Group Theory in Quantum Mechanics
Lecture 4 1.2215

Matrix Eigensolutions and Spectral Decompositions

(Quantum Theory for Computer Age - Ch. 3 of Unit 1 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 1)

Unitary operators and matrices that change state vectors
...and eigenstates (“‘ownstates) that are mostly immune

Geometric visualization of real symmetric matrices and eigenvectors

Circle-to-ellipse mapping (and I'm Ba-aaack!)
Ellipse-to-ellipse mapping (Normal space vs. tangent space)
Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Matrix-algebraic eigensolutions with example M :( i ; )

Secular equation
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)

Operator orthonormality and completeness

Spectral Decompositions

Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula
Proof that completeness relation is “Truer-than-true”

Diagonalizing Transformations (D-Ttran) from projectors
Eigensolutions for active analyzers
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Unitary operators and matrices that change state vectors
» ...and eigenstates (“‘ownstates) that are mostly immune
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Unitary operators and matrices that change state vectors
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Unitary operators and matrices that change state vectors...

TIV)
V4 T V) Fig. 3.1.1 Effect of
analyzer
> \

output state T|V')| analyzer
-

T

...and eigenstates ( “‘ownstates) that are mostly immune to T...

represented by ket vector
> transformation of |V)
to new ket vector T|V) .

input state V)

2‘ lej>:8j leJ> — A Fig. 3.1.2 Effect of analyzer

on eigenket |€j)

I |e> is only to multiply by
/ > \ ] eigenvalue €

> (Tej) =¢jlej))

eigenstate le;) our| analyzer W cigenstate le,) in
(multiplied by &; ) T

For Unitary operators T=U, the eigenvalues must be phase factors cr=e**
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Geometric visualization of real symmetric matrices and eigenvectors
Circle-to-ellipse mapping (and I'm Ba-aaack!)
Ellipse-to-ellipse mapping (Normal space vs. tangent space)
Eigensolutions as stationary extreme-values (Lagrange N-multipliers)
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Geometric visualization of real symmetric matrices and eigenvectors

Eigenvector

Circle-to-ellipse mapping
Study a real symmetric matrix T by applying it to a circular array of unit vectors c.

1 1/2

/7 1 } maps the circular array into an elliptical one.

A matrix T= [
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Geometric visualization of real symmetric matrices and eigenvectors

Eigenvector

Circle-to-ellipse mapping
Study a real symmetric matrix T by applying it to a circular array of unit vectors c.

1 1/2

/7 1 } maps the circular array into an elliptical one.

A matrix T= (

Two vectors in the upper half plane survive T without changing direction.
These lucky vectors are the eigenvectors of matrix T.

\el>:( 1 j/x/i, \ez>:[ ‘11 ]/\/5
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Geometric visualization of real symmetric matrices and eigenvectors

Eigenvector

Circle-to-ellipse mapping
Study a real symmetric matrix T by applying it to a circular array of unit vectors c.

1 1/2

/7 1 ) maps the circular array into an elliptical one.

A matrix T= (

Two vectors in the upper half plane survive T without changing direction.
These lucky vectors are the eigenvectors of matrix T.

\el>=( 1 j/x/i, \ez>:[ ‘11 ]/\/5

They transform as follows: Tle)=¢ |e)=1.5¢,), and T|e,)=¢,|e,)=0.5]¢,)
to only suffer length change given by eigenvalues ¢, = 1.5and €2 = 0.5
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Geometric visualization of real symmetric matrices and eigenvectors

Eigenvector

Circle-to-ellipse mapping
Study a real symmetric matrix T by applying it to a circular array of unit vectors c.

1 1/2

/7 1 j maps the circular array into an elliptical one.

A matrix T= (

Two vectors in the upper half plane survive T without changing direction.
These lucky vectors are the eigenvectors of matrix T.

‘81>=( 1 j/x/i, \ez>:[ ‘11 ]/\/5

They transform as follows: Tle)=¢ |e)=1.5¢,), and T|e,)=¢,|e,)=0.5]¢,)
to only suffer length change given by eigenvalues ¢, = 1.5and €2 = 0.5

Normalization ({¢|c) = 1) is a condition separate from eigen-relations T|e,)=¢,|¢,)

Tuesday, January 20, 2015



Geometric visualization of real symmetric matrices and ejgenvectors
Circle-to-ellipse mapping (and I'm Ba-aaack!) #
Ellipse-to-ellipse mapping (Normal space vs. tangent space)
Eigensolutions as stationary extreme-values (Lagrange N-multipliers)

Tuesday, January 20, 2015

10



Geometric visualization of real symmetric matrices and eigenvectors

Eigenvector

Circle-to-ellipse mapping (and I'm Ba-aaack!)
Each vector |r) on left ellipse maps back to vector |¢)=T"! |r) on right unit circle.
Each |c¢) has unit length: {c|c¢) = 1 = {r|T-1 T-! |r) = {r|T-2r). (T is real-symmetric: TT=T=T7)

-2
9 Txx Txy X
cec=l=reT 0r=( X y )
T T y

yXx Y
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Geometric visualization of real symmetric matrices and eigenvectors

Eigenvector

Circle-to-ellipse mapping (and I'm Ba-aaack!)

Each vector |r) on left ellipse maps back to vector |¢)=T"! |r) on right unit circle.
Each |c¢) has unit length: {c|c¢) = 1 = {r|T-1 T-! |r) = {r|T-2r). (T is real-symmetric: TT=T=T7)

-2
9 Txx Txy X
cec=l=reT 0r=( X y )
T T y

»wo Ty
This simplifies if rewritten in a coordinate system (x;,x2) of eigenvectors |¢;) and |e2)

where T2|e;) = £2|e;) and T-2|eg) = e52|ey), that is, T, T-!, and T2 are each diagonal.

{<81T81> (e T]e,) H e 0 and[<el|T|el> (e, |T]e,) ]2_[812 0 ]
(&|Te) (ealTle,) | [ 0 & )7 | (&fTe) (afTle,) 0 &’
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Geometric visualization of real symmetric matrices and eigenvectors

Eigenvector

Circle-to-ellipse mapping (and I'm Ba-aaack!)

Each vector |r) on left ellipse maps back to vector |¢)=T"! |r) on right unit circle.
Each |c¢) has unit length: {c|c¢) = 1 = {r|T-1 T-! |r) = {r|T-2r). (T is real-symmetric: TT=T=T7)

2
9) Txx Txy X
coec=l=reT 0r=( X y )
T T v

oy
This simplifies if rewritten in a coordinate system (x;x2) of eigenvectors |¢;) and |e2)

where T-2|c ) = 2|e;) and T2|ep) = £52|ep), that is, T, T-1, and T2 are each diagonal.

[<81Tgl> (e Tle,) ][gl 0 and[<81”1> (e T]e, ) ]2[812 0 }
<82|T|81> <82|T|82> 0 & | <£2|T|gl> <82|T|82> 0 &

Matrix equation simplifies to an elementary ellipse equation of the form (x/a)2+(y/b)2=1.

) 2 2
- 81 0 X 3 X Xy
cec=1= )Cl X2 > = g_ + g_
0 &, Xy 1 2
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Geometric visualization of real symmetric matrices and eigenvectors
Circle-to-ellipse mapping
Ellipse-to-ellipse mapping (Normal space vs. tangent space)
Eigensolutions as stationary extreme-values (Lagrange N-multipliers)
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Geometric visualization of real symmetric matrices and eigenvectors
(Previous pages) Matrix T maps vector |¢) from a unit circle {c|¢)=1 to T|c)=|r)on an ellipse /=(r|T-|r)

Ellipse-to-ellipse mapping (Normal vs. tangent space)
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Geometric visualization of real symmetric matrices and eigenvectors
(Previous pages) Matrix T maps vector |¢) from a unit circle {c|¢)=1 to T|c)=|r)on an ellipse /=(r|T-|r)

ot

Ellipse-to-ellipse mapping (Normal vs. tangent space) ”"“‘

Now M maps vector |q) from a quadratic form 1={q|M|q) to vector |p)=M]|q) on surface /=(p|M-|p).
I ={aMlq) = (qlp)= (pIM-'|p)

M maps |q) intoﬁ)>=M|q>

q)

INe
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Geometric visualization of real symmetric matrices and eigenvectors
(Previous pages) Matrix T maps vector |¢) from a unit circle {c|¢)=1 to T|c)=|r)on an ellipse /=(r|T-|r)

Ellipse-to-ellipse mapping (Normal vs. tangent space) "-“ ~(os 1

Now M maps vector |q) from a quadratic form 1={q|M|q) to vector |p)=M]|q) on surface /=(p|M-|p).
1 ={qMlq) = {qlp)= (pIM-/|p)

M maps |q) intoﬁ)>=M|q>

q)

Radii of |q) ellipse axes are

I inverse eigenvalue roots

1//el and 1722,

Radii of |p) ellipse are

square roots of eigenvalues
Vel and Ve2
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Geometric visualization of real symmetric matrices and eigenvectors
(Previous pages) Matrix T maps vector |¢) from a unit circle {c|¢)=1 to T|c)=|r)on an ellipse /=(r|T-|r)

J

—

Ellipse-to-ellipse mapping (Normal vs. tangent space) ”,A“ (o0
Now M maps vector |q) from a quadratic form 1={q|M|q) to vector |p)=M]|q) on surface /=(p|M-|p).

1 ={qM|q) = {qlp)= {pIM-/|p)

M maps |q) intoﬁ)>=M|q>

q)

Radii of |q) ellipse axes are

I inverse eigenvalue roots

1//el and 1722,

Radii of |p) ellipse are

square roots of eigenvalues
Vel and Ve2

Tangent-normal geometry of mapping is found by using gradient Vof quadratic curve /=(q|M|q) .
V({qM]g)=(qIM +Milq) =2 Mlq) = 2 |p)
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Geometric visualization of real symmetric matrices and eigenvectors
(Previous pages) Matrix T maps vector |¢) from a unit circle {c|¢)=1 to T|c)=|r)on an ellipse /=(r|T-|r)

J

—

Ellipse-to-ellipse mapping (Normal vs. tangent space) ”,A“ (o0
Now M maps vector |q) from a quadratic form 1={q|M|q) to vector |p)=M]|q) on surface /=(p|M-|p).

1 ={qM|q) = {qlp)= {pIM-/|p)

M maps |q) intoﬁ)>=M|q>

q)

Radii of |q) ellipse axes are

I inverse eigenvalue roots

1//el and 1722,

Radii of |p) ellipse are

square roots of eigenvalues
Vel and Ve2

Tangent-normal geometry of mapping is found by using gradient Vof quadratic curve /=(q|M|q) .
V({qM]g)=(qIM +Milq) =2 Mlq) = 2 |p)

M1 maps |p) into |q)=M"1|p) V{qM|q)/ 2:1\/E|jl>:|P>
> > |q)

(piM-1|p)=1
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Geometric visualization of real symmetric matrices and eigenvectors
(Previous pages) Matrix T maps vector |¢) from a unit circle {c|¢)=1 to T|c)=|r)on an ellipse /=(r|T-|r)

Ellipse-to-ellipse mapping (Normal vs. tangent space) ”,A“ (o0

Now M maps vector |q) from a quadratic form 1={q|M|q) to vector |p)=M]|q) on surface /=(p|M-|p).
1 ={qMlq) = {qlp)= (pIM-/|p)

M maps |q) intoﬁ)>=M|q>

q)

Radii of |q) ellipse axes are

I inverse eigenvalue roots

1//el and 1722,

Radii of |p) ellipse are

square roots of eigenvalues
Vel and Ve2

Tangent-normal geometry of mapping is found by using gradient Vof quadratic curve /=(q|M|q) .
V({qM]g)=(qIM +Milq) =2 Mlq) = 2 |p)

M1 maps |p) into |q)=M"1|p) V{qM|q)/ 2:1\/E|jl>:|P>
> > |q)

Original vector |q) lies
on gradient V({p|M-|p))

that is normal to tangent
to mapped curve at |p).

Mapped vector |p) lies
on gradient V({q|M]q))
that is normal to tangent
to original curve at |q).
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Geometric visualization of real symmetric matrices and eigenvectors
Circle-to-ellipse mapping
Ellipse-to-ellipse mapping (Normal space vs. tangent space)
Eigensolutions as stationary extreme-values (Lagrange N-multipliers)
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)

0;=¢)

Quadratic curves
(r|L|r)=0; =const.
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Geometric visualization of real symmetric matrices and eigenvectors
Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)

Q: What are min-max values of the function O(r) subject to the constraint of unit norm: C(r)=(r|r)=1.

01=¢)

Quadratic curves
(r|L|r)=Q; =const.

Constraint curve

(rr)=C= Ny
/ XX ","’I,',,,’,l ’

U

N
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N
\
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0

N
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)
Q: What are min-max values of the function O(r) subject to the constraint of unit norm: C(r)=(r|r)=1.

A: At those values of Or and vector r for which the Qi (r) curve just touches the constraint curve C(r).

)
Quadratic curves
(r|L|r)=Q; =const.
é : 4 Eigenvector
=&
L1 , e

r)=le{)
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)
Q: What are min-max values of the function Q(r) subject to the constraint of unit norm: C(r)=(r|r)=1.

A: At those values of Or and vector r for which the Qi (r) curve just touches the constraint curve C(r).

)
Lagrange says such points have
gradient vectors VQ; and VC Quadratic curves P
proportional to each other. {r{LIr)=Q; =const.
VQL = A VC, 0,=¢; Ch 4 ’ Eigenvector
N

" |l‘>:|81>
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Constraint curve
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Eigenvector
[r)=lep)

where
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)
Q: What are min-max values of the function Q(r) subject to the constraint of unit norm: C(r)=(r|r)=1.

A: At those values of Or and vector r for which the Qi (r) curve just touches the constraint curve C(r).

0=
Lagrange says such points have
gradient vectors VQOr and VC Quadratic curves o
proportional to each other. rlLr)=0, =const.
\V/ -V VC _ : % Eigenvector
OrL =AM\ , 0r=¢1 , r)=leq)

Proportionality constant A is

called a Lagrange Multiplier. Constraint curve
(rlr)y=C=

where

VQL:A‘VC

X505

K7
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Eigenvector
[r)=lep)

where

VQLZQ\«VC
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)
Q: What are min-max values of the function Q(r) subject to the constraint of unit norm: C(r)=(r|r)=1.

A: At those values of Or and vector r for which the Qi (r) curve just touches the constraint curve C(r).

0=
Lagrange says such points have
gradient vectors VQOr and VC Quadratic curves o
proportional to each other. rlLr)=0, =const.
\V/ -V VC _ : % Eigenvector
OrL =AM\ , 0r=¢1 , r)=leq)

Proportionality constant A is 4 hore
called a Lagrange Multiplier. : , ,,II/,// 2 _
&= 0% YA A
Z % ?‘/"’ ’, Eigenvector
é’,} 7, r)=[es)
vz where
VQLZQ\«VC
with
7\.282
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)
Q: What are min-max values of the function Q(r) subject to the constraint of unit norm: C(r)=(r|r)=1.

A: At those values of Or and vector r for which the Qi (r) curve just touches the constraint curve C(r).

)
Lagrange says such points have
gradient vectors VQ; and VC Quadratic curves P
proportional to each other. {r{LIr)=Q; =const.
VQL =AVC, 0, =¢ : 4 Eigenvector
/ ' — N

r)=[e)

Proportionality constant A is % ”’ }' o
called a Lagrange Multiplier. - /R4 e _
grang 14 Coxz:f:;zilg Eurv g /Illll/%”'& 4/%%’ VO, .;:VC
— Ll N Wi
. L L 2 "',',i,”l; . A=gq
At eigen-directions the Lagrange multiplier %, ELigenvector
equals quadratic form: A=0y(r)=(r|L|r) 2 r)=len)
vz where
Qr(r)=(edLlen=¢r at |r)=lex) VO, =\VC
with
7\.282
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Geometric visualization of real symmetric matrices and eigenvectors

Eigensolutions as stationary extreme-values (Lagrange \-multipliers)

Eigenvalues A of a matrix L can be viewed as stationary-values of its quadratic form Qr=L(r)=(r|L|r)
Q: What are min-max values of the function Q(r) subject to the constraint of unit norm: C(r)=(r|r)=1.

A: At those values of Or and vector r for which the Qi (r) curve just touches the constraint curve C(r).

)
Lagrange says such points have
gradient vectors VQ; and VC Quadratic curves P
proportional to each other. {r{LIr)=Q; =const.
VQL =AVC, 0, =¢ : 4 Eigenvector
/ ' — N

r)=[e)

Proportionality constant A is ”’ 1) o
called a Lagrange Multiplier. Constraint curve ',,/ Z %///}i VO, =AVC
== % g",,/,//'// :
gl I g Ny
At eigen-directions the Lagrange multiplier ZH) Eigenvector
equals quadratic form: A=0y(r)=(r|L|r) r)=le)
where
Qr(r)=(edLlen=¢r at |r)=lex) VO, =\VC
with
7\.282

(r|L|r) is called a quantum expectation value of operator L at r.
Eigenvalues are extreme expectation values.
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Matrix-algebraic eigensolutions with example M :( 41 )
Secular equation )2
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness

Tuesday, January 20, 2015
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with each eigenvector |, ) direction.

w &

Tuesday, January 20, 2015
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with each eigenvector |, ) direction.

A change of basis to {| 51> ) 52>,° " 3n>} called diagonalization gives
(&M[e)) (g[Mley) - (g|M]e,) g 0 -~ 0
(e, M[e,) (&M|e,) - (&Mle,) |_| 0 & - 0
(e IMle) (elMle) (e Mle) | [ 0 0 e,

Tuesday, January 20, 2015
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Matrix-algebraic method for finding eigenvector and eigenvalues

|

An eigenvector |€,) of M is in a direction that is left unchanged by M.

4 1

M|8k>:8k|€k>’ Or. (M_8k1)|8k>:0 3 9

Mle)

g is eigenvalue associated with each eigenvector |, ) direction.
A change of basis to {| 51> ) 52>,° o

8n>} called diagonalization gives

I

With example matrix M=[ ‘3‘ ; j
) = (5L G
y y ' 3 2-¢ y 0

T

<81|M|£1> <81|M|82> <81|M8n> g 0 0 0 2-¢ 3 0

<82|M|81> <£2|M|82> <82|M8n> _| 0 & 0 ) ( 4—¢ 1 )| " - ( 4oe 1 j|
s A R det det

(e,|M[e)) (e,|Me,) - (e,|Mle,) 0 0 - & 3 2-¢ 3 2-¢

Tuesday, January 20, 2015
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle)=¢e), or: (M-gl)e,)=0 M|8>:[ le ; J[ ; ]:g[ ; ) o ( 4;8 218 j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| 8l>’ 82>"" 3n>} called diagonalization gives |,
det| O 1 4-¢ 0
et det
<81|M|£1> <81|M|82> <81|M8n> g O --- 0 0 2_8 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 x and y=
: s : N A det( 4;8 21 ) det( 4;8 21 j|
(e.Mle)) (e,/M]e,) - (e,[M]e,) 0 0 - g, — £ _e

Only possible non-zero {x,y} if denominator is zero, too!

SEIE PR G

0=(4—-e)2-€)—13=8—6e+e’—13=¢"-6e+5

First step in finding eigenvalues: Solve secular equation

detM—¢€1|=0 = (—1)"(8" tae +a,€"+.. . +a, € +an) O=det|M - & - 1j=det =det
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle)=¢e), or: (M-gl)e,)=0 M|8>:[ le ; J[ ; ]:g[ ; ) o ( 4;8 218 j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| 8l>’ 82>"" 3n>} called diagonalization gives |,
det| O 1 4-¢ 0
et det
<81|M|£1> <81|M|82> <81|M8n> g O --- 0 0 2_8 3 0
(e.]Mle;) (&,|M|e,) - (&|Me,) 0 & - 0 x and y=
: s : N A det( 4;8 21 ) det( 4;8 21 j|
(e.Mle)) (e,/M]e,) - (e,[M]e,) 0 0 - g, — £ _e

Only possible non-zero {x,y} if denominator is zero, too!

SEIE PR G

where: 0=(4—e)2—€)—13=8—6c+>—13=¢>—6+5
@ =—TraceM, -, a, = (—l)k Zdiagonal k-by-k minors of M,--+, a, =(-1)" det|MD 0 = £ — Trace(M)e + det(M)

First step in finding eigenvalues: Solve secular equation

detM—¢€1|=0 = (—1)"(8" tae +a,€"+.. . +a, € +an) O=det|M - & - 1j=det =det

n
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-g)e,)=0 M|8>:[ . j[ ) ]:g[ ; ) . ( B j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| 51> ; 32>,° " 8n>} called diagonalization gives |,
0 1 4—g 0
det det
<81|M|£1> <81|M|82> <81|M8n> g 0 - 0 0 2-¢ 3 0
(eIMle) (efMle) - (eMle) || 0 & - 0 g e 1 and - y=— e
: : : B TR det s 5 det s
(eMlz) (eMle) - (eMle,) | [0 0 = e ° €

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: : 0=(4-e)2—€)-13=8—6e+¢&’-13=¢"-6£+5
Cal =—TraceM,--, a, =(-1) Zdiagonal k-by-k minors of M-+, a, =(-1)" det|@ 2 2
0=¢&"—TraceM)e +detM) =" —6€+5

First step in finding eigenvalues: Solve secular equation

detM—¢1|=0=(-1)" (8" tae +a,€"+.. . +a, € +an) O=det|M - & - 1j=det =det

Secular equation has n-factors, one for each eigenvalue.

det|M_gl|:O:(_l)n(8_81)(6_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

Tuesday, January 20, 2015 36
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Spectral Decompositions

Functional spectral decomposition
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£ ‘3‘ ; j

An eigenvector |€,) of M is in a direction that is left unchanged by M.

Mle,)=¢]e,). or: (M-g)e,)=0 M|8>:[ . j[ ) ]:g[ ; ) . ( B j[ .

€, 1s eigenvalue associated with eigenvector |8k> direction. . pTTToTTToTommTITTooToocTImommoosssmoond

A change of basis to {| 81>, 32>,° " 8n>} called diagonalization gives |,
0 1 4—¢ 0
det det
(eM|e)) (g|M]e,) - (e|M|e,) g 0 - 0 0 2-¢ q 3 0
(eMle) (eMle,) ~ (eMle) | | 0 & = 0 o i e 1 R T
: : : Pob T det s o det s 5
eIMlz) (eMle) - (elMle) | 00 e ) )
First step in finding eigenvalues: Solve secular equation Only possible non-zero {x,y} if denominator is zero, too!
4 1 1 0 4—-¢ 1
n n n—1 n—-2 = —c.1l= — —
detM—¢€1|=0=(-1) (8 +ae" +a,€" 7 +...+a, £ +an) O=det|M—¢-1| det( 3 9 j 8[ 0 1 j det( 3 g )‘

where:
C a,=-TraceM,--, a, =(~1)" Y diagonal k-by-k minors of M-+, a, =(~1)" det|M| )

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5
0=¢"—Trace(M)e +det(M) =€’ — 6 +5

Secular equation has n-factors, one for each eigenvalue.

detM—¢1|=0= (_l)n(g_gl)(g_gz)...(g_gn) O=(e—-1)(e—-5) solet: & =1 and: &, =5
Each € replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation)
0=M>-6M+51=M-11)(M-51)
0=(M-¢1)(M-¢,1)---(M-g,1) )
0 0 |_[4 1] (4 1] 10
ebviously true if M has diagonal form. (But, that’s circular logic. Faith needed!)J 0 0 3 2 3 2 0 1
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M|£k>= 8k|8k>, or: (M—ek1)|ek>: 0

Ist step in finding eigenvalues: Solve secular equation

where:

A change of basis to {| €1> ’ 82>,° .
(e|M[e,) (e|Mley) - (e|M]e,) g 0
<82|M|81> <£2|M|£2> <32|M 8,,> _ 0 ¢ -
<8n|M|81> (e, M|82> (e, M|8n> 0 0

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

(3G ) = (50 ]

An eigenvector |€,) of M is in a direction that is left unchanged by M.

g is eigenvalue associated with eigenvector |g,) direction.
8n>} called diagonalization gives

0
0

detM—¢1|=0=(-1)" (8" +ae" +a," 7 +...+ta, € + an)

C a,=-TraceM,--, a, =(~1)" Y diagonal k-by-k minors of M-+, a, =(~1)" det|M| )

detM—-¢el|=0=(-1)"(e—¢,)(e-¢,)-(e-¢,)

Secular equation has n-factors, one for each eigenvalue.

w
N =
N——

< =
~—
I
TN

Trying to solve by Kramer's inversion:

0 1 det 4—-¢ O
0 2-¢ 3 0

det

det det

and y=
4—¢ 1 4—¢ 1
3 2—¢€ 3 2—€

Only possible non-zero {x,y} if denominator is zero, too!

SHAEN

0=4-e)2—-€)—13=8—-6c+&’—13=€"—-6e+5
0=¢"—Trace(M)e +det(M) =€’ — 6 +5

0=det|M — £ - 1]=det =det

O0=(e—-1)(e—-5) solet: ¢ =1 and: & =5

0

(M—¢g1)(M-g,1)---(M-g,1)

Each € replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation)

ebviously true if M has diagonal form. (But, that’s circular logic. Faith needed!)J

0=M>—6M+51=M-1-1)(M-51)

B EEEIR S

p=( 1 )M-g1)-(M-g,1)

p.=(M-gl)( 1 )-(M-g]1) . p
: i E E

b =M= M-t 1)( 1 )

Replace jtr HC-factor by (1) to make projection operators p. =] | (M—8 ,-1).

(AS sume distinct e-values here: 2, ~//(/y(ww'(/{y (f/(///fj(/)

_ a1y — 4-5 1 _| -1 1
p, =()(M-51) [ . 2_5) [ L

P, =<M—1-1><1)=[ !

W |
p—
[\

| =
[E—

N—
Il

7~ N\
W W
—_—
N—

J|

4-¢ 1
3 2—¢€

)\
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w
N =
N——

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=£

An eigenvector |€,) of M is in a direction that is left unchanged by M.

el o (L etleo ma=( 4 ) 1)) e (400 )

g is eigenvalue associated with eigenvector |g,) direction.
A change of basis to {| 51> ) 32>,' o

< =
~—
I
TN

Trying to solve by Kramer's inversion:

8n>} called diagonalization gives

det 0 1 det 4—¢ 0
<81|M|£1> <81|M|82> <81|M|8n> g 0 - 0 0 2—¢ 3 0
(e.|Mle,) (&,|M[e,) - (&,]Mg,) 0 & - 0 x and y=
2 1 2 2 2 n _ 5 A_g ) P 1
: : : Pl det 3 2 det 3 2
(e M[e)) (e [Mle,) - (e,|Mle,) 0 0 - & e e

Only possible non-zero {x,y} if denominator is zero, too!

SEIR TR R

where: - ' _ 0=(4-¢e)2—€)-13=8—6e+¢&’-13=¢€"-6£+5
C a, ==TraceM,---, a, = (—1) Zdlagonal k-by-k minors of M,---, a, = (—1) det|M| ) 0=g’_ Trace(M)e + det(M) = e2_6e+5

Ist step in finding eigenvalues: Solve secular equation

=det

detM—¢1|=0=(-1)" (8" +ae" +a," 7 +...+ta, € + an) O=det|M - ¢ -1j=det

Secular equation has n-factors, one for each eigenvalue.

det|M_gl|:O:(_l)n(8_81)(8_82)...(8_8n) O=(e—-1)(e—-5) solet: & =1 and: &, =5

. . _ . . \
Each € replaced by M and each g, by €, 1 gives Hamilton-Cayley matrix equation. 0=M —6M+5M=(M—11)M-51)

(M—¢g1)(M-g,1)---(M-g,1) 0 0 4 1 ’ 4 1 1 0O
(o 0]:(3 2]_6[3 2j+5(0 1

ebviously true if M has diagonal form. (But, that’s circular logic. Faith needed!)J

0

Replace jtr HC-factor by (1) to make projection operators p. =] | (M-¢1), p,=1(M-51) :[ 4 ; 5 , 1 ]z( -1 1

Jj#k

p=( 1 )M-g1)-(M-g,1)

] . - . ((/';I~( cqeneracy dause —
p=(M—g1)( 1 )-(M=g1) (Assume distinct e-values here: Nix-doyencracy dunse) p, = (M—11)(1)= 4-1 1 _[ 31
: E # & # .. 3 2-1 3 1
p,=(M-gl)(M-g1)-( 1 ) 4 1 -1 1 -1 1
Mpl == . = 1 — 1.[)1
3 2 3 - 3 3
Each pr contains eigen-bra-kets since: (M-ci1)pi=0 or: Mpi=cipi=p:M .
Mp.=| 4T3 osl 3 ok,
32 301 31 ’
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Matrix-algebraic eigensolutions with example M :( ; ; )
Secular equation
Hamilton-Cayley equation and projectors
Ildempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness

Idempotent means.: P-P=P
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pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

PP :H(gjpj_gmpj):PjH(Sj—Sm)=<

m#k m#k

Mp,=¢,p, =pM

0 if %k

p.[](e.-¢,) if:j=k

m#k

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

1

P
p,=(M-51) { L

Mot 31
p,=M-11) (3 1)

4
3

s

N =

0
0

|

0
0

|
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4
3

N —

|

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

pjpk:ij(M_eml):H(ij_gmpjl) Mpk:gkpk:pkM E pIZ(M—S-l)Z( _31 13]
m#k m#k . - _ 0O O
Multiplication properties of p;: N 11)_( - j P lpz_( 0 0 j
0 if:j#k . b 31
pjpk=g(£jpj—empj)=pjg(ej—8m)=< p.[](e.-¢,) if:ji=k
m#k et eccecccccccne
Last step: [I(M-¢1) : p_M-5D) _1f 1 -1
make Idempotent Projectors: Pk:H(gpk—g )="ﬁ(8 o) b a=5 4 -3 3
(Idempotent means: P-P=P) G A b (M-I 13
-1 4l 31
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[ ‘3‘

|

N =

PP, :ij(M_gml):H(ij—Empjl) Mpk:gkpk =PkM E P, :(M—S-l):( _31 13 )
m#k m#k . _ . 0O O
Multiplication properties of p;: N 11)_( - j P 1p2_£ 0 0 j
0 if:jzk P2~ L3
PPy =g(8jpj—empj)=pjg(ej—8m)=< pJ1(e.-¢,) if:i=k
m#k etecsecsssnse .
Last step: [I(M-¢1) : p_M-5D) _1f 1 -1
make Idempotent Projectors: Pk:H(gpk ; )= "’lik[(g - D=5 4l 303
(Idempotent means: P-P=P) G A b (M-I 13
0 if: ik Mp,=¢,p, =pM 2 5-1) 4 31
Pij = S implies : :
Po if:j=k MP,=¢ P, =PM
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Matrix-algebraic eigensolutions with example M :( 4 1 )

Secular equation 302
Hamilton-Cayley equation and projectors

Ildempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness

Factoring bra-kets
into “Ket-Bras:

-
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

PP, :H(gjl’j—gmpj)=PjH(8j—em)=<

m#k m#k

Mp,=¢p,=pM

(0 if . j#k

pkH(gk_gm) if . j=k

m#k

e%occococccce ¥
[ ]

p1=(M—5'l)=( 3

p2=<M—1-1>=(

-1

1
-3

3 1
3 1

Factoring bra-kets into “Ket-Bras:

4
3

s

N —

|

0 O
0 0

Last step: . p [I(M-e,1) : p M-5D 10 1 -1 )_ % ®( 2 7 ):‘8><8‘
make Idempotent Projectors: szl_[ e k_g ):"ﬁ o) o 403 3 )4 4 /rk1 A
(Idempotent means: P-P=P) Lol T . “Gauge” scale factors that only afffct plots ( .
_ _ . 1 1 31
0 ifjek RERERML p G T k) | Ol
Pij = o implies : 4{ 3 1 ) k,
P ifij=k MP,=¢ P =PM -
46
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

pjpk = p]H(M—Eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

PP, :H(gjl’j—gmpj)=PjH(8j—em)=<

m#k m#k

Last step:

Mp,=¢p,=pM

make Idempotent Projectors: P, =
(Idempotent means: P-P=P)

m#zk
0 if :71#k

P'Pk: f]
! P if:j=k

m#k

—M—51=| !
p,=M-51) ( 3

. “Gauge” scale factors that only affect plots

|

4
3

N =

1
-3

s

: 0 0)
B (31 0 O
0 ifijzk pz_(M_M)_( 301 j
p"g(g" ) l]i] :k o Factoring bra-kets into “Ket-Bras:
p [I(M-¢,1) : p M-5D 10 1 -1 )_ ; ®( 2 ):\e><e\
k — m#k ‘ 1 (1_5) 4 3 3 1 _3 k 1 1
[I(e-2) [Mle-e.) : el plois

° 3 1
Mp,=¢,p, =pM M-11) | \ l\(—i)
.pk. .kpk P, M. P2=( ):_ 31 _k, ? S 2 2‘82><82‘
implies : S5-1) 4\ 3 1 ) k,
MP,=¢,P,.=PM : , Ak
................ b;>
Eigen-bra-ket or [ "
projectors <y‘ » |82>=k2 Y <€2|=(3/2 1/2) k y€—
of matrix:
4 1
ve(3 )
p - M-5D p, - (M-1D
(1-5) 5-1)
L _1( 31
4 -3 3 4l 31
11 ( 301
_ 4 4 4 4
B R i = -
4 4 i 2
1 — -1 \
2 1
=k, 3 ®( y )/kl =k2[ ? ]@( S )/k2
! ] 12 2
€)=k
= l&)(e] B €074 5, = &)
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Matrix-algebraic eigensolutions with example M :( 4 1 )
Secular equation 302
Hamilton-Cayley equation and projectors
Ildempotent projectors (how eigenvalues=-eigenvectors)

» Operator orthonormality and Completeness é

Factoring bra-kets
into “Ket-Bras:
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Matrix-algebraic method for finding eigenvector and eigenvalues

pjpk = p]H(M—Eml) = H(ij_gmpjl)

m#k m#k

Mp,=¢p,=pM

as are bra-ket (¢j|and|e;) inside P;’s of matrix:

With example matrix M=[ ‘3‘

N —

p1=<M—5-1>=( -

3—3) (00)
PP, =
. 0 0

Multiplication properties of p; : ( j
( p,=M-11)=
0 if:j#k 31
o= TI(ep, - )=p T2 o [T c.) 1o o
m#k m#k v A . Factoring bra-kets into “Ket-Bras:
Last step: [I(M-¢1) : p_M-5D)_1f 1 -1 _ ) ®( : 7 )_
make /dempotent Projectors: P, = H(gpk ) "ﬁ(g - R e T L G N T /yk1 =l
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots
° 3 1
0 if:j#k R =— =k, ? ® =le, )¢,
Pij = o implies : . 5-1) 4\ 3 1 ) k,
e =k MP=¢P.=PM : A
E ooooooooooooooooooooooooooo % ‘y>
: Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal - { (ele) (e, <y‘ iy |82> =k; 19 ] <82|:(3/2 1/2)/ky<—

) ] projectors

w=(5 )

P _(M-51)
(1-5)

_(M-11)
(5=
_1( 31
4l 3 1
3 1
. 4 4
- 301
4 4
I
1
=k[ : ]@( DLk
2 1 2 2 2
1/2 2
|, )=k
177" 30 = &, ){e,|
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Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

s

pjpk = p]H(M_eml) = H(ij_gmpjl)

Mp,=¢p,=pM

—M—51=| !
p,=M-51) ( 3

1
-3

|

4
3

N —

m#k m#k 0O O
Multiplication properties of p; : N ( 31 j 0 0 j
- p = —1- =
0 if . jzk ’ 31
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
mk mzk ) A . Factoring bra-kets into “Ket-Bras:
. . 11
Last Step. b H(M—Eml) . P_(M_S.l)_l T % ®( 2 T2 )—‘8><8‘
make Idempotent Projectors: Pk:H(g k , )= "ﬁ(g - L a=5) 4l -3 3 )y 4 koY
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots /
. 3 1
s Mp,=¢,p, =pM ~1 Vil ( 2 2 )
0 ek OPCERTREL p T T ] =k | O e
Pij = _ implies : 5-1) 4\ 3 1 ) k,
.. 5 Y
Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal - (ele) (ele,) projectors <y‘ s |82> =k, i < <82|:(3/2 1/2) ey
as are bra-ket (¢j|and|e)) inside P;’s - (ele) (e, of matrix:
: - =(4 1 )
=[ 0 1 | 3 |2 | i
Tereres M-51 M-11
...and the P; satisfy a . 1=( (1_5)) 2 =((5_1))
Completeness Relation: pip-| 10
1= P, + P, +.4+ P, o =%( 13 _31 ] =i( g i
=ler) (e1]+|e2) (2|+..4|€n) (€4] =|e, ) (e |+|e, ) (e,
| e : i
B i R
4 4 4 4
1 — -1 1
:kl[ _23 ®( I )/kl =k2[ ; ]@( s )/k2
I i _ |12 ?
b €172 - el
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Matrix-algebraic eigensolutions with example M :( 4 1 )
Secular equation 302
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness

» Spectral Decompositions E

Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Factoring bra-kets
into “Ket-Bras:
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Matrix-algebraic method for finding eigenvector and eigenvalues . With example matrix M=£ ‘3‘ ; j
pp.=p;[[(M-¢,1)=]](pM-¢,p,1) Mp.=gp, =pM  : p_-m-sp=| ' !
m#k m#k o 3 -3 0O 0
Multiplication properties of p; : f e ( .- j PP=| o
0 if:jzk D 31
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
mk mk o A . Factoring bra-kets into “Ket-Bras:
Last step: H(M—gml) : b S M-5D) 11 - i : ®( 2 3 )_‘8><8‘
make Idempotent Projectors: P, = H(gpk o) = "ﬁ(g - L a=5) 4l -3 3 )y 4 koY
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots /
o 3 1
o Mp,=¢,p, =p,M : -1 RN ( 1 2 )
0 if:j#k . pk. PP Pz:(M 11)21( T =k| | | ® — =|e,)(e)|
Pij — ST implies : . 5-1) 4 ‘3 | % k,
Pk lf‘ -J = k MPk:‘ngk = PkM E ’y - 3/4
: ........................... o Eigen_bra_ket
projectors | &5) =k, ig <~ (&l=0n2 12)k<—
. of matrix:
The P; are Mutually Ortho-Normal [ (¢ |e)) (g e,) M={4 1 J
as are bra-ket (¢;|and|e;) inside P;’s (e,]e) (ee,) 32 i
2™ 212 p_M-51) p . (M-11)
1 0 (SR 2T (5-1)
o e U
e 4l 3 3 4l 31
...and the P; satisfy a [ - [ o J
Completeness Relation: PP = 1 0 - i P
1= P;+ P2 +.4 P, : 1 1 i
: =k 3 ® ; =K, ’ ; é 2
Slen) eler) eobtlen @] © =lee+le el | : I L peen
= &) = |a)(&)

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

\ J
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4
3

N =

Matrix-algebraic method for finding eigenvector and eigenvalues With example matrix M=[

|

pjpk:ij(M_eml):H(ij_gmpjl) Mpk:gkpk:pkM E p,=(M-51)= -
m#k m#k o 3 -3 0O 0
Multiplication properties of p;: ; wino| 31 PP2Z1 0 0
0 if:j#k P>~ B 1
pfpk:H(gjpf_8mpf):pJ’H(ef_8m)=< pkH(ek—e ) ifj=k : :
mak mk oy A . Factoring bra-kets into “Ket-Bras:
. ) . 1 |
Last step: | b H(M—Sml) . P:(M_S.l):l 1 -1 . ) ®( 2 T2 )=‘S><8‘
make Idempotent Projectors: P, = e k_g ] = ”’l’ik[ (6—c) -5 4 303 = k, Y
(Idempotent means: P-P=P) LTl L AT T
. 3 1
o Mp,=£,p, =pM : 1 ) ( 1 2 )
0 ik PR TR p O L gl 2 e e e
Pij = o implies : . 5-1) 4\ 3 1 s % k,
Pk lf‘ )= k MPk :‘ngk = PkM E Eigen-bra-ket ?;| [
R R o projectors ., le,)=t, :Z <~ (&)= 12)ke—,
of matrix:
. M=[§ ;] y 1 32
The P; are Mutually Ortho-Normal - (ele) (ele) P S BRIy TR
€1 /€2 T -5) EER))
as are bra-ket (¢j|and|e;) inside P;’s (e,]e) (ee, :1[ - J 7 =1( 3 ]
* |_3_13 B (&) 1=(112 -112)rk, ! f T
Ny EEA A
crrernes . k|l o A T
...and the P; satisfy a . - [ e>]< 7 o= 50 - { zj><ez
Completeness Relation: : pip-| 10 )
1= P, + P> +.+ P, Lo 4 - 3o
=ler) (e1]+|e2) (2|+..4|€n) (€4] =|e,)(e,|+|&,) (&, M:[ ) j=1P1+5P2:1|1><1|+5|2><2|:1 . +5 -

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

\ J
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Matrix and operator Spectral Decompositons

pjpk:ij(M_eml):H(ij_gmpjl) Mpk:gkpk:pkM

m#k m#k

Multiplication properties of p; :

( 0 if . j#k
Last step: \ [T(M-¢,1) :
make Idempotent Projectors: P, = ——t& = 2z NS
(Idempotent means: P-P=P) g(gk ~2) g(g" “&)
— 0 lf]?'—'k Mp;:g.kpk:pkM § PZ:(M_I'I):I
b= p P implies : :
e = MP,=¢,P, =PM -

The P; are Mutually Ortho-Normal - (e]e,)
as are bra-ket (¢j|and|e;) inside P;’s

...and the P; satisfy a

Completeness Relation: PP = 1 0
1= P;+ P> +.+ P, . 1
=‘€]><€1’+|€2><€2‘+...+’€n><811’ =|81><81|+|82><82| 3

(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M
M=MP +MP, +..+MP,=¢P, +¢,P, +..+¢ P,

...and Functional Spectral Decomposition of any function (M) of M

. JM) == f(€)P, + f(&)P, +...+ f(g,)P, )

p1=<M—5-1>=( : _3)
PP, =

M oto| 31
p,=M 11)(3 j

M=£ 4 ;j—11>1+5P2—11><1|+52><2—1( P ]+5[

N =
N——

-1 1

o O
o O
N———

1

Factoring bra-kets into “Ket-Bras:

1 1

N ®(2k—”)=\el><a\

—)=\€z><82\

[N
N—_
Il
o h
[\S)
B = D=
—_—
NSTRROS}
B |—

Al B W
= B =
N
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Matrix and operator Spectral Decompositons

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

Mp,=¢p,=pM

( 0 if . j#k
Last step: [TM-e,1): = -51) 1
make Idempotent Projectors: P, = H(fpk . )= "’lik[(g - YT =5 4
(Idempotent means: P-P=P) LTl L AT T
0 if: j#k Mp,=¢,p, =pM P2=(M_1'1):l
PP = implies : : 5-1) 4
JTk P lf L= k .
k ' MP =¢ P, =PM
The P; are Mutually Ortho-Normal - (ele)) (ee,)
as are bra-ket (5/[and|g)) inside P’s - (e]e) (e]e,)
. [ 10
0 1

...and the P; satisfy a

Completeness Relation: 1 0
P+P =
1= P;+ P> +.+ P, 0 1 41 LR S
:‘€]><81’+|€2><€2‘+...+’€n><811‘ :|gl><gl|+|82><82| ZL ) jzlpl"‘spz:1|1><1|+5|2><2|:1 33 +5 3o
. 3 3 i 1
(Eigen—operators MP, =¢ P, then give Spectral Decomposition of operator M Exanip lel. L 3 143590 5%_1
50 150 ! ! sl # F |1 -
M=MP,+MP,+..+MP, =¢P +&P, +..+¢ P _L 3 2 ]_l R > 3o T 3.550_3 55,3

...and Functional Spectral Decomposition of any function (M) of M
fM)==f(g)P + f(&,)P, +..+ f(g,)P,

.

p1=(M—5'l)=(

p2=<M—1-1>=( X

N —

-1 1
3 3
3 1

'

Factoring bra-kets into “Ket-Bras:

o O

1 1 1
L L ()
:k _—
-3 3] ! _; ® k, ‘81><81‘
301 > ( ;3 )
—k,| ° AR
3 1) 2 : ® X, ‘82><82‘
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Matrix and operator Spectral Decompositons

pjpk = p]H(M_eml) = H(ij_gmpjl)

m#k m#k

Multiplication properties of p; :

Mp,=¢p,=pM

pl=<M—5-1>=(

p2=<M—1-1>=( X

N =

-1
3

1
-3

|

o O

3 1

0 if:jzk 1
op~Tllen e )=pTIe 20 g [Ti-c.) 27 o
mk mzk ) A . Factoring bra-kets into “Ket-Bras:
Last step: [IM-g,1):  oi-sn_1( 1 1 )_ [ > ®(5 )
make Idempotent Projectors: Pk:H(pk )="ﬁ( ): T oa-5 4l 3 o3 ) 2 k, =lentel
E —E& E —€ .
(Idempotent means: P-P=P) LTl L AT T
. 3 1
. Mp,=¢,p, =pM : M-11) 1 ) (z)
0 if:j#k PaR R p O L ) e e
Pij: _ implies : . 5-1) 4\ 3 1 % k,
P if:j=k MP,=¢ P =PM -
The P; are Mutually Ortho-Normal - (ele)) (ee,)
as are bra-ket (¢j|and|e;) inside P;’s - (ele) (e]e)
. [ 10
0 1
...and the P; satisfy a :
Completeness Relation: PP = 1 0
1= P;+ P> +.+ P, 0 1 41 LR S
= =1P, + 5P, =1{1){1|+5|2)(2|=1 5
=k (eilde el (el T =[e)e]+le.) el [3 2) A I S
(Eigen—operators MP, =¢,P, then give Spectral Decomposition of operator M Exanip lels.' L 30 143590 5%_1
4 4 4 1 o
M=MP +MP, +..+MP, =P +¢&P,+. +¢P 50:[ . ]:150 T L —i[ sy 550+3]
7 i

...and Functional Spectral Decomposition of any function (M) of M
fM)==f(g)P + f(&,)P, +..+ f(g,)P,

M

.

|

4
3

I+

BlwW AW
Bl = B =
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Matrix-algebraic eigensolutions with example M :( 4 1 )
Secular equation 302
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness

Factoring bra-kets
into “Ket-Bras:

Spectral Decompositions
Functional spectral decomposition

» Orthonormality vs. Completeness vis-a -vis Operator vs. State é
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Orthonormality vs. Completeness

N =

pp.=p,J(M-¢,1)=T](pM-¢,p,1)  Mp,=g;p,=pM o :(M—S-l):( 1 ]
m#k m#k _ . 0O O
Multiplication properties of p;: I ( . j P lpz_( 0 0 j
- p = —1- =
0 if . j#k ’ 31
pjpk:H(‘gipi_8mpf):pJH(ef_8m)=< pkH(ek—e ) ifj=k : :
m#k m#k v A . Factoring bra-kets into “Ket-Bras:
Last step: [T(M-¢,1): p_ M-S 11 o) ! ®( : =2 )_
make Idempotent Projectors: P, = H(gpk - )= "ﬁ(g - CTT =5 4l -3 03 DY /yk1 =le)el
(Idempotent means: P-P=P) Lok LNk T «Gauge” scale factors that only affect plots
° 3 1
o Mp,=¢€,p, =pM -1 Vi ( 1 2 )
0 if:j#k VPER =P s p (TID TP T e e,
Pij = _ implies : 5-1) 4\ 3 1 ) k,
P if:j=k MP,=¢,P,=PM : A
E ooooooooooooooooooooooooooo % ‘y>
: Eigen-bra-ket or [ .
The P; are Mutually Ortho-Normal - (ele) (ele,) projectors <y‘ s |82>:k2 i < <82|:(3/2 1/2) ey
as are bra-ket (¢j|and|e)) inside P;’s - (ele) (e, of matrix:
: - _ (4 1 )
{at) 262 r
Trerees M—51 M-11
...and the P; satisfy a . = ( ) ) = ( )
: 1-5) (G-
Completeness Relation: pap-| 10
1= P;+ P, +.+ P, Lot =%( 13 _31 ) =i( g i
=‘€]><81’+|€2> <€2‘+...+’€n> <€n‘ =|81><81|+|82><82|
1 _1 3 1
r — = : SR
{|x),|v) }-orthonormality with {|e;),|e2) }-completeness - i 2!
(1) =6, =(x1y)=(xe ) e |y)+{x &) (e ). 1 — -1 1
=k, 23 ®( 2 3 )/kl =k, ? ®( % 2 )/kz
{le1),|e2) }-orthonormality with {|x),|y) }-completeness K - . 2
I =
\_ <8i|8j> :5i,j:<8i|1 8j>:<8i|x><x‘8j>+<8i|y><y‘gj> ] = |81><81| . |81> ki 3/2 — |82><82‘
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

0 if :j#k
P.P, 25'kPk = f J
! ! P if:j=k

1=P;+P>+..+P,
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
&) (gjlex) (ex| =6klex) (x| or:  (gjlex) =0 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =8jk|ex) (ex| or:  (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ N

{|x),|y) }-orthonormality with {|e;),|e2) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&)| y)+{x] &, )(&,| ¥)-

{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(ele,) =6,,=(el1]e;)=(e|x)(x]e,)+{e|) ()
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =8jk|ex) (ex| or:  (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ N

{|x),|y) }-orthonormality with {|e;),|e2) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&| y)+{x] &, )(&,| ¥)-
(y)=6x.n=" v,y +y, (Y, (0)+..

Dirac &-function

{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(ele;) =6,,=(e[1]e,)=(e|x)(x]e,)+(e]|y)(]¢,)

\ _/

However Schrodinger wavefunction notation v (x)={x|1) shows quite a difference...
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Orthonormality vs. Completeness vis-a -vis Operator vs. State

Operator expressions for orthonormality appear quite different from expressions for completeness.

PP =6 P = A 1=P;+P>+..4+P,
! ! P, if:j=k
l€) (g/]ex) (ex| =8jk|ex) (ex| or:  (g)]ex) =0k 1=|e;) (e1]|+|e2) (e2|+..4|en) (4]

State vector representations of orthonormality are quite similar to representations of completeness.

Like 2-sides of the same coin.
~ ™

{|x),|y) }-orthonormality with {|e;),|e2) }-completeness
(xy)=6,, = (x[1]y)=(x|&,){&| y)+{x] &, )(&,| ¥)-
(Hy)=8x. =" v,y +Y, (Y, (0)+..

Dirac é-function
{le1),|e2) }-orthonormality with {|x),|y) }-completeness
(ele,) =6,,=(el1]e;)=(e|x)(x]e,)+{e|) ()

(e]e,)=86,,= LAY OV ()Y, W () + o> j dxy (DY (x)
\ _J

However Schrodinger wavefunction notation v (x)={x|1) shows quite a difference...
...particularly in the orthonormality integral.
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Matrix-algebraic eigensolutions with example M :( 4 1 )
Secular equation 302
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness

Spectral Decompositions
Functional spectral decomposition

Orthonormality vs. Completeness vis-a -vis Operator vs. State

» Lagrange functional interpolation formula

Factoring bra-kets
into “Ket-Bras:

-«

Proof that completeness relation is “Truer-than-true”
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A PVOOfOfPVOjQCtOV Completeness (Truer-than-true by Lagrange interpolation)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = ezk'Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = Z f(&,) *"1_1 )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl S )P (x)  where: P, (x)=-%
- I1 (xk —X )
j#k J
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %’,Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl S )P (x)  where: P (x)=-%
- I1 (xk —X )
j#k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[[(M~¢,1) [[(M-e,1)
— — m#k bn
1=P+P>+..+P, = X P, =3 e 2. f(M>=f<el>P1+f(sz>P2+-..+f<en>Pn=Zf<ek>Pk=Zf<ek>mH(8 )
&y & k m & € k_ m

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) — k{,lf(xk)-}}c(x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[I(M-¢,1) [I(M-e¢,1)

— — m#k m#k
1=P+P>+..4P, = ZPk — Z H(g _ e ) f(M): f(gl)I,] +f(82)P2 + +f(8n)Pn — Zf(gk)Pk = Zf(ek) H(S _c )
& & k m €k C g "

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) — k{,lf(xk)-};c(x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= g_lxiPm(x)
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[I(M-¢,1) [I(M-e¢,1)

— — m#k m#k
1=P+P>+..4P, = ZPk — Z H(g _ e ) f(M): f(gl)I,] +f(82)P2 + +f(8n)Pn — Zf(gk)Pk = Zf(ek) H(S _c )
& & k m €k C g "

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) — k{,lf(xk)-};c(x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= g_lxiPm(x)

One point determines a constant level line,

X1
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[[(M~¢,1) [[(M-e,1)
— — m#k bn
1=P+P>+..+P, = X P, =3 e 2. f<M>=f<el>P1+f<sz>P2+-..+f<en>Pn=Zf<ek>Pk=Zf<ek>mH(8 )
&y & k m & € k_ m

m#k m#k

with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N

L(f(X)) — k{,lf(xk)-};c(x) where: P, (x)= v

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
_ < N 2 N
1= zlpm (x) x=Xx, P (x) X = lempm(X)
m= m=1 m=

One point determines a constant level line, two separate points uniquely determine a sloping line,

X] X1 X2
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = SZk,Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl S )P (x)  where: P (x)=-%
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= § xiPm(x)
m=1 m=1 m=1

One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points \niquely determine a parabold, etc.

X] X1 X2 X1 X2 X2

Tuesday, January 20, 2015 71



A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl S )P (x)  where: P (x)=-%
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= § xiPm(x)
m=1 m=1 m=1

One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_k[ )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
N I1 (x —X. )
j#k J
L(f(x))= kzl S )P (x)  where: P (x)=-%
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.

1= g P (x) = g x P (x) 2= glxiPm(x)
m=1 m=

m=1
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values e;=e2=...=¢ep satisty 2 Pi=1.
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = %Pk = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X. )
N 2k J
L(f(x))= kzl S )P (x)  where: P (x)=-%
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
! N 2 N
=3 P, (x) x=3 x,P () =2 5P, (x)
m= m=1 m=
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values €;=e2=...=¢cy satisfy 2 Piy=1. Completeness 1s truer than true as is seen for N=2.

P1+P2:};[1 (M—ejl) 1 (M—ejl)
I (sl—ej)

J#l

N _ (M—821)+(M—£11) _ (M-g,1)-(M-¢g]1) _—gltel
I1 (82_gj) (e1-€)  (e,-¢) (e1-¢,) (=€)

j#l

=1 (for all ej)
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A Proof of Projector Completeness (Truer-than-true)
Compare matrix completeness relation and functional spectral decompositions

[1(M-¢,1) [T(M-¢,1)
1=P+P;+..+P, = ;P" = Z "ﬁ e FM) = f(g)P,+ f(&,)P, + ...+ f(g,)P, = Z fe )P, = 2 f(&,) ml_l )
with Lagrange interpolation formula of function f(x) approximated by its value at N points x;, x2,... Xn.
N
I1 (x —X )
N 2k J
L(f(x))= kzl S )P (x)  where: P (x)=-%
- I1 (xk —X )
J#£k J

Each polynomial term P,,(x) has zeros at each point x=x; except where x=x,,. Then Py(xm)=1.
So at each of these points this L-approximation becomes exact: L(f(x;))= f(x;) .

If f(x) happens to be a polynomial of degree N-1 or less, then L(f(x))= f(x) may be exact everywhere.
! N 2 N
=3 P, (x) x=3 x,P () =2 5P, (x)
m= m=1 m=
One point determines a constant level line, two separate points uniquely determine a sloping line,
three separate points uniquely determine a parabola, etc.

Lagrange interpolation formula— Completeness formula as x—M and as xx —¢ck and as Pi(xx) — Pk

All distinct values €;=e2=...=¢cy satisfy 2 Piy=1. Completeness 1s truer than true as is seen for N=2.

L nbe) by
I (e-¢))

J#l

N _ (M-g,1) +(M—511) _ (M-g,1)-(M-¢g]1) _—gltel
I1 (82_gj) (e1-€)  (e,-¢) (e1-¢,) (=€)

j#l

=1 (for all ej)

However, only select values ex work for eigen-forms MP= Pk or orthonormality P;P=0ixPx.
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Matrix-algebraic eigensolutions with example M :( 4 1 )
Secular equation 302
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness

Factoring bra-kets
into “Ket-Bras:

Spectral Decompositions

Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula
Proof that completeness relation is “Truer-than-true”

» Diagonalizing Transformations (D-Ttran) from projectors é

Eigensolutions for active analyzers

Spectral Decompositions with degeneracy
Functional spectral decomposition
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41—;1) _ i[ 13 —31 ]_ K, i ®(2—_2) =|e,)(e,]

5-1) 4| 3 1

DO = DO |—
N
—_—
NSO
o
[N}
N |—
~—————
Il
™M
\S}
—
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™
NS}
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41—;1) _ %( 13 —31 ]_ K, i ®(2—_2) =|e,)(e,]

P2=(M—1.1)=l[3 1] &
G-1) 4 3 1

Load distinct bras {¢,| and {c2| into d-tran rows, kets |¢;) and |e2) into inverse d-tran columns.

[N Do [—
N
—_—
NSIRRON}
o
[N}
N |—
~—————
Il
™M
\S}
—
N
™M
NS}
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors. p _ (1\(41—;1) _ %[ -l ]: K, i ®(2k—_2) =le,)(e

3 3
G-1) 4| 3 1

Load distinct bras {¢,| and {c2| into d-tran rows, kets |¢;) and |e2) into inverse d-tran columns.

[N Do [—
N
—_—
NSIRRON}
o
[N}
N |—
~—————
Il
™M
\S}
—
N
™M
NS}

() (1)
el=( 4~ Mel=(3 3 ) fledd 2 Ped=| 2 |t
U2 .2 )]
(€,,&,) <« (1,2) d—Tran matrix (1,2) « (&,,¢,) INVERSE d—Tran matrix
122 122
( ) ( A
@lx) (el _ 5 3 () ey _ 3
CHEIRNCARY \% ; ) (le) (e \ - %)
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors.

p_ M-51)_1
(I-5)

p_(M-LD_1
(5-1)

il
il

I -1
-3 3

®( - ):‘81><81‘

1 -
—k| A S
]1_; z

1
301 z
31] b
2

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.
r )

{<31‘:( 7 3

(€,,€,) < (1,2) d—Tran matrix

<81

x) (ely)

<82

x) (&)

() (1)
(eal=\ 3 3 |- ) 5 Hed=|
3 1
U2 .2 )]
(1,2) <~ (&,,€,) INVERSE d—Tran matrix
( ) ( )
B > <x£1> <x£2> _ > 3
) ke Gl Ty

Use Dirac labeling for all components so transformation is O

(rley) (x
(ve) (o

(&)

|

[ (e]x) (&)

x) (&)

1

2
1
2

DLW D=

|

(efK]x) - (o[ )
(vK]x) (vK]y)

5

I

|

1
2

3
2

N [— N|—

(eKle) (e|K]e,) }

(e:|Kley) (e:]K]e,)

g2> ]
£,)

-3
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Diagonalizing Transformations (D-Ttran) from projectors

Given our eigenvectors and their Projectors.

1

2

=(M—l-l)_l[ 31 j

(1-5) 4| -3 3

5-1) 4

1
2
2 1
2

3 1

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.

lel=( 4 -4 Mel=( 3 1)}

(€,,€,) < (1,2) d—Tran matrix

(efs) (e]y) ] [ 1 -

1 )
2

ey (el) || 3 8

e

b

. . J .
Use Dirac labeling for all components so transformation is O

(el (als) .[<x1<x> (1) ] (e (e )
(el) (el | | Ol G J| bl Ole)

oy

DLW D=

Check inverse-d-tran is really inverse of your d-tran.

82| 2|2 2|81 2‘82> <82|1|81> <‘92|1|82>

T

{< ell) (e |>N () (1ley) N (el1)e) (e [1]e,)

() 1 \)
e % hed=| 2
U2 2
(1,2) <~ (&,,€,) INVERSE d—Tran matrix
(e) (e | [ 44
e (er) \ -5 3

J

(eKle) (e|K]e,) }

(e:|Kley) (e:]K]e,)

1 1

2 2 _ 1 O

31 0O 5
2 2
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Diagonalizing Transformations (D-Ttran) from projectors

. . . . 1 1 _1
Given our eigenvectors and their Projectors. p _M-5D 1/ 1 -1 | | > ®( > )_‘ e,
-5 4l 3 3 ) 2 PR

1
I)ZZ(M—1.1)=1 31 ]
G-1) 4 3 1 !

Load distinct bras (| and {¢;| into d-tran rows, kets |¢;) and |e>) into inverse d-tran columns.
r 3

( 1 A 1 \
fed=( 2 3 Med=(2 1 Qe 2 fea| 7L
\ L 2 ) 2 )]
(,,€,) < (1,2) d-Tran matrix (1,2) < (¢,,€,) INVERSE d-Tran matrix
CIRCIEY :(% - \ (x|e,) (x]e,) :( 1 %\
(@) (b)) (33 | Dl Dle) J{

Use Dirac labeling for all components so transformation is O

[<elx> (&) Num (4[]} ][ (W) (les) ] (e1[Kle,) <elKez>}

(&lx) {ealy) | [ OIKE) OIK]) L Ola) Ole) ) | (&lKe) (oK)

1 1 1
2 4 1 2 2 _ 1 O
1 3 2 231 0O 5
2 2 2

Check inverse-d-tran is really inverse of your d-tran. In standard quantum matrices inverses are “easy’”

{ (&%) (a]») N () (xle) H (el1e) (&1l ) .
“ (e (ile,) ]

(e (el | Oled Oled || ) <e2|1|e2>} [ e|x) (&) N (e} (x]e,) T: (&) (e |
{5 —i] _ { ; 5} _ [1 0} (&%) (&) (le) Ole) <x‘82>* (v]e,) Ola) Oley)

DLW D=

Tuesday, January 20, 2015 82



Matrix-algebraic eigensolutions with example M :( 4 1 )
Secular equation 302
Hamilton-Cayley equation and projectors
Idempotent projectors (how eigenvalues=-eigenvectors)
Operator orthonormality and Completeness

Factoring bra-kets
into “Ket-Bras:

Spectral Decompositions

Functional spectral decomposition
Orthonormality vs. Completeness vis-a -vis Operator vs. State

Lagrange functional interpolation formula
Proof that completeness relation is “Truer-than-true”

Diagonalizing Transformations (D-Ttran) from projectors
Eigensolutions for active analyzers

Spectral Decompositions with degeneracy
Functional spectral decomposition
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Matrix products and eigensolutions for active analyzers

Consider a 45° tilted (0= 1/2=n/4 or f]=90°) analyzer followed by a untilted (§2=0) analyzer.
Active analyzers have both paths open and a phase shift e-i£2 between each path.
Here the first analyzer has €27=90°. The second has Q2=180°.

YouT) ko] ol 0, 'PIND
Y ino=1y)

, M ', % IN |

3 P et | [ ][]
‘ﬁ‘ﬁ"‘ 1= 150

"3 ' H 5 |e =
T EECN ﬂ
The transfer matrix for each analyzer is a sum of projection operators for each open path
multiplied by the phase factor that is active at that path. Apply phase factor e-i€21 =e-iT/2 to

top path in the first analyzer and the factor e-i€22 =¢-iT to the top path in the second analyzer.

1 1 -1 -7 -1-i
—i i ) ’ ’ ’ ’ —i 5 5 5 7 2 2
T(2)=e & x><x‘+‘y><y‘=[ eoﬂ (1) ] T(l)ze x><x + y><y = o im/2 l l + __1 l = P
2 2 2 2 2 2

The matrix product T(total)=T(2)T(1) relates input states |'¥'JN) to output states: |YOUT) =T(total)|'YIN)

e bl N N b L L I e .

Ploa)-T@)r()=| O | 22 |o] 2 2 || 2 I V2 2
0 1 -1-i 1-i -1-i 1-i =i

2 2 2 2 N

We drop the overall phase e-i/4 since it is unobservable. T(total) yi

- —i 1
T JE 2
yie

two eigenvalues and projectors.

i
7+1 _
V2 V2
) -1 1442 1442 -
A —0/1—‘1:O,o.r:l=+1,—1 b \/5 5 . i 142 . ; _1+\/§
, gives projectors = - _1) = 2\/5 , P = 2\/5

T AL e ECoO Y O =g 090 290 RO E P MG

=|+1) =l+1)
! s E:ﬂ--ns‘
- =
0 [ ] M
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