Introduction to coupled oscillation and eigenmodes
(Ch. 3-4 of Unit 2 )

Review of 1D FDHO (Forced-Damped-Harmonic Oscillator) response
Amplitude and phase variation due to resonance

2D harmonic oscillator (2D-HO) equations of motion
Lagrangian and matrix forms

2D harmonic oscillator equation eigensolutions (normal modes)
2D classical HO compared to U(2) quantum 2-state system

Introducing ABCD Hamilton Pauli spinor symmetry expansion

Eigensolutions by geometry for 2D-HQO with bilateral (B-Type) symmetry

Symmetric (low frequency) mode versus antisymmetric (high frequency) mode
Mixed mode beat dynamics (with constant nt/2 phase-lag)
Geometry of phase and polarization

Eigensolutions by matrix-algebra with example M j é ]
Secular equation
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness (Idempotent means: P-P=P)
Spectral Decompositions
Functional spectral decomposition
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Review of 1D FDHO (Forced-Damped-Harmonic Oscillator) response
> Amplitude and phase variation due to resonance

2D harmonic oscillator (2D-HO) equations of motion
Lagrangian and matrix forms

2D harmonic oscillator equation eigensolutions (normal modes)
2D classical HO compared to U(2) quantum 2-state system

Introducing ABCD Hamilton Pauli spinor symmetry expansion
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2D harmonic oscillators
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2D harmonic oscillator energy
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2D harmonic oscillator energy
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2D harmonic oscillator equations
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2D harmonic oscillator equations
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2D harmonic oscillator equations
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2D harmonic oscillator equations
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Review of 1D FDHO (Forced-Damped-Harmonic Oscillator) response
Amplitude and phase variation due to resonance

2D harmonic oscillator (2D-HO) equations of motion
Lagrangian and matrix forms

3 2D harmonic oscillator equation eigensolutions (normal modes)
2D classical HO compared to U(2) quantum 2-state system

Introducing ABCD Hamilton Pauli spinor symmetry expansion
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2D harmonic oscillator equation solutions

1. May rewrite equation M.|%)=-K-|x) in acceleration matrix form:  |)=-A|x) where: A=M"'+K
( )
1 ki +k,  —kpy
X, m 0 k1 + k12 —k12 X, m, m, X,
X, 0 m, —k,  kythy, Xy —k,  kytky, Xy
N "
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2D harmonic oscillator equation solutions

1. May rewrite equation M.|%)=-K-|x) in acceleration matrix form:  |)=-A|x) where: A=M"'+K
( A
1 ki +k,  —kpy
X, _ m 0 ki+k, —k, X, _ m, m, X,
X 0 m, —kip  kytky, ) —ki,  kytk, )
N "

2. Need to find eigenvectors e,),
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2D harmonic oscillator equation solutions

1. May rewrite equation M.|x)=-K-|x) in acceleration matrix form:  |x)

—1
o | m 0

Xy 0 m,

h+h2
_klz

2. Need to find eigenvectors e,),
72

Then equations decouple to: P
{

—A| x> where: A=M!.K

[ ktk,  —k,
ki, ol 4! &
ky + ki ) —ki,  kytk,

. " ny

\

J

e,)... of acceleration matrix such that: Ale,)=¢,|e,)=w’|e,)

X1

Xy

‘e1> E"él> = —A|e1> = -81|e1> = -a)12|e1> SO: ‘el(z‘)> = e_iw1t|e1(0)>

. st . . st .
where €, 18 17 eigenvalue and @, 18 17 eigenfrequency
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2D harmonic oscillator equation solutions

1. May rewrite equation M.|%)=-K-|x) in acceleration matrix form:  |)=-A|x) where: A=M"'+K

( )
“l ktky  —hy

X, m 0 k1 + k12 —k12 X, m, m, X,

X, 0 m, —k,  kythy, Xy —k,  kytky, Xy

2. Need to find eigenvectors|e,).|e,).... of acceleration matrix such that: Ale,)=¢,|e,)=w?|e,)

d2

?‘EJ E‘él> = 'A|e1> = '51|e1> = -a)12|e1> S0: ‘el(t)> = e_iwlt|el(0)>

Then equations decouple to:

. st . . st .
where €, 18 17 eigenvalue and @, 18 17 eigenfrequency

2 .
and: %“’9E|éz>:'A‘ez>:'8z‘ez>:‘wg‘ez> S0: ‘ez(t)>:e_lw2t|ez(0)>

2nd

where €, 1s eigenvalue and @, 1s pnd eigenfrequency
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2D harmonic oscillator equation solutions

1. May rewrite equation M.|%)=-K-|x) in acceleration matrix form:  |)=-A|x) where: A=M"'+K
( )
1 ki +k,  —kpy
X, _ m 0 k1 + k12 —k12 X, _ m, m, X,
X, 0 m, —ki,  kytky, Xy —ky,  kytk, Xy
N "

2. Need to find eigenvectors|e,).|e,).... of acceleration matrix such that: Ale,)=¢,|e,)=w?|e,)
dz

?‘EJ E‘él> = 'A|e1> = '81|e1> = -a)12|e1> S0: ‘el(t)> = e_iwlt|el(0)>

Then equations decouple to:

. st . . st .
where €, 18 17 eigenvalue and @, 18 17 eigenfrequency

2 .
and: %“’ﬁE|éz>:'A‘ez>:'8z‘ez>:'a’g‘ez> S0: ‘ez(t)>:e_lw2t|ez(0)>

where €, 18 2™ eigenvalue and w, 1s 2™ eigenfrequency

To introduce eigensolutions we take a simple case of unit masses (m;=1=m>)

So equation of motion is simply: |%)=-K|x)
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2D harmonic oscillator equation solutions

1. May rewrite equation M.|%)=-K-|x) in acceleration matrix form:  |)=-A|x) where: A=M"'+K
( )
“l ktky  —hy
X, m 0 ki+k, —k, X, m, m, X,
X 0 m, ~ky, Kyt ) —ki,  ktk, )
. m m
2. Need to find eigenvectors|e,).|e,).... of acceleration matrix such that: Ale,)=¢,|e,)=w?|e,)
2 .
Then equations decouple to: %‘ e)=|é)=-Ale,)=-¢|e)=-0]e,) so: [e,(1))=c""[e,(0))
l
where €, 1s 1% eigenvalue and @, 18 1 eigenfrequency
d’ ) ~
and: ?‘ e2> = | e2> = -A‘ e2> = -82‘ e2> = -a)g‘ e2> SO: ‘ez(t)> =e lw2t| e2(0)>

where €, 18 2™ eigenvalue and w, 1s 2™ eigenfrequency

To introduce eigensolutions we take a simple case of unit masses (m;=1=m>)

So equation of motion is simply: |%)=-K|x)

[ Eigenvectors |x)=|e,}are in special directions where |%)=-K|x} is in same direction as |X>j
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Review of 1D FDHO (Forced-Damped-Harmonic Oscillator) response
Amplitude and phase variation due to resonance

2D harmonic oscillator (2D-HO) equations of motion
Lagrangian and matrix forms

2D harmonic oscillator equation eigensolutions (normal modes)
» 2D classical HO compared to U(2) quantum 2-state system

Introducing ABCD Hamilton Pauli spinor symmetry expansion
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2D classical HO compared to U(2) quantum 2-state system

Classical Newton-Hooke-Stokes equation|z)=-Kiz)

d*| z Ky Ky Z)
— =— Versus
dt Z, K21 K22 Z,
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Quantum Schrodinger-Pauli equation in|¥)=H:|¥)

hii Vi | Hy, v
dt v, sz v,
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2D classical HO compared to U(2) quantum 2-state system

Classical Newton-Hooke-Stokes equation|z)=-K{z) ~ Quantum Schrodinger-Pauli equation ih|¥)=H|¥)

\
d*| z Ky Ky Z) d| ¥ ) Vi
— = — Versus hi z =
dt™\ 7z, ) Ky Ky, 2 ¥ Hy, V2
A
| 2 | G H-iJ | & dl v | [ 4 —ic )| ¥
— =— _ versus  hi— = .
dt*| z, ) H+iJ K z, dt v, +iC D v,

Modern theorists use natural units so i=1.05-103* equals hi=1
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2D classical HO compared to U(2) quantum 2-state system

Classical Newton-Hooke-Stokes equation|i)=-K{z) ~ Quantum Schrodinger-Pauli equation it|¥)=H|¥)

\
d*| z Ky Ky Z) d| ¥ ) Vi
— = — Versus hi z =
dt™\ 7z, ) Ky Ky, 2 ¥ Hy, V2
A
| 2 | G H-iJ | & dl v | [ 4 —ic )| ¥
— =— _ versus  hi— = .
dt*| z, ) H+iJ K z, dt v, +iC D v,

Modern theorists use natural units so i=1.05-103* equals hi=1

Let us square the quantum operator ii = 4 —iC
dt +iC D
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2D classical HO compared to U(2) quantum 2-state system

Classical Newton-Hooke-Stokes equation|i)=-K{z) ~ Quantum Schrodinger-Pauli equation it|¥)=H|¥)

\
d*| z Ky Ky Z) d| ¥ ) Vi
— = — Versus hi z =
dt™\ 7z, ) Ky Ky, 2 ¥ Hy, V2
A
| 2 | G H-iJ | & dl v | [ 4 —ic )| ¥
— =— _ versus  hi— = .
dt*| z, ) H+iJ K z, dt v, +iC D v,

Modern theorists use natural units so i=1.05-103* equals hi=1

Let us square the quantum operator ii = 4 —iC
dt +iC D
d.d_| 4 —iC A _ic ) | A+BP+C* (B-C)(A4+D)
dt dt +iC D +iC D ( B+iC)( A+ D) D%+ 3212
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2D classical HO compared to U(2) quantum 2-state system

Classical Newton-Hooke-Stokes equation|z)=-Kiz)

2

d2
;[
d2
A

2

21

)
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\

J

J

Quantum Schrodinger-Pauli equation ih|¥)=H:|¥)

Ky Ky 2 d| Y Hy, 4!
=— Versus hi— =
Ky Ky =) dt\ v, H,, v,
_ G H-iJ 21 d| Y _ A —iC v,
=— versus  hi— =
H+iJ K Z, dt| y, +iC D v,
Modern theorists use natural units so i=1.05-103* equals hi=1
Let us s = 4 —iC
quare the quantum operator j— =
dt +iC D
d.d_( a4 p-ic A B-iC |_| AP+B2+C* (B-iC)(4+D)
de dt +iC D +iC D (B+C)(A+D) D*+B*+(?
d* - A*+ B2+ C*  (B-iC)(A+D)
dr’ (B+CY(A+D) D*+ B*+C?
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2D classical HO compared to U(2) quantum 2-state system

Classical Newton-Hooke-Stokes equation|i)=-K{z)  Quantum Schrodinger-Pauli equation ih|¥)=H|¥)

\
d*| z Ky Ky Z) d| ¥ ) Vi
— = — Versus hi z =
dt™\ 7z, ) Ky Ky, 2 ¥ Hy, V2
A
| 2 | G H-iJ | & dl v | [ 4 —ic )| ¥
— =— _ versus  hi— = .
dt*| z, ) H+iJ K z, dt v, +iC D v,

Modern theorists use natural units so i=1.05-103* equals hi=1

Let us square the quantum operator ii:( 4 —iC j
dt +iC D
igig:( A4 B-iC ][ A4 B-iC }: AT+ B2+ CP (BHC)(A+D)
dt dt +iC D +iC D (B+CYA+D) D*+ B>+ C?
d ey A*+ B2+ C?  (B-iC)(A+D)
dr’ (B+CY(A+D) D*+ B*+C?

2D classical HO same as the U(2) quantum 2-state system

...if we set K—Spring matrix to squared quantum operator H-

K = ky, ki =1+ i _ G H—-i-J — = A*+B*+C*  (B-IC)(A+D)
ki, =1, k,, H+i-J K (B+iC)YA+D) D?*+B*+(C?
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Review of 1D FDHO (Forced-Damped-Harmonic Oscillator) response
Amplitude and phase variation due to resonance

2D harmonic oscillator (2D-HO) equations of motion
Lagrangian and matrix forms

2D harmonic oscillator equation eigensolutions (normal modes)
2D classical HO compared to U(2) quantum 2-state system

¥ [ntroducing ABCD Hamilton Pauli spinor symmetry expansion
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Introducing ABCD Hamilton Pauli spinor symmetry expansion

Decompose the Hamiltonian operator H into four A5CD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A. B—iC = A 10 + B 0 1 +C O Y 00 = Ae,;+ B0z +CG + De,,
B+iC D 0O O 1 O 1 0 0 1

:A—_D10+B()1+Co_i+A+D10
2 {0 -1 1 0 i 0 2 Lo 1
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Introducing ABCD Hamilton Pauli spinor symmetry expansion
Decompose the Hamiltonian operator H into four A5CD symmetry operators

(Labeled to provide dynamic mnemonics as well as colorful analogies)

[ A B—iC ]:A( 1 O ]‘FB( 0 (1) ]‘FC( O ;)l ]+D( 8 (1) ]:A611+BGB+CGC+De22

B+iC D 0O O 1 ]
A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 0 -1 1 0 i 0 2 0 1
A—D A+ D
H=—— o, +B o, +C o + S, |
f * \ 2 ...CUurrent-carrier...

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

Color scheme based on traffic signals

. STOP (standing waves)
Q (stretched waves)
‘ GO (moving waves)

Wednesday, March 23, 2016

36



Introducing ABCD Hamilton Pauli spinor symmetry expansion
Decompose the Hamiltonian operator H into four A5CD symmetry operators

(Labeled to provide dynamic mnemonics as well as colorful analogies)

( A B—iC ]:A( 1 O ]‘FB( 0 (1) ]‘FC[ O ;)l ]+D( 8 (1) ]:A611+BGB+CGC+De22

B+iC D 0O O 1 ]
A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 0 -1 1 0 i 0 2 0 1
A—D A+ D
H=—— o, +B o, +C o + S, |
/ * \ 2 ...CUurrent-carrier...

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

Color scheme based on traffic signals

. STOP (standing waves)
Q (stretched waves)
‘ GO (moving waves)

(a) Cy'-symmetry (a-b) CyB-symmetry

(7 5)

(b) CHP-symmetry
X

C
o 2 //\x_l Cob-symmetry
(3

e (L eft

Circular
polarization

X
RighD

fast

, (b) CoB-bilateral U(2)system.

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab)
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Review of 1D FDHO (Forced-Damped-Harmonic Oscillator) response
Amplitude and phase variation due to resonance

2D harmonic oscillator (2D-HO) equations of motion
Lagrangian and matrix forms

2D harmonic oscillator equation eigensolutions (normal modes)
2D classical HO compared to U(2) quantum 2-state system

Introducing ABCD Hamilton Pauli spinor symmetry expansion

3 FEigensolutions by geometry for 2D-HO with bilateral (B-Type) symmetry

Symmetric (low frequency) mode versus antisymmetric (high frequency) mode
Mixed mode beat dynamics (with constant /2 phase-lag)
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours

] 1 1 ] k,+k
V=E(k1+k12)x12—k12x1x2+5(k2+k12)x§:E<X‘K‘X>ZEX.K.X:( X, X ) 1_k1212

(a) PE Contours

,a/-/-"\\\ xLO W axis
=\
N

=0

il

1./

%))
4

What direction ’X> :|en>
is the same as K|x)?? ‘
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours

| 1 | | k,+k —k X
VZE(kIJrklz)xlz_k12x1x2+5(k2+k12)x§=5<X\K\x>=5x.1<.x=( X| X ) l_kl;z k2+ll§12 ][ | ]

(a) PE Contours -
(NorthWest)

What direction ’X> =|en>
is the same as K|x)??
Not most directions!

(details of gradient expression)

Wednesday, March 23, 2016 40



2D HO potential energy V(xi,

1 5 1
= E(kl + k12)x1 — kllex2 +—

(a) PE Contours

What direction ’X> =|en>
is the same as K|x)??
Not most directions!
Only extremal axes
WOTK. (major or minor axes)

Wednesday, March 23, 2016

Ly )2 < L) = dxeKex=( )| 17 T2 ][ xl]

x2) quadratic form defines layers of elliptical V-contours

—ki,  kythy,

%\\\\\)\)\) |

|

75
=

7.

"(S()III‘/IE(IST)

F = —VV = -— Fig. 3.3.4 Plot of potential function V(x},x;) showing elliptical V(x;,x3)=const. level curves.
ox
FO)_| oy
F, oV
ox
\ .

(details of gradient expression)
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Review of 1D FDHO (Forced-Damped-Harmonic Oscillator) response
Amplitude and phase variation due to resonance

2D harmonic oscillator (2D-HO) equations of motion
Lagrangian and matrix forms

2D harmonic oscillator equation eigensolutions (normal modes)
2D classical HO compared to U(2) quantum 2-state system

Introducing ABCD Hamilton Pauli spinor symmetry expansion

Eigensolutions by geometry for 2D-HO with bilateral (B-Type) symmetry

¥ Symmetric (low frequency) mode versus antisymmetric (high frequency) mode
Mixed mode beat dynamics (with constant /2 phase-lag)
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours
1 ( ) k+ k12 _klz X
I,
-k, k+k, X,

| | 1
V = E(k+k12)x12 — kXX, +5(k+k12)x§ = §<X‘K‘x> = §X°K°X =

a) PE Contours and eradients ' . -
( ) & ’ \0 LOW axis (NorthWest)
FAST axis /Vllr

What direction ’X> =|en>
is the same as K|x)??
Not most directions!
Only extremal axes
WOTK. (major or minor axes)

( 0
(b) Symmetric U+ Coordinate (c) Anti-symmetric U- Coordinate B A&)l,mgum
SLOW Mode FAST Mode Fig. 3.3.4 Plot of potential function V(x},x;) showing elliptical V(x},x;)=const. level curves.
TR
\}\\ 61\3&1 " X2 X X9 .
‘ “‘ . hésor - hésor hasoyX 1 ° hasoy X2
A \p{/ In ni) h;ese 3 Qut-of-phase
N \ N = S %> mode ) &*
\/ ¢ ) \F*N 2 \0: :
] 2 * 3
\\\ ‘ = i <
\\\ \\\\L\\\ \‘\ \ L \\\\ S ALA /\ TANaNe A \ Ly B h
N X1 & U- ’ X1 \U
— X5 is FAST! i X2
- phasor phasor ! I()wl)ltasod;r
0° turne Q'
U

phasor
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2D HO potential energy V(xi, x2) quadratic form defines layers of elliptical V-contours (Here: ki =k= k3)

1 | 1 k+k —k X
V=§(k+k12)x12—k12x1x2+5(k+k12)x§: <X‘K‘X>=EX°K°X=( X, X, ) 12 12 1

1
2 ~ki,  k+k, X,

(a) PE Contours and gradients ' ,
ALOW axis (NorthWest)

What direction ’X> =|en>
is the same as K|x)??
Not most directions!
Only extremal axes
WOTK. (major or minor axes)

X

e X
NN [ 4 m 0
O \Xz X2 ode

¢ o? \‘\ Q' —

(So
(b) Symmetric U+ Coordinate (c) Anti-symmetric U- Coordinate - (SouthEast)
SLOW Mode FAST Mode Fig. 3.3.4 Plot of potential function V(x},x,) showing elliptical V(x,x,)=const. level curves.
p “7\\ X/
’/// \+\X ;\\‘ ﬂl\xl 00 X2 2 Xl . 1800 P . Z
L \ nbfsor | [n-phase \ phfisor hasoy/ X1 haso otentia
5 JANN \{/ nfo J E; Qut-of-phase Energy

is SLOW g <
| (o
phasor ]
U- i X1
is FAST i X2
N
§ phasor 7 phasor
= (90° turned)
Ql

Y-

phasor /
With Bilateral symmetry (k; =k= k) the extremal axes lic at £45°

[ —

N - (13 B
E SW Begmner Slope”

Fig. 3.3.5 Topography lines of potential function V(x;,x5) and orthogonal €, ande_ normal mode slopes

Wednesday, March 23, 2016 44



Review of 1D FDHO (Forced-Damped-Harmonic Oscillator) response
Amplitude and phase variation due to resonance

2D harmonic oscillator (2D-HO) equations of motion
Lagrangian and matrix forms

2D harmonic oscillator equation eigensolutions (normal modes)
2D classical HO compared to U(2) quantum 2-state system

Introducing ABCD Hamilton Pauli spinor symmetry expansion

Eigensolutions by geometry for 2D-HO with bilateral (B-Type) symmetry

Symmetric (low frequency) mode versus antisymmetric (high frequency) mode
- Mixed mode beat dynamics (with constant /2 phase-lag)
Geometry of phase and polarization
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Spring set
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for
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coupling
(higher B))

coupling
—-iC |_| 4
D A

Spring set
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for
weaker

coupling
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46



x1=0.198
pl/w=-0.733
x2 =-0.629
p2/w =-0.170

x1(0) =1.000—_ /

p1(0)/ay=0,000
x2(0y=0000"_ |
p2(0)/w=0.000 |

/B=-00100"

/C/=0.0000
" D#1,0000

©1=099%
2 =1010
© =45.000

73.5
w3
N—

e

time = 243.210

V2

E =0.500

Stokes Vector ABC-Space

lllll

http://www.uark.edu/ua/modphys/markup/BoxItWeb.htm|?

AU2=1.0&BU2=-0.01&CU2=0.0&DU2=1.0&xInitial=1.0&ylInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0&wantPELevels=1&timeMax=330.0
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x1=0.210
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x2=0.376
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Review of 1D FDHO (Forced-Damped-Harmonic Oscillator) response
Amplitude and phase variation due to resonance

2D harmonic oscillator (2D-HO) equations of motion
Lagrangian and matrix forms

2D harmonic oscillator equation eigensolutions (normal modes)
2D classical HO compared to U(2) quantum 2-state system

Introducing ABCD Hamilton Pauli spinor symmetry expansion

Eigensolutions by geometry for 2D-HO with bilateral (B-Type) symmetry

Symmetric (low frequency) mode versus antisymmetric (high frequency) mode
Mixed mode beat dynamics (with constant /2 phase-lag)
> Geometry of phase and polarization
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2D-HO beats and mixed mode geometry

A “visualization gauge

(a)

We hold these two fixed...

0 1 .
r_0=0 r @=m g%

even +45°

Wednesday, March 23, 2016

[+)

parity
states odd -45°

02
- A %
!0

local

H)+H=) Uo
t=0 2 &
L)—AY‘I""
14 )
o beats ﬂ’pped A
1/2 litﬂov —17
34 ¢
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2D-HO beats and mixed mode geometry

A “visualization gauge” (a)

We hold these two fixed...

and let these two

r’ ©=0) r' (¢o=m)

tate at beat frequency

Wednesday, March 23, 2016

1/4 (\"‘
revivals
or beats

1/2

Coupled Optical
Pendula E(t)

even +45°

[+)

parity
states odd -45°

02
Ya <
¢

li

loca

..

)+ Uo
\2 \u»

LELQOO@

fhpped Y

|+}—|—}°' $

3/4 ¢
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2D-HO beats and mixed mode geometry
A “visualization gauge” (a)

We hold these two fixed...

r’ ©=0) r' (¢o=m)

and let these two

tate at beat frequency

t=1/6

revivals
f= 1/ or beats

1/2

3/4 ¢
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2D-HO beats and mixed mode geometry

0 — 1 Coupled Opti
— o ptical
A “visualization gauge” (a) I' ((1) O) r ((1) TC) Pendula E (1)
We hold these two fixed... even  +45°

[+)

parity
states odd -45°

02
- A %
!0

local

~and let these two votate at beat frequency

t=1/6

)+ Uo
\2 U

Lauoc@

ﬂlpped Y

|+}—|—}°' $

1/4 (\"‘
revivals
or beats
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Review of 1D FDHO (Forced-Damped-Harmonic Oscillator) response
Amplitude and phase variation due to resonance

2D harmonic oscillator (2D-HO) equations of motion
Lagrangian and matrix forms

2D harmonic oscillator equation eigensolutions (normal modes)
Eigensolutions by geometry for 2D-HO with bilateral (B-Type) symmetry

Symmetric (low frequency) mode versus antisymmetric (high frequency) mode
Mixed mode beat dynamics (with constant /2 phase-lag)
Geometry of phase and polarization

3 Ligensolutions by matrix-algebra with example M j ; ]
Secular equation
Hamilton-Cayley equation and projectors
Ildempotent projectors (how eigenvalues=-eigenvectors)

Operator orthonormality and Completeness (Idempotent means: P-P=P)
Spectral Decompositions

Functional spectral decomposition
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with eigenvector |g,) direction.

A change of basis to {| 51> ) 32>,° " 8n>} called diagonalization gives
(&M[e)) (g[Mley) - (g|M]e,) g 0 -~ 0
(e, M[e,) (&M|e,) - (&Mle,) |_| 0 & - 0
(e IMle) (elMle) (e Mle) | [ 0 0 e,
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-g)e,)=0 M|8>:[ . j[ ) ]:g[ ; ) . ( B j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| 51> ; 32>,° " 8n>} called diagonalization gives |,
0 1 4—¢ 0
det det
<81|M|£1> <81|M|82> <81|M8n> g 0 - 0 0 2-¢ 3 0
(eIMle) (efMle) - (eMle) || 0 & - 0 g e 1 and - y=— e
: : : B R det s, det .
(eMle) (e Me)) — (e/Me) | | 0 0 - & ¢ ¢
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Review of 1D FDHO (Forced-Damped-Harmonic Oscillator) response
Amplitude and phase variation due to resonance

2D harmonic oscillator (2D-HO) equations of motion
Lagrangian and matrix forms

2D harmonic oscillator equation eigensolutions (normal modes)
Eigensolutions by geometry for 2D-HO with bilateral (B-Type) symmetry

Symmetric (low frequency) mode versus antisymmetric (high frequency) mode
Mixed mode beat dynamics (with constant /2 phase-lag)
Geometry of phase and polarization

Eigensolutions by matrix-algebra with example M= * ! ]
¥  Secular equation 72
Hamilton-Cayley equation and projectors
Ildempotent projectors (how eigenvalues=-eigenvectors)

Operator orthonormality and Completeness (Idempotent means: P-P=P)
Spectral Decompositions

Functional spectral decomposition
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-g)e,)=0 M|8>:[ . j[ ) ]:g[ ; ) . ( B j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| 81> ’ 82>" N 3n>} called diagonalization gives |,
0 1 4-¢ 0
det det
<81|M‘£1> <81|M|82> <81|M8n> g O --- 0 O 2_8 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 x and y=
e teies e | [ 0 S e I Gy
(e M[e,) (g,M|e,) - (e,[M]g,) 0 0 - g, £ e

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: 0=(4-g)2-¢€)—13=8—6e+£ —13=¢"—66+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0 = £ — Trace(M)e + det(M)

First step in finding eigenvalues: Solve secular equation

detM—€1]=0=(-1)" (g” +ae" +a, e+, +a, £ + an) 0=det|M — & -1|=det =det

Wednesday, March 23, 2016 60



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-g)e,)=0 M|8>:[ . j[ ) ]:g[ ; ) . ( B ][ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| €1> ; 32>,' " 5n>} called diagonalization gives |,
0 1 4—¢ 0
det det
(e[Mle) (eMle,) - (g|M]e,) g 0 - 0 0 2-¢ 30
(eIMle) (efMle) - (eMle) || 0 & - 0 U A and - y=— e
: : : B RS det s 5 det s
(e Mle)) (e Mle) - (e[Mle,) | ([ 0 0 - e c ¢

Only possible non-zero {x,y} if denominator is zero, too!

4 1 e 1 0 4—¢ 1
3 2 0 1 3 2—€
where: 0=(4-e)2-¢e)-13=8-6e+&" —13=¢€"-6&+5

@ =—TraceM,---, a, = (_1)k Zdiagonal k-by-k minors of M-+, a, =(~1)" det|MD 0=¢’—Trace(M)e +detM)=¢” —6£+5
Secular equation has n-factors, one for each eigenvalue.

First step in finding eigenvalues: Solve secular equation

detM—€1]=0=(-1)" (g” +a e ta " +...+a,_E + an) 0=det|M — & -1|=det =det

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle,)=ge,). or (M-gl)e,)=0 M|e>:[ ‘3‘ ; j[ ; ]:g[ ; ) or: ( 4;8 218 ][ ; ]:(

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| €1> , 32>,' - 5n>} called diagonalization gives |,
0 1 4—g 0
det det
(eM|e)) (g|M]e,) - (e|M|e,) g 0 - 0 0 2-¢ 3 0
(eMle) (e/Mle) - (elMe) || 0 & 0 g PP and - y=T e T
: : : B RS det s, det s,
(e Me) (eMle) ~ (gMe) | L 0 0 - -

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: 0=(4-e)2-¢e)-13=8-6e+&" —13=¢€"-6&+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0= &> —TraceM)e + det(M) = £” — 6 +5
Secular equation has n-factors, one for each eigenvalue.

First step in finding eigenvalues: Solve secular equation

n-2

detiM—-el|=0=(-1)"(¢" +ae" " +a,e"* +...4a, & +a,) O=det|M — & - 1l=det =det

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

[Bach ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.
0=M>-6M+51=M-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1)

[0 0]:(4 1}2_6[4 1)+5(1 oj
\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 0 0 3 2 3 2 0 1
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-g)e,)=0 M|8>:[ . j[ ) ]:g[ ; ) . ( B ][ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| €1> , 32>,' - 5n>} called diagonalization gives |,
0 1 4—g 0
det det
(eM|e)) (g|M]e,) - (e|M|e,) g 0 - 0 0 2-¢ 3 0
(eMle) (e/Mle) - (elMe) || 0 & 0 g PP and - y=T e T
: : : B RS det s, det s,
(e Me) (eMle) ~ (gMe) | L 0 0 - -

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: 0=(4-e)2-¢e)-13=8-6e+&" —13=¢€"-6&+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0= &> —TraceM)e + det(M) = £” — 6 +5
Secular equation has n-factors, one for each eigenvalue.

First step in finding eigenvalues: Solve secular equation

detM—€1]=0=(-1)" (g” +a e ta " +...+a,_E + an) 0=det|M — & -1|=det =det

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

[Bach ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.
0=M>-6M+51=M-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1)

[0 0]:(4 1}2_6[4 1)+5(1 o]
\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) ) 0 0 3 2 3 2 0 1
Replace jthr HC-factor by (1) to make projection operators . p1=(1)(M—5-1)=£ 4;5 215 ):[ —31 _13 ]
p=( 1 )(M-g1)(M-¢g1l)
p,=(M-gl)( 1 )-~(M-g,1) Mot | 471 [ 31
5 P, =( W=, 31

pn:(M_gll)(M_gzl)'”( 1 )
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTTrrTontTeETITToomoomooosnmsssmmmmend
A change of basis to {| €1> ) 32>,' o

£n>} called diagonalization gives

det[ 0 1 ]‘ det( 4-¢ 0 )‘
<81|M‘£1> <81|M|82> <81|M|8n> g 0 - 0 0 2-¢ 3 0
(elMle) {eMe) - {efMle) || 0 e 0 ! det( e j‘ and Fdet( e j|
(eIMle) (eMe) -~ (M) | [ 0 0 e, io2e 3o2-E
First step in finding eigenvalues: Solve secular equation Only possible non-zero {x,y} if denominator is zero, too!
detiM—-el|=0=(-1)"(¢" +ae" " +a,e"* +...4a, & +a,) O:det|M—g-1|=det( - }—e[ - jzdet( v 218 )‘

where:

@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,---, a, = (—1)" det|MD
Secular equation has n-factors, one for each eigenvalue.

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5
0=¢"—Trace(M)e +det(M) =€’ — 6 +5

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

[Bach ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.

0=M’>-6M+51=M—-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1)

[0 0]:(4 1}2_6[4 1)+5(1 o]
\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) 0 0 3 2 3 2 0 1
Replace /" HC-factor by (1) to make projection operators p = H (M _.gjl) p =1(M-51) :[ 4-5 1 ):[ -1 1 ]
p=( 1 )(M-gl)(M=-¢,]1) ik 3255 3 3
p,= (M—Sll)( 1 )“'(M—é‘nl) (Assume dlstlnct c Values here. . /10//4/(7(//(/(/(7 (/(///o() p, = (M_ 11)(1) _ 4—1 1 _ 3 1
: Ei#E # .. 2 3 9 31
p,=(M-g1)(M-g1)-( 1 ) 4 1 -1 1 -1 1
Each pr contains eigen-bra-kets since: (M-ci1)pi=0 or: Mpi=cipi=p:M .
(41 31 ) 3 1)
w533 e
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ i ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTTrrTontTeETITToomoomooosnmsssmmmmend
A change of basis to {| €1> ’ 32>" o

8n>} called diagonalization gives

det[ 0 1 ]‘ det( 4-¢ 0 )‘
<81|M‘£1> <81|M|82> <81|M|8n> g 0 - 0 0 2-¢ 3 0
(elMle) {eMe) - {efMle) || 0 e 0 ! det( e j‘ and Fdet( e j|
(eIMle) (eMe) -~ (M) | [ 0 0 e, io2e 3o2-E
First step in finding eigenvalues: Solve secular equation Only possible non-zero {x,y} if denominator is zero, too!
detiM—-el|=0=(-1)"(¢" +ae" " +a,e"* +...4a, & +a,) O:det|M—e-1|=det( - }—e[ - jzdet( v 218 )‘

where:

@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,---, a, = (—1)" det|MD
Secular equation has n-factors, one for each eigenvalue.

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5
0=¢"—Trace(M)e +det(M) =€’ — 6 +5

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

[Bach ¢ replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation\.

0=M’>-6M+51=M—-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1)

BREOREEE

\Obviously true if M has diagonal form. (But, that’s circular logic. Faith needed!) / 0 0 32 32 01

Replace jthr HC-factor by (1) to make projection operators P, = H (M —.gjl) p,=1)(M-51) =[ 4 ; . ’ : 5 ):[ _31 13 )
P, :( 1 )(M_gzl)...(M_gnl) J#k — _
D= (M—E 1)( 1 )---(M—8 1) (Assume distinct e-values here: ;”/('1;(/'/\/4/(’7()//()/'(/{? (’/(///r)’(’)

£ 2E *.. p,=M-11)1)=
j

b, =(M-e1)(M-&1)}( 1 ) (] Non'cepkcomfmﬂesWifhM’--\MPFEZt ;M 5 ):1{ 3 - ]_
3
3

Each pr contains eigen-bra-kets since: (M-ci1)pi=0 or) Mpi=cipi=p:M .

ince M!, M2,..commute with M.|MP> = U s : =5P,
G PV Y 3 2 ) 31 1
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

PP, :H(gjl’j—gmpj)=PjH(8j—em)=<

m#k m#k

Wednesday, March 23, 2016

Mp,=¢p,=pM

(0 if . j#k

pkH(gk_gm) if . j=k

m#k

1

_Mosp-| !
p,=(M-51) ( L

M oto| 31
p,=M-11) (3 1]

4
3

s

N —

0
0

|

0
0

|
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

p]pk:p]H(M_eml):H(p]M_gmpfl) Mpk:&'kpk :pkM E plz(M—S-l):( _31 13
m#k m#k . _
Multiplication properties of p;: : ( 301 j
. c p,=(M-11)=
0 if:j#k 31
PP = r]ﬂl(ejpj ~£,p,)= pjg(gj -, )= pJ1(e.-¢,) if:i=k
m#k e%®eco0eccocco e
Last step: [I(M-¢1) : p_M-5D) _1f 1 -1
make Idempotent Projectors. Pk:H(gpk—g )= "’lik[(g o) D=5 4l 303
(Idempotent means: P-P=P) ik e p_M-1D_1f 31
-1 4l 31
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘

|

N =

pp.=p,[IM-e,1)=]](pM-¢,p,1) Mp,=¢,p,=pM pI:(M—S.l):( —31 13 )
m#k m#k . _ . 0O O
Multiplication properties of p;: N 11)_( - j P lpz_( 0 0 )
0 if:jzk P2~ L3
pjpk=g(8jpj—empj)=pjg(8j—8m)=< pJ1(e.-¢,) if:i=k
m#k et ecccccccos .
Last step: [I(M-¢1) : p_M-5D) _1f 1 -1
make Idempotent Projectors. Pk:H(gpk ; ):nﬁ(e - D=5 4l 303
(Idempotent means: P-P=P) G A b (M-I 13
0 if: ik Mp,=¢,p, =pM 2 5-1) 4 31
Pij = S implies : :
P if:j=k MP,=¢,P,=PM :
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

pjpk = p]H(M_gml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

PP, :H(gjl’j—gmpj)=PjH(8j—em)=<

m#k m#k

Last step:
Py

(0

Mp,=¢p,=pM

Pz=(M—1°1)=(
if . j#k
pkH(gk_gm) if :j=k

m#k e% occ0ccecc oo %
[ ]

[IM-¢,1):  o-sp_1( 1 -

make Idempotent Projectors. P, =
(Idempotent means: P-P=P)

0
P,

m#k
if . j#k

PP =
Ik if:j=k

Wednesday, March 23, 2016

H(gk -¢,) )

Mp,=¢,p, =pM
implies :
MP,=¢ P =PM -

55

ey o 19

m#k

-3 3

3 1
3 1

p_(M-LD_1

5-1) 4

2

)

pl=<M—5-1>=( .

1

t
\

3 1
3 1

1

. “Gauge” scale factors that only affec

2

1
-3

|

N |—

R = N =

4
3

N =

|

H

Factoring bra-kets into “Ket-Bras:

—‘)=\el><elw

=le,)(e]
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

PP, :H(gjl’j—gmpj)=PjH(8j—em)=<

m#k m#k

Mp,=¢p,=pM

if . j#k

pz=(M—1°l)=(

p1=(M—5'l)=( 3

1

3 1
3 1

|

0
0

4
3

N —

1
-3

|

H

Factoring bra-kets into “Ket-Bras:

m#zk 4% e e e e e e e e ee
Last step: | " [IM-e1):  o-sn_1f 1 <) [ ¢ ®( 7 ):‘8><8‘
make Idempotent Projectors: P, = e "_g )= "’l’ik[ (6—c) S (S R G A I P | k, Y
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots
o 3 1
P Mp,=ep, =pM . M-11) 1 3 1 v ) (5 5)
0 j#k TR L OP, = =— = ON——L =
Pij _ lf ] implies - 2 G-1) 4[ 31 j 2 % ] K, ‘32><82‘
TR MeegpopM
: . - 3/4
Eigen-bra-ket or
. _|1r
projectors <y’ » |82>—k2 Y (82|=(3/2 1/2) k y€—
of matrix:
4 1
M=
£
M50 C(M-11)
L-5) BGERY
11 131
4, -3 3 4l 31
1 — -1 ( 1
o 4 Jels CH N
I i e Vep | 12 ?
- e I TS
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Matrix-algebraic method for finding eigenvector and eigenvalues

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Mp,=¢p,=pM

as are bra-ket (¢j|and|e;) inside P;’s of matrix:

With example matrix M=[ ‘3‘

N —

p1=<M—5-1>=( -

3—3) [00)
PP, =
. 0 0

Multiplication properties of p; : ( j
( p,=M-11)=
0 if:j#k 31
o= TT(ep, )2 16 2=y [iec.) yoros o
m#k m#k v A . Factoring bra-kets into “Ket-Bras:
Last step: [T(M-¢,1): b M-5D_1( 1 ), ! ®( y = )_
make Idempotent Projectors: P, = H(fpk -k "’lik[(g ) T ) (R T N I |k =|etel
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots
. 3 1
0 if :j#k R =— k| | | ® =le, )¢,
Pij = o implies : . 5-1) 4\ 3 1 ) k,
e =k MP=¢P.=PM : A
E ooooooooooooooooooooooooooo % ‘y>
: Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal - [ (ele) (e, <y’ iy |82> =k; 19 ] <82|:(3/2 1/2)/ky<—

) ] projectors

w=(5 )

B - (M—51)
(1-5)
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_(M-11)
(5=
_1( 31
4l 3 1
3 1
. 4 4
- 301
4 4
I
1
=k[ : ]@( DLk
2 1 2 2 2
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KT = g )e)
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

pjpk = p]H(M_eml) = H(ij_gmpjl)

Mp,=¢p,=pM

p,=M-51) ( 3

|

4
3

N —

1
-3

s

m#k m#k 0O O
Multiplication properties of p; : N ( 31 j 0 0 j
- p = —1- =
0 if . jzk ’ 31
o =Tlem, )0 T1( 2.0y TT(ee) 7o -
mk mzk ) A . Factoring bra-kets into “Ket-Bras:
. . 11
Last Step. | b H(M—Eml) . P_(M_S.l)_l T % ®( 2 T2 )—‘8><8‘
make Idempotent Projectors: Pk:H(g k )" "ﬁ(g - L a=5) 4l -3 3 )y 4 koo
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots /
. 3 1
o Mp,=¢,p, =pM ~1 Vil ( 2?2 )
0 itk P AR IR p SO D S L g | e[ (el
Pij = _ implies : 5-1) 4\ 3 1 ) k,
.. 5 Y
Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal - (ele) (ele,) projectors <y’ s |82> =k, i < <82|:(3/2 1/2) ey
as are bra-ket (¢j|and|e)) inside P;’s - (ele) (e, of matrix:
: - =(4 1)
=( 0 1 | 3 |2 | i
: ....... M_S-l M_l.l
...and the P; satisfy a . 1= ( 1-5) ) 2 =((5_1))
Completeness Relation: pop_| 10
1= Pi+ P2 +.+ P, oo %( . ‘31] =i(§ |
=er) (e1]+|e2) (e2]+..4]en) (c4] =|g Ve | +|e,) (e,
[ P ( 2
N _3 3 i - 301
4 4 4 4
1 — -1 1
! 1
(1 [ f ]®( e
! ] ) 1/2 ?
e, )=k
= |81><81| Ry, 1 132 = |82><82‘
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

PP« :ij(M_eml):H(ij_ngjl) Mp, =¢p, =pM p,=M-=51)= -
m#k m#k o 3 -3 0O 0
Multiplication properties of p;: ; M ( . j PP2Z1 0 0
- : p — —1. =
0 if:j#k ’ 31
| (ORI § (RS I -
m#k m#k v A . Factoring bra-kets into “Ket-Bras:
Last step: M-t : sy 1 1 ) [ 4| L)
make Idempotent Projectors: P = ——Pk = nzt D =5 4l =3 3 ) 4 2 k =le)tel
[1(ec-e,) Il(e-e.) : T
(Idempotent means: P-P=P) v " v "7 . “Gauge” scale factors that only affect plots
. 3 1
s Mp,=€,p, =p,M : -1 M EETIN ( 1 2 )
0 if 1 j#k : pk. P =P Pz:(M 11)21( - =k| | | ® — =le,)(e]
Pij — ST implies : . 5-1) 4 ‘3 | % k,
Pk lf S = k MP, =¢ P, =P M ’y L 34
d: ooooooooooooooooooooooooooo % Eigen_bra_ket
projectors » &, )=, ig <« (&)= 172)ke—
. of matrix:
The P; are Mutually Ortho-Normal [ (¢ |e)) (g e,) M={4 1 J
as are bra-ket (¢j|and|e;) inside P;’s (e]e) (e]e,) 32 3
2™ 212 p_ M-51) p - M-1D
1 0 L 1-5) 2T (5-1)
:(0 1 =1[1 —1] =1(31]
creennee 4l 3 3 4l 31
...and the P; satisfy a [ - [ o }
Completeness Relation: PP = 1 0 - i P
1= P;+ P> +.+ P, . 1 1 i
: =k] 23 ® ; =K, ’ ; é 2
=len) (eilelen) olrtlen el 3 =le)(el+e el | : I L peen
= &) = &)

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

. _J
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Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=£ ‘3‘ ; j
pp.=p;[[(M-¢,1)=]](pM-¢,p,1) Mp.=gp, =pM  : p_-m-sp=| ' !
m#k m#k o 3 -3 0O 0
Multiplication properties of p;: ; M ( . j PP2Z1 0 0
- ° p = el B =
0 if:jzk ’ 1
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
mk mk o A . Factoring bra-kets into “Ket-Bras:
Last step: H(M—gml) : b S M-5D) 11 - i : ®( : 2 )_‘8><8‘
make Idempotent Projectors: P, = I Py )= "ﬁ( j LT =) 4l -3 3 ) 2 A
E —E& E —E& .
(Idempotent means: P-P=P) LTl L AT T
o 3 1
L Mp,=¢.p, =pM ~1 ) ( 7 2 )
0 if:jzk PER PR p 2O L k] e e ) e
Pij — p P implies : . 5-1) 4\ 3 1 s % k,
k lf‘ -J = MPkZE kPk = PkM : Eigen-bra-ket ?E| [ .
AAEER R R AR o projectors ., le,)=t, e (&5]= (32 172) ke
of matrix:
: Mz[;} ;] y 7 1(2 T ]I 5 3‘/2
The P; are Mutually Ortho-Normal - (ele) (g]e,) p-05D | | Ty or (1] =010
as are bra-ket (¢j|and|e;) inside P;’s (e,]e) (ee, :1[ - J 7 =1[ 3 ]
* |_3_13 B (&) 1=(112 -112)rk, ) f T
(1o A3 ] (1)
| crrernes : 01 k[ ]@(; o k{ ]@(; ;s
...and the P; satisfy a . - |e)el '\'80:"/ - - el
Completeness Relation: : pip-| 10O )
1= P;+ P> +.+ P, L 1 4 - 3o
=ler) (e1]+|e2) (2|+..4|€n) (€4] =le, ) e | +]e, ) (&, M:[ 3 9 jzlPl+5P2:1|1><1|+5|2><2|:1 R +5 s

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

. _J
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Review of 1D FDHO (Forced-Damped-Harmonic Oscillator) response
Amplitude and phase variation due to resonance

2D harmonic oscillator (2D-HO) equations of motion
Lagrangian and matrix forms

2D harmonic oscillator equation eigensolutions (normal modes)
Eigensolutions by geometry for 2D-HO with bilateral (B-Type) symmetry

Symmetric (low frequency) mode versus antisymmetric (high frequency) mode
Mixed mode beat dynamics (with constant /2 phase-lag)
Geometry of phase and polarization

Eigensolutions by matrix-algebra with example M j é ]
Secular equation
Hamilton-Cayley equation and projectors
Ildempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness (Idempotent means: P-P=P)
Spectral Decompositions

¥ Functional spectral decomposition e————————————————

Wednesday, March 23, 2016

81



Matrix and operator Spectral Decompositons

pjpk:ij(M_eml):H(ij_gmpjl) Mpk:gkpk:pkM

m#k m#k

Multiplication properties of p; :

( 0 if . j#k
Last step: \ [T(M-¢,1) f
make Idempotent Projectors. Pk:H (gp" . )= "ﬁ ez ;1T
(Idempotent means: P-P=P) LTl L AT T
. . Mp . = = M —1.
0 if:j#k P=&p=pM : p (M-I
Pij = S implies : :
P ifj=k MP,=¢, P, =PM -
The P; are Mutually Ortho-Normal (ele) (g]e,)
as are bra-ket (¢;|and|e;) inside P;’s (e,]e) (ee,)
_| O
0 1
...and the P; satisfy a
Completeness Relation: PP = 1 0
1= P;+ P> +.+ P, . 1
=ler)(e1l+[e2) (2] +..4[en) (en] - =|e, ) (e |+|e, ) (e,

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

...and Functional Spectral Decomposition of any function (M) of M

. JM) == f(€)P, + f(&)P, +...+ f(g,)P, )
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p1=<M—5-1>=( : _3)
PP, =

M oto| 31
p,=M 11)(3 j

L
M=£ ‘3‘ ; j—11>1+5P2—11><1|+52><2—1[ f ]+5[
7 4

N —
N——

-1 1

o O
o O
N———

1

Factoring bra-kets into “Ket-Bras:

1 1

R ]=k : ®(2k—”)=\el><e]\

—)=\€z><82\

[y
N—_
Il
o h
[\S)
B = D=
—_—
NSTRROS}
B |—

Al B W
= B =
N
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Matrix and operator Spectral Decompositons

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

Mp,=¢p,=pM

p1=(M—5-1)=(

p2=<M—1-1>=( X

( 0 if . j#k

Last step: \ [I(M-¢,1) p_M-51) 1
make Idempotent Projectors: Pk:H(gpk_g N "’lik[(g o) DT (=5 4

(Idempotent means: P-P=P) LTl L AT T
0 ifj#k Mp,=¢,p, =pM P :(M_l'l):l
PP = ' implies : -2 (5= 4

Jjok P Y k :

e = MP,=¢,P, =PM -

The P; are Mutually Ortho-Normal - (e]e,)
as are bra-ket (¢j|and|e;) inside P;’s

...and the P; satisfy a
Completeness Relation:

1= P;+ P +.+ P, .
=‘€]><€1’+|€2><€2‘+...+’€n><€n’ E =|81><81|+|82><82|

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

50

...and Functional Spectral Decomposition of any function (M) of M

. JM) == f(€)P, + f(&)P, +...+ f(g,)P, )
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Example:

y

4 1
3 2

H

-1

3 3

3 1
1

1

|

N——

=

=]

3]

[l

7~ N\

o O N —
o o N—
N——

Factoring bra-kets into “Ket-Bras:

4

M=£ ‘3‘ ; j—11>1+5pz—11><1|+52><2—1{

DN = D =

Bl o= B =

1 1

®(2—2):‘81><81‘

TR
R —

—)=\€z><82\

Al B W
= B =
N

+3-5*  5%°-1
35%-3 5943

N——
Il
Bl =
N—
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Matrix and operator Spectral Decompositons

PP zpjll(M—eml)=11(ij—8mpj1) Mp,=¢p, =pM P, :(M—S-l):( _31 _13
Multiplication properties of p; : PN O I
0 if . jzk ’ 31
. = EDPD.—E = . E.—E =< . .
T | (O | AR e T
m# e eccccccnn .
Last step: | " [IM-¢,1): -5y _1f 1 -1)_ | :
make Idempotent Projectors.: Pk:H(gk ; )= "ﬁ(g - D=5 4 3 3 ) T -
(Idempotent means: P-P=P) LTl L AT T
0 if: j#k Mp,=¢,p, =pM P :(M_l'l):l 31 _ %
Pij — ST implies : . ? 5-1) 4\ 3 1 2 %
P if:j=k MP,=¢ P =PM -
The P; are Mutually Ortho-Normal - (ele)) (ee,
as are bra-ket (¢;land|e;) inside P;’s (e,]e) (ee,
_| O
0 1
...and the P; satisfy a :
Completeness Relation: PP, = 1 0
1= P;+ P> +.+ Py . 0 1 41 !
=ler) (e1]+|e2) (2|+..4|€n) (€4] =|e, ) (g, |+|&, )&, M:[ 3 5 jzlpl"‘ﬂ)z:1|1><1|+5|2><2|:1 i
(Eigen—operators MP, =¢,P, then give Spectral Decomposition of operator M Exanip lels: L 3
4 4 4
M=MP, +MP,+..+MP =¢P +&P,+..+¢P SO—L 3 5 ]:150 S +5° :

\_ fM)=f(e)P, + f(&,)P, +..+ f(g,)P, )\/ﬁ: i
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...and Functional Spectral Decomposition of any function (M) of M [

)

[l
[+
=
7\
R N
ENOS) -
N—_
[+
by
7~ N\

o)

NS N ]

Bl =

Bl— B =

[ +3-5*  5°-1

N——

=

=]

3]

[l

7~ N\

o O N —
o o N—
N——

Factoring bra-kets into “Ket-Bras:

1 1

2 T2

):‘81><81‘

—)=\€z><82\

Al B W
= B =

J

N—

35°-3 5943



Orthonormality vs. Completeness

N —

pp.=p;[[(M-¢,1)=]](pM-¢,p,1) Mp,=¢,p, =pM p=M-51)= ' !
m#k m#k 3 -3 0O 0
Multiplication properties of p;: I ( . j PP2Z1 0 0
- p = —1- =
0 if . jzk ’ 31
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
mk m#k ) A . Factoring bra-kets into “Ket-Bras:
. . 11
Last Step. | b H(M—Eml) . P_(M_S.l):l 1 -1 s % ®( 2 T2 )=‘S><8‘
make Idempotent Projectors. P, = e : )" "ﬁ e L a=5) 4l -3 3 )y 4 ) k, A
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots
. 3 1
o Mp,=¢.p, =pM -1 Vi ( 1 2 )
0 ifij#k P AR p T P L g N e (e
Pij = _ implies : 5-1) 4\ 3 1 ) k,
.. 5 Y
Eigen-bra-ket or [ 0
The P; are Mutually Ortho-Normal - (ele) (ele,) projectors <y‘ s |82>:k2 i < <82|:(3/2 1/2) ey
as are bra-ket (¢j|and|e)) inside P;’s - (ele) (e, of matrix:
: - _ (4 1 )
=[ 0 1 | 3 | 2 | i
AR M-51 M-11
...and the P; satisfy a . P = ( ) P, = ( )
. : (1-5) 5-1)
Completeness Relation: pip-| 10
1= P, + P, +.4+ P, o =%( 13 _31 ] =i( g i
=‘€]><81’+|€2> <€2‘+...+’€n> <€n‘ =|81><81|+|82><82|
1 1
4 — = ! s
{|x),|y) }-orthonormality with {|e;),|e2) }-completeness - i ;o
(1) =6, =(x1y)=(xe ) e |y)+{x &) (e ). 1 — -1 1
—k SR = I S U /74 =kl * ® 2 !
. . h 3 2 2 ! 2| 2 2 2
{|e1),|e2) }-orthonormality with {|x),|y) }-completeness 2 - o 2
I =
_(ele) =8, =(altle )=t lle+el)0le) ) = ey NE ~ el
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