Group Theory in Quantum Mechanics
Lecture 4 12717

Matrix Eigensolutions and Spectral Decompositions

(Quantum Theory for Computer Age - Ch. 3 of Unit 1 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 1 )

Unitary operators and matrices that change state vectors
...and eigenstates (“‘ownstates) that are mostly immune

Geometric visualization of real symmetric matrices and eigenvectors
Circle-to-ellipse mapping (and I'm Ba-aaack!)
Ellipse-to-ellipse mapping (Normal space vs. tangent space)
Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

[ 4 1)

Matrix-algebraic eigensolutions with example M =5 2

Secular equation

Hamilton-Cayley equation and projectors

Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and completeness

Spectral Decompositions

Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula
Proof that completeness relation is “Truer-than-true”

Diagonalizing Transformations (D-Ttran) from projectors
Eigensolutions for active analyzers



Unitary operators and matrices that change state vectors
» ...and eigenstates (“‘ownstates) that are mostly immune
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Unitary operators and matrices that change state vectors...
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...and eigenstates ( “‘ownstates) that are mostly immune to T...

Ilej>=€j|6j> — A Fig. 3.1.2 Effect of analyzer
on eigenket | €j )
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> >
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=
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For Unitary operators T=U, the eigenvalues must be phase factors cr=e**k
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Geometric visualization of real symmetric matrices and eigenvectors
81|81>

Eigenvector oo Eigenvector

Eigenvector

Circle-to-ellipse mapping
Study a real symmetric matrix T by applying it to a circular array of unit vectors c.

(1 1/2)

A matrix T= k P ) maps the circular array into an elliptical one.



Geometric visualization of real symmetric matrices and eigenvectors
81|81>

Eigenvector oo Eigenvector

Eigenvector

Circle-to-ellipse mapping
Study a real symmetric matrix T by applying it to a circular array of unit vectors c.

(1 1/2)

A matrix T= k P ) maps the circular array into an elliptical one.

Two vectors in the upper half plane survive T without changing direction.
These lucky vectors are the eigenvectors of matrix T.
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Geometric visualization of real symmetric matrices and eigenvectors
81|81>

Eigenvector oo Eigenvector

Eigenvector

Circle-to-ellipse mapping
Study a real symmetric matrix T by applying it to a circular array of unit vectors c.

(1 1/2)

A matrix T= k P ) maps the circular array into an elliptical one.

Two vectors in the upper half plane survive T without changing direction.
These lucky vectors are the eigenvectors of matrix T.

a)-( ) )E. )= )

They transform as follows: T|e;)=¢/|e)=1.5]¢,), and T|e,)=¢,|,)=05|¢,)

to only suffer length change given by eigenvalues ¢, = 1.5 and €2 = 0.5



Geometric visualization of real symmetric matrices and eigenvectors
81|81>

Eigenvector oo Eigenvector

Eigenvector

Circle-to-ellipse mapping
Study a real symmetric matrix T by applying it to a circular array of unit vectors c.

(1 1/2)

A matrix T= k P ) maps the circular array into an elliptical one.

Two vectors in the upper half plane survive T without changing direction.
These lucky vectors are the eigenvectors of matrix T.

a)-( ) )E. )= )

They transform as follows: T|e;)=¢/|e)=1.5]¢,), and T|e,)=¢,|,)=05|¢,)

to only suffer length change given by eigenvalues ¢, = 1.5 and €2 = 0.5

Normalization ({¢|c) = 1) is a condition separate from eigen-relations T|&;)=£,|¢,)
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Geometric visualization of real symmetric matrices and eigenvectors
81|81>

Eigenvector Eigenvector

Circle-to-ellipse mapping (and I'm Ba-aaack!)
Each vector |r) on left ellipse maps back to vector |¢)=T-! |r) on right unit circle.

Each |c) has unit length: {(c|c) = 1 = (r|T-! T-! |r) = (r|T2|r). (T is real-symmetric: TT=T=TT.)
2
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Geometric visualization of real symmetric matrices and eigenvectors
81|81>

Eigenvector Eigenvector

Circle-to-ellipse mapping (and I'm Ba-aaack!)
Each vector |r) on left ellipse maps back to vector |¢)=T-! |r) on right unit circle.

Each |c) has unit length: {(c|c) = 1 = (r|T-! T-! |r) = (r|T2|r). (T is real-symmetric: TT=T=TT.)
2
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This simplifies if rewritten in a coordinate system (x;,x2) of eigenvectors |¢;) and |e2)

C‘C=l=l‘°T_2°l'=( X y )

where T2|e ;) = £,2|e;) and T-2|es) = e52|e0), that is, T, T-!, and T-2 are each diagonal.
)
[ {e|T]er) (] T]ey) \=/ e 0 ) and [ {e[Te) (] T]ey) ) =( 2 0 )
el efrie) "L 0 e )™t temed ) |0 o2



Geometric visualization of real symmetric matrices and eigenvectors
81|81>

Eigenvector Eigenvector

Circle-to-ellipse mapping (and I'm Ba-aaack!)
Each vector |r) on left ellipse maps back to vector |¢)=T-! |r) on right unit circle.

Each |c) has unit length: {(c|c) = 1 = (r|T-! T-! |r) = (r|T2|r). (T is real-symmetric: TT=T=TT.)

O R A
r. 1, | |y

This simplifies if rewritten in a coordinate system (x;,x2) of eigenvectors |¢;) and |e2)

c‘c=1=r'T_2'r=( Xy )

where T2|e ;) = £,2|e;) and T-2|es) = e52|e0), that is, T, T-!, and T-2 are each diagonal.
)
[ (e|T]e)) (e|T]e,) \=/ e 0 ) i [ (e|T]e)) (e|T]e;) | =( 2 0 )
| fetie) G )L o e )™ fema) feme) | T o o)
Matrix equation simplifies to an elementary ellipse equation of the form (x/a)2+(y/b)2=1.

Ce? 0 Mo ) () (n)

cre=1=( 5 x )L 0 o JL X, J=L61) ey
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Geometric visualization of real symmetric matrices and eigenvectors
(Previous pages) Matrix T maps vector |¢) from a unit circle {(¢|c)=1 to T|c)=|r) on an ellipse /=(r|T-|r)
) .
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Ellipse-to-ellipse mapping (Normal vs. tangent space)



Geometric visualization of real symmetric matrices and eigenvectors
(Previous pages) Matrix T maps vector |¢) from a unit circle {(¢/c)=1 to T|c)=|r) on an ellipse /=(r|T-2|r)
) .

81|81

Eigenvector

Ellipse-to-ellipse mapping (Normal vs. tangent space) ”"“ (5 1)

Now M maps vector |q) from a quadratic form 1=(q|M|q) to vector |p)=M|q) on surface /=(p|M-|p).
1 ={(q|M]q) = (q[p)= (p|M-/|p)

p) M maps |q) intOE)>=M|‘I> q)

INe




Geometric visualization of real symmetric matrices and eigenvectors
(Previous pages) Matrix T maps vector |¢) from a unit circle {(¢/c)=1 to T|c)=|r) on an ellipse /=(r|T-2|r)
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Now M maps vector |q) from a quadratic form 1=(q|M|q) to vector |p)=M|q) on surface /=(p|M-|p).
1 ={(q|M]q) = (q[p)= (p|M-/|p)

D) M maps |q) mtOE)>=M|‘I>

Ellipse-to-ellipse mapping (Normal vs. tangent space)

q)

Radii of |q) ellipse axes are

INe inverse eigenvalue roots

1//el and 122,

Radii of |p) ellipse are

square roots of eigenvalues
Vel and Ve2



Geometric visualization of real symmetric matrices and eigenvectors
(Previous pages) Matrix T maps vector |¢) from a unit circle {(¢/c)=1 to T|c)=|r) on an ellipse /=(r|T-2|r)
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Now M maps vector |q) from a quadratic form 1=(q|M|q) to vector |p)=M|q) on surface /=(p|M-|p).
1 ={(q|M]q) = (q[p)= (p|M-/|p)

D) M maps |q) mtOE)>=M|‘I>

Ellipse-to-ellipse mapping (Normal vs. tangent space)

q)

Radii of |q) ellipse axes are

INe inverse eigenvalue roots

1//el and 122,

Radii of |p) ellipse are

square roots of eigenvalues
Vel and Ve2

Tangent-normal geometry of mapping is found by using gradient Vof quadratic curve /=(q|M|q) .
V((a[M|q)=(a[M + M|q) =2 M|q) =2 |p)



Geometric visualization of real symmetric matrices and eigenvectors
(Previous pages) Matrix T maps vector |¢) from a unit circle {(¢/c)=1 to T|c)=|r) on an ellipse /=(r|T-2|r)
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Now M maps vector |q) from a quadratic form 1=(q|M|q) to vector |p)=M|q) on surface /=(p|M-|p).
1 ={(q|M]q) = (q[p)= (p|M-/|p)

p) M maps |q) mt03)>=M|‘I>
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Radii of |q) ellipse axes are
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square roots of eigenvalues
Vel and Ve2
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Geometric visualization 0{ real symmetric matrices and eigenvectors

(Previous pages) Matrix T maps vector |¢) from a unit circle {c|c)=1 to T|c)=

Ellipse-to-ellipse mapping (Normal vs. tangent space)

81|81

le2), (7
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r) on an ellipse 7=(r|T-2|r)
L

Eigenvector

Now M maps vector |q) from a quadratic form 1=(q|M|q) to vector |p)=M|q) on surface /=(p|M-|p).

Radii of |p) ellipse are

1 ={qM|q) = {(q|p)= (p/M-/|p)

M maps |q) il’ll‘Oﬁ)>=M|‘I> q)

square roots of eigenvalues
Vel and Ve2

INe

Radii of |q) ellipse axes are

inverse eigenvalue roots
I//el and 1/ve2.

Tangent-normal geometry of mapping is found by using gradient Vof quadratic curve /=(q|M|q) .
V((a[M|q)=(a[M + M|q) =2 M|q) =2 |p)

Mapped vector |p) lies
on gradient V({q|M|q))
that is normal to tangent
to original curve at |q).

M- maps |p) into |q)=M1|p) V{qMiq) 2:1\/E|§1>:|P>

> > |q)

Original vector |q) lies
on gradient V({p|M-/|p})
that is normal to tangent
to mapped curve at |p).
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)

Q: What are min-max values of the function Q(r) subject to the constraint of unit norm: C(r)=(r|r)=1.
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)

Q: What are min-max values of the function Q(r) subject to the constraint of unit norm: C(r)=(r|r)=1.

A: At those values of Or and vector r for which the Qi (r) curve just touches the constraint curve C(r).
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)

Q: What are min-max values of the function Q(r) subject to the constraint of unit norm: C(r)=(r|r)=1.

A: At those values of Or and vector r for which the Qi (r) curve just touches the constraint curve C(r).
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)

Q: What are min-max values of the function Q(r) subject to the constraint of unit norm: C(r)=(r|r)=1.

A: At those values of Or and vector r for which the Qi (r) curve just touches the constraint curve C(r).
)

Lagrange says such points have P
gradient vectors VOr and VC Quadratic curves P
proportional to each other. (rLIr)=Qp =const. e
. | - / 4 Eigenvector
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)

Q: What are min-max values of the function Q(r) subject to the constraint of unit norm: C(r)=(r|r)=1.

A: At those values of Or and vector r for which the Qi (r) curve just touches the constraint curve C(r).
)

Lagrange says such points have P
gradient vectors VOr and VC Quadratic curves P
proportional to each other. (rLIr)=Qp =const. e
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Proportionality constant A is \
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)

Q: What are min-max values of the function Q(r) subject to the constraint of unit norm: C(r)=(r|r)=1.

A: At those values of Or and vector r for which the Qi (r) curve just touches the constraint curve C(r).

Or=¢y

Lagrange says such points have

gradient vectors VO and VC Quadratic curves

proportional to each other. (r|Lir)=0p =const.

VO = A VC, 0, =¢ : 4 Eigenvector
/e X N r)=le1)
7S )

</, ‘ /.

Proportionality constant A is
called a Lagrange Multiplier.

where

Constraint curve VO;=AVC

(rjr)=C= with
h=¢
At eigen-directions the Lagrange multiplier Eigenvector |
equals quadratic form: A=Q;(r)=(r|L|r) r)=lep)
where
Or(r)=(ei|L|ex)= er at |r)=|ex) VO, =\VC
with

7\282



Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)

Q: What are min-max values of the function Q(r) subject to the constraint of unit norm: C(r)=(r|r)=1.

A: At those values of Or and vector r for which the Qi (r) curve just touches the constraint curve C(r).
)

Lagrange says such points have P
gradient vectors VOr and VC Quadratic curves P
proportional to each other. (rLIr)=Qp =const. e
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N
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vz where
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with
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(r|L|r) is called a quantum expectation value of operator L at r.
Eigenvalues are extreme expectation values.



Matrix-algebraic eigensolutions with example M={ 4 1)
Secular equation L3 2)
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix ( 2 5 )
An eigenvector |8k> of M is in a direction that is left unchanged by M.
4
Mle,)=¢e,), or: (M=-¢1)e,)=0 M|8>=( ;

g, is eigenvalue associated with each eigenvector |¢, ) direction.



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=( ;‘ ; )
An eigenvector |g,) of Mis in a direction that is left unchanged by M.

4

M|8k>=8k|8k>, or: (M—8k1)|8k>=0 M|‘9>=( 3

g, is eigenvalue associated with each eigenvector |¢, ) direction.

e),

(e|Mle,) (&|M|e,) - (g|M]e,) g 0 -« 0
(&,|M|e)) (&,|M]e,) -+ (&|M]e,) 0 & - 0

A change of basis to {| 81> , 8n> called diagonalization gives

M) (eMle) < {eMe) | |0 0 - e,



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=(

w
N =
N~N—

An eigenvector |g,) of Mis in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-¢1)e,)=0 M|8>=(§ ”(i}‘{i] . (4;8 - )(;H

g, is eigenvalue associated with each eigenvector |¢, ) direction. o . ETTorIoTiosroreerecsrosroesesnoenee

e),

A change of basis to {| 81> , 8n> called diagonalization gives

det 0 1 det 4-¢ 0
(e|Mle,) (&|M|e,) - (g|M]e,) g 0 - 0 0 2—¢ 3 0
(&:|Mle)) (e,]Mley) - (e,|M]e,) 0 & = 0 A= and y=
| R det(4—e 1 ) det(4_€ 1 )‘
(e.M|e;) (g,[M|e,) - (g,|Me,) 0 0 - ¢ 3 2-¢€ 3 )—¢




Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=(

w
N =
N~N—

An eigenvector |g,) of Mis in a direction that is left unchanged by M.

Mle,)=ee). o (M-g1)e)=0 M|8>=(§ ”(i}‘{i] a (4;8 - )(;H

g, 18 eigenvalue associated with eigenvector |8k> direction. . pTTToTToToomorTTotmsTomossmmmossmonns

e,),

A change of basis to {| 81> , 8n> called diagonalization gives

det 0 1 det 4-¢ 0
(e|Mle,) (&|M|e,) - (g|M]e,) g 0 - 0 0 2—¢ 3 0
<£2|M|€1> <82‘M‘32> <52|M€> 0 & -+ O X = and y=
| fer) - {elMle) | 0 e det( 4-¢ 1 ) det( 4o 1 )‘
<5n|M|51> <€,, M‘€2> <£n M £n> 0 0 - g 3 2—¢ 3 2_¢

Only possible non-zero {x,y} if denominator is zero, too!

EETE PRI e

O0=4-¢e)2-¢€)-13=8-6e+¢e"=-13=¢"-6c+5

First step in finding eigenvalues: Solve secular equation

=det

detM -1 =0=(-1)" (8" +ac" +a "+, +a,_ e + an) O=det|M - & - Ij=det



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=(

w
N =
N~N—

An eigenvector |g,) of Mis in a direction that is left unchanged by M.

Mle,) = e)s o (M- 1)fe,)=0 le>=(§ i)(y)(y] (458 - )(

g, 18 eigenvalue associated with eigenvector |8k> direction. . FTTIIToTTotRtoTommtToomommomosmoones

e,),

A change of basis to {| 81> , 8n> called diagonalization gives

det 0 1 det 4-¢ O
(e Mle)) (g[M[e,) - (e|M]e,) g 0 -« 0 0 2-¢ 3 0
<€2|M|€1> <€2‘M‘€2> <€2|M|8 > 0 £, - 0 X = and y =
: : N N det( 4-¢ 1 )‘ det( 4-¢ 1 )
(e Mle,) (e,[M]ey) - (g,|M][e,) 0 0 - g 3 2-¢ 3 2—-¢

Only possible non-zero {x,y} if denominator is zero, too!

SRVEERY o ey

where: 0=(4-¢)2-€)-13=8-6c+¢&"-13=¢"-6c+5
@ = -TraceM,---, a, = (—l)k E diagonal k-by-k minors of M,---, a_ = (—1)" det|MD 0 = £ — Trace(M)¢ + det(M)

First step in finding eigenvalues: Solve secular equation

detM -1 =0=(-1)" (e” +ac" +a "+, +a,_ e + an) O=det|M ~¢-1j=det =det

n




Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=(

w
N =
N~N—

An eigenvector |g,) of Mis in a direction that is left unchanged by M.

Mle,)=ee). o (M-g1)e)=0 M|8>=(§ ;)(;)=8(;] a (458 - )(;)(

g, 18 eigenvalue associated with eigenvector |8k> direction. . pTTToTToToomorTTotmsTomossmmmossmonns

e,),

A change of basis to {| 81> , 8n> called diagonalization gives

det 0 1 det 4-¢ 0
<€1‘M‘€1> <£1|M|£2> <81|M|5n> g o --- 0 O 2_8 d 3 O
(&,|M|e;) (&,[M|e,) -+ (eMle,) | | 0 & - 0 X = an y=
: R B det( dme )‘ det( 4-e )‘
<5n|M|51> <€,, M‘€2> <5nM5n> 0 0 - g 3 2—¢ 3 2_¢
First step in finding eigenvalues: Solve secular equation Only possible non-zero {x,y} if denominator is zero, too!
n n n- n—- _ e 1= 4 | _ 1 O _ 4—¢ 1
detM - 1| =0=(-1) (e rae vae 4. va e +an) O=det|M - ¢ 1|—det( 2 ) g( 0 )—det( 2 . )‘

where:

e . _ O0=(4-¢6)2-¢€)-13=8-6e+¢e°=-13=¢"-6c+5
(al =-TraceM, -, a, = (—1) Edlagonal k-by-k minors of M,---, a, = (—1) det|1@>

0=¢"—TraceM)e +det(M) = ¢” —6¢ +5

Secular equation has n-factors, one for each eigenvalue.

det|M_gl|=O=(_l)n(g_gl)(g_gz)...(g_gn) O=(e-1)(e-5) solet: ¢ =1 and: &, =5
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=(

w
N =
N~N—

An eigenvector |g,) of Mis in a direction that is left unchanged by M.

Mle,)=ee). o (M-g1)e)=0 M|8>=(§ ”(i}‘{i] a (4;8 - )(;H

g, 18 eigenvalue associated with eigenvector |8k> direction. . pTTToTToToomorTTotmsTomossmmmossmonns

e,),

A change of basis to {| 81> , 8n> called diagonalization gives

def| O 1 det]| #-¢ 0
(e|Mle,) (&|M|e,) - (g|M]e,) g 0 -« 0 0 2-¢ 3 0
(eMle) (Me) — (&Me) | | 0 & — 0 =T, : and - y=—77" 1
s S Do det( ¢ ) det( ¢ )
M) (eMle) < {eMe) | |0 0 - e, b b
First step in finding eigenvalues: Solve secular equation Only possible non-zero {x,y} if denominator is zero, too!
) 4 1 10 4-¢ 1
detM - 1| =0=(-1) (£"+a18”'1+a28"'2 +...4+a, € +an) O=det|M_‘9'1|=det( 3 9 )_‘9( 0 1 )=det( 3 9_g )‘
where: k 0=(4-£)2—¢)=13=8—6c+6’—13=£>—6+5
C a, = -TraceM,---, a, = (—1) Ediagonal k-by-k minors of M,---, a, = (—1)" det|M| ) 0 2 _m M) det(M) 2 6 5
=& —1lrace £+ de =& —0&+
Secular equation has n-factors, one for each eigenvalue.
det|M_gl|=O=(_l)n(g_gl)(g_gz)...(g_gn) O=(e-1)(e-5) solet: ¢ =1 and: &, =5

(Each ¢ replaced by M and each ¢, by ¢, 1 gives Hamilton-Cayley matrix equation)

0=M>-6M+51=M-1-1)(M-51)
0=(M-¢1)(M=-¢g,1)--(M-¢,1)

00=412_641+510
@bviously true if M has diagonal form. (But, that’s circular logic. Faith needed!)) 0 0 3 2 3 2 0 1




Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=( ;‘ ; )

An eigenvector |g,) of Mis in a direction that is left unchanged by M.
4
M|e, ) =¢,¢,), or: (M—8k1)|8k>=0 M|g>=(

g, is eigenvalue associated with eigenvector |¢, ) direction.

A change of basis to {| 81>, 82>,"' 8n>} called diagonalization gives
(a[M|e)) (&Mle,) - (g]M]e,) & 0 - 0
(&,|M|e;) (&,[M|e,) -+ (eMle,) | | 0 & - 0
EIMle) (eMie) (e M) | [0 0 -,

Ist step in finding eigenvalues: Solve secular equation

2

detM -1 =0=(-1)" (g” +ac" +a "+, +a,_ e + an)

where:
C a, = -TraceM,---, a, = (—l)k Ediagonal k-by-k minors of M,---, a, = (—1)" det|M| )

Secular equation has n-factors, one for each eigenvalue.

detM-¢1|=0 = (—1)"(8 - 81)(8 — 82)“'(8 — en)

(Each ¢ replaced by M and each ¢, by ¢, 1 gives Hamilton-Cayley matrix equation)

0=(M-¢1)(M=-¢g,1)--(M-¢,1)

B HE RN |

Trying to solve by Kramer's inversion:

det

det

)

(5,

and y=

X =

det

O=det|M—8-1|=det

vaiously true if M has diagonal form. (But, that’s circular logic. Faith needed!))

Replace jt HC-factor by (1) to make projection operators p, = 1_[ (M - € ,-1).

P1=( 1 )(M‘gzl)“'(M—snl) =k

D, = (M _e 1)( 1 ) - (M _e 1) (ASSU.me distinct e-values here: 7, ~//(’7(//W/’(/{y (f/(///»}r’)
2= 1 n '

gj;égk Z ...

b -(M-et)(M-e ) 1)

det

4—¢ 1
3 2—-¢

4—¢ 1
3 2—-¢

Only possible non-zero {x,y} if denominator is zero, too!

=det

el e

O0=(4-¢6)2-¢€)-13=8-6e+¢e°=-13=¢"-6c+5
0=¢"—TraceM)e +det(M) = ¢” —6¢ +5

O=(e-1)(e-5) solet: ¢ =1 and: &, =5
0=M’-6M+51=M-1"1)(M-51)
2
0 0 |_| 41 _6 4 1
0 O 3 2 3 2
4-5 1 [ -1 1
3 2-5 3 -3

M. _| 4-1 1 _[ 31
p, =(M-1D)(D) ( . 2_1) (3 1)

p,=MM-51)=



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=(

An eigenvector |g,) of Mis in a direction that is left unchanged by M.

Mle,) = e,[e). or (M-g1)e,)-0 M|8>=(4 1)()() (4_8 1 )(

3 2 y y 3 2-¢

w
N =
N~N—

x| (o0

)
g, is eigenvalue associated with eigenvector |¢, ) direction.
A change of basis to {| 81>, 82>,' "

Trying to solve by Kramer's inversion:

8n> called diagonalization gives

det 0 1 det 4-¢ 0
(e|Mle,) (&|M|e,) - (g|M]e,) g 0 - 0 0 2—¢ 3 0
(&:|Mle)) (e,]Mley) - (e,|M]e,) 0 & = 0 A= and y=
| R det(4—e ! ) det(4_€ 1 )‘
(e,|M|e)) (e,|M]g,) -+ (&,|M]e,) 0 0 - ¢ 3 2—¢ 3 )—¢

1st step in finding eigenvalues: Solve secular equation Only possible non-zero {x,y} if denominator is zero, too!

4 1) (10 4-e 1
3 2 0 1 3 2-¢
O0=4-¢)2-¢€)-13=8-6e+¢e’°=-13=¢"-6c+5
0=¢"—Trace(M)e +det(M) = ¢” —6¢ +5

detM -1 =0=(-1)" (g” +ac" +a "+, +a,_ e + an) O=det|M ~¢-1j=det =det

where:
C a, = -TraceM,---, a, = (—l)k Ediagonal k-by-k minors of M,---, a, = (—1)" det|M| )

Secular equation has n-factors, one for each eigenvalue.

det|M_gl|=O=(_l)n(g_gl)(g_gz)...(g_gn) O=(e-1)(e-5) solet: ¢ =1 and: &, =5

. . _ . . \
(Each ¢ replaced by M and each ¢, by ¢, 1 gives Hamilton-Cayley matrix equation. 0= M —6M+5M = (M~ 11)(M—51)

0=(M-g1)(M-g,1)--(M-¢g,1) ( 0 0 ) ( 4 1 )2 ( 4 1 ) ( 10 )
= -6 +5
vaiously true if M has diagonal form. (But, that’s circular logic. Faith needed!)) 00 3 2 32 01
Replace j™ HC-factor by (1) to make projection operators p, =] | (M-é1) p,=(M-51)=| * ; : 5 1 5 )=( _31 13 )
p=( 1 )(M-et)(M-e,1) ]
1 1 - c (':/'/\IAK caeneracy clase -
po=(M=g1)( 1 )-(M-g) (Assume distinct e-values here: Jix-degeneracy case) p, =(M—11)(1) = 4-1 1 |_[ 31
: gj;égk#"' 3 2-1 3 1
p,=(M-g1)(M-g1)-( 1 ) 4 1 -1 1 -1 1
Mp. = . =1 =1
Pl o )1 3 =3 3 3 )P
Each p« contains eigen-bra-kets since: (M-cx1)pi=0 or: Mpi=cipi=p:M . 4 1 3 1 3 1
Mp, = ) )=5-( )=5'P2
3 2 3 1 3 1



Matrix-algebraic eigensolutions with example M :( ;

Secular equation

Hamilton-Cayley equation and projectors

Ildempotent projectors (how eigenvalues=-eigenvectors)

Operator orthonormality and Completeness Idempotent means.: P-P=P

1)
2 )



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=(

pjpk=ij(M_8m1)=H(ij_8mpj1) Mpk=8kpk =pkM
m=k

Multiplication properties of p; :
(0 if . j=k

PP = H(Sjpj _Smpj)=pjl_[(‘9j _gm)= ) pkn(ek —z—:m) if:j=k

m=k m=k
m=k

= _5. = _1
p,=M-51 ( 3

~M-11=| 3
p,=M-11) (3

[UE G VN

1
-3

|

|

w

PP, =(

N —

0
0

0
0

|



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=( ;‘ ; )
pjpk=ij(M—8m1)=H(ij—8mpj1) Mpk=€kpk =pkM p1=(M—5-1)=( —31 13 )
m=k m= : - _ 0O O
Multiplication properties of p;: ( . ) b '( 0 0 )
: p,=(M-I1)=
0 if:j=k 31

PP, = ll(gjpj B Smpj) - pjg(gj B 8m) O || __(ek - z—:m) if:j=k
Last step: ‘ (M-¢ 1) o -5 1 1 o)
make Idempotent Projectors: P, = ( B - s ( ] -5 4 -3 3

E, - E, —€ *
(Idempotent means: P-P=P) 1”1 e H o o _(M-1D _1( 3 1
(5= 4 31



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=( ;‘ ; )
pjpk=ij(M—€m1)=H(ij—8mpj1) Mpk=€kpk =pkM p1=(M—5-1)=( —31 13 )
m=k m= : - _ 0O O
Multiplication properties of p;: ( . ) b '( 0 0 )
, p,=(M-1)=
0 if:j=k 31
PP, = ll(gjpj B Smpj) - pjg(gj B 8m) O || __(ek - em) if:j=k
Last step: ) ‘ (M-¢ 1) o (M=51) 1( ©op)
/ . — k _ m=k . 1= _ S _
m;ke Idempotent P.m].ect_ors. P, = Tle—e) [T (1-5 4\ -3 3
(Idempotent means: P-P=P) 11 L o _(M-ID_1( 3
0 ek MpeemoepMI T Gop el
Pij = implies : .

P if:ij=k MP,=¢, P, =PM



Matrix-algebraic eigensolutions with example M={ 4 1)
Secular equation 3 2
Hamilton-Cayley equation and projectors .
Idempotent projectors (how eigenvalues=seigenvectors) F2torng brakets é

' into “Ket-Bras:
Operator orthonormality and Completeness HIO ReDrs



W B~
N =
N~N—

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=(

PP =ij(M—8m1)=H(ij—8mpj1) Mpk=€kpk =pkM p1=(M—5-1)=( —31 13 )
m=k m# : - _ 0O O
Multiplication properties of p;: S ( . ) b ( 0 0 )
. P, = — L=
Y RN e -
PP, = EP,—€,P. =P E,—€E, |=4 _ f-i=k
! 1”1 Y ! Jlnl : pk.r;l#.g(g" 8’”) lf,.] ........ Factoring bra-kets into “Ket-Bras:
Last step: ____(M—gml)f P_(M_5-1)_l( 1 -1 \_k/ > \® i )_‘ Ve
make Idempotent Projectors. Pk=1_[(8p"_8 )= ’"1_[(8 o) L (1-5) _4k -3 3 )_Tlt - J/ ko A
(Idempotent means: P-P=P) N L IV6 7 «Gauge” scale factors that only affect plots
. 3 1
o Mp,=¢,p, =pM M-11) 1( 3 1) *K%\ \(E E)
0 if :7i=k R R - =k ® _
PP, - I implies SRy L % J LT

P if:j=k MP =¢ P =PM -



Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=(

H(ij— empjl)

PP, = p]H(M_ Sml) =
m=k

Multiplication properties of p;:

m#

Mp,=¢.p,=pM

pl=<M—5-1>=( .

I 1
-3

|

, o p2=<M—1-1>=( - )
( ) ( ) 0 if . j=k 31
pp.=|[lep,-e.p)=p] (e, -e.)= _ ek
! ll Y : ]111 J p".n.# (8" 8’”) lf,.] ........ Factoring bra-kets into “Ket-Bras:
Last step: [](M-e,1): L M-SD 11 - \_k( 1 \@ > = )_‘ e,
make /dempotent Projectors: Pk=1_[(8p"_8 - ’"1_[(8 =) c -5 4 -3 3 )_T1L - J/ kU
(Idempotent means: P-P=P) L1V mml LY Tl «Gauge” scale factors that only affeft plots
L Mp,=£,p, =pM : -1 /l\\(él)
PP 0 lf:]#k : p;. g,kpk b . 2=(N; 111)=i( g i ) =k, i ® 2k 2 =‘82><62‘
T = ik implies : 5-1) ! )
s MP-eR=BM [ £
. L 3/4
Eigen-bra-ket or s
projectors <y’ L, | £5) =k, Y (&5 ]=(312 172)kye—
of matrix:
w=(3 5)
I v T
—(M—51) T _(M-11)
k= (1-5) (x| 27 (5-1)
11— 1 31
4 -3 3 4l 31
i P
R EE
1 — -1 1
o 4 Jels CH
I i e )= 12 2
= |81><81| Ry, 1 132 = |82><82‘




Matrix-algebraic eigensolutions with example M={ 4 1)
Secular equation 3 2
Hamilton-Cayley equation and projectors

Ildempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness é

Factoring bra-kets
into “Ket-Bras:



Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=( ‘3‘ ; )
PP = ij(M_ 8ml) = H(ij_ gmpjl) Mp,=¢,p, =pM p, = (M—5-1)=/ -1 1)
o - L3 3 (00)
Multiplication properties of p;: oo 3 1) PP=10 o)
( ) ( ) (0 if . j=k ’ k 31 )
pp.=||lep,-ep)=p]]le,-¢.)= e ) if-izk
! ll Y : ]111 : p".n.#.i.(g" 8’”) lf,.] ........ Factoring bra-kets into “Ket-Bras:
Last step: ____(M_gml); P_(M-5'1)_l/ 1 -1 \_k/ : \® 3 =3 )_‘ Ve
make Idempotent Projectors: P, = (pk - '"( ) LT s 4l 33 )_Tl - A
E, €& E, —€ *
(Idempotent means: P-P=P) ,lnl oo ,l,l © M7 “Gauge” scale factors that only affect plots /
Cep —pM - N VOIS
0 if :j=k Mpk. g.kpk pM P, = M 11)=l/ > =k, ? M%%X%\
Pij = o implies : . (5-1) 4k 3 1 ) ) k,
.. 5 5 Y
Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal [ (ele) (e)e,) ) projectors 'y" ) |82>=k2 i -« <82 =(3/2 1/2)/k,<—
as are bra-ket (¢;|and|e;) inside P;’s L (e.]e) (e]e,) of matrix:
4 1
(1 0) =13 5
Lo 1) Rl ¥
—(M—51) T _(M-11)
LT (-5) (% 2T (5-1)
11— 131
4 -3 3 4l 31
1 — -1 ( 1
o 4 Jels CH
2 i Vi | 12 2
- |&Ye N 1754 5 = le)e)]




Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=( ‘3‘ ; )
PP, = ij(M_ Sml) = H(ij_ gmpjl) Mpk=€kpk = pkM =(M-51)= -1
. . . m=k . m=k : k 3 ) =( 0 0\
Multiplication properties of p;: : IERE PP=10 o)
( ) ( ) (0 if . j=k _k 1 )
pp.=|]lep;-e.p;)=p,]](e,-¢.)=1 Ce ) ifiick
! ll Y : ]111 J p".n.#.i.(g" 8’”) lf,.] ........ Factoring bra-kets into “Ket-Bras:
. : . 11
Last step: | " [](M-e,1): L M-SD 11 - \=k( 1 \@ ;-2 )=‘8><8‘
make Idempotent Projectors: P, = ( . - '"( ) C T s 4l 3 o3 ) {L - k, v
E, —-€ E, — € *
(Idempotent means: P-P=P) ,lnl oo ,l,l © M7 “Gauge” scale factors that only affect plots /
. 3 1
Mp,=¢,p, =pM M-11) 1( 3 1) VL (5 5)
0 ifijmk  PCERTRAp D2 k| | @ “lex)e
Pij = o implies : . (5-1) 4k 3 1 ) ) k,
.. 5 5 Y
Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal [ (ele) (e)e,) ) projectors ' y! ) |82>=k2 i -« <82 =(3/2 1/2)/k,<—
as are bra-ket (¢;|and|e;) inside P/’s L (ele) (eie, of matrix:
(1 0) =(‘3‘ ;)
e TG ) P
TRPPO T -
...and the P; satisfy a . P = ( 1-5) ) P, ((5_1))
Completeness Relation: . (1 0)
. P+P, =k ) 1 1 -1 1( 3 1
1= P;+ P> +.+ P, 0 1 =— =—
: 4 -3 3 4\ 3 1
=ler) (ei]+[e2) (2] +..+[en) (En| - =le ) (e | +|&,) (e,
: [ 301
‘[ i ] ( X
1 — -/ 1
o 4 Jels CH
! i e V=i, 12 2
= ENE By 1 -3/2 = &,)(&;|




Matrix-algebraic eigensolutions with example M={ 4 1)
Secular equation 32

Hamilton-Cayley equation and projectors

Idempotent projectors (how eigenvalues=-eigenvectors)

Operator orthonormality and Completeness

» Spectral Decompositions E

Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Factoring bra-kets
into “Ket-Bras:



Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=( ‘3‘ ; )
pjpk=ij(M—8m1)=H(ij—smpj1) Mp, =¢p, =pM p1=(M—5'1)=( -1 13 ) ( \
m=k ms - 0O O
Multiplication properties of p; : TR PP2Z10 0 )
- p, = —-11) =
0 if . j=k ’ k 31 )
epc=[lem-ep )= [ Jler=en) =4 p (e, -e,) 2= | |
mek Mk 1. s Factoring bra-kets into “Ket-Bras:
Last step: ____(M_gml); P_(M-5'1)_l/ | _1\_k/ : \® 3 2 )_‘ Ve
make Idempotent Projectors: P, = H(gpk—g N ’"1_[(8 o) . -5 4l =303 )_Tl 3 J/ A
(Idempotent means: P-P=P) N L IV6 7 «Gauge” scale factors that only affect plots
. Mp,=£,p, = pM : -1 N (El)
0 lf:‘]?ﬁk | pk. EPr =P . P2=(M 11)=ll/ 3 1 \ =k2 2 & 2 =‘82><82‘
Pij = p _ 1 implies : . 5-1) 4 ‘3 | ) % k,
k lf‘ = MPk_ngk = PkM . . ‘y - 3/4
: ooooooooooooooooooooooooooo % Elgen_bra_ket
. projectors ) |, &)=k, ig 7 (&y]=0r 12)k~—
. of matrix:
The P; are Mutually Ortho-Normal - | (ee)) (e]e,) ) M= [4 1J
as are bra-ket (¢j|and|e)) inside P;’s . L (e.le)) (e J 32 o P
. 2 2z —(M—51) ' _(M-11)
L (1 0) s o ST
=L 0 1 J _1f 1 4 _1( 31
cerennns 4l 3 3 4l 31
...and the P; satisfy a : IR o
Completeness Relation: PP =( 1 0 ) R ) i‘ :
1= P;+ P> +.4+ P, 0 1 ] I
— _kl{ 23 ]®( : =k, . ®( ; é )/kz
—len) (erltlea) ealvslem(end © =le)e+leel 4 ;
G = le)(el

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M )
M=MP +MP,+..+MP, =¢P +¢&,P,+..+¢ P




Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=( ‘3‘ ; )
pjpk=ij(M—8m1)=H(ij—smpj1) Mp, =¢p, =pM —(M-51)= k -1 1 \ ( \
m=k M= 0O O
Multiplication properties of p; : VRPN RS PP2Z10 0 )
(0 if . j=k k 1 )
pjpk=H(Sjpj—empj)=pj1:[(€j—8m)=< P, (s —€ ) if . j=k , L .
m=k m=k 1. s Factormg bra-kets into “Ket-Bras:
Last step: | b ____(M—gml) =M=l( 1 -1 \ 5 - )=‘8><8‘
make Idempotent Projectors: P, = 1_[(8 : .k ’"1_[(8 . L (1-5) -3 3 L J VA
(Idempotent means: P-P=P) S Y S
: 31
0 if =k Mp,=¢,p, =pM =(M_1'1)=l/ 3 1) _ / ) \ ® ( 2 )=‘8 ><8‘
Pij — _ implies : - (5= 4k 3 1 ) ‘2> L ) J k, S
Pk lf‘ . ] = k MPk_ngk = PkM E Eigen-bra-ket <2|
@eoecesscsecssssssssssssscscece o projectors i | &,)=k :Z <~ (&y]=(32 112)k~—
of matrix:
w3 o) [
The P; are Mutually Ortho-Normal ;[ (¢ (¢} (e e,) | o (1\(41 ;1) - |31/>&|<1|5(4 o
as are bra-ket (¢j|and|e)) inside P;’s . L (ele)) (e]e) J :1[ | _IJ =1[ 3 1]
* |_3 13 (e [= (112 12), ! f T
(1 0) {47 r -4
Lo 1] AV R
TEEEREY :"[—; ]@(; - Je k{ z ]@(; ! e
...and the P; satisfy a . = |a)el LN o = el
Completeness Relation: (1 0)
1= P;+ P> +.+ P P1+P2=k01) 1 I T A R
T e e M= 4 L) ipese cinesiy =1 * F |es| ¢
:’€]><€]’+|€2><€2‘+...+’€n><€n‘ =|81><81|+|82><82| k 3 2 ) L _2 % J L % L_lt J

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M )
M=MP +MP,+..+MP, =¢P +¢&,P,+..+¢ P




Matrix and operator Spectral Decompositons

pk=pj1_[(M_8m1)=H(ij_8mpj1) Mp,=¢p, =pM p1=(M—5-1)=( _31
m=k m=k o
Multiplication properties of p;: Mot 3
0 if . j=k k 3
PP = ll(gjpj B Smpj) N pjg(gj B 8m) R || __(ek — em) if :j=k
Last step: C T[(M-e,1) b (M-51)_ 1( - \
make Idempotent Projectors. Pk=1_[(8p’<_8 )= '"1_[(8 ] Lo (-5) 4 3 3
(Idempotent means: P-P=P) 5 SRS :
0 ifj=k Mp,=¢,p, =pM P = (M-11) l/ _k
PP = . implies : - (5-1) 4k ?
JTk P fi=k .
AT MP, =P =PM

The P; are Mutually Ortho-Normal - | ( \
as are bra-ket (¢j|and|e)) inside P;’s . L (e.]e) (e]e,) J
0
|

...and the P; satisfy a

Completeness Relation: . p (1 0)
. '+ P, =
1= P;+ P; +.+ P, : Lo 1) (4 1) (
. M= =1P +5P, =1|1)(1|+5({2)(2|=1
=len(erlslez(ezleslen) @l T =leel+]e) e [ 3 2 )7 Rk nAle s

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M )
M=MP +MP,+..+MP, =¢P +¢&,P,+..+¢ P

...and Functional Spectral Decomposition of any function (M) of M

. JM) == f(&)P, + f(&,)P, + ...+ f(¢,)P, )

R = N =

-]

AW R W

= B =

N =

o O

Factoring bra-kets into “Ket-Bras:



Matrix and operator Spectral Decompositons

pk=ij(M_8m1)=H(ij_8mpj1) Mpk=8kpk =pkM
m=k m=k
Multiplication properties of p;:
0 if . j=k
PP = 1”1(811’1 N Smpf) = lel(«% - 8m) T e [(ec-e,) ifii=k
Last step: \ (M— eml) p_ (M-51)
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» Orthonormality vs. Completeness vis-a -vis Operator vs. State é
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.
0 if . j=k
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PP =0,P = 1=P;+P>+..4+P,



Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.
0 if . j=k
P if:j=k

PP =0,P = 1=P;+P>+..4+P,
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

0 if . j=k

PP =0 P =
A P, if:j=k

l€) (g/]ex) (ex| =jk|ex) (ex| or: (g)]ex) =0k

1=P;+P>+..+P,

1=l|es) (e1|+|e2) (E2]+...+|en) (g4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.

e

N
{|x),|v) }-orthonormality with {|e;),|e2) }-completeness
(xy)=0,, = (x[1]y) = (x]e,){&,| y) + (x| &, )(&,| ).
{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(€] 5j> =0, = (&1 8j> = (&, x><x‘ 81> +(e, y)(y‘ gj>
_/




Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6,P = 0 =k 1=P;+P>+..+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =jk|ex) (ex| or: (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4]en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ N

{x),|y)}- orthonormahty with {|e/), ]€2>} completeness

)
(x|y)=0,, = (x[1] y) = (x]e,){&,|y) + (x| &,)(&,] ¥)-
<X\y>=5(x,y)= wJ(X)wﬁ(waz(XWZ(yH-.

Dirac 6-function

{|81>,|€2>}—0rthonormality with {|x),|y) }-completeness

(ele,) =0, = (el1e,) = (e[ x)(x|e,)+{el)]e))

\ _/

However Schrodinger wavefunction notation ¥ (x)=(x|1) shows quite a difference...



Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6,P = 0 =k 1=P;+P>+..+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =jk|ex) (ex| or: (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4]en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ ™

{x),|y)}- orthonormahty with {|e/), ]€2>} completeness

)
(x|y)=0,, = (x[1] y) = (x]e,){&,|y) + (x| &,)(&,] ¥)-
<X\y>=5(x,y)= wJ(X)wﬁ(waz(XWZ(yH-.

Dirac é-function
{|81>,|€2>}—0rthonormality with {|x),|y) }-completeness
(ee;) =8, =(&f1]e;) = (elx) (x| e;)+ (e ly)(v]e))

<8i 8j> = (Si,j = °°-+wz'(x)l/)j(x)+1/h(y)¢2(}’)+ ----*fdxlli j(x)l/}j(x)
\ _J

However Schrodinger wavefunction notation v (x)={x|1) shows quite a difference...

...particularly in the orthonormality integral.
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A Pl’OOfOfPVOjQCtOI’ C()mpleteness (Truer-than-true by Lagrange interpolation)
Compare matrix completeness relation and functional spectral decompositions

HM 81 H(M—e 1)

1=P+P2+.. 4Py = EP E H R FVD) = f(e)P, + f(e,)P, + ...+ f(g,)B, = ¥ f(e )P =Y f(g,) ﬁ(s )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

) Hk(x_xf)
L(f(x)) = ]zl f(xk)-Pk (x) where: P (x) _ ]¢
= H (xk —xj)

Jj=k



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[[(M-e,1) [](M-¢,1)

1=P+P2+.. 4Py = EP E H R FVD) = f(e)P, + f(e,)P, + ...+ f(g,)B, = ¥ f(e )P =Y f(g,) W]—k[(s )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N ]Ek(x—xj)
L(f(x)) — lzlf(xk)-Pk (x)  where: P (x)=-C
]'I;}k(Xk _xj)

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
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Compare matrix completeness relation and functional spectral decompositions

[[(M-e,1) [](M-¢,1)
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L(f(x)) — lzlf(xk)-Pk (x)  where: P (x)=-C
]'I;}k(Xk _xj)

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

HM 81 H(M—s 1)

m

P - _ _ _ ik
1=P+P>+..+P, = E E 1—[ e —¢ JM) = f(&)P + f(&,)P, + ...+ f(g,)P, Zkf(gk)l)" Zkf(gk) H(Sk —8m)
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
N J-I,;Ik(x -]
L(f(x))=3 f(x)P(x) where: P (x)= -
=1
I1 (xk —X )
Jj=k J

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
N
-3 2, (9 s e
m= m=1 m=



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[[(M-e,1) [](M-¢,1)

1=P+P2+.. 4Py = EP E H R FVD) = f(e)P, + f(e,)P, + ...+ f(g,)B, = ¥ f(e )P =Y f(g,) *ﬁ(g )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N ]Ek(x—xj)
L(f(x)) — lzlf(xk)-Pk (x)  where: P (x)=-C
]'I;}k(Xk _xj)

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
N
1= E Pm (X) xX= g mem(x) _x2: glxipm(x)
m=1 m=

m=1

One point determines a constant level line,

X1




A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions
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1=P+P2+.. 4Py = EP E H R FVD) = f(e)P, + f(e,)P, + ...+ f(g,)B, = ¥ f(e )P =Y f(g,) *ﬁ(g )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
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N
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[[(M-e,1) [](M-¢,1)

1=P+P2+.. 4Py = EP E H R FVD) = f(e)P, + f(e,)P, + ...+ f(g,)B, = ¥ f(e )P =Y f(g,) *ﬁ(g )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N ]Ek(x—xj)
L(f(x)) — lzlf(xk)-Pk (x)  where: P (x)=-C
]'I;}k(Xk _xj)

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
N
1= E Pm (X) xX= g mem(x) x2: glxipm(x)
m=1 m=

m=1

One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points \niquely determine a parabold, etc.

X] X1 X2 X1 X2 X2




A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[[(M-e,1) [](M-¢,1)

1=P+P2+.. 4Py = EP E H R FVD) = f(e)P, + f(e,)P, + ...+ f(g,)B, = ¥ f(e )P =Y f(g,) *ﬁ(g )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N ]Ek(x—xj)
L(f(x)) — lzlf(xk)-Pk (x)  where: P (x)=-C
]'I;}k(Xk _xj)

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
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If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
N
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three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

HM 81 H(M—s 1)

m

P, - _ _ _ sk
1=P+P>+..+P, = E E 1—[ e —¢ JM) = f(&)P + f(&,)P, + ...+ f(g,)P, Zkf(gk)l)" Zkf(gk) H(sk -~ 8m)
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
N J-I;Ik (.X - x])
L(f()= 3 f(x,)B(x) where: P (x)==%
=1
B (=)

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
N
1= E Pm (X) xX= g mem(x) x2: glxipm(x)
m=1 m=

m=1
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values c;=e2=...=en satisty ZPi=1.



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

HM 81 H(M—s 1)

1=P+P>+..+P, = EP E 1—[ e —¢ JM) = f(&)P, "‘f(gz)Pz"'"""f(gn)Pn=£Ekf(8k)P"=gEkf(€k)rﬁ(sk—8:)

m=k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N ]Ek(x_xj)
L(f(x)) — lzlf(xk)-Pk (x)  where: P (x)=-C
]'I;}k(Xk _xj)

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
l N 2 N
=3 P, (x) x=3 x, P (x) x2= Elmem(x)
m= m=1 m=
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values €;=e2=...=¢cy satisfy 2 Pi=1. Completeness is truer than true as is seen for N=2.

1 (M‘gjl) 1 (M‘gjl) (M-e,1) (M-g1) (M-e,1)-(M-g1) -g1+¢1

P +P, = - - - -1 (forall ¢ )
1 [1 (81—8.) ' [1 (82—8,) (61—82) i (82—81) (81—62) (81—82) oTame
j=1 / j=1 /




A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

HM 81 H(M—s 1)

1=P+P>+..+P, = EP E 1—[ e —¢ JM) = f(&)P, "‘f(gz)Pz"'"""f(gn)Pn=£Ekf(8")P"=£Ekf(€k)rﬁ(sk—;)

m=k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

N ]Ek(x_xj)
L(f(x)) — lzlf(xk)-Pk (x)  where: P (x)=-C
]'I;}k(Xk _xj)

Each polynomial term P,(x) has zeros at each point x=x; except where x=x,. Then Pu(xn)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
l N 2 N
=3 P, (x) x=3 x, P (x) x2= Elmem(x)
m= m=1 m=
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values €;=e2=...=¢cy satisfy 2 Pi=1. Completeness is truer than true as is seen for N=2.

1 (M‘gjl) 1 (M‘gfl) (M-e,1) (M-g1) (M-e,1)-(M-g1) -g1+¢1

P +P, = - - - -1 (forall ¢ )
1 [1 (81—8.) ' [1 (82—8,) (61—82) i (82—81) (81—62) (81—82) oTame
j=1 / j=1 /

However, only select values r work for eigen-forms MPy= P« or orthonormality P;P=0Pk.
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» Diagonalizing Transformations (D-Ttran) from projectors é
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Functional spectral decomposition



Diagonalizing Transformations (D-Ttran) from pmjectors

Given our eigenvectors and their Projectors. p _M-5D 1 / 1 -1 \ : )
(1-5) 4 -3 3 L J

(M-11)

P, - l
5-1) 4

31 k/‘
31 ZL

N [= =
S——
€
PR
\S)
Il



Diagonalizing Transformations (D-Ttran) from pmjectors

Given our eigenvectors and their Projectors.  _ M-51 _ 1/ I —1\ RN "5) “le e,
o) 4l 33 J R

4|
2t J@“ ét‘gm

k,

DN |— N |—

Load distinct bras (¢/| and (=] into d-tran rows, kets |¢;) and |52) into inverse d-tran columns.




Diagonalizing Transformations (D-Ttran) from ojectors

(2 '%) -|e el
] ® ( ; : )=‘8 ><52‘

Given our eigenvectors and their Projectors. p _ M-51 1( 1 —1\
T -5 4l 33

k,

{2
) 4

B = D=

Load distinct bras (¢/| and (=] into d-tran rows, kets |¢;) and |52) into inverse d-tran columns.

(1) (1))
_ 1 1 _ 3 1 _ —
{<51\-( 2 T2 ),<62\—( 2 2 )} SRS Sk =1 |
2 2
(¢,,€,) < (1,2) d-Tran matrix (1,2) <= (¢,,¢,) INVERSE d-Tran matrix

)

|

Vo e) (e )

(el (o)) [ 4 ()
| FL T Lo v )|

<€2 x> <‘92‘y>

N |— N|—




Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p_M-5D 1 1 -1\=k/ % \@(; " )=\g><g\
Ta-s) a4l s oa ) 1L _;J k, A

o 1z iy L)
RN I Bl B R A

Load distinct bras (¢;| and (| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.

(1) (1))
_ 1 1 _ 3 1 _ —
{<81\-( 2 T2 ),<62\—( 2 2 )} SRS Sk =1 |
2 2
(¢,,€,) < (1,2) d-Tran matrix (1,2) <= (¢,,¢,) INVERSE d-Tran matrix

= /<x£1> <x‘92>\ / %

/<81x> <‘91‘y>\ /% 2 |
[ (el () )] g IR E

Use Dirac labeling for all components so transformation is OK J
)L Glea) (e ) (efK]e) )\
s [t Gt |7 e e |

N |— N|—

el (o) ) { K
REERARY N RANE

AR (4 1) S _ 1 0)
S CEY R o)



Diagonalizing Transformations (D-Ttran) from p Ojectors

Given our eigenvectors and their Projectors.  _ M-51 _ 1/ Io-1 \ 5 ( > ) “le e,
TTaos) 4l 33 J R
s J

Load distinct bras (¢;| and (| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.

P, = -
G-1 4|

=|e;)(e.]

(
4 -
(M—1-1>_1/ 3 1\ [

(1) [ 1 \]
el 4 4 el 3 4 e 5 | 5
L 2 2 J
(&,,€,) <= (1,2) d-Tran matrix (1 2) <= (¢,,¢,) INVERSE d-Tran matrix
/<‘91x> <‘91‘ _ 3 é\ 31> <x‘92>\=/ 3 %\
) L) L ) ble) )| 4 1)
Use Dirac labeling for all components so transformation is OK
(el (alo) ) GlRR) (fx]y) ) Jey) | 1 (efKley) )\
[l fe) | L i Uk | G e J‘L<ez|1<| i)
AR (4 1) . N _ 1 0)
SEVIRERL LJ o)

Check 1 1nverse -d-tran 1s really inverse of your d-tran.
(el (al2) ) [ le) (e) ) { (altle) (af1e)
[ty (el 1 e e ) e e

1 i\ _ (1 0)
oot o)

|
H IR



Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p_M-5D 1 1 -1\=k/ % \®(; " )=\g><g\
Ta-s) a4l s oa ) IL _;J k, A

o 1z iy L)
RN I Bl B R A

Load distinct bras (¢;| and (| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.

(1) (1))
_ 1 1 _ 3 1 _ —
{<31\-( 2 T2 ),<82\—( 2 2 )} SRS Sk =1 |
2 2
(&,,€,) <= (1,2) d-Tran matrix (1,2) <= (¢,,¢,) INVERSE d-Tran matrix

)

|

/<31 x> <81‘y>\ / ‘%\ /<x£1> <x‘92>\ / %
REEWAREM éJ | Gl bl )7

Use Dirac labeling for all components so transformation is OK

N |— N|—

1
2
3 3
2 2

el () ) (R R { () (o) ) (el (oK)
e (o) | L OEY OIRDY || Gl Gles) )| telile ez|1<|ez J
[ 1 1) [ 1 1)
EEI DR S A P

Check inverse-d-tran is really inverse of your d-tran. In standard quantum matrices inverses are “easy’”
/<81|><|>\,’<!><\>\{<!1\> (e1]ey) | T( ; ;
[t o) [ O Gl || bl e ) { elxx elwy VY (e e

L L4 ( 1 0\ L J y 1 [ x‘sz J

x 1

/ x|32> \_
1 L y 1 ‘32>J

H

[NSN[OST N
N = DN|—



eigen OWN

Lagrange \-multipliers

Matrix-algebraic eigensolutions with example M={ 4 1)
Secular equation 32

Hamilton-Cayley equation and projectors

Idempotent projectors (how eigenvalues=-eigenvectors)

Operator orthonormality and Completeness

Factoring bra-kets
into “Ket-Bras:

Spectral Decompositions

Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula
Proof that completeness relation is “Truer-than-true”

Diagonalizing Transformations (D-Ttran) from projectors
Eigensolutions for active analyzers

Spectral Decompositions with degeneracy
Functional spectral decomposition



Matrix products and eigensolutions for active analyzers

Consider a 45° tilted (0 7=p1/2=m/4 or B ]=90°) analyzer followed by a untilted (f2=0) analyzer.
Active analyzers have both paths open and a phase shift e-i£2 between each path.
Here the first analyzer has Q2 7=90°. The second has Q2=180°.

|‘POUT> rm il ol=0 |1PIN>
Pi=ly)

7 |
CERNNRE A

: i 20, =
FEEEE B

The transfer matrix for each analyzer is a sum of projection operators for each open path
multiplied by the phase factor that is active at that path. Apply phase factor e-i£21 =e-i7t/2 to

top path in the first analyzer and the factor e-i€22 =¢-iT to the top path in the second analyzer.

I 1 I -1
—in (e_i” ()\l _ =iw/2| N\ ] 1| —im/2 5 5 5 7 _
=0l 50 T 2 2 L 2
2 2 2 2
The matrix product T(total)=T(2)T(1) relates input states [¥'IN) to output states: (Y QUT) =T(total)|\P'IN)
1-i  -1-i —1+i 1+i -1 i -1
o)) 0| 2R E 2 e O R
0 1 -1-i 1-i -1-i 1-i —i 1 —i 1
2 2 2 2 NN B PR

We drop the overall phase e-i%/4 since it is unobservable. T(total) yields two eigenvalues and projectors.

41 =

NN

, i L+1 —1+\/5 i 1+\/§ —i
A —O)L—.1=O,o.r:/1=+1, -1 . L2 e 142 oo\ 1442
, glves projectors +1 1- (_1) 5 \/5 > £ ) «/5

[e:3=, 907 1=tz ||1P0UT> lezz be Bz de loae e fiz, op | HIPIN>
e =|+1) =|+1)
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