Group Theory in Quantum Mechanics

Based on AMOP Lectures 19-20
Lecture 268 (4.30.15) e B

Rotational energy and eigenstate surfaces for Coriolis dynamics

(Int.J.Mol.Sci, 14, 714(2013) p.755-774, QTCA Unit 7 Ch. 21-25, )
(PSDS - Ch. 5-8, Rev. Mod. Phys. 50,1,37-83(1978) , Computer Phys. Reports 8, 319-394 (1988) )

Some ways to picture Atomic Molecular and Optical (AMO) eigenstates
J-power-law energy eigenvalue spectra and tensor operators
Introducing U(2), U(3), ... tensor 2*-multipole expansions and Wigner Eckart forms

Born-Oppenheimer Approximations
(BOA) for PES

(BOA) for RES and LAB-BOD “hook-up” frame transformation
Semiclassical Rotor-"“Gyro”-Spin coupling *
Semiclassical Rotor-"“Gyro” RES
Semiclassical Rotor analogy of Anharmonic Vibrator
Analogies between energy surfaces of potential (PES) and rotation (RES)
Jahn-Teller-Renner analogies
Rotational energy eigenvalue surfaces (REES)
Introducing “Sherman the Shark” ZIPPed™* and unZIPPed*
REES for high-J Coriolis spectra in v3 CFy (with Review: SFs Coriolis POR structure)
REES for high-J and high-v ro-vibrational polyads

CF4-v4/2v3 dyad

*ZIPP (Zero-Interaction-Potential- Proximation
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*Some ways to picture Atomic Molecular and Optical (AMO) eigenstates
J-power-law energy eigenvalue spectra and tensor operators
Introducing U(2), U(3), ... tensor 2*-multipole expansions and Wigner Eckart forms
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Some ways to picture AMO eigenstates

ePotential Energy Surfaces (PES)

ecronic. N N N YN
vibrational \/ \><

vibronic M
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Some ways to picture AMO eigenstates

ePotential Energy Surfaces (PES)

cecronic N NV \
vibrational \/ \><

vibronic M
*Rotational Energy Surfaces (RES)

pure rotational (centrifugal) effects

rovibrational (centrifugal and Coriolis) effects

rovibronic (centrifugal, Coriolis, and Jahn-Teller) effects
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Some ways to picture AMO eigenstates

ePotential Energy Surfaces (PES)

cecronic N NV \
vibrational \/ \><

vibronic M
*Rotational Energy Surfaces (RES)

pure rotational (centrifugal) effects

rovibrational (centrifugal and Coriolis) effects

rovibronic (centrifugal, Coriolis, and Jahn-Teller) effects

e Generalized phase spaces
vibrational polyad sphere

high energy pulse state space
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Some ways to picture Atomic Molecular and Optical (AMO) eigenstates
J-power-law energy eigenvalue spectra and tensor operators
Introducing U(2), U(3), ... tensor 2*-multipole expansions and Wigner Eckart forms
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Examples of Simple Power Law Energy Level Spectra

Single-rotor B J2 + CJ? +...(even powers)

Like very anharmonic oscillator

Quadratic
E~m n2

Quartic
E~o n?
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Examples of Simple Power Law Energy Level Spectra

Single-rotor B J2 + CJ? +...(even powers)

Like very anharmonic oscillator

Odd powers

prohibited by
time reversal
(J->-J) symmetry

Linear
E~m® n

Cubic
E~w n3

Quadratic
E~m n2

Quartic
E~o n?
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Examples of Simple Power Law Energy Level Spectra

Quartic
E~w N
Cubic
Single-rotor B J? + CJ?+...(even powers) E 13
Like very anharmonic oscillator 0dd bowers Quadratic |
prohibited by E~o n®

time reversal
(J->-J) symmetry

Linear

Compound-rotor BLJ +...(any power B J4 ) E~o n

Like 2D-harmonic oscillator (z)uajaqu...(anharmanicity)
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Some ways to picture Atomic Molecular and Optical (AMO) eigenstates

J-power-law energy eigenvalue spectra and tensor operators
* Introducing U(2), U(3), ... tensor 2*-multipole expansions and Wigner Eckart forms
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Lowest Order
RE-Surface
Components

k=0, | 2...

Monopole (even)
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Lowest Order
RE-Surface

Components
k=0, 1, 2...

Dipole (odd)

Monopole (even)
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Matrix Diagonalization

The BLACK BOX of

quantum physics, chemistry, and spectroscopy

Eigenvalues e ~ho, Vv
(Quantum levels)

(¢ o o ...))_ _

Mo A tled Olen) (il
G Do) (o) (e
R le) Bler) s

Ei genvectors I .
N 2
/ (Quantum states) Ry ]

perturbation or

. d / . . hd
Most of the information! transition matrix
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Peeking into BLA 00X of matrix diagonalization:

i [
Hy H, H3y -
H=|" = s - *
Hy Hyp Hyz - ’
L : S o
Ay Hy Hgaz -

n Hyp Hy -

Plotting 2%-pole expansion of |into Fano-Racah tensors

scalar+ + vector—+ + 22-tensor + + ék tensor ..
H=aT’ +bT! +cT! +... +dT20+eT2]+... =Xk TF

1 (odd) mixed-k

Dipole

N\

Monopole -

k=0 (even)

Quadrupole k=2 (even)
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U(2) and U(3) tensor expansions

2%-pole expansion of an N-by-N matrix H

2-by-2 case: H= (.. 1) ="5"( 0)=(C 0)=<( 2)+5( )

— A+D 1 +G +CG Az

2 2 z

U(2) generators (spin.J=1/2) A+D . . A-D
= = +(0-iC) ) +(o+iC +7=
1_(0 1 1_(1 0)1 1_(0 0) rank-1 2 To Tl ( )T-I 2 TO
W=\ o) UL - W T4 oo (vector) (0 ]) (0 0)
u?):(é IO)é rank-0 0 0 10

(scalar)
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U(2) and U(3) tensor expansions
2%-pole expansion of an N-by-N matrix H

2-by-2 case: H= (A+,-c 'EC) =" (é ?)* (3) 5)*0 (? b)+A3D (f) 3)
=A%D 1 + O, +C6y +A§D (0)

4

U(2) generators (spin J=1/2) A+D . . A-D
— +(--iC +( +iC +7=
LN N L o N 3 T, «~IT +o+T ;7 T,
u, (0 o) Yo (0 '1)5 u, (1 0) (vector) (0 ]) (0 0)
u?):(é IO)é rank-0 0 0 L0

(scalar)

3-by-3 case: H=(£§’Zf§;)

H3I H32 H33

U(3) generators (spinJ=1)

o () I G TR () TR (R TR () e
—f00 0 0 —f0o o 1 —f0o-20 —07 00 —00 00
u, 0 o] Wa 0 o J2 W 0 )¢ W,y 1 o2 U, 0 0 (tensor)

1(2101 1(;00] 1600] rank-1
=40 0 1 =80 0 0 =87 0 0 vector
u, 002110 ) 2 U iy = ( )
0 C 0 0} rank-0
—fo 1 0) (scalar)
1;0 0o 1/J°
Mutually
commuting

diagonal operators
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Some ways to picture Atomic Molecular and Optical (AMO) eigenstates

J-power-law energy eigenvalue spectra and tensor operators
* Introducing U(2), U(3), ... tensor 2*-multipole expansions and Wigner Eckart forms
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U(2) and U(3) tensor expansions
2%-pole expansion of an N-by-N matrix H

2-by-2 case: H= (A+,-c 'ic) ="3 (é ?)* (3) f;)“f (? b)+A§ ;
=4" 1 +0, +«0, +5 O

5

z
U(2) generators (spin J=1/2) A+ . . A-
= +(-iC +(o+iC + -
L_(o 1 L (1 oy, 1 _(o 0 k- 2 TO ¢ Z)TI ( Z)T.J 2 To
=( =( )l =( ) rank-1
U=\ o) W\ 22 Wm0 o) (vector) (0 ]) (0 0)
0 {1 0\ 0 0 1 0
u =( } rank-0
0o \0 1J2 (scalar)

3-by-3 case: H=(5Zi 55)

1
H3I H32 H33

U(3) generators (spinJ=1)

o () I G TR () TR (R TR () e
—f00 0 0 —f0o o 1 —f0o-20 —07 00 —00 00
u, 0 o] Wa 0 o J2 W 0 )¢ W,y 1 o2 U, 0 0 (tensor)

1(2101 1(;00] 1600] rank-1
={0 0 1 ={o 00 =700 t
ll_|_1 0 )P llo - 2 ll_1 ; 2 (vector)
7 00 rank-0
110=Q 1 O)é (scalar)
0 0 I
A
Mutually . . .
commuting Wigner-Clebsch-Gordan expressions for Tensor <Tq >

diagonal operators

G T L3e) = (e i )@ IR = € (IR
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* Born-Oppenheimer Approximations
(BOA) for PES
(BOA) for RES and LAB-BOD “hook-up” frame transformation
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Born-Oppenheimer Approximation (BOA) for PES

Born-Oppenheimer-Approximate (BOA) 804 issues discussed in:

. Rev. Mod. Phys. 50,1,37-83(1978)
Potential-Energy-Surfaces (PES) Int. J. Mol. Sci. 14,714-806(2013)

o

N ““B
13) AZ;}OQ/EZA > X
BOA-“Entangled” or correlated products:

74877 stuff  ““SLOW”’stuff
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Born-Oppenheimer Approximation (BOA) for PES

Born-Oppenheimer-Approximate (BOA) 804 issues discussed in:

. Rev. Mod. Phys. 50,1,37-83(1978)
Potential-Energy-Surfaces (PES) Int. J. Mol. Sci. 14,714-806(2013)

o

N ““B
13) AZ;}OQ/EZA > X
BOA-“Entangled” or correlated products:

74877 stuff  “SLOW’stuff
Wy (e)(xelectron  xnuclei ) = \pg()fc(X... )e) * Mgy Xo-)
|

, nuclear U_-quanta
electron x (X)-coordmates €

have have
adiabatic dependence adiabatic dependence
on on
nuclear X-coordinates electron E-quanta
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Born-Oppenheimer Approximation (BOA) for PES

Born-Oppenheimer-Approximate (BOA) B0 issues discussed in:

Rev. Mod. Phys. 50,1,37-83(1978)
Potential-Energy-Surfaces (PES) Int. J. Mol. Sci. 14,714-806(2013)

2_;@ ‘e=A4 > X
BOA-“Entangled” or correlated products

4877 stuff  ““SLOWstuff
Wy (e)(xelectron  xnuclei ) =y (x(X...)...)  Nye(X...)

Compare BOA to unentangled state: |€)|n)=|e,n) .
W (X) My (X)=(x[E)XIN)=(x, X]em)
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Born-Oppenheimer Approximation (BOA) for PES

Born-Oppenheimer-Approximate (BOA) 504 issues discussed in:
Rev. Mod. Phys. 50,1,37-83(1978)

Potential-Energy-Surfaces (PES) Int. J. Mol. Sci. 14,714-806(2013)
\ T
2\@/8_14 > X

BOA-“Entangled” or correlated products

74877 stuff  “SLOW’stuff
Wy (e)(xelectron  xnuclei ) =y (x(X...)...)  Nye(X...)

Compare BOA to unentangled state: |€)|n)=|e,n) .
W (X) My (X)=(x[E)XIN)=(x, X]em)

SiIﬂplGSt entangled state: (|8> |T]>+‘8,> ‘T],>)/\/2 (it only takes two to entangle)

We(06) My(X)H W () My (X)=(Cx [EXXIM)Hx XX N )2
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Born-Oppenheimer Approximations
(BOA) for PES
* (BOA) for RES and LAB-BOD “hook-up” frame transformation é
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Born-Oppenheimer Approximation (BOA) for RES

Generalized BOA dependency
Rotational-Energy-Surfaces (RES)

e — i
= p J=4
- . 2
= | i - %— —
— —
~— _’_X _
BOA-“Entangled” or correlated produets--——- -~
TS “SLOW” g ORIERY

(I)J[U(e)](xelea'----wa'---@mmte) - We(x(Q(@).._)---)°nu(e)(Q((~))---)°pJ[U(e)](®)
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Born-Oppenheimer Approximation (BOA) for RES

Generalized BOA dependency
Rotational-Energy-Surfaces (RES)

A7 “SLOW”

SR_ONRR

(I)J[U(a)](xelea QWb G)mmte) We(x(Q(@) ) )nu(e)(Q(@) )p {[U(S) (6)

vibe 1)(8) -quanta
depend on

Slectron €-quanta

vibe O(0)-coords
depend on

rotation ®-coords

rotation J[v(€)]-quante

depend on
vibe v-quanta

\ and

electron e-quanta

/

BOA issues discussed in:
Rev. Mod. Phys. 50,1,37-83(1978)
Int. J. Mol. Sci. 14,714-806(2013)
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Born-Oppenheimer Approximation (BOA) for RES

Generalized BOA dependency
Rotational-Energy-Surfaces (RES)

2 AV “SLOW” TR

() J[U(g)](xele“ QVib. | @rotate) = \Vg(x(Q(@) ) )ﬂ?@)(Q(@) )P JoE) (@)

electron x (g ©) -coords rotation J[v(€)]-quante

vibe v(€)-quanta

depend on depend on AN depend on
vibration O-coords vibe v-quanta
and electron E-quanta x and
rotation © coords vibe O(©)-coords ~ ¢lectron e-quanta
depend on A

rotation ®-coords
BOA issues discussed in:
Rev. Mod. Phys. 50,1,37-83(1978)
Int. J. Mol. Sci. 14,714-806(2013)
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Born-Oppenheimer Approximation (BOA) for RES
BOA

J[U ©)] (xvzbmmc @rotate) We(x(@)) pJ[e](G))
Detailed model = VelX o)) Py k(@B
of BOA rotor Using rotational symmetry analysis
J*
entanglement — \pu(x) "Dy Ken +a(oc,B,y)\/[J]

bod based vibronic factor

BOA issues discussed in:
Rev. Mod. Phys. 50,1,37-83(1978)
Int. J. Mol. Sci. 14,714-806(2013)
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Born-Oppenheimer Approximation (BOA) for RES

BOA
J[U ©)] (xvzbmmc @rotate) \lje(x(@)) pJ[e](G))
Detailed model = VelX o)) Py k(@B
of BOA rotor Using rotational symmetry analysis
J*
entanglement — \pu(x) "Dy Ken +a(oc,[3,y)\/[J]
bOd based vibronic factor
body-wave from lab-wave lab -wave from body-wave
¢ v ¢ ¢ rame
Wﬁ(x) — Wu(x)D !19%(0‘»[3,7) W Wu(x) Wu(x)D ¢(0‘ BY)
iy =

BOA issues discussed in:
Rev. Mod. Phys. 50,1,37-83(1978)
Int. J. Mol. Sci. 14,714-806(2013)
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Born-Oppenheimer Approximation (BOA) for RES
BOA

J[U ©)] (xvzbmmc @rotate) \lfe(x(@)) pJ[e](@))
Detailed model = (- x(body)) P v k(@B
of BOA rotor Using rotational symmetry analysis
J*
entanglement = \pu(x) "Dy g=n 0BV
bOd based vibronic factor
body-wave from lab-wave lab -wave from body-wave
¢ v ¢ ¢ rame
Wﬁ(x) — \Vu(x) D !1,“(0‘»[3,7) W Wu(x) Wu(x) D (OC B,Y)
i =t
\

“Hook-up” unentangled lab-based products: qfu(x) DIn (@B YVR]

(with Cllebsch -Gordan Cf RJ‘\Z) LAB, ot

_ /'R
LB q)J(zR) =C L M WH( x) (OC,B,’Y)\/[R]
f sum ﬁ with
w=-J..+J mZM—u
@\ BOA issues discussed in:

Rev. Mod. Phys. 50,1,37-83(1978)
Int. J. Mol. Sci. 14,714-806(2013)
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Born-Oppenheimer Approximation (BOA) for RES
Compare wave Products:
Lab “hook-up” versus “BOA-constricted bod”

LABhookup /R r—M
(I)J(m) _C¢ .y Wﬁ(x) D¢ (ocBy)\/
sum with

u=—J..+J m=M-U

BOA
(I)J(f@

14 J*
= Y5(X) D) (0B

Thursday, April 30, 2015
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Born-Oppenheimer Approximation (BOA) for RES
Compare wave Products:
Lab “hook-up” versus “BOA-constricted bod”

LAB, ok g R*
(I)J(m) —C \pu(x) D¢ (ocBy)\/
f sum ﬁ with

w=—J...+J m=M-

BOA
O

T W %)-D s

W:{%
LAB) o ! RJ / -
Dy =Chmm \lfr(X)DLL ,#«x B.Y) Dm n(ochw[R
.
Sum with

w=—J..+J m=M-l
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Born-Oppenheimer Approximation (BOA) for RES
Compare wave Products:
Lab “hook-up” versus “BOA-constricted bod”

LABhookup /R r—/%
(I)J(m) _C¢ .y wﬁ(X) D¢ (ocBy)\/
sum with

u=—J..+J m=M-U

OA L. J*

bf:{% —~
LABy ok {RJ Z RJ ¢
D, . :Cu .y \Vu(x)Du (B DIn n(ocBy)\/[R nK\pM(x) -D K(ocBy)\/[R
b osum M1 f_ sum 4 yith: K= [L+n
n=—J..+J w=-—J...+J
sum with

u=—J..+J m=M-l
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Born-Oppenheimer Approximation (BOA) for RES
Compare wave Products:
Lab “hook-up” versus “BOA-constricted bod”

LAB, g R*
D, =C, \Ifu( X) D (@ByNIR]

J((R)
f sum ﬁ with ﬁ
w=—J...+J m=M-

OA L. J*

LABy ok {RJ Z RJ ¢
D yiw =Cmm \Ifu(x)Du (B Dm (@pRI-C g HKW#L(X) D3 0B0VIR]
l—ibf — k) | E:*Zm - with: K={+n
sum with
u=—J..+J  m=M—y LAB, o ¢ R IR (I)BOA
(D J('R) C-n[{ V[T JOW

sum A
This has form: / u=—J...+J
\

Crimir Duitepn Dy oy =Cq 1 ¢Dy(oby)
T + with A A wzth K=l1+n

m=M-
sum

nw=-J..J

...that follows from
well known
coupling identity.

CyRar DyipsyDE @b Cy X/ =8" Dijpapy
+ with A* f A T T
TS mM ‘ sum with

um
u=—J..+J u=—J..+J n=K—t

Thursday, April 30, 2015 34



Born-Oppenheimer Approximation (BOA) for RES
Compare wave Products:
Lab “hook-up” versus “BOA-constricted bod”

LAB hook-up R *
oD _r L RJ

14 R
Jer) = umM \Vu(x) 'D?,H(OCBYN[R]
Yo sum ﬁ with

w=—J...+J m=M-
M~ ___

OA L. J*

LB ORJ L 0% R /RJ ¢ J*

D, =C M \Vﬁ(x)Du,n(O" B,y)- D m n(ocBy)\/[R]ZCﬂ anp(x) D, i AaByNIR]
A sum W | Y osum b yith: K=[i+n
n=—J...+J n==J..+J

sum with

W= .+  m=M-l LAByiyy 0 RJR] A4BOA

O Jur) =K 0T (DJ(KLT)

4 sum A
This has form: / u=—J...+J
\

{RJ 0* R (W RJIJNJ* LAB
Coumis Dupdn Dy @y =Chn gDy @By ook BtOtAb(’d
. state: state:
h .7 -
T A mg&_u A A with: K=+n sharp R ived R
that foll f ujzl?J mixed [L sharp L
-t TOTOWS HHom BOTH HAVE...
well known sharp n shar
coupling identity. R o R VR TSIT /lpl/ t : n
* ) _ n elementary
C“I?M ,tf)u %(QB v DT?(QB Y)Cj]%n]( 0 DMK(aB v < “rovibronic species”
wi A
=M— | |
TSum m=M ‘ _sum with T w;fl a briefcase”
u=—J..+J u=—J...+J n=K—t
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*Semiclassical Rotor-“Gyro ’-Spin coupling *
Semiclassical Rotor-“Gyro” RES

Thursday, April 30, 2015
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Semiclassical Rotor-"“Gyro”’-Spin coupling
| yBoby)

“whir-rr” S ~Q

X(BODY)

R

A

Rotor R PLUS “Gyro” Spin = S EQUALS Compound Rotor J= R+S
Compound Rotor Hamiltonian: Rigid rotor with body-fixed “gyro”...

In general, this term is the difficult part...

24RR 24CR.2 “ -
H=AR,. +BRy +CR“+...+(coupling or constraint)+...+B S-S

Rotor-Gyro RES issues discussed in:
Computer Phys. Reports 8, 319-394 (1987)
Spring Handbook of AMOP Ch. 32 (2006)
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Semiclassical Rotor-"“Gyro”’-Spin coupling

| yBoby)

“whir-rr” S ~Q

X(BODY)

R

A

Rotor R PLUS “Gyro” Spin = S EQUALS Compound Rotor J= R+S
Compound Rotor Hamiltonian: Rigid rotor with body-fixed “gyro”...

In general, this term is the difficult part...

20 np 20rp 2 = -
H=AR,. +BRy +CR“+...+(coupling or constraint)~+...+B S-S
o ...but suppose it’s zero!
Zero-Interaction Potential ‘Proximation (ZIPP) Constraints do no work.

Rotor-Gyro RES issues discussed in:
Computer Phys. Reports 8, 319-394 (1987)

*ZIPP (Zero-Interaction-Potential- Proximation Spring Handbook of AMOP Ch. 32 (2006)
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Semiclassical Rotor-“Gyro ”’-Spin coupling

| y (BODY) whir-rr
"
;fwhil’-l’l’” }\JQ /
—X(BODY) /\ -
J
R ”
R S

Z

Rotor R PLUS “Gyro” Spin = S EQUALS Compound Rotor J= R+S

Compound Rotor Hamiltonian: Rigid rotor with body-fixed “gyro”...
In general, this term is the difficult part...

24 RR 24CR.2 “ -
H=AR, +BRy +CR“ +... +(coupling or constrajnt)+...+B S-S
3¢ ...but suppose it’s zero!
Zero-Interaction Potential ‘Proximation (ZIPP) Constraints do no work.

_ (ZIPPed)
Let:R=J - S and consider non-constant terms /ignore gyro S terms that are constant)

H=A4 (JX_S)()Z_I_B(Jy_Sy)Z_I_C(JZ_SZ)Z—I_ +0 (for constraint)+...+(constant BS terms)

Rotor-Gyro RES issues discussed in:
Computer Phys. Reports 8, 319-394 (1987)

*ZIPP (Zero-Interaction-Potential- Proximation Spring Handbook of AMOP Ch. 32 (2006)
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Semiclassical Rotor-“Gyro ”’-Spin coupling

‘ y (BODY) “‘whir-rr”
e
“‘Whir-rr” S ~()
—X(BODY) /\ // J
R -~
& S

Z

Rotor R PLUS “Gyro” Spin = S EQUALS Compound Rotor J= R+S

Compound Rotor Hamiltonian: Rigid rotor with body-fixed “gyro”...
In general, this term is the difficult part...

24 RR 24CR.2 “ -
H=AR, +BRy +CR“ +... +(coupling or constrajnt)+...+B S-S
3¢ ...but suppose it’s zero!
Zero-Interaction Potential ‘Proximation (ZIPP) Constraints do no work.

. (ZIPPed)
Let:R=J - S and consider non-constant terms [iignore gyro S terms that are constant)

H=A (Jx—Sx)2+B(Jy—Sy)2‘|‘C(JZ—SZ)2‘|‘... +0 (for constraint)+... +(constant BS terms)

H=AJ xZ +BJy2 +CJ ZZ T... -2/%.] xSx'ZﬁJySy'Z %J ZSZ+' .. T (more constant terms)

€€ * o €6 . 1
Coriolis effect” subtracts linear or Ist-order J, or T' terms for gyro-rotor H

Rotor-Gyro RES issues discussed in:
Computer Phys. Reports 8, 319-394 (1987)

*ZIPP (Zero-Interaction-Potential- Proximation Spring Handbook of AMOP Ch. 32 (2006)

Thursday, April 30, 2015 40



Semiclassical Rotor-“Gyro ”’-Spin coupling

| yBoby)
“‘Whir-rr” S ~Q)
—X(BODY) ’\ / 7
R -

S
Rotor R PLUS “Gyro” Spin /S{ EQUALS Compound Rotor J= R+S
Compound Rotor Hamiltonian: Rigid rotor with body-fixed “gyro”...
In general, this term is the difficult part...
AR 2+BR 2+CR.2 e |
H=AR, +BRy +CR“ +...+(coupling or constraint)+...+B ¢SS

3¢ ...but suppose it’s zero!
Zero-Interaction Potential ‘Proximation (ZIPP) Constraints do no work.

. (ZIPPed)
Let:R=J - S and consider non-constant terms [iignore gyro S terms that are constant)

H=A (Jx-Sx)Z‘|‘B(Jy-Sy)2‘|‘C(JZ-SZ)2‘|‘. .. F0 (for constraint)* ...+ (constant BS terms)

H:A.fx2 ‘|‘BJy2‘|‘CJZZ‘|'. . 'ZﬁJxSx'Za‘]ySy_ZC%JZSZ_h .. T (more constant terms)

€€ ° o €€ . 1
Coriolis effect” subtracts linear or Ist-order J, or T' terms for gyro-rotor H

BR? to B(J-S )2 is analogous to p?,2um to (p-eA)?2m gauge-transformation
..J*S is analogous to ep*A

*ZIPP (Zero-Interaction-Potential-"Proximation
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Semiclassical Rotor-"Gyro”-Spin coupling

* Semiclassical Rotor-“Gyro” RES *

Thursday, April 30, 2015
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Semiclassical Rotor-“Gyro” RES

RE Surface forlst-order J, or T! term is a cardioid displaced in J-directio

Energy sphere intersections are concentric circular precession paths
All paths precess with the same sense around gyro S-vector

Fixed Points for J lie on “North” and
“South” poles of RE surface

precessing — .
Linear
Harmonic
precession
spectra
Lowest RE for
gyro-rotor at
Nouth pole
fixed point
Highest RE for
gyro-rotor at
South pole
fixed point

Rotor-Gyro RES issues discussed in:
Computer Phys. Reports 8, 319-394 (1987)
Spring Handbook of AMOP Ch. 32 (2006)

43
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Semiclassical Rotor-“Gyro” RES

RE Surface forlst-order J, or T! term is a quasi-sphere displaced in S-direction

Energy sphere intersections are concentric circular precession paths
All paths precess with the same sense around gyro S-vector (Using lefi-hand rule here)

Fixed Points for J lie on “North” and
“South” poles of RE surface

precessing
J vector

J

S$~Q

“North” pole

“whir-rr”

Rotor-Gyro RES issues discussed in:
Computer Phys. Reports 8, 319-394 (1987)
Spring Handbook of AMOP Ch. 32 (2006)
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Semiclassical Rotor-“Gyro” RES
Prolate Rotor R MINUS “Gyro” x-Spin S,

Rotor-Gyro RES issues discussed in:
Computer Phys. Reports 8, 319-394 (1987)
Spring Handbook of AMOP Ch. 32 (2006)
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Semiclassical Rotor-“Gyro” RES
Prolate Rotor R MINUS “Gyro” x-Spin S,

Low energy along S High energy against S

|R| is small if 2 |R| is large if
|J| Is constant

Low [ RS High
rotor = rotor

KE | L #SDN KE

Fy
S is fixed RI is small
-

JJ S is fixed IRI is large
I is constant ﬁ

IJI is constant

Rotor-Gyro RES issues discussed in:
Computer Phys. Reports 8, 319-394 (1987)
Spring Handbook of AMOP Ch. 32 (2006)
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Semiclassical Rotor-“Gyro” RES
Prolate Rotor R MINUS “Gyro” x-Spin S,

Low energy along S High energy against S

|R| is small if 2 |R| is large if
|J| Is constant

Low [ "N High
rotor ==~ /ofor

KE | L AN KE

Fy
S is fixed RI is small
-

JJ S is fixed IRI is large
I is constant ﬁ

IJI is constant
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* Semiclassical Rotor analogy of Anharmonic Vibrator *
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Semiclassical Rotor analogy of Anharmonic Vibrator

Recall Hamiltonian for 2D vibration has a (quasi-)spin theory, too

T T S T
H=mw(l+Q A1) — )AL /2 4.+ (anzharmozzc au 2;\}21}L a_ terms)
=wgl+Q J, tot BIL+ QI+ AT oty J 4
Ist-order J_ or Tl ., term Higher-order J or Tl o ferms
is harmonic part of H are anharmonic parts of H
Local Mode 2 (=0 O Normal Mode (+)

. o G2
Q9 O

X) coordinate

Harmonic

vibration Rotational u o~

Ievil.g- are and anharmonic o ‘ \ﬂ Local Mode 1
uniform vib-levels are

(linear in n) | non-uniform

-
N, =~
L, n

. 9 2
£ S or n>.. N

xj coordinate > o
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Semiclassical Rotor analogy of Anharmonic Vibrator

(contd) 2D vibration are related to 3D rotation of “quasi-spin’J

T
u

H=pgl +Q(a(1)a(+) — a(i)a(_)) / 2 + ...+ (anharmonic a ava}faK terms)

AY A

X

- ° OLocaIMode 1
GO
X9 coordinate ﬁ
o ®
\ -

H=wpl1+Q J + ...+ BJ§+CJ2y +AJ§ ot Ay d )+

@)

xj coordinate
[ Normal Mode (-)
2D U(2) World &)
precessing

(+) normal mode

fedpoint J vector
for Jvector

Normal Mode (1) B
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Semiclassical Rotor analogy of Anharmonic Vibrator

For higher J values, anharmonic terms grow to make stable local modes

(+) normal mode
fixed point
for Jvector

+B-axes are
J-fixed points

A-axis is NOT

J-fixed point

(Using
ColorU(2)
or the newer
BoxlIt)

(1) local mode
fixed point
for Jvector

-B-axis near
unstable c
J-saddle X | T

‘E'u |
A-axis is near ﬁﬂfﬂi”
J-fixed point = “iv i *

-d?'

+B-axis near stable

J-fixed point
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Semiclassical Rotor analogy of Anharmonic Vibrator

(a) Spherical Gyro-Rotor (b) Perturbed Gyro-Rotor (c) Symmetric Gyro-Rotor
or or or
Normal £ B-Modes “Soft” +B- Mode Local +A-Mod e

T(()O) 4 Dggl)T(l Normal -B-Mode

)
: C Symmetric normal
(01‘ y) mode becomes
UNSTABLE

(or Xx)
;Bt _’;’XED PtT_- +B FIXED PT.
nti-Symmetric Symmetric (0) (1)m(1) (2)m(2)
N/\%gg I N/\%Zj?g r L B G LA Fixep e | ng? —
Local Mode-2

Mode-1

Fig. 25.5.3 A spherical gyro-rotor becomes asymmetric gyro-rotor by adding tensor TO2 to vector Ty1 :

From Ch. 25 of OTCA Unit 8.
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14

Semiclassical Rotor analogy of Anharmonic Vibrator
Analogies between energy surfaces of potential (PES) and rotation (RES)
Jahn-Teller-Renner analogies
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Analogies between energy surfaces of potential (PES) and rotation (RES)

Potenial Energy Surface (PES) Dynamics
[nter-PES electronic transitions
Vibrational Franck-Condon effects
*Frequency mismatch of PES

Rotation Energy Surface (RES) Dynamics|
Inter-PES electronic transitions
Rotational “Franck-Condon’ effects
*Frequency mismatch of RES

/ Analogy \
between
wibmnic and Rm-*ihrtmin:/

Duschinsky
rotation or

transiation
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Analogies between energy surfaces of potential (PES) and rotation (RES)

Non-Born-Oppenheimer Surfaces
Strong vibration-electronic mixing
Jahn-Teller-Renner effects
*Multiple and variable conformer minima

Rotation Energy Eigen-Surfaces (REES)
Inter-PES electronic transitions

Rotational JTR effects

*Multiple and variable J-axes

/ Analogy \
between

\ N,
L]
N\ A
% !
1Y !
] F)
] )
! "'. i} ,.r';
! * /
1 N g /
\ o ’
"l. :"-..t ..n'f
“'I. .l'.‘I "‘-. .-I"f
.‘ ‘I' — —
L1 Fa
b i "*_\, )
~ -

vibronic-rotor coupling

\ / Nibmnic and Rm-*ihrtmic/ Example for 2-state

Inner
RE
eigen-
surface

Avoided
CrOSSINgGs
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*Rotational energy eigenvalue surfaces (REES)
Introducing “Sherman the Shark”™ ZIPPed™* and unZIPPed* *

*ZIPP (Zero-Interaction-Potential- Proximation
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Rotational energy eigenvalue surfaces (REES) Introducing “Sherman the Shark”™ ZIPPed*
Spin gyro S=(1,1,1) attached (ZIPPed) to
Asymmetric Top (A=35, B=10, C=1)5)

*ZIPP (Zero-Interaction-Potential- Proximation

Time reversed
gyro -S=(-1,-1,-1) The two together (7IPPed*)

“Sherman’ (The shark)

Crossing RE surfaces

analogous to
J Crossing PE surfaces (Jahn-Teller)

M oo w
— / )
NZIPPing™—-X< nzIPPing

R
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Rotational energy eigenvalue surfaces (REES) Introducing “Sherman the Shark” unZIPPed

Spin-up RE /i
Two or more RE's beg to be unZIPPed. (g)= PUTUp (B’"Y) Cmpmg([},;y)

Base RE surfaces are eigenvalues of matrix. (opling ( ’Y)* Spin-down RE (B'Y)
Classical RE

H=1J 2‘|‘BJy2‘|‘CJ 2‘|‘ -2 J S ZBJySy ZCJS ... T (more constant terms)
Semi-Classical Spin-1/2 RE 6,=(" é),G =(? 0),(52:(0_01), 1=(; ) makes matrix

H=(1J, 2‘|‘BJ 24CJ 2)1 J505.0 BJy y -CJ s O,*... t1(more constant terms)

Classical ZIPP _0, 2 B=0.8 C=1.4 Semi-Classical spin-1/2 unZIPP 1=0.2, B=0.8, C=1.4
$,=0.0, $,=0.1, S,=0.2 5.=0.0, s, =0.1, s.=0.2

Outer
RE
eigen-
surface

Constan
Linergy
Sphere
£=0.3

Inner
RE
eigen-
surface
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Rotational energy eigenvalue surfaces (REES) Other views of “Sherman the Shark” unZIPPed

H g s(quantized) = AJ)ZC + BJ% + CJ? - Al 0,—-BJ,0,—-CJ,0,+const.

RE. ., —JCcos[3 —AJ cosy sin 3 —iBJ siny sin 3
| —AJcosysinB+iBJsinysinf RE,.. +JCcosf3
. 72 2 .2 .2 ) 2
where: RE . =J (Acos”ysin” B+ Bsin”ysin” f+ C cos” [3)

(ZIPPed*) (unZIPPed*)

Fig. 25.5.5 (a) Views of classical gyro-rotor Fig. 25.5.5(b)Views of semi-classical gyro-rotor
¢-RES in Fig. 25.5.4 (a) based on (25.5.2). sc-RES plot of eigenvalues of (25.5.12)with S=6/2.
*ZIPP (Zero-Interaction-Potential- Proximation From Ch. 25 of QTCA Unit 8.
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*REES for high-J Coriolis spectra in v; CF4 (with Review: SFs Coriolis POR structure) é
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<H> ~ Vvib+B J(J+ 1)_|_<HScalar Coriolis > 4 ~Tensor Centrifugal~ < {Tensor Coriolis> y <yNuclear Spin~ 4

Summary of (a) ROTATIONAL LEVELS (/=) (b)2;, ROTATIONAL SPECTRUM 2,
SFy v LEVELS  SFy v, LEVELS (/= 0)—»=(/=1) =
IOW-J (PQR) v L:s N=2 1 I A
> — ' ! o =
ro-vibe structure %/ Jx3 sans [ i e
(Using rovib. nomogram) | | | e
> T J=3N=4 F I A Re o,
| i | | F e
Review: o I | e o
. 1] | &
SFs Coriolis POR structure 0 g : | .I
I
CC_]:) _ a - Inlq—(z\ go %o..
8?3 Z]-.- TR0 5
xr O (T : A S
< >L + ,Ea-
o e 3
n =2 =r
o O |
c x !
o Lif | . O,
= , | & [ Fl2- D
5 S 7 A €.,
= - Lol '
<< _ ,Qifl)
B —_——)— — e e
- - L
do)
| 2 O~ 1 ] ] ' ' ] 1 i I
(,=-0.22 . GROUND(/=0)LEVELS
' | T G T
CorioLis Co NSTANT i z IZ
N W N W A TR T S | L —_ iro
(&l t=0y, SF, N=() N=]B8d+) N=2 N=3...
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Review:
SFs Coriolis POR structure

(a) ROTATI
SF, v, LERELS

ROTATIONAL and SCALAR CORIOLIS ENERGY
(UNITS OF B)

LEVELS (#=1)

v, LEVELS

\ HScalar Coriolis — -B C 9) JTotal. gvibe
N=3 = -B([ J2-(32-0)*+4%]
= B[ F- N2 +£2]
<HScalar Coriolis~ — —BC [ J(J+])—N(N+1)+f(€+1)]

-Tocal Tatatinm . Fimrarion

= H

R TT I LA LR LE P L £yt

N=0, nreriny - ReL7Ti) - HigeL3+E(E7]

JF ;_l =1 { 2R{1-r)iW+ly For: J-¥+l
. N=2 .
= u fnr: J-=N

|
|
‘ —2E{1-C)H fory J=N-1
|

TSt
-y =W
n z|, J=2
_ e

N=I, 440 J::0N=‘|
|=1 péo,- |

N=0 CORIOLIS CONSTANT

|

L=0
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REES for high-J Coriolis spectra in SFs

Recall scalar Coriolis

POR plots vs. B(
Here 1s a J=60 piece of it:

EXACT DIAGONALIZATION J=60

WGH,
Patterson,

~__
JCP 69, 4906
(1978)

N=59=J.1 ¢

ENERGY

J=60

Now consider this plot

i

N=60=J
\
\
\
\
\
—6]=J+] 50 -0.40 {030 -0.20-010 O 0.0 0.20 0.30 0.40,.0.50 *
— — 320k
0.5 BC—O +0.5 3-FOLD
IR N\ CLUSTERS —— ="

2-FOLD CLUSTERS ‘\ 4 SEolD I

with tensor Coriolis, too» L

(Just 4"M_rank [2x2] tensor here.)

ENERG

= _ 4-FoLD 3,

3—FOLD H+
CLUSTERS. =

=020=016-012-008-004 0@ . 0.04 0.08 0l12 0J6 0.20
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REES for high-J Coriolis spectra in SFs

How to display such monstrous avoided cluster crossings:
REES: Rotational Energy Eigenvalue Surfaces

Vibration (or vibronic) momentum £ retains

1ts quantum representaion(s).
For (=1 that is the usual 3-by-3 matrices.

Rotational momentum J 1s treated semi-classically. [Jj=\Ju+1)

Usually J is written in Euler coordinates: J =|J|cosy sinp, etc.

Plot resulting H-matrix eigenvalues vs. classical variables.
( (=1) 3-by-3 H-matrix e-values are polar plotted vs. azimuth y and polar S.
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REES for high-J Coriolis spectra in SFs

Body-XI1+-Basis > 2> Jl->
1 00 cos[d u.-lze'i?'sinﬁ 0
<H>=(v4+BIP)0 1 0]+2B4I||zesinp 0 e iTsin
001 0 eTsinf -cosP
3cos -1 -V8esinBeosP  sin2P (6cos2y-+idsin2y)
+2t,, ) |Z( -\8elTsinfcosp 0 -6cos2B+2 V8e i sinfcosp
sin (6cos2y-i4sin2y) V8el' sinfBcosf 3cos?B-1
Lab-PQR-Basis P>|Q>R>
100 +1.00 (Either basis should give same REES)
<H>=(v,+BlI*)}0 1 0|+2BLJ[ [ 0 0 0
0ol 0o Hpp=(35cos'B-30cos2+5sin?Psindy+5 y/4=Hyy

H,, H,, H _
e H | Hpg=SsinB(7cos?B-3cosB-sin’ B(cosBeosdyisindy))N8=H g

+2t HEQ HQQ JR 9 7
HPQZS(-?EQS4B+EEGS-B+[ I-cos’B)cosdy+2icosPsin’Psindy-1)/4

224

Y

BE=0.0
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REES for high-J Coriolis spectra in SFs

2 Cilevel Clevel C, level
82 1 clusters  clusters clusters
: " : (not seen
= = —, 0

B e S, here. )

a 4 2_Fold Clusters———==F>  2-Fbld Qlusters

ensor
|
|
|

1
i
nil
N
=

1
|
1
|
.‘\l,\
1

1
(but shows up
in CF4polyad)

snvalues of Scalar an
L

10

10 Eigei
4.0
!
1
- |
|
o
L
|
|
PJ.

J

Scalar Coriolis B¢

B&=0.0
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REES for high-J Coriolis spectra in vz CFy

Thursday, April 30, 2015

67



REES for high-J Coriolis spectra

owest vz REES

Middle v3 REES

Highest v3 REES
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*REES for high-J and high-v ro-vibrational polyads
CF4-vy/2vs dyad *
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REES for high-J and high-v rovibration polyads

—= (, axes
13001 o C; axes _z
—— C, axes o i

1290 -
IE ----------- bbbt e
>
E 1280 -
=2
=
=
==
>

1270 -
=
=
S
=
2 1260 <SS

1250 -

1240_I | | | | | | |

0 10 20 30 40 50 60 70
/ Js57

REES of CFy4-v4/2v3 dyad
showing rare (J=57)-12(C3)TO
24-level cluster on 5th REES

24-resonant
J-orbits
indicated by arrows
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