Group Theory in Quantum Mechanics
Lecture 8 25.15)
Spinor and vector representations of U(2) and R(3) Operators

(Quantum Theory for Computer Age - Ch. 104-B of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 5 )

Review:How “Crazy-Thing ”-Theorem makes spinor and vector representation matrices
Half-angle ©/2 = replacement and Darboux crank axis operators

Operator-on-Operator transformations

Product algebra for Pauli's oy and Hamilton's qu = -iou
Group product algebra
Jordan-Pauli identity and U(2) product R|@]R[O']=R[O"]- formula
Transformation R[®]o, R[O] of spinor o ,-operators
Transformation R|@]R[O'|R[O]T of group-operators
Operator-on-Operator transformations

Geometry of groups: Hamilton s turns and It s all done with mirrors!
Group product geometry

U(2) product R|@]R[O']|=R[O"]- geometry
Transformation R|@]R[O'|R[O]T geometry

Euler R(ofy) versus Darboux R[@OO]
Euler R(oPy) related to Darboux R[@O0O]
Euler R(0By) rotation ®=0-4m-sequence [@Y] fixed
R(3)-U(2) slide rule for converting R(opy) < R[@pOO]
Euler R(a}y) Sundial
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»Review.'Haw “Crazy-Thing ’-Theorem makes spinor and vector representation matrices

Half-angle ©/2 =p replacement and Darboux crank axis operators
Operator-on-Operator transformations

R[O]R[O]=R[O"]
R[O]o,R[O]
R[O]R[O]R[B]"

R[O]R[O']=R[O"]

R[O]R[O'|R[O]
R(ofy) R[pUO]
R(opy) R[p00O]
R(o) ) o0

Ry — Rl@vO]
R(05y)
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Lecture 7 Review: The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o) A-D[ 1 0 0 1 0 i Notation for
H= = +— + B +C .
2 0 1 2 0 -1 1 0 i 0 2D Spinor space

B+iC D
= ®, O, + ®w, O, +w, Op +O- O, :w060+woo:a)01+wcw
= QO 1 + QA SA +QB SB +QC SC :QOI+ QeSS

1 1 i .
A+D 5 0 0 5 0 —5 Notation for
- 0 4-py| 2 128 2 \y2c :
2 0 1 0o _L 1 i 3D Vector space
2 2 2
0" component
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

A

Symmetry archetypes: 4 (Asymmetricidiagonal)| B (Bilateraﬁbalancedﬂ C (Chiral*circular-complex...)

“Crank’”’ The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0x, Gc=0Cy, C4=0C 7 }
(2D-Spinor)
vector The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
4 )
o ™ A-D (Often labeled {Jv, )y, )z })
. - 2
A I B B Notation for DA — i D
L We , where: 0=0-1t=| w, |t= -t and: o, =
- ¢ ) ) 2D Spinor space b B 0" 2
A B-iC e C
H- - B+iC D ! —i(w\O + WeG)t  —int — (G- —iWyt —i0, Wt  —iwyt
e M= : =e 070 =g 0700 _ ;TI00 T TR0TE — oT 10 (lcosw-t—icw sina)-t)
“Crank’”’ _ =iyl + QeS)t  _ —iQyt —i (teS _ —iQyt Qt . . Q1
(3D-Vector) =e =e e =e lcos———i0 , sin——
vector 2 2
4 ) .
O N _ Notation for 24 A-D
- - A-D where: ©=Q-1=| @, |t=| o2z |tand: @ =272
= Op [Frr=) Yy t=1 28 |t 3D Vector space ' b e -0
O 2 2C 2c
\_ J
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Not-so-Crazy Thing: 0 =0,0,+06,0,+0.p. =Gep=06ep/p where: (0,)’=1

o,,~-Operator
Space

B oCp

(UM)ZZI
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Not-so-Crazy Thing: 0 =0,0,+06,0,+0.p. =Gep=06ep/p where: (0,)’=1

T4p

G =0,p

o,,~-Operator
Space

B oCp

(UM)ZZI

Thursday, February 5, 2015



Not-so-Crazy Thing: o =0,p,+0,0,+0.p. =Gep=Gep/ o where: (0.)’=1 4 The A

CI"CIZ_)/ Thlng :_i0-¢ = _iGA@A - iGB@B - iGc@c =—iGep=—iGep/y Crazy Thing
Tem:
. . . VAR If ((ve)=-1
satisfies crazy requirement: ( [y )* =(=io_ )" =-1 e
ee =lcose+(sine
. y
OA4AP
A

G =0,p

o.-Operator
Space

ohe oCp

(UM)ZZI
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Not-so-Crazy Thing: 0 =06,0,+0,0,+0.p. =Gep=8ep/p where: (0.)’=1 4 The h

Crazy Thing.‘ =—io_ = —i0 ,p, — 10 ,p, — 0 p, =—IC®p=—iGep/y Crazy Thing

Theorem:
. . . BV ST 1f()2=-1
S satisfies crazy requirement: ([ )¢ =(-io_ )" =-1 e
0. - .
—io,p _ L Ee =lcose+(sinej
e =lcosy  —io,siny O-ASO
A

G =0,p

o,,~-Operator
Space

OB oy

(UM)ZZI
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Not-so-Crazy Thing: 0 =0,0,+06,0,+0.p. =Gep=06ep/p where: (0,)’=1 4 The A

Crazy Thing: =—i0, =—i0,p, — 0,0, —I0 D, =—iGeO=—iGeDH/p Crazy Thing

Theorem:
. . . BV ST 1f()2=-1
S satisfies crazy requirement: ( [y )¢ =(=io )" =-1 hen:
0. - .
7.9 1 cos o sin Ee =lcose+(sinej
e =1CO — 10
oo OAp
=1c0Sp—i0 404 SINY =10 Py SINY — 10 P SINY A

G =0,p

o,,~-Operator
Space

B oCp

(UM)ZZI
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Not-so-Crazy Thing: o =06,0,+06,0,+0.p. =Gep=5ep/p where: (0,)’=1 4 The )
Crazy Thing: ——io =—i0 ), — 0,5, —i0.p, =—iGep=—iGep/y Crazy Thing
5 Theorem:
\© . 2— _
satisfies crazy requirement: ( [y )? =(=io.) =-1 . tt ( 1
So: '

8 Leos+()sind

—io,p . .
e =lcosy  —io, sing
=lcosy  —i0 4P 8NP — 0 3P SN — 0 QP sing ou-Operator Space
:(1 0 Cosw —i o O 4 SINP—1 ol Op SN —1i O D¢ SN
L0 1 0o -1 )™ 1o )7 i 0 )¢
[ cosp—ifsing  (—ipy—pc)sing
_\ (—iQp +Qp)sing  cosp+ip,sing
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Not-so-Crazy Thing: o =06,0,+06,0,+0.p. =Gep=5ep/p where: (0,)’=1 4 The )
Crazy Thing: ——io =—i0 ), — 0,5, —i0.p, =—iGep=—iGep/y Crazy Thing
. Theorem:
O . 2: -
satisfies crazy requirement: ( [y )? =(=io.)’ =-1 e tt ( 1
—io_p L e(\) 0 =1cos0+(y)sin0
e " =lcosp  —io, siny ¢ y,
=lcosy  —i0 40 SN — 0 3P SN — 0 QP sing ou-Operator Space
:( Lo COSp—1 b0 D4 SN —1i Ol Opsing —1i O = O SNy
L0 1 0o -1 )™ 1o )° i 0 )¢
[ cosp—ifsing  (—ipy—pc)sing ]
- _ o« AN + oY . + « A .
| (Cipp+oc)sing  cosp+ip,sing Cased , . |

.. . YA 1
COS —1ISINY 0 e Y0 ) ) A
= . = _ for: p=| @i |=| 0 |or: o«p=0,
0 COS( +1sIn( 0 et A 0
. Yc ),
=R =e794¥
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Not-so-Crazy Thing: o =06,0,+06,0,+0.p. =Gep=5ep/p where: (0,)’=1 4 The )

Crazy Thing: =—io, =—i0,0, —10,0, —i0.p, =—iGep=—iGep/p Crazy Thing

5 Theorem:
: : i : If =1
satisfies crazy requirement: ( [y )? =(=io.) =-1 e (y
So: .
—io_p L e(\) 0 =1cos0+(y)sin0
e " =lcosp  —io, siny ¢ y,
=lcosy  —i0 40 SN — 0 3P SN — 0 QP sing ou-Operator Space

:(1 0 COSgO-i 1 0 @ Singp—i 0 1 @ singp—i 0 — @ SiIlgO
L0 1 0 -1 )74 1o )7F i 0 )°°
)

cosp—ip,sing  (—ipp—Pc)sing
\ (—iQp +Qp)sing  cosp+ip,sing Case A N
.. . YA 1
COS —iSInY 0 e ¥ 0 . . N
= o = _ for: p=| @i |=| 0 |or: o«p=0,
( 0 COS+isiny ] 0 ot A 0
=R, =e 94" S
(o~ )
. YA 0
, COSy  —isiny . . .
—isiny  CoSyY )
e ) LD
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Not-so-Crazy Thing: o =06,0,+06,0,+0.p. =Gep=5ep/p where: (0,)’=1
Crazy Thing: =—i0,=-I0,0, —I0 0, —i0p. =—iGep=—iGep/y

satisfies crazy requirement: ( [y )? =(=io.) =-1

Or: Oep=04

or: O«p=0j

or: O*p=0

So.
e 7" =lcosp  — io, sing
=lcosypy  —i0 4 Sinp — 0 P Sinp —i0 P Sing
:(1 0 CoOsw —1 b0 D4 SIinY —i ol Op SN —1i O D¢ SN
L0 1 0o -1 )™ 1o )° i 0 )¢
[ cosp—ifsing  (—ipy—pc)sing }
| (=idp + O )sin COS + 1) 4 Sin
| (Cipp +c)sing ptip,sme Case A )
COSw —isiny 0 Y0 . SfA
= . — : for: Y=l ¥B
0 COS+isiny 0 ot A
. \ Yc
=R,=¢94¥
Cosy  —isiny P4
—ising  cosyp A
Pc
Case C
COSy —siny oA
sing  cosyp A
Yc

4 ¥ N
The
Crazy Thing
Theorem:
If ( =-1
Then: )
e(\) 0 =lcose+(§§;)sin9
\_ ) J

o.-Operator Space

Thursday, February 5, 2015
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Review:How “Crazy-Thing ”-Theorem makes spinor and vector representation matrices
Half-angle ©/2 =p replacement and Darboux crank axis operators

Operator-on-Operator transformations

R(

R[O]R[O]=R[O"]

R[O]o,R[O]
R[O]R[O]R[B]"

R[O]R[O']=R[O"]

R[O]R[O'|R[O]
) R[pvO]
R(opy) R[pV0O]
R(0fy) ® 0,

Ry — Rl@vO]
R(05y)
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Not-so-Crazy Thing: o =06,0,+06,0,+0.p. =Gep=5ep/p where: (0,)’=1
Crazy Thing: =—i0,=—I0,0, —I0,0;—I0p. =—IGeQ=—iGep/p

satisfies crazy requirement: ( [y )? =(=io.) =-1

So.

e 7" =lcosp  — io, sing

=lcospy  —i0 40 4SNP — 0 P Sinp —i0 P Sing

:(1 0 Cosyw —1 b0 D4 SIinY —i ol Op SN —1i O D¢ SN

L0 1 0 -1 )™ 1o )" i 0 )¢

[ cosp—ifsing  (—ipy—pc)sing ]

—iQp + O )sin COS + 1) 4 Sin
| (Cipp +c)sing ptipssmy Cased , . -

)0 zlcose+(f§f)sin9)

e \
The

Crazy Thig
Theoem:

If ( =1

COSw —isiny 0 Y0 . SfA 1
= . : for: Y=l ¥B
0 COS+isiny 0 ot A
. \ Yc ),
:RA:e-lO'AQO
(o~ )
Cosy  —isiny 5
=Ry=e7,¥ = for: o=| ©p
—isiny  CoSyY )
Yc
\ J
Case C PN
COSy —siny oA
=Rc=e€7 ¥ = for: o=| ¢p
siny  Cosy )
Yc y,

R.osR.texample: osrotated by Ri=e94¥ shows 3D-space double angle ©=2p

\

or: Gep=04

or: Gep=0j

or: Gep=0

o.-Operator Space

R.OsR4T

Thursday, February 5, 2015
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Not-so-Crazy Thing: o =06,0,+06,0,+0.p. =Gep=5ep/p where: (0,)’=1
Crazy Thing: =—i0,=—I0,0, —I0,0;—I0p. =—IGeQ=—iGep/p

satisfies crazy requirement: ( [y )? =(=io.) =-1
So:

—i0 . .
e 7" =lcosp  — (0, 8iny

— l.GAQIbA Singp

:(1 0 cosgp—i 1 0 @ Singp—i 0 1 @ singp—i 0 — @ SiIlgO
L0 1 0 -1 |4 1 0 )" i 0 )¢
)

cosp—ip,sing  (—ipp—Pc)sing
\ (—iQp +Qp)sing  cosp+ip,sing

=1cosy — 0 P Sinp —i0 P Sing

Cased ,

.. . YA 1
COS —iSInY 0 e 0 . . .o~
= o = _ for: p=| v |[=| 0 |or G.p=0,
( 0 COS+isiny ] 0 ot A 0
| . ¥C )
=R, =e%4¥
(o~ )
.. YA 0
. Cosy  —isiny R R A
:RB:e'ZO-BQO =[ o ] for: QY= YB = 1 } or: G‘LP=GB
—isiny  COSyY R
| ¢ )\ 0
Case C PN
. YA 0
, Cosy —siny R R A
:RC:e'ZO'CSO =£ ) ] for: Y= ¥pB = 0 ] or: o*p=0
sin  Cosy A |
. 7C )

R.osR.texample: osrotated by Ri=e94¥ shows 3D-space double angle ©=2p

e—i2gp

R e 0 01 | &% o || o ¥ || &% o || o
0 ¢ 10 0 e et 0 ¢ eti2y 0

)0 zlcose+(f§;)sin9)

e \
The

Crazy Thig
Theoem:

If ( =1

o.-Operator Space

rotation by R,0 3Rt

]: O COS2p+0-8In2p

Thursday, February 5, 2015
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Review:How “Crazy-Thing ”-Theorem makes spinor and vector representation matrices
Half-angle ©/2 =p replacement and Darboux crank axis operators

Operator-on-Operator transformations

R[O]R[O]=R[O"]
R[O]o,R[O]
R[O]R[O]R[B]"

R[O]R[O']=R[O"]

R[O]R[O'|R[O]
R(ofy) R[pUO]
R(opy) R[p00O]
R(o) ) o0

Ry — Rl@vO]
R(05y)
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Half-angle © /2= replacement in rotation Rp=e"7+¥=e®*® where: 0 =68 =0,p,+0 0, +0p. =G0y

Replace spinor angle » in: ¢ °*® =R = 1cosy — iG+P siny

with 3D %-angle % =

'

ou.-Operator Space

4 S )
The

Crazy Thig
Theoem:

If ( =1

)0 :lcose+(§i)sin§

Thursday, February 5, 2015 17



Half-angle © /2= replacement in rotation Ry=e?-Y=e®*® where: 0 =6ep=0,p,+0,0,+0.0. =GPy

Replace spinor angle ¢ in: e_’ﬁ'? = Rgp = 1cosy — iG+P siny
- | |

. 1 Q) . _ia‘g = ® . A . 0
with 3D 5-angle S e e 2 =R[O] =lcosa — c-@sm;

ou.-Operator Space

O 4
ASO

gep= (et
O'A? /
op=0,

4 S )
The

Crazy Thig
Theoem:

If ( =1

)0 =1cos6+(;;:a})sin§

Thursday, February 5, 2015 18



Half-angle © /2= replacement in rotation Ry=e?-Y=e®*® where: 0 =6ep=0,p,+0,0,+0.0. =GPy

Replace spinor angle ¢ in: ¢ "% =R = 1cosy — iG+P siny

¥
C) 5.2 C) ; C)
with 3D %—angle —=ypin: e 2 =R[O] =1cos— —iG+Osin—

2 2 \z\m
Unit rotation axis vector © ( ©., 6, 0, ):( cos@sin® sin@sin®d cosd ) is the same as the unit ¥.

ou.-Operator Space

O 4
ASO

gep= TP
O'AAF /
op=0,

4 S )
The

Crazy Thig
Theoem:

If ( =1

Then:
e(k) 0 zlcose-l-(\{f;;)sine
\_ J
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Half-angle © /2= replacement in rotation Ry=e?-Y=e®*® where: 0 =6ep=0,p,+0,0,+0.0. =GPy

Replace spinor angle ¢ in: e 0P = R, =1lcospy - i&-ép sin
© 5

APy - © AL O -i® _eg
with 3D %—angle ngpin: e 2=R[O] =1cos— —iF+Osin— =e¢ 2 =e¢ iS-0

2 2 \z\m
Unit rotation axis vector ©=| @, 6,, 6, ):( cos@sin® sin@sin®d cosd ) is the same as the unit ¥.

ou.-Operator Space

O 4
ASO

gep= o,
UA# /
op=0,

¥

4 S )
The

Crazy Thig
Theoem:

If ( =1

Then:
e(\) 0 zlcose-l-(gfj)sine
\_ /
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Half-angle © /2= replacement in rotation Ry=e?-Y=e®*® where: 0 =6ep=0,p,+0,0,+0.0. =GPy

Replace spinor angle ¢ in: e 0P = R, =1lcospy - 0+ siny

© ! G -
. © -ig— . O A O —i®  _aa .
with 3D 3-angle —=yin: ¢ 2 =R[O] =1cos— —iF+Osin— =e¢ 2 =e¢ 50 _ 70 < prioed

2 2 \z\m
Unit rotation axis vector ©=| @, 6,, 6, ):( cos@sin® sin@sin®d cosd ) is the same as the unit ¥.

ou.-Operator Space

O 4
ASO

gep= TP
UA# /
op=0,

4 S )
The

Crazy Thig
Theoem:

If ( =1

Then:
e(\) 0 zlcose-l-(gfj)sine
\_ /
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Half-angle © /2= replacement in rotation Ry=e?-Y=e®*® where: 0 =6ep=0,p,+0,0,+0.0. =GPy

Replace spinor angle ¢ in: ¢ 1o :Rgp = 1cosy — i&-ép sin
© G -
- I O _ A O %0 56 _isg s
with 3D %—angle —=pin: e 2 =R[O] =1cos— —i6+BOsin— =e 2 =¢ iS40 _ 70,0 _ ,miGe

2 2 \z\m
Unit rotation axis vector @:( ©., 6, 0, ):( cos@sin® sin@sin®d cosd ) is the same as the unit ¥.

R[(:)]z COS% 1 — 1 (:) sin% -1 Oy (:)Y sin% —i Oy (:)Z Sin%
L I 6. sino i 0 - (:)Ysin9 Y (:)Zsin9
20 0 1 2 i 0 2 0 -1 2
o,-Operator Space
O'AAgO

O p=0,p
ol 3 /
op= g

4 S )
The

Crazy Thig
Theoem:
If ( =1
Then: .

e(t)e =1 cosO+(y)sin€
\_ /
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Half-angle © /2= replacement in rotation Rp=e7-¥=e®*® where: c_ =6ep=0,p,+0,0,+0.0, =GPy

. . . —ia'oq . _ « —> A .
Replace spinor angle ¢ in: e '°"* =R, =1cosy - zcr-aip sin
O G -

® ~iGe— . ® _ ~ . 0 —i® aa o

2 =R[O] =1cos— —iF+Osin— =¢ 2 =¢ 0O =00 =700

with 3D %—angle > =pIn: e

2 \2\m
=( cospsin® singsind? cos ) is the sarhe as the unit ¢.

>
>
>
S~—

Unit rotation axis vector é):( ®.,6 06, 06,

= O : ~ .0 ~ .0 ~ . 0O
R[@]zcosz 1 — C sin—- —1 Oy @Ysmz —i Oy G)Zsmz
=cos9[ Lo ] —i( ]é) sin9 —i( 0 - ](:)Ysin9 —i( o ](:)Zsin9
20 0 1 2 i 0 2 0 -1 2
p v e e @ Ay
aRr[6]1) (IR[672) cos =0 sin~— —zsmE(G) ~i®y) | ouw-Operator Space
= O'ASO
— — A
N <2|R[@]|1> <2|R[@}|2>) —ising(ﬁ) +i®Y) cosg+i®zsin9 0P =0,
. 2 2 2
O
4 N
The
Crazy Thing
Theorem:
If ((y2)=-1
Then:
C(")e =1cosO+(y)sin6
\. J

Polar coordinates

or unit axis vector®
Thursday, February 5, 2015 23




Half-angle © /2= replacement in rotation Ry=e?-¥=e®*® where.c_ =Gep=0,p,+0,0,+0.p. =G0y

. . . —ia‘oq . _ o« —> A o
Replace spinor angle ¢ in: e '°"* =R, =1cosy - zcr-aip sin
O G -
® ~iGe— . ® _ ~ . 0 —i® aa o
2 =R[O] =1cos— —iF+Osin— =¢ 2 =¢ 0O =00 =700

with 3D %—angle > =pIn: e

2 \2\‘“
=( cos@sin® singsind cos? ) 1s the saime as the unit &.

S~—

Unit rotation axis vector é):( ., 0, 0,

R[(:)]zcos% 1 — i © sin% —i Oy (:)Ysin% —i Oy (:)Zsin%
L I 6. sin2 i 0 - (:)Ysin9 . C:)Zsin9
21 0 1 2 i 0 2 0 -1 2
( )
/ . . \ O -~ .06 N G A
cos——i0,sin— —isin—(O, —iO
(R[6]1) (IR[6]2) | =0 sin— ~isin—(6, ~iOy) -
L <2|R[@]|1> <2|R[®]|2> ) —ising(é) +i€:)Y) cosgﬂ'é)zsin9 polar angle
\ 2 2 2
( )
cosg—icosz&‘sin9 —isin%(cosgosim?—isinqosim?)
—ising(cosgosinz?+isingosinz?) cosg+icosz§‘sin9
\ 2 2 2 )
=R[g019@] =€_i(:).s :e_th 0 = cos@ sint?
Polar coordinates Oy =sin@ sind
or unit axis vector® 0, = cosd
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Polar coordinates
for unit axis vector®

N

©. =cosp sind
O, = sin@ siny
Q, = cosY

Axis-Angle Scale

(0,

(—Axis Polar Angle)

Axis-Angle Dial

©

(Angle of Crank Rotation)

Thursday, February 5, 2015



Here spin-rotor S-polar Axis-Angle Dial

coordinates e
are Euler angles (Angle of Crank Rotation)
BOD frame view LAB frame view
Polar angles of Polar angles of
2B IZ LAB zemfh 7=x3 are ZB “ BOD zen%th =x3are
= : y (azimuth angle=—y, I (azimuth angle=q, > b
> -y polar angle=—3 ) * il 4 polar angle=p ) AXIS Angle SC&]C

(0,

(w—Axis Polar Angle)

;) :
X' ,=-X,SIn oc+x2cos o

Polar coordinates
for unit axis vector®

N

©. =cosp sind
O, = sin@ siny
Q, = cosY
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»Product algebra for Pauli's oy and Hamilton's qu = -i0Oy
Group product algebra
Jordan-Pauli identity and U(2) product R|@]R[O']=R[O"]- formula
Transformation R[®]o, R[O]' of spinor ¢ ,-operators
Transformation R|@]R[O'|R[O] of group-operators
Operator-on-Operator transformations

Thursday, February 5, 2015
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "6y-quaternions" and Hamilton's qu = -ioy.

|1 ay aq q |l oy oy o4
1 1 q, 49y q, 1 1 Oy Oy o,
d, |9y -1 4q, —qy Oy |Oy 1 ic, —ioy
4 |9y -9, -1 q, oy | Oy -—io, 1 o,

(a9, 49, —-q, -1 c,| 0, Ii0, -0, 1

Thursday, February 5, 2015
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "6y-quaternions" and Hamilton's qu = -ioy.

c |1 a4 a4 gq |1 o, o o quqv= -Ouv 1+ €ua qa
111 q, q, 4q, 1|1 o, o, o Ou Ov = Su\; 1+ Euvi O\
d,y |9y -1 4q, -qy | , Oy| Oy 1 ic, -ioy

4 |9y -9, -1 q, oy | Oy -—io, 1 o,

4; |9, 4y -9y -1 6,0, oy =—io, 1

Thursday, February 5, 2015



Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "6y-quaternions" and Hamilton's qu = -ioy.

e | 1 qy gy q e |1 oy Oy, qu qv = -Suv 1+ .Suvk g

1|1 q, g9, q, 1|1 o, O, Ou Ov = Su\; 1+ Euvi O\

Gojde —1 a4z Ay Y92 T Commutation rules for Pauli ops: oy

Q4% |94y -9, -1 ay Oy | Oy —io, 1 i OuOv - OvOu = [Gu, Gv] = 2i Euvi OA
9, (4; 9y —qy -1 c,|0, 0, —i 1

Thursday, February 5, 2015

30



Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "oy-quaternions" and Hamilton's qu = -ioy.

e | 1 qy gy q e |1 oy O, qu qv = -Suv 1+ .Suvk g

1|1 q, g9, q, 1|1 o, O, Ou Ov = Su\; 1+ Euvi O\

Aoja -1 9z 9y Loz =\ Commutation rules for Pauli ops: Gy

Q4% |94y -9, -1 ay Oy | Oy —io, 1 i OuOv - OvOu = [Gu, Gv] =2i Euvi OA
9, (4; 9y —qy -1 c,|0, 0, —i 1

Jordan's spin-ops: Ju = Sy = op2.
SuSv - SvSu = [Su, Sv] =1 EUVA So.
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Product algebra for Pauli's oy and Hamilton's qu = -iOy

-

Group product algebra
Jordan-Pauli identity and U(2) product R|@]R[O']=R[O"]- formula
Transformation R[®]o, R[O]' of spinor ¢ ,-operators
Transformation R|@]R[O'|R[O] of group-operators
Operator-on-Operator transformations
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "6y-quaternions" and Hamilton's qu = -ioy.

e | 1 qy gy q e |1 oy Oy, qu qv = -Suv 1+ .Suvk g

1|1 q, g9, q, 1|1 o, O, Ou Ov = Su\; 1+ Euvi O\

Gojde —1 a4z Ay Y92 T Commutation rules for Pauli ops: oy

Q4% |94y -9, -1 ay Oy | Oy —io, 1 i OuOv - OvOu = [Gu, Gv] = 2i Euvi OA
9, (4; 9y —qy -1 c,|0, 0, —i 1

Group products: R_,(©,,)=R_(©,)-R,(©,)= o i(690,)/2 ~i(590,)/2
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "6y-quaternions" and Hamilton's qu = -ioy.

e | 1 qy gy q e |1 oy Oy, qu qv = -Suv 1+ .Suvk g

1|1 q, g9, q, 1|1 o, O, Ou Ov = Su\; 1+ Euvi O\

Gojde —1 a4z Ay Y92 T Commutation rules for Pauli ops: oy

Q4% |94y -9, -1 ay Oy | Oy —io, 1 i OuOv - OvOu = [Gu, Gv] = 2i Euvi OA
9, (4; 9y —qy -1 c,|0, 0, —i 1

Group products: R, ((:) ab) = Ra((:)a) ‘R b((:)b) - e—i(é-@a)/ze—i(ao@b )2 This NOT just e“eib=egi@+b) |
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "oy-quaternions" and Hamilton's qu = -ioy.

| 1 4qy 4qy q, e | 1 Oy Oy qu qv = _SPW 1+ . Euvd qA

11 q, q aq 1] 1 s, o, Oy Ov = Ouv 1 +iguvi O

Goldy 14z 4y Y92 T Commutation rules for Pauli ops: oy

qy |9y —9; -1 4qy Oy | Oy ~i0g4 1 l OuOv - OvOp = [(ju, GV] 21 SH\’}‘v o)}
9, (4; 9y —qy -1 c,|0, 0, —i 1

Group products: R, ((:) ab) = Ra((:)a) ‘R b((:)b) — e—i(é-@a)/ze—i(aoéb )/2 This NOT just e“eib=egi@+b) |

R,(©,)R,©,)= (1008%—1(0°@ )sm%) (lcosgzb z(UOG)b)sm@zbj R,(©,,)
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "oy-quaternions" and Hamilton's qu = -ioy.

| 1 4qy 4qy q, e | 1 Oy Oy qu qv = _SHV 1+ . Euvd qA

11 q, q aq 1] 1 s, o, Oy Ov = Ouv 1 +iguvi O

Goldy 14z 4y Y92 T Commutation rules for Pauli ops: oy

qy |9y —9; -1 4qy Oy | Oy ~i0g4 1 l OuOv - OvOp = [GH, GV] 21 SHVK o)}
9, (4; 9y —qy -1 c,|0, 0, —i 1

Group products: R ((:) ab) = Ra((:)a) ‘R b((:)b) — e—i(é-(:)a)/ze—i(ao(:)b )/2 This NOT just e“eib=egi@+b) |

Ra((:)a)-Rb((:)b) (lcos%—z(ooe) )sm%) (lcosib z(GOG)b)sm@zb) ab(@ )

=cos$cos ®b1—z {@ s1n®—cos®b +@bcos®—sin®b}cr—sm®—sin b (6‘0C:)a)(6-oé)b)
2 2 2 2 2 2 2
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "oy-quaternions" and Hamilton's qu = -ioy.

| 1 4qy 4qy q, e | 1 Oy Oy qu qv = _SHV 1+ . Euvd qA

11 q, q aq 1] 1 s, o, Oy Ov = Ouv 1 +iguvi O

Goldy 14z 4y Y92 T Commutation rules for Pauli ops: oy

qy |9y —9; -1 4qy Oy | Oy ~i0g4 1 l OuOv - OvOp = [GH, GV] 21 SHVK o)}
9, (4; 9y —qy -1 c,|0, 0, —i 1

Group products: R ((:) ab) = Ra((:)a) ‘R b((:)b) — e—i(é-(:)a)/ze—i(ao(:)b )/2 This NOT just e“eib=egi@+b) |

Ra((:)a)-Rb((:)b) (lcos%—z(ooe) )sm%) (lcosib z(GOG)b)sm@zb) ab(@ )

=cos%cos 62[’1—1 {@ s1n%cos 62[’ +G)b cos%singb}c—sm%sin b (6--(:)a)(6'oé)b)

TLecture 7 p. 38 .
Jordan-PauliT identity (Gea)(Geb)=(asb)l+i(axb)ed reduces (00@ )(G.@b)to ( .@b)1+(@ X0, )06'
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "oy-quaternions" and Hamilton's qu = -ioy.

¢ 1 qy dy q, ¢ 1 Oy 0, q}l qV — _SHV 1 + . 8“\/7\. q}b

1|1 q, q, q 1|1 o, O, Ou Ov = Su 1+1 Euva OA

Uoldx ~1 4z dy Y92 T Commutation rules for Pauli ops: oy

qY qY _qZ -1 qX GY GY _ZGZ 1 ! GHGV GVGH [GH’ Gv] 2l guv}\d 67\1
9, (4; 9y —qy -1 c,|0, 0, —i 1

Group products: R ((:) ab) = Ra((:)a) ‘R b((:)b) — e—i(c?-(:)a)/ze—i(&o(:)b )/2 This NOT just e“eib=egi@+b) |

R,(©,)R,©,)= (ICOS%—Z(U‘@ )Sln%) (lcosib z(GOG)b)sm(zb) R,(©,)

=cos%cos 62[’ 1-i {@ sm%cos 62[’ +@b Cos%singb}o—sm%sin . (5'0(:)a)(5"éb)

TLecture 7 p. 38 .
Jordan-PauliT identity (Gea)(Geb)=(asb)l+i(axb)ed reduces (00@ )(G.@b)to ( .@b)1+(@ X0, )06'

(cosg—cos% —sin % < sin L. (@a-@)b ))1
2 2 2 2

{@ 81n®—cos®b +@b cosg—sin%—sing—sin%(@ xé)b)}oﬁ'
2 2 2 2 2 2
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "oy-quaternions" and Hamilton's qu = -ioy.

¢ 1 qy dy q, ¢ 1 Oy 0, q}l qV — _SHV 1 + . 8“\/7\. q}b

1|1 q, q, q 1|1 o, O, Ou Ov = Su 1+1 Euva OA

G|y 14z ar | Y92 T Commutation rules for Pauli ops: oy

qY qY _qZ -1 qX GY GY _ZGZ 1 : GHGV GVGH [GH’ Gv] 2l guv}\d 67\1
9, (4; 9y —qy -1 c,|0, 0, —i 1

Group products: R ((:) ab) = Ra((:)a) ‘R b((:)b) — e—i(c?-(:)a)/ze—i(&o(:)b )/2 This NOT just e“eib=egi@+b) |

R,(©,)R,©,)= (ICOS%—Z(U‘@ )Sln%) (lcosib z(GOG)b)sm(zb) R,(©,)

=cos%cos®b1—z {@ sm®—cos®b +@bcos®—sin®b}cr—sm®—sin b(o-o@ )(cro@b)
2 2 2 2 2 2 2

TLecture 7 p. 38 .
Jordan-PauliT identity (Gea)(Geb)=(asb)l+i(axb)ed reduces (00@ )(G.@b)to ( .@b)1+(@ X0, )06'

(cosg—cos% —sin % < sin L. (@a-@)b ))1
2 2

2 2

{@ 81n®—cos®b +@b cosg—sin%—sing—sin%(@ xé)b)}oﬁ'
2 2 2 2 2 2

Match with “Crazy-Thing” form of product R ((:) ab)
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "oy-quaternions" and Hamilton's qu = -ioy.

¢ 1 q, qy q, ¢ 1 Oy 0, q}l qV — _SHV 1 + . 8“\’7\. q}b

11 q, q aq 1] 1 s, o, Oy Ov = Ouv 1 +iguvi O

Gy —1 4z =4y Y92 T Commutation rules for Pauli ops: oy

qy |9y —9; -1 4qy Oy | Oy ~i0g4 1 l OuOv - OvOp = [GH, GV] 21 SHVK o)}
9, (4; 9y —qy -1 c,|0, 0, —i 1

Group products: R ((:) ab) = Ra((:)a) ‘R b((:)b) — e—i(é-(:)a)/ze—i(ao(:)b )/2 This NOT just e“eib=egi@+b) |

Ra((:)a)-Rb((:)b) (lcos%—z(ooe) )sm%) (lcosib l(O“@b)SIII@zb) ab(@ )

=cos$cos®b1—z {@ s1n®—cos®b +@bcos®—sin®b}cr—sm®—sin b(o-o@ )(cro@b)
2 2 2 2 2 2 2

TLecture 7 p. 38 .
Jordan-PauliT identity (Gea)(Geb)=(asb)l+i(axb)ed reduces (00@ )(G.@b)to ( .@b)1+(@ X0, )06'

(cosg—cos% —sin % < sin L. (@a-@b ))1
. 2 2 2 2 ‘

{@ s1n®—cos®b +@b cosg—sin%—sing—sin%(@ xé)b)}oﬁ'
2 2 2 2 2 2

| ) AT Y 3 - ~ =
:( Zab )l_l{ 2b }.GzRab(@ab):Ra(@a)'Rb(@b)

--
-
-
-
-
_____
-
-
-
- -
-

15t Step.: Coefficient ( ) of unit 1
derives angle of rotation: ©
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Operator-on-Operator transformations
Product algebra Multiplication rules for Pauli's "oy-quaternions" and Hamilton's qu = -ioy.

| 1 4qy 4qy q, e | 1 Oy Oy qu qv = _SHV 1+ . Euvd qA

11 q, q aq 1] 1 s, o, Oy Ov = Ouv 1 +iguvi O

Goldy 14z 4y Y92 T Commutation rules for Pauli ops: oy

qy |9y —9; -1 4qy Oy | Oy ~i0g4 1 l OuOv - OvOp = [GH, GV] 21 SHVK o)}
9, (4; 9y —qy -1 c,|0, 0, —i 1

Group products: R ((:) ab) = Ra((:)a) ‘R b((:)b) — e—i(é-(:)a)/ze—i(ao(:)b )/2 This NOT just e“eib=egi@+b) |

o, o, o,

~ ~ Q)
R,(®,)R,(O,)= (100s7—1(00@ )smT) (lcos 2b l(O“@b)Sln 5 ) ab(@ )

S 6’91—1[ 0, ©

=0087"cos 94 'Gb} O ;

C sm7008 2b+@b008731n ocr—sm?sm b(&té)a)(GOC:)b)

TLecture 7 p. 38 .
Jordan-PauliT identity (Gea)(Geb)=(asb)l+i(axb)ed reduces (00@ )(G.@b)to ( .@b)1+(@ X0, )06'

(cosg—cos% —sin % < sin L. (@a-G)b ))1
. 2 2 2 2 ‘

G) s1n®—cos L. + @b cosg—sin%— sing—sin%(@ax@b )}06'
2 2 2 2 2 2

:( 62“’9 )l—i{ ® , si 62“[’ }'6':Rab(@ab):Ra(éa)'Rb(@b)
Me-l-t.é-fl-_\jy_l_t_h_‘_‘Crazy—Thmg”'-f(-)-r-ﬁq- of pl‘O-(.i.l.l-é:[' R,(©,) |

15t Step: Coefﬁciéﬂt.'( ) of unit 1 2d Step: Coefﬁment{ } of -iec

derives angle of rotation: © derives unit-vector © 4, of rotation.
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Operator-on-Operator transformations
Product algebra R b(@ab) R (@ )- Rb(@b)_ —i(60,)/2 —l(G°@b)/2 This NOT just e'“etb=¢ei@*h) |

A ey

X (...except when ©_ =0, /)
(cose)—cos%—sm@—sin%(@ ®, ))1
2 2 2 2 _

L i G) s1n®—cos O + (:)b COS 2 sin O _ sin O sin O (C:)axé)b )}0“’
2 2 2 2 2 2V °
=( cos®2ab )l—i{ ®,,si G)Zab }o&:Rab((:)ab):Ra((:)a)-Rb((:)b)
Méféﬁ_wyt_h_‘_‘Crazy—Thlng”'-f(-)-liﬁq- of proaﬁEi' R,©,) |
15" Step: Coefﬁciéﬂt"( ) of unit 1 2nd Step: Coefﬁment{ } of -ieG
derives angle of rotation: © derives unit-vector © 4, of rotation:

Now easy to find the product angle © ,, and crank unit vector Q) ab

! A
Ou = cos ™! (cosg—cos% —sin—% 9, sin%(:)a,@)b) U(2) and R(3) Group Product Formulae
2 2 2 9
O, = {Slne)—cos% e, +cosgsm9 O, +sin931n®é) xé)b} in Dab
2 2 2 2 o) )
) J
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Product algebra for Pauli's oy and Hamilton's qu = -iOy
Group product algebra
Jordan-Pauli identity and U(2) product R|@]R[O']=R[O"]- formula
Transformation R[®]o, R[O]' of spinor ¢ ,-operators
Transformation R|@]R[O'|R[O] of group-operators
Operator-on-Operator transformations
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Product algebra for Pauli's oy and Hamilton's qu = -iOy
Group product algebra
Jordan-Pauli identity and U(2) product R|@]R[O']=R[O"]- formula
Transformation R[®]o, R[O]' of spinor ¢ ,-operators
Transformation R|@]R[O'|R[O] of group-operators
Operator-on-Operator transformations
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Transformation of spinor o ,-operators

F{[(:)]GLR[(:)]T =(cos% l—isin% O.c jO'L(

Q) G
cos— 1—isin—
2 2

R T
O.o0 )
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Transformation of spinor o ,-operators

F{[(:)]GLF{[(:)]T =(cos% 1—isin% XY

® O »
=l cos— 1—isin—0O .0
( > 5 “KOK

\
J
\
J

T
O'L(cos9 l—isin9 ®-.c )
2 2

O, (cos% 1+isin%(:)MGM)

Sum over repeated
indices is 3implz'ea’:

aMszz a, b,
M=1
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Transformation of spinor o ,-operators

O O

;
R[(:)]GLF{[(:)]T =(cosz 1—isin5 O-.o O'L(cos% 1—isin% O.o )

Sum over repeated
Q) .. O Q) .. O T
= COSE 1_ZSIHE®KGK GL COSE 1+lSln5®MGM lndlceS A lmplled-

) 3
n A /A aMbMZZaMbM
:GL :GLCOSG‘)—gLKN@KO-NSin®+(1—COS®)®L(®MGM) M=1

\
J
\

(Left as an exercise)
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Product algebra for Pauli's oy and Hamilton's qu = -iOy
Group product algebra
Jordan-Pauli identity and U(2) product R|@]R[O']=R[O"]- formula
Transformation R[®]o, R[O]' of spinor ¢ ,-operators
Transformation R|@]R[O'|R[O] of group-operators
Operator-on-Operator transformations

Thursday, February 5, 2015
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Transformation of spinor o ,-operators

) ) L) . f
F{[@]GLF{[@]T =(cos9 l—z'sin9 O-.o O'L(cos9 l—isin9 O.o )
> > ) > >
o .. O A G, .. O
:(COSE 1_181HE®KGK)GL(COSE 1+lSlnE®MO-M)
:GL :GLCOS@_gLKN(:)KGNSin@"‘(l_COS@)éL(éMGM)

General transformation of rotational R[®']-operators

o . B, . '
R[O]R[O']R[C]" = cos9 l—z'sin9 O.c jl:{[@’](cos9 l—isin9 O.c )
. 2 2 2 2
=, ) .. O =, Q) .. O~
R[R[@]-@ ] = \cos; l—zsmEG)KGK)R[(@ ](COSE 1+ZSIHE®MGM)
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Transformation of spinor o ,-operators

O O

R[©]o,R[O]' =(cosz 1—isin5 O.c ©

\ ( ©. .. 0 Y
O;| cos— 1-isin— Oe«c
y, 2 2

® ., .. 0O- A ®© . 0-
:(COSE 1_ZSIHE®KGK GL (COSE 1+lSlnE®MO-M)

J

:GL :GLCOS@_gLKN(:)KO-NSin@"‘(l_COS@)éL(éMGM)

General transformation of rotational R[®']-operators

S ( . B} . f
R[O]R[O']R[C]" = cos9 l—z'sin9 O.c jR[@’](cos9 l—isin9 O.c )
. 2 2 2 2
=, [ O .. Onx - S .. On
R[R[@]-@ ] = kCOSE l—zsmEG)KGK)R[@ ](cosz 1+ZSIHE®MGM)

This one is better seen geometrically. Algebra not so quick.
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a a v

Geometry of groups: Hamilton s turns and It s all done with mirrors!
Group product geometry
U(2) product RIOIR[O']=R[®"]- gcometry
Transformation R|@]R[O'|R[O]T gccometry

-— k] - o - A ~—~ -
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Geometry of U(2) transformations. It’s all done with mirrors!

1 O 0 1
O = R O, =

[y (_
%,
+04 1S an i
x-plane IR sl
| TYTIE I cAR=R
mirror !
SA)=-ly)
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Geometry of U(2) transformations. It’s all done with mirrors!

1 O 0 1
O = R O, =

ly)

+04 1S an
x-plane
mirror
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Geometry of U(2) transformations. It’s all done with mirrors!

1 O 0 1
O = R O, =

ly)

+04 1S an
x-plane
mirror
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Geometry of U(2) transformations. It’s all done with mirrors!

1 O 0 1 .
GA:(O _1)9 GB:[I Oj TOR LS an

45°-plane
y) ( mirror
+04 1S an
x-plane
mirror

-0p 1S an
—( b } =7-45°%plane
mirror
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Geometry of U(2) transformations. It’s all done with mirrors!

10
, Op=

ly)

-----
-----
-----
-----
-----

-----------

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘
—— w— w— —

0
1

1
0

)

CoSQ

sing

sing | ,
=0 ,C08P+ O ,sIngQ
—COS@

5oy =singl)-cosoly)
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Geometry of U(2) transformations. It’s all done with mirrors!

10
, Op=

ly)

-----
-----
-----
-----
-----

-----------

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘
—— w— w— —

0
1

1
0

)

CoS@

sing

sing@

]_GA Cosg+0 , sing

—COSQ

5oy =singl)-cosoly)
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Geometry of U(2) transformations. It’s all done with mirrors!

GA:( Lo ), GB:( 0 1) : G¢:[ cosp  sing ]—GACOS¢+GBsin¢

sing —cos¢

0 -1 1 0

ly)

. ",,'4527/,‘
,,'y//‘
+|X>
FETIT | oa=l
I
= — _/ . . . .
SA)=-ly) G¢|y>:smq)|x>—cosq)|y> zmplzes:<x‘6¢| y>= 110

and :<y‘6¢|y> = —COS(
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Geometry of U(2) transformations. It’s all done with mirrors!

1 0 0 1 cos¢  sing ,
o, = , O,= , O, = =0 ,COoS@+ o ., sin
4 [ ) . ( 1 0 ] ¢ [ sing —cos¢ ] 40089+0 5 SInP

ly) { ly)
, ,,, G¢|X> =cosh|x)+sind|y)
GA %, """};7/,' Gq) ““
',""‘.;' 4, .“ v
7, \‘ Y

-----
-----
-----
-----
-----

-----------

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘
Ty ey ey
— w— w— w——
— — — — —
-----

MIrror o4 qcts CAlX)=—y)
first on ket

o cos¢  sing 1 0
mirmr{Y o sing. - —cos ool
goes 2nd

Oly)=sind|x)—cosoly)
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Geometry of U(2) transformations. It’s all done with mirrors!

1 0 0 1 cos¢  sing ,
o, = , O,= , O, = =0 ,COoS@+ o ., sin
4 [ ) . ( 1 0 ] ¢ [ sing —cos¢ ] 40089+0 5 SInP

ly) { ly)
, ,,, G¢|X> =cosh|x)+sind|y)
GA %, """};7/,' Gq) ““
',""‘.;' 4, .“ v
7, \‘ Y

-----
-----
-----
-----
-----

-----------

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘
Ty ey ey
— w— w— w——
— — — — —
-----

MIrror o4 qcts CAlX)=—y)
first on ket

so _ cos¢  sing 1 0
mirmr{Y o sing. —cos¢ ool
goes 2nd _( cos¢p —sing

Oly)=sind|x)—cosoly)

singg  cos¢

J—R[d)] ,
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Geometry of U(2) transformations. It’s all done with mirrors!

1 0 0 1 cos¢  sing .
o, = , Op= , O, = =0 ,COS¢+ O ,sin
4 [ ) ! [ 1 0 ] ¢ [ singg —cos¢ ] 40089+0 5 SInP

ly) , ly)
, ,,, G(DlX) =cosh|x)+sind|y)
OA Vi O 0
¢""“,;l 4, “‘ d
%, \“ Y

-----
-----
-----
-----
-----

-----------

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘
Ty ey ey
— w— w— w——
— — — — —
-----

MIrror o4 qcts CAlX)=—y)
first on ket

oo _ cos¢  sing 1 0
mirmr{Y o sing. —cos¢ ool
goes 2nd _( cos¢p —sing

Oly)=sind|x)—cosoly)

singg  cos¢@

J—R[d)] ,

Rotation angle ¢ is TWICE the angle ¢/2 between mirror o4 and mirror o
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Geometry of U(2) transformations. It’s all done with mirrors!

1 0 0 1 cos¢  sing .
o, = , Op= , O, = =0 ,COS¢+ O ,sin
4 [ ) ! [ 1 0 ] ¢ [ singg —cos¢ ] 40089+0 5 SInP

ly) , ly)
R G¢|X>=COS¢|X>+Sin(1)|y>
OA O¢
0, 0,
T,

i
mIirror o4 acts

first on kets

-----
-----
-----
-----
-----

-----------

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘
Ty ey ey
— w— w— w——
— — — — —
-----

: ; o |
| cos¢ sing 1 0 g [ 10 Cos®  sing
mirror{aqp/l{ sing —cosq@ J( 0 -1 ) A% ( 0 -1 ]( sin —cosq@ J
goes 2nd _| cos¢ —sing R[] _| cosp sing _R[-0]
sing  cos¢ ’ MIrror o —sing cos¢@
goes 2nd

Rotation angle ¢ is TWICE the angle ¢/2 between mirror o4 and mirror o
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Geometry of U(2) transformations. It’s all done with mirrors!

GA:( Lo ), GB:( 0 1] : G¢:[ cosp  sing ]—GACOS(;HGBsind)

sing —cos¢

[y? [y

, ,,, G(DlX) =cosO[x)+sind|y)

Ly Mo
FEEFEY L ou0-R) T géé \\ mirror o acts
I =E0 e first on kets
mirror o4 dcts _ ,
first on ket OARKI=-1y) Gly) =sino|xh—cosoly)
cos¢  sing 1 0 g 1 0 cos¢  sing
mirror{ o4 ( sing  —cos¢ J( 0 -1 ) 479 ( 0 -1 ]( sing  —cos¢
goes 2nd _| cos¢ —sing R[] _| cosp sing _R[-0]
sing  cos¢ ’ MIrror o —sing cos¢
goes 2nd

Rotation angle ¢ is TWICE the angle ¢/2 between mirror o4 and mirror o

determinant determinant determinant determinant
det = -1 det = -1 det = +1 det = -1

1 0 0 1 0 +1 1 .[ 0 =i .
O O ,= = =1 =10
AB[O—I)[IO](—]O] [iO] ¢

xy-rotation imaginary
by -90°  reflection?
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Geometry of groups: Hamilton s turns and It s all done with mirrors!
Group product geometry
U(2) product RIOIR[O']=R[®"]- gcometry
Transformation R|@]R[O'|R[O]T gccometry

-— k] - o - A ~—~ -
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Geometry of U(2) group products: Hamilton's Turns

A

Rotation vector @ )
Rotation angle = © L You may slide them anywhere on

" -
- -
- -
—————
-

1st Mirror Hamilton Turn

plane N 1—)N2
2nd Mirror (@/ 2 AI’C)
plane

Fig. 10.4.7 Mirror reflection planes, normals, and Hamilton-turn arc vector.
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Geometry of U(2) group products: Hamilton's Turns

0 0"

OTrorCA Fig. 10.4.8 Adding Hamilton-turn arcs to compute a U(2) product R[O"|=R[O']R[O].

Each arc ©/2, ©'/2, or ©"/2 1s 1/2 actual angle ©, ©', or ®" of rotation R[®], R[®'], or R[O"].
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Geometry of U(2) group products: Hamilton's Turns

@ @"

OTrorCA Fig. 10.4.8 Adding Hamilton-turn arcs to compute a U(2) product R[O"|=R[O']R[B].

Each arc ©/2, ©'/2, or ©"/2 1s 1/2 actual angle ©, ©', or ®" of rotation R[®], R[®'], or R[O"].

represent the same classical rotation by ©.
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Geometry of U(2) group products: Hamilton's Turns

O

OTrorCA Fig. 10.4.8 Adding Hamilton-turn arcs to compute a U(2) product R[O"|=R[O']R[O].

Each arc ©/2, ©'/2, or ©"/2 1s 1/2 actual angle ©, ©', or ®" of rotation R[®], R[®'], or R[O"].
Arc ©/2 between N1 and N2 and its supplement (Ox27)/2=0/2+r between N1 and -N2
represent the same classical rotation by ©.

For quantum spin-1/2 object, the arc pointing from N1 to the antipodal normal -N2
represents a ©-rotation with an extra n-phase factor ei7 = -/, that is, -R[©] .
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Geometry of groups: Hamilton s turns and It s all done with mirrors!
Group product geometry
U(2) product RIOIR[O']=R[®"]- gcometry
Transformation R|@]R[O'|R[O]T gccometry
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Geometry of transformation of rotational R[®]-operators
@ " @

Producf:t R[O"]
= R[@']OR[@} ............... .

Product R[®'"]
= R[@]'R[O']
Fig. 10.4.9 Hamilton-tiifi' i paralleicsran with RIO™MER[DTR[O] and R[O" =R[OTR[O']

Thursday, February 5, 2015

70



Geometry of transformation of rotational R[®]-operators

Producf:t R[O"]

' Product
= R[®']'R[B®}..-ccccrtee... . Al R[®']’R_1[®]
Product R[O®'""'] > ———
= R[O]R[O'] ; Product

OTyorCA “-R-1[@]R[O']
Fig. 10.A.9 Hamilton-turn arc parallelogram with R[O"]=R[O'|R[O] and R[O"'|=R[O]R[O']
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Geometry of transformation of rotational R[®]-operators

@"\\ @

Product R[®"]

.S ReTRO] T | RO 0]
“. Product R[@""] '
. R[@]-R[@'] N Product

OTfrCA  “eeewwes 2 S RI[OR[O']
Fig. 10.4.9 Hamilton-turn arc parallelogram wzth R[O"]=R[O"]R[O] and R[O""][=R[O]R[O']

Vectors added in the reverse order give R[O'""]|=R[©]R[O'] instead of R[O"]=R[O']|R[O].
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Geometry of transformation of rotational R[®]-operators

Ny

Product R[©"] ) Product
= R[O']°R[O] R[O']*R-1[O]
Product R[®'"] Product

OTforCA = RIOIRIO] 3 R-1[@]R[O']

Fig. 10.4.9 Hamilton-turn arc parallelogram with R[O"]|=R[O'|R[O] and R[O"'|=R[O]R[O']

Vectors added in the reverse order give R[O'""]|=R[©]R[O'] instead of R[O"]=R[O']|R[O].

A similarity transformation of rotation R[®"] by rotation R[] gives rotation R[O''"]
R[O]R[O"] R[-O] = R[O"']

\/Y\J

R[O']
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Geometry of transformation of rotational R[®]-operators

Ny

Product R[©"] ) Product
= R[O']°R[O] R[O']*R-1[O]
Product R[®'"] Product

OTforCA = RIOIRIO] 3 R-1[@]R[O']

Fig. 10.4.9 Hamilton-turn arc parallelogram with R[O"]|=R[O'|R[O] and R[O"'|=R[O]R[O']

Vectors added in the reverse order give R[O'""]|=R[©]R[O'] instead of R[O"]=R[O']|R[O].

A similarity transformation of rotation R[®"'] by rotation R[] gives rotation R[®"''] and vice-versa:

R[O]R[O"] R[-O]=R[O""] R[-O] R[O"'] R[O]=R[O"]
R[O'] R[O']
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Geometry of transformation of rotational R[®]-operators

Ny

Product R[®"]

' Product
= R[O']*R[O] R[O']*R-1[O]
Product R[©'""] Product

OTforCA = RIOIRIO] 3 R-1[@]R[O']

Fig. 10.4.9 Hamilton-turn arc parallelogram with R[O"]|=R[O'|R[O] and R[O"'|=R[O]R[O']

Vectors added in the reverse order give R[O'""]|=R[©]R[©O'] instead of R[O"]=R[O']R[].

A similarity transformation of rotation R[®"'] by rotation R[] gives rotation R[®"''] and vice-versa:

R[O] R[O"] R[-O] = R[O"] R[-O] R[O"™]R[O] = R[O"]
R[O] R[O']

Everything associated with rotation R[®''] 1s rotated by full angle © around axis
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Geometry of transformation of rotational R[®]-operators

Ny

Product R[®"]

' Product
= R[O']*R[O] R[O']*R-1[O]
Product R[©'""] Product

OTforCA = RIOIRIO] 1 R-1[@]R[O']

Fig. 10.4.9 Hamilton-turn arc parallelogram with R[O"]=R[O']|R[O] and R[O"'|=R[O]R[O']

Vectors added in the reverse order give R[O'""]|=R[©]R[©O'] instead of R[O"]=R[O']R[].

A similarity transformation of rotation R[®"'] by rotation R[] gives rotation R[®"''] and vice-versa:

R[O] R[O"] R[-O] = R[O"] R[-O] R[O™] R[] =R[O"]
R[O] R[O']

Everything associated with rotation R[®''] 1s rotated by full angle © around axis
Crank vector ® and 1ts turn arc moved by two R[©] turn arcs into turn arc of R[®'""] below 1t.

Thursday, February 5, 2015 76



Geometry of transformation of rotational R[®]-operators

e

Product R[®"]

' Product
= R[O']*R[O] R[O']*R-1[O]
Product R[©'""] Product

OTforCA = RIOIRIO] 1 R-1[@]R[O']

Fig. 10.4.9 Hamilton-turn arc parallelogram with R[O"]=R[O']|R[O] and R[O"'|=R[O]R[O']

Vectors added in the reverse order give R[O'""]|=R[©]R[©O'] instead of R[O"]=R[O']R[].

A similarity transformation of rotation R[®"'] by rotation R[] gives rotation R[®"''] and vice-versa:

R[O] R[O"] R[-O] = R[O"] R[-O] R[O™] R[] =R[O"]
R[O] R[O']

Everything associated with rotation R[®''] 1s rotated by full angle © around axis
Crank vector ® and 1ts turn arc moved by two R[©] turn arcs into turn arc of R[®'""] below 1t.

Another similarity transformation of rotation R[©®'"'] by rotation R[®'] to R[O"']
R[O'] R[O"] R[-0'] = R[O"]
R[]
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Geometry of transformation of rotational R[O]- opemtOrS

@"\\

Many (o) rotations transform R[©®''] into R[O®'""] .
Of these, there i1s one with the least angle

Product R[®"]

= R[®']*R[O] R[g;)-cll;ﬁt[@]
Product R[®'"]
RIGFRIG \\4 Product

OT/orCA R-1[@]°R[O']
Fig. 10.4.9 Hamilton-turn arc parallelogram with R[O"]=R[O']|R[O] and R[O"'|=R[O]R[O']

Vectors added in the reverse order give R[O'""]|=R[©]R[©O'] instead of R[O"]=R[O']R[].

A similarity transformation of rotation R[®"'] by rotation R[] gives rotation R[®"''] and vice-versa:

R[O] R[O"] R[-O] = R[O"] R[-O] R[O™] R[] =R[O"]
R[O] R[O']

Everything associated with rotation R[®''] 1s rotated by full angle © around axis
Crank vector ® and 1ts turn arc moved by two R[©] turn arcs into turn arc of R[®'""] below 1t.

Another similarity transformation of rotation R[©®'"'] by rotation R[®'] to R[O"']

R[O'] R[O"'] R[-0'] = R[O"] R[-O'] RIO"] R[O'] = R[O"""]
R[©)] R[©]
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»Euler R(ofy) versus Darboux R[@O0O]

Euler R(o
Euler R(o
R(3)-U(2)
Euler R(o

3y) related to Darboux R[@O0O]

3v) rotation @ =0-4m-sequence [QY] fixed
slide rule for converting R(ayy) <= R[@VO0O]
3y) Sundial
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Th

Sets the Qdial

Euler R(oyy) versus Darboux R[@YO]

Euler Angle Dial An
B astronomer’s
diagram

Euler Angle Dial

Y - ' 3¢ (Polar coordinate)
(Twist coordinate) . :

$7X3

B

—_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

ird rotation R(@00) Second rotation R(030) First rotation R(QOy)

i

a ’ o

Sets the ,8 dial

«

 — —

R ((x around Z ) R (}/ around Z )

—i% cosE —sinﬁ
R(OC,B]/)Z e 0 2 2 e
o

oty o=y
4 T B Ty B
~ e COS —e Sin
2 o | 2
o ﬁ Y a-y o4y
1 L ~ 1— i . —
0 e Sin cos e? e 2 sm[3 e 2 cosﬁ

1
0
a—ﬂ/cosﬁ 1o —i 0 1 sinﬂsinﬁ i 0 - cosﬂsinﬁ—i o sin&cos—
2 20 0 1 1 0 2 i 0 2 2 0 -1

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].

From Lecture 7
page 80 to 89

Axis-Angle Dial

(Angle of Crank Rotation)

£
Axis-Angle Scale -
(@—Axis Polar Angle)
™~ " o =
» A
G : { dial " o
,y 3 ] pom
Jial

This Lecture
page 21 to 25

Y M| Axis-Angle Scale

¢

(w—Axis Azimuth)

Rotational A

O -~ .0 .. O/ A
R[@}Z cos;—z@)zsmz —zsmE(G) —zG)Y)

= R[(pﬁ@] = 1
—isin%(@ +i(:)Y) cos3+i(:)zsin5

:cos%( (1) (1) J—i( ](:) sin%—i( O I)i j@Ysin%—i( (1) 01 ](:)Zsin(;)
l K_H B f‘g

cos® siny sing® sind cost

cosz—icosﬁsin% —sin%(sinqosim9+icosgosinﬁ)

sing(singosinﬁ—icosq)sim?) cos9+icos19sin9
2 2 2
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R Euler Angle Dial An
Euler Angle Dial ; B astronomer’s
Y - ' ¢ (Polar coordinate) diagram
(Twist coordinate) . :

$7X3

B

—_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) R(OOy)

i

a ’ o

Sets the ,8 dial

From Lecture 7
page 80 to 89

’
Sets the Q dial
 I—_— |
R((x around Z) R(}/ around Z)
_l_oc+y _ia—}/
—iZ 0 cosg —sing —% 0 e 2 cosg —e 2 sinﬁ
R(aB’Y): ¢ o € = =
i 1 ﬁ iZ za_y B ,Lﬂ/ ﬁ
0 e SIn°> COSE 0 e? e 2 sin= e 2 cos—
2 2
= COS ycosﬁ 1o —i 0 1 sinﬂsinﬁ—i 0 - cosy_ smﬁ i o sm—}/cosé
20 0 1 1 0 2 2 i 0 2 0 - 2 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition:

| aBy)= R(apy)|000) (afymake better coordinates)

Euler R(oyy) versus Darboux R[@YO]

This Lecture
page 21 to 25

Rotational A

~

cosg— iC:)Z sin9 —isinQ(G)
2 2

R[6 |-

H

](:) sing—i( 0
2 ]

cos® siny

B O[ 1 0
= COS—
21 0 1

cos——1’00519sin9
2 2

sin%(sinq)sim? —icos(sin 19)

Axis-Angle Dial

(Angle of Crank Rotation)

£
Axis-Angle Scale .
(@—Axis Polar Angle)
™~ " o =
» A
S\ : dial LX)
ry \ : .
Jial

Y M| Axis-Angle Scale

¢

(w—Axis Azimuth)

~i0,)

=R [(pﬁ@] = M

.. O/ A A
—zsmz(@ +z®Y) cos3+z®zsmg

— @Ysing—i Lo (:)Zsing
0 2 0 -1 2

sin@ sin®
.0, . : :
—smE(smqo sint}+icos@sin 19)

(O )
cos— +icos ¥ sin—
2 2
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R Euler Angle Dial An
Euler Angle Dial ; B astronomer’s
Y - ' ¢ (Polar coordinate) diagram
(Twist coordinate) . :

$7X3

B

—_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) R(OOy)

i

a ’ o

Sets the ,8 dial

From Lecture 7
page 80 to 89

’
Sets the Q dial
 I—_— |
R((x around Z ) R(}/ around Z )
_l_oc+y _ia—}/
—iZ 0 cosg —sing —% 0 e 2 cosg —e 2 sinﬁ
R(aB’Y): ¢ o € = =
i 1 ﬁ iZ za_y B ,-Lﬂ/ ﬁ
0 e SIn°> COSE 0 e? e 2 sinz e 2 cos

= COS ycosﬁ 1o —i 0 1 sinﬂsinﬁ—i 0 - cosy_ smﬁ—i o sm—}/cosé
20 0 1 1 0 2 2 i 0 2 0 - 2 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(cy) to R[@¥0O] ...
| aBy)= R(aPy)|000) (ofymake better coordinates)

Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

(Angle of Crank Rotation)

£
Axis-Angle Scale -
(@—Axis Polar Angle)
™~ " o Y
Nt
. / \ ;

s\ : { dial % @

ry \ : .
Jial

This Lecture
page 21 to 25

Y M| Axis-Angle Scale

¢

(w—Axis Azimuth)

Rotational A

O -~ .0 .. O/ A
R[@}Z cos;—z@)zsmz —zsm—(@ —zG)Y)

= R[(pﬁ@] = 1
—isin%(@ +i(:)Y) cos3+i(:)zsin5

=cos9 L0, &) sing—i 0 —i @Ysing—i b0 (:)Zsing
2 0 1 2 i 0 2 0 -1 ) 2
cos® siny sing® sind cost

cosz—icosﬁsin% —sin%(sinqosim9+icosgosinﬁ)

sing(singosinﬁ—icosq)sim?) cos9+icos19sin9
2 2 2

Thursday, February 5, 2015

82



e Euler Angle Dial An
Euler Angle Dial ; B astronomer’s
Y - ' ¢ (Polar coordinate) diagram
(Twist coordinate) . :

$7X3

B

—_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) R(OOy)

i

a ’ o

Sets the ,8 dial

From Lecture 7

T ; page 80 to 89
-* | —— i
Sets the Q dial
— ] | - )
R((x around Z) R(ﬁﬁmd Y) R(}/ around Z)
_l_oc+y _ia—}/
-i% cosE —sinﬁ —% e 2 cosE —e 2 siné
R(oc[)’y)z e 0 2 2 e 0 _ 2 2 |
i< . B B i =L B LB
0 e? Sin > cos B 0 e? e 2 sin= e 2 cos—
2 2
= COS ycosﬁ 1o —i 0 1 sinﬂsinﬁ—i 0 - cosy_ sinﬁ—i o sina }/cosé
20 0 1 1 0 2 2 i 0 2 — 2 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(cy) to R[@¥0O] ...
| aBy)= R(aPy)|000) (ofymake better coordinates)

.o+y o=y .
—1 —1 . 1 x1+lp1
e 2 cosﬁ —e 2 s1n§
e sin— e COS— :
) 5 0 Xy+ip,

Euler R(oyy) versus Darboux R[@YO]

This Lecture
page 21 to 25

R[6 |-

B O[ 1 0
= COS—
21 0 1

cosg— iéz sin— —ising(G)
2 2

Axis-Angle Dial

(Angle of Crank Rotation)

74
Axis-Angle Scale 4 : ) 8
(@—Axis Polar Angle)

f M| Axis-Angle Scale

¢

(w—Axis Azimuth)

Rotational AnalogComputer

~

—i®
Y) =R|:(p19®:|=e—th

.. O/ A A
—zsmz(@ +z®Y) cos5+z®zsm5

J—i( ](:) sin%—i( O I)i j@Ysin%—i( (1) 01 ](:)Zsin(;)
l e
cos® siny sing® sind cost

cosz—icosﬁsin% —sin%(sinqosim9+icosgosinﬁ)

sing(singosinz?—icosq)sim?) cos9+icos19sin9
2 2 2
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e Euler Angle Dial An
Euler Angle Dial B astronomer’s
Y (Polar coordinate) diagram
(Twist coordinate)

X3

B

—_——

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00 Second rotation R(OS0) R(OOy)

i

)

a

(-
>

Sets the 3 dial From Lecture 7

page 80 to 89

’
Sets the Q dial
 I—_— |
R((x around Z)
_0r
—i% —e 2 sing
_ e _
R(O‘BY)_ ' oty B
0 e e 2 cosg
= COS +ycosé 1o 0 sina }/cosé
2 20 0 1 — 2 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(cy) to R[@¥0O] ...

.o+y o=y .
—i —i ) 1 Xitipp | T s e L
e 2 cosﬁ —e 2 s1nﬁ

o—y o+y
B ) B .

Euler R(oyy) versus Darboux R[@YO]

This Lecture

Axis-Angle Dial

(Angle of Crank Rotation)

Axis-Angle Scale

)

(@—Axis Polar Angle)

Axis-Angle Scale

¢

(w—Axis Azimuth)

page 21 to 25

Rotational Analog Computer

~

) —i@Y) =R[(pz9®]=e_’H’

|

—sin%(sinqo sint}+icos@sin 19)

cos——i(:)zsin9 —isin—(
2 2

.. O/ A A

—zsmz(@ +z®Y) cos5+z®zsm5

Jovond-{ ¢ 7

cos( sint sin@ sin®

A

o) 0

I

~

@Y sing—i 1

0

e . . 0O
cos— —icosVsin—
2 2

sing(singosinz?—icosq)sim?) cos9+icos19sin9
2 2 2
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e Euler Angle Dial An
Euler Angle Dial ; B astronomer’s
Y - ' ¢ (Polar coordinate) diagram
(Twist coordinate) ' ‘

$7X3

B

—_——

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) R(OOy)

i

a ’ o

Sets the ,8 dial

«

Sets the Qdial

 — —

R ((x around Z )

_l,O(—}/
—i% -e 2 sing
R(ocBy)= ¢ -

LB

0 e e 2 cos—

2
= COS ycosé( 1o 0 jsin Y
20 0 1 — 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(oy) to R[@00O] ...

Euler R(oyy) versus Darboux R[@YO]

From Lecture 7
page 80 to 89

.o+y o=y .
—i —i ) 1 Xitipp | T sl el
e 2 cosﬁ —e 2 s1nﬁ
i—“;y B i—a;y B
e sin — e CcoS— :
5 5 0 Xy+ip,

Axis-Angle Dial

(Angle of Crank Rotation)

74
Axis-Angle Scale 4 : ) 8
(@—Axis Polar Angle)

f M| Axis-Angle Scale

¢

(w—Axis Azimuth)

This Lecture
page 21 to 25

Rotatloné! AnalogComputer

A . O .- A O
COSE_ZGZSIHE —lsm—(@ —zG)Y) =R[(p19@]=e_’m

.. O/ A A
—zsmz(@ +z®Y) cos5+z®zsm5

=:cos9 L0, &) sing—i 0 —i @Ysing—i b0 (:)Zsing
2 01 2 | i o0 2 o -1 )} 2
""""" : cos@ sin® sin@ sin® cosD

cosg—icosﬁsin9 —sing(sinqosim9+icosgosinﬁ)
2 2 2

sing(singosinz?—icosq)sim?) cos9+icos19sin9
2 2 2

+ c0sO/2;

N

-p, = sin[(y—0)/2] sinP/2 = O sin®/2 =cos@ sind sin®/2
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Euler R(oyy) versus Darboux R[@YO]

L 7 - Euler Angle Dial An
Euler Angle Dial E B astronomer’s
Y - ' ¢ (Polar coordinate) diagram
(Twist coordinate) ' ‘

$7X3

B

—_——

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) First rotation R(OOy)

i

a ’ o

Sets the 3 dial From Lecture 7

page 80 to 89
’
Sets the Q dial
 I—_— |
R((x around Z)
_l,O(—}/
—i% -e 2 sing
R(oc[)’y)z ¢ e =
0 e e 2 cosg
= COS ycosﬁ 1o 0 sina }/cosé
20 0 1 — 2 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(oy) to R[@00O] ...
| aBy)= R(aPy)|000) (opymake better coom’mates) :

o+y

0=y ;
—i ﬁ —i . ﬁ 1 X +ip, -------------------.---
e 2 cos— —e 2 sin— -p, = sin[(y—o )/2] smB/Z:
o—y o+y B
1— I—
Lop g | =ieosl(=09/2] sin2

This Lecture
page 21 to 25

—isin

CcoOS— — iéz sing —isin—(@)
2 2

Axis-Angle Dial

(Angle of Crank Rotation)

74
Axis-Angle Scale 4 : ) 8
(@—Axis Polar Angle)

f M| Axis-Angle Scale

¢

(w—Axis Azimuth)

Rotatloné! AnalogComputer

d. —i®
Y) =R|:(p19®:|=e—th

%(@ + i@Y) cos%+ i(:)z sinE

J—i( ](:) sin%—i( O I)i j@Ysin%—i( (1) 01 ](:)Zsin(;)
l . r‘g
cos® siny sin@ siny cost

cosg—icosﬁsin9 —sing(sinqosim9+icosgosinﬁ)-
2 2 2

sing(singosinz?—icosq)sim?) cos9+icos19sin9
2 2 2
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e Euler Angle Dial An
Euler Angle Dial B astronomer’s
Y (Polar coordinate) diagram
(Twist coordinate)

X3

B

—_——

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) First rotation R(OOy)

i

a >

Sets the ,8 dial

«

Sets the Qdial

Euler R(oyy) versus Darboux R[@YO]

From Lecture 7
page 80 to 89

Axis-Angle Dial

(Angle of Crank Rotation)

74
Axis-Angle Scale 4 : 8
(@—Axis Polar Angle)

This Lecture P "W | Axis-Angle Scale

i R( ; ) page 21 t0 25 ﬁg;;tlon;l AnalogC°"“’”‘e' (w—Axisg}D\zimu(h)
O/ aroun
o _e—ia;’ Sinﬁ B COSE_ i(:)Z sin% —iSin—(C:) - ié)y) .
R(epr)=| © ° P R[6]- o . . ) =R[pvo ="
0 e . 2 Cosg —isinE(G +i®Y) cos5+i®zsin5
= COS ;ycosg( 1o 0 jsin +}/COS§ :ECOS%( (1) (1) J—i( ](:) sin%—i( 0 I)i j@Ysin%—i( (1) 01 ](:)Zsm(;)
: 0 1 S L e T | i -
g cosp Si®  5ing sind os®
Euler R(0.37) is simpler to form than ©-axis Darboux R[@00]. : 5 S 919 """ 19
Euler state definition lets us relate R(cy) to R[@¥0O] .. _ cos— —icosBsin— —s1n3(s1n§051n +icos@sin )
| aBy)= R(aPy)|000) (opymake better coom’mateq)_______________i E sin%(singosinz?—icosq)sim?) cos%+icosﬁsin%
e g e g ) (e | S Ticosl(ke)/2) cosB2E 1005/ -
e cos— —e sin—- ) -p, = sin[(y—0)/2] s1nB/2., ©. sin®/2 =.cos® sin¥ sin®/2 x
L op 5B X2 —'99%[(.Y.—.9<.)./.2...S.1.r.1.ﬁ/.2. O sin@2 =sing sind sin®2 b
T 0 ke = sin[("y+0)/2] cosB/Z G)Z sin®/2 = .cos sm@2

Thursday, February 5, 2015



Eﬁler R(ofy) versus Darboux R[@O0O]

Euler R(o
Euler R(o
R(3)-U(2)
Euler R(o

3y) related to Darboux R[@O0O]

3v) rotation @ =0-4m-sequence [QY] fixed
slide rule for converting R(ayy) <= R[@VO0O]
3y) Sundial
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

—i“;y B —ia;/ B 1 _i“;y B xpkip, | M=eos{(yro)2]eosf2= cosO/2
€ COSE ¢ Sm? B € COSE B —p,=sin[(y—a)/2]sin§/2 = ©. sin®/2 = cospsin® sin®/2
A B A oA - x,=cos[(y-)/2]sin3/2 = O, sin®/2 = sing sin®? sin®/2

e 2 sin- e % cos— 0 e 2 sin- X +ip, | . _ _
2 2 2 2202 ) —p=sin[(y+a)/2]cos /2 =@, sin@/2 = cosV sin@/2
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e N~ S xpbipy | AEeosl(zre)Rleospla= c0s0/2
€ coSy ¢ Sy _ € coSy _ —p,=sin[(y—)/2]sinf3/2 = (:) sin®/2 = cos@siny sin®/2
<L oty B L B E X, = cos[(y—)/2]sin3/2 = O, sin@/2 = sing sin?} sm@/2
e 2 sin— e % cos— 0 e % sin— X, +ip, |
2 2 2702 ) —py=sinl(y+0)/2]c0sp2 = O, sin@2 = ¢ 9_8_1?___8_1!1_@_/2
tan[(y+)/2] = cos¥tan®/2 tan[(y—o)/2]= cotep = tan[— —¢]
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e g e g |y 27 g xpkip, | M=eos{(yro)2]eosf2= c0s0/2
2 P _," 2 ok 2 P : ~
€ c052 € sz B € 0032 B —p2—51n[(}/—05)/2]sm[3/ =0, sin®/2 =cos@sint} sin®/2
g M g 2L g i x,=cos[(y—)/2]sin /2 = O., éii[é}'z':'s'fri}/}'é{ﬁ}é"éiﬁé)'}i
e 2 sin- e % cos— 0 e 2 sin- X +ip, |

2 2 272 ) —py=sinl(y+a)/2]cos B2 =0, sin®2= ¢ 9_8_1_9___8_1!1_@_/2

tan[(y+0)/2] = cos P tan©/2 tan[(y—0)/2]= cote = tan[ = — ]
........................................................................... seeneennen s

(y+)/2 = tan”'[cos® tan©/2] (y—a)/2= > ()
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)
e B = T B xpkip |- 2= C0sl(71 )2 99.8.@/.2__—_: ____________________________ c0s©/2
€ cos o) € St 0 _ € cos 2 |_ —p,=sin[(y—a)/2]sinf3/2 =0 sin®/2 = cos@sin®} sin®/2
<L g g L B 5 X, = cos[(y—)/2]sin3/2 = O, sin®/2 = sing sin?} sm@/2
e 2 sin— e % cos— 0 e % sin— X,+ip, |
2 2 2702 ) —p=sinl(y+0)2]cos B2 =O, sin@2 = ¢ 9_8_1_9___8_1!1_@_/2

(7+0:)/2 = tan™ '[cos ) tan©/2]
sin[(y—00)/2] = sin[% — 0] = cos

This gives Euler angles (opy) in terms of Darboux angles [¢v0]
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e g e g |y 27 g xpkip, | M=eos{(yro)2]eosf2= c0s0/2
e 2 cos— —e ? sin— e 2 cos— - B
) 2 B 2 | —p2—51n[()/—05)/2]sm[3/ =0, sin®/2 =cos@sint} sin®/2
g M g 2L g i x,=cos[(y—)/2]sin /2 = O., éiﬁé}'z':'s'fri},}'é{rl}é"éiﬁé}i
e 2 sin- e % cos— 0 e 2 sin- X +ip, |
2 2 272 ) —py=sinl(y+a)/2]cos B2 =0, sin®2= ¢ 9_8_1_9___8_1!1_@_/2
tan[(y+0)/2] = cos P tan©/2 tan[(y—0)/2]= cote = tan[ = — ]
........................................................................... seeneennen s
(y+0)/2 = tan_l[cosﬁtan®/2]--------------------g-------------------- (y—o)/2= I ¢

T
. - /2 =sin[—— =
This gives Euler angles (ofy) in terms of Darboux angles | (pﬂ@] sin(y=¢)/2]=sinl- @] =cosp

0= Q—T/2-+tan™ (cost tan@/2) ~

y=T/2—@+tan"' (cos tan©®/2)
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e g e g |y 27 g xpkip, | M=eos{(yro)2]eosf2= c0s0/2
e 2 cos= —e 2 sin— e 2% cos— A
2 2 _ 2 | . —p,=sin[(y—a)/2]sinB/2 = O, sin®/2 = cospsin® sin©/2
=L B L T B 5 X,= cos[(y—)/2]sinf3/2 = O, sin®/2 = sing sing -§1n®/2
e 2 sin— e % cos— 0 e % sin— X +ip, | :
2 2 2702 )i —py=sin[(y+a)/2]cos 2 =0, sin@/2= ¢ 9_8_1_9___8_19@_/215
tan[(7+01)/2] = cos? tan®/2 tan[(7—/)/2]= cote = tan[ = — @]
........................................................................... Ty B
(y+a)/2 = tan_l[cosﬂtan®/2]--------------------3-------------------- (y—a)2= 57 ¢
g sin[(y—o)/2] = sin[z —@]=cos@
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] : 2 :
o= (p—7t/2 +tan (cosﬂ tan@/2) T Smﬁ/z:SIM smO2 :
B — 2Sln (Sln@/z Sln'ﬁ-) ....................................... g ...............
V=T/2—@+tan™ (cosOtan®/2) ... i
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

oty oy _aty Yti x, = cos[(y+o)/2]cos /2 = cos®/2

e : 2 Cosﬁ —e : 2 Slnﬁ 1 e l 2 Cosﬁ ! pl S ---------------------: ------------------------------------

2 2 ~ 2 | —pz—sm[(y—oc)/2]smﬂ/ =0, sin®/2=cospsiny sinO/2

i A I A A L i x,=cos[(y—)/2]sin /2 = O., éiﬁé}'z':'s'fri},}'sf{ﬁ'&'éiﬁ'é)'ii

e 2 sin- e % cos— 0 e 2 sin- X,+ip, |

2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ 0,sin®2= ¢ 9_8_1_9___8_19@_/2.
tan[(7+a)/2] = cos®) iél}ié'/z" tan[(7—0)/2]= cotg = tan[~ — ]

........................................................................... soeneennen e

(7/.'.“)/2 — tan_l[cosﬁtan(h)/z] (’)/—a)/z = 5 — (p ---------------------------

This gives Euler angles (ofy) in terms of Darboux angles | (pﬂ@] : -
o= (p—71:/2+tan l(cosOtan@y2) ;_,...........-._----.S.lnﬁ@..—.-8;1.1.1.1?.-S.l.l.l.@/.%________;____.:

B = 2s1n” (Slﬂ@/z Slnﬁ) ....................................................... ...............
V=T/2—@+tan™ (cosOtan®/2) ...

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy) . ;
0= (0L—y+Tm)/2 cos[(y—)/2]= COS[——(p] =sing *
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

oty oy _aty Yti x, = cos[(y+o)/2]cos /2 = cos®/2
e : 2 Cosﬁ —e : 2 Slnﬁ 1 e l 2 Cosﬁ ! pl S ---------------------: ------------------------------------
2 2 ~ 2 | —pz—sm[(y—oc)/2]smﬁ/ =0, sinO/2=cospsin sinO/2
i A I A A L i x,= cos[(y—0r)/2]sin 52 = O, sin®/2 = sing sin®} sinO/2
e 2 sin— e % cos— 0 e % sin— X,+ip, | ;
2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ 0,sin®2= ¢ 9_8_1_9___8_19@_/25

tan[(7+a)/2] = cos®) iél}ié'/z" tan[(7—0)/2]= cotg = tan[~ — ]
........................................................................... soeneennen e

(7/.'.&)/2 — tan_l[cosﬁtan(h)/z] (’J/—a)/z = 5 — (p ---------------------------

This gives Euler angles (ofy) in terms of Darboux angles | (pﬂ@]

0= -2 Htan’ Y(cosOtan@/2) §_,...........-._----.S.m.ﬁ.@..—.-8;1.1.1.1?.-S.l.l.l.@/.%--______g____.i
B = 2sin!(sin®/2 sin®) - ................ :
V=T/2—@+tan™ (cosOHtan®/2) ...
Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)
Q= (L—Y+T)/2 cos[(7-0:)/2] = cos[ >~ ] =sin -
O = tan"'[tan /2/ sin(o+7)/2] Cosl(y=0)RISINPI2 _ G o tan = tanﬁ/z _ aw...-f
............................ sin[(y+0:)/2]cos /2 sinf(y+a)/2]
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

N = RLAVAN xpkip, | M=eos{(yro)2]eosf2= c0sO/2
e 2 cos=— —e 2 sin— e 2 cos— ' A
2 2 ~ 2 | —p,=sin[(y-a)/2]sinB/2 =0 sin®/2 = cospsiny sin®/2
g % g 2L g i x,= cos[(y—0r)/2]sin /2 = O, sin®/2 = sing sint} 'éiﬁé'}i
e 2 sin— e % cos— 0 e % sin— X,+ip, |
2 2 2702 ) —py=sin[(y+0)/2]cosp/2 =0, sin@/2= ¢ 9_8_1_9___8_19@_/2.
tan[(y+0)/2] = cos® tan®/2 tan[(7—)/2]= cote = tan[ - — @]
........................................................................... FUA A
(y+o)/2 = tan_l[cosﬁtan(a/Z]--------------~-----g-------------------- (y—o)/2= 57 ¢
: sin[(y—o)/2] = sin[z —@]=cos@
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] : 2 :
o= (p—7t/2 +tan™ (cost tan@y2) < o SINBR2=sin0 sO2 |
B j— 2Sln (Sln@/z Sln’ﬁ-) ....................................... g ..............
V=T/2—@+tan™ (cosOtan®/2) ... i
Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)
T .
0= (0L—y+Tm)/2 cos[(y—)/2]= COS[E—(p] = sing
- : .
U = tan [t@.f.l..ﬁ./.%/.ﬁ.l.n.@@ﬂ)./%] ................ cosl(y=e)/2JsinB2 o R
® =2 cos '[cos B/2 cos(ory)/2] e sin[(y+o)/2]cos /2 sin[(y+0)/2]
............................ = cos[(y+o)/2]cos3/2 = cos®/2
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

N = RLAVAN xpbipy | AEeosl(zre)Rleospla= c0sO/2
2 = _ I 2 = —
R T T —p,=sin[(y-)/2]sin3/2 = O sin®/2 = cossin®) sin®/2
g % g 2L g i x,= cos[(y—0r)/2]sin5/2 = © ; sin®/2 = sing sin® sin©/2;
e 2 sin- e % cos— 0 e 2 sin- X,+ip, | :
2 2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ ©,sn02=__ ¢ 9_8_1_9___8_19@_/215
t'a}i'[(y'l(};j}'z']'"E&s'{éiél}ié'/z" tan[(7—0)/2]= cotg = tan[~ — ]
........................................................................... T
(y+x)/2 = tan_l[cosﬁtan(a/Z]--------------~-----g-------------------- (y—o)/2= 57 ¢
: T
sin[(y—o)/2] = sin[—— @] = cos
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] : [(r=o0/2] [2 4 ¢ :
o= (p—71:/2-|—tan (cosﬂtan@/Z) [ §.............-.-----.S.lﬂﬁf.z..:.-3:1.1???.-3.1.11@./.2 .............. E
B j— 2Sln (Sln@/z Sln’ﬁ-) ...................................... g ...............

V=T/2—@+tan™ (cosOtan®/2) ...

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)

0= (0= +m)/2 cos[(7-0:)/2] = cos[ >~ g] = sinp
0 = tan’ [ta.r.l..ﬁ./.%/.ﬁ.i.f.l.@@ﬂ)./%] ............... cosl(y=0)2sinf2_ oo a2
® =2 cos '[cos B2 cos(ort)/2] T sin[(y+a)/2]cos /2 sin[(y+a)/2]
...................... _ MeosB/2 = o/
Example: Euler angles (0=50° f=60° y=70%) 7 Aoy Tlooss .
o= (50°=70°+180°)/2 = 80°

9= tan '[tan 60°/2/sin(50°4+))/2]  =33.7°
® =2 cos '[cos 60°/2 cos(50°+Y)/2] = 128.7°
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Euler R(oyy) related to Darboux R[@YO]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e g e g |y 27 g xpbipy | AEeosl(zre)Rleospla= c0s0/2
e 2% cos— -e sin — e 2% cos— -
2 2 _ _ - —py=sin[(y—0)/2]sin}/2 =0 sinO/2 = cospsiny sinO/2
g M g 2L g i x,= cos[(y—0r)/2]sin5/2 = © ; sin®/2 = sing sin® sin©/2;
e 2 sin— e % cos— 0 e % sin— X +ip, | :
2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/% ______ O,sm02=__ ¢ 9_8_1_9___8_19@_/215
{a}i'[(y'l(}éj}'z']""é&s'{éié}ié'/z" tan[(7—/)/2]= cote = tan[ = — @]
e 7.2: Y
(y+a)/2 = tan_l[cosﬁtan®/2]--------------~-----g-------------------- (y—a)2= 57 ¢
: T
: sin[(y—a)/2] = sin[——¢@] = cos
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] [(r=o0/2] [2 4 ¢
o= (p—7t/2+tan (cosﬂtan@/Z) sinf3/2 = sin®. sin®/2

f e e e o e s e s memm m om m m m o EEEEEEEEEEEEEEEEEEEEEEEEEEEEE®
............
.........

B =2sin (sm@/Z G e o
v =m/2—@+tan' (cos® tan®/2)

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)

Q= (0—y+T)2 cos[(7-0:)/2] = cos[ >~ g] = sinp
O = tan "'[tan 3/2/ sin(0+7)/2] cgs[(y—a)/z]sinﬁ/z  sin tand = tanf2 9
® =2 cos '[cos B/2 cos(0+7)/2] sin[(y+0r)/2]cos3/2 sin[(y+0)/2]

Example: Euler angles (0=50° p=60° y=70°) . hecks () Fl000]

_ o__ A0 o _ QN0 everse check: (of3y) in terms of [@
¢= (50_1 70° +180 ?/2 30 00=80°-90°+tan "' (tan (128.7°/2) c0s33.7° )=50.007°
U= tan"[tan 60°/2/sin(50°+Y)/2]  =33.7° g = 2sin"(sin 128.7°/2 in33.7°)=60.022°
® =2 cos 'l[cos 60°/2 cos(50°+y)/2] = 128.7° vy=m/2-128.7°+tan ' (tan (128.7°/2)=70.007°
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Euler R(ayy) versus Darboux R[@OO]
Euler R(opy) related to Darboux R[@OO]
Euler R(af}y) rotation ® =0-4m-sequence (@] fixed
R(3)-U(2) slide rule for converting R(oyy) + R[@OO]
Euler R(a}y) Sundial
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Euler R(o}y) rotation ® =0-4m-sequence [@O] fixed
©=128.7° ©=130"

O©=300°

(c) ® = 128.68° (d) o =180° () ® = 300°
Operator: R[¢p 8 0] = P Operator: R[¢ 8 o] = Operator: R[¢ 6 ©] = Operator: R[¢ 6 ©] = ‘ Operator: R[$ 6 @] =
R[80° 33.69° 0°]=1 R[80° 33.69° 128.68°) i LS R[80° 33.69° 180°] R[80° 33.69° 240°] g R[80° 33.69° 300°] M
ot oy 5 :
Al
: Lt ey
: - Position State: Position State: - — _

Position State: s Position State: Position State: Position State:
laBy) = R(6 6 @]1) = leBy) = R[¢ 8 w]|1) = loeBy) = R 6 w]|1) = - o) = R[6 8 wli1) = oBy) = R(¢ 8 wlll) = o aBy) = R[6 6 wlil) =
| -10° 0° 10° ) =|1) : 4 B e vk
(Initial Position State) : | 15.7° 32.20° 35.7°) | 50° 60° 70°) 180° 67.4° 100°) | 114.8° 57.4° 13489 | 1443° 32.2° 164.3%)
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O=0°"

(a) m=0°
Operator: R[¢ 8 @] =
R[80° 33.69° 0°]=1

Position State:

lBy) = R[¢ 6 @]|1) =

Position State:

(oY) = R($ 6 0]|1) =
|-10° 0° 10° ) =|1)
(Initial Position State)

| 15.7° 32.20° 35.7°)

(g) ®=360°
Operator: R[¢ 0 ©] =
R[B0° 33.69° 360°)

Position State:
lefy) =R($ 6 @]i1) =
| 170° 0° 190°)

(2nd Initial State)

Position State:

lofy) = R[¢ 6 w]|1) =

| 195.7° -32.2° 215.7°)

O=360" ©=420°

Position State:
lofy) = R(¢ 6 w]|1) =

| 50° 60° 70°)

(i) = 488.68°
Operator: R[¢ 6 @] =
R[80° 33.69° 488.68°]

Position State:
lafy) = R(o 0 0]|1) =

| 230° -60° 250°)

Euler R(aPy) rotation @ =0-4m-sequence [QO] fixed
O=128.7°

(c) = 128.68°

Operator: R[¢ 0 ] =
R[80° 33.69° l28,68“]

O=180° ©=240° ©=300°

| 260° —-67.4° 280°)

(d) o= 180° (e) ® = 240° (f) ® = 300°

Operator: R[¢ 6 0] = Operator: R[¢ 6 ©] = Operator: R[¢ 6 ] =

R[80° 33.69° 180°] R[80° 33.69° 240°] R[80° 33.69° 300°] \

4

Position State: Position State: _ Position State:
jeBy) = R[$ 6 w]|1) = lefy) = Rl¢ 8 w]|1) = lefy) = R[$ 6 w]|1) =
| 80° 67.4° 100°) | 114.8° 57.4° 134.8%) | 144.3° 32.2° 164.3°)

(i) @ = 540° (k) ® = 600° (1) = 660°

Operator: R[$ 6 0] = Operator: R[¢ 6 @] = Operator: R[0 6 @] =

R[80° 33.69° 540°] R[80° 33.69° 600°] R[80° 33.69° 660°]

.

Position State: Position State:
jafy) = R[$ 6 wll1) = loefy) = R[9 6 w]|1) = |ofy) = R(® 6 w]i1) = - “

| 294.8° -57.4° 314.8°) | 324.3° =32.2° 344.3%)

O=488.7° ©=540"  ©=0600° ©O=660°
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Some “real-world” applications of
the U(2)-R(3) spinor-vector topology

Sequential models of D. A. Adams’ antitwister mechanism

From Scientific American
December 1975-p.120-125
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Some “real-world” applications of
the U(2)-R(3) spinor-vector topology
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Some “real-world” applications of
the U(2)-R(3) spinor-vector topology

Sequential models of D. A. Adams’ antitwister mechanism

From Scientific American
December 1975-p.120-125
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Euler R(ayy) versus Darboux R[@OO]
Euler R(opy) related to Darboux R[@OO]
Euler R(af}y) rotation ® =0-4m-sequence (@] fixed
R(3)-U(2) slide rule for converting R(oyy) + R[@OO]
Euler R(a}y) Sundial
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R(3)-U(2) slide rule for converting R(opy) <+ R[@HO]
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Euler R(ayy) versus Darboux R[@OO]
Euler R(opy) related to Darboux R[@OO]
Euler R(af}y) rotation ® =0-4m-sequence (@] fixed
R(3)-U(2) slide rule for converting R(oyy) + R[@OO]
Euler R(a}y) Sundial
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Euler R(0Py) Sundial
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