C(x1p2 —x2p1)+?(p§ +x§)
¥, Xy +ipy a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

. _JdH, , __8HC__
—x,=Ap,+Bp,—-Cx, —p,=—Ax,—Bx,—Cp, OM vs. Classical ~ 1= 75, =+ Pn =0 = T (4, + Bxy + Cp )
_ _ Equations are SH SH
X, = Bpl + Dp2 + Cxl Dy = —Bxl — sz + Cpl identical %, = a_c = Bp, + Dp, + Cx, py=— 8xc - _(Bx1 +Dx, — Cpl)
Py 2
Finally a 2™ time|derivative|[(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \X> = —K'\X>
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
- —(A2 +B%+ Cz)xl —(4B+BD)x,~C(4+D)p, — —(4B+BD)x,~(B*+D* + Cz)x2 +C(4+D)p,
. For C=0 $
Y |_ | A*+B* AB+BD | Is form of 2D Hooke i SU O P I T Ky K M
Xy AB+BD B>+D? X, harmonic oscillator or’ ) X, Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!
2 2 2 2, p2
0 [ A B (.a)_ A B 0 | A*+B°* AB+BD
I—= =>|i— | = >-—-——F=
ot B D ot B D ot AB+BD B?*+D?

Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | [)=-K-|x)
t
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

in| (1)) =H|¥()) |x>: K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
= A B-iC |_pyi Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
, A D
|‘P>— Y, oxmtip | | o H, = E(pl2 +x12)+B(x1x2 +p1p2)+C(x1p2 —x2p1)+?(p§ +x§)
¥, Xy +ipy a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

. _JdH, . __JH,
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OMys. Classical ™1~ 3, = 4py+ Bpy = Cx P (4 By + Gy )
Equations are
. . . . oH
X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp, identical %, = % = Bp, + Dp, +Cx, py=— 8xc _ _(Bx1 + Dx, — Cpl)
Py 2
Finally a 2™ time|derivative|[(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: \X> = —K'\X>
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p,
~ For C=0 v
X |_ | 4*+B* 4B+BD | Is form of 2D Hooke i ol Y| | Kn Kp |
. - . . 2 - . -
X, AB+BD B*+D* )| X harmonic oscillator 0" X, X Ky Ky | %

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!

0 A B-iC :(.a)z A B-iC 2:> 0° A?+B*+C? AB+ BD—i(AC +CD)
1— = 1— = _
o \ B+iC D ot B+iC D o> | AB+BD+i(AC+CD) B*+D*+(?

Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | [)=-K-|x)
t

Recall simple derivation in Lect. 16 p.32-33 )
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