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Introduction to octahedral/ tetrahedral symmetry Oh⊃O~Td⊃T

Octahedral group O operations

Octahedral-cubic O symmetry
Order °O=6 hexahedron squares · 4 pts =24
               =8 octahedron triangles · 3 pts =24
               =12 lines · 2 pts =24 positions 

rk = rk

 
Rx,y,z =R3

1,2,3 =R−1
1,2,3

ik = ik

Rx,y,z =R1,2,3

 rk = r
2
k = r−1k

ρx,y,z =R2
1,2,3

Class of 6: 
180° rotations 

on [110] diagonals

Class of 6: 
±90° rotations 
on[100] axes

Class of 3: 
180° rotations 
on [100] axes

Class of 8: 
120° rotations 
on [111] axes

Class of 1: 1
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Introduction to octahedral/ tetrahedral symmetry Oh⊃O~Td⊃T

Octahedral group O operations

Octahedral-cubic O symmetry
Order °O=6 hexahedron squares · 4 pts =24
               =8 octahedron triangles · 3 pts =24
               =12 lines · 2 pts =24 positions 

Tetrahedral symmetry becomes Icosahedral
 
Rx,y,z =R3

1,2,3 =R−1
1,2,3

ik = ik

Rx,y,z =R1,2,3

 rk = r
2
k = r−1k

ρx,y,z =R2
1,2,3

Class of 6: 
180° rotations 

on [110] diagonals

Class of 6: 
±90° rotations 
on[100] axes

Class of 3: 
180° rotations 
on [100] axes

Class of 8: 
±120° rotations 
on [111] axes

(If rectangles have
Golden Ratio 1±√5

2

Class of 1: 1
rk = rk
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Introduction to octahedral tetrahedral symmetry Oh⊃O~Td⊃T
Octahedral groups Oh⊃O~Td and Oh⊃Th⊃T

 

rk = r
rk = r2k = r−1k

 
Rx,y,z =R3

1,2,3 =R−1
1,2,3

ρx,y,z =R2
1,2,3

σ x,y,z = IR2
1,2,3

I = I σ k = Iik

 
Sx,y,z = IR3

1,2,3

Sx,y,z = IR1,2,3

ik = ik

Rx,y,z =R1,2,3

 

sk = Ir
sk = Ir2k = Ir−1k

Fig. 4.1.5 from Principles of Symmetry, Dynamics and Spectroscopy

1

24
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Octahedral O and spin-O⊂U(2) rotation product Table F.2.1 from Principles of Symmetry, Dynamics and Spectroscopy

X=x1

Y=x2

Z=x3
X=x1

Y=x2

Z=x3

X=x1

Y=x2

Z=x3

+120° -120° ±180° XYZ +90° XYZ -90° XYZ ±180°ik

[±1±1±1]

1 1 1[ ] 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 11 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 0 0[ ] 0 1 0[ ] 0 0 1[ ] 1 0 0[ ] 0 1 0[ ] 0 0 1[ ] 1 0 0⎡⎣ ⎤⎦ 0 1 0⎡⎣ ⎤⎦ 0 0 1⎡⎣ ⎤⎦ 1 0 1[ ] 1 0 1⎡⎣ ⎤⎦ 11 0[ ] 110⎡⎣ ⎤⎦ 011⎡⎣ ⎤⎦ 011[ ]
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Octahedral O and spin-O⊂U(2) rotation nomogram from Fig. 4.1.3-4 Principles of Symmetry, Dynamics and Spectroscopy
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Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρz180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90°

A1(D4)↓C4 = 1,   1,     1,        1.
B1(D4)↓C4 = 1,   -1,    1,      -1. 
A2(D4)↓C4 = 1,    1,     1,       1.
B2(D4)↓C4 = 1,   -1,     1,      -1.
E(D4)↓C4 =  2,    0,    -2,       0 .

=(0)4

=(2)4
=(0)4

=(2)4

=(1)4⊕(3)4

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

D4↓C4 subduction

D4↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

Octahedral O⊃D4⊃C4 subgroup correlations
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Octahedral O⊃D4⊃C4 subgroup correlations
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D4 1 ρz Rz ρx,y i3,4
A1 1 1 1 1 1
B1 1 1 -1 1 -1
A2 1 1 1 -1 -1
B2 1 1 -1 -1 1
E 2 -2 0 0 0

A2

A1

E

T1

T2

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

                                   -14 =

D4↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

                                  -14 =

O↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

C4  {  1, Rz
1, Rz

2, Rz
3 }

     { 1, R3
2, R3

2, R3
3 }

04 1 1 1 1
14 1 i -1 -i
24 1 -1 1 -1
34 1 -i -1 i

 

              r, ri   ρxyz  R, Rxyz          

O 1 r R2 R3 ik
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T1 3 0 -1 1 -1
T2 3 0 -1 -1 1

O⊃D4⊃C4 level splitting
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A2

A1

E

T1

T2

D4 1 ρz Rz ρx,y i3,4
A1 1 1 1 1 1
B1 1 1 -1 1 -1
A2 1 1 1 -1 -1
B2 1 1 -1 -1 1
E 2 -2 0 0 0

A2

A1

E

T1

T2

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

                                   -14 =

D4↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

                                  -14 =

O↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D2
Nm{ 1, Rz

2, Rx
2, Ry

2 }

A1 1 1 1 1
B1 1 -1 1 -1
A2 1 1 -1 -1
B2 1 -1 -1 1

NOrmal D2 = {1,R3
2,R1

2,R2
2}

O↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
A2 1 ⋅ ⋅ ⋅
E 2 ⋅ ⋅ ⋅
T1 ⋅ 1 1 1
T2 ⋅ 1 1 1

 

              r, ri   ρxyz  R, Rxyz          

O 1 r R2 R3 ik
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T1 3 0 -1 1 -1
T2 3 0 -1 -1 1

NOrmal

O⊃D4⊃D2 level splitting

NOrmal D2= {1,R3
2,R1

2,R2
2}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1
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A2

A1

E

T1

T2

D4 1 ρz Rz ρx,y i3,4
A1 1 1 1 1 1
B1 1 1 -1 1 -1
A2 1 1 1 -1 -1
B2 1 1 -1 -1 1
E 2 -2 0 0 0

A2

A1

E

T1

T2

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

                                   -14 =

D4↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

                                  -14 =

O↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D2
Nm{ 1, Rz

2, Rx
2, Ry

2 }

D2
Un{ 1, Rz

2, i3, i4 }

A1 1 1 1 1
B1 1 -1 1 -1
A2 1 1 -1 -1
B2 1 -1 -1 1

NOrmal D2 = {1,R3
2,R1

2,R2
2}

O↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
A2 1 ⋅ ⋅ ⋅
E 2 ⋅ ⋅ ⋅
T1 ⋅ 1 1 1
T2 ⋅ 1 1 1

 

              r, ri   ρxyz  R, Rxyz          

O 1 r R2 R3 ik
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T1 3 0 -1 1 -1
T2 3 0 -1 -1 1

UnOrmal D2= {1,R3
2, i3, i4}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 ⋅ ⋅ 1 ⋅
B2 1 ⋅ ⋅ ⋅
E ⋅ 1 ⋅ 1

NOrmal

Oh⊃O⊃D4⊃D2 subgroup splitting

NOrmal D2= {1,R3
2,R1

2,R2
2}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1
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A2

A1

E

T1

T2

D4 1 ρz Rz ρx,y i3,4
A1 1 1 1 1 1
B1 1 1 -1 1 -1
A2 1 1 1 -1 -1
B2 1 1 -1 -1 1
E 2 -2 0 0 0

A2

A1

E

T1

T2

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

                                   -14 =

D4↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

                                  -14 =

O↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D2
Nm{ 1, Rz

2, Rx
2, Ry

2 }

D2
Un{ 1, Rz

2, i3, i4 }

A1 1 1 1 1
B1 1 -1 1 -1
A2 1 1 -1 -1
B2 1 -1 -1 1

NOrmal D2 = {1,R3
2,R1

2,R2
2}

O↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
A2 1 ⋅ ⋅ ⋅
E 2 ⋅ ⋅ ⋅
T1 ⋅ 1 1 1
T2 ⋅ 1 1 1

 

              r, ri   ρxyz  R, Rxyz          

O 1 r R2 R3 ik
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T1 3 0 -1 1 -1
T2 3 0 -1 -1 1

UnOrmal D2= {1,R3
2, i3, i4}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 ⋅ ⋅ 1 ⋅
B2 1 ⋅ ⋅ ⋅
E ⋅ 1 ⋅ 1

NOrmal

UnOrmal
A1

A2

A2

Oh⊃O⊃D4⊃D2 subgroup splitting

NOrmal D2= {1,R3
2,R1

2,R2
2}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1
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A2

A1

E

T1

T2

D4 1 ρz Rz ρx,y i3,4
A1 1 1 1 1 1
B1 1 1 -1 1 -1
A2 1 1 1 -1 -1
B2 1 1 -1 -1 1
E 2 -2 0 0 0

A2

A1

E

T1

T2

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

                                   -14 =

D4↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

                                  -14 =

O↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

UnOrmal D2= {1,R3
2, i3, i4}

O↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 ⋅ 1 1 1
T2 1 1 ⋅ 1

D2
Nm{ 1, Rz

2, Rx
2, Ry

2 }

D2
Un{ 1, Rz

2, i3, i4 }

A1 1 1 1 1
B1 1 -1 1 -1
A2 1 1 -1 -1
B2 1 -1 -1 1

NOrmal D2 = {1,R3
2,R1

2,R2
2}

O↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
A2 1 ⋅ ⋅ ⋅
E 2 ⋅ ⋅ ⋅
T1 ⋅ 1 1 1
T2 ⋅ 1 1 1

 

              r, ri   ρxyz  R, Rxyz          

O 1 r R2 R3 ik
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T1 3 0 -1 1 -1
T2 3 0 -1 -1 1

UnOrmal D2= {1,R3
2, i3, i4}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 ⋅ ⋅ 1 ⋅
B2 1 ⋅ ⋅ ⋅
E ⋅ 1 ⋅ 1

NOrmal

UnOrmal
A1

A2

A2

Oh⊃O⊃D4⊃C4 subgroup splitting

NOrmal D2= {1,R3
2,R1

2,R2
2}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1
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Oh⊃O⊃D4⊃C4v subgroup splitting
Fig. 3.1.1 PSDS

24Thursday, April 11, 2013



Oh⊃O⊃D4⊃C4v⊃C2v subgroup splitting
Fig. 3.1.1 PSDS

25Thursday, April 11, 2013



Review Octahedral Oh⊃O group operator structure
Review Octahedral Oh⊃O⊃D4⊃C4 subgroup chain correlations

Comparison of O⊃D4⊃C4 and O⊃D4⊃D2 correlations and level/projector splitting
        O⊃D4⊃C4 subgroup chain splitting
        O⊃D4⊃D2  subgroup chain splitting (nOrmal D2 vs. unOrmal D2)
        Oh⊃O⊃D4⊃C4v  and Oh⊃O⊃D4⊃C4v⊃C2v subgroup splitting
        
Simplest Oh⊃O⊃D4⊃C4 spectral analysis problems
        Elementary induced representation 04(C4)↑O
        Projection reduction of induced representation 04(C4)↑O
        Introduction to ortho-complete eigenvalue expression

26Thursday, April 11, 2013



Simplest Oh⊃O⊃D4⊃C4 spectral analysis problems

Solve XY6 radial vibration K=a-matrix Solve SF6 J-tunneling Hamiltonian H

Fig. 4.3.1 PSDS
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1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz

Rx
Ry

Rz i1 i2 i3 i4 i5 i6

1 r1 r2 r3 r4 r21 r22 r23 r24 R2
1 R2

2 R2
3 R1 R2 R3 R3

1 R3
2 R3

3 i1 i2 i3 i4 i5 i6

Simplest Oh⊃O⊃D4⊃C4 spectral analysis problems
Fig. 4.3.1 PSDS

O operators (Two notations)

Assuming C4-local symmetry conditions for ⏐1〉 state

z-axis
or 

3-axis
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Rx
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1 r1 r2 r3 r4 r21 r22 r23 r24 R2
1 R2

2 R2
3 R1 R2 R3 R3

1 R3
2 R3

3 i1 i2 i3 i4 i5 i6

Simplest Oh⊃O⊃D4⊃C4 spectral analysis problems
Fig. 4.3.1 PSDS

O operators (Two notations)

Assuming C4-local symmetry conditions for ⏐1〉 state

z-axis
or 

3-axis

Using C4-local symmetry projector equations
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1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz

Rx
Ry

Rz i1 i2 i3 i4 i5 i6

1 r1 r2 r3 r4 r21 r22 r23 r24 R2
1 R2

2 R2
3 R1 R2 R3 R3

1 R3
2 R3

3 i1 i2 i3 i4 i5 i6

Simplest Oh⊃O⊃D4⊃C4 spectral analysis problems
Fig. 4.3.1 PSDS

O operators (Two notations)

Assuming C4-local symmetry conditions for ⏐1〉 state

z-axis
or 

3-axis

Using C4-local symmetry projector equations

These apply to all six ⏐g〉=g⏐1〉-base states.
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1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz

Rx
Ry

Rz i1 i2 i3 i4 i5 i6

1 r1 r2 r3 r4 r21 r22 r23 r24 R2
1 R2

2 R2
3 R1 R2 R3 R3

1 R3
2 R3

3 i1 i2 i3 i4 i5 i6

Simplest Oh⊃O⊃D4⊃C4 spectral analysis problems

O operators (Two notations)

Assuming C4-local symmetry conditions for ⏐1〉 state

z-axis
or 

3-axis

Using C4-local symmetry projector equations

These apply to all six ⏐g〉=g⏐1〉-base states.

Fig. 4.3.1 PSDS
Thus we label states by
left cosets rC4 of Local C4

1C4 =

1C4 =
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z-axis
or 

3-axis

Fig. 4.3.1 PSDS
Thus we label states by
left cosets rC4 of Local C4

1C4 =

1C4 =

This “coset-basis” spans a scalar 04(C4) induced representation 04(C4)↑O 

Elementary induced representation 04(C4)↑O
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z-axis
or 

3-axis

Fig. 4.3.1 PSDS
Thus we label states by
left cosets rC4 of Local C4

1C4 =

1C4 =

This “coset-basis” spans a scalar 04(C4) induced representation 04(C4)↑O 

For example here is 04(C4) induced representation 04(C4)↑O(i4)

Elementary induced representation 04(C4)↑O

i4 axis
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Projection reduction of induced representation 04(C4)↑O
Scalar A1 eigenket

0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6
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Projection reduction of induced representation 04(C4)↑O
Scalar A1 eigenket 0404

0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

Tensor E-eigenket 0404

0404
E =

2
2
-1
-1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2 3
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Projection reduction of induced representation 04(C4)↑O
Scalar A1 eigenket 0404

0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

Tensor E-eigenket 2404

2404
E =

0
0
1
1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

0404
E =

2
2
-1
-1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2 3
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Projection reduction of induced representation 04(C4)↑O
Scalar A1 eigenket 0404

0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

Vector T1-eigenket 3404=-1404 and 0404

0404
T1 =

1
−1
0
0
0
0

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

2404
E =

0
0
1
1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

0404
E =

2
2
-1
-1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2 3
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Projection reduction of induced representation 04(C4)↑O
Scalar A1 eigenket 0404

0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

Vector T1-eigenket ±1404 and 0404

0404
T1 =

1
-1
0
0
0
0

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

X ±iY

1404
T1 =

0
0
-1
1
-i
i

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

2404
E =

0
0
1
1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

0404
E =

2
2
-1
-1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2 3
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0404
A1 =

1
1
1
1
1
1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
6

0404
T1 =

1
-1
0
0
0
0

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

0404
E =

2
2
-1
-1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2 3

1404
T1 =

0
0
-1
1
-i
i

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2

2404
E =

0
0
1
1
-1
-1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

1
2
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Review Octahedral Oh⊃O group operator structure
Review Octahedral Oh⊃O⊃D4⊃C4 subgroup chain correlations

Comparison of O⊃D4⊃C4 and O⊃D4⊃D2 correlations and level/projector splitting
        O⊃D4⊃C4 subgroup chain splitting
        O⊃D4⊃D2  subgroup chain splitting (nOrmal D2 vs. unOrmal D2)
        Oh⊃O⊃D4⊃C4v  and Oh⊃O⊃D4⊃C4v⊃C2v subgroup splitting
        
Simplest Oh⊃O⊃D4⊃C4 spectral analysis problems
        Elementary induced representation 04(C4)↑O
        Projection reduction of induced representation 04(C4)↑O
        Introduction to ortho-complete eigenvalue expression
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 r1          r2          r3          r4  
Rx        Ry        Rz

ρx        ρy        ρz

 

1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz
Rx

Ry
Rz i1 i2 i3 i4 i5 i6

ρz r3 r4 r1 r2 r4 r3 r2 r1 ρy ρx 1 i6 i2 Rz i5 i1 Rz
Ry Ry i4 i3 Rx Rx

Rz i6 i5 Rx
Rx

Ry Ry i2 i1 i3 i4 Rz r1 r3 ρz r2 r4 1 r1 r2 ρy ρx r4 r3

Rz Rx
Rx i6 i5 i1 i2 Ry

Ry i4 i3 Rz r3 r2 1 r4 r1 ρz r4 r3 ρx ρy r2 r1

Introduction to ortho-complete eigenvalue calculations
      Right and Left cosets of C4 extracted from group table
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1
r1
r2
r3
r4
r1
r2
r3
r4
ρx

ρy

ρz

Rx

Ry

Rz

Rx

Ry

Rz

i1
i2
i3
i4
i5
i6

 

ρz

r4
r3
r2
r1
r3
r4
r1
r2
ρy

ρx

1
i5
i1
Rz

i6
i2
Rz

Ry

Ry

i4
i3
Rx

Rx  

Rz

i1
i2
Ry

Ry

Rx

Rx

i6
i5
i4
i3
Rz

r4
r1
ρz

r3
r2
1
r4
r3
ρx

ρy

r2
r1  

Rz

Ry

Ry

i2
i1
i6
i5
Rx

Rx

i3
i4
Rz

r2

r4

1
r1
r3

ρz

r1
r2

ρy

ρx

r4

r3

 

 

1
r1
r2
r3
r4
r1
r2
r3
r4
ρx

ρy

ρz

Rx

Ry

Rz

Rx

Ry

Rz

i1
i2
i3
i4
i5
i6

 

ρz

r4
r3
r2
r1
r3
r4
r1
r2
ρy

ρx

1
i5
i1
Rz

i6
i2
Rz

Ry

Ry

i4
i3
Rx

Rx  

Rz

i1
i2
Ry

Ry

Rx

Rx

i6
i5
i4
i3
Rz

r4
r1
ρz

r3
r2
1
r4
r3
ρx

ρy

r2
r1  

Rz

Ry

Ry

i2
i1
i6
i5
Rx

Rx

i3
i4
Rz

r2

r4

1
r1
r3

ρz

r1
r2

ρy

ρx

r4

r3

 

 

1
r1
r2
r3
r4
r1
r2
r3
r4
ρx

ρy

ρz

Rx

Ry

Rz

Rx

Ry

Rz

i1
i2
i3
i4
i5
i6

 

Rz

i1
i2
Ry

Ry

Rx

Rx

i6
i5
i4
i3
Rz

r4
r1
ρz

r3
r2
1
r4
r3
ρx

ρy

r2
r1  

Rz

Ry

Ry

i2
i1
i6
i5
Rx

Rx

i3
i4
Rz

r2

r4

1
r1
r3

ρz

r1
r2

ρy

ρx

r4

r3

 

 

ρz

r4
r3
r2
r1
r3
r4
r1
r2
ρy

ρx

1
i5
i1
Rz

i6
i2
Rz

Ry

Ry

i4
i3
Rx

Rx

      
Examples
of  multiple
Left cosets 
of C4 from 
group table

Will be used
later to
derive  
eigensolutions
and simplified
formulae.
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(0)4 (1)4 (2)4 (3)4=(-1)4
A1 1 • • •
A2 • • 1 •
E. 1 • 1 •
T1 1 1 • 1
T2 • 1 1 1

OO⊃CC
44

CC
44
ssuubbggrroouupp ccoorrrreellaattiioonn ttoo OO

CC
44
PPrroojjeeccttoorrss ttoo sspplliitt ooccttaahheeddrraall PPα

1100 sspplliitt OO⊃CC
44
ooccttaahheeddrraall PPα

rreellaatteedd ttoo 1100 sspplliitt ssuubb--ccllaasssseess
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1
r1
r2

r3

r4

r1
r2

r3

r4

ρx

ρy

ρz

Rx

Ry

Rz

Rx

Ry

Rz

i1
i2
i3
i4
i5
i6

    

ρz

r4

r3

r2

r1
r3

r4

r1
r2

ρy

ρx

1
i5
i1
Rz

i6
i2
Rz

Ry

Rz

i4
i3
Rx

Rx

Rz

i1
i2
Ry

Ry

Rx

Rx

i6
i5
i4
i3
Rz

r4

r1
ρz

r3

r2

1
r4

r3

ρx

ρy

r2

r1

Rz

Ry

Ry

i2
i1
i6
i5
Rx

Rx

i3
i4
Rz

r2

r4

1
r1
r3

ρz

r1
r2

ρy

ρx

r4

r3

  

ρz

r4

r3

r2

r1
r3

r4

r1
r2

ρy

ρx

1
i5
i1
Rz

i6
i2
Rz

Ry

Rz

i4
i3
Rx

Rx

 

1
r1
r2
r3
r4
r1
r2
r3
r4
ρx

ρy

ρz

Rx

Ry

Rz

Rx

Ry

Rz

i1
i2
i3
i4
i5
i6

 

ρz

r4
r3
r2
r1
r3
r4
r1
r2
ρy

ρx

1
i5
i1
Rz

i6
i2
Rz

Ry

Rz

i4
i3
Rx

Rx  

Rz

i1
i2
Ry

Ry

Rx

Rx

i6
i5
i4
i3
Rz

r4
r1
ρz

r3
r2
1
r4
r3
ρx

ρy

r2
r1  

Rz

Ry

Ry

i2
i1
i6
i5
Rx

Rx

i3
i4
Rz

r2

r4

1
r1
r3

ρz

r1
r2

ρy

ρx

r4

r3
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1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz
Rx

Ry
Rz i1 i2 i3 i4 i5 i6

ρz r3 r4 r1 r2 r4 r3 r2 r1 ρy ρx 1 i6 i2 Rz i5 i1 Rz
Ry Ry i4 i3 Rx Rx

Rz i6 i5 Rx
Rx

Ry Ry i2 i1 i3 i4 Rz r1 r3 ρz r2 r4 1 r1 r2 ρy ρx r4 r3

Rz Rx
Rx i6 i5 i1 i2 Ry

Ry i4 i3 Rz r3 r2 1 r4 r1 ρz r4 r3 ρx ρy r2 r1

 

1 r1 r2 r3 r4 r1 r2 r3 r4 ρx ρy ρz Rx Ry Rz
Rx

Ry
Rz i1 i2 i3 i4 i5 i6

ρz r3 r4 r1 r2 r4 r3 r2 r1 ρy ρx 1 i6 i2 Rz i5 i1 Rz
Ry Ry i4 i3 Rx Rx

Rz i6 i5 Rx
Rx

Ry Ry i2 i1 i3 i4 Rz r1 r3 ρz r2 r4 1 r1 r2 ρy ρx r4 r3

Rz Rx
Rx i6 i5 i1 i2 Ry

Ry i4 i3 Rz r3 r2 1 r4 r1 ρz r4 r3 ρx ρy r2 r1
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