Group Theory in Quantum Mechanics
Lecture 6 .29.15

Spectral Decomposition of Bi-Cyclic (C2CU(2)) Operators

(Quantum Theory for Computer Age - Ch. 7-9 of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 2 )

Review:How symmetry groups become eigen-solvers

How C> (Bilateral op reflection) symmetry is eigen-solver
C> Symmetric two-dimensional harmonic oscillators (2DHO)
C> (Bilateral op reflection) symmetry conditions:
Minimal equation of o and spectral decomposition of C>(os)

C> Symmetric 2DHO eigensolutions
C> Mode phase character table

C> Symmetric 2DHQO uncoupling and mixed mode projector algebra
2D-HQO beats and mixed mode geometry

Three famous 2-state systems and two-complex-component coordinates

ANALOGY:U(2) vs R(3):2-State Schrodinger: in0:V(t))=H|V(2)) vs. Classical 2D-HO: J*x=-Kex
Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w, 0,
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» Review:How symmetry groups become eigen-solvers
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Review:How symmetry groups become eigen-solvers

Suppose you need to diagonalize a complicated operator K and knew that K commutes
with some other operators G and H for which irreducible projectors are more easily found.

KG=GKor G'/KG=K or GKG'=K (Here assuming unitary
KH=HK or H' KH=K or HKH'=K Gi=G-' and H'=H-)

This means K is invariant to the transformation by G and H
and all their products GH, GH?2, G2H.,.. etc. and all their inverses GT,HT,.. etc.

The group gk ={1, G, H,.. }so formed by such operators is called a symmetry group for K.

In certain ideal cases a K-matrix @K> is a linear combination of matrices (1),(G),(H),... from C?K)
Then spectral resolution of {(1),(G),(H),.. } also resolves (K).

We will study 1deal cases first. More general cases are built from this 1dea.
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How C> (Bilateral op reflection) symmetry is eigen-solver

C> Symmetric two-dimensional harmonic oscillators (2DHO)
C> (Bilateral op reflection) symmetry conditions:
Minimal equation of op and spectral decomposition of C>(os)

ANALOGY: Versus
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1}

(a) unit base state (b) unit base state

1 0
|0>=|x>=|2>=(0) D)=p)=|-1)=|;
" ‘ /
AAAAAAAR o e AU KKK @ JMMAL By 1111111
K |3 ky) k; / ki) = ki

Xp= x,=0

2D HO Matrix operator equations

) kithk, —kp
o M M M
X, —k,  ktk, Xy
M M
__ ISTRIRY. "I | More conventional
Ky Ky Y2 ) coordinate notation
%) = - K |x)  {xox)— {xx2}
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1}

2D HO Matrix operator equations

(a) unit base state (b) unit base state b+ k _k
i~ [ 0 ) 17 %1 12
0)=h=12) =g === [ g | T m [ Y ]
oy 70 X —k k +k X
l - M) 2 12 1™ 0 2
| M M
oy k; 0 kp) ~§Ik]
X= X0~ X1= X= K, K, X :
(¢) equilibrium zero-state |g) =- % More ?On veniion .al
coordinate notation

K X

duu | ; ’ \0/ 21 22 2

AL UL vmm{ |X> = - K |X>
] Kp, ]

xy=0 x;=0

{xo,x1}— {xn,x2}

(a) PE Contours

2D HO kinetic energy T(vi, v2)

1 1
T = Eml)cl2 +—m2)'c§

2D HO potential energy V(xi, x2)
2 2
V=Sl ) =g + =k + ki g

ki+k, —k

1/l
_E<X‘M‘X> ~ki, Kyt

_1
2

<X‘K‘X> where: Kz[

d| oT .. 4
—] =mXx, = =—=——= _(kl +k12)x1 +k12x2

dr| 9%, ox, <)

2D HO Lagrange equations ; ' -
- a_T =my¥, = Fy = S 12%1 _(kz +k12)x2 sranse ( T )
dt 8x2 X, e
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How C> (Bilateral op reflection) symmetry is eigen-solver

C> Symmetric two-dimensional harmonic oscillators (2DHO)
C> (Bilateral op reflection) symmetry conditions:
Minimal equation of op and spectral decomposition of C>(os)

ANALOGY: Versus
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1}

(a) unit base state (b) unit base state

0)=h)=2) =9 D=b)=1= ]

2D HO Matrix operator equations

ki+k, =k,
_ M M M
—k,  ktky, Xy

| o @‘ ‘ @D
___________ \ MMM 77177707 KRR JAAA RO M M
K, x‘I:) kzzx L ky reflection =0 k12 ;& . .
== —_— 1_ == x o
1 0 >l e 1 __| i 72 1 | More conventional
Ky Ky Y2 ) coordinate notation
%) = - K |x) oo {xx2)

C> (Bilateral op reflection) symmetry
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1} 2D HO Matrix operator equations
(a) unit base state (b) unit base State k. +k —k
1 ) 171 12
0==2)=p =)= 1>— 3 B vE Tl (O
' o Xy —kp Ktk X
| mirror ' , M M
reflection 0 e
- X;= X, = .
! 1 __ ISTRRRSE: 1 More conventional
Ky Kn N % ) coordinate notation
%) = - K [x) Do) e

C> (Bilateral op reflection) Symmetry conditions.

K., =K=K,, and: K, =k=K,=—k, (Let. M=1)
K K
0 K EK k]_K(10)+k(01)
K, K, kK 0 1 10
K= K1 + ko,
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1}

(a) unit base state (b) unit base State

1
0)=h)=2) =[p b1
OB
| mirror W '
reflection =
-> x1=0 X;=

C> (Bilateral op reflection) symmetry conditions:

K., =K=K,, and: K, =k=K,=—k, (Let. M=1)

K, K EK k}_K(l 0)+k(0 1)
K, K, kK 0 1 1 0

K = K1 + k'GB

2D HO Matrix operator equations

) ki+k, =k,

o M M M

X, —k,  ktky, Xy
M M

LSTRR ST ][ 1 ] More conventional
K

1 Ky Y2 ) coordinate notation

%) = - K [x) Do) e

K-matrix 1s made of its symmetry operators in

group C>={1,05} with product table: ol 1 o,

1 IGB

Op| Op 1
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C> Symmetric two-dimensional harmonic oscillators (2DHO)
2D HO “binary” bases and coord. {xo,x1}

(a) unit base state

/ (b) unit base State
0==2)=p

[D=ly)= |1>—

OB
| mirror
reflection

<-|->

C> (Bilateral op reflection) symmetry conditions:

K., =K=K,, and: K, =k=K,=—k, (Let. M=1)

K, K [K k}_K(l 0)+k(0 1)
K, K, kK 0 1 1 0

K = K1 + k'GB

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1)

2D HO Matrix operator equations
kitky,  —hy

Xy _ M M M
X, —k,  ktky, Xy
M M

LSTRR ST "I | More conventional
K 22

2 K Y2 ) coordinate notation

%) = - K |x)  {xoxr)— {rxo)

K-matrix 1s made of its symmetry operators in

group C> ={1,05} with product table: o1 o,

1 IGB

Op| Op 1

, [1)=05]0)=|os)}

() (aftfoy) | (1 o (o,1)  (tfogloy) | (0
[<%11> (05]1]05) }_[ 0 1]’ [<GBGBI> <GBIGBGB>J [1 Oj
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How C> (Bilateral op reflection) symmetry is eigen-solver

C> Symmetric two-dimensional harmonic oscillators (2DHO)
C> (Bilateral op reflection) symmetry conditions:
Minimal equation of op and spectral decomposition of C>(os)

ANALOGY: Versus
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

(a) unit base State (b) unit base Sm?te\ ki +k, ki,
0==2)=p 1=p)=-1=| R T Tl
p Xy —k, Ktk )

M M
k) kpp kp) 1

f Q0000000
MUM ‘x> = - K |X> {xz,xz}
i L
1 x0 2

=K=K,, and: K, =k=K, =—k, (Let: M=1) B _ .
group C>={1,05} with product table:¢ | 1 &

K. K 2
11 12 | _ K k _ K 1 0O Tk 1 1 o,
K, K, k K 0 1

Oy | Op 1
K= K1 + &k

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=03|0)=|0z)}

(fr) (tffoy) | (1 o (1oy|1) (tfoglon) | (0 1
[ (o51]1) (o4]1]oy) ]_( 01 ), [ (05]05]1) (05]os|0) ] ( 1o ]

Minimal equation of o3 is: op%=1
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

(a) unit base State

(b) unit base SZCZ/IQ\ ki +k,  —k,
0)=]x)= |2>— 0 [1)=[y)=]- 1> o M M &
p Xy —kp Ktk 2
M M
K ki kp) 1
- Ky Kp &
Ky Ky 12
! 10001004
Ml Uh %) = - K |x) {x1,x2}
1 /2 |
xo
K, ,=K=K,, and: K\, =k=K,=—k, (Lett M=1) _
group C> ={1,05} with product table: ol 1 o,
Ky Ky | K k _KIO
= = +k 1|1 o,
K, K, kK 0 1
opl0, 1
K= K1 + &k
Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=053|0)=|os)}

(1) (1ftfoy) |
[ (o5[1]1) (o4]t]o,) ]_( ) [

Minimal equation of o3 is: op%=1

or: 0p?—1=0=(os—1)(0s+1)

(1{o,]1)  (1]|o,|op)

(05]051) {o4]os]0p)

1 0
0 1

0 1
1 0

Hi
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

(a) unit base State (b) unit base Sm?te\ ki +k, ki,
0)=x)=(2) = 0 D=p)=l-1)=| S I N V7 M X
p Xy —k, Ktk )

M M
k) kpp kp) 1

Mm
MUM ‘x> = - K |X> {xz,xz}
/2 |

=K=K,, and: K, =k=K, =—k, (Let: M=1) B _ .
group C>={1,05} with product table:¢ | 1 &

K. K 2
11 12 | _ K k _ K 1 0O Tk 1 1 o,
K, K, k K 0 1

1
K= K1 + Kk 5%
Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=053|0)=|os)}
(11fr)  (1ftfo) =£1 0) (1ox|1)  (1foo4) :(0 1]
(os[1]1) (o4/1]o) 01 (05l05|1) {o4]04]04) Lo
Minimal equation of o3 is: op%=1

or: 0p?—1=0=(os—1)(0s+1)

with eigenvalues:
IXT(op)=+1, x (op) = —1]
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

(a) unit base state (b) unit base state b+ k s
0)=p)=[2) = /\ 1 1_/\ ) 11 12
0= )=h)=-1) AT vl vl
X —k k,+k x
e B WL il by
k[ l—) ]2 [ 1 ' 12 ]
o S =1 B Ky Ky X
Ky Ky )
000NN
mﬂh i) Uu ugum X) = - K |x) (X100}
x,=0

K,,=K=K,, and: K, =k=K,, =—k;, (Lett M=1) .
group C> ={1,05} with product table: o1 o,
Ky Ky | K k |_ 1 O
= =K +k 1|1 o
K, K, k K 0 1 b
opl0, 1

K= K1 + &k

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=03|0)=|0os)}

(11]o,) M ) [<1631> (1]0,]o,) ](o é]

[ (11]1)
(ox[1[1) {o4[1]o}) (05]051) {o4]os]0p)

Minimal equation of o3 is: o5%=1

1 0
0 1

or: 0p?—1=0=(os—1)(0s+1)

with eigenvalues:
IXT(op)=+1, x (0p)=—1j

Spectral decomposition of Cz(o5) into {P1,P~}
1 =P"+P~
+ —
o,=P —-P

Sunday, February 1, 2015
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C> Symmetric two-dimensional harmonic oscillators (2DHO)

M
K | ki ™ k,
- STRES?: M
Ky Ky )
10000000
ML il upwﬂ 0= - x|y {132}
/ | /7 |
K,=K=K,,and: K, =k=K,=-k, (Let: M=1) .
group C>={1,05} with product table:¢ | 1 &
Ky Ky K k 1 O : -
K, K, kK 0 1
Op|Op
K= K1 + k

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=03|0)=|0os)}

(1f1)  (1frfo) =£ 1 o] (1os]1)  (1|oslo,) :( 0 1 ] P oroiectors:
ot (oltloy) | Lo 1) (oilayln) (oyfoyfo,) J L1 o0 i
Minimal equation of o3 is: oz 2=1 proltos_| 2 2
or: 052—1=0=(c5—1)(0s+1) Spectral decomposition of Cz(o5) into {P1,P~} ? L ;2
| 1 =P'+P" 11
with eigenvalues: pr_ 1705 | 2 72
(X" (05)=+1, x(08) = —1} o,=P"—P" 2 |
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» C> Symmetric 2DHQO eigensolutions
C> Mode phase character table
C> Symmetric 2DHQO uncoupling
2D-HO beats and mixed mode geometry
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C> Symmetmc 2DHQO eigensolutions

= K1 - k12 'O g

Kk |_gl 1O, [0 1 |_ ky+ky
kK o 1) 1o S Y

C2(os) spectrally decomposed into {P*,P—!projectors: p+=—28_

1 =P +P

Eigenvalues: of o : |
XH(op) =+1, X (08) = —1}

N = NI =

NI —

NI —

N = NI —

[ —

NI — o
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C> Symmetric 2DHQO eigensolutions

ko= M b2 K-matrix is made of its symmetry operators

1 0 0 1 | | kthky —ky : _ : .

K — ki, = in group C> ={1,05} with product table:
0 1 10 —ky, K +k, R

Ca(o3) spectrally decomposed into {P*,P~}projectors: p*= 1+26B | 2 2 }

1 1
1 =P"+P~ 2 2
+ _ 1 1
O p :.P —P P_=1_GB_ 5 -3
, Lol
Eigenvalues.of o5 : | ’ L 2 2

X(op) =+1, x(0p) = —1}

C2 1 Oy
1 1 Oy
Op| Op 1
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C> Symmetric 2DHQO eigensolutions c,

K = Kl — k ‘O : : .
1278 K-matrix 1s made of its symmetry operators 1

k +k —k
K( Lo ]—klz[ vl ]:[ b 2 ] in group C> ={1,05} with product table: 95

0 1 10 —k,  k+k, R
Ca(os) spectrally decomposed into {P+,P—}projectors: p*= t%_| 2 2
. 2 [
1 =P +P 2 2
_ pt B 1
os=FP Tl p=1_| 2 72
Eigenvalues: of o : : ? 7 3

(o) =+1, x"(05) = =1}

Eigenvalues of K=K1 - ki>op:

e (K)=K—ki2, ¢ (K)=K+k;
= ki = ki+2ki>
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C> Symmetric 2DHQO eigensolutions o1 o,
K= K1 = hyoy K-matrix 1s made of its symmetry operators 1 | 1 o,
1 0 0 1 itk —ky : : o,|lo, 1
K _k = _ .
( - ] 12[ - ] [ ok, ] in group C> ={1,03} Wlthlprolduct(talile. B| "B
C2(os) spectrally decomposed into {P*,P~}projectors: p*= 1+ZGB — ? ? = [12 ®( (lz (lz )=|+><+|
1 =P"+P 2 2 V2
N factored projectors
0,=P"—P~ L1 L
B ™. _ 1-0, 2 72 V2 1 -l
LA it S N R
Eigenvalues.of o5 : 5 3 >

(o) =+1, x"(05) = =1}

Eigenvalues of K=K1 - ki>op:

e (K)=K—ki2, ¢ (K)=K+k;
= ki = ki+2ki>

Sunday, February 1, 2015
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C> Symmetric 2DHQO eigensolutions

K = K1

k, +k —k
K( 1 0 ]_klz[ 0 1 ]: 1712 12
0 1 1 0 —k,  k+kp,

ki 05

Ca(o5) spectrally decomposed into {P+,P~}projectors: p*= 1+, =[

1 =P +P

Eigenvalues: of o : :
X" (o) =+1, x (0op)=—1j

Eigenvalues of K=K1 - ki>op:
e (K)=K—ki2, ¢ (K)=K+k;
= ki = kit2ki2

K-matrix 1s made of its symmetry operators 1 | 1 o,

[ —

N'*—‘ ()

2

1
P‘=1_GB= 2
2 1

A~

Diagonalizing transformation

kitk,, =k
—kiy itk

|

N JI— &w
|

= o]

Si— S—
Si— Su—

Se S

CzlaB

in group C>=1{1,0z} with product (table: 05| %5 1
11 1
2 2 V2 11
B ] Lol & &
7 2 NG

factored projectors
of & & )

D-tran) of K-matrix:

k, 0
0 k1+2k12

[—

Sunday, February 1, 2015
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C> Symmetric 2DHQO eigensolutions

K = K1 - k,o,

k, +k —k
K( 1 0 ]_klz[ 0 1 ]: 1712 12
0 1 1 0 —k,  k+kp,

Ca(o5) spectrally decomposed into {P*+,P~}projectors:

1 =P +P

Eigenvalues: of o : :
IX(os) =+1, x (05) = —1;
Eigenvalues of K=K1 - ki>op:

e (K)=K—ki2, ¢ (K)=K+k;
= ki = kit2k1>

K-matrix 1s made of its symmetry operators 1 | 1 o,

in group C> ={1,05} with product

1 o1
NCIEND)

ble:
(tale

PJr:1+ch _

——--a factored projectors

o 4 4 ]

Sunday, February 1, 2015
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C> Symmetric 2DHQO eigensolutions

K = K1

k, +k —k
K( 1 0 ]_klz[ 0 1 ]: 1712 12
0 1 1 0 —k,  k+kp,

ki 05

1 1
Ca(o5) spectrally decomposed into {P+,P~}projectors: p*= 1+0, =[ ? ? }z
2 2

1 =P +P

Eigenvalues: of o : :
X" (o) =+1, x (0op)=—1j

Eigenvalues of K=K1 - ki>op:
e (K)=K—ki2, ¢ (K)=K+k;
= ki = kit2ki2

in group C>={1,05§ with product fable;
"1

K-matrix 1s made of its symmetry operators 1 | 1 o,

——--a factored projectors

o & 2 J-HH

i3
2 1:
.'k"\E':
o1 ) L
P L eI R U
2 1 1 | =1
2 2 E\ )
[ r]‘/1

11
V2 V2 [ kitk,, =k ]

1, 1,
N2 2| Ky 0
\é—l 0 k+2k,,

(D-tran 1s 1ts
Own Inverse
in this case!)

Sunday, February 1, 2015
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C> Symmetric 2DHQO eigensolutions cl1 o
2 B
Ko= K1 = ko, K-matrix is made of its symmetry operators 1 | 1 o,
1 0 0 1 itk —ky - : o,|lo, 1
K —k = = :
( 0 ] 12[ o ] [ ) kk, ] in group C>=1{1,03} Wlthlprolduct(ta:_lgl[:e 5|95
. L Do : Lot 1t0, | 7 7 || W2 I
C2(os) spectrally decgmp(_)sed into {P*,P~}projectors: p*= . B _[ L }_ % ®(' G op )_|+><+|
1 =P +P 2 2 -k--\ﬁ-: '
+ B S " g 1 ------ - factored projectors
OB :,P 7P -0, ; _% */_5' 1 -1 |_
It : o eelm) 2 D e ) )
Eigenvalues:of o5 : : : 2 = - N
+ 0] - _ ! R SR W ok AN - ,
X(op) =+1, x (08) = — 1} . Diagpnalizing transformatipn (%—tran) of K-matrix:
Ejzger)walueskofK=K-(1 ; kzz-cr]f: \élz [ k+k, —k, ] \é \é _[ ke 0
et (K)=K—ki, e (K)=K +ki> U || ke ketk || atieri T 0 k2
=ky = ki+2ki> - V2 2 e 2 2 e
________________________ gD—tran)
--------------------- 1 1
-------------------- o2 |
(+x) (+axy) kith, k) (al+) (ul-) ki 0 L A
= 2 V2
(<) (=|x,) ki, gtk (xy|+) (xy]-) 0 k+2k,
(al+) (x]-)
) bl () ol
2 2
(x) ()

(al+) (xal)

<x2|K|x1> <x2|K|x2>
Full Dirac notation

(u[K]x)  ([K]x) ][ (w+) {xl-) ][ (+/K[+) <+K—>]

(D-tran 1s 1ts
Own Inverse
in this case!)
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C> Symmetric 2DHO eigensolutions o1 o,

K = K1 - k,o,

K-matrix 1s made of its symmetry operators 1 | 1 o,

k +k —k
K( Lo ]—klz[ vl ]:[ 12 2 ] in group C>=1{1,03} Withproduct(ta_b{e: 05| %5 1

0 1 Y —ki, Ktk O 1
Ca(o3) spectrally decomposed into {P*,P~}projectors: p*= 1+ZGB — ? ? — “? ®( (lz (lz )=|+><+|
1 :P++P_ 2 2 _k"\E_E A
N R ol - factored projectors
_ R ) o1
8T T R e ST
Eigenvalues: of o : | E 2 R : —g V2 V2
_ - _ L eeees A G - .
IXT(op) =+, x7(0p) = —1] . Diagpnalizing transformatipn (%—tran) of K-matrix:
Figenvalues of K=K'1 - ki>op: \é 12 k+ky, =k, \é \é k, 0
e'(K)=K—knn, e (K)=K+ki I R Ty Y S | L0 k2K,
=k = kit2ki2 \52, *52
T et e e gD—tran)
""""""""""""""""""""""""" 11

-

) etk ky, (x|+)  {x]-) k0 1o |
{ P R ] [ (xy|+) (xy]-) =[ 0 k+2k, ] f| f< ;
(5 [K]x) <x1|1<x2>] (sl fel-) H (+IK+) <+K—>] NN <,;>]

(0|K|x) (olKlxn) | (o) (o) (D-tran 1s 1ts
“Full Dirac notation own inverse
R ' g in this case!)

T x) KT+ x)
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C> Symmetric 2DHO eigensolutions o1 o,

K = K1 - k,o,

K-matrix 1s made of its symmetry operators 1 | 1 o,

k +k —k
K( Lo ]—klz[ vl ]:[ 12 2 ] in group C>=1{1,03} Withproduct(ta_b{e: 05| %5 1

0 1 Y —ki, Ktk O 1
Ca(o3) spectrally decomposed into {P*,P~}projectors: p*= 1+ZGB — ? ? — “? ®( (lz (lz )=|+><+|
1 :P++P_ 2 2 _k"\E_E A
N R ol - factored projectors
_ R ) o1
8T T R e ST
Eigenvalues: of o : | E 2 R : —g V2 V2
_ - _ L eeees A G - .
IXT(op) =+, x7(0p) = —1] . Diagpnalizing transformatipn (%—tran) of K-matrix:
Figenvalues of K=K'1 - ki>op: \é 12 k+ky, =k, \é \é k, 0
e'(K)=K—knn, e (K)=K+ki I R Ty Y S | L0 k2K,
=k = kit2ki2 \52, *52
T et e e gD—tran)
""""""""""""""""""""""""" 11

-

<x2|+> <x2|—> 1o ki+2k,, <x|+> <x|_>
(5 [K]x) <x1|1<x2>] (sl fel-) H (+IK+) <+K—>] NN <,;>]

(0|K|x) (olKlxn) | (o) (o) (D-tran 1s 1ts
“Full Dirac notation own inverse
R ' g in this case!)

~
~
~

~

T(xex)|x1)= H‘> x1)= T (Ex)|+) t
T(tex)le2)=|—) Tt x) KT x) )= TH x| ) T(Eex) =T (x4 =%)
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C> Symmetric 2DHQO eigensolutions
C> Mode phase character table
C> Symmetric 2DHQO uncoupling
2D-HO beats and mixed mode geometry
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K = K1 ki,0p
k, +k —k
K( 1 0 ]_klz[ 0 1 ]: 1712 12
0 1 1 0 —k,  k+kp,

Ca(o5) spectrally decomposed into {P*+,P~}projectors:

1 =P +P

Eigenvaluesi of op: |

IX(os) =+1, x (05) = —1;

Eigenvalues of K=K1 - ki>op:

e"(K)=K—kiz, & (K)=K +ki>
= ki = kit2ki2

C> Symmetric 2DHQO eigensolutions

K-matrix 1s made of its symmetry operators

] in group C>={1,05§ with product tabl

C, mode phase character tables

m=0)
2

m=1
2

P =

1+ch=

11
2 2
L
2 2

1

Je:

Peeeeeemsessssssessscessessssseeese- SR EEEL - factored projectors

| kA,
N P

p 1S position

p=0

p=1

(oI

_ |2
B St
1

D

1, 1
—ki, 21 2
kit+k, , i\/liii:/%:

1
1

1
-1

(D
D@

m is wave-number

or “momentum”

norm:.

IN2

o 4 & ]
o 4 3 J-HH

I R
: 0 k+2k,

(D-tran 1s 1ts
Own Inverse
in this case!)
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C> Symmetric 2DHQO eigensolutions

K = K1 -  k,o . -
12738 K-matrix 1s made of its symmetry operators

k. +k —k
K( L0 ]—klz[ vl ]:[ 17z 2 ] in group C> ={1,03} Withproduct(tablle:

0 1 1 0 —k,  k+kp, | | "1
C2(o5) spectrally decomposed into {P*+,P~}projectors: P+=1+ZGB =[ ? ? }: “? ®( (lz (lz ):|+><+|
1 =P"+P~ 2 2 ) | g) T
+ B S " g 1 ------ - factored projectors
5 :.P P 1-0, 5 3 | \/_5' -

‘ ' of o . : : P = LR R e e NN :|_><_|
Eigenvalues.of o5 : 5 5 - AN
Ix"(op)=+1, x (o) =—1} Yool B LT LRI CLTLT ECT AT POP TS | ..

X > X : Dlagpnahzmg transformatlpn (%—tran) of K-matrix:
Figenvalues of K=K'1 - ki>op: \é \é [ k+ky, =k, \é \é k, 0
e'(K)=K—ki2, e (K)=K+ki LS| ok, Kk Caiiei || 0 k+2k

( ): kl ( ) _ k]_|_2k]2 \/_5-"2/-5“5 12 1+ 12 E_\/_E_E E_:/_E_E 1+ 12
1 gD—tran)
(@) Even mode |+)=0,) = ( 112 C, mode phase character tables IR
_ p 1S position JIE J? =
p=0__ p=Ii N

_ <x1|+> <x1|—>
m 02 1 1 @@norm: <x2|+> <x2>]

IN2 (D-tran 1s 1ts
Own Inverse
in this case!)
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C> Symmetric 2DHQO eigensolutions

K =

o

K1

o A

ko g
k1 + k12
—ky,

1 0
0 1

{
1 =P +P

Eigenvalues: of o : :
X" (o) =+1, x (0op)=—1j

Eigenvalues of K=K1 - ki>op:

e (K)y=K—ki2, e (K)=K+ki>
=k = ki+2k;;
(b) Odd mode |-)=|1,) = (_‘}/«z

_k12
k, + kK,
Ca(o5) spectrally decomposed into {P*+,P~}projectors:

K-matrix 1s made of its symmetry operators

P =

| kA,
N P

] in group C> ={1,05} with product (tab{le:

1 1
1+GB: 22 |_
2 1 1
2 2 i

101
—ky, N2 2|
kt+k,, \é?é

1

) i

2 T2 || W2
= =@

11 -

2 2 12
SRR RSN N o

C, mode phase character tables
p 1S position

p=0

1

m=1
2

p=1

-1

OO

m is wave-number

or “momentum”

——--a factored projectors

& 3

) 0
0 k1+2k12

norm:.

IN2

(D-tran 1s 1ts
Own Inverse
in this case!)
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C> Symmetric 2DHQO eigensolutions

K = K1 -  k,o . -
12738 K-matrix 1s made of its symmetry operators

k. +k —k
K( L0 ]—klz[ vl ]:[ 17z 2 ] in group C> ={1,03} Withproduct(tablle:

0 1 0 —kp  kthy o 1
Ca(os) spectrally decomposed into {P+,P—}projectors: P+=1+ZGB = 2 2= “? ®( L ):|+><+|
1 :P++P_ 2 2 _k"\E_E A
N Peeeeeemsessssssessscessessssseeese- SR EEEL - factored projectors
_ R ) o1
?fg____.P P . p =179 2 3 | - ®( s )=|‘><‘|
Eigenvalues; of 05 : E | 2 e 2
+ 0] - _ ! R SR W ok AN - ,
IX'(os) =+1, x"(08) = =1} . Diagpnalizing transformatipn (%—tran) of K-matrix:
Ejzger)walueskofK=K-(1 ; kzz-crlf: \é\é [ k+k, ki, ] \é \é _[ k, 0
e'(K)=K—ki, e (K)=K+kp 1 -1 =k, k4k DLt || 0 k+2k
- k) ~ kot 2k R N S o
i gD—tran)
Even mode |+)=(0,) = ( 71A2 C, mode phase character tables Lo
p 1S position JIE J? =
p=0  p=I NG

PR RS R RS R T S A S SR 8 8 e

m=02 1 1 norm. <x2|+> <x2|_>

1 @@1/\/2 (D-tran is its

Xp=IN2 X/ =IN2
Odd mode |-)=|1,) = ( g

Oown 1nverse
in this case!)

m=1 |1
2

m is wave-number
or “momentum”
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C> Symmetric 2DHQO eigensolutions
C> Mode phase character table

» C> Symmetric 2DHO uncoupling
2D-HO beats and mixed mode geometry
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {xj1,x2}-basis

Yo\ | kthky —ky X
X ~ki, Ktk )

V= ok Iy

sl ) [ Galls) (i) ) Gl
(el) || alKln) (sl )| (olx)
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis

:

Xy _ ki +ky, =k X
X, —ki,  ktky, )

9 - xRy

sl ) [ Galls) (i) ) Gl
(el) || alKln) (sl )| (olx)
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis

_ | ltky X X, k, 0 X,
X —kyy  kyt kg, Xy i | 0  k+2k, X
- -k --

sl ) [ Galls) (i) ) Gl
(el) || alKln) (sl )| (olx)

H (oK) Totwls) [ W

=
S
T
<
&l
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
( Xy =_( kythky ]( & J [ i, ]_ [ k, 0 ]( X,
X, —ki,  ktky Xy i | 0  k+2k, X
- kR | g
( (x]%) ]_[ (n|K[x)  (qfKlxy) | (xlx) ] [ (+x J ( (+/K]+) MJ[
<x2|x> (| o
C> Symmetric 2DHQO uncoupled dynamics Eigenbra veetors: (4=( 5 1) (4 %)

<x2|x> <x2|K|x1> <xz|K|x2>
Each mode runs independently
Mx + (). |10 (+)-mode at frequency wy=v (ki/M) L
MX_+ (k+2k;5)x_ 0 (—)-mode at frequency w-= v (ki+2ki2)/M ’ -

5
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
Yo\ | kthky —ky X X, k, 0 X,
X —kyy  kyt kg, Xy i | 0  k+2k, X

- ok N | g
(3] %) _ (| K[a)  (xn|Kx) | (x]x) (+x ) (+/K]+) m
(ols) |77 feliln) Colil) )| (ol He) |
C> Symmetric 2DHQO uncoupled dynamics Eigenbra veetors: (4=( 5 1) (4 %)
Each mode runs independently
MX + (k)x, | o (+)-mode at frequency wy=v (ki/M) L
M3+ (k+2k 5 )x_ 0 (—)-mode at frequency w-—=/ (ki+2k12)/M I
Spect(al d]composition ofinitial(tate j(())()q x2) =(1,0):

1-x<0>=<P++P_>( ; ]= lels s )( ; )* (4 & )[ (1> ]

5

2 Np)
-1

V2

1

2
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
( Xy :_[ kythky ]( & J [ i, ]_ [ k, 0 ]( X,
X, —ki,  ktky Xy i | 0  k+2k, X
- kR | g
( (x]%) ]_[ (n|K[x)  (qfKlxy) | (xlx) ] [ (+x J ( (+/K]+) MJ[
<x2|x> (| o
C> Symmetric 2DHQO uncoupled dynamics Eigenbra veetors: (4=( 5 1) (4 %)

<x2|x> <x2|K|x1> <xz|K|x2>

5

Each mode runs independently
M o, = Y ()mode at frequency wi—= (/M) Eigenket vectors: |+)= s )= o
MX_+ (k+2k;5)x_ 0 (—)-mode at frequency w-= v (ki+2ki2)/M & ' A ’ A

-1

V2

Spect(al d]composition ofinitial(tate j(())()q x2) =(1,0):

o-wen |- s petaa o)

1
2

1
NI
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
Yo\ | kthky —ky X X, k, 0 X,
X —kyy  kyt kg, Xy i | 0  k+2k, X

%) = - K x) | )

( (3] %) }_[ ([ Klx) (n[Klx) | (alx) ] [ (+x J ( (+K]|+) MJ[
(,]%) (| -

C> Symmetric 2DHQO uncoupled dynamics

<x2|x> <x2|K|x1> <xz|K|x2>

Eigenbra vectors: (+1=( 5 %) =(t %)
Each mode runs independently
M o, = Y ()mode at frequency wi—= (/M) Eigenket vectors: |+)= s )= o
MX_+ (k+2k;5)x_ 0 (—)-mode at frequency w-= v (ki+2ki2)/M & ' A ’ A

Spect(al d]composition ofinitial(tate j(())()q x2) =(1,0): Mixed mode dynamics

1-x<0>=<P++P>[ (1) ]= i ®.(_jz___§_)( (1) ]* ) ®(ff)( é]

s0: X(t)=e " [

DN = DN =
N—
+
QI
é.

IN
7~ 2\
o W1
N—
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
Yo\ | kthky —ky X X, k, 0 X,
X —kyy  kyt kg, Xy i | 0  k+2k, X

%) = - K x) | )

( (3] %) ]_[ ([ Klx) (n[Klx) | (alx) ] [ (+x ] ( (+K]|+) MJ[
(,]%) (| -

C> Symmetric 2DHQO uncoupled dynamics

<x2|x> <x2|K|x1> <x2|K|x2>

Eigenbra vectors: (+1=( 5 %) =(t %)
Each mode runs independently
M o, = Y ()mode at frequency wi—= (/M) Eigenket vectors: |+)= s )= o
MX_+ (k+2k;5)x_ 0 (—)-mode at frequency w-= v (ki+2ki2)/M & ' B A ’ B A

Spect(al d]composition ofinitial(tate j(())()q x2) =(1,0): Mixed mode dynamics

T R =R TS EN AT Y

= N =

[\

1
—i — 2

so: X(t)=e “’+t[ J+e “”[ » ]
2

AM modulation results

e—ia) W e—ia)_t

x| 2
X5 (1) e—ia)+t . e—ia)_t

2
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
Yo\ | kthky —ky X X, k, 0 X,
X —kyy  kyt kg, Xy i | 0  k+2k, X

%) = - K x) | )

( (3] %) ]_[ ([ Klx) (n[Klx) | (alx) ] [ (+x ] ( (+K]|+) MJ[
(,]%) (| -

C> Symmetric 2DHQO uncoupled dynamics

<x2|x> <x2|K|x1> <x2|K|x2>

Eigenbra vectors: (+1=( 5 %) =(t %)
Each mode runs independently
M o, = Y ()mode at frequency wi—= (/M) Eigenket vectors: |+)= s )= o
MX_+ (k+2k;5)x_ 0 (—)-mode at frequency w-= v (ki+2ki2)/M & ' B A ’ B A

Spect(al d]composition ofinitial(tate j(())()q x2) =(1,0): Mixed mode dynamics

T R =R TS EN AT Y

= N =

[\

1
_j s 2
so: X(¢t)=e ' +e
2 .a—b .a—b
S .

. ia | i 4o T 2
AM modulation results <% =¢2 &~ *¢

e—ia) W e—ia)_t

x| 2
X5 (1) e—ia)+t . e—ia)_t

2
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
Yo\ | kthky —ky X X, k, 0 X,
X —kyy  kyt kg, Xy i | 0  k+2k, X

%) = - K x) | )

( (3] %) ]_[ ([ Klx) (n[Klx) | (alx) ] [ (+x ] ( (+K]|+) MJ[
(,]%) (| -

C> Symmetric 2DHQO uncoupled dynamics

<x2|x> <x2|K|x1> <x2|K|x2>

Eigenbra vectors: (+1=( 5 %) =(t %)
Each mode runs independently
M o, = Y ()mode at frequency wi—= (/M) Eigenket vectors: |+)= s )= o
MX_+ (k+2k;5)x_ 0 (—)-mode at frequency w-= v (ki+2ki2)/M & ' B A ’ B A

2

Spect(al d]composition ofinitial(tate j(())()q x2) =(1,0): Mixed mode dynamics

l.x(O):(P++P)[ (1) ]= ” N ®( 5 & )( (1) ]
2 S L

= N =

s0: X(t)=e " [

[\

1
—iw_t 2
+e 1
2 .a—b .a—b

. ia | i 4o T
AM modulation results <% =¢2 &~ *¢

—im,t e—iw_t

e + (o, +0.) (0,-0_) (0, ~0_)
l ! —i t i t

x(0) | 2 e 2 e 2 4o 2
X @) || it _ i | 2 (©.-0)  (0-0)

2
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis

e ki+k, —k, X X, k, 0 X,
( Xy _—[ ~ky  kthy ][ 2, J [ X ]=_[ 0  k+2k, ]{ X_
%) = - K x) |
( (3%) ][ (ulklx) (nfKx) | (alx) ] [ (+]3
(,]%) [Klx) (ofKlxn) || (xn]x) ar
C> Symmetric 2DHQO uncoupled dynamics Eigenbra vectors: 1+1=(

Each mode runs independently
[ Mx + (). ] [ 0 ) (+)-mode at frequency wy=v (ki/M)

Eigenket vectors.: |+)

MX_+ (k+2k;5)x_ 0 (—)-mode at frequency w-=/ (ki+2ki2)/M
Spectral decomposition of initial state X(0)=(x; x2) =(1,0): Mixed mode dynamics '
1 1 HIp R
_ 1 _ \/_5 1 1 1 _2 1 1 1 L *_

i AXLS

H (oK) Totwls) >

]+{ -1 J E{Fﬁ.{f#% "'-='

N = =

1 S
. —io,t + —iw_t 2 .
so: X(t)=e e o A (—)-mode
2 ab  .a-b T :
. . a+b = T ia+b i axits

. ia ib 40 “are —b
100% AM modulation results * ;e =e 2 ¢ +2e =¢ ? cos(a

¢ O 4 IO (0, +0_) (0,—0_) (0, ~0_) @ _—o)

x(2) 2 e_th e 2 g e 2 t i (w+;w_)t T,

= = =e
X5 (1) o0 _ it 2 _lo-o),  (0.-0), R
2 2 1 S1n
2 e —e 2
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C> Symmetric 2DHQO uncoupling

2D HO Matrix operator equations are coupled in {x1,x2}-basis...but are uncoupled in {4, —}-basis
( Xy :_[ btk o~k ]( X J { X, ]_ [ k, 0 ]{ X,
X —kyy  kyt kg, Xy i | 0  k+2k, X
%) = - K x) | x)
( (3] %) ]_[ ([ Klx) (n[Klx) | (alx) ] [ (+x ] ( (+/K]+) M][
(,]%) (| -
C> Symmetric 2DHQO uncoupled dynamics Eigenbravectors: (1= & L) ¢1=( 4 2

<x2|x> <x2|K|x1> <x2|K|x2>

Each mode runs independently
M o, = Y ()mode at frequency wi—= (/M) Eigenket vectors: |+)= s )= o
MX_+ (k+2k;5)x_ 0 (—)-mode at frequency w-= v (ki+2ki2)/M & ' A ’ A

Mixed mode dynamics

Spect alld composition of initial talte (0)=(x1 x2) =(1,0): o Ay Bea
_ | T 1 2 1 -1 1 1 I
""""""""" SRS axis SRERI SRR
A A M RN k"" : AT
1 L e 1 1 /ﬁ'; e S s 2 ii 4 Carrier
72 NG 2 2 _. /s Bee W\ ¥ cos( )t/ 1
xO=| T h+] T =pal=] o | GRSy | e
\/_5 \5 2 2 il{t@ .:_ i }Ei_l ,,H -Pg-”?;'s'ifl(wz_wl)t "
‘1‘%'? -, — S 4 d éz ?E i h -
RPN B IR =\ NIHBHTHH ﬂf\,
sorx(n)=e e R Omode| VIR T T AT
2 2 a—b a-b = ) T S A
0 . R L R T a—b : GxLs : B
100% AM modulation results ——=e? = ? cos( £ F
o IOy IO (0, +0_) (0, -0 ) (0, —®_) (0 - )t
—it i e Yy (0,40 ) | cos——
x, (1) _ 2 _e 2 e 2 +e 2 _, 2 t 2
Xy (t) e—iw+t _e—ia)_t 2 _l.(a)+—(u_)t i(w+—a)_)t L (o —o)
2 2 1SIn
Note the'i phase
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C> Symmetric 2DHQO eigensolutions
C> Mode phase character table
C> Symmetric 2DHQO uncoupling
2D-HO beats and mixed mode geometry
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2D-HO beats and mixed mode geometry

0 1 .
r_0=0 r @=m g%

even  +45°

[+)

parity
states odd — -45°

-~
) Qa %
.

1/4 B
revivals
or beats

1/2
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2D-HO beats and mixed mode geometry
0 /4 1.
A “visualization gauge” (a) r ((1)_ O) r ((1)_ TC)

We hold these two fixed...

1/4 { )
revivals
or beats

1/2

Coupled Optical
Pendula E(t)

even  +45°

[+)

parity
states odd _45°

02
Ya <
¢

li

loca

..

&&t}vo
\2 \u»

LELQOO@

ﬂzpped y

|—|—}—|—}°' |

3/4 ¢
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2D-HO beats and mixed mode geometry

0 — 1 Coupled Opti
— o ptical
A “visualization gauge” (a) I' ((1) O) r ((1) TC) Pendula E (1)
We hold these two fixed... even  +45°

[+)

parity
states odd -45°

02
Ya <
¢

~and let these two votate at beat frequency

li

loca

..

)+ Uo
\2 \u»

LELQOO@

1/4
revivals ﬂzpped y
or beats

1/2 liﬂ:}ov —17

3/4 ¢
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2D-HO beats and mixed mode geometry
A “visualization gauge” (a)

We hold these two fixed...

r’ ©=0) r' (¢o=m)

and let these two

tate at beat frequency

t=1/6

revivals
f= 1/ or beats

1/2

1/4 {3

Coupled Optical
Pendula E(t)

even +45°

[+)

parity
states odd -45°

02
Ya <
¢

li

loca

..

)+ Uo
\2 \u»

LELQOO@

fhpped Y

|+}—|—}°' $

3/4 ¢

Sunday, February 1, 2015



2D-HO beats and mixed mode geometry

0 — 1 Coupled Opti
— o ptical
A “visualization gauge” (a) I' ((1) O) r ((1) TC) Pendula E (1)
We hold these two fixed... even  +45°

[+)

parity
states odd -45°

02
- A %
!0

local

and let these two

tate at beat frequency

t=1/6

)+ Uo
\2 U

Lauoc@

ﬂlpped Y

|+}—|—}°' $

1/4 (\"‘
revivals
or beats
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Three famous 2-state systems and two-complex-component coordinates
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Three famous 2-state systems and two-complex-component coordinates
(a) Electron Spin-1/2-Polarization

Spin-up
|1)=T)

Spin-dn
12)=I1)

|X )=

v

(

\

X (T
Xi <¢Ix>
—|T><T|\P>+|¢><¢|‘P>

=1
/ pPi=1m ), \

1=

Re X1

P2
X2
©

/

Rabi, Ramsey, and
Schwinger 1954

Rev. Mod. Phys. 26 167 (1954)
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Three famous 2-state systems and two-complex-component coordinates
(a) Electron Spin-1/2-Polarization

Spin-up
|1)=T)

Spin-dn
12)=I1)

|X )=

v

(

\

X (T
Xl | | <¢Ix>/
=T TI¥YHLIYLP)

(b) Photon Spin-1-Polarization

Plane-x

| 1)=1x)

3

|y )=

Plane-y M

12)=ly>

(W /<x|\|f>\
\ Wy ) \<Y|\|I>/
=[x }X[W)+yXyly)

Rabi, Ramsey, and
Schwinger 1954

Rev. Mod. Phys. 26 167 (1954)

John Stokes 1862

Proc. Soc. London 11 547 (1862)

Harter and Dos Santos
Am. J. Phys. 46 251 (1986)
J. Chem. Phys. 85 5560 (1986)
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Three famous 2-state systems and two-complex-component coordinates
(a) Electron Spin-1/2-Polarization

Spin-up

11)=T) )=

Spin-dn
12)=I1)

v

(

\

| (T
Xl | | <¢Ix>/
= TY T+ L)

(b) Photon Spin-1-Polarization

Plane-x %
Plane-y | | |
12)=ly>

( \
Xy

=|xXx

| <yI\|f>/

Y)+HyXyly)

(¢) Ammonia (NH3) Inversion States

\

,

/ p:i=Im Y, \

Re X1

P2
@Xz /
Px
O
Py
\ j;y y
Pup
)
Xup
PpN
XDN
/

Rabi, Ramsey, and
Schwinger 1954

Rev. Mod. Phys. 26 167 (1954)

John Stokes 1862

Proc. Soc. London 11 547 (1862)

Harter and Dos Santos
Am. J. Phys. 46 251 (1986)
J. Chem. Phys. 85 5560 (1986)

Feynman, Vernon,

/ \ 4

N-UP Vip ((UPIV) ) and Hellwarth 1957

| 1 >:| UP> J. Appl. Phys. 28 49 (1957)
V)= -
0.0 vV Fig. 10.5.1

N-DN e DN <DN|V> OTCA Unit 3 Chapter 10

|2)=| DN ‘ ’ \ 7\ p
=|UP){UP|v)+|DN)XDN|[v)
56
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Three famous 2-state systems and two-complex-component coordinates

Charles H. Townes, Who Paved Way for the Laser in Daily Life, Dies at

99

By ROBERT D. McFADDEN JAN. 28, 2015

Charles Townes in 1955. Eddie Hausner/The New York Tin

(¢) Ammonia (NH3) Inversion States

N-UP
|1)=|UP)
.0
N-DN
|2)=|DN >e

V)=

Ehe New York Eimes Most Popular | Video | My Account

Today's Headlines Thursday, January 29, 2015

He had an “a-ha!” moment. Sitting on a park bench in Washington one April
morning in 1951, pondering how to stimulate molecular energy to create
shorter wavelengths, he conceived of a device he called a maser, for
microwave amplification by stimulated emission of radiation. It would use
molecules to nudge other molecules, and amplify their thrust by getting
them to resonate like tuning forks and line up in a powerful beam.

He and two graduate students, James P. Gordon and H. J. Zeigler, built his
maser in 1953 and patented their creation. It was the first device operating
on the principles of the laser, although it amplified microwave radiation
rather than infrared or visible light radiation.

Five years later, Dr. Townes and Dr. Schawlow, who was his brother-in-law
and would win the 1981 Nobel Prize in Physics for work on laser
spectroscopy, drew a blueprint for a laser. They called it an optical maser, a
term that never caught on, and through Bell Laboratories they secured the
first laser patent in 1959, a year before Dr. Maiman’s first working model.

Pup
, \ , . / \ Feynman, Vernon,
Vup (UP[V) N and Hellwarth 1957
up J. Appl. Phys. 28 49 (1957)
Fig. 10.5.1
\ VDN / \(DN|V> / QiCA Unit 3 Chapter 10
=|UP){UP|v)+|DN)XDN|[v)
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2D harmonic oscillator equations (( o )

Without obvious C> or C, symmetry . KQ -
ky Ky K, IR —
e Ny -
+ x,=0 ¢ x,=0 / I ]
|IIII|IIIIIIII|IIII |IIII|IIIIIIII|IIII| / /" l _
Fig. 3.3.1 Two I-dimensional coupled oscillators / /" _]
/ . -

| | /‘/ Iy

/ —
ki | ki | k) 01 L2 ey ’
o | T 1T 0, IIII|IIIIIIII|IIII
Fig. 3.3.2 Coupled pendulums Fig. 3.3.3 One 2-dimensional coupled oscillator

WA WA WAMA
—= XX YT,
2D HO kinetic energy T(vi, v2) 2D HO potential energy V(xi, x2) Lagrangian L=1-V
1, 1 _ 2 2
T= Emle +§m2x§ V= E(k1 +kyy ) %7 — kX, +§(k2 +kpy )%
1, . k +k —k
~ §<X‘ M‘ X> = l<X‘K‘ x> where: K=| | 2 12
2 —kp, kg
2D(H O Lagrange equations 2D HO Matrix operator equations
d| oT . AV .
dt \axl 8x1 = —
0 m, Xy —ki, ki )
d(ar . oV
— | 5 |Fmiy = =———=kx =kt i, )x2 Matrix operator notation:
dt \axz 8x2
M%) = - K-|x)
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2D harmonic oscillator equation solutions
Without obvious Cz or C, symmetry

I. May rewrite equation M.|%)=-K«|x) in acceleration matrix form:  |%)=—A|x) where: A=M"'+K
( )
1 ki+k, ks
S I 0 ki+k, —k, Yo m, m, X,
Xy 0 m, —ki, ik ) —kp Ktk X
- )

2. Need to find eigenvectors|e,).|e,).... of acceleration matrix such that: Ale,)=¢ e, )=w’|e,)

Then equations decouple to: |en> = —A| en> = —8n|en> = —a)i en> where € 1s an eigenvalue

l and @, is an eigenfrequency

Note eigenvalue is square of eigenfrequency

To introduce eigensolutions we take a simple case of unit masses (m;=1=m>)

So equation of motion is simply: |x)=-K|x)

[ Eigenvectors |x)=|e,)are in special directions where |%)=-K|x) is in same direction as |X>]
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ANALOGY: 2-State Schrodinger: in0:|V(t))=H|W (1)) versus Classical 2D-HO: 0?Xx=-KeX
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

H- ( A B-iC |_ gt obey: (Hj) *= Hy
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) ¥ X +ip 1 (2 =2+2)
Y ) | ntin | | @
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
i (1)) = H P (1)) |%)=—K|x)

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

B+iC D
that operates on 2-D complex Dirac ket vector |¥) . Both have 4 parameters

|‘{’>=[ ¥y ]:[ X1 +1ip — 1 (22 =2+2)

Y, Xy +1p) a,

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 15-order equation i0\U=HWV
into pairs of real 1%-order differential equations.
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>=—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ J
7 | (o) =H](0)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 1%-order equation iOW=HW ;O Mtip :( A B-iC j Xy +ipy
into pairs of real 1%*-order differential equations. or( Xy +ip, B+iC D Xy +ip;
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>=—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ J
7 | (o) =1 (1)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 1%-order equation iOW=HW ;O mtim :[ A B-iC ] X +ipy
into pairs of real 1%*-order differential equations. or( Xy +ip; B+iC D Xy +ip;

S L ; Y 1
X, = Ap, + Bp, - Cx, py=—4x,— Bx, —(p, iy~ py | | Ax +Bxy+Cp,y+idp, +iBp, —iCx,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>:—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: _Al 2 2 B Do
P Y Xy +ip a H. = AL +B(x1x2 +p1p2)+C(x1p2 x2p1)+ S \P2 %
Y ] | ntin | | @

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

X, = Ap,+ Bp, — Cx, p, =—Ax,— Bx, - (p,
X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>: K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: _Al 2 2 B Do
|‘{’> Y, x| +ipy a H_ = > P X +B(x1x2+p1p2)+C(x1p2 x2p1)+ > Py X,
Y ] | ntin | | @

Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

. 94, Ap, + B C p oH, (Ax + Bx, +Cp )
- — A X, =——=A4p D, — Cx = — = —
(= ). = —Bx. — oH . JH,
Py 2
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>:—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: _Al 2 2 B Do
|‘{’> Y, x| +ipy a H_ = > P X +B(x1x2+p1p2)+C(x1p2 x2p1)+ > Py X,
Y ] | ntin | | @

Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

X _ch 5y — a]_Ic —
X, = Ap; + Bp, = Cx, p, =—Ax,— Bx, - (p, ng VS. ClaSSical Wi Ip, = Ap, + Bp, = Cx, b == ax, (Axl +Bx, + sz)
. . quations are SH
%) 2
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( 52 2
9 = Vi | | -+ | | @ c=5\P1 X (x1x2+p1pz)+ (xlpz—x2p1)+3 Dy T,
¥, Xy +ipy a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.
. _8HC_A B C ; ——8HC——(Ax + Bx, +C )
_'xl :Ap1—|—Bp2—Cx2 pl :—Axl_sz_sz QE%ZZtlgilcgsfllrzal xl_a—pl_ p1+ Py — Xy P = Bxl - 1 2 1%
- = S — By — : ; : JH
X, = Bp, + Dp, + Cx, by =—Bx; = Dx, + Cp, identical iy = 88_11—910 = Bp,+ Dp, +Cx, py=- 8x; = (B + Dxy = Cpy)
2
Finally a 2 time|derivative|(Assume constant A, B, D, and et C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
— (42 + B> +C?)x, —(4B+BD)x, - C(4+D)p — (4B + BD)x,—(B*+D*+C*)x, +C(4+ D) p For constant
( )1( )x, = C( )P, ( )1( )2 ( )7, A,B,C, and D
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

in| (1)) =H|¥()) |x>: - x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: _Al 2 2 B Do
P Y Xy +ip a H. = AL +B(x1x2 +p1p2)+c(x1172 x2p1)+ S \P2 %2
Y ] | ntin | | @

Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

. OH  0H,
— X, = Ap, + Bp, — Cx, py=—Ax, - Bx, - Cp, QE]\é;fzti(OjllflcéSZlZal = 8— = Ap +Bp, —Cx, P = ~(Ax + B, + Cp, )
_ S , / OH,
X, = Bp, + Dp, +Cx, Py =—Bx;—Dx, +Cp, identical %y = oH, = Bp,+ Dp, +Cx, b= =—(Bx, + Dx,~ Cp))
8p2 8x2
Finally a 2 time|derivative|(Assume constant A, B, D, and et C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p, Forconstant
A,B,C, and D
-- For C=0 2 v
¥ 2 2 0 X X K K X
"1 __| A +B AB+BD Is form of 2D Hooke < L "1 __ 11 12 1
X, AB+BD B*+D? harmonic oscillator 0" X, X Ky Ky | %
k] | k12 kZ
@ m,
—» XA V=X,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( 52 2
9 = Vi | | -+ | | @ c=5\P1 X (x1x2+p1192)+ (xlpz—x2p1)+3 Dy T,
¥, Xy +ipy a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations. SH K
. . . (, = —FC = - h, =——<=—(Ax, + Bx +Cp)
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OMys. Classical ™1~ 3, Apy+ Bpy = Cx, Py, (4 By + Cp,
Equations are
. - . . oH
X, = Bp, + Dp, + Cx, by =—Bx; = Dx, + Cp, identical iy = g—;lc = Bp,+ Dp, +Cx, py=- 8x; = (B + Dxy = Cpy)
2
Finally a 2 time|derivative|(Assume constant A, B, D, and et C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
— (42 + B> +C?)x, —(4B+BD)x, - C(4+D)p — (4B + BD)x,—(B*+D*+C*)x, +C(4+ D) p For constant
| J,~(48+ D), ~C(4+ D), (45+5D)x Jey+ €4+ D) Lo constan
. For C=0 2 v
2, p2 X X K., K X
f1 _ | 4°+B°> 4B+BD | % Is form of 2D Hooke 3_2 T e T B 1
X, AB+BD B*+D* )| X harmonic oscillator 0" X, X Ky Ky | %
ABD-to- Kjj or ks, connection formulae ky | K k,
mK, =A"+B>=k+k,,  mK,=AB+BD=-k,, 3 Ty
m,K,, = AB+ BD =—k,,, m,K,, = B>+ D> =k, +k,.
T
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. Al 2 2 D( 52 2
) ¥ X +1py a chg(Pl X )+B(x1x2+p1p2)+c(x11’2_x2p1)+3(p2 +x2)
¥ ) | mtip ) | @
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations. SH K
— %, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, Q%;/zti(ol"lgszﬁal Y= a—plc = Ap +Bp, —Cx, P ~(4x+ B, + Cp, )
- = 5 — — — . . oH
X, = Bp, + Dp, + Cx, P, =—Bx;— Dx,+(Cp, identical Xy = aa—;[; = Bp, + Dp, +Cx, py=- &x; =—(Bx,+Dx, - Cp,)
Finally a 2 time|derivative|(Assume constant A, B, D, and et C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 +B*+C*|x,~(4B+BD)x,—C(4+D)p — _(4B+BD)x, —(B>+D*+C*)x, +C(4+D)p For constant
| J,~(48+ D), ~C(4+ D), (45+5D)x b+ €4+ D) Lo constan
~ For C=0 2 v
X 2, p2 X X X K., K X
== A"+ B AB+BD ! Is form of 2D Hooke 8—2 Pols| 8= T TR !
X, AB+BD B*+D* )| X harmonic oscillator 0" X, X Ky Ky | %
ABD-to- Kjj or ks, connection formulae ky | K k,
mK, =A"+B =k +k,,  mK,=AB+BD=-k,, - Ty
m, K, = AB+BD =k, m,K,, = B +D* = ky+k,,. J
T

X
Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0; = H (with C=0) a{nd square it!

2
0 (A B (.ajz_ A B o> | A2+B* AB+BD
i—= =li—| = = -——=
o \ B D ot B D o> | AB+BD B®+D>
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( 52 2
9 = Vi | | -+ | | @ c =5\~ TX T (x1x2+p1p2)+ (xlpz_xzpl)J“E Dy TX
¥, Xy +ipy a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 15-order equation i0\U=HWV
into pairs of real 1%-order differential equations. SH K
— %, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, Q%;gﬁg’lgszﬁal Y= a—plc = Ap +Bp, —Cx, P ~(4x+ B, + Cp, )
. - . . oH
X, = Bp,+ Dp, + Cx, Py =—Bx; = Dx, +Cp, identical X, :%:Bpl+Dpz+Cx1 py=- 3xc :_(Bx1+Dx2_CP1)
Py 2
Finally a 2 time|derivative|(Assume constant A, B, D, and et C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 +B*+C*|x,~(4B+BD)x,—C(4+D)p — _(4B+BD)x, —(B>+D*+C*)x, +C(4+D)p For constant
| J,~(48+ D), ~C(4+ D), (45+5D)x Jey+ €4+ D) Lo constan
-- For C=0 2 v
X 2, p2 X X X K., K X
== A"+ B AB+BD ! Is form of 2D Hooke 8—2 Pols| 8= T TR !
Xy AB+BD B>+D? X, harmonic oscillator ™| X, Xy Ky Ky X
ABD-to- Kjj or ks, connection formulae ky K k,
mK, =A"+B =k +k,,  mK,=AB+BD=-k,, - Ty
m, K, = AB+BD =k, m,K,, = B +D* = ky+k,,. :

. . . . | — X ey |
Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!

2
0 (A B (.ajz_ A B o> | A%+B® AB+BD
i—= =li—| = = ——=
o \ B D ot B D o> | AB+BD B®+D>

Conclusion: 2-state Schro-equation ih§|‘{’(t)> =H|'¥(r)) is like “square-root” of Newton-Hooke. \/ |%)=-K|x)
t
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

i (1)) = H P (1)) |%)=—K|x)
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. Al 2 2 D( 52 2
) ¥ X +1py a chg(Pl X )+B(x1x2+p1p2)+c(x11’2_x2p1)+3(p2 +x2)
¥ ) | mtip ) | @
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations. SH K
— %, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, Q%;/zti(ol"lgszﬁal Y= a—plc = Ap +Bp, —Cx, P ~(4x+ B, + Cp, )
- = S — By — : ; : JH
X, = Bp, + Dp, + Cx, P, =—Bx;— Dx,+(Cp, identical Xy = aa—;[; = Bp, + Dp, +Cx, py=- &x; =—(Bx,+Dx, - Cp,)
Finally a 2 time|derivative|(Assume constant A, B, D, and et C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 +B*+C*|x,~(4B+BD)x,—C(4+D)p — _(4B+BD)x, —(B>+D*+C*)x, +C(4+D)p For constant
| J,~(48+ D), ~C(4+ D), (45+5D)x b+ €4+ D) Lo constan
~ For C=0 2 v
X 2, p2 X X X K., K X
== A"+ B AB+BD ! Is form of 2D Hooke 8—2 Pols| 8= T TR !
X, AB+BD B*+D* )| X harmonic oscillator 0" X, X Ky Ky | %
ABD-to- Kjj or ks, connection formulae ky | K k,
mK, =A"+B>=k+k,,  mK,=AB+BD=-k,, 3 Ty
m,K,, = AB+ BD =—k,,, m,K,, = B>+ D> =k, +k,.
T

X2
) and square it!

9 [ A B—ic) (.a)z[ A B-iC Jz 9’ [ A*+B*+C? AB+BDi(AC+CD)J
lg= = = = ——F=

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0; = H (with C=0

. i— _ 2=
B+iC D ot B+iC D o> | AB+BD+i(AC+CD) B>+ D*+(2

Conclusion: 2-state Schro-equation ih§|‘{’(t)> =H|'¥(r)) 1s like “square-root” of Newton-Hooke. \/ |%)=-K|x)
t
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ANALOGY: 2-State Schrodinger: in0{V(t))=H|¥(t)) versus Classical 2D-HO: 0 X=-KeX
Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w,0o,
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

_A=D[ 1 0 |, 5 0 1 |, o[ 0 —i |, 4+D[ 1 0
2 {0 -1 10 i 0 2 {01

A—D A+ D
H=— C + B Cp +C G- +

7 A N2

O

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (complex, circular, chiral, cyclotron, ...
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

_A=D[ 1 0 |, 5 0 1 |, o[ 0 —i |, 4+D[ 1 0
2 {0 -1 10 i 0 2 {01

A—D A+ D
H=— C + B Cp +C G- +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (complex, circular, chiral, cyclotron, Coriolis, centrifugal,

O

: curly, and circulating-current-carrying...)
Standing waves

Motivation for coloring scheme: ’
The Traffic Signal \

@ Moving waves
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

_A=D[ 1 0 |, 5 0 1 |, o[ 0 —i |, 4+D[ 1 0
2 {0 -1 10 i 0 2 {01

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (complex, circular, chiral, cyclotron, Coriolis, centrifugal,

O

curly, and circulating-current-carrying...)

Motivation for coloring scheme: ’
The Traffic Signal \

: Moving waves
Standing waves @

(a) CHA-symmetry

(33) iAot

Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

O

The {61, 64, 05, Gc } are best known as Pauli-spin operators {G1=009, 63=0x, Gc=Cy, 64=0 7 } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

(a) CHA-symmetry

(ﬁﬁ) iAot

Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

O

The {61, 64, 05, Gc } are best known as Pauli-spin operators {G1=009, 63=0x, Gc=Cy, 64=0 7 } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

(a) CHA-symmetry

(ﬁﬁ) iAot

Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A. B—iC = A 10 + B 0 1 +C O ! +D 00 :Aell‘i‘BGB‘i‘Coc‘l‘Dezz
B+iC D 0 O I O i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, Gc } are best known as Pauli-spin operators {G1=009, 63=0x, Gc=Cy, 64=0 7 } developed in 1927.

O

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Each Hamilton quaternion squares to negative-1 (12 = j2? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)
q q g J giary

(a) CHA-symmetry (a-b) CHAE-symmetry (b) CHP-symmetry 1
(A 0) X2 A "2 @Z//
0D fast
X
Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A. B—iC = A 10 + B 0 1 +C O ! +D 00 :Aell‘i‘BGB‘i‘Ccc‘l‘Dezz
B+iC D 0 O I O i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {©1, 64, 05, Oc } are best known as Pauli-spin operators {G1=09, Op=0x, Gc=Cy, 64=0 7z } developed in 1927.

O

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Each Hamilton quaternion squares to negative-1 (12 = j2? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)
q q g J giary

Each Pauli 6y squares to positive-1 (6.2 = 6y? = 6 z2 = +1) (Each makes a cyclic C> group CZAZ{I, 64}, C"={1,03}, or C2C={1, oc}.)

(a) CHA-symmetry (a-b) CHAE-symmetry (b) CHP-symmetry <]
X

A0 ) A 2
(() DJ fdst (

Fig. 10.1.2 Potentials for (a) C2A-asymmetric-diagonal, (ab) C2AB-mixed , (b) U(2)system.

Sunday, February 1, 2015 82



