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U(2) and U(3) tensor expansions
2%-pole expansion of an N-by-N matrix H

2-by-2 case: H= (A+,-c 'ic) ="3 (é ?)* (3) f;)“f (? b)+A§ ;
=4" 1 +0, +«0, +5 O
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z
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= +(-iC +(o+iC + -
L_(o 1 L (1 oy, 1 _(o 0 k- 2 TO ¢ Z)TI ( Z)T.J 2 To
=( =( )l =( ) rank-1
U=\ o) W\ 22 Wm0 o) (vector) (0 ]) (0 0)
0 {1 0\ 0 0 1 0
u =( } rank-0
0o \0 1J2 (scalar)

3-by-3 case: H=(5Zi 55)

1
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U(3) generators (spinJ=1)
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u, 0 o] Wa 0 o J2 W 0 )¢ W,y 1 o2 U, 0 0 (tensor)

1(2101 1(;00] 1600] rank-1
={0 0 1 ={o 00 =700 t
ll_|_1 0 )P llo - 2 ll_1 ; 2 (vector)
7 00 rank-0
110=Q 1 O)é (scalar)
0 0 I
A
Mutually . . .
commuting Wigner-Clebsch-Gordan expressions for Tensor <Tq >

diagonal operators
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Spin-spin (1/2)? product states: Hydrogen hyperfine structure

electron-proton spin-spin interaction gives a simple example of hyperfine spectra

|\ proton
2

_1
2

Ket-kets for spin-up and spin-dn states and column matrix representations..

1\ proton | |\ electron 1\ proton |\ electron 1\ profon | 1\ eleciron
mm-f) [ =) ) =) )
2 2 2 2 2 2
0
1 1 1 0 1 0 1
ololo o} Lol (elo)-

0 0 0
Same spin-1/2 representation applies to either proton or electron kets.

1
2
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_ i>
2

Y-

Hin-

DY) =

S o =

- O O
N
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®
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~
[l
- o O O

—i(a+y) ﬂ —i(a-y) ﬁ
e > cos— —e ? sin—
D2 D2

+1/2,-1/2 | 2

DI/Z (aﬁ,}/) — L +1/2,+1/2 ‘ .
i(a—y) . ﬁ i(a+y) ﬁ

D1/2 DI/Z
e 2 sin— e %2 cos—
2 2

=1/2,+1/2 -1/2,-1/2
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Spin-spin (1/2)? product states: Hydrogen hyperfine structure

electron-proton spin-spin interaction gives a simple example of hyperfine spectra
Ket-kets for spin-up and spin-dn states and column matrix representations..

proton electron proton

1 1 1 1 electron 1 proton 1 electron 1 proton 1 electron
2 2 2 2 2 2 2 2
|T>|T>: 1 1 ’T>|J/>: 1 1 ’\L>|T>: 1 1 ’\L>|\L>: 1 1
2 2 2 2 2 2 2 2
1 0 0 0
ool o Lolelilol (el (el
® |=| | ®  |=| | ® |=| | ®|  |=
0 0 0 0 1 0 1 0 1 1 1 0
0 0 0 1

Same spin-1/2 representation applies to either proton or electron kets.

-i(02!+7/) ﬁ -i(OZf-Y) ﬂ

e cos— —e¢ sin —
1 1 Dl/z(aﬁ )= Di/lfz,ﬂ/z Di/liz,—l/z _
Kronecker product D* ® D? D=\ pwe — pw» a-) as)
—-1/2,+1/2 -1/2,-1/2 e > Sinﬁ e B COSE

Applies to outer product symmetry U(2)prolonxU(2)¢ecor for NO interaction.
B B, . B B, . B . B
2

cos—~Zcos=% —cos—Zsin —sin—Z2cos=~  sin—Zsin
2 2 2 2

cos& - sinﬂ cosﬂ - sini cos&sin& cos&cos& - sin&siné - sin&cos&
2 2 2 2 | 2 2 2 2 2 2 2 2
? | B B
sin A cos A sin LA cos LA sin—%cos & —sin—%sin & cos—=cos & —cos—Zsin &
2 2 2 2 2 2 2 2
sin%sin% sin%cos% cos& sin& cos&cos&
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Spin-spin (1/2)? product states: Hydrogen hyperfine structure

electron-proton spin-spin interaction gives a simple example of hyperfine spectra

Ket-kets for spin-up and spin-dn states and column matrix representations..
1\ proton
2
_1
2

1\ proton | 4 electron 1\ proton 1 electron 1\ proton | 4 electron
5> 5> 5> ;> 3> ;>
1 1 ’ 1 1 ’ 1 L ’
2 2 2 T2 T2 2
1 1 1 0 0 1
® = R ® = , ® =
0 0 0 1 1 0

0 0 0
Same spin-1/2 representation applies to either proton or electron kets.

IT) =
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2
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2
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o = O

- O O
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~_
()
N
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~_
|l
_ o O O

—i(a+y) —i(a-7)
2 2 :
D1/2 D1/2 e COSE —e Sm?
1 1 1/2 _ +1/2,+1/2 +1/2,-1/2 | _
Kronecker product D* ® D? b (O‘ﬁ”‘[pm )‘ ) g den g

1/2
—1/2,+1/2 D—l/2,—1/2 > 5
e S — e COS—

Applies to outer product symmetry U(2)prolonxU(2)¢ecor for NO interaction.
B B B B,
2

cos—Zcos% —cos—Lsint —sin—Zcos=~  sin—Zsin
2 2 2 2

Interaction reduces symmetry:
{cosﬁ" sinﬁ"] (Cosﬁ” sinﬁ”} cos&sin& cos&cos& —sin&sin& —sin&cos&
® _ 2 2 2 2 2 2 2

5% s sl 8 5 BB B P ; (Only (e See)= (@p )

. ﬁp ﬁ,) . ﬁe [),a . e )P e
sin— cos— sin— cos — SIN—COS— —SIn——SIn— COS—COS— —cCcOoOS—SIn—
2 2 2 2 2

2 2 2 2

inPos B o B B B, . B B, B 1s allowed!
2 2

cos—= coSs——sin—= COS——COS
2 2 2

Spin-spin interaction reduces symmetry U(2)Proionx U(2)¢lectron to U(2)ep
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Spin-spin (1/2)? product states: Hydrogen hyperfine structure

electron-proton spin-spin interaction gives a simple example of hyperfine spectra

Ket-kets for spin-up and spin-dn states and column matrix representations..

1\ proton | 4 electron 1\ proton 1 electron 1\ proton | 4 electron 1\ proton | 4 electron
2 2 2 2 2 2 2 2
|T>|T>: 1 1 ’T>|J/>: 1 1 ’\L>|T>: 1 1 ’\L>|\L>: 1 1
2 2 2 2 2 2 2 2
1 0 0 0
1 1 0 1 0 1 0 1 0 0 0 0
X = , X = , X = , X =
0 0 0 0 1 0 1 0 | 1 1 0
0 0 0 1
Same spin-1/2 representation applies to either proton or electron kets. o) o)
D2 D2 e ? COSE —e ? Sina
1 1 1/2 _ +1/2,+1/2 +1/2,-1/2 | _
Kronecker product D* ® D? b (“ﬁy)‘[plﬁz W, D™ mj‘ wn g e g
’ ’ e ? sin— e ? COSE
Applies to outer product symmetry U(2)prolonxU(2)¢ecor for NO interaction.
b o B b, B B BB B .
cos;cos? —cos;sm— —sm;cos? sm;sm; InteraCtIOIl reduces Symmetry
cosj —sin% cos% —sin% cos%sin% cos%cos% —sin%sin% —sin%cos& (On] ( /B ) ( /6 )
= 87 ) ) — f) f)
s s s 8| B B BB B B B B Y (&, Pe, Ve P Up: Vp
sin cos sin cos sin—cos—*= —sin—-sin—* COS——CO0S—= —COS——sin—*
2 2 2 2 2 2 2 2 2 2 2 .
sin&sin& sin&cos& cos&sin& cos&cos& 1S allowed'
2 2 2 2 2 2 2

Spin-spin interaction reduces symmetry U(2)Proionx U(2)¢lectron to U(2)ep

1 0 0 O cos’2  -sinfcos? -sinfcosf  sin*Z 1 0 0 0
0 & & 0 || sinfeosd ol  siml  sinfeosd || 0 & 0 %
0 0 0 1 sinfcos?  -sin’Z cos’2  -sinfcost 0 % 0 %
0 5 % 0 sin® 2 sinfcos?  sinfcost cos’ 8 0 0 1 O
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Spin-spin (1/2)? product states: Hydrogen hyperfine structure

electron-proton spin-spin interaction gives a simple example of hyperfine spectra

Ket-kets for spin-up and spin-dn states and column matrix representations..

1 proton 1 electron 1 proton 1 electron 1 proton 1 electron 1 proton 1 electron
2 2 2 2 2 2 2 2
|T>|T>: 1 1 ’T>|J/>: 1 1 ’\L>|T>: 1 1 ’\L>|J/>: 1 1
2 2 2 2 2 2 2 2
1 0 0 0
1 1 0 1 0 1 0 1 0 0 0 0
X = ) ® = . ® = , ® =
0 0 0 0 1 0 1 0 | 1 1 0
0 0 0 1
Same spin-1/2 representation applies to either proton or electron kets. o) o)
D2 D2 e ? COSE —e ? Sina
KFOI/leCker pFOduCt DE ® DE prePn= [Dl/iz:ﬂ/z Dl/iz:l/zj ) o) B ) B

e 2 sin— e 2 cos—
2 2

Applies to outer product symmetry U(2)prolonxU(2)¢ecor for NO interaction.

» B o B B B BB .
cos;cos? —cos;sm— —sm;cos? sm;sm; InteraCtIOIl reduces Symmetry
cosj —sin% cos% —sin% cos%sin% cos%cos% —sin%sin% —sin%cos& (On] ( 6 ) ( /6 )
= 87 ) ) — X ) )
sinﬂ cosﬂ ’ sin& cosﬂ sin&cos& —sin&sin& cos&cos& —cos&sin& y . /ye pep fyp
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Spin-spin interaction reduces symmetry U(2)Proionx U(2)¢lectron to U(2)ep

1 0 0 0 cos’2  -sinfcos? -sinfcosf  sin*Z 1 0 0 0 sin? £ ‘j%ﬁ sin?2 0
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Sin” &5 COS 5
0 - &+ 0 . 2 p . B B B B 2 B T2 2 I=0
V2 2 sin” 5 sinscoss  sin5coss cos™ 5 0 0 1 O 0 0 0 1 D

...and “irreducible” becomes “reducible”...
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Spin-spin interaction reduces symmetry U(2)Proronx U(2)¢lectron to U(2)ep
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Hydrogen hyperfine structure: Fermi-contact interaction

Racah's trick for energy eigenvalues

roton electron
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Hydrogen hyperfine structure: Fermi-contact interaction + B-field

— proton electron proton electron
HlS—B—field - aPBZJZ T aeBsz + aePJ °J
g — factor | Bohr —magneton | gyromagnetic factor Fermi — contact factor
en _ 2 1 _ -25
¢ ue:% ae:geue aep —uognag aeap =9427-107J
lectron | ~° ¢
o =2.0023 | = 18570-102 2 2 1 aa, .
=9.27401-107 = Uy=— =14227-10°Hz
3ma;, h
eh 2 1 aa
= a = S — L =4746m™"
proton 8, Hy 2m, p = okl ; Ho 3ma, hc "
=5.585 L, J | =2.8209-107°= |
=5.05078 10" — = mcm

Magnetic constant : 1, /4w =10" N /A

Thursday, April 30, 2015

10



_ proton electron \ __
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H
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_ proton electron \ __
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H
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— proton electron proton electron

e
g — factor | Bohr —magneton | gyromagnetic factor Fermi — contact factor o J=1 1 ) 0
eh 21 s 2®2 B
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Higher-J product states

1 1 L
‘lesz

(J=1DR(J=1)=281D0 case

>=

sk

2 2 2 2 2 1 1 1 0
1 ® 112 1 o -1 =2 1 0 -1 0
1 111 .
1 1
1 0 N 7
1 -1 1 1 1
J6 2 V3
1 __1
0 1 7z NG
2 _1
o ol 4
_ 1 1
0 1 N 7
-1 1 1 _1 1
T NG NE
_ 1 _
1 0 7
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Higher-J product states

(S=)QU=1)=29 10 case V) (b) Mixed Configuration
2 2 2 2 2] 1 1 1]l o0
1 ® 112 1 0 -1 2| 1 0 -1 0 -8_
1 1)1 .
1 0 L 1 1S
NG NG /
1 -1 L . L e -9 /
T 7 75 — | 1p
‘Cl 1 L>: 0 1 1 1 // /
my my M NG J2 Iy 1D
00 ; -k 100 (2p3p) /
V3 — #’
0 - NG ) \\:\ 38
11 1 L .| L N N
6 V2 V3 -11 \\ 3
— P
-1 0 1 _1 . \\_
7 7 \
_ _ ) ) \
1 -1 1 L 3p
-12 \

Figure 24.1.3 Atomic SHIL multiplet levels for two (1 = 1) p electrons.
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Mughesqglipreduct skates to Young Tableaus

(J=D)SI=1) =2 1B 0 case (a) Carbon (2p)2 (ev)| (b) Mixed Configuration

2 2 2 2 2] 1 1 1] o
1 ® 1|2 1 0 -1 =2/ 1 0 ~-11]0 -8 |
1 11
. ol. L . . L _ | 1S 1S
7z 7z , ,
1 -1 1 1 L / -9 /
Js 2 NE / — P
11 L\ _ S N R B . o
Comit)=| O 1| 7z / e

(2p)? | _ 'D -10 (2p3p) /1D

|
S
|
'I\\

1 1
0 -1 + 5 \ v 3§
\ N
-1 1 16 —ﬁ : ﬁ \‘ 1 \\‘
- \
-1 0 1 _1 , \_ 3P — \\_ 3P
NE) J2 \
1 . . \
1 1 1 \ 3p
_12 _

Figure 24.1.3 Atomic SHIL multiplet levels for two (1 = 1) p electrons.
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Higher-J product states

(J=D)SI=1) =2 1B 0 case (a) Carbon (2p)2 (ev)| (b) Mixed Configuration

2 2 2 2 2[ 1 1 1] o
1 ® 1|2 1 0 -1 =21 0 ~-1]0 -8 |
1 11 .
ol L L IS 1S
7 7 , ,
1 . 1 1 e // 9 | // |
L1 L | v6 1 V2 V3 / 'P forbidden / P
‘Cm1m2M>= 0 ! 2 2 / /7

/ 1D |/ 1D
(2p)? / 10l (2p3p) ¥
#’ —

()
(@)
By
|
=

0 -1 1 1 \
V2 V2 ‘\ 3S forbidden ‘\\\\ 3S
-1 1 I : : 1 : 1 \ n
J6 V2 J3 \ -11 \\
-1 0 . L _1 \ 3P — 1\ 3P
V2 V2 . 1 L
-1 -1 . 1 . \ 3
3D forbidden_1 “ D

Figure 24.1.3 Atomic SHIL multiplet levels for two (1 = 1) p electrons.

Pauli-Fermi selection rules
requires total anti-symmetry
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Higher-J product states

11 L\ _
‘Cm1m2M>_

Figure 24.1.3 Atomic SHIL multiplet levels for two (1 = 1) p electrons.

(b) Mixed Configuration

1S
/I
/o 1p
/// ’ 1
(2p3p) i/?/’ D
v 39
W
‘\‘\_ 3p
\
\ 3p
——

2 2 2 2 2| 1 1 1] 0
® 1/2 1 0 -1 2| 1 0 -1]0 -8 |
1 11 -
10| & = 'S
V2 V2 /
1 -1 L L L / 2 |
1 V6 1 V2 V3 / 'P forbidden
L B Y / D
2
0 0 SN _ L (2p)- / -10
V3 _(—’ —
0 -1 -L L \
V2 V2 v 3Sforbidden
-1 1 1 1 1 |\
J6 2 V3 \ 3 -11
10 L _L v P —
G G '
-1 - . 1 .
3D forbidden_1
Pauli-Fermi selection rules
requires total anti-symmetry
. \ ® W
(@) Fundamental Ak (b)Symmetric  (c)Anti-symmetric 3
P-triplet [10] |P~2 S sextet [20] P-triplet [11] A3
= |+ 2[3] . 13
B[

\D P octet [21]

5
3 TI S singlet
I/ v \ ‘ |
1] 1 T 1121 [111]
i . 4? /‘2
I 1111 |
0-3 [2 /

43-—| (e)Anit-
symmeltric

3] (d)Para-symmetric

| s
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Higher-J product states

(J=1D)R(J=1)=281%0 case

(a) Carbon (2p)? (ev)

2 2 2 2 2 1 1 1 0
1 ® 112 1 0 -1 2| 1 0 -1 0 -8_
1 111 .
1 0 L 1L 1S
NE) NE) /
1 =1 1 1 1 // —9_
_— o 0 v ! 1P forbidden
Crmi)| 0 1| 7 / D
2
0 0 J2 _ L (2p)- / -10
J3 _(—f adl
0 -1 1 1 \
2 V2 v S forbidden
-1 1 L __1 1 \
J6 NG J3 v\ 3 -11
P _
-1 0 1 __1 v
2 NG
-1 -1 . 1 .
3D forbidden_1
Pauli-Fermi selection rules
General U( 2) Case requires total anti-symmetry
S 2 )3 _ (_1)j1_j2_m3 Ch s /(2] + 1)%
m m m m; m, ms 3
1 2 3

(b) Mixed Configuration

1S

/1
/ P

(2p3p) /D

Figure 24.1.3 Atomic SHIL multiplet levels for two (1 = 1) p electrons.

Wigner 3] vs. Clebsch-Gordon (CGC)
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Higher-J product states

(J=1)R((J=1)=20160 case

(a) Carbon 2p)? (v)| (b) Mixed Configuration

2 2 2 2 2 1 1 1 0
1 ® 1[2 1 0 -1 =2 1 0 -1 0 -8 |
1 11 .
1 ol . L 1 1S 1S
7 7 , ,
1 -1 L . L L // ‘9_ // {
vo V2 v j 'P forbidden / P

/ | /

2p2/ D 0| (@p3p) D

‘C11L>: 0 ]

my my M

ti-

1
V2

0 0 J2 _ L
NE) ‘_ f—
0 -1 R L 1 ) ‘\ 3
V2 V2 v 3Sforbidden " S
-1 1 1. : A 1 \ 1\
N3 NG g \ 11 \
1 0 1 1 v 3P —] ‘\\_ 3P
V2 V2 \
-1 -1 . 1 . \ 3
3D forbidden_1 “ D

Figure 24.1.3 Atomic SHIL multiplet levels for two (1 = 1) p electrons.

Pauli-Fermi selection rules
General U(2) case requires total anti-symmetry

(jl J s ):(_1)111'2"13 Ci ki /(2]~3 +1)% Wigner 3j vs. Clebsch-Gordon (CGC)
3

m; m, m
m, m, m

(jl P2 j3]:(_l)jl_,-z_%\/(jmz—jg)!(jl—jz+jg)(—jl+j2+jg)

my o my  ms (Ji+ 2+ j3+1)!
2(—1)k \/(jl+ml)!(j1—m1)!(j2+m2)!(j2—mz)!(j3+m3)!(j3—m3)!
e k(i =my = k) (jp = my = k)i + jo = 3 = k) (s = Jo =y + k)N s = jy = mp + k)
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Higher-J product states

I j3 _ j1_|_j2

Jj1 ® Jr /Ej3:jl+j2—l P
/ J3=J1+J2-2

j3:|j1—j2+1| ! 9'

J3 = j1—1'2|

Figure 24.1.6 Level-splitting and vector-addition picture of angular-momentum coupling.
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Higher-J product states

J3=J1+)2
j1 ® jo B=nh+/-1 P
JB=J1+J2-2

J3 =|jl—-]2|

8
4‘3%5'5

j3:hy-h44|{ é’

ﬂh

Figure 24.1.7 Angular-momentum cone picture of Clebsch-Gordan coupling amplitudes.
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Higher-J product states

h
SR

1
E'!-El
_ —
-

T
L]
= o
e

o

Il,hl'llllll

- s S S E S S S S S S S EEEEEEEE S

—_
I_h
4
L
E"‘D
1
LA,

- &
10 111
—_— } =05
k . L o 5 1 :
- . — 9 9 15 — — 5 9 16
| J ]% G 10m - 10 - G 10w - 10 - G- 16w - 10
Jl 2 v u n -
C m mﬂ [ 05 03 05
ml 20 - - :
-1||:| B 10 m -1 B 10 m L 10 m
18018 +1) B Y1717 +1 | [ =.-"lﬁ|:1|5+1:|| N
| __-.Dﬁ _—-.Dﬁ _—-.Dﬁ
m, n o1 [ sl [

Figure 24.1.8 Clebsch-Gordan coefficients plotted next to their angular-momentum cones.

Figure 24.1.7 Angular-momentum cone picture of Clebsch-Gordan coupling amplitudes.
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Higher-J product states

(a) Precessing (b) Precessing
Uncoupled State | m =i Coupled State
R | l =4 T 8 unie M

D

- s S S E S S S S S S S EEEEEEEE S

—_
I_h
4
L
E"‘D
1
LA,

:I-I-I'?FI-F]TI'I-I_ITI-I-
10 111
T % ‘/ m .05
; =m, 1 -
/?"\“é/ ﬂl} I - -
N N B
. ' M — ~9 9 18 - ~2 9 17 —~7 9 15
] J2 ]3 - G0 - 10 - G 100w - 10 - 10w - 10
( f ]. mh " 05 :—.Dﬁ :—.Dﬁ
m1m2 . : : :
:rn-?-n—rl-rrn-rrr _----- T _----- T
-1||:| B 10 m -1 B | 10 m L ° 1||:| m
13018 +1) B ALT(1T +1 | [ =.-"lﬁ|:1|5+1:|| [
| __-.Dﬁ _—-.Dﬁ _—-.Elﬁ
m, n o1 [ sl [

Figure 24.1.8 Clebsch-Gordan coefficients plotted next to their angular-momentum cones.

Figure 24.1.7 Angular-momentum cone picture of Clebsch-Gordan coupling amplitudes.
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Multi-spin (1/2)N product states

1
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2 2) 2
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Multi-spin (1/2)N product states

(l®lj®l:(0@l)®l
2 2) 2 2
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Multi-spin (1/2)N product states

(l@)l)@l:(oeal)@l:
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Multi-spin (1/2)N product states

(l@)l)@l:(O@l)@l:
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Multi-spin (1/2)N product states
(l@)lj@l:(O@l)@l:
2 2 2 2

|

1
0®—
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e |
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Multi-spin (1/2)N product states
(l@)lj@l:(O@l)@l:
2 2 2 2

|

1
0®—
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e |
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Multi-spin (1/2)N product states
(l@)lj@l:(O@l)@l:(O@lj@ (1®lj
2 2 2 2 2

| (2 oL

S=5/2
§=2
S=3/2
Spin S
o T
> (2O
=1 (L[l
] A
S=1/2 ll b (12, I%Tﬂ
HEN Y
N=1 N=3
S=0 ¢t >
1 Y

N=2 ParticleNumber
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Multi-spin (1/2)N product states
(l@)l)@l:(O@l)@l:(O@lj@ (1®lj
2 2 2 2 2

ol el

2

S§=5/2

§=2 :
—; M
P il
S=3/2
Spin S _
T X =1
_ R
5=1 (20T /B

—]
A T
S=1/2
. H
N=1 N=3
§=0 oL1,1] ,
_J

N=2 ParticleNumber

=

b\ 7[2,2]

<=

34

Thursday, April 30, 2015



Multi-spin (1/2)" product states

(l@)%)@%:(O@l)@%:(O@%j@ (

e

S§=5/2

S$=3/2

03

» [
%
=l

0

T
S 212011711 3,11 [

=1 [ =3

4 . 17
S=1/2 12.1] iy
\ .,
=3

N=1 N=
ga X

<=

§=0

—J =2

N=2 ParticleNumber N=4
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Multi-spin (1/2)N product states

S=2
MS:

=Ci;3 12 1
. Y

—1 [«]

3/21/2 2
+Cin 121

4 [
]+m+1
2j+1
]—m+1

2j+3

%
=

CJ V22
m 12 m+1/2—

Cj+1 172 j+1/2 __
m  1/2 m+1/27

5/21/22 5/2> 1/2
1/2 1/2
1)

CJ 172 j+1/2 __
m+l =1/2 m+1/27

j+l 172 j+1/2 __
m+1 -1/2 m+1/2™

5/21/2
>+ C312 Zi)2 1

3/2 1/2
1/2>‘ T 1/2>

3212 2
+C30 21

example:

Y Y

C5/2 172 2__
2 172 17

1 [ [l [l [l

C3212 2
12 12 17

l 5/2>‘.1/2
1/2

1/2

2
Poco
\ﬁ

3

C5/2 172 2
172 172 1

1/2>

3/2 1/2
>‘. 1/2

)
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Multi-spin (1/2)N product states

S=2 5/21/22 5/2 1/2 5/21/2 l 5/2 1/2
M =1 =Ci2 121 Lo J|H2 )TG3 Uit /2 O 172
3/21/ZZII 3/2 Ill/z 3/21/2 2:| 3/2 1/2
+Ci5 121 7 1o J|HH2 )T Can i 0 /2 [ 12
+ jtm+l v j—m 2 1
e B e [ Rk e
example:
CH V2 2 ]_m+1 12 2 _ Jtm+2 C32 122 _\/I 2172 2:\/2
m  1/2 m+1/27 2]+ 3 m+1 —1/2 m+1/2 2]+ 3 1/2 12 1~ 3 172 1/2 1 3
(a) Permutation | o (b) Spin
U(N)DSN 1 8 U(2)2S8) g8 8
Multiplicity ! L 3% Multiplicity 7 77
1 6 27 6 6 6
plovm] 5 20 75 (5=28+1 5 5 5 5
1 4 14 48 4 4 4 4
1 3 9 28 90 3 3 3 3 3
1 2 5 14 42 2 2 2 2 2
1 2 5 14 42 1 1111 [70] 2S+1 9
1 2 3 4 5 6 7 8& 9 10 N=1 2 3 4 5 6 7 8 9 §S+18
! (c) Combined 1001=1 6[71] 7 N/2 Ny
UN)xU(2) mg[5,012<25+]:7 J6.0_g 28+1=7 2 LRIl
Multiplicity e <2S+16 E[E':l']:':' 25+1=6 %jm
| ] = (2 1=5 16.21=> N+2S N-28
Jy’ [T 25+1=5 AHT A5 i=s EEF'I' 2S+ 1=5 N/2 [ :
<+——> /[3,0]1=; J4.1]= _ 2 (2S+ l)g 2
N-2S B =
EALTAR o 25+1=4 X\ HH 28+1= 4 2S+1 4
2 [2,0]= i3.11=3 S
2S+1 431 ]<2S+1 =3

L 28+1=3 EP DS+1=3
1,0]=7 2,1]= 2
28+1=2 285+1 2 2S+1 2
—1/ (12,2 —2/

3 3 /2S+I 2 4 ot
2S+]—] 28+1=1 25+1_1 2S+1—1
2l=2  22=4  23=8  2=16  29=32  20=64 27=128 28=128

Fig. 23.3.2 Spin-1/2 and U(2) Tableau branching diagrams

Thursday, April 30, 2015

37



Magic squares -

Intro to Young Tableaus

S=2 5/21/22l 5/2 1/2 5/21/2 l 5/2 ll/2
Mo =1 =Cin 121 172 /B +C33 i /2 1/2
5=
+C3/2 1/2 2 :I l l 3/2 Ill/z +C3/2 1/2 2 :I 3/2 l1/2
1/2 1/2 1 ] 1/2 1/2 3/2 -1/2 1 :| 1/2 1/2
112 j+12 Jtm+1 12 j+12 J—m 2 1
Chi = \, 2j+1 Chai 1 = 2j+1 C13/22 ig = \/; C13/22 ig = \/;
: example:
C 12 2 ]_m+1 A2 2 _ Jtm+2 C32 2 2 _\/I 31212 2:\/2
| m  1/2 m+1/2— 2]+ 3 m+1 —=1/2 m+1/2 2]+ 3 172 12 1~ 3 172 1/2 1 3
(a) Permutation 1 o (b) Spin 9 9
U(N)DSN 1 8 U(2)2S8) g8 8
Multiplicity ! L 3% Multiplicity 7 77
] 1 6 27 0S—2gs] 6 6 6 2131415
plow] 5 20 75 B 5 5 5 5 1121314
1 4 14 48 4 4 4 4
1 3 9 28 90 3 3 3 3 3 514 3]|2
1 2 5 14 42 2 2 2 2 2 a2l 30211
1 2 5 14 42 1 1 1 1 1 [7 0l 2S+1 9
T 2 3 4 5 6 7 8 9 10 N-\T2 3 4356 7 89 ¢
N D[:I6:(I):]ED 25+1= 8
(c) Combined (=] 6[7 =7 N/2
_ B N Ny
UNxU(2) guni] ,<25“ N s =X 0%
Multiplicity 'f‘f@f S =6 E[E|:1|]:|:| a5t =6 4 FHFH
[ 11 (=1 (>-1=5 (16.21=2 N+2S N-2S
Jy’ LT 28+1=5 EF'I' 25+1=5 25+1 5 N/2 [ ’ }
<+——> /[3,0]1=; J4.1]= _ 2 (2S+1)€ 2 2
N-25 B =
EALTAR o 25+1=4 X\ HH 28+1= 4 2S+1 4 S
2 (12,0]=; (Bi11=3 5[4 2]—
= 25+1=3 % H S+1=3 2S+1
1101 211 < i < b ZS” ; 87654321
25+1 2 N 25+1=2 H AI5+122 /25+1 , \ HH e
e’—l 2.21=; (3,31 2 50432
25+1=1 25+1=1 28+]1=] 25+1= ] 413021
21=7 22=4 23=8 2¢4=16 29=32 20=64 27=128 28=128

Fig. 23.3.2 Spin-1/2 and U(2) Tableau branching diagrams
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Magic squares -

Intro to Young Tableaus

S=2 5/21/22l 5/2 1/2 5/21/2 l 5/2 ll/2
Mo =1 =Cin 121 172 /B +C33 i /2 1/2
5=
+C3/2 1/2 2 :I l l 3/2 Ill/z +C3/2 1/2 2 :I 3/2 l1/2
1/2 1/2 1 ] 1/2 1/2 3/2 -1/2 1 :| 1/2 1/2
112 j+12 Jtm+1 12 j+12 J—m 2 1
Chi = \, 2j+1 Chai 1 = 2j+1 C13/22 ig = \/; C13/22 ig = \/;
: example:
C 12 2 ]_m+1 A2 2 _ Jtm+2 C32 2 2 _\/I 31212 2:\/2
| m  1/2 m+1/2— 2]+ 3 m+1 —=1/2 m+1/2 2]+ 3 172 12 1~ 3 172 1/2 1 3
(a) Permutation 1 o (b) Spin 9 9
U(N)DSN 1 8 U(2)2S8) g8 8
Multiplicity ! L 3% Multiplicity 7 77
] 1 6 27 0S—2gs] 6 6 6 2131415
plow] 5 20 75 B 5 5 5 5 1121314
1 4 14 48 4 4 4 4
1 3 9 28 90 3 3 3 3 3 514 3]|2
1 2 5 14 42 2 2 2 2 2 a2l 30211
1 2 5 14 42 1 1 1 1 1 [7 0l 2S+1 9
T 2 3 4 5 6 7 8§ 9 10 N-T 23 456 7 809 ¢
N D[:I6:(I):]ED 25+1= 8
(c) Combined (=] 6[7 =7 N/2
_ B N Ny
UNxU(2) guni] ,<25“ N s =X 0%
Multiplicity 'f‘f@f S =6 E[E|:1|]:|:| a5t =6 4 FHFH
[ 11 (=1 (>-1=5 (16.2]=2 N+2S§ N-2§
Jy’ LT 28+1=5 EF'I' 25+1=5 25+1 5 N/2 [ ’ }
<+——> /[3,0]1=; J4.1]= _ 2 (2S+1)€ 2 2
N-25 B =
EALTAR o 25+1=4 X\ HH 28+1= 4 2S+1 4 S
2 (12,0]=; (Bi11=3 5[4 2]—
= 25+1=3 X H S+1=3 2S+1
(11.01= (12.1]= < 6[3»2 < /1 3] 1 ZSH 3 8 -7:6-5.4-3-2-1
25+1 2 N 25+1=2 H AI5+122 /25+1 , \ HH e
e’—l 2.21=; (3,31 2 S5T4 13712
25+1=1 25+1=1 28+]1=] 25+1= ] 4 32| 1
21=2 22=4 23=8 24=16 29=32 20=64 27=128 28=128

Fig. 23.3.2 Spin-1/2 and U(2) Tableau branching diagrams
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Magic squares -

Intro to Young Tableaus

S=2 5/21/22l 5/2 1/2 5/21/2 l 5/2 ll/2
Mo =1 =Cin 121 172 /B +C33 i /2 1/2
5=
3/21/22:' l l 3/2 Ill/z 3/21/2 2:| 3/2 l1/2
+Cij2 12 1 olp 172 /|2 +C35 i1 0 /3 12
12 j+1/2 Jtm+1 12 j+12 J—m 2 1
Chi = \, 2j+1 Chai 1 = 2j+1 C13/22 ig = \/; C13/22 ig = \/;
: example:
C 12 2 ]_m+1 A2 2 _ Jtm+2 C32 2 2 _\/I 31212 2:\/2
| m  1/2 m+1/2— 2]+ 3 m+1 —=1/2 m+1/2 2]+ 3 172 12 1~ 3 172 1/2 1 3
(a) Permutation 1 o (b) Spin 9
U(N)DSN 1 8 U(2)2S8) g8 8
Multiplicity ! ! 3 Multiplicity 7 77
e e e 213]4]5
plow] 5 20 75 B 5 5 5 5 1121314
1 4 14 48 4 4 4 4
1 3 9 28 90 3 3 3 3 3 51432
1 2 5 14 42 2 2 2 2 2 4131211
1 2 5 14 42 1 1 1 1 1 [7 0 2S+1 9
I 2 3 4 5 7 8 9 10 N=I 2 3 4 5 6 7 8 9 ¢
N D[:I6:(I):]ED 25+1= 8
(c) Combined (=] 6[7 =7 N/2
_ B N Ny
UNxU(2) guni] ,<25“ N s =X 0%
Multiplicity ?4:%]] St I=6 E[El:ll]:lj 25+ 7= e HFH
[ 11 (=1 (>-1=5 (16.2]=2 N+2S§ N-2§
Jy’ LT 28+1=5 EF'I' 25+1=5 25+1 5 N/2 [ ’ }
<+——> /[3,0]1=; J4.1]= _ 2 (2S+1)€ 2 2
N-25 B =
EALTAR o 25+1=4 X\ HH 28+1= 4 2S+1 4 S
2 (12,0]=; (Bi11=3 5[4 2]—
= 25+1=3 X H S+1=3 2S+1 2
/11.0]= /12.1]= < 6[3»2 < /1 3] 1 2S+1 3 87:65:4-3-2-1
25+1 2 N 25+1=2 H AI5+122 /25+1 , \ HH e
e’—l 2212 (331 ol ST413121 14
25+1=1 25+1=1 28+]1=] 2S+1—] 4| 32| 1 _
21=2 22=4 23=8 24=16 29=32 20=64 27=128 28=128

Fig. 23.3.2 Spin-1/2 and U(2) Tableau branching diagrams
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Magic squares - Intro to Young Tableaus

Introducing U(N)

(a) N-D Oscillator Degeneracy { of quamtum level v (b) Stacking numbers
Principal Quantum Number — Dimension of oscillator
v=10 N=] o triangular
s numbers
V=1 \ K N=2 ® o,
V=2 1 N=3 ® o0 3 ® etrahedral
3 N=4 ® 000 “ »>0 numbers
"_): —
6
v-4 2 N-5  © eeee g ‘B 4
_7 1 510105 1

¥/1 61520156 1
1 7213535217 1
I 8 28 56 70 56 28 8 1

(c) Binomial coefficients
(N-1+v)! _ N-170 ) _ IN-1+v
(N-1)!v! v N-1

Thursday, April 30, 2015 41



Magic squares - Intro to Young Tableaus

Introducing U(3)
(b) N-partzcle 3 level states ...or spin-1 states

= ]
in—+1 >
= ]
Jm 0>

=1720)

m=

d3:2\

Thursday, April 30, 2015 42



(b) (U(3) (-1 states)
Para-symmetric

p’-states
Anti-symmetric,

p? -states//

+2

+2

N
N\

fngular
nmomentu
z-cpoqent % 3
: / 2 \ \\
| \ |\ |2
-2 / 113 \// 3
. 217 N\

4

1,

(b) (U(3) (-1 states)
Anti-symmetric
(L=0)

Q

I

t\)v—/\l

¢

/

\

)

I

2

3

M=0

Anti-symmetric
p’-states (L= 1

2
3

P—

l
2

M=+1
M= 0
I
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(b) Body or Particle
Based Operators

(a) Original state
Il):l]a 2p 3¢ )

(b) Lab-fixed

particle-3-cycle (120°rotation r)
[r)=r{1)

=(abc)| 1,,2p,3, )

=1.,2,,3, 2,.3.1,)
=F|1)=[132]|1,,,2), ,3,.)

(d) Apply to (b) (e) Apply to (b)
particle-2-cycle lab-2-cycle
i=(ab)

(¢c) Particle-fixed
lab-120°rotation v

i;r’=(ab)(abc) ij_r=[12][]_32]
o)=i =[23]=i,
(f) Apply 1o (c) (8) Apply to (c)
particle-2-cycle lab-2-cycle
(a)FF undamental .

P-triplet [10] [P

~
(b)Symmetric  (c)Anti-symmetric
D,S sextet [20]  P-triplet [11]

3| (d)Para-symmetric
P octet [21]

! g.hMmb

= symmetric
S singlet

I 2 (1] 5
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Iensor operators for spin-1/2 states: QOuter products give Hamilton-Pauli-spinors

CG-Products of spin-1/» ket- bras‘{‘é2 > <” 2‘ } give scalar/vector operators analogousto:  ket-kets
1212 12\/ 12 3=, . J (1212)\ _ 1/21/2 J | 1/2\] 172
q Zle m gl m ><_m2 (—1) % analogous to: { v >— > le o, M| m >‘ m2>
" my,n,

Tl

(5]

1/2 1/2
1/2 ~1/2 [

7! = 0 0 E}z_l_ -1 0
-1 0 2 01

‘ 1(1/2@1/2)> _‘ 1/2>‘ 1/2>
1 —12/]12
_ | 1/2 1/2 1/2 /72 | 1/2 1/2
=2 N2l 12 N2 | =172 /\ =172

1 to: 1 (1/2®1/2) 172 172 4+ 1| 1/2\]|1/2
ANAOZOUS 10 0 \/_ 172 f] -1/2 S22 /] 12

1arzey2)\ | 12\| 12
1 —|-12/]-12

__L[
"

o__ 110
O Ll o1

v\ 2] w2 1/2 analogous to: ‘0(1/2®1/2)> ‘1/2> 1/2>_|_-1‘ 1/2>‘ 1/2>
o2 N2 ] =2 N =12 | 0 \/— 2/ -2V af-12/ 12
1st three operators are a vector set with following Cartesian combinations:
!l -7l Tl + 7! .
7 =——L_1 T =—i—L_1 T =-T] Some old friends!
X \/5 y ! \/5 z 0 ( )
_Lfo 1 _ 1[0 i _1(ro . | 01 o | 0 i 6.l 10
21 o Lli o 210 1 1 o) °F i o) 270 -1 )
1 1 1
=—0O =—F—=0 =—F=0
NI 2 N
E\/EJ E\/EJ E\/EJ

Spherical vs. Cartesian operators

L=d_f2=(s-u ) N2, m=a N2 T =0 2= (0,40 ) )2

Thursday, April 30, 2015



Iensor operators for spin-1/2 states: QOuter products give Hamilton-Pauli-spinors

CG-Products of spin-1/> ket-bras‘{f ><},ﬁf‘ }+ give scalar/vector operators analogous to: ket-kets
1212 12\/ 12 3=, . J (1212)\ _ 1/21/2 J | 1/2\] 172
q Zle m gl m ><_m2 (—1) % analogous to: { v >— > le o, M| m >‘ m2>
" ny ,m,

0 0 -1 0 1 0 1
Tl = T =
‘1[—10] Of( ) 1[00}
_ | U2 1/2 1/2 /2| | 1/2 1/2 _| 12 1/2
~1/2 1/2 1/2 1/2 ~1/2 —“1/2 |f 1/2 ~1/2 [

o__ 110
O Ll o1

1(172®1/2) \ __| 1/2\[| 1/2

1 2/ 12
1 to: 1 (1/2®1/2) 172 172 4+ 1| 1/2\]|1/2
ANAOZOUS 10 0 \/_ 172 f] -1/2 S22 /] 12

1arzeu)\ | 12\| 12
1 -2/ 12

__L[
Nz

S A B | R PR BV E RS R
I st three operators are a vector set that transform like a vector set
R(0p0) T R'(0Bo0) = 1
\J \ \J \
cosg —sinﬁ cosﬁ sing
sinﬁ cosﬁ [_1/\/5 X } —siné cosé ) —LLC(.)S'B winf ]
2 2 o 1/\2 2 72)  2\sinp —cosf
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Iensor operators for spin-1/2 states: Outer products give Hamilton-Pauli-spinors

CG-Products of spin-1/> ket-bras‘{f ><Lﬁf‘ } give scalar/vector operators analogous to: ket-kets
k_ s ~2u2d2\/ vzl e . J (121/2)\ _ 1212 J [ 172\] 1/2
Tq —%le m, o m ><_m2 ( 1) % analogous to: g M > —mz}n le my M| m, >‘ m2>
12772

10 NG 0 0
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analogous to: ‘

o__ 110
O Ll o1

1 1/2 1/2 1/2 1/2 analogous to: 0(12®1/2)\ _ 1]1/2 1/2 -1 /2\[ /2
__ﬁl 1/2 >< v2 [ -12 >< -1/2 } g ‘ 0 >_ 2‘ 1/2> -1/2>+\/§‘ -1/2>‘ 1/2>
Ist three operators are a vector set that transform like a vector set so do .
| ; expectation
R(Oﬁo) T, R (OﬁO) = T values
\J \J \J \J - o)
~rotale g Jx y
cosE —sing cosz sing LR 3
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Iensor operators for spin-1 states: U(1) generalization of Pauli spinors
CGC definition: Wigner 3jm definition:

; - (-1} 7. vi= ¥ (—1)"_’"\/2k+1(k 7

m,m’

DOFGT L IERGFET L GFRE
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