
Group Theory in Quantum Mechanics
Lecture 9 (2.10.15) 

Applications of U(2) and R(3) representations 
(Quantum Theory for Computer Age - Ch. 10A-B of Unit 3 )

(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 5 and Ch. 7 )

Review: Fundamental Euler R(αβγ) and Darboux R[ϕϑΘ] representations of U(2) and R(3)
          Euler R(αβγ) derived from Darboux R[ϕϑΘ] and vice versa
          Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed (and “real-world” applications)
          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ] and Sundial

U(2) density operator approach to symmetry dynamics
          Bloch equation for density operator

The ABC’s of U(2) dynamics-Archetypes
          Asymmetric-Diagonal A-Type motion
          Bilateral-Balanced    B-Type motion
          Circular-Coriolis…  C-Type motion

The ABC’s of U(2) dynamics-Mixed modes
          AB-Type motion and Wigner’s Avoided-Symmetry-Crossings
          ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry coordinates
          Conventional amp-phase ellipse coordinates
          Euler Angle (αβγ) ellipse coordinates
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Fig. 10.A.3-4 Mechanical device demonstrating Euler angles (α,β,γ)

Euler’s rotation state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
                                  Spin-1 (3D-real vector) case 

From Lecture 7
page 85 Euler angles
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    X = cosϕ  sinϑ
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Here spin-rotor S-polar 
coordinates

are Euler angles

  Ŝ
    X = cosα  sinβ
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   Z  =           cosβ 

  Ŝ
  Ŝ
  Ŝ

From Lecture 7
page 86

Spin State

  
αβγ = R(αβγ ) ↑

Operator

  
[ϕϑΘ] = R[ϕϑΘ] ↑

Euler angles

Darboux axis angles

Darboux axis angles

Darboux axis angles

Euler angles

Darboux axis angles
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From Lecture 7
page 88-89

5Thursday, February 12, 2015



    

a =R αβγ( ) ↑
   =   R[αaboutZ ]⋅R[β aboutY ]⋅R[γ aboutZ ] ↑

    = e
−i
α
2 0

0 e
i
α
2

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟

cos
β
2
−sin

β
2

sin
β
2

cos
β
2

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

e
−i
γ
2 0

0 e
i
γ
2

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟
 

A

0

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟

=
e
−i
α+γ

2 cos
β
2
−e
−i
α−γ

2 sin
β
2

e
i
α−γ

2 sin
β
2

e
i
α+γ

2 cos
β
2

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

A

0

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟

= A
e
−i
α
2 cos

β
2

e
i
α
2 sin

β
2

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

e
−i
γ
2 =

x
1

+ ip
1

x
2

+ ip
2

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

S

SYSX

S

SZ

S

S

SZ

S

(1) Rotate by γ
around Z

β

γ

(2) Rotate by β
around Y

(3) Rotate by α
around Z

γ

α
β

Original

Spin State |1〉
= |↑〉

General Spin State

|Ψ〉=R(αβγ) |↑〉

β

α

S
Y=Ssinα sinβ

S
Z
=
S
c
o
s
β

SX
=

Scos
α sinβ

SY

γ

Euler’s rotation state definition using rotations R(α,0,0), R(0,β,0),and R(0,0,γ) 
                                  Spin-1/2 (2D-complex spinor) case 

6Thursday, February 12, 2015



Asymmetry SA = 1
2
a σ A( a) = 1

2 a1
* a2

*( ) 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟

a1

a2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = 1
2
a1

*a1 − a2
*a2⎡⎣ ⎤⎦  = 1

2
x1

2 + p1
2 − x2

2 − p2
2⎡⎣ ⎤⎦=            I

2
[cos2 β

2
− sin2 β

2
]                                        = I

2
cosβ

Balance      SB = 1
2
a σ B( a) = 1

2 a1
* a2

*( ) 0 1
1 0

⎛
⎝⎜

⎞
⎠⎟

a1

a2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

  = 1
2
a1

*a2 + a2
*a1⎡⎣ ⎤⎦   = p1 p2 + x1x2⎡⎣ ⎤⎦   =I −sinα + γ

2
sinα −γ

2
+ cosα + γ

2
 cosα −γ

2
⎡
⎣⎢

⎤
⎦⎥
cos β

2
sin β

2
 = I

2
cosα sinβ

Chirality   SC = 1
2
a σC( a) = 1

2 a1
* a2

*( ) 0 −i
i 0

⎛
⎝⎜

⎞
⎠⎟

a1

a2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 = −i
2

a1
*a2 − a2

*a1⎡⎣ ⎤⎦= x1 p2 − x2p1⎡⎣ ⎤⎦   =I cosα + γ
2

sinα −γ
2

− cosα −γ
2

⋅−sinα + γ
2

⎡
⎣⎢

⎤
⎦⎥
cos β

2
sin β

2
  = I

2
sinα sinβ

SGeneral Spin State
|Ψ〉=R(αβγ) |↑〉

β

α

SY=Ssinα sinβ

S Z
=S
co
sβ

SX=

Scosα si
nβ

γ

polar 
angle β

azimuth 
angle α

    

a
1

a
2

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
=

x
1

+ ip
1

x
2

+ ip
2

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟
=A

e
−i
α
2 cos

β
2

e
i
α
2 sin

β
2

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

e
−i
γ
2Each point {E1,E2} defines 2D-HO phase space or analogous Ψ-space given by 2D amplitude array: 

This defines real 3D spin vector (SA, SB, SC) “pointing” to a polarization ellipse or state. 
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-p2 = sin[(γ−α)/2]  sinβ/2 =    X sinΘ/2  = cosϕ  sinϑ   sinΘ/2 

 Euler R(αβγ) is simpler to form than Θ-axis Darboux R[ϕϑΘ].
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x2 = cos[(γ−α)/2] sinβ/2 =    Y sinΘ/2   = sinϕ  sinϑ   sinΘ/2

 x1 =  cos[(γ+α)/2] cosβ/2 =      cosΘ/2  
-p2 = sin[(γ−α)/2]  sinβ/2 =    X sinΘ/2  = cosϕ  sinϑ   sinΘ/2 

 Euler R(αβγ) is simpler to form than Θ-axis Darboux R[ϕϑΘ].
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
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-p1= sin[(γ+α)/2] cosβ/2 =    Z sinΘ/2     =          cosϑ  sinΘ/2 
x2 = cos[(γ−α)/2] sinβ/2 =    Y sinΘ/2   = sinϕ  sinϑ   sinΘ/2

 x1 =  cos[(γ+α)/2] cosβ/2 =      cosΘ/2  
-p2 = sin[(γ−α)/2]  sinβ/2 =    X sinΘ/2  = cosϕ  sinϑ   sinΘ/2 

 Euler R(αβγ) is simpler to form than Θ-axis Darboux R[ϕϑΘ].

  

                R α  around Z( )             R β  around Y( )             R γ  around Z( )   

        R αβγ( )= e
−iα

2 0

0 e
iα
2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 
cos β

2
−sin β

2

sin β
2

cos β
2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

 e
−iγ

2 0

0 e
iγ
2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

 =
e
−iα+γ

2 cos β
2

−e
−iα−γ

2 sin β
2

e
iα−γ

2 sin β
2

e
iα+γ

2 cos β
2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

=

= cosα + γ
2

cos β
2

1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
− i 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
sin γ −α

2
sin β

2
− i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
cosγ −α

2
sin β

2
− i 1 0

0 −1
⎛

⎝⎜
⎞

⎠⎟
sinα + γ

2
cos β

2
    

R

Θ⎡⎣ ⎤⎦=

cosΘ
2
− iΘ̂Z sinΘ

2
−isinΘ

2
Θ̂X − iΘ̂Y( )

−isinΘ
2

Θ̂X + iΘ̂Y( ) cosΘ
2
+ iΘ̂Z sinΘ

2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=R ϕϑΘ⎡⎣ ⎤⎦ = e−iHt

= cosΘ
2

1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
− i 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
Θ̂X sinΘ

2
− i 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
Θ̂Y sinΘ

2
− i 1 0

0 −1
⎛

⎝⎜
⎞

⎠⎟
Θ̂Z sinΘ

2

EEuulleerr
aannggllee

ggoonniioommeetteerr

Euler Angle Dial
γ

(Twist coordinate)

Euler Angle Dial
α

(Azimuthal coordinate)

(a)
|α,β,γ 〉 β

α γ

β
x=x1

y=x2

z=x3

x=x1

y=x2

z=x3

An
astronomer’s
diagram

Euler Angle Dial
β

(Polar coordinate)

Spin S

Euler R(αβγ) versus Darboux R[ϕϑΘ]
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
⏐ αβγ〉= R(αβγ)⏐ 000〉    (αβγ make better coordinates)
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Review: Fundamental Euler R(αβγ) and Darboux R[ϕϑΘ] representations of U(2) and R(3)
          Euler R(αβγ) derived from Darboux R[ϕϑΘ] and vice versa
          Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed (and “real-world” applications)
          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ] and Sundial

U(2) density operator approach to symmetry dynamics
          Bloch equation for density operator

The ABC’s of U(2) dynamics-Archetypes
          Asymmetric-Diagonal A-Type motion
          Bilateral-Balanced    B-Type motion
          Circular-Coriolis…  C-Type motion

The ABC’s of U(2) dynamics-Mixed modes
          AB-Type motion and Wigner’s Avoided-Symmetry-Crossings
          ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry coordinates
          Conventional amp-phase ellipse coordinates
          Euler Angle (αβγ) ellipse coordinates
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
⏐ αβγ〉= R(αβγ)⏐ 000〉    αβγ make better coordinates but: R(αβγ)⏐ 000〉 = R(αβγ) ⏐1〉 = R[ϕϑΘ]⏐1〉

Euler R(αβγ) related to Darboux R[ϕϑΘ]

   

   x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2

− p2= sin[(γ −α )/2]sinβ /2 =

ΘX sinΘ/2 = cosϕ sinϑ  sinΘ/2

   x2= cos[(γ −α )/2]sinβ /2 =

ΘY sinΘ/2 = sinϕ sinϑ  sinΘ/2

− p1= sin[(γ +α )/2]cosβ /2 =

ΘZ sinΘ/2 =        cosϑ  sinΘ/2
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
⏐ αβγ〉= R(αβγ)⏐ 000〉    αβγ make better coordinates but: R(αβγ)⏐ 000〉 = R(αβγ) ⏐1〉 = R[ϕϑΘ]⏐1〉

Euler R(αβγ) related to Darboux R[ϕϑΘ]

   

   x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2

− p2= sin[(γ −α )/2]sinβ /2 =

ΘX sinΘ/2 = cosϕ sinϑ  sinΘ/2

   x2= cos[(γ −α )/2]sinβ /2 =

ΘY sinΘ/2 = sinϕ sinϑ  sinΘ/2

− p1= sin[(γ +α )/2]cosβ /2 =

ΘZ sinΘ/2 =        cosϑ  sinΘ/2

 tan[(γ +α )/2] = cosϑ tanΘ/2
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
⏐ αβγ〉= R(αβγ)⏐ 000〉    αβγ make better coordinates but: R(αβγ)⏐ 000〉 = R(αβγ) ⏐1〉 = R[ϕϑΘ]⏐1〉

Euler R(αβγ) related to Darboux R[ϕϑΘ]

   

   x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2

− p2= sin[(γ −α )/2]sinβ /2 =

ΘX sinΘ/2 = cosϕ sinϑ  sinΘ/2

   x2= cos[(γ −α )/2]sinβ /2 =

ΘY sinΘ/2 = sinϕ sinϑ  sinΘ/2

− p1= sin[(γ +α )/2]cosβ /2 =

ΘZ sinΘ/2 =        cosϑ  sinΘ/2

 tan[(γ +α )/2] = cosϑ tanΘ/2
 
tan[(γ −α )/2]= cotϕ = tan[π

2
−ϕ]
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
⏐ αβγ〉= R(αβγ)⏐ 000〉    αβγ make better coordinates but: R(αβγ)⏐ 000〉 = R(αβγ) ⏐1〉 = R[ϕϑΘ]⏐1〉

Euler R(αβγ) related to Darboux R[ϕϑΘ]

   

   x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2

− p2= sin[(γ −α )/2]sinβ /2 =

ΘX sinΘ/2 = cosϕ sinϑ  sinΘ/2

   x2= cos[(γ −α )/2]sinβ /2 =

ΘY sinΘ/2 = sinϕ sinϑ  sinΘ/2

− p1= sin[(γ +α )/2]cosβ /2 =

ΘZ sinΘ/2 =        cosϑ  sinΘ/2

 tan[(γ +α )/2] = cosϑ tanΘ/2
 
tan[(γ −α )/2]= cotϕ = tan[π

2
−ϕ]

 
(γ −α )/2 = π

2
−ϕ (γ +α )/2 = tan−1[cosϑ tanΘ/2]
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
⏐ αβγ〉= R(αβγ)⏐ 000〉    αβγ make better coordinates but: R(αβγ)⏐ 000〉 = R(αβγ) ⏐1〉 = R[ϕϑΘ]⏐1〉

Euler R(αβγ) related to Darboux R[ϕϑΘ]

This gives Euler angles (αβγ) in terms of Darboux angles [ϕϑΘ]
   
     
     

   

   x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2

− p2= sin[(γ −α )/2]sinβ /2 =

ΘX sinΘ/2 = cosϕ sinϑ  sinΘ/2

   x2= cos[(γ −α )/2]sinβ /2 =

ΘY sinΘ/2 = sinϕ sinϑ  sinΘ/2

− p1= sin[(γ +α )/2]cosβ /2 =

ΘZ sinΘ/2 =        cosϑ  sinΘ/2

 tan[(γ +α )/2] = cosϑ tanΘ/2
 
tan[(γ −α )/2]= cotϕ = tan[π

2
−ϕ]

 
(γ −α )/2 = π

2
−ϕ (γ +α )/2 = tan−1[cosϑ tanΘ/2]

 
sin[(γ −α )/2] = sin[π

2
−ϕ] = cosϕ
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
⏐ αβγ〉= R(αβγ)⏐ 000〉    αβγ make better coordinates but: R(αβγ)⏐ 000〉 = R(αβγ) ⏐1〉 = R[ϕϑΘ]⏐1〉

Euler R(αβγ) related to Darboux R[ϕϑΘ]

This gives Euler angles (αβγ) in terms of Darboux angles [ϕϑΘ]

  α =  ϕ −π/2 +tan-1(cosϑ tanΘ/2) 
     
  γ = π/2 −ϕ + tan-1(cosϑ tanΘ/2)   

   

   x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2

− p2= sin[(γ −α )/2]sinβ /2 =

ΘX sinΘ/2 = cosϕ sinϑ  sinΘ/2

   x2= cos[(γ −α )/2]sinβ /2 =

ΘY sinΘ/2 = sinϕ sinϑ  sinΘ/2

− p1= sin[(γ +α )/2]cosβ /2 =

ΘZ sinΘ/2 =        cosϑ  sinΘ/2

 tan[(γ +α )/2] = cosϑ tanΘ/2
 
tan[(γ −α )/2]= cotϕ = tan[π

2
−ϕ]

 
(γ −α )/2 = π

2
−ϕ (γ +α )/2 = tan−1[cosϑ tanΘ/2]

 
sin[(γ −α )/2] = sin[π

2
−ϕ] = cosϕ
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
⏐ αβγ〉= R(αβγ)⏐ 000〉    αβγ make better coordinates but: R(αβγ)⏐ 000〉 = R(αβγ) ⏐1〉 = R[ϕϑΘ]⏐1〉

Euler R(αβγ) related to Darboux R[ϕϑΘ]

This gives Euler angles (αβγ) in terms of Darboux angles [ϕϑΘ]

  α =  ϕ −π/2 +tan-1(cosϑ tanΘ/2) 
   β = 2sin-1(sinΘ/2 sinϑ)  
  γ = π/2 −ϕ + tan-1(cosϑ tanΘ/2)   

   

   x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2

− p2= sin[(γ −α )/2]sinβ /2 =

ΘX sinΘ/2 = cosϕ sinϑ  sinΘ/2

   x2= cos[(γ −α )/2]sinβ /2 =

ΘY sinΘ/2 = sinϕ sinϑ  sinΘ/2

− p1= sin[(γ +α )/2]cosβ /2 =

ΘZ sinΘ/2 =        cosϑ  sinΘ/2

 tan[(γ +α )/2] = cosϑ tanΘ/2
 
tan[(γ −α )/2]= cotϕ = tan[π

2
−ϕ]

 
(γ −α )/2 = π

2
−ϕ (γ +α )/2 = tan−1[cosϑ tanΘ/2]

 
sin[(γ −α )/2] = sin[π

2
−ϕ] = cosϕ

 sinβ /2 = sinϑ  sinΘ/2
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
⏐ αβγ〉= R(αβγ)⏐ 000〉    αβγ make better coordinates but: R(αβγ)⏐ 000〉 = R(αβγ) ⏐1〉 = R[ϕϑΘ]⏐1〉

Euler R(αβγ) related to Darboux R[ϕϑΘ]

This gives Euler angles (αβγ) in terms of Darboux angles [ϕϑΘ]

  α =  ϕ −π/2 +tan-1(cosϑ tanΘ/2) 
   β = 2sin-1(sinΘ/2 sinϑ)  
  γ = π/2 −ϕ + tan-1(cosϑ tanΘ/2)   

Inverse relations have Darboux axis angles [ϕϑΘ] in terms of Euler angles (αβγ)

  ϕ =   (α − γ + π)/2 
    
    

   

   x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2

− p2= sin[(γ −α )/2]sinβ /2 =

ΘX sinΘ/2 = cosϕ sinϑ  sinΘ/2

   x2= cos[(γ −α )/2]sinβ /2 =

ΘY sinΘ/2 = sinϕ sinϑ  sinΘ/2

− p1= sin[(γ +α )/2]cosβ /2 =

ΘZ sinΘ/2 =        cosϑ  sinΘ/2

 tan[(γ +α )/2] = cosϑ tanΘ/2
 
tan[(γ −α )/2]= cotϕ = tan[π

2
−ϕ]

 
(γ −α )/2 = π

2
−ϕ (γ +α )/2 = tan−1[cosϑ tanΘ/2]

 
sin[(γ −α )/2] = sin[π

2
−ϕ] = cosϕ

 sinβ /2 = sinϑ  sinΘ/2

 
cos[(γ −α )/2] = cos[π

2
−ϕ] = sinϕ
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
⏐ αβγ〉= R(αβγ)⏐ 000〉    αβγ make better coordinates but: R(αβγ)⏐ 000〉 = R(αβγ) ⏐1〉 = R[ϕϑΘ]⏐1〉

Euler R(αβγ) related to Darboux R[ϕϑΘ]

This gives Euler angles (αβγ) in terms of Darboux angles [ϕϑΘ]

  α =  ϕ −π/2 +tan-1(cosϑ tanΘ/2) 
   β = 2sin-1(sinΘ/2 sinϑ)  
  γ = π/2 −ϕ + tan-1(cosϑ tanΘ/2)   

Inverse relations have Darboux axis angles [ϕϑΘ] in terms of Euler angles (αβγ)

  ϕ =   (α − γ + π)/2 
   ϑ = tan -1[tan β/2/ sin(α+γ)/2]  
    

   

   x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2

− p2= sin[(γ −α )/2]sinβ /2 =

ΘX sinΘ/2 = cosϕ sinϑ  sinΘ/2

   x2= cos[(γ −α )/2]sinβ /2 =

ΘY sinΘ/2 = sinϕ sinϑ  sinΘ/2

− p1= sin[(γ +α )/2]cosβ /2 =

ΘZ sinΘ/2 =        cosϑ  sinΘ/2

 tan[(γ +α )/2] = cosϑ tanΘ/2
 
tan[(γ −α )/2]= cotϕ = tan[π

2
−ϕ]

 
(γ −α )/2 = π

2
−ϕ (γ +α )/2 = tan−1[cosϑ tanΘ/2]

 
sin[(γ −α )/2] = sin[π

2
−ϕ] = cosϕ

 sinβ /2 = sinϑ  sinΘ/2

 
cos[(γ −α )/2] = cos[π

2
−ϕ] = sinϕ

 

cos[(γ −α )/2]sinβ /2
sin[(γ +α )/2]cosβ /2

= sinϕ tanϑ ⇒ tanβ /2
sin[(γ +α )/2]

= tanϑ
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
⏐ αβγ〉= R(αβγ)⏐ 000〉    αβγ make better coordinates but: R(αβγ)⏐ 000〉 = R(αβγ) ⏐1〉 = R[ϕϑΘ]⏐1〉

Euler R(αβγ) related to Darboux R[ϕϑΘ]

This gives Euler angles (αβγ) in terms of Darboux angles [ϕϑΘ]

  α =  ϕ −π/2 +tan-1(cosϑ tanΘ/2) 
   β = 2sin-1(sinΘ/2 sinϑ)  
  γ = π/2 −ϕ + tan-1(cosϑ tanΘ/2)   

Inverse relations have Darboux axis angles [ϕϑΘ] in terms of Euler angles (αβγ)

  ϕ =   (α − γ + π)/2 
   ϑ = tan -1[tan β/2/ sin(α+γ)/2]  
  Θ = 2 cos -1[cos β/2 cos(α+γ)/2]  

   

   x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2

− p2= sin[(γ −α )/2]sinβ /2 =

ΘX sinΘ/2 = cosϕ sinϑ  sinΘ/2

   x2= cos[(γ −α )/2]sinβ /2 =

ΘY sinΘ/2 = sinϕ sinϑ  sinΘ/2

− p1= sin[(γ +α )/2]cosβ /2 =

ΘZ sinΘ/2 =        cosϑ  sinΘ/2

 tan[(γ +α )/2] = cosϑ tanΘ/2
 
tan[(γ −α )/2]= cotϕ = tan[π

2
−ϕ]

 
(γ −α )/2 = π

2
−ϕ (γ +α )/2 = tan−1[cosϑ tanΘ/2]

 
sin[(γ −α )/2] = sin[π

2
−ϕ] = cosϕ

 sinβ /2 = sinϑ  sinΘ/2

 
cos[(γ −α )/2] = cos[π

2
−ϕ] = sinϕ

 

cos[(γ −α )/2]sinβ /2
sin[(γ +α )/2]cosβ /2

= sinϕ tanϑ ⇒ tanβ /2
sin[(γ +α )/2]

= tanϑ

     x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
⏐ αβγ〉= R(αβγ)⏐ 000〉    αβγ make better coordinates but: R(αβγ)⏐ 000〉 = R(αβγ) ⏐1〉 = R[ϕϑΘ]⏐1〉

Euler R(αβγ) related to Darboux R[ϕϑΘ]

This gives Euler angles (αβγ) in terms of Darboux angles [ϕϑΘ]

  α =  ϕ −π/2 +tan-1(cosϑ tanΘ/2) 
   β = 2sin-1(sinΘ/2 sinϑ)  
  γ = π/2 −ϕ + tan-1(cosϑ tanΘ/2)   

Inverse relations have Darboux axis angles [ϕϑΘ] in terms of Euler angles (αβγ)

  ϕ =   (α − γ + π)/2 
   ϑ = tan -1[tan β/2/ sin(α+γ)/2]  
  Θ = 2 cos -1[cos β/2 cos(α+γ)/2]  

Example: Euler angles (α=50° β=60° γ=70°)
  ϕ =             (50° − 70° +180°)/2                      = 80°
   ϑ =     tan -1[tan 60°/2/ sin(50°+γ)/2]       = 33.7°  
  Θ = 2 cos -1[cos 60°/2 cos(50°+γ)/2]       = 128.7°  

   

   x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2

− p2= sin[(γ −α )/2]sinβ /2 =

ΘX sinΘ/2 = cosϕ sinϑ  sinΘ/2

   x2= cos[(γ −α )/2]sinβ /2 =

ΘY sinΘ/2 = sinϕ sinϑ  sinΘ/2

− p1= sin[(γ +α )/2]cosβ /2 =

ΘZ sinΘ/2 =        cosϑ  sinΘ/2

 tan[(γ +α )/2] = cosϑ tanΘ/2
 
tan[(γ −α )/2]= cotϕ = tan[π

2
−ϕ]

 
(γ −α )/2 = π

2
−ϕ (γ +α )/2 = tan−1[cosϑ tanΘ/2]

 
sin[(γ −α )/2] = sin[π

2
−ϕ] = cosϕ

 sinβ /2 = sinϑ  sinΘ/2

 
cos[(γ −α )/2] = cos[π

2
−ϕ] = sinϕ

 

cos[(γ −α )/2]sinβ /2
sin[(γ +α )/2]cosβ /2

= sinϕ tanϑ ⇒ tanβ /2
sin[(γ +α )/2]

= tanϑ

     x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ... 
⏐ αβγ〉= R(αβγ)⏐ 000〉    αβγ make better coordinates but: R(αβγ)⏐ 000〉 = R(αβγ) ⏐1〉 = R[ϕϑΘ]⏐1〉

Euler R(αβγ) related to Darboux R[ϕϑΘ]

This gives Euler angles (αβγ) in terms of Darboux angles [ϕϑΘ]

  α =  ϕ −π/2 +tan-1(cosϑ tanΘ/2) 
   β = 2sin-1(sinΘ/2 sinϑ)  
  γ = π/2 −ϕ + tan-1(cosϑ tanΘ/2)   

Inverse relations have Darboux axis angles [ϕϑΘ] in terms of Euler angles (αβγ)

  ϕ =   (α − γ + π)/2 
   ϑ = tan -1[tan β/2/ sin(α+γ)/2]  
  Θ = 2 cos -1[cos β/2 cos(α+γ)/2]  

Example: Euler angles (α=50° β=60° γ=70°)
  ϕ =             (50° − 70° +180°)/2                      = 80°
   ϑ =     tan -1[tan 60°/2/ sin(50°+γ)/2]       = 33.7°  
  Θ = 2 cos -1[cos 60°/2 cos(50°+γ)/2]       = 128.7°  

Reverse check:    (αβγ) in terms of [ϕϑΘ]
α = 80° −90° + tan-1(tan (128.7°/2) cos33.7° )=50.007° 
β = 2sin-1(sin 128.7°/2 sin33.7°)=60.022°  
γ = π/2 − 128.7° + tan-1(tan (128.7°/2)=70.007°  

   

   x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2

− p2= sin[(γ −α )/2]sinβ /2 =

ΘX sinΘ/2 = cosϕ sinϑ  sinΘ/2

   x2= cos[(γ −α )/2]sinβ /2 =

ΘY sinΘ/2 = sinϕ sinϑ  sinΘ/2

− p1= sin[(γ +α )/2]cosβ /2 =

ΘZ sinΘ/2 =        cosϑ  sinΘ/2

 tan[(γ +α )/2] = cosϑ tanΘ/2
 
tan[(γ −α )/2]= cotϕ = tan[π

2
−ϕ]

 
(γ −α )/2 = π

2
−ϕ (γ +α )/2 = tan−1[cosϑ tanΘ/2]

 
sin[(γ −α )/2] = sin[π

2
−ϕ] = cosϕ

 sinβ /2 = sinϑ  sinΘ/2

 
cos[(γ −α )/2] = cos[π

2
−ϕ] = sinϕ

 

cos[(γ −α )/2]sinβ /2
sin[(γ +α )/2]cosβ /2

= sinϕ tanϑ ⇒ tanβ /2
sin[(γ +α )/2]

= tanϑ
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Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed

Θ =0° Θ =60° Θ =180° Θ =240° Θ =300°Θ =128.7°

Θ =360° Θ =420° Θ =488.7° Θ =540° Θ =600° Θ =660°

31Thursday, February 12, 2015



Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed

Θ =0° Θ =60° Θ =180° Θ =240° Θ =300°Θ =128.7°

Θ =360° Θ =420° Θ =488.7° Θ =540° Θ =600° Θ =660°
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          Euler R(αβγ) derived from Darboux R[ϕϑΘ] and vice versa
          Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed (and “real-world” applications)
          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ]    (and Sundial)

U(2) density operator approach to symmetry dynamics
          Bloch equation for density operator

The ABC’s of U(2) dynamics-Archetypes
          Asymmetric-Diagonal A-Type motion
          Bilateral-Balanced    B-Type motion
          Circular-Coriolis…  C-Type motion

The ABC’s of U(2) dynamics-Mixed modes
          AB-Type motion and Wigner’s Avoided-Symmetry-Crossings
          ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry coordinates
          Conventional amp-phase ellipse coordinates
          Euler Angle (αβγ) ellipse coordinates
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From Scientific American
December 1975-p.120-125

Wires do not get twisted up as 
the turntable rotates 

Periscope allows 
stationary outside 
viewer to see into a 
rotating frame that 
appears fixed as the 
turntable rotates 

Some “real-world” applications of 
the U(2)-R(3) spinor-vector topology
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R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ]

N1

N2
Hamilton Turn

N1→→N2

Θ/2
Rotation vectorΘΘ
Rotation angle = Θ

(Θ/2 Arc)

1st Mirror

plane

2nd Mirror

plane

N1
N2 N'1

N'2

ΘΘ

ΘΘ'

R[ΘΘ']•R[ΘΘ]

N1

N'2

ΘΘ"

Product R[ΘΘ"]
=R[ΘΘ']•R[ΘΘ]
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Euler R(αβγ) Sundial
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U(2) density operator approach to symmetry dynamics

1/2 times σ-operator expectation values 〈Ψ⏐σµ⏐Ψ〉     gives:    Spin S-vector components:
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Ψ1

2
− Ψ2

2⎛
⎝

⎞
⎠ =

N
2

cos2 β
2
− sin2 β

2
⎛
⎝⎜

⎞
⎠⎟
= N

2
cosβ    

  

4D-norm=1

p1=-sin[(γ+α)/2]cosβ/2

x2=cos[(γ−α)/2]sinβ/2

 x1=cos[(γ+α)/2]cosβ/2

p2=-sin[(γ−α)/2]sinβ/2
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U(2) density operator approach to symmetry dynamics
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U(2) density operator approach to symmetry dynamics
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U(2) density operator approach to symmetry dynamics

The density operator ρ = |Ψ〉〈Ψ|= 
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U(2) density operator approach to symmetry dynamics

The density operator ρ = |Ψ〉〈Ψ|= 
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U(2) density operator approach to symmetry dynamics

The density operator ρ = |Ψ〉〈Ψ|= 
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U(2) density operator approach to symmetry dynamics
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U(2) density operator approach to symmetry dynamics

The density operator ρ = |Ψ〉〈Ψ|= 
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...so state density operator ρ has σ-expansion like Hamiltonian operator H
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U(2) density operator approach to symmetry dynamics

The density operator ρ = |Ψ〉〈Ψ|= 
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Review: Fundamental Euler R(αβγ) and Darboux R[ϕϑΘ] representations of U(2) and R(3)
          Euler R(αβγ) derived from Darboux R[ϕϑΘ] and vice versa
          Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed
          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ] and Sundial

U(2) density operator approach to symmetry dynamics
          Bloch equation for density operator
          Quick U(2) way to find eigen-solutions for 2-by-2 H

The ABC’s of U(2) dynamics-Archetypes
          Asymmetric-Diagonal A-Type motion
          Bilateral-Balanced    B-Type motion
          Circular-Coriolis…  C-Type motion

The ABC’s of U(2) dynamics-Mixed modes
          AB-Type motion and Wigner’s Avoided-Symmetry-Crossings
          ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry coordinates
          Conventional amp-phase ellipse coordinates
          Euler Angle (αβγ) ellipse coordinates
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U(2) density operator approach to symmetry dynamics
Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).

   
i Ψ =H Ψ ,     ⇐ Daggar† ⇒    − i Ψ = Ψ H Note: H† = H. 

   
H =Ω01+


Ω
2
•σ

     
   ρ =     1

2
N1+ 


Siσ  
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U(2) density operator approach to symmetry dynamics
Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).

   
i Ψ =H Ψ ,     ⇐ Daggar† ⇒    − i Ψ = Ψ H

Combining these gives a time derivative of the density operator ρ = |Ψ〉〈Ψ| 

  
i ∂
∂ t

ρ = i ρ = i Ψ Ψ + i Ψ Ψ =H Ψ Ψ − Ψ Ψ H

   
H =Ω01+


Ω
2
•σ

     
   ρ =     1

2
N1+ 


Siσ  

ρ† = ρ
Note: H† = H. 
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Bloch equation for density operator
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∂ t

ρ = i ρ = i Ψ Ψ + i Ψ Ψ =H Ψ Ψ − Ψ Ψ H

The result is called a     Bloch equation.
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U(2) density operator approach to symmetry dynamics
Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
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

Ω •σ + Ω0


S•σ + 

2

S•σ( ) Ω •σ( )

Given ρ and H in terms spin S-vector and crank Ω-vector: 

   
H =Ω01+


Ω
2
•σ

     
   ρ =     1

2
N1+ 


Siσ  

ρ† = ρ
Note: H† = H. 
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Ket equation (time forward) and "daggered" bra-equation (time reversed).

   
i Ψ =H Ψ ,     ⇐ Daggar† ⇒    − i Ψ = Ψ H

Combining these gives a time derivative of the density operator ρ = |Ψ〉〈Ψ| 

  
i ∂
∂ t

ρ = i ρ = i Ψ Ψ + i Ψ Ψ =H Ψ Ψ − Ψ Ψ H

The result is called a     Bloch equation.

  
i ∂
∂ t

ρ = i ρ =Hρ − ρH = H,ρ⎡⎣ ⎤⎦

U(2) density operator approach to symmetry dynamics
Bloch equation for density operator

    

Hρ = Ω01+ 
2

Ω •σ

⎛
⎝⎜

⎞
⎠⎟

N
2

1+

S•σ

⎛
⎝⎜

⎞
⎠⎟
= Ω0

N
2

1+ N
4


Ω •σ + Ω0


S•σ + 

2

Ω •σ( ) S•σ( )

ρH = N
2

1+

S•σ

⎛
⎝⎜

⎞
⎠⎟
Ω01+ 

2

Ω •σ

⎛
⎝⎜

⎞
⎠⎟
= Ω0

N
2

1+ N
4


Ω •σ + Ω0


S•σ + 

2

S•σ( ) Ω •σ( )

Last terms don't cancel if the spin S and crank Ω point in different directions.

Given ρ and H in terms spin S-vector and crank Ω-vector: 

   
H =Ω01+


Ω
2
•σ

     
   ρ =     1

2
N1+ 


Siσ  

ρ† = ρ
Note: H† = H. 
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A •σ( ) B•σ( ) = Aα Bβσασβ = Aα Bβ δαβ + iεαβγσγ( )    
                       =Aα Bα + iεαβγ Aα Bβσγ

                       =A •B + i A ×B( ) ⋅ σ

U(2) density operator approach to symmetry dynamics
Bloch equation for density operator

   

A •σ( ) B•σ( ) = Aα Bβσασβ = Aα Bβ δαβ + iεαβγσγ( )    
                       =Aα Bα + iεαβγ Aα Bβσγ

                       =A •B + i A ×B( ) ⋅ σ
This 
cancels

This 
remains

   
Hρ − ρH = 

2

Ω •σ( ) S•σ( )− 2


S•σ( ) Ω •σ( )

Ket equation (time forward) and "daggered" bra-equation (time reversed).

   
i Ψ =H Ψ ,     ⇐ Daggar† ⇒    − i Ψ = Ψ H

Combining these gives a time derivative of the density operator ρ = |Ψ〉〈Ψ| 

  
i ∂
∂ t

ρ = i ρ = i Ψ Ψ + i Ψ Ψ =H Ψ Ψ − Ψ Ψ H

The result is called a     Bloch equation.

  
i ∂
∂ t

ρ = i ρ =Hρ − ρH = H,ρ⎡⎣ ⎤⎦

    

Hρ = Ω01+ 
2

Ω •σ

⎛
⎝⎜

⎞
⎠⎟

N
2

1+

S•σ

⎛
⎝⎜

⎞
⎠⎟
= Ω0

N
2

1+ N
4


Ω •σ + Ω0


S•σ + 

2

Ω •σ( ) S•σ( )

ρH = N
2

1+

S•σ

⎛
⎝⎜

⎞
⎠⎟
Ω01+ 

2

Ω •σ

⎛
⎝⎜

⎞
⎠⎟
= Ω0

N
2

1+ N
4


Ω •σ + Ω0


S•σ + 

2

S•σ( ) Ω •σ( )

Last terms don't cancel if the spin S and crank Ω point in different directions.

Given ρ and H in terms spin S-vector and crank Ω-vector: 

   
H =Ω01+


Ω
2
•σ

     
   ρ =     1

2
N1+ 


Siσ  

ρ† = ρ
Note: H† = H. 

56Thursday, February 12, 2015



Ket equation (time forward) and "daggered" bra-equation (time reversed).

   
i Ψ =H Ψ ,     ⇐ Daggar† ⇒    -i Ψ = Ψ H

Combining these gives a time derivative of the density operator ρ = |Ψ〉〈Ψ| 

  
i ∂
∂ t

ρ = i ρ = i Ψ Ψ + i Ψ Ψ =H Ψ Ψ − Ψ Ψ H

The result is called a     Bloch equation.

  
i ∂
∂ t

ρ = i ρ =Hρ − ρH = H,ρ⎡⎣ ⎤⎦

   

A •σ( ) B•σ( ) = Aα Bβσασβ = Aα Bβ δαβ + iεαβγσγ( )    
                       =Aα Bα + iεαβγ Aα Bβσγ

                       =A •B + i A ×B( ) ⋅ σ

U(2) density operator approach to symmetry dynamics
Bloch equation for density operator

This 
cancels

This 
remains

    
i ∂
∂ t

ρ = i ρ = i
2

Ω×

S( )•σ − i

2

S×

Ω( )•σ

   
Hρ − ρH = 

2

Ω •σ( ) S•σ( )− 2


S•σ( ) Ω •σ( )

    

Hρ = Ω01+ 
2

Ω •σ

⎛
⎝⎜

⎞
⎠⎟

N
2

1+

S•σ

⎛
⎝⎜

⎞
⎠⎟
= Ω0

N
2

1+ N
4


Ω •σ + Ω0


S•σ + 

2

Ω •σ( ) S•σ( )

ρH = N
2

1+

S•σ

⎛
⎝⎜

⎞
⎠⎟
Ω01+ 

2

Ω •σ

⎛
⎝⎜

⎞
⎠⎟
= Ω0

N
2

1+ N
4


Ω •σ + Ω0


S•σ + 

2

S•σ( ) Ω •σ( )

Last terms don't cancel if the spin S and crank Ω point in different directions.

Given ρ and H in terms spin S-vector and crank Ω-vector: 

   
H =Ω01+


Ω
2
•σ

     
   ρ =     1

2
N1+ 


Siσ  
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Ket equation (time forward) and "daggered" bra-equation (time reversed).

   
i Ψ =H Ψ ,     ⇐ Daggar† ⇒    -i Ψ = Ψ H

Combining these gives a time derivative of the density operator ρ = |Ψ〉〈Ψ| 

  
i ∂
∂ t

ρ = i ρ = i Ψ Ψ + i Ψ Ψ =H Ψ Ψ − Ψ Ψ H

The result is called a     Bloch equation.

  
i ∂
∂ t

ρ = i ρ =Hρ − ρH = H,ρ⎡⎣ ⎤⎦

   

A •σ( ) B•σ( ) = Aα Bβσασβ = Aα Bβ δαβ + iεαβγσγ( )    
                       =Aα Bα + iεαβγ Aα Bβσγ

                       =A •B + i A ×B( ) ⋅ σ

U(2) density operator approach to symmetry dynamics
Bloch equation for density operator

This 
cancels

This 
remains

    

i ∂
∂ t

ρ = i ρ = i
2

Ω×

S( )•σ − i

2

S×

Ω( )•σ

i ∂
∂ t

N
2

1+

S•σ

⎛
⎝⎜

⎞
⎠⎟
= i
S•σ =  i


Ω× S( )•σ

   
Hρ − ρH = 

2

Ω •σ( ) S•σ( )− 2


S•σ( ) Ω •σ( )

    

Hρ = Ω01+ 
2

Ω •σ

⎛
⎝⎜

⎞
⎠⎟

N
2

1+

S•σ

⎛
⎝⎜

⎞
⎠⎟
= Ω0

N
2

1+ N
4


Ω •σ + Ω0


S•σ + 

2

Ω •σ( ) S•σ( )

ρH = N
2

1+

S•σ

⎛
⎝⎜

⎞
⎠⎟
Ω01+ 

2

Ω •σ

⎛
⎝⎜

⎞
⎠⎟
= Ω0

N
2

1+ N
4


Ω •σ + Ω0


S•σ + 

2

S•σ( ) Ω •σ( )

Last terms don't cancel if the spin S and crank Ω point in different directions.

Given ρ and H in terms spin S-vector and crank Ω-vector: 

   
H =Ω01+


Ω
2
•σ

     
   ρ =     1

2
N1+ 


Siσ  

ρ† = ρ
Note: H† = H. 
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Ket equation (time forward) and "daggered" bra-equation (time reversed).

   
i Ψ =H Ψ ,     ⇐ Daggar† ⇒    -i Ψ = Ψ H

Combining these gives a time derivative of the density operator ρ = |Ψ〉〈Ψ| 

  
i ∂
∂ t

ρ = i ρ = i Ψ Ψ + i Ψ Ψ =H Ψ Ψ − Ψ Ψ H

The result is called a     Bloch equation.

  
i ∂
∂ t

ρ = i ρ =Hρ − ρH = H,ρ⎡⎣ ⎤⎦

Given ρ and H in terms spin S-vector and crank Ω-vector: 

    

Hρ = Ω01+ 
2

Ω •σ

⎛
⎝⎜

⎞
⎠⎟

N
2

1+

S•σ

⎛
⎝⎜

⎞
⎠⎟
= Ω0

N
2

1+ N
4


Ω •σ + Ω0


S•σ + 

2

Ω •σ( ) S•σ( )

ρH = N
2

1+

S•σ

⎛
⎝⎜

⎞
⎠⎟
Ω01+ 

2

Ω •σ

⎛
⎝⎜

⎞
⎠⎟
= Ω0

N
2

1+ N
4


Ω •σ + Ω0


S•σ + 

2

S•σ( ) Ω •σ( )

Last terms don't cancel if the spin S and crank Ω point in different directions.

   
Hρ − ρH = 

2

Ω •σ( ) S•σ( )− 2


S•σ( ) Ω •σ( )

   

A •σ( ) B•σ( ) = Aα Bβσασβ = Aα Bβ δαβ + iεαβγσγ( )    
                       =Aα Bα + iεαβγ Aα Bβσγ

                       =A •B + i A ×B( ) ⋅ σ

    

i ∂
∂ t

ρ = i ρ = i
2

Ω×

S( )•σ − i

2

S×

Ω( )•σ

i ∂
∂ t

N
2

1+

S•σ

⎛
⎝⎜

⎞
⎠⎟
= i
S•σ =  i


Ω× S( )•σ

   
∂

S

∂ t
=
S =

Ω×

SFactoring out •σ  gives a classical/quantum gyro-precession equation.

U(2) density operator approach to symmetry dynamics
Bloch equation for density operator

A

C

B

ΩΩ
SSSS

A

CB

Ω

ϑ=60°
Θ=Ω t

ϕ=45°

   
H =Ω01+


Ω
2
•σ

     
   ρ =     1

2
N1+ 


Siσ  

ρ† = ρ
Note: H† = H. 
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Review: Fundamental Euler R(αβγ) and Darboux R[ϕϑΘ] representations of U(2) and R(3)
          Euler R(αβγ) derived from Darboux R[ϕϑΘ] and vice versa
          Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed
          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ] and Sundial

U(2) density operator approach to symmetry dynamics
          Bloch equation for density operator
          Quick U(2) way to find eigen-solutions for 2-by-2 H

The ABC’s of U(2) dynamics-Archetypes
          Asymmetric-Diagonal A-Type motion
          Bilateral-Balanced    B-Type motion
          Circular-Coriolis…  C-Type motion

The ABC’s of U(2) dynamics-Mixed modes
          AB-Type motion and Wigner’s Avoided-Symmetry-Crossings
          ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry coordinates
          Conventional amp-phase ellipse coordinates
          Euler Angle (αβγ) ellipse coordinates
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Steps to find eigen-solutions for 2-by-2 H matrix:

Quick U(2) way to find eigen-solutions for 2-by-2 H

Step 1 Find components (ΩA,ΩB,ΩC)of crank vector Ω=Θ/t  
         Hamiltonian H

 

A B − iC
B + iC D

⎛

⎝⎜
⎞

⎠⎟
=H
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Steps to find eigen-solutions for 2-by-2 H matrix:

Quick U(2) way to find eigen-solutions for 2-by-2 H

Step 1 Find components (ΩA,ΩB,ΩC)of crank vector Ω=Θ/t  
         Hamiltonian H

  

A B − iC
B + iC D

⎛

⎝⎜
⎞

⎠⎟
=H = A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
+ ( A− D)2

1 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ 2B 2

1 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
+ 2C 2

1 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟
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Steps to find eigen-solutions for 2-by-2 H matrix:

Quick U(2) way to find eigen-solutions for 2-by-2 H

Step 1 Find components (ΩA,ΩB,ΩC)of crank vector Ω=Θ/t  
         Hamiltonian H

    

A B − iC
B + iC D

⎛

⎝⎜
⎞

⎠⎟
=H = A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
+ ( A− D)2

1 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ 2B 2

1 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
+ 2C 2

1 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟

                                    H =      Ω0        1        +    ΩA          SA        +  ΩB      SB         +  ΩC      SC    =Ω01+  

Ω•S

63Thursday, February 12, 2015



Steps to find eigen-solutions for 2-by-2 H matrix:

Quick U(2) way to find eigen-solutions for 2-by-2 H

Step 1 Find components (ΩA,ΩB,ΩC)of crank vector Ω=Θ/t  
         Hamiltonian H

    

A B − iC
B + iC D

⎛

⎝⎜
⎞

⎠⎟
=H = A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
+ ( A− D)2

1 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ 2B 2

1 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
+ 2C 2

1 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟

                                    H =      Ω0        1        +    ΩA          SA        +  ΩB      SB         +  ΩC      SC    =Ω01+  

Ω•S

Step 2.Convert Cartesian to  polar form: (ΩA =Ωcosϑ,    ΩB =Ωcosϕ sinϑ,   ΩC =Ωsinϕ sinϑ)     

            where:                    and: Ω

                                          
  
Ω0 = A+ D

2   
= ΩA

2 +ΩB
2 +ΩC

2 = ( A−D)2+ 4B2+ 4C2
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Steps to find eigen-solutions for 2-by-2 H matrix:

Quick U(2) way to find eigen-solutions for 2-by-2 H

Step 1 Find components (ΩA,ΩB,ΩC)of crank vector Ω=Θ/t  
         Hamiltonian H

    

A B − iC
B + iC D

⎛

⎝⎜
⎞

⎠⎟
=H = A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
+ ( A− D)2

1 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ 2B 2

1 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
+ 2C 2

1 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟

                                    H =      Ω0        1        +    ΩA          SA        +  ΩB      SB         +  ΩC      SC    =Ω01+  

Ω•S

Step 2.Convert Cartesian to  polar form: (ΩA =Ωcosϑ,    ΩB =Ωcosϕ sinϑ,   ΩC =Ωsinϕ sinϑ)     

            where:                    and: Ω

                                          
  
Ω0 = A+ D

2   
= ΩA

2 +ΩB
2 +ΩC

2 = ( A−D)2+ 4B2+ 4C2

Eigenvalues: Ω±=Ω0±Ω/2

=
  
A+D± ( A−D)2+ 4B2+ 4C2

2
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Steps to find eigen-solutions for 2-by-2 H matrix:

Quick U(2) way to find eigen-solutions for 2-by-2 H

Step 1 Find components (ΩA,ΩB,ΩC)of crank vector Ω=Θ/t  
         Hamiltonian H

    

A B − iC
B + iC D

⎛

⎝⎜
⎞

⎠⎟
=H = A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
+ ( A− D)2

1 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ 2B 2

1 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
+ 2C 2

1 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟

                                    H =      Ω0        1        +    ΩA          SA        +  ΩB      SB         +  ΩC      SC    =Ω01+  

Ω•S

Step 2.Convert Cartesian to  polar form: (ΩA =Ωcosϑ,    ΩB =Ωcosϕ sinϑ,   ΩC =Ωsinϕ sinϑ)     

            where:                    and: Ω

                                          
  
Ω0 = A+ D

2   
= ΩA

2 +ΩB
2 +ΩC

2 = ( A−D)2+ 4B2+ 4C2

Eigenvalues: Ω±=Ω0±Ω/2

=
  
A+D± ( A−D)2+ 4B2+ 4C2

2

Ω+=Ω0+Ω/2

Ω0

Ω-=Ω0-Ω/2

+Ω/2

-Ω/2
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ΩB

2+ΩC
2

Steps to find eigen-solutions for 2-by-2 H matrix:

Quick U(2) way to find eigen-solutions for 2-by-2 H

Step 1 Find components (ΩA,ΩB,ΩC)of crank vector Ω=Θ/t  
         Hamiltonian H

    

A B − iC
B + iC D

⎛

⎝⎜
⎞

⎠⎟
=H = A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
+ ( A− D)2

1 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ 2B 2

1 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
+ 2C 2

1 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟

                                    H =      Ω0        1        +    ΩA          SA        +  ΩB      SB         +  ΩC      SC    =Ω01+  

Ω•S

Step 2.Convert Cartesian to  polar form: (ΩA =Ωcosϑ,    ΩB =Ωcosϕ sinϑ,   ΩC =Ωsinϕ sinϑ)     

            where:                    and: Ω

                                          and:  ϑ= cos-1(ΩA/Ω), and:  ϕ= cos-1(ΩB/Ω sinϑ)= cos-1[ΩB/                 ]
  
Ω0 = A+ D

2   
= ΩA

2 +ΩB
2 +ΩC

2 = ( A−D)2+ 4B2+ 4C2

Eigenvalues: Ω±=Ω0±Ω/2

=
  
A+D± ( A−D)2+ 4B2+ 4C2

2

Ω+=Ω0+Ω/2

Ω0

Ω-=Ω0-Ω/2

+Ω/2

-Ω/2
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ΩB

2+ΩC
2

Steps to find eigen-solutions for 2-by-2 H matrix:

Quick U(2) way to find eigen-solutions for 2-by-2 H

Step 1 Find components (ΩA,ΩB,ΩC)of crank vector Ω=Θ/t  
         Hamiltonian H

    

A B − iC
B + iC D

⎛

⎝⎜
⎞

⎠⎟
=H = A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
+ ( A− D)2

1 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ 2B 2

1 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
+ 2C 2

1 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟

                                    H =      Ω0        1        +    ΩA          SA        +  ΩB      SB         +  ΩC      SC    =Ω01+  

Ω•S

Step 2.Convert Cartesian to  polar form: (ΩA =Ωcosϑ,    ΩB =Ωcosϕ sinϑ,   ΩC =Ωsinϕ sinϑ)     

            where:                    and: Ω

                                          and:  ϑ= cos-1(ΩA/Ω), and:  ϕ= cos-1(ΩB/Ω sinϑ)= cos-1[ΩB/                 ]
  
Ω0 = A+ D

2   
= ΩA

2 +ΩB
2 +ΩC

2 = ( A−D)2+ 4B2+ 4C2

  B2 +C2or:  ϑ= cos-1[(A-D) /                                 ],                                             ϕ= cos-1[B/               ]  ( A−D)2+ 4B2+ 4C2

Eigenvalues: Ω±=Ω0±Ω/2

=
  
A+D± ( A−D)2+ 4B2+ 4C2

2

Ω+=Ω0+Ω/2

Ω0

Ω-=Ω0-Ω/2

+Ω/2

-Ω/2
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ΩB

2+ΩC
2

Steps to find eigen-solutions for 2-by-2 H matrix:

Quick U(2) way to find eigen-solutions for 2-by-2 H

Step 1 Find components (ΩA,ΩB,ΩC)of crank vector Ω=Θ/t  
         Hamiltonian H

    

A B − iC
B + iC D

⎛

⎝⎜
⎞

⎠⎟
=H = A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
+ ( A− D)2

1 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ 2B 2

1 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
+ 2C 2

1 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟

                                    H =      Ω0        1        +    ΩA          SA        +  ΩB      SB         +  ΩC      SC    =Ω01+  

Ω•S

Step 2.Convert Cartesian to  polar form: (ΩA =Ωcosϑ,    ΩB =Ωcosϕ sinϑ,   ΩC =Ωsinϕ sinϑ)     

            where:                    and: Ω

                                          and:  ϑ= cos-1(ΩA/Ω), and:  ϕ= cos-1(ΩB/Ω sinϑ)= cos-1[ΩB/                 ]
  
Ω0 = A+ D

2   
= ΩA

2 +ΩB
2 +ΩC

2 = ( A−D)2+ 4B2+ 4C2

  B2 +C2or:  ϑ= cos-1[(A-D) /                                 ],                                             ϕ= cos-1[B/               ]  ( A−D)2+ 4B2+ 4C2

Eigenvalues: Ω±=Ω0±Ω/2

=
  
A+D± ( A−D)2+ 4B2+ 4C2

2

Step 3.To find eigenvectors replace Euler angles (azimuth α, polar β ) of Euler-state

           

   

↑αβγ =

e
−iα

2 cos β
2

e
iα
2 sin β

2

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

e
−iγ

2

= R(αβγ ) ↑000

Ω+=Ω0+Ω/2

Ω0

Ω-=Ω0-Ω/2

+Ω/2

-Ω/2

69Thursday, February 12, 2015



  
ΩB

2+ΩC
2

Steps to find eigen-solutions for 2-by-2 H matrix:

Quick U(2) way to find eigen-solutions for 2-by-2 H

Step 1 Find components (ΩA,ΩB,ΩC)of crank vector Ω=Θ/t  
         Hamiltonian H

    

A B − iC
B + iC D

⎛

⎝⎜
⎞

⎠⎟
=H = A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
+ ( A− D)2

1 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ 2B 2

1 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
+ 2C 2

1 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟

                                    H =      Ω0        1        +    ΩA          SA        +  ΩB      SB         +  ΩC      SC    =Ω01+  

Ω•S

Step 2.Convert Cartesian to  polar form: (ΩA =Ωcosϑ,    ΩB =Ωcosϕ sinϑ,   ΩC =Ωsinϕ sinϑ)     

            where:                    and: Ω

                                          and:  ϑ= cos-1(ΩA/Ω), and:  ϕ= cos-1(ΩB/Ω sinϑ)= cos-1[ΩB/                 ]
  
Ω0 = A+ D

2   
= ΩA

2 +ΩB
2 +ΩC

2 = ( A−D)2+ 4B2+ 4C2

  B2 +C2or:  ϑ= cos-1[(A-D) /                                 ],                                             ϕ= cos-1[B/               ]  ( A−D)2+ 4B2+ 4C2

Eigenvalues: Ω±=Ω0±Ω/2

=
  
A+D± ( A−D)2+ 4B2+ 4C2

2

Step 3.To find eigenvectors replace Euler angles (azimuth α, polar β ) of Euler-state

           with the Darboux axis polar angles (azimuth ϕ , polar ϑ or ϑ±π) of H-matrix  

   

↑αβγ =

e
−iα

2 cos β
2

e
iα
2 sin β

2

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

e
−iγ

2

= R(αβγ ) ↑000

Ω+=Ω0+Ω/2

Ω0

Ω-=Ω0-Ω/2

+Ω/2

-Ω/2
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ΩB

2+ΩC
2

Steps to find eigen-solutions for 2-by-2 H matrix:

Quick U(2) way to find eigen-solutions for 2-by-2 H

Step 1 Find components (ΩA,ΩB,ΩC)of crank vector Ω=Θ/t  
         Hamiltonian H

    

A B − iC
B + iC D

⎛

⎝⎜
⎞

⎠⎟
=H = A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
+ ( A− D)2

1 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ 2B 2

1 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
+ 2C 2

1 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟

                                    H =      Ω0        1        +    ΩA          SA        +  ΩB      SB         +  ΩC      SC    =Ω01+  

Ω•S

Step 2.Convert Cartesian to  polar form: (ΩA =Ωcosϑ,    ΩB =Ωcosϕ sinϑ,   ΩC =Ωsinϕ sinϑ)     

            where:                    and: Ω

                                          and:  ϑ= cos-1(ΩA/Ω), and:  ϕ= cos-1(ΩB/Ω sinϑ)= cos-1[ΩB/                 ]
  
Ω0 = A+ D

2   
= ΩA

2 +ΩB
2 +ΩC

2 = ( A−D)2+ 4B2+ 4C2

  B2 +C2or:  ϑ= cos-1[(A-D) /                                 ],                                             ϕ= cos-1[B/               ]  ( A−D)2+ 4B2+ 4C2

Eigenvalues: Ω±=Ω0±Ω/2

=
  
A+D± ( A−D)2+ 4B2+ 4C2

2

Step 3.To find eigenvectors replace Euler angles (azimuth α, polar β ) of Euler-state

           with the Darboux axis polar angles (azimuth ϕ , polar ϑ or ϑ±π) of H-matrix  

   

↑αβγ =

e
−iα

2 cos β
2

e
iα
2 sin β

2

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

e
−iγ

2

= R(αβγ ) ↑000

Ω+=Ω0+Ω/2

Ω0

Ω-=Ω0-Ω/2

+Ω/2

-Ω/2
  

Ω+ =
e
−iϕ

2 cosϑ
2

e
iϕ
2 sinϑ

2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

+S

Ω
Spin +S

Up-Crank
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ΩB

2+ΩC
2

Steps to find eigen-solutions for 2-by-2 H matrix:

Quick U(2) way to find eigen-solutions for 2-by-2 H

Step 1 Find components (ΩA,ΩB,ΩC)of crank vector Ω=Θ/t  
         Hamiltonian H

    

A B − iC
B + iC D

⎛

⎝⎜
⎞

⎠⎟
=H = A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
+ ( A− D)2

1 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ 2B 2

1 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
+ 2C 2

1 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟

                                    H =      Ω0        1        +    ΩA          SA        +  ΩB      SB         +  ΩC      SC    =Ω01+  

Ω•S

Step 2.Convert Cartesian to  polar form: (ΩA =Ωcosϑ,    ΩB =Ωcosϕ sinϑ,   ΩC =Ωsinϕ sinϑ)     

            where:                    and: Ω

                                          and:  ϑ= cos-1(ΩA/Ω), and:  ϕ= cos-1(ΩB/Ω sinϑ)= cos-1[ΩB/                 ]
  
Ω0 = A+ D

2   
= ΩA

2 +ΩB
2 +ΩC

2 = ( A−D)2+ 4B2+ 4C2

  B2 +C2or:  ϑ= cos-1[(A-D) /                                 ],                                             ϕ= cos-1[B/               ]  ( A−D)2+ 4B2+ 4C2

Eigenvalues: Ω±=Ω0±Ω/2

=
  
A+D± ( A−D)2+ 4B2+ 4C2

2

Step 3.To find eigenvectors replace Euler angles (azimuth α, polar β ) of Euler-state

           with the Darboux axis polar angles (azimuth ϕ , polar ϑ or ϑ±π) of H-matrix  

   

↑αβγ =

e
−iα

2 cos β
2

e
iα
2 sin β

2

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

e
−iγ

2

= R(αβγ ) ↑000

Ω+=Ω0+Ω/2

Ω0

Ω-=Ω0-Ω/2

+Ω/2

-Ω/2
  

Ω+ =
e
−iϕ

2 cosϑ
2

e
iϕ
2 sinϑ

2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

  

Ω− =
e
−iϕ

2 cosϑ ±π
2

e
iϕ
2 sinϑ ±π

2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

+S

Ω

-S

Ω

Spin +S
Up-Crank

Spin -S
Dn-Crank
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ΩB

2+ΩC
2

Steps to find eigen-solutions for 2-by-2 H matrix:

Quick U(2) way to find eigen-solutions for 2-by-2 H

Step 1 Find components (ΩA,ΩB,ΩC)of crank vector Ω=Θ/t  
         Hamiltonian H

    

A B − iC
B + iC D

⎛

⎝⎜
⎞

⎠⎟
=H = A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
+ ( A− D)2

1 1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
+ 2B 2

1 0 1
1 0

⎛

⎝⎜
⎞

⎠⎟
+ 2C 2

1 0 −i
i 0

⎛

⎝⎜
⎞

⎠⎟

                                    H =      Ω0        1        +    ΩA          SA        +  ΩB      SB         +  ΩC      SC    =Ω01+  

Ω•S

Step 2.Convert Cartesian to  polar form: (ΩA =Ωcosϑ,    ΩB =Ωcosϕ sinϑ,   ΩC =Ωsinϕ sinϑ)     

            where:                    and: Ω

                                          and:  ϑ= cos-1(ΩA/Ω), and:  ϕ= cos-1(ΩB/Ω sinϑ)= cos-1[ΩB/                 ]
  
Ω0 = A+ D

2   
= ΩA

2 +ΩB
2 +ΩC

2 = ( A−D)2+ 4B2+ 4C2

  B2 +C2or:  ϑ= cos-1[(A-D) /                                 ],                                             ϕ= cos-1[B/               ]  ( A−D)2+ 4B2+ 4C2

Eigenvalues: Ω±=Ω0±Ω/2

=
  
A+D± ( A−D)2+ 4B2+ 4C2

2

Step 3.To find eigenvectors replace Euler angles (azimuth α, polar β ) of Euler-state

           with the Darboux axis polar angles (azimuth ϕ , polar ϑ or ϑ±π) of H-matrix  

   

↑αβγ =

e
−iα

2 cos β
2

e
iα
2 sin β

2

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟

e
−iγ

2

= R(αβγ ) ↑000

Ω+=Ω0+Ω/2

Ω0

Ω-=Ω0-Ω/2

+Ω/2

-Ω/2
  

Ω+ =
e
−iϕ

2 cosϑ
2

e
iϕ
2 sinϑ

2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

  

Ω− =
e
−iϕ

2 cosϑ ±π
2

e
iϕ
2 sinϑ ±π

2

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

    

ϕ = atan2(C,B)  
[tan−1(C / B) is  unreliable ]

    ϑ = atan2(2 B2 +C 2 ,A−D)

+S

Ω

-S

Ω More reliable computation:

Spin +S
Up-Crank

Spin -S
Dn-Crank
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Review: Fundamental Euler R(αβγ) and Darboux R[ϕϑΘ] representations of U(2) and R(3)
          Euler R(αβγ) derived from Darboux R[ϕϑΘ] and vice versa
          Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed
          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ] and Sundial

U(2) density operator approach to symmetry dynamics
          Bloch equation for density operator

The ABC’s of U(2) dynamics-Archetypes
          Asymmetric-Diagonal A-Type motion
          Bilateral-Balanced    B-Type motion
          Circular-Coriolis…  C-Type motion

The ABC’s of U(2) dynamics-Mixed modes
          AB-Type motion and Wigner’s Avoided-Symmetry-Crossings
          ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry coordinates
          Conventional amp-phase ellipse coordinates
          Euler Angle (αβγ) ellipse coordinates
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1 H 1 1 H 2

2 H 1 2 H 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= A B − iC

B + iC D
⎛

⎝⎜
⎞

⎠⎟
= A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
 + B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 + C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A− D

2
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟

                                                                         =   A+ D
2

     1        +    B   σ B     +    C    σC       +   A− D
2

 σA         

                                                                         =   A+ D
2

    σ0       + 
ΩB
2

  σ B     +  
ΩC
2

 σC      +      
ΩA
2

   σA        

   
H =Ω01+


Ω
2
•σ

     
   ρ =     1

2
N1+ 


Siσ  The ABC’s of U(2) dynamics

Asymmetric Diagonal A-Type motion

  

1 HA 1 1 HA 2

2 HA 1 2 HA 2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ =

A 0
0 D

⎛

⎝⎜
⎞

⎠⎟
= A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
 + A− D

2
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
=   A+ D

2
σ0   +  

ΩA
2

σA

   


Ω =

ΩA
ΩB
ΩC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
A− D
2B
2C

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
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1 H 1 1 H 2

2 H 1 2 H 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= A B − iC

B + iC D
⎛

⎝⎜
⎞

⎠⎟
= A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
 + B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 + C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A− D

2
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟

                                                                         =   A+ D
2

     1        +    B   σ B     +    C    σC       +   A− D
2

 σA         

                                                                         =   A+ D
2

    σ0       + 
ΩB
2

  σ B     +  
ΩC
2

 σC      +      
ΩA
2

   σA        

   
H =Ω01+


Ω
2
•σ

     
   ρ =     1

2
N1+ 


Siσ  The ABC’s of U(2) dynamics

Asymmetric Diagonal A-Type motion

  

1 HA 1 1 HA 2

2 HA 1 2 HA 2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ =

A 0
0 D

⎛

⎝⎜
⎞

⎠⎟
= A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
 + A− D

2
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
=   A+ D

2
σ0   +  

ΩA
2

σA

   


Ω =

ΩA
ΩB
ΩC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
A− D
2B
2C

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

    

Crank :  

Ω =

ΩA
ΩB
ΩC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
A− D

0
0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟      Eigen− Spin :


S =

SA
SB
SC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
±S
0
0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

76Thursday, February 12, 2015



   

1 H 1 1 H 2

2 H 1 2 H 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= A B − iC

B + iC D
⎛

⎝⎜
⎞

⎠⎟
= A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
 + B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 + C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A− D

2
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟

                                                                         =   A+ D
2

     1        +    B   σ B     +    C    σC       +   A− D
2

 σA         

                                                                         =   A+ D
2

    σ0       + 
ΩB
2

  σ B     +  
ΩC
2

 σC      +      
ΩA
2

   σA        

   
H =Ω01+


Ω
2
•σ

     
   ρ =     1

2
N1+ 


Siσ  The ABC’s of U(2) dynamics

Asymmetric Diagonal A-Type motion

  

1 HA 1 1 HA 2

2 HA 1 2 HA 2

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ =

A 0
0 D

⎛

⎝⎜
⎞

⎠⎟
= A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
 + A− D

2
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟
=   A+ D

2
σ0   +  

ΩA
2
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
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⎟
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p2

x1

x2

p2

Ψ1
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
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⎜
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⎟
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⎟
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⎛
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⎜
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⎟
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⎟
⎟
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⎝

⎜
⎜
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⎟

A
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C
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B
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H crank-ΩΑ vector
for A-D >0

|(+)〉

|(−)〉

|R〉

|L〉

|x〉

|y〉

ΩΩ

slow fast

x1

p1

x2
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Ψ1

Ψ1= 0 Ψ2
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
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⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
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0
0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
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
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SB
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⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
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0
0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

78Thursday, February 12, 2015



   

1 H 1 1 H 2

2 H 1 2 H 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= A B − iC

B + iC D
⎛

⎝⎜
⎞

⎠⎟
= A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
 + B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 + C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A− D

2
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟

                                                                         =   A+ D
2

     1        +    B   σ B     +    C    σC       +   A− D
2

 σA         

                                                                         =   A+ D
2

    σ0       + 
ΩB
2

  σ B     +  
ΩC
2

 σC      +      
ΩA
2

   σA        

   
H =Ω01+


Ω
2
•σ

     
   ρ =     1

2
N1+ 


Siσ  The ABC’s of U(2) dynamics

Asymmetric Diagonal A-Type motion
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⎛
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⎜
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⎟
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⎛
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2
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2
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⎛

⎝⎜
⎞

⎠⎟
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2
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2

σA

   


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ΩA
ΩB
ΩC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
A− D
2B
2C

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

A

-A

C

-C

B

-B

H crank-ΩΑ vector
for A-D >0

|(+)〉

|(−)〉

|R〉

|L〉

|x〉

|y〉

ΩΩ

slow fast

x1

p1

x2

p2

x1

x2

p2

Ψ1

Ψ1= 0 Ψ2

Ψ2= 0
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
Ω =
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ΩB
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⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
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A− D
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0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟      Eigen− Spin :


S =

SA
SB
SC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
±S
0
0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Beat dynamics:
x1

p1

x2

p2
slow&fast

Ψ1

Ψ2
!0

!A
2
!A
2

Total beat
frequency

 ΩA
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Review: Fundamental Euler R(αβγ) and Darboux R[ϕϑΘ] representations of U(2) and R(3)
          Euler R(αβγ) derived from Darboux R[ϕϑΘ] and vice versa
          Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed
          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ] and Sundial

U(2) density operator approach to symmetry dynamics
          Bloch equation for density operator

The ABC’s of U(2) dynamics-Archetypes
          Asymmetric-Diagonal A-Type motion
          Bilateral-Balanced    B-Type motion
          Circular-Coriolis…  C-Type motion

The ABC’s of U(2) dynamics-Mixed modes
          AB-Type motion and Wigner’s Avoided-Symmetry-Crossings
          ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry coordinates
          Conventional amp-phase ellipse coordinates
          Euler Angle (αβγ) ellipse coordinates
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2
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Siσ  The ABC’s of U(2) dynamics

Bilateral-Balanced B-Type motion
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2 HB 1 2 HB 2

⎛

⎝

⎜
⎜
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⎟
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B Ω0

⎛

⎝
⎜
⎜
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⎠
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2
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2
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H =Ω01+
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2
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2
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Siσ  The ABC’s of U(2) dynamics

Bilateral-Balanced B-Type motion

  

1 HB 1 1 HB 2
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⎛

⎝

⎜
⎜

⎞

⎠

⎟
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⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
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⎛

⎝⎜
⎞
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⎛
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⎞
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⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
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A− D
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⎛

⎝

⎜
⎜
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⎟
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
Ω =
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ΩB
ΩC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
0

2B
0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟      Eigen− Spin :


S =
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SB
SC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
0
±S
0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

A

-A

C

-C

B

-B

H crank-Ω vector
for negative B=-S

|(+)〉

|(−)〉

|R〉

|L〉

|x〉

|y〉

Ω

82Thursday, February 12, 2015



   

1 H 1 1 H 2

2 H 1 2 H 2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= A B − iC

B + iC D
⎛

⎝⎜
⎞

⎠⎟
= A+ D

2
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
 + B 0 1

1 0
⎛

⎝⎜
⎞

⎠⎟
 + C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
 + A− D

2
1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟

                                                                         =   A+ D
2

     1        +    B   σ B     +    C    σC       +   A− D
2

 σA         

                                                                         =   A+ D
2

    σ0       + 
ΩB
2

  σ B     +  
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2
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H =Ω01+


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2
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   ρ =     1

2
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Siσ  The ABC’s of U(2) dynamics

Bilateral-Balanced B-Type motion
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⎛

⎝

⎜
⎜
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⎠
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⎛

⎝⎜
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⎜
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⎞
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⎟
⎟
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2C

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
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
Ω =

ΩA
ΩB
ΩC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟
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0
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0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟      Eigen− Spin :


S =
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⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
0
±S
0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Beat dynamics:

A

-A

C

-C

B

-B

H crank-Ω vector
for negative B=-S

|(+)〉

|(−)〉

|R〉

|L〉

|x〉

|y〉

Ω

x1

x2

x1(t)

x2(t)

 Mixed
(|+〉 +  |−〉)

mode

Beat
period

Ψ1

Ψ2
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Siσ  The ABC’s of U(2) dynamics

Bilateral-Balanced B-Type motion
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⎟
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⎟
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Beat dynamics:

A

-A

C

-C

B

-B

H crank-Ω vector
for negative B=-S

|(+)〉

|(−)〉

|R〉

|L〉

|x〉

|y〉

Ω

x1

x2

x1(t)

x2(t)

 Mixed
(|+〉 +  |−〉)

mode

Beat
period

Ψ1

Ψ2

(a)
Quarter Wave

( Right-Circular
Polarization)

Ψ1

Ψ2

(b)
Half Wave

( Y Polarization)

Beat
period

Ψ1∼0

Ψ2

!0

Total beat
frequency

 ΩB

!B
2
!B
2
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Review: Fundamental Euler R(αβγ) and Darboux R[ϕϑΘ] representations of U(2) and R(3)
          Euler R(αβγ) derived from Darboux R[ϕϑΘ] and vice versa
          Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed
          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ] and Sundial

U(2) density operator approach to symmetry dynamics
          Bloch equation for density operator

The ABC’s of U(2) dynamics-Archetypes
          Asymmetric-Diagonal A-Type motion
          Bilateral-Balanced    B-Type motion
          Circular-Coriolis…  C-Type motion

The ABC’s of U(2) dynamics-Mixed modes
          AB-Type motion and Wigner’s Avoided-Symmetry-Crossings
          ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry coordinates
          Conventional amp-phase ellipse coordinates
          Euler Angle (αβγ) ellipse coordinates
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Circular-Coriolis... C-Type motion
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=Ω0
1 0
0 1

⎛

⎝⎜
⎞

⎠⎟
 +C 0 −i

i 0
⎛

⎝⎜
⎞

⎠⎟
=   Ω0σ0  + 

ΩC
2

σC

   


Ω =

ΩA
ΩB
ΩC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
A− D
2B
2C

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

    

Crank :  

Ω =

ΩA
ΩB
ΩC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
0
0

2C

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

     Eigen− Spin :

S =

SA
SB
SC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
0
0
±S

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

|x(120°)〉

A

-A

C
B

-B

H crank-Ω
vector
for C=1

|x(45°)〉=|(+)〉

|(−)〉

|x〉

|y〉

Ω

|x(30°)〉

|x(15°)〉

|x(60°)〉

|x(150°)〉

β/2=30°
β=60°
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1 H 1 1 H 2
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⎜
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⎟
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ΩB
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  σ B     +  
ΩC
2

 σC      +      
ΩA
2

   σA        

   
H =Ω01+


Ω
2
•σ

     
   ρ =     1

2
N1+ 


Siσ  The ABC’s of U(2) dynamics

Circular-Coriolis... C-Type motion
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Crank :  

Ω =
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⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
0
0

2C

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

     Eigen− Spin :

S =

SA
SB
SC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
0
0
±S

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

|x(120°)〉

A

-A

C
B

-B

H crank-Ω
vector
for C=1

|x(45°)〉=|(+)〉

|(−)〉

|x〉

|y〉

Ω

|x(30°)〉

|x(15°)〉

|x(60°)〉

|x(150°)〉

β/2=30°
β=60°

ω t -sin ω t

cos ω t (a)
Left Circular

(L)  mode

〈1|L〉

〈2|L〉

〈1|L〉      1/√2
〈2|L〉   -i/√2

ω t sin ω t

cos ω t (b)
Right Circular

(R)  mode

〈1|R〉

〈2|R〉

〈1|R〉      1/√2
〈2|R〉     i/√2
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⎛

⎝
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⎞

⎠
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⎛
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⎜
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Crank :  

Ω =

ΩA
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ΩC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
0
0

2C

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

     Eigen− Spin :

S =

SA
SB
SC

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

=
0
0
±S

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

Beat dynamics:

|x(120°)〉

A

-A

C
B

-B

H crank-Ω
vector
for C=1

|x(45°)〉=|(+)〉

|(−)〉

|x〉

|y〉

Ω

|x(30°)〉

|x(15°)〉

|x(60°)〉

|x(150°)〉

β/2=30°
β=60°

ω t -sin ω t

cos ω t (a)
Left Circular

(L)  mode

〈1|L〉

〈2|L〉

〈1|L〉      1/√2
〈2|L〉   -i/√2

ω t sin ω t

cos ω t (b)
Right Circular

(R)  mode

〈1|R〉

〈2|R〉

〈1|R〉      1/√2
〈2|R〉     i/√2

Beat
period

 Mixed
|R〉 and  |L〉

modes
(half-beat)

!0

Total beat
frequency

 ΩC

!C
2
!C
2
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-B

-C

|R〉

|L〉

|x(120°)〉

A

-A

C

B

H crank-Ω vector
(for ϕ=75° ϑ=65°)

|x(45°)〉=|(+)〉

|(−)〉

|x〉

|y〉

ΩΩ|x(30°)〉

|x(15°)〉

|x(60°)〉

|x(150°)〉

β=45°

ϑ=65°

ϕ=75°

α=15°

R(3) World : Real 3D Vectors

SS

H-Operator

AAnngguullaarr vveelloocciittyy

ΩΩ==

|Ψ〉 State
SSppiinn VVeeccttoorr

SS

Ψ1

Ψ2

2-State ket |Ψ〉=

Ψ1

Ψ2

=

√Ne-iα/2cosβ/2

e-iγ/2

√Neiα/2sinβ/2

U(2) World : Complex 2D Spinors

Ψ2

α−γsinβ/2 2
x2

p2

Ψ1 −α−γ

cosβ/2

2

x1

p1 = x2+ip2

= x1+ip1

|x〉or |x1〉

|y〉or |x2〉

A B-iC

B+iC D

ΩB

ΩC

ΩA

2B

2C

A-D

Ωsinϑcosϕ

Ωsinϑsinϕ

Ωcosϑ

==

SSBB

SSCC

SSAA

Nsinβcosα

Nsinβ sinα

Ncosβ

=

(for α=15° β=45°)

1
2

α
2

ψ
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