Group Theory in Quantum Mechanics
Lecture 9 21015
Applications of U(2) and R(3) representations

(Quantum Theory for Computer Age - Ch. 104-B of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 5 and Ch. 7 )

Review: Fundamental Euler R(0}y) and Darboux R[@OO] representations of U(2) and R(3)

Euler R(a}y) derived from Darboux R[@O0O] and vice versa
Euler R(a}y) rotation ® =0-4m-sequence @] fixed (and “real-world” applications)
R(3)-U(2) slide rule for converting R(0py) « R[@OO] and Sundial
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Review: Fundamental Euler R(0y) and Darboux R[@O®] representations of U(2) and R(3)

Euler R(a}y) derived from Darboux R[@OO] and vice versa
Euler R(0By) rotation ®=0-4r-sequence [QV] fixed (and “real-world” applications)
R(3)-U(2) slide rule for converting R(opy) < R[@OO] and Sundial
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

Spin-1 (3D-real vector) case

BOD frame view LAB frame view
Polar angles of Polar angles of
LAB zenith z=x3 are

(azimuth angle=—, (azimuth angle=q,

polar angle=— ) polar angle=p )

zenith

, .
X' ,=-X,81n oc+x2cos o

Fig. 10.4.3-4 Mechanical device demonstrating Euler angles (o.,3,y)

BOD zenith 7=x 3 are

. Euler Angle Dial An
, astronomer’s
(Polar coordinate) diagram

Euler Angle Dial

(0
Azimuthal coordinate)

=x1

From Lecture 7
page 85 Euler angles
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Here spin-rotor S-polar Axis-Angle Dial

coordinates From Lecture 7 @ '
are Euler angles page 86 (Angle of Crank Rotation)
BOD frame view LAB frame view
Polar angles of Polar angles of
Z|8 IZ LAB zemfh 7=X3 are ZB “ BOD zen%th =x3are
= : V| (azimuth angle=—y, | (azimuth angle=q, 1co
7 -y polar angle=— ) x o 4 polar angle=f ) AXIS Argle Scale
4"\ BOD  LAB
B (w—Axis Polar Angle)
BOD7=x2
x’-Frame
x”’-Frame
o ~
x’ ;=X 08 O-+X sin o 5 | el \\

_ X’ ,=-X,SIn O+X,Cos 0
Polar coordinates o ’
for unit Spin vectorS

S =cos sinf Spin State
Sy =sina sinf
Sy = cos/J |05ﬁ7/> = R(aﬁy)‘ T>

Euler angles
Polar coordinates

for unit axis vector®

©. = cosp sind Operator
Oy =sing sind [pvo]) = Rlpvo] T)
Q, = cosb  Darboux axis angles
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

...................................................................................

‘ a> =R (&67)‘ T> SZ OI’lglnal (1) Rotate by y

= R[ozaboutZ:-R[ﬁaboutY]-R[vaboutZ]‘T> Spln State |1> around Z
. B . B |
_ e 2 0 oo - 6_% 0 |: A |T> . (2) Rotate by B y
— ) Z% _ ﬁ é Z% : around Y S
e Sin COS 0 e : 0

2 2 S, S,

.........................................................

(3) Rotate by o
around Z

~
S -
-
~
=~ -
>

General Spin Stateé
'¥)=R(opy)|T)-

From Lecture 7
page 88-89
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

o) =R{a)|1)
= R|aabout 7]

—€

-R[Fabout Y |-R|~yabout Z]‘ T>

Cosﬁ —siné il
2 e 2 0
ol
sinﬁ cosé 0 e?2
2
_Z'O‘_V
2 Siné A
oty
2 Cosé 0
_% _ T, + ipl
T, + ip2

...................................................................................

Original |
Spin State |1)

............................

(2) Rotate by 3
around Y

.........................................................

(3) Rotate by o

around Z %

General Spin Stateé
'¥)=R(opy)|T)-

(1) Rotate by y
around Z

v
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Each point {E1,E>} defines 2D-HO phase space or analogous P-space given by 2D amplitude array: | & | _| % +tw | A
This defines real 3D spin vector (S4, Sk, Sc) “pointing” to a polarization ellipse or state. a, z, +1p,
1 | 1 0 a Ir » * Ira, 2 2 2 2B 2B
A try S, =—\alo =—( ) =— - =— +p; — x5 — = —[cos” ——sIn" —
symmetry S, 2(a| ala) e @ [ 0 —1 ) . 5 |:a1a1 a2a2] 2[x1 PL—X; Pz] 2[ 2]
1 R YR (V| a | 11 o« £ o Laty . o-y a+y _a-y| B . B
Balance S _E(a’GB’a)_E( a, a, )( L0 J . —5[0102 +a2a1} —[plpz +x1x2] —I[—sm sin 5 + cos cos 5 cosEsm—
o 1 IR Y 0 —i a | i o« _ _ o+y . o—vy o—y . o+y B . B
Chirality S = E(a|ac|a) = E( a, a, )[ : 0 ] . —E[al ar — ara ]—[xl D> —X> D1 ] —I{cos sin S oS '—smT coszsmz
azimuth
. R ST B
(a) Real Spinor (b) 2-Phasor (c¢) 3-Dimensional Real R
ScOSG*S

Space Picture U(2) SpinorPicture R(3)-SU(2)Vector Picture

“*%~>=Re¥
\\V“%

W1 = x +ipy = ¥l el
Wy = Xy+ip, = ¥, 10,

(2D-Oscillator Orbit) p1=Im'y e
) A \ SOV IR ,~
x1 Re'V E SA P .:
pr=Im%¥» : X . E
NiReY oy : - General Spin State:
xp=Re¥» 2 ' ; :

~ 1
~

Sx -
SA=(P1* ¥ - ¥2F P2
Sgp=M1*¥Y2 + ¥Yo*¥)2
Sc=MW1*¥2 - ¥o*¥1)/2i

From Lecture 7
page 94

Fig. 10.5.2 Spinor, phasor, and vector descriptions of 2-state systems .

¥)=R(aBy) | T)

Nes

€

ey

o
e 2 sin

2 cos

G

1
=—cosf3

-

-
=~ o~

-
S -
>
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R Euler Angle Dial An
Euler Angle Dial ; B astronomer’s
Y - ' ¢ (Polar coordinate) diagram
(Twist coordinate) . :

$7X3

B

—_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) R(OOy)

i

a ’ o

Sets the ,8 dial

From Lecture 7

page 80 to 89
’
Sets the Q dial
 I—_— |
R((x around Z ) R(}/ around Z )
_l_oc+y _; 0
-i% cosE —sinﬁ —iL e 2 cosﬁ —e 2 sinﬁ
R(OC,B]/)Z e 0 2 2 e 2 0 _ 2 _
i% : B i =L B LB
0 e SIn°> COSE 0 e? e 2 sin e 2 cos
= COS ycosﬁ 1o —i 0 1 sinﬂsinﬁ—i 0 - cosy_ smﬁ i o sm—}/cosé
20 0 1 1 0 2 2 i 0 2 0 - 2 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].

Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Scale

)

(@—Axis Polar Angle)

Lecture 8
page 21 to 25

Rotational A

~

cosg— iC:)Z sin9 —isinQ(G)
2 2

R[6 |-

Axis-Angle Dial

(Angle of Crank Rotation)

'L

dial

Y M| Axis-Angle Scale

¢

(w—Axis Azimuth)

~i0,)

=R [(pﬁ@] = M

.. O/ A A
—zsmz(@ +z®Y) cos3+z®zsmg

H

](:) sing—i( 0
2 ]

cos® siny

B O[ 1 0
= COS—
21 0 1

cos——1’00519sin9
2 2

sin%(sinq)sim? —icos(sin 19)

- @Y sing—i 10 (:)Z sin®
0 2 0 -1 2
sin@ sin®

—sin%(sinqo sint}+icos@sin 19)

(O )
cos— +icos ¥ sin—
2 2
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Euler Angle Dial An
B astronomer’s
diagram

Euler Angle Dial

Y - ' 3¢ (Polar coordinate)
(Twist coordinate) . :

$7X3

B

—_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) R(OOy)

i

a ’ o

Sets the ,8 dial

From Lecture 7
page 80 to 89

«

Sets the Qdial

 — —

R ((x around Z ) R (}/ around Z )

_l_oc+y _ia—}/
—iZ 0 cosg —sing % 0 e 2 cosg —e 2 sin p
R(eBy)=| ¢ e - _
i% : B i =L B LB
0 e SIn°> COSE 0 e? e 2 sinz e 2 cos
= COS ycosﬁ 1o —i 0 1 sinﬂsinﬁ—i 0 - cosy_ smﬁ—i o sm—}/cosé
20 0 1 1 0 2 2 i 0 2 0 - 2 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition:

| aBy)= R(apy)|000) (afymake better coordinates)

Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

(Angle of Crank Rotation)

£
Axis-Angle Scale -
(@—Axis Polar Angle)
™~ - o =
Nt
. / \_ 5
G : { dial " o
,y 3 ] —
Jial

Lecture 8
page 21 to 25

Y M| Axis-Angle Scale

¢

(w—Axis Azimuth)

Rotational A

O -~ .0 .. O/ A
R[@}Z cos;—z@)zsmz —zsm—(@ —zG)Y)

= R[(pﬁ@] = 1
—isin%(@ +i(:)Y) cos3+i(:)zsin5

=cos9 L0, &) sing—i 0 —i @Ysing—i b0 (:)Zsing
2 0 1 2 i 0 2 0 -1 ) 2
cos® siny sing® sind cost

cosz—icosﬁsin% —sin%(sinqosim9+icosgosinﬁ)

sing(singosinﬁ—icosq)sim?) cos9+icos19sin9
2 2 2
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Euler Angle Dial An
B astronomer’s
diagram

Euler Angle Dial

Y - ' 3¢ (Polar coordinate)
(Twist coordinate) . :

$7X3

B

—_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) R(OOy)

i

a ’ o

Sets the ,8 dial

From Lecture 7
page 80 to 89

«

Sets the Qdial

 — —

R ((x around Z ) R (}/ around Z )

_l_oc+y _ia—}/
—iZ 0 cosg —sing % 0 e 2 cosg —e 2 sin p
R(eBy)=| ¢ e - _
i% : B i =L B LB
0 e SIn°> COSE 0 e? e 2 sinz e 2 cos
= COS ycosﬁ 1o —i 0 1 sinﬂsinﬁ—i 0 - cosy_ smﬁ—i o sm—}/cosé
20 0 1 1 0 2 2 i 0 2 0 - 2 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(cy) to R[@¥0O] ...
| aBy)= R(aPy)|000) (ofymake better coordinates)

Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

(Angle of Crank Rotation)

£
Axis-Angle Scale -
(@—Axis Polar Angle)
™~ - o =
Nt
. / \_ 5
G : { dial " o
,y 3 ] —
Jial

Lecture 8
page 21 to 25

Y M| Axis-Angle Scale

¢

(w—Axis Azimuth)

Rotational A

O -~ .0 .. O/ A
R[@}Z cos;—z@)zsmz —zsm—(@ —zG)Y)

= R[(pﬁ@] = 1
—isin%(@ +i(:)Y) cos3+i(:)zsin5

=cos9 L0, &) sing—i 0 —i @Ysing—i b0 (:)Zsing
2 0 1 2 i 0 2 0 -1 ) 2
cos® siny sing® sind cost

cosz—icosﬁsin% —sin%(sinqosim9+icosgosinﬁ)

sing(singosinﬁ—icosq)sim?) cos9+icos19sin9
2 2 2
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R Euler Angle Dial An
Euler Angle Dial ; B astronomer’s
Y - ' ¢ (Polar coordinate) diagram
(Twist coordinate) . :

$7X3

B

—_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) R(OOy)

i

a ’ o

Sets the ,8 dial

From Lecture 7
page 80 to 89

’
Sets the Q dial
 I—_— |
R((x around Z ) R(}/ around Z )
_l_oc+y _ia—}/
—iZ 0 cosg —sing —% 0 e 2 cosg —e 2 sinﬁ
_| e e - -
R(opy )= P . B o 5 e
0 e SIn°> COSE 0 e? e 2 sin e 2 cos

= COS ycosﬁ 1o —i 0 1 sinﬂsinﬁ—i 0 - cosy_ smﬁ i o sm—}/cosé
20 0 1 1 0 2 2 i 0 2 0 - 2 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(cy) to R[@¥0O] ...
| aBy)= R(aPy)|000) (ofymake better coordinates)

.o+y o=y .
~i ~i . 1 X +ip
e 2 cosﬁ —e 2 s1nﬁ
e sin— e CcoS— ;
> > 0 Xy+ip,

Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

(Angle of Crank Rotation)

£
Axis-Angle Scale .
(@—Axis Polar Angle)
™~ " o =
» A
S\ : dial LX)
ry \ : .
Jial

Lecture 8
page 21 to 25

Rotational A

~

cosg— iC:)Z sin9 —isinQ(G)
2 2

R[6 |-

Y M| Axis-Angle Scale

¢

(w—Axis Azimuth)

~i0,)

=R [(pﬁ@] = M

.. O/ A A
—zsmz(@ +z®Y) cos3+z®zsmg

H

](:) sing—i( 0
2 ]

cos® siny

B O[ 1 0
= COS—
21 0 1

cos——1’00519sin9
2 2

sin%(sinq)sim? —icos(sin 19)

— @Ysing—i Lo (:)Zsing
0 2 0 -1 2

sin@ sin®
.0, . : :
—smE(smqo sint}+icos@sin 19)

(O )
cos— +icos ¥ sin—
2 2
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Euler R(oyy) versus Darboux R[@YO]

Euler Angle Dial

(Twist coordinate)

Y

Sets the Qdial
Lo

Euler Angle Dial

(0
Azimuthal coordinate)

Third rotation R@0O)

i

a ’ o

«

 I—

— 1

R ((x around Z )

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(o3y) to R[p¥O]

Axis-Angle Dial

(Angle of Crank Rotation)

page 80 to 89

Euler Angle Dial An
B astronomer’s ™
(Polar coordinate) diagram oy A '
Axis-Angle Scale E 2
z:x 3 ,'9 ¥
B | (@—Axis Polar Angle)
(
----- a
- _&
e ? cosﬁ S .
F ) T 9) y
2
‘ aﬁY> ¢
o
s
e ? sinﬁ B |
2 dial L] ®
Second rotation R(030) = R(aﬂ},)|’]‘000>
Sets the 3 dia From Lecture 7 e s -
(® .

R(ﬁﬁmd Y) }/ around Z)
.oty o=y
cosE —sinﬁ e 2 cosﬁ —el 2 sinE
2 2 _ 2 2
B -y aty
SmE COSE eZ 2 sinﬁ e 2 cosﬁ
2 2
0 ﬁ i 0 - cosﬂsinﬁ—i o sinO‘—-H/cosé
1 2 i 0 2 2 0 -1 2 2

f M| Axis-Angle Scale

¢

(w—Axis Azimuth)

Lecture 8
page 21 to 25

Rotational AnalogComputef

B cosg—ié)zsin% —isinE(C:) —iC:)Y) .
R[6 |- o =R[pvO =™
—isin—(@ +i(:)Y) cos—+i(:)zsin—
2 2 2
=cos9 1o —i 0 sing—i 0 —i @Ysing—i 10 (:)Zsing
21 0 1 2 i 0 2 0 -1 I 2
cos® siny sing® sind cost

cos%—icosﬁsin; —sing(sinqosim9+icosgosinﬁ)

sing(singosinﬁ—icosq)sim?) cos9+icosﬁsin%

| opy)=R(apy)[000)  (0py make better coordjnates)
oty oy , S e Phase coherence angle
AR e ey A Xtip, e 2cos 7P0pulati0n inversion angle
2 = = e 2 \
L B S B P Overall
¢ - sy e m sy 0 X, +ip, e? sing phase angle
12
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Sets the Qdial

 — —

R ((x around Z )

Euler state definition lets us relate R(cy) to R[@¥0O] ...

.o+y o=y .
—1 —1 . 1 x1+lp1 -----------
e 2 cosﬁ —e 2 s1nﬁ
ia;y B ia;y B
e sin— e CcoS— ;

) ) 0 Xy+ip,

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].

Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

(Angle of Crank Rotation)

_l,O(—}/
—i% —e 2 sinE
R(apy)=| € 2 |
oty B
0 e e 2 cos—
2
= COS ycosﬁ 1o o sinO‘—-H/cosé
20 0 1 0 -1 2 2

R Euler Angle Dial An
Euler Angle Dial ‘ ’ B astronomer’s /2
0% - ¢ (Polar coordinate) diagram oy ey '
(Twist coordinate) ' ‘ Axis-Angle Scale e }; 3278
{T7X3 "_9 |
B | > (@—Axis Polar Angle)
(
—_—— o
— —l—
e 2 cosﬁ N - .
) 2 |
‘ T ofy > = e 2
Euler Angle Dial o
o . B
Azimuthal coordinate) e SIIIE r B "
dial k]
- _ i =X . : .
Third rotation R(@00) Second rotation R(030) First rotation R(OOy) " R(aﬁy)|TOOO>
e Sets the 3 dia From Lecture 7 -
. page 80 to 89 T
% e

Y M| Axis-Angle Scale

¢

(w—Axis Azimuth)

Lecture 8
page 21 to 25

Rotational AnalogComputef

~

cosg— iC:)Z sin9 —isin—(G)
2 2

]@

cos® siny

~i0,)

2 2
.0 [0
sin——1

2 i

— @Ysing—i Lo (:)Zsing
0 2 0 -1 2

sin@ sin®

_ R[(W@] _ Mt

cosg—icosﬁsin9 —sing(sinqosim9+icosgosinﬁ)
2 2 2

sing(singosinﬁ—icosq)sim?) cos9+icos19sin9
2 2 2
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Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

(Angle of Crank Rotation)

L Euler Angle Dial An P,
Euler Angle Dial ‘ B astronomer’s /2
Y - S (Polar coordinate) diagram o T # '
(Twist coordinate) - Axis-Angle Scale i ;,,)zf 78
B | 7 (@—Axis Polar Angle)
(
—— o
- _%
e 2 cosﬁ 4
P A 2 v
B : ‘ aﬁy> = €
uler Angle Dial o
o i . B
Azimuthal coordinate) e 2 SIHE d B 4
. . . N=x. dial ﬁ. .
Third rotation R(a00) Second rotation R(030) First rotation R(OOy) \= R(aﬁy)|’]‘ooo>
I
A Sets the /3 dia From Lecture 7 -8
3 page 80 to 89 Fe
. ¢
Sets the Qdidl Lecture 8 ¥ M| Axis-Angle Scale
page 21 to 25 Rotational Analog Gompuer - Axigzimmh)
R((x around Z )
_l,O(—}/ ﬁ e é . 9 e _(é _ é) )
—i% —e 2 sinz - cos 5 10, sin 5 isin e .
R(apy)=| © » _ R[6 |- o . o =R[pv0|=c
0 e o 2 Cosg —ismz(@ +i®Y) cos5+i®Z sin—
L cos Pt 0Bl 10 0 |n%tY o0sB =:cos9 Lo 6 sing—i 0 =i g sing—i 0 g sin®
: : Y z
i 200 1 - 2 2 ' 20 0 1 2 i 0 2 0 -1 2
e eeeemesseesmesseessesseesseetlIIITITIIIITIT1111107510070000000000000000000030000 , : cos@ sin® sin@ sin® cos®
Euler R(0.37) is simpler to form than ©-axis Darboux R[@00]. : : 5 6 o
.. ' ' cos— —icosvsin— —sin—(sin@sin? +icos@sin ¥}
Euler state definition lets us relate R(cy) to R[@¥0O] ... : P 2 2 2( ¢ psin?)
| OCBY>: R((XBY)| OOO> ((XB'Y make better COOFdinat@S) E ; sin%(sinq)sinz?— icosq)sinz?) cos%+ icosﬁsin%
LA o g | X Hip x; =:cos[(+)/2] cosP/2=:cosO/2:
- - : 1Py e S ERLET GO LI NEREELEET . .
e 2 cos> —e * sin- -p, = sin[(y—0)/2] sinP/2 = O sin®/2 =cos@ sind sin®/2
e sin ) e cos Py 0 X, +ip,
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Euler R(oyy) versus Darboux R[@YO]

L 7 - Euler Angle Dial An
Euler Angle Dial E B astronomer’s
Y - ' ¢ (Polar coordinate) diagram
(Twist coordinate) ' ‘

$7X3

B

Axis-Angle Scale

)

(@—Axis Polar Angle)

Axis-Angle Dial

(Angle of Crank Rotation)

Rotatloné! AnalogComputer

f M| Axis-Angle Scale

¢

(w—Axis Azimuth)

=R [(pz?@] = M

(
—_—— o
- %
e 2 cosﬁ
) 2 y
‘Taﬁy> e 2
Euler Angle Dial o
(04 iz . ﬁ
Azimuthal coordinate) e < S 5
- . . / ,_Y ;
Third rotation R(@00) Second rotation R(030) First rotation R(OOy) " R(aﬁy)|TOOO>
I
A Sets the 3 dial From Lecture 7
/) page 80 to 89
’
Sets the Qdial Lectul‘e 8
- page 21 to 25
R((x around Z)
L _e—ia;’ Sinﬁ B cosz—i(:)z sin% —iSin—(C:) —ié)y)
R(apy)=| ¢ ° 2 | R[6]-
’ oty N C A
0 e o 2 Cosg —zsmz(@ +z®Y) cos5+z®zsm5
I : N
= COS ycosﬁ 10 0 sin }/cosé =1COS— 0 —1 O, sin—-—1i O
i 200 1 - 2 2 : 20 0 1 2 l
LR EEE B I : cos( sind

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(oy) to R[@00O] ...
| aBy)= R(aPy)|000) (opymake better coom’mates) :

o+y

0=y ;
—i ﬁ —i . ﬁ 1 X +ip, -------------------.---
e 2 cos— —e 2 sin— -p, = sin[(y—o )/2] smB/Z:
o—y o+y B
1— I—
Lop g | =ieosl(=09/2] sin2

e . . 0
cos— —icosVsin—
2 2

sin%(sinq)sim? —icos@sin 19)

—sin%(sinqo sint}+icos@sin 19)

(O )
cos— +icos ¥ sin—
2 2

— @Ysing—i Lo (:)Zsing
0 2 0 -1 2

'sin@ sin
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Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

(Angle of Crank Rotation)

e — Euler Angle Dial An p
Euler Angle Dial B astronomer’s .
Y . ; (Polar coordinate) diagram o T # ¢/
(Twist coordinate) j L / ; Axis-Angle Scale e 3,; l«> ;
(a) ' - B |/> (w-Axis Polar Angle)
Euler r
angle _, o=x, -4 %
goniometer e 2cos ﬁ 3
- ) 5 B
1
‘ T ofy > = e 2
Euler Angle Dial o
o iz . B
Azimuthal coordinate) e Sll’lE ¥ B -
” - - dial ® &
Third rotation R(a00) Second rotation R(030) First rotation R(OOy) \= R(aﬁy)|’]‘ooo>
i
it Sets the 3 dia From Lecture 7 &
~ T B
) page 80 to 89 be

Sets the Qdial

Lecture 8
page 21 to 25

f M| Axis-Angle Scale

¢

(w—Axis Azimuth)

— —

Rotationé! AnalogComputer ;

R ((x around Z )

- cosﬁ —smﬁ il e_ia;ycosﬁ —e_la;y sin— ~ cos%—i@zsin% —isin%(é _ié)Y) H
R(opy)-| 0 2 2 e 0 | _ 2 2 | R[®]= =R[(p0@]=e—l t
i in2 B ) L B L B —ising(@ +i0 ) cos—+ 0, sin—
0 e Sty €085 0 e e ? sinE e 2 cos— 2 Y 2 AN
:cosaTﬂ/cosg( 10 ]—i[ 01 ]Sin%sing—i( 0 —i }cos%sing—i( o jsinaT”cosg :ECOS%( (1) (1) J—i[ ](:) Sin%—i( 0 z)i jéYSin%_i( (1) 01 ](:)Zsin(;)
; 0 1 10 i 0 0 -1 Ji. 2. .. 2. | i -
g cosp sin®  fsing smd os®
Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)]. L _S 1n9(81n51m9+l COS Smﬁ)
Euler state definition lets us relate R(cy) to R[@¥0O] ... : ¥ = 2 2 2 Y 5
| aBy)= R(aPy)|000) (opymake better coom’inateq)_______________i E sin%(singosinz?—icosq)sim?) cos9+icosﬁsin%
@y g oy g | X Hip x; =tcos[(+0)/2] cosP/2 = :cosO/2: 5
—i —i . 1P e bk b b AL Sy : : :
e % cos> —e * sin -p, = sin[(y—0)/2] sinf/2i= O sin@/2 =cos@ sinY sinO/2 :
oL g g ) x> =:cos[(y-01)/2] sinf/2i= ©, sin@/2 =:sing sin® sin®/2 §
e sin— e cos— ; A B ettt ettt ettt
2 2 0 P -p;=sin[(y+a)/2] cosPp/2 = O, sin®/2 = .cos¢ sme®2
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Review: Fundamental Euler R(0y) and Darboux R[@O®] representations of U(2) and R(3)

» Euler R(a}y) derived from Darboux R[@OO] and vice versa
Euler R(0By) rotation ®=0-4r-sequence [QV] fixed (and “real-world” applications)
R(3)-U(2) slide rule for converting R(opy) < R[@OO] and Sundial
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

x,= cos[(y+o)/2]cos /2 =
—p,=sin[(y—a)/2]sin§/2 = ©. sin®/2 = cospsin® sin®/2
X, = cos[(y—)/2]sin3/2 = O, sin®/2 = sing sin?} sin®O/2
—p,=sin[(y+a)/2]cos}/2 =0O,, sin®/2 =

oty
—1

B _ 7

e 2 COSE —e 2 sin

Pt B

e 2 sinz e 2 cos

[OFY

o+y
—1

e 2 cos

&=

e 2 sin

x1+zpl

X2+lp2

cos®/2

cost) sin®/2
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

—i“;y B —ia;/ B 1 _i“;y B xpkip, | M=eos{(yro)2]eosf2= cosO/2
€ COSE ¢ Sm? B € COSE B —p,=sin[(y—a)/2]sin§/2 = ©. sin®/2 = cospsin® sin®/2
A B A oA - x,=cos[(y-)/2]sin3/2 = O, sin®/2 = sing sin®? sin®/2

e 2 sin- e % cos— 0 e 2 sin- X +ip, | . _ _
2 2 2 2202 ) —p=sin[(y+a)/2]cos /2 =@, sin@/2 = cosV sin@/2

Thursday, February 12, 2015 19



Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e N~ S xpbipy | AEeosl(zre)Rleospla= c0s0/2
€ coSy ¢ Sy _ € coSy _ —p,=sin[(y—)/2]sinf3/2 = (:) sin®/2 = cos@siny sin®/2
<L oty B L B E X, = cos[(y—)/2]sin3/2 = O, sin@/2 = sing sin?} sm@/2
e 2 sin— e % cos— 0 e % sin— X, +ip, |
2 2 2702 ) —py=sinl(y+0)/2]c0sp2 = O, sin@2 = ¢ 9_8_1?___8_1!1_@_/2
tan[(y+)/2] = cos¥tan®/2 tan[(y—o)/2]= cotep = tan[— —¢]
Thursday, February 12, 2015 20



Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e g e g |y 27 g xpkip, | M=eos{(yro)2]eosf2= c0s0/2
2 P _," 2 ok 2 P : ~
€ c052 € sz B € 0032 B —p2—51n[(}/—05)/2]sm[3/ =0, sin®/2 =cos@sint} sin®/2
g M g 2L g i x,=cos[(y—)/2]sin /2 = O., éii[é}'z':'s'fri}/}'é{ﬁ}é"éiﬁé)'}i
e 2 sin- e % cos— 0 e 2 sin- X +ip, |

2 2 272 ) —py=sinl(y+a)/2]cos B2 =0, sin®2= ¢ 9_8_1_9___8_1!1_@_/2

tan[(y+0)/2] = cos P tan©/2 tan[(y—0)/2]= cote = tan[ = — ]
........................................................................... seeneennen s

(y+)/2 = tan”'[cos® tan©/2] (y—a)/2= > ()

Thursday, February 12, 2015 21



Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)
e B = T B xpkip |- 2= C0sl(71 )2 99.8.@/.2__—_: ____________________________ c0s©/2
€ cos o) € St 0 _ € cos 2 |_ —p,=sin[(y—a)/2]sinf3/2 =0 sin®/2 = cos@sin®} sin®/2
<L g g L B 5 X, = cos[(y—)/2]sin3/2 = O, sin®/2 = sing sin?} sm@/2
e 2 sin— e % cos— 0 e % sin— X,+ip, |
2 2 2702 ) —p=sinl(y+0)2]cos B2 =O, sin@2 = ¢ 9_8_1_9___8_1!1_@_/2

(7+0:)/2 = tan™ '[cos ) tan©/2]
sin[(y—00)/2] = sin[% — 0] = cos

This gives Euler angles (opy) in terms of Darboux angles [¢v0]
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e g e g |y 27 g xpkip, | M=eos{(yro)2]eosf2= c0s0/2
e 2 cos— —e ? sin— e 2 cos— - B
) 2 B 2 | —p2—51n[()/—05)/2]sm[3/ =0, sin®/2 =cos@sint} sin®/2
g M g 2L g i x,=cos[(y—)/2]sin /2 = O., éiﬁé}'z':'s'fri},}'é{rl}é"éiﬁé}i
e 2 sin- e % cos— 0 e 2 sin- X +ip, |
2 2 272 ) —py=sinl(y+a)/2]cos B2 =0, sin®2= ¢ 9_8_1_9___8_1!1_@_/2
tan[(y+0)/2] = cos P tan©/2 tan[(y—0)/2]= cote = tan[ = — ]
........................................................................... seeneennen s
(y+0)/2 = tan_l[cosﬁtan®/2]--------------------g-------------------- (y—o)/2= I ¢

T
. - /2 =sin[—— =
This gives Euler angles (ofy) in terms of Darboux angles | (pﬂ@] sin(y=¢)/2]=sinl- @] =cosp

0= Q—T/2-+tan™ (cost tan@/2) ~

y=T/2—@+tan"' (cos tan©®/2)
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e g e g |y 27 g xpkip, | M=eos{(yro)2]eosf2= c0s0/2
e 2 cos= —e 2 sin— e 2% cos— A
2 2 _ 2 | . —p,=sin[(y—a)/2]sinB/2 = O, sin®/2 = cospsin® sin©/2
=L B L T B 5 X,= cos[(y—)/2]sinf3/2 = O, sin®/2 = sing sing -§1n®/2
e 2 sin— e % cos— 0 e % sin— X +ip, | :
2 2 2702 )i —py=sin[(y+a)/2]cos 2 =0, sin@/2= ¢ 9_8_1_9___8_19@_/215
tan[(7+01)/2] = cos? tan®/2 tan[(7—/)/2]= cote = tan[ = — @]
........................................................................... Ty B
(y+a)/2 = tan_l[cosﬂtan®/2]--------------------3-------------------- (y—a)2= 57 ¢
g sin[(y—o)/2] = sin[z —@]=cos@
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] : 2 :
o= (p—7t/2 +tan (cosﬂ tan@/2) T Smﬁ/z:SIM smO2 :
B — 2Sln (Sln@/z Sln'ﬁ-) ....................................... g ...............
V=T/2—@+tan™ (cosOtan®/2) ... i
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

oty oy _aty Yti x, = cos[(y+o)/2]cos /2 = cos®/2

e : 2 Cosﬁ —e : 2 Slnﬁ 1 e l 2 Cosﬁ ! pl S ---------------------: ------------------------------------

2 2 ~ 2 | —pz—sm[(y—oc)/2]smﬂ/ =0, sin®/2=cospsiny sinO/2

i A I A A L i x,=cos[(y—)/2]sin /2 = O., éiﬁé}'z':'s'fri},}'sf{ﬁ'&'éiﬁ'é)'ii

e 2 sin- e % cos— 0 e 2 sin- X,+ip, |

2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ 0,sin®2= ¢ 9_8_1_9___8_19@_/2.
tan[(7+a)/2] = cos®) iél}ié'/z" tan[(7—0)/2]= cotg = tan[~ — ]

........................................................................... soeneennen e

(7/.'.“)/2 — tan_l[cosﬁtan(h)/z] (’)/—a)/z = 5 — (p ---------------------------

This gives Euler angles (ofy) in terms of Darboux angles | (pﬂ@] : -
o= (p—71:/2+tan l(cosOtan@y2) ;_,...........-._----.S.lnﬁ@..—.-8;1.1.1.1?.-S.l.l.l.@/.%________;____.:

B = 2s1n” (Slﬂ@/z Slnﬁ) ....................................................... ...............
V=T/2—@+tan™ (cosOtan®/2) ...

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy) . ;
0= (0L—y+Tm)/2 cos[(y—)/2]= COS[——(p] =sing *
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

oty oy _aty Yti x, = cos[(y+o)/2]cos /2 = cos®/2
e : 2 Cosﬁ —e : 2 Slnﬁ 1 e l 2 Cosﬁ ! pl S ---------------------: ------------------------------------
2 2 ~ 2 | —pz—sm[(y—oc)/2]smﬁ/ =0, sinO/2=cospsin sinO/2
i A I A A L i x,= cos[(y—0r)/2]sin 52 = O, sin®/2 = sing sin®} sinO/2
e 2 sin— e % cos— 0 e % sin— X,+ip, | ;
2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ 0,sin®2= ¢ 9_8_1_9___8_19@_/25

tan[(7+a)/2] = cos®) iél}ié'/z" tan[(7—0)/2]= cotg = tan[~ — ]
........................................................................... soeneennen e

(7/.'.&)/2 — tan_l[cosﬁtan(h)/z] (’J/—a)/z = 5 — (p ---------------------------

This gives Euler angles (ofy) in terms of Darboux angles | (pﬂ@]

0= -2 Htan’ Y(cosOtan@/2) §_,...........-._----.S.m.ﬁ.@..—.-8;1.1.1.1?.-S.l.l.l.@/.%--______g____.i
B = 2sin!(sin®/2 sin®) - ................ :
V=T/2—@+tan™ (cosOHtan®/2) ...
Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)
Q= (L—Y+T)/2 cos[(7-0:)/2] = cos[ >~ ] =sin -
O = tan"'[tan /2/ sin(o+7)/2] Cosl(y=0)RISINPI2 _ G o tan = tanﬁ/z _ aw...-f
............................ sin[(y+0:)/2]cos /2 sinf(y+a)/2]
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

N = RLAVAN xpkip, | M=eos{(yro)2]eosf2= c0sO/2
e 2 cos=— —e 2 sin— e 2 cos— ' A
2 2 ~ 2 | —p,=sin[(y-a)/2]sinB/2 =0 sin®/2 = cospsiny sin®/2
g % g 2L g i x,= cos[(y—0r)/2]sin /2 = O, sin®/2 = sing sint} 'éiﬁé'}i
e 2 sin— e % cos— 0 e % sin— X,+ip, |
2 2 2702 ) —py=sin[(y+0)/2]cosp/2 =0, sin@/2= ¢ 9_8_1_9___8_19@_/2.
tan[(y+0)/2] = cos® tan®/2 tan[(7—)/2]= cote = tan[ - — @]
........................................................................... FUA A
(y+o)/2 = tan_l[cosﬁtan(a/Z]--------------~-----g-------------------- (y—o)/2= 57 ¢
: sin[(y—o)/2] = sin[z —@]=cos@
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] : 2 :
o= (p—7t/2 +tan™ (cost tan@y2) < o SINBR2=sin0 sO2 |
B j— 2Sln (Sln@/z Sln’ﬁ-) ....................................... g ..............
V=T/2—@+tan™ (cosOtan®/2) ... i
Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)
T .
0= (0L—y+Tm)/2 cos[(y—)/2]= COS[E—(p] = sing
- : .
U = tan [t@.f.l..ﬁ./.%/.ﬁ.l.n.@@ﬂ)./%] ................ cosl(y=e)/2JsinB2 o R
® =2 cos '[cos B/2 cos(ory)/2] e sin[(y+o)/2]cos /2 sin[(y+0)/2]
............................ = cos[(y+o)/2]cos3/2 = cos®/2
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

oty o Loty Yot i x,=cos[(y+)/2]cos3/2 = cos®/2
N -y - B Py | AL RO SRR
R T R - p,=sinl(y-)2sinB/2 =6 sinO/2 = cospsin® sin®/2.
2 g & g g i x,= cos[(y—0r)/2]sin5/2 = © ; sin®/2 = sing sin® sin©/2;
e 2 sin— e % cos— 0 e % sin— X,+ip, | ;
2 2 2 22 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/% ______ O,smO2=_ c 9_8_1_9___8_19@_/25

t;r;'[(y'léj}'zj'"E(}'s'{é'ta}ié'/z" tan[(7—/)/2]= cote = tan[ = — @]
........................................................................... SRR -

(y+o)/2 = tan_l[cosﬁtan®/2]--------------~-----3-------------------- (y—a)/2= 5 @

T
. - /2 =sin[— — =
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] sin(y=¢)/2]=sinl- @] =cosp

o= (p—71:/2 +tan "' (cos ¥ tan®/2) B —— T Smﬁ/2=81m9 sin@/2
B = 2Sln (Sln@/z Sln'ﬁ-) ......................................... g “““““““““““““
V=T/2—@+tan™ (cosOtan®/2) ...

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)

0= (oL — y+ 7'[)/2 cos[(y—x)/2]= cos[% —@]=sinQ
0 = tan’ [ta.f.l..ﬁ./.%/.ﬁ.l.f.l.(@?@ﬂ)./%] ............... cosl(y=0)2sinf2_ oo a2
® =2 cos '[cos B2 cos(ort)/2] T sin[(y+a)/2]cos /2 sin[(y+a)/2]
...................... _ " = 0N
Example: Euler angles (0=50° f=60° y=70%) 7 Aoy Tlooss .
o= (50°=70"+180°)/2 = 80°

9= tan '[tan 60°/2/sin(50°4+))/2]  =33.7°
® =2 cos '[cos 60°/2 cos(50°+Y)/2] = 128.7°
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e g e g |y 27 g xpbipy | AEeosl(zre)Rleospla= c0s0/2
e 2% cos— -e sin — e 2% cos— -
2 2 _ _ - —py=sin[(y—0)/2]sin}/2 =0 sinO/2 = cospsiny sinO/2
g M g 2L g i x,= cos[(y—0r)/2]sin5/2 = © ; sin®/2 = sing sin® sin©/2;
e 2 sin— e % cos— 0 e % sin— X +ip, | :
2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/% ______ O,sm02=__ ¢ 9_8_1_9___8_19@_/215
{a}i'[(y'l(}éj}'z']""é&s'{éié}ié'/z" tan[(7—/)/2]= cote = tan[ = — @]
e 7.2: Y
(y+a)/2 = tan_l[cosﬁtan®/2]--------------~-----g-------------------- (y—a)2= 57 ¢
: T
: sin[(y—a)/2] = sin[——¢@] = cos
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] [(r=o0/2] [2 4 ¢
o= (p—7t/2+tan (cosﬂtan@/Z) sinf3/2 = sin®. sin®/2

f e e e o e s e s memm m om m m m o EEEEEEEEEEEEEEEEEEEEEEEEEEEEE®
............
.........

B =2sin (sm@/Z G e o
v =m/2—@+tan' (cos® tan®/2)

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)

Q= (0—y+T)2 cos[(7-0:)/2] = cos[ >~ g] = sinp
O = tan "'[tan 3/2/ sin(0+7)/2] cgs[(y—a)/z]sinﬁ/z  sin tand = tanf2 9
® =2 cos '[cos B/2 cos(0+7)/2] sin[(y+0r)/2]cos3/2 sin[(y+0)/2]

Example: Euler angles (0=50° p=60° y=70°) . hecks () Fl000]

_ o__ A0 o _ QN0 everse check: (of3y) in terms of [@
¢= (50_1 70° +180 ?/2 30 00=80°-90°+tan "' (tan (128.7°/2) c0s33.7° )=50.007°
U= tan"[tan 60°/2/sin(50°+Y)/2]  =33.7° g = 2sin"(sin 128.7°/2 in33.7°)=60.022°
® =2 cos 'l[cos 60°/2 cos(50°+y)/2] = 128.7° vy=m/2-128.7°+tan ' (tan (128.7°/2)=70.007°
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Review: Fundamental Euler R(0y) and Darboux R[@O®] representations of U(2) and R(3)

Euler R(a}y) derived from Darboux R[@OO] and vice versa
» Euler R(0By) rotation ®=0-4r-sequence [QV] fixed (and “real-world” applications)
R(3)-U(2) slide rule for converting R(opy) < R[@OO] and Sundial
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Euler R(o}y) rotation ® =0-4m-sequence [@O] fixed
©=128.7° ©=130"

(c) = 128.68° (d) = 180°
Operator: R[¢ 0 ] = Operator: R[¢ 6 @] =
R[80° 33.69° 128.68"] LS. R[80° 33.69° 180°]

-

®

Operator: R[¢ 8 @] =

i Operator: R[¢ 6 ©] =
R[80° 33.69° 0°]=1

R[80° 33.69° 240°]

3 Q’,
Position State:

(oY) = R($ 6 0]|1) =
| -10° 0° 10° ) =|1)
(Initial Position State) :

Position State:

lBy) = R[¢ 6 @]|1) =

Position State:

= = Position State:
FRr B va) - = i) = R[6 8 w]i1) =

Position State:
leBy) = RI¢ 8 w)|1) =

| 15.7° 32.20° 35.7°)

|50° 60° 70°)

| 80° 67.4° 100°)

| 114.8° 57.4° 134.8°)

O©=300°

(f) ® = 300°
Operator: R[$ 6 @] =
R[80° 33.69° 300°]

Position State:
lefy) = R[$ 6 w]|1) =

| 144.3° 32.2° 164.3%)

Thursday, February 12, 2015

31



O=0°"

(a) m=0°
Operator: R[¢ 8 @] =
R[80° 33.69° 0°]=1

Position State:

lBy) = R[¢ 6 @]|1) =

Position State:

(oY) = R($ 6 0]|1) =
|-10° 0° 10° ) =|1)
(Initial Position State)

| 15.7° 32.20° 35.7°)

(g) ®=360°
Operator: R[¢ 0 ©] =
R[B0° 33.69° 360°)

Position State:
lefy) =R($ 6 @]i1) =
| 170° 0° 190°)

(2nd Initial State)

Position State:

lofy) = R[¢ 6 w]|1) =

| 195.7° -32.2° 215.7°)

O=360" ©=420°

Position State:
lofy) = R(¢ 6 w]|1) =

| 50° 60° 70°)

(i) = 488.68°
Operator: R[¢ 6 @] =
R[80° 33.69° 488.68°]

Position State:
lafy) = R(o 0 0]|1) =

| 230° -60° 250°)

Euler R(aPy) rotation @ =0-4m-sequence [QO] fixed
O=128.7°

(c) = 128.68°

Operator: R[¢ 0 ] =
R[80° 33.69° l28,68“]

O=180° ©=240° ©=300°

| 260° —-67.4° 280°)

(d) o= 180° (e) ® = 240° (f) ® = 300°

Operator: R[¢ 6 0] = Operator: R[¢ 6 ©] = Operator: R[¢ 6 ] =

R[80° 33.69° 180°] R[80° 33.69° 240°] R[80° 33.69° 300°] \

4

Position State: Position State: _ Position State:
jeBy) = R[$ 6 w]|1) = lefy) = Rl¢ 8 w]|1) = lefy) = R[$ 6 w]|1) =
| 80° 67.4° 100°) | 114.8° 57.4° 134.8%) | 144.3° 32.2° 164.3°)

(i) @ = 540° (k) ® = 600° (1) = 660°

Operator: R[$ 6 0] = Operator: R[¢ 6 @] = Operator: R[0 6 @] =

R[80° 33.69° 540°] R[80° 33.69° 600°] R[80° 33.69° 660°]

.

Position State: Position State:
jafy) = R[$ 6 wll1) = loefy) = R[9 6 w]|1) = |ofy) = R(® 6 w]i1) = - “

| 294.8° -57.4° 314.8°) | 324.3° =32.2° 344.3%)

O=488.7° ©=540"  ©=0600° ©O=660°
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Review: Fundamental Euler R(0y) and Darboux R[@O®] representations of U(2) and R(3)

Euler R(oBy) derived from Darboux R[@O0O] and vice versa
Euler R(0fy) rotation @ =0—47-sequence [@V] fixep(and “real-world” applications ) <
R(3)-U(2) slide rule for converting R(opy) < R[@OO] (and Sundial)
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Some “real-world” applications of
the U(2)-R(3) spinor-vector topology

Sequential models of D. A. Adams’ antitwister mechanism

From Scientific American
December 1975-p.120-125
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Some “real-world” applications of
the U(2)-R(3) spinor-vector topology

Sequential models of D. A. Adams’ antitwister mechanism

From Scientific American
December 1975-p.120-125
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Some “real-world” applications of
the U(2)-R(3) spinor-vector topology

Sequential models of D. A. Adams’ antitwister mechanism

From Scientific American
December 1975-p.120-125

f‘ti.ﬂi{fl’-

)

Wires do not get twisted up as
the turntable rotates

1dler
pig syl
el

Periscope allows
Stationary outside
viewer to see into a
rotating frame that
appears fixed as the
turntable rotates
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Review: Fundamental Euler R(0y) and Darboux R[@O®] representations of U(2) and R(3)

Euler R(a}y) derived from Darboux R[@OO] and vice versa
Euler R(0Py) rotation ®@=0-4r-sequence [QO] fixed
» R(3)-U(2) slide rule for converting R(opy) < R[@OO] and Sundial
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R(3)-U(2) slide rule for converting R(opy) <+ R[@HO]
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Figure 5.3.7 Setting the rotational slide rule. (a) Darboux or axis angles. (b) Euler

angles.
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Euler R(0Py) Sundial
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(2) density operator approach to symmetry dynamics
Bloch equation for density operator

Quick U(2) way to find eigen-solutions for 2-by-2 H
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U(2) density operator approach to symmetry dynamics  x=cosiczay2lcosps?

=-sl /2 /12
Euler phase-angle coordinates (o, [3,7) |T>:[ v, ]:Jﬁ[ X tip, ]:\/ﬁ( 2 o ] » p=-sin[(+0)/2]cosf3

and norm N of quantum state |V) ¥, Xy+ip, 2 gin B2 x,=cos[(y-0.)/2]sinf/2

p>=-sin|(y—0.)/2]sin[3/2
1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

. . 1 0 b g scaled 1 2 2y N
<\P|1’\P>= N =( ¥, Y, )( 0 1 \P; =N{p’+x°+p,° +x) by L. 50\{’1‘ +|‘P2‘ ):?
4DYnorm=1
. . by scaled 1 N ) N
<‘I’|0'Z|‘P>=2SA=( ¥, Y, )[ (1) —Ol ‘Pl =N(p12+x12—p22—x22) by%: SZ=SA=EO‘P1‘2—|‘P2|2)=?[coszg—sm2§j=gcosﬁ

41
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U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (0., 3,7)
and norm N of quantum state |V)

b4
b4

v

1/2 times o-operator expectation values (V|6 V)

1l

g1ves:

x;=cos[(y+a)/2]cos[3/2
0/ p;=-sin[(+0)/2]cosP/2
e "% cos B2

2 in B2

X1+lp1
X2+lp2

oz

Spin S-vector components:

x,=cos[(y—a)/2]sin3/2
po=-sin|(y—0)/2]sin[3/2

_ _ * gyt 1 0 Yo 2, .2 2, 2\ Scaled 1 2 2y N
(wlilw)= v = )( N B ey o )=2
2 2
” 4DYnorm=1 od 5 5
P - 1 0 I 2,2 2 2\ Scale o ] 2 2\_ N[ 2 2P |_N
<‘P|GZ|‘P>—2SA—( ¥, V¥, )( 0 ¥, —N(p1 +x,7—py, —x, ) by%: SZ—SA——(|‘I‘1| —|‘P2| )—?(cos 5—sm P —?cosﬁ
.. ¥, scaled . B.B N :
<‘P| |‘P>:2S :( ¥, Y, ) :2N(x1x2+p1p2) 1 S, =5,=Re¥Y¥Y, = Ncosacos—sin— =-—cosc sin/3
¥, by 5: 2 2 2
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U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (0., 3,7)
and norm N of quantum state |V)

1/2 times o-operator expectation values (V|6 V)

_ _ * * 1 0 lI’1
= (w0
s =\ 10 ¥

(o Jep=as,=( v vy | 00 )

J =2N(x1p2—x2p1) by |

hE

g1ves:
) ) scaled

=N plz+x12+p2 +X, 1
by 7

4DYnorm=1
_ N(pl2 +x12 —p22 _xzz)

scaled

1
by 5:

scaled
=2N(x1x2+p1p2) oL

Y 5

scaled

Y 5.

x1+zp1

X2+lp2

x;=cos[(y+a)/2]cos[3/2
0/ p;=-sin[(+0)/2]cosP/2
e "% cos B2

A02 o B2 x,=cos[(y—a)/2]sin3/2

po=-sin|(y—0)/2]sin[3/2

)

Spin S-vector components:

1 N
Ao e )=

1 2 2\ N 2B 2B} N
S,=85,==||¥,| -|¥ =—| cos” ——sIn" — |=-—cos
Z A 2(| 1| | 2| ) 2 ( 2 2 2 ﬁ
S, =8 =Re‘{’>1k‘{‘2 =Ncosacos§sin§ =%cosasinﬁ
SY=SC=Im‘P>1k‘P2 =Nsinoccos§sin§ :%Sina sin 3
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U(2) density operator approach to symmetry dynamics  x=cosiczay2lcosps?

=-§l /2 /2
Euler phase-angle coordinates (0, 3,7) ) vl e Ly 2050 | o p=-sin[(+0))/2]cosf3
and norm N of quantum state |V) |y, | Hip, | %12 Gin B

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

x,=cos[(y—a)/2]sin3/2

2 pr=-sin[(y—-0.)/2]sinp/2

* % 1 0 ¥, 2 2 2 ,\ scaled 1 2 2 N
el v =(wp w0 | e e Y oo )=
2 —~— Y 5
” 4Dnorm=1 od 5 5
_ owt wt 1 0 1| 2, .2 2 2\ Scate o1 2 2\ N 2 . 2B) N
<‘P|GZ|‘P>—2SA—( Y, Y, )( 0 1 ¥, —N(p1 +x7 = py, —x, ) by%: SZ—SA—EU‘PJ —|‘I’2| )—?(cos 5—s1n El—zcosﬁ
. ¥, scaled . B.B _ N :
<‘P| |‘P>=2S =( Y, Y, ) v, =2N(x1x2+p1p2) by%: S, =8,=Re¥ ¥, =NcosacosEsm5 =Ecosocsmﬁ
. . 0 —i Y, scaled . . . N . _
<‘P|6Y|‘P>:2SC=( Y, Y, )( ; Ol )[ N7 J :2N(x1p2—x2p1) by% Sy =8,=Im¥ ¥, =Nsmoccos§s1n§ :?sma sin 3
5 :

The density operator p = |YXW|= ! ®( S ): O
¥, LP2‘P>1k Tzl}’; \P?Pz \lepz
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U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (0., 3,7)
and norm N of quantum state |V)

1/2 times o-operator expectation values (V|6 V)

el (v s

(¥lo [ ¥)=25,=( ¥, ¥;

—1 ¥,
<‘P|6Y|‘P>:2SC=( S O )( (1, A )[ v, ]
The density operator p = |YXW|=

py =",

1
:EN+SZ

p, =,

=S, —iSy,

py =Y, |pp="1,Y,

1

Norm: N =¥Y1*¥1 + WY2*¥?

u

g1ves:

¥ scaled

1 0 1 - N p12+x12+p22+x22 1

0 1 \P2 by 7

” 4DYnorm=1 od

1 0 1 ( 2 2 2 2) scaie
=N +x"=-p, —x

2N( N ) scaled
= XXy T PPy 1.
5 by 5
2N( ) scaled
= X\ Py =Xy P 1.
172 — P by L
LPI * * lPILIflk
®( \Pl \PZ ): *
¥, ¥,
1 .
SN+S, Sc-iS,
- | |
S +iSy SN=S,

)

(_...2—by-2 density operator p

x1+zp1

X2+lp2

x;=cos[(y+a)/2]cos[3/2
p;=-sin[(+0)/2]cosP/2
—iy/2
e :
x,=cos[(y—a)/2]sin3/2
po=-sin|(y—0)/2]sin[3/2

¢ 12 o B2
2 in B2

]:Jﬁ

Spin S-vector components:

1 N
Ao e )=

o 1 2 2y N 2B . 2B N
SZ—SA—EU‘PJ —|‘I’2| )—?(cos 5—s1n 5 —?cosﬁ
. : N :
S, =8,=Re¥ ¥, =Ncosacos§sm§ =Ecosoc sin 3
Sy=58,= Im‘PT‘Pz =Nsinacos§sin§ :%sina sin 3
Y, _[ P11 Pr2 ]: ESE ST SY o'
Y,¥, Py1 P v.\w, Y,Y,
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U(2) density operator approach to symmetry dynamics  x=cosiczay2lcosps?

=-§l /2 /2
Euler phase-angle coordinates (0, 3,7) |\P>:[ v, ]: \/ﬁ[ X +ip, ]: I 012 05 12 i p;=-sin[(}+0))/2]cosf

and norm N of guantum state |V +i io/2 x,=cos|[(y—0.)/2]sin[3/2
Nofq ) Yo+ip) e “sin /2 Day=-sin[(y=0)/2]sinB/2

¥,

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

* % 1 0 ¥, 2 2 2 ,\ scaled 1 2 2 N
el v =(wp w0 | e e Y oo )=
2 —~— Y 5
” 4Dnorm=1 od 5 5
_ owt wt 1 0 1| 2, .2 2 2\ Scate o 1 2 2\ N 2 . 2B) N
<‘P|GZ|‘P>—2SA—( Y, Y, )( 0 1 ¥, —N(p1 +x7 = py, —x, ) by%: SZ—SA—EU‘PJ —|‘I’2| )—?(cos 5—s1n Ej—zcosﬁ
. ¥, scaled . B.B _ N :
<‘P| |‘P>=2S =( Y, Y, ) v, =2N(x1x2+p1p2) by%: S, =8,=Re¥ ¥, =Ncosacoszsm5 =?cosasmﬁ
. . 0 —i Y, scaled . . . N . _
<‘P|6Y|‘P>:2SC=( Y, Y, )( ; 01 )[ N7 ] :2N(x1p2—x2p1) by%' Sy =8,=Im¥ ¥, =Nsmacos§sm§ :?sma sin 3
5 :

The density operator p = |V )XW¥|= ( " ]@)( S )= T [ P Pro ]: i WY

) SO0 R O O Pa1 Py Y, YW,
py =YY |pp =", |
1 o SN+S, S=iSy | |
_5N+SZ =8, —iSy, _| 2 _ N 1 0 +S +S, 0 —i S, 1 0
" " . 1 2 0 1 i 0 0 -1
P, =V\¥, |pyp=Y,¥, S +zSY EN_SZ
=S, +iS, :%N—SZ T P

- . -
Norm: N =¥1*¥1 +¥2*¥2  ...s0 state density operator p has o-expansion
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x;=cos[(y+a)/2]cos[3/2
p;=-sin[(+0)/2]cosP/2

U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (o, [3,7) |T>:{ YL N x| /v 12 s B i
\P2

and norm N of quantum state |V) X, +ip, 2 gin B2 x,=cos[(y-0)/2]sin[3/2

po=-sin|(y—0)/2]sin[3/2
Spin S-vector components:

1 N
Ao e )=

1/2 times o-operator expectation values (\V|c,|V)  gives:

1 0 ‘I’l 5 ) scaled

W)= N :( IS )L 0 1) ¥, AR by 3

4Dnorm=1

. 1 0 ¥ 2,2 2 o\ Scaled 1 2 2\_N[ 2B . o2B|_N
<\P|GZ|\P>:25A:( ¥, Y, )( 0 —1 ¥, ZN(P1 TX TPy X% ) by%: SZ:SA:_U\PJ |\P2| ):?(COS D) ZECOSﬁ
b led *
<‘P| |‘P>=2S =( ¥ \P; )( ]{ ‘I‘; ] =2N(x1x2+p1p2) ng; §,.=8,=Re¥|¥Y, =Ncosacos§sin§ =%cosasinﬁ
B B . 0 —i Y, B scaled o . o . N . _
<‘P|6Y|‘P>—2SC— Y, Y, i 0 ¥, _2N(x1p2—x2p1) by%: Sy =8,=Im¥ ¥, —NsmacosEsmg —?smasmﬁ
The density operator p = |YXW|= { ! ]@9( S ): 1 :[ Pii Prz ]: 1r T2
! B 2 vV, Y,%, P21 P2 ¥\Y, ¥,Y,
pn =Y [P, =¥, |
1 B _ —N+S§, §,-iSy i .
_5N+SZ =8, —iSy, _| 2 _ N 1 O +S +S, 0 —i S, 1 O
_— . S +iS 1N S 2 0 1 i 0 0 -1
Py =TTy [Pp=T)T, Py S TRz N Y N Y
' 1 1 1 S
=5, +iSy =5N—SZ T p = EN 1 + S o + Sy c, +§, o0, = ENH SeC

Norm: N =¥Y1*¥1 + WY2*¥?

...S0 state density operator p has o-expansion
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U(2) density operator approach to symmetry dynamics  x=cosiczay2lcosps?

=-S1 /2 /2
Euler phase-angle coordinates (o, [3,7) |\P>:[ ¥ ]: \/ﬁ[ x+ip, ]: \/ﬁ( 102 o5 B2 ]e—i P sin[(y+01)/2]cosp

and norm N of quantum state |V) P X, +ip, 2 gin B2 x,=cos[(y-0)/2]sin[3/2

2 pr=-sin[(y—-0.)/2]sinp/2

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

b scaled 1 N
. 1 0 1 2,2, 2,2 2 2
el v =(wp w0 | e e Y ofe)-2
2 V2
” 4DYnorm=1 od 5 5
* * 1 0 1 2., .2 2 2\ Scdie 1 2 2 N ) .9 N
<\P|GZ|\P>:25A:( ¥, Y, )( 0 —1 v, ZN(P1 TX TP TN ) by%: SZ:SAZEU\PJ _|\P2| ):?(COS 5 o Ejzgcosﬁ
. ¥, scaled . B.B _ N :
<‘P| |‘P>=2S =( ¥, Y, )( ]{ ¥, ] =2N(x1x2+p1p2) by%: S, =8,=Re¥ ¥, =Ncosacoszsm5 =?cosasmﬁ
. u 0 —i Y, scaled . . B . B N . _
<‘P|6Y|‘P>:2SC=( Y, Y, )( ; 01 )[ ¥, ] :2N(x1p2—x2p1) by%. Sy =8,=Im¥ ¥, =NsmacosEsm5 :?smasmﬁ
The density operator p = |YXW|= { ! ]@9( S ): 1 :[ Pii Prz ]: thr 2
. . ¥, v, Y, P21 P vy, ¥,
pn =Y [P, =¥, |
Iyies | o=s s PR IR TS T 0 —i 10
o e - A TR V)
P =W, |p,=V¥, S, +iS, =N-S5, l -
1 2 1 . W_/1 -
=S, +iSy ZEN_SZ T p = EN 1 + S o) + Sy c, +§, o0, = 5N1+S-0‘

Norm: N =Y1*¥1 +W¥2*¥2  ...so state density operator p has o-expansion like Hamiltonian operator H

A B=iC |_yg_A+D[ 1 0 | A=Df 1 0 |, 50 0 1 | o 0 ~i
B+iC D 2 (01 2 (0 -1 1 0 i 0
Q, Y Q- Q

_ A — i
H= ®, O, + 5 o 4 + Op +2 Oc —w060+2oc

Qp
>
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U(2) density operator approach to symmetry dynamics  x=cosiczay2lcosps?

=-S1 /2 /2
Euler phase-angle coordinates (o, [3,7) |\P>:[ ¥ ]: \/ﬁ[ x+ip, ]: \/ﬁ( 102 o5 B2 ]e—i P sin[(y+01)/2]cosp

and norm N of quantum state |V) P X, +ip, 2 gin B2 x,=cos[(y-0)/2]sin[3/2

2 pr=-sin[(y—-0.)/2]sinp/2

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

b scaled 1 N
. 1 0 1 2,2, 2,2 2 2
el v =(wp w0 | e e Y ofe)-2
2 —~— Y 5
” 4Dinorm=1 od 5 5
* * 1 0 1 2., .2 2 2\ Scdie 1 2 2 N ) .9 N
<\P|GZ|\P>:25A:( ¥, Y, )( 0 —1 v, ZN(P1 TX TP TN ) by%: SZ:SAZEU\PJ _|\P2| ):?(COS 5 o Ejzgcosﬁ
. ¥, scaled . B.B _ N :
<‘P| |‘P>=2S =( ¥, Y, )( ]{ ¥, ] =2N(x1x2+p1p2) by%: S, =8,=Re¥ ¥, =Ncosacoszsm5 =?cosasmﬁ
. u 0 —i Y, scaled . . B . B N . _
<‘P|6Y|‘P>:2SC=( Y, Y, )( ; 01 )[ ¥, ] :2N(x1p2—x2p1) by%. Sy =8,=Im¥ ¥, =NsmacosEsm5 :?smasmﬁ
The density operator p = |YXW|= { ! ]@9( S ): 1 :[ Pii Prz ]: thr 2
. . ¥, v, Y, P21 P vy, ¥,
pn =Y [P, =¥, |
Iyies | o=s s PR IR TS T 0 —i 10
o e - A TR V)
P =W, |p,=V¥, S, +iS, =N-S5, l -
1 2 1 . W_/1 -
=S, +iSy ZEN_SZ T p = EN 1 + S o) + Sy c, +§, o0, = 5N1+S-0‘

Norm: N =Y1*¥1 +W¥2*¥2  ...so state density operator p has o-expansion like Hamiltonian operator H

A4 B-iC |_y_A+D[ 1 0 ), 4=D[ 1 0 |, o[ 0 1 ], [ 0 =i
B+iC D 2 {01 0 -1 10 i 0

2
_ N1+ 2, ! Qp Qe Q
p= D ! o) H= G)O GO + 7 GA +7 GB +76C IG)OGO-I—EOG
Q IR
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U(2) density operator approach to symmetry dynamics
Bloch equation for density operator

Quick U(2) way to find eigen-solutions for 2-by-2 H
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U(2) density operator approach to symmetry dynamics (

] ~
pP= §N1+ SeC

J

Bloch equation for density operator He 14 Leg
Ket equation (time forward) and "daggered" bra-equation (time reversed). \. )
ih|‘P> = H|‘P>, & Daggar' = - ih<‘1“ = <‘P|H Note: H' = H.
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U(2) density operator approach to symmetry dynamics

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
ih|‘P> = H|‘P>, &= DaggarT = - ih<‘i“ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [\ )V

N . L ~
zhgp—zhp—zh|‘P><‘P‘+zh“P><‘P‘—H|‘P><\P| ¥)(¥H

\_

] ~
pP= §N1+ SeC

H=Q01+906
2

J

Note: H' = H.

p'=p
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U(2) density operator approach to symmetry dynamics

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
ih|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [\ )V

zhap:zhp:zh|‘P><‘P‘+zh“P><‘P‘:H“P><‘P|—|\P><\P|H

The result is called &* Bloch equation. A

. 0 s
ih—-p = zhszp—pH:[H,p])

\_

] ~
pP= §N1+ SeC

H=Q01+906
2

J

Note: H' = H.

p'=p
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U(2) density operator approach to symmetry dynamics

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
zh|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [\ )V

zhgp:zhp:zh|‘P><‘P‘+zh“P><‘P‘:H“P><‘P|—|\P><\P|H

The result is called &* Bloch equation. A
ihip =ihp=Hp—-pH=[H,p |
dt g
Given p and H in terms spin S-vector and crank 2-vector:

Hp = hQOI+E§00 Ni+Seo =hQOEI+Ehf)oc+hQO§oo+ﬁ(§oo)(§oc)
2 2 2 4 2

—pH= Ni+Seo hQOI+E§00 =hQOEl+EhQOG+hQO§OG+E(§OG)(QOO')
2 2 2 4 2

\_

] ~
pP= §N1+ SeC

H=Q01+906
2

J

Note: H' = H.

p'=p
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U(2) density operator approach to symmetry dynamics

Bloch equation for density operator
Ket equation (time forward) and "daggered" bra-equation (time reversed).
zh|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [\ )V
ih——p=ihp= in|\P) (| +in| W) (P| = H| W) (|| %) (¥|H
The result is called &* Bloch equation. A
d

h—p=ihp=Hp—pH=[H,

ih—-p=ihp=Hp—pH=|H,p|

y
Given p and H in terms spin S-vector and crank 2-vector:

Hp = hQOI+§fzoo)(%l+§oo h%+}kﬁé§+@9§o/c+g(ﬁoc)(§oo)
hQy N1+§M+W+g(§oo)(ﬁoo)

Last terms don't cancel if the spin S and crank €2 point in different directions.

—pH= %1+§-0][ﬁ901+§§00

\_

] ~
pP= §N1+ SeC

H=Q01+906
2

J

Note: H' = H.

p'=p
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U(2) density operator approach to symmetry dynamics

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
zh|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [\ )V

zhgp:zhp:zh|‘P><‘P‘+zh“P><‘P‘:H“P><‘P|—|\P><\P|H

J

p= %N1+§-G

H=Q01+906
\_ 2
Note: H;ZH.
P =P

The result is called &* Bloch equation. A
Aec|)(Beo)=4,B30,05=A4,Bg|0,5+i€,5,0
ihip=ihf)=Hp—pH=[H,p] ( )( ) a”B .06 B o ﬁ( op By 7)
ot ’ =A, B, +i€,p, 4,850,
Given p and H in terms spin S-vector and crank €2-vector: ~A*B+i(AxB)-o

h = N, - N - _ ho= . This
Hp = hQOI+EQoo)(71+Soo =h%+%+@980/0+5(900)(800) cancels
—pH= Ni+Seo hQOI+E§00 =Ml+%+hﬂqoo+ﬁ(§oc)(ﬁoo)
2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.

Hp—pH="(Qe0)(Se0) -2 (Sec)(Ce0)

This
remains
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U(2) density operator approach to symmetry dynamics( ,- % N1+ o0

Bloch equation for density operator

Q
, , , , H=Q 1+—e0o
Ket equation (time forward) and "daggered" bra-equation (time reversed). \. O 2 y

ih“P>=H“P>, cDaggarT:> -ih<‘{3‘:<‘P‘H

Combining these gives a time derivative of the density operator p = [\ )V

zhgp:zhpzzh“l’><‘l“+zh“¥><‘{":H‘\P><‘P|—|\P><\P|H

The result is called &* Bloch equation. A
Aeg)Bec)=4,8;0,05=A4,B;|6 5+i€ 50
ihipzihszp—sz[H,p] (A+c)(Beo) Gt oBp B 120, )
ot y =4, B, +ig,5, 4, Bs0,
Given p and H in terms spin S-vector and crank (2-vector: ~AeB+i(AxB)-c

N

. . . . ~ . This " This
Hp = hﬂol+§ﬂoo)(%l+800 =hQ071+%tho+hQOSoo+§(Qoo)(Soc) '

cancels v remains

pH= N +5eo hQOI+E§oo =thﬂl+Etho+hQO§oo+E(§o0)(52-0)
2 2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.
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U(2) density operator approach to symmetry dynamics( ,- % N1+ o0

Bloch equation for density operator Heo 149
= —o Q0
Ket equation (time forward) and "daggered" bra-equation (time reversed). \. O 2 y
h|¥)=H|¥), & Daggar’ = -in(¥|=({¥|H
: ‘ > ‘ > assar : < ‘ < ‘ Note: H = H.
Combining these gives a time derivative of the density operator p = [\ )V p'=p

zhgp:zhpzzh“l’><‘l“+zh“¥><‘{":H‘\P><‘P|—|\P><\P|H

The result is called &* Bloch equation. A
Aec|)(Beo)=4,B;0,05=A4,B3(0,5+i€,5,0
ihip=ihf)=Hp—pH=[H,p] ( )( ) B i ﬁ( B By V)
ot y —AaBa+zeaﬁy aBﬁay
Given p and H in terms spin S-vector and crank (2-vector: ~AeB+i(AxB)-c
N N - . A= - This ' This

Hp = hQOI+E§oo Ni+Seo =hQO—1+—thc+hQOSoc+—(ro)(Soc)
2 2 2 4 2

cancels v remains

pH= N +5eo hQOI+E§oo =thﬂl+Etho+hQO§oc+E(§o0)(52-0)
2 2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.

gtp zhp—%(fb‘(g)OG—%(é;(fl)OG
ihi(ﬂ1+§06)=ih§06= ih(ﬁxs)-c
or\ 2
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U(2) density operator approach to symmetry dynamics( ,- % N1+ o0

Bloch equation for density operator Heo 1.8
= —o Q0
Ket equation (time forward) and "daggered" bra-equation (time reversed). \. O 2 y
2 g\ ¥ .
lh“‘P>—H“‘P>, & Daggar' = -zh<‘P‘-<‘P‘H Note: H = H.
Combining these gives a time derivative of the density operator p = [\ )V p'=p
ih——p=ihp= in|\P) (| +in| W) (P| = H| ¥ ) (|- | %) (¥|H
The result is called &* Bloch equation. A
Aeg|(Beo 0,05=A4,Bs|0,5+i€,5,0
ihipzihf)=HP—PH=[H,P] (Ae0lBe0)= 42407y = 40y
ot y —AaBa+18aﬁy aBﬁGy
Given p and H in terms spin S-vector and crank €2-vector: =AsB+i(AXB)-c

Hp = hQOI+E§oo Ni+Seo =hQOEI+Ehf)oo+hQO§oo+ﬁ(§oo)(§oc)
2 2 2 4 2

pH= Ni+Seo hQ01+EQOG =hQOEl+EhQOG+hQO§OG+E(§OG)(QOG)
2 2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.

(3’ ih/ = - ih/ - =
8tp zhp—z(ﬂxs)o —E(SXQ)OG
2| Y1400 |=inSec— ih(QxS)eo
dt\ 2 2
. . . S
Factoring out *G gives a classical/quantum|gyro-precession equation. 8_ —
t

\_
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U(2) density operator approach to symmetry dynamics
Bloch equation for density operator

» Quick U(2) way to find eigen-solutions for 2-by-2 H
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

B+iC D
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A BoiC g AXDE L0y pylf L0l 00T el
B+iC D 2 {01 0 -l 10
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A BiC g AXDE L0 oyt 0l 00T el
B+iC D 2 {01 0 -I 10 '

H= QO 1 + Q S + Qp Sy +QC
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= @, 1 + Q, S, +Qp S, +Q. S, =Qjl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+ D

and: € =\/£2A2 +QB2 +Q, % = \/(A—D)2+ 4B*+4C?

where: Q=
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= @, 1 + Q, S, +Qp S, +Q. S, =Qjl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+ D

and: € =\/QA2 +QB2 +Q, % = \/(A—D)2+ 4B*+4C?

where: Q=

@igenvalues: Q=002
_ A+DJ_r\/ (A—D)2+ 4B%+4C?
\ 2 J
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+ D

and.: =\/§2A2 +Q 2+ Q2 =(4-D) 2+ 452+ 4C?

where: Q=

@igenvalues: Q=002
_ A+DJ_r\/ (A-D) 24 4B+ 4C?
\ 2 J

Q1 =20+2/2
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+ D

and.: =\/§2A2 +Q 2+ Q2 =(4-D) 2+ 452+ 4C?

where: Q=

Eigenvalues: Q+=Q0+0/2)  and: 9= cos (Qu/Q), and: o= cos (/) sind)= COS'l[QB/\/Q 27 ]
_ A+DJ_r\/ (A-D)*+4B*+4C?
\ 2 J

Q1 =20+2/2
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+ D

and.: =\/QA2 +Q 2+ Q2 =(4-D) 2+ 452+ 4C?

where: Q=

Eigenvalues: Q+=Q0+0/2)  and: 9= cos (Qu/Q), and: o= cos (/) sind)= COS'l[QB/\/Q 27 ]
_ A+DJ_r\/ (A-D)*+4B*+4C?
\ 2 J

or: 9= cos![(4-D) / \/(A—D)2+ 4B*+4C* |, o= cos ! [BINB*+C? ]

Q1 =20+2/2
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t

Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0
H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})

and.: =\/§2A2 +Q 2+ Q2 =(4-D) 2+ 452+ 4C?
and: 9= cos1(24/QY), and: o= cos({25/§2 sind)= COS'l[QB/\/Q BZ+QC2 ]

o= cos ! [BNB*+C? ]

A+ D

where: Q=

@igenvalues: Q=002
e 2 4 P2 22
= A+D“/(A D) +45 +4C or: 9= cos![(4-D) / \/(A—D)2+4Bz+4C2 ],

\ 2 J
Step 3.To find eigenvectors replace Euler angles (azimuth o, polar 3 ) of Euler-state  |Top,)=
Q=0 +0/2
g el% sinﬁ
S+ 2
o S =R(@pBy)| Togo)
N2
Ny
2_=p-€2/2
69
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t

Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0
H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})

and.: =\/§2A2 +Q 2+ Q2 =(4-D) 2+ 452+ 4C?
and: 9= cos1(24/QY), and: o= cos({25/§2 sind)= COS'l[QB/\/Q BZ+QC2 ]

o= cos ! [BNB*+C? ]

A+ D

where: Q=

@igenvalues: Q=002
e 2 4 P2 22
= A+D“/(A D) +45 +4C or: 9= cos![(4-D) / \/(A—D)2+4Bz+4C2 ],

\ 2 J
Step 3.To find eigenvectors replace Euler angles (azimuth o, polar 3 ) of Euler-state  |Top,)=
with the Darboux axis polar angles (azimuth o , polar v ) of H-matrix B cosg
QL =0Q0+Q/2
g el% sinﬁ
S+ 2
o S =R(@pBy)| Togo)
N2
Ny
2_=p-€2/2
70
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t

Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0
H= @, 1 + Q, S, +Qp S, +Q. S, =Qjl+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
and.: € =\/QA2 +QB2 +Q 2 = \/(A—D)2+ 4B%+4C?

Eigenvalues: Q+=Q0+0/2)  and: 9= cos (Qu/Q), and: o= cos (/) sind)= COS'l[QB/\/Q 27 ]

— A+Di\/ (4-D)*+4B>+4C* or: Y= cos'[(4-D) / \/(A—D)2+ 4B*+4C? |, o= COS'I[B/W ]

2 J
muth o, polar 3) of Euler-state Vo)

) of H-matrix e 2 cosg

A+ D

where: Q=

\_

Step 3.10 find eigenvectors replace Euler angles

with the Darboux axis polar angles (azimuth o , polar v
- i
=0 +£2/2 RN, Q . ¢’
O Q,)= 2 | Spin +S ]
ey Tl s Up-Crank ¢
{o S 2 =R(@B)| 00
N2
D
2_=p-€2/2
71
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t

Hamiltonian H
A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
0 -1 1 0O i 0

B+iC D 2 0 1
H= @, 1 + Q, S, +Qp S, +Q. S, =Qjl+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+D and: ) =\/QA2 +QB2 +Q .2 = \/(A—D)2+4Bz+4c2

where: Q=

\_

@igenvalues: Q=002

and. Y= cos 1 (Q4/Q), and: p= cos(C)5/€2 sin)= COS'l[QB/\/Q 27 ]

o= cos ! [BNB*+C? ]

— 2 2 2
A+Di\/(A D)“+4B°+4C ore 9— cos‘l[(A-D)/\/(A—D)2+4Bz+4cz ],

2 J
Step 3.To find eigenvectors replace Euler anglestazimuth o, polar 3 ) of Euler-state  |Top,)=
with the Darboux axis polar angles (azimuth ¢ , polar ¥ or 9+m) of H-matrix B cos |
_ - -
Q =Q0+€2/2 7 . e ?
R |Q >: 2 | Spll’l + i% . B
’ +Q/2 + ank e Sll'l2
o S =R(@B7)|Tyq0)
o |-an
s, S
Q_=00-2/2 n-Cran

72
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= @, 1 + Q, S, +Qp S, +Q. S, =Qjl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+ D

where: Q= and: ) =\/QA2 - QBz +Q2 = \/(A—D)2+ 4B%+4C?

Eigenvalues: Qe=00t02)  and: 9= cos(Q/Q), and: o= cos™ (/) sind)= COS'l[QB/\/Q 27 ]
_ A+DJ_r\/ (A-D)*+4B*+4C?
\ 2 J

or: 9= cos[(4-D)/ \/(A—D)2+ 4B*+4C? |, o= cos [BINB*+C? ]

muth o, polar 3 ) of Euler-state  |Tap,)=

Step 3.10 find eigenvectors replace Euler angles

with the Darboux axis polar angles (azimuth @ , polar 9 or v+r) of H-matrix e cosg )
_ _ —i
O =0 +Q/2 | o
R |Q >: Spll’l + i% B
+02/2 + ank o
L =R Tow)
B More reliable computation:
-Q)/2
i Spin -S ¢ = atan2(C, B)
R — |Q >: D pC Kk tan  (C' / B) is unreliable]
)-=0-2/2 fi-itan
¥ = atan2(2N B* + C*, A-D)
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The ABC’s of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion
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The ABC's of U(2) dynamics

B R e P R T L - P

A+ D A-—D

= > 1 + o + C Oc + O,
2 0 y) 2 € 2 A

Asymmetric Diagonal A-Type motion

(D QR | (4 0 _axD( 1 0 ),4-D( 1 0 | 44D _ . @,
| Flossea0) 52 o) 452 e

oy (w2 | Lo o )2 Lo )T o
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The ABC's of U(2) dynamics

AHD (UH2) | (4 seic L_4a+D( 1 0 ), vof 0 =i ), 4=Df 1 0
(2H[1) (2[H|2) +iC D 2 Lo 1 i 0 2 Lo -1
= A;D 1 + o + C o + A-D O,
= A‘|2‘D o, _|_g27 o + %GC + QTA O\
Asymmetric Diagonal A-Type motion
QR (HY2) | (4 0 \_4+D( 1 0 JA-D[ 1 0 |_ 4+D o Q,
<2’|—|A’1> <2‘|—|A‘2> 0 D 2 0 1 2 0 -1 2 0 A

| A=D
Crank : Q=| Q =

SA
Eigen— Spin :S=| S =
QC

0
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The ABC's of U(2) dynamics

AHD (UH2) | (4 seic L_4a+D( 1 0 ), vof 0 =i ), 4=Df 1 0
(2H[1) (2[H|2) +iC D 2 Lo 1 i 0 2 Lo -1
= A;D 1+ o, + C o, + A;D o,
= A‘|2‘D o, _|_g27 o + %GC + QTA O\
Asymmetric Diagonal A-Type motion
QR (HY2) | (4 0 \_4+D( 1 0 JAD[ 10 )L 4+D 9
<2’|—|A’1> <2‘|—|A‘2> 0 D 2 0 1 2 0 -1 2 Y 2 A

| A-D R £
Crank : Q=| Q = Eigen—Spin:S=| § =
Q. 0 Sc 0
=] =
P E—
os 1} T BT 1
\\__- [ -5 :
—— el slow — & %fa st .
= v % ¢
L P2 D
i:_ -0
IS ) L2 X2 i I I
Y=0 ‘Pz__
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(H|) - (1H2)
(2H|1) {2H[2)

A
B+iC

B=iC
D

o) o Lt 2

_ A+D
2
_ A+D
2
Asymmetric Diagonal A-Type motion
QR (RA2) )y o 10

=A+D
0O D 2 0 1

i v

(2H1) - (2H[2)

1 0
0 1

The ABC's of U(2) dynamics

|

1 +BGB

) Q\ A—D i SA
Crank : Q=] Q, |= 0 Eigen—Spin :S=| S,
Qc 0 Sc
e =
. % ——
0.5 1_ Xl“_‘—'—-:nﬂj%-___._._ RELS I S 1
\\__- [ 05
— | &x slow — &
1...".:'2 il )@._L :
_==_Kz H1 —_=_
| p2 , P2
RZ= vl "
I~ 20

(+))

ly)

1 O
0 -1
O
O

x}H crank-€2 A Vector
for A-D >0

-B

(=)

IR)
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The ABC's of U(2) dynamics [ p= N1+ Seo
Q
QHLQH2) | (4 s _axD( 1 0 w00 a0 =i pAzDf 10 ) | H=Ql+—eo
(2H[1) (2[H|2) B+iC D 2 Lo 1 1 0 i 0 2 Lo -1 -
_AD L y c, + C o. + 4D c, 3 A A-D
2 2 Q= Q, |= 25
_ AJ;D 5. +% o, + 25 . Qz_A -, o 2C
Asymmetric Diagonal A-Type motion
(R (H72) 4 0 |_4+D( 1 0 )|, 4-D[ 1 0 |_ 4+D Q,
() 2n2) _[ 0 D ]_ : [0 ! ]+T[ 0 -1 )_ 2 0T ) crank-£2, vector

for A-D >0

) Q, A—=D B Sa +S
Crank : Q=] Q, |= 0 Eigen—Spin:S=| Sp |=| 0 _B

Qc 0 Sc 0 L) l '

E‘ = ]

¥,=0

/li.;; ._.__.—-—-——'_'_'_:p s 2 L | | |(_)>
s, Xl‘_‘—'—-:nﬂj%-___._._ e @ | ﬁ_flq 1
\\_—- [ 05 ’
—teu,  fdw | —@—". Fe il 7 R)

= - | H1 —_=_}{2 i

L P2 ] . D2

= 88
X2 L . X2 | 1 =
‘I’l—O \Pz _ pus ii} %
\Pl =05 x1 c.—_'_'_‘_—"—'ﬁ_—:._-._._
Beat dynamics. Eﬂf’ NPT m
'."’ T ﬁ Total beat __e_ifiul“ R AL AR L
EEL‘ ool e A L kime
e l é frequency —% N 2 | -?slgwmfaﬁ ll
A 0 os X RCN
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The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion
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The ABC's of U(2) dynamics

[<1|H|1> (1H]2) ][ A peic ]D( 0
(2|H[1) (2|H|2) +iC D 2 {01

A+ D

Bilateral-Balanced B-Type motion

([ (2} M Q, ]Q( OH
(2H1) (2n]2) Q) Lo
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The ABC's of U(2) dynamics [ p= N1+ Seo
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The ABC's of U(2) dynamics [ p= N1+ Seo
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The ABC's of U(2) dynamics
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The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
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The ABC's of U(2) dynamics
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The ABC's of U(2) dynamics [ p= N1+ Seo
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The ABC's of U(2) dynamics
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U(2) World : Complex 2D Spinors
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