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Spinor and vector representations of U(2) and R(3) Operators  
(Quantum Theory for Computer Age - Ch. 10A-B of Unit 3 ) 

(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 5 ) 
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          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ] 
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The { 1, SA , SB , SC } are the Jordan-Angular-Momentum operators { 1= σ0 , SB= SX , SC=SY , SA= S Z } 
                                             (Often labeled { JX , JY , J Z })

Lecture 7 Review: The “mysterious” factors of 2 (or 1/2):  2D Spinor vs 3D Spin Vector space

Notation for  
2D Spinor space

Notation for  
3D Vector space
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Notation for  
2D Spinor space

Notation for  
3D Vector space

components A, B, C switch 1/2-factor from ω-velocity to S-momentum

Symmetry archetypes: A (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The { σ1, σA , σB , σC } are the well known Pauli-spin operators { σ1= σ0 , σB= σX , σC=σY , σA= σ Z }
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Review:How “Crazy-Thing”-Theorem makes spinor and vector representation matrices 
         Half-angle Θ/2 =ϕ replacement and Darboux crank axis operators 

Operator-on-Operator transformations  
Product algebra for Pauli's σµ and Hamilton's qµ = -iσµ 

Group product algebra  
Jordan-Pauli identity and U(2) product R[Θ]R[Θ′]=R[Θ′′′]- formula 
Transformation R[Θ]σµR[Θ]† of spinor σµ-operators  
Transformation R[Θ]R[Θ′]R[Θ]† of group-operators 
Operator-on-Operator transformations  

Geometry of groups: Hamilton’s turns and It’s all done with mirrors! 
Group product geometry  

U(2) product R[Θ]R[Θ′]=R[Θ′′′]- geometry 
Transformation R[Θ]R[Θ′]R[Θ]† geometry  

Euler R(αβγ) versus Darboux R[ϕϑΘ] 
          Euler R(αβγ) related to Darboux R[ϕϑΘ] 
          Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed 
          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ] 
          Euler R(αβγ) Sundial 
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Review:How “Crazy-Thing”-Theorem makes spinor and vector representation matrices 
         Half-angle Θ/2 =ϕ replacement and Darboux crank axis operators 

Operator-on-Operator transformations  
Product algebra for Pauli's σµ and Hamilton's qµ = -iσµ 

Group product algebra  
Jordan-Pauli identity and U(2) product R[Θ]R[Θ′]=R[Θ′′′]- formula 
Transformation R[Θ]σµR[Θ]† of spinor σµ-operators  
Transformation R[Θ]R[Θ′]R[Θ]† of group-operators 
Operator-on-Operator transformations  

Geometry of groups: Hamilton’s turns and It’s all done with mirrors! 
Group product geometry  

U(2) product R[Θ]R[Θ′]=R[Θ′′′]- geometry 
Transformation R[Θ]R[Θ′]R[Θ]† geometry  

Euler R(αβγ) versus Darboux R[ϕϑΘ] 
          Euler R(αβγ) related to Darboux R[ϕϑΘ] 
          Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed 
          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ] 
          Euler R(αβγ) Sundial 



Operator-on-Operator transformations
Multiplication rules for Pauli's "σµ-quaternions" and Hamilton's qµ = -iσµ.Product algebra
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qX qX −1 qZ −qY
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qZ qZ qY −qX −1

   ,         

• 1 σ X σY σ Z

1 1 σ X σY σ Z

σ X σ X 1 iσ Z −iσY

σY σY −iσ Z 1 iσ X

σ Z σ Z iσY −iσ X 1
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qµ qν =  -δµν 1 +   εµνλ qλ    
σµ σν =   δµν 1 + i εµνλ σλ  
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Operator-on-Operator transformations
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 (
!
σ •a)( !σ•b)=(a•b)1+i(a×b)• !σ

This NOT just eiaeib=ei(a+b) !

  

= cosΘa
2

cosΘb
2
− sinΘa

2
sinΘb

2
Θ̂aiΘ̂b( )⎛

⎝⎜
⎞
⎠⎟
1

                                                           − i Θ̂a sinΘa
2

cosΘb
2
+ Θ̂b cosΘa

2
sinΘb

2
− sinΘa

2
sinΘb

2
Θ̂a×Θ̂b( )⎧

⎨
⎩

⎫
⎬
⎭
•
!σ

Match with “Crazy-Thing” form of product        
  
=                 cosΘab

2
                    ⎛

⎝⎜
⎞
⎠⎟
1− i               Θ̂ab sinΘab

2
            ⎧

⎨
⎩

⎫
⎬
⎭
•
!σ =Rab (

!
Θab ) =Ra (

!
Θa ) ⋅Rb (

!
Θb )

  Rab (
!
Θab )

1st Step: Coefficient ( ) of unit 1  
derives angle of rotation: Θab  Θ̂ab

  •
!σ



 Now easy to find the product angle         and crank unit vector          .

  

   Θab
2

 = cos−1 cosΘa
2

cosΘb
2
− sinΘa

2
sinΘb

2
Θ̂aiΘ̂b

⎛
⎝⎜

⎞
⎠⎟

        

!
Θab = sinΘa

2
cosΘb

2
 Θ̂a + cosΘ

2
sin ʹΘ

2
 Θ̂b + sin ʹΘ

2
sinΘ

2
Θ̂a×Θ̂b

⎡
⎣⎢

⎤
⎦⎥

/ sinΘab
2

U(2) and R(3) Group Product Formulae

2nd Step: Coefficient {  } of -i  
derives unit-vector          of rotation:

  

= cosΘa
2

cosΘb
2
− sinΘa

2
sinΘb

2
Θ̂aiΘ̂b( )⎛

⎝⎜
⎞
⎠⎟
1

                                                           − i Θ̂a sinΘa
2

cosΘb
2
+ Θ̂b cosΘa

2
sinΘb

2
− sinΘa

2
sinΘb

2
Θ̂a×Θ̂b( )⎧

⎨
⎩

⎫
⎬
⎭
•
!σ

Match with “Crazy-Thing” form of product        
  
=                 cosΘab

2
                    ⎛

⎝⎜
⎞
⎠⎟
1− i               Θ̂ab sinΘab

2
            ⎧

⎨
⎩

⎫
⎬
⎭
•
!σ =Rab (

!
Θab ) =Ra (

!
Θa ) ⋅Rb (

!
Θb )

  Rab (
!
Θab )

1st Step: Coefficient ( ) of unit 1  
derives angle of rotation: Θab  Θ̂ab

  •
!σ

Θab  Θ̂ab

Operator-on-Operator transformations
Product algebra   Rab (

!
Θab ) ≡Ra (

!
Θa ) ⋅Rb (

!
Θb ) = e

−i( !σ•
!
Θa )/2e−i(

!σ•
!
Θb )/2 This NOT just eiaeib=ei(a+b) !

(...except when               !)  Θ̂a=Θ̂b
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Transformation of spinor σµ-operators

  

R[
!
Θ]σ LR[

!
Θ]†  = cosΘ

2
 1− isinΘ

2
 Θ̂ iσ  ⎛

⎝⎜
⎞
⎠⎟
σ L cosΘ

2
 1− isinΘ

2
 Θ̂ iσ  ⎛

⎝⎜
⎞
⎠⎟

†

                          



Transformation of spinor σµ-operators

  

R[
!
Θ]σ LR[

!
Θ]†  = cosΘ

2
 1− isinΘ

2
 Θ̂ i !σ  ⎛

⎝⎜
⎞
⎠⎟
σ L cosΘ

2
 1− isinΘ

2
 Θ̂ i !σ  ⎛

⎝⎜
⎞
⎠⎟

†

                          = cosΘ
2

 1− isinΘ
2
Θ̂KσK

⎛
⎝⎜

⎞
⎠⎟
σ L cosΘ

2
 1+ isinΘ

2
Θ̂MσM

⎛
⎝⎜

⎞
⎠⎟

     

Sum over repeated  
indices is implied: 
aMbM= aMbM

M=1

3

∑



Transformation of spinor σµ-operators
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⎠⎟
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(Left as an exercise)

Sum over repeated  
indices is implied: 

aMbM= aMbM
M=1

3

∑
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⎠⎟
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⎠⎟
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⎝⎜

⎞
⎠⎟
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⎞
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⎠⎟
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Θ ] cosΘ
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⎠⎟
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Θ̂KσK
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⎠⎟
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!
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Θ̂MσM
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⎝⎜

⎞
⎠⎟

This one is better seen geometrically. Algebra not so quick.
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⎠
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Review:How “Crazy-Thing”-Theorem makes spinor and vector representation matrices 
         Half-angle Θ/2 =ϕ replacement and Darboux crank axis operators 

Operator-on-Operator transformations  
Product algebra for Pauli's σµ and Hamilton's qµ = -iσµ 

Group product algebra  
Jordan-Pauli identity and U(2) product R[Θ]R[Θ′]=R[Θ′′′]- formula 
Transformation R[Θ]σµR[Θ]† of spinor σµ-operators  
Transformation R[Θ]R[Θ′]R[Θ]† of group-operators 
Operator-on-Operator transformations  

Geometry of groups: Hamilton’s turns and It’s all done with mirrors! 
Group product geometry  

U(2) product R[Θ]R[Θ′]=R[Θ′′′]- geometry 
Transformation R[Θ]R[Θ′]R[Θ]† geometry  

Euler R(αβγ) versus Darboux R[ϕϑΘ] 
          Euler R(αβγ) related to Darboux R[ϕϑΘ] 
          Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed 
          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ] 
          Euler R(αβγ) Sundial 
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Hamilton Turn

N1→→N2

Θ/2
Rotation vectorΘΘ
Rotation angle = Θ

(Θ/2 Arc)

1st Mirror

plane

2nd Mirror
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Fig. 10.A.7 Mirror reflection planes, normals, and Hamilton-turn arc vector.

Geometry of U(2) group products: Hamilton’s Turns

Important point about Turn arcs: 
You may slide them anywhere on 
their great-circle arc
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Fig. 10.A.8 Adding Hamilton-turn arcs to compute a U(2) product R[Θ"]=R[Θ']R[Θ].

Geometry of U(2) group products: Hamilton’s Turns  

Each arc Θ/2, Θ'/2, or Θ"/2 is 1/2 actual angle Θ, Θ', or Θ" of rotation R[Θ], R[Θ'], or R[Θ"]. 
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Geometry of U(2) group products: Hamilton’s Turns

Each arc Θ/2, Θ'/2, or Θ"/2 is 1/2 actual angle Θ, Θ', or Θ" of rotation R[Θ], R[Θ'], or R[Θ"]. 
 Arc Θ/2 between N1 and N2 and its supplement (Θ±2π)/2 = Θ/2±π between N1 and -N2  
represent the same classical rotation by Θ.
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Fig. 10.A.8 Adding Hamilton-turn arcs to compute a U(2) product R[Θ"]=R[Θ']R[Θ].

Geometry of U(2) group products: Hamilton’s Turns

Each arc Θ/2, Θ'/2, or Θ"/2 is 1/2 actual angle Θ, Θ', or Θ" of rotation R[Θ], R[Θ'], or R[Θ"]. 
 Arc Θ/2 between N1 and N2 and its supplement (Θ±2π)/2 = Θ/2±π between N1 and -N2  
represent the same classical rotation by Θ.

For quantum spin-1/2 object, the arc pointing from N1 to the antipodal normal -N2  
represents a Θ-rotation with an extra π-phase factor e±iπ = -1, that is, -R[Θ] .
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ΘΘ'''
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R[ΘΘ']•R-1[ΘΘ]

Product
R-1[ΘΘ]•R[ΘΘ']

Fig. 10.A.9 Hamilton-turn arc parallelogram with  R[Θ"]=R[Θ']R[Θ] and  R[Θ''']=R[Θ]R[Θ']

Geometry of transformation of rotational R[Θ]-operators
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(reversed)

(reversed)

Fig. 10.A.9 Hamilton-turn arc parallelogram with  R[Θ"]=R[Θ']R[Θ] and  R[Θ''']=R[Θ]R[Θ']
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ΘΘ'''

Product
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Product
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Geometry of transformation of rotational R[Θ]-operators

Vectors added in the reverse order give R[Θ''']=R[Θ]R[Θ'] instead of R[Θ"]=R[Θ']R[Θ].
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Fig. 10.A.9 Hamilton-turn arc parallelogram with  R[Θ"]=R[Θ']R[Θ] and  R[Θ''']=R[Θ]R[Θ']
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Everything associated with rotation R[Θ''] is rotated by full angle Θ around axis Θ.
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Fig. 10.A.9 Hamilton-turn arc parallelogram with  R[Θ"]=R[Θ']R[Θ] and  R[Θ''']=R[Θ]R[Θ']
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  R[Θ] R[Θ"] R[-Θ] = R[Θ''']                      R[-Θ] R[Θ'''] R[Θ] = R[Θ"] 

Crank vector Θ and its turn arc moved by two R[Θ] turn arcs into turn arc of R[Θ'''] below it.
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Everything associated with rotation R[Θ''] is rotated by full angle Θ around axis Θ.
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Fig. 10.A.9 Hamilton-turn arc parallelogram with  R[Θ"]=R[Θ']R[Θ] and  R[Θ''']=R[Θ]R[Θ']
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Crank vector Θ and its turn arc moved by two R[Θ] turn arcs into turn arc of R[Θ'''] below it.
Everything associated with rotation R[Θ''] is rotated by full angle Θ around axis Θ.

R[Θ'] R[Θ']

R[Θ]
R[-Θ'] R[Θ"] R[Θ'] = R[Θ''']

R[Θ]

Many (∞) rotations transform  R[Θ"] into R[Θ'''] .  
Of these, there is one with the least angle Θmin. 

Fig. 10.A.9 Hamilton-turn arc parallelogram with  R[Θ"]=R[Θ']R[Θ] and  R[Θ''']=R[Θ]R[Θ']
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x2 = cos[(γ−α)/2] sinβ/2 =    Y sinΘ/2   = sinϕ  sinϑ   sinΘ/2

 x1 =  cos[(γ+α)/2] cosβ/2 =      cosΘ/2   
-p2 = sin[(γ−α)/2]  sinβ/2 =    X sinΘ/2  = cosϕ  sinϑ   sinΘ/2 

 Euler R(αβγ) is simpler to form than Θ-axis Darboux R[ϕϑΘ].
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ...  
⏐ αβγ〉= R(αβγ)⏐ 000〉    (αβγ make better coordinates)
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-p1= sin[(γ+α)/2] cosβ/2 =    Z sinΘ/2     =          cosϑ  sinΘ/2 
x2 = cos[(γ−α)/2] sinβ/2 =    Y sinΘ/2   = sinϕ  sinϑ   sinΘ/2

 x1 =  cos[(γ+α)/2] cosβ/2 =      cosΘ/2   
-p2 = sin[(γ−α)/2]  sinβ/2 =    X sinΘ/2  = cosϕ  sinϑ   sinΘ/2 

 Euler R(αβγ) is simpler to form than Θ-axis Darboux R[ϕϑΘ].
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Review:How “Crazy-Thing”-Theorem makes spinor and vector representation matrices 
         Half-angle Θ/2 =ϕ replacement and Darboux crank axis operators 

Operator-on-Operator transformations  
Product algebra for Pauli's σµ and Hamilton's qµ = -iσµ 

Group product algebra  
Jordan-Pauli identity and U(2) product R[Θ]R[Θ′]=R[Θ′′′]- formula 
Transformation R[Θ]σµR[Θ]† of spinor σµ-operators  
Transformation R[Θ]R[Θ′]R[Θ]† of group-operators 
Operator-on-Operator transformations  

Geometry of groups: Hamilton’s turns and It’s all done with mirrors! 
Group product geometry  

U(2) product R[Θ]R[Θ′]=R[Θ′′′]- geometry 
Transformation R[Θ]R[Θ′]R[Θ]† geometry  

Euler R(αβγ) versus Darboux R[ϕϑΘ] 
          Euler R(αβγ) related to Darboux R[ϕϑΘ] 
          Euler R(αβγ) rotation Θ =0-4π-sequence [ϕϑ] fixed 
          R(3)-U(2) slide rule  for converting R(αβγ) ↔ R[ϕϑΘ] 
          Euler R(αβγ) Sundial 
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ...  
⏐ αβγ〉= R(αβγ)⏐ 000〉    αβγ make better coordinates but: R(αβγ)⏐ 000〉 = R(αβγ) ⏐1〉 = R[ϕϑΘ]⏐1〉

Euler R(αβγ) related to Darboux R[ϕϑΘ]

   

   x1= cos[(γ +α )/2]cosβ /2 =                                      cosΘ/2

− p2= sin[(γ −α )/2]sinβ /2 =
⌢
ΘX sinΘ/2 = cosϕ sinϑ  sinΘ/2

   x2= cos[(γ −α )/2]sinβ /2 =
⌢
ΘY sinΘ/2 = sinϕ sinϑ  sinΘ/2

− p1= sin[(γ +α )/2]cosβ /2 =
⌢
ΘZ sinΘ/2 =        cosϑ  sinΘ/2

 tan[(γ +α )/2] = cosϑ tanΘ/2
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Euler R(αβγ) related to Darboux R[ϕϑΘ]
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Euler state definition lets us relate R(αβγ) to R[ϕϑΘ]  ...  
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Euler R(αβγ) related to Darboux R[ϕϑΘ]

This gives Euler angles (αβγ) in terms of Darboux angles [ϕϑΘ] 
  α =  ϕ −π/2 +tan-1(cosϑ tanΘ/2)  
   β = 2sin-1(sinΘ/2 sinϑ)   
  γ = π/2 −ϕ + tan-1(cosϑ tanΘ/2)   

Inverse relations have Darboux axis angles [ϕϑΘ] in terms of Euler angles (αβγ) 
  ϕ =   (α − γ + π)/2  
   ϑ = tan -1[tan β/2/ sin(α+γ)/2]   
  Θ = 2 cos -1[cos β/2 cos(α+γ)/2]

Example: Euler angles (α=50° β=60° γ=70°) 
  ϕ =             (50° − 70° +180°)/2              = 80° 
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