Group Theory in Quantum Mechanics

Based on AMOP Lectures 14-20
Lecture 26 (12515

Introduction to Rotational Eigenstates and Spectra 11

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 7 Ch. 21-25 )
(PSDS - Ch. 5, 7)

Review :

Symmetric rigid quantum rotor analysis of R(2) Hamiltonian H=BJ,*+BJ,?+(CJ.?
Rotational Energy Surfaces (RE or RES) and R(3)~U(2) representations

Asymmetric rigid quantum rotor analysis of D> Hamiltonian H=A4d,’+BJ 2+ CJ-?
RES and Multipole T, tensor expansions
Atomic or molecular R(3) {-level or 20+ 1-multiplet splitting
R(3)DD; character analysis of (-level or 20+ [-multiplet splitting in D>

Detailed angular momentum operator analysis for J=1-2 for D> symmetry
Asymmetric rotor levels and RES plots for high-J

Octahedral semi-rigid quantum rotor analysis of Oy Hamiltonian H=BJ"d+194, T4
Spherical rotor levels and RES plots of Oy tensor eigenvalues
R(3)CO(3)D01D0 character analysis of (-level or 20+ 1-multiplet splitting in O

SF's spectral fine structure P(88)
CFy4 spectral fine structure P(54)
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As of April 3, 2014

Links to the current Harter-Soft I.earnlt web apps for Physics

Bold links have default redirect pages. Italics are not yet meant for production.Red: the final stages of testing.

List of production Harter-Soft Web Apps & Textbooks (For public)

Classical Mechanics with a Bang! - URL is "http://www.uark .edu/ua/modphys/markup/CMwBangWeb.html"
Quantum Theory for the Computer Age - URL is "http://www.uark .edu/ua/modphys/markup/QTCAWeb.htm]"
Learnlt Web Applications - URL is "http://www.uark.edu/ua/modphys/markup/LearnltWeb.htm]"

Individual web-apps for current classes:

Bohrlt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BohrltWeb.html"

Bouncelt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BounceltWeb.htm]"

BoxIt - Production; URL is "http://www.uark.edu/ua/modphys/markup/BoxItWeb.html"

Coullt - Production; URL is "http://www.uark.edu/ua/modphys/markup/CoulltWeb.html"
Cycloidulum - Production; URL is "http://www.uark .edu/ua/modphys/markup/CycloidulumWeb.htm]I"
Jerklt - Production; URL is "http://www.uark .edu/ua/modphys/markup/JerkltWeb.html"

MolVibes - Production; URL is "http://www.uark .edu/ua/modphys/markup/Mol VibesWeb.html"
Pendulum - Production; URL is "http://www.uark .edu/ua/modphys/markup/PendulumWeb.html"
Quantlt - Production; URL is "http://www.uark.edu/ua/modphys/markup/QuantitWeb.html"

The old relativity website (2005):
Relativity - Pirelli Entrant - Production; URL is "http://www.uark.edu/ua/pirelli" or "http://www.uark.edu/ua/pirelli/html/default.htm]"

Newer relativity web-apps currently being developed (2013-)
Relativlt Production; URL is "http://www.uark .edu/ua/modphys/markup/RelativitWeb.html|"
RelaWavity Production; URL is "http://www.uark.edu/ua/modphys/markup/RelaWavity Web.html"

Additional classical wep-apps:
Trebuchet Production; URL is "http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html"
Wavelt Production; URL is "http://www.uark.edu/ua/modphys/markup/WaveltWeb.html"

Link to master list of all Harter-Soft Web Apps & Textbooks (Prod, Testing, & Developement)

http://www.uark.edu/ua/modphys/testing/markup/Harter-SoftWebApps.html

Wednesday, April 29, 2015


http://www.uark.edu/ua/modphys/testing/markup/Harter-SoftWebApps.html
http://www.uark.edu/ua/modphys/testing/markup/Harter-SoftWebApps.html
http://www.uark.edu/ua/modphys/markup/CMwBangWeb.html
http://www.uark.edu/ua/modphys/markup/CMwBangWeb.html
http://www.uark.edu/ua/modphys/markup/QTCAWeb.html
http://www.uark.edu/ua/modphys/markup/QTCAWeb.html
http://www.uark.edu/ua/modphys/markup/LearnItWeb.html
http://www.uark.edu/ua/modphys/markup/LearnItWeb.html
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html
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Review :
’ Symmetric rigid quantum rotor analysis of R(2) Hamiltonian H=BJ*+BJ,’+CJ~*
Rotational Energy Surfaces (RE or RES) and R(3)~U(2) representations

Asymmetric rigid quantum rotor analysis of D> Hamiltonian H=AJ,’+BJ,?+CJ-?
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Plot H
‘ J

m,n>

amiltonian H=BJ* +(C — B)J_* radially as  H(©)=BJ(J +1)+(C = B)J(J +1)cos* O
H(©p)=BJ(J +1)+(C - B)J(J +1)cos* O

Conventional notation: n=K

Rotational Energy Surfaces (RE or RES) applied to symmetric quantum rotor analysis

Ehere :J. =|J|cos

©
=JJ(J+1) cos@J

Int.J. Molecular Science 14.(2013) Fig.1 p. 730

LAB - BOD =BJ(J+1)+(C - B)K?
m= n=
(Here this gives exact quantum eigenvalues!)
J=10 Minimum uncertainty angle 1?0:17.550 Polar
———————————————————————————————————— - Uncertainty
prolate cone J 10
: u Q)
symmetric top _— RES contour K=+10 | 5~ 9 0 @%Z%EZ-I K
RES O K JJ+1)
<N NEANT .k
WOHD) ~JE172 /N N /N0 or:cos®f=
10.488-10.5 /- 2\ o JJ +1)
b/ 2\ e
K=5 /s = Q}Fg
+1| @10 -84.53°
L ]
\/ N/ z-Component of J :
JN_
— 7 Rl
—3/ “A“
\ 3/
_7 i
RE Surface — !
Energy plotted radi a - i s (
BOD f Jovector di t'/ / A 8\ '
rame J-vector directio 10 - '
for fixed magnitude |J| Wq\/ 5 \/ J|) =au+1);),
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R(3)~U(2) representations applied to molecular symmetric rotor analysis

J=10

Minimum uncert:

ainty angle

10 —
0,10=17.55

2 2 2 2 2 ol
Hsymmetric top = BJ)—( + BJY + BJZ + (A — B)JZ =BJeJ+ (A — B)JZ ssmmetic o
. . . Kinetic energy inertial coefficients : 10'488??5
Eigensolution equations: PO P S S—
Hsymmetric top ljn,n> 21)_( 21? | 2IZ l |
= BJeJ+(4-B)J3 ) j=3 e
S — ) =1
. Tis ANl —-.----.. Y =()
=[BIU+D+(A-B)r" | ], NN . A-B| . "
Mock-Mach-Multiplicity ““
is (2j+1)? for each j 3(41B) A
== =42
Lab z-axis fixed 7 ~ Body 7 | ——pn==+2
'5(4-B) " 3(41B)
j= 2 Y p=43 ] - n==+]
_______ —  n=0 A A-BI
_ Al —=="..-... n=0
Iﬂ n::l:]
.3(41B) A
n=+2
j=1 J =1 g
Even n=0 levels are 2j+1-fold degenerate k =0 A n=0
If n 1s non-zero the degeneracy 1s 45+2. \:::::Aii n==+1
2Blj=0 @  2Bj=0 0
Oblate Top (A<B) Prolate Top (A>B)

QTforCA Unit 8. Ch. 23 Fig. 23.2.4 OTforCA Unit 8. Ch. 23 Fig. 23.1.3
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Review :
Symmetric rigid quantum rotor analysis of R(2) Hamiltonian H=BJ*+BJ,’+CJ~*
Rotational Energy Surfaces (RE or RES) and R(3)~U(2) representations

* Asymmetric rigid quantum rotor analysis of D> Hamiltonian H=AJ,’+BJ,?+CJ-? é
RES and Multipole Tj* tensor expansions
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RES of symmetric rotor (J=10 Prolate and Oblate)...

Wednesday, April 29, 2015

... and related RES of asymmetric rotors

Spectra and RES of asymmetric rotors K =+6 A]

z— e
H:AJxZ‘FBJyZ"_CJZZ R ‘! B
for J=1,2,3,...,10 discussed below B AZ
- - 2
precessing J P B:
J vector < L ]
+4 A4
b 2
fffffffffffff A,
+4 B
A]
- J;
- 45 B
A2
= B
5 K=+6 °I
- Note: A1B1A2Bo A 1
‘monondromy*

after OTforCA Unit 8. Ch. 25 Fig. 25.4.1 How do you predict 44,34 .93B,®3B,7 See p.22.




Review :

Symmetric rigid quantum rotor analysis of R(2) Hamiltonian H=BJ*+BJ,’+CJ~*
Rotational Energy Surfaces (RE or RES) and R(3)~U(2) representations

Asymmetric rigid quantum rotor analysis of D> Hamiltonian H=AJ,’+BJ,?+CJ-?
* RES and Multipole T tensor expansions é
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RES and Multipole Tj* tensor expansions

Peeking into BLA 0OX of matrix diagonalization:

9
dy Hy Hz - *
H= Hy Hyp Hy *
Hyy Hyppy Hyz - ‘)
o ; ; o

Hy Hy Hyz -
Hy Hy Hy -
Hy Hyp Hyz -

Plotting 2*-pole expansion of into Fano-Racah tensors

scalar+ + vector+ + 22-tensor +.... + 2";-tensor +..
H=aT’ +bT' +cT! +..+dT? +eT? +..=Xc" T
le k=1 (odd) mixed-k

Di

\

;T
I

Quadrupole k=2 (even)
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RES and Multipole T* tensor expansions

Momentum 101  p=mv J=L=1w® BANG!
(linear) (rotation)
Energy 101 E =tmv? = p2 /2m E=Io? = J2/21  $BUCKS

BANG!
Simple Rigid Rotor Hamiltonian... (Hamiltonian H=E is enerqy in terms of momentum)

H= 437+ BI] +CI + -

..and its multi-pole expansion...

(A+B+C) y 9 o (2C—A—B) sy o (A—B) 2 12

— ,(Jx+Jy+JZ (2 ,(Jx Jy)
: T

Spherical Top\ F To o9

(A=B=C) 0 .o | Symmetric Top ) 2 (2 2
H= BJ*+(C - B)(2/3)T o
Asymmetric Top
(4#B#C)

10

2
H= BI+2C-4-BBTY +(A-BNG( T+ 1))

(Derivation in preceding Lecture 25)

Wednesday, April 29, 2015
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RES and Multipole T* tensor expansions
2%-pole expansion of an N-by-N matrix H

2-by-2 case: H= (Bﬂch’)C) =A+TD(§ ?)*BG é)*c (f b’)“%(f) 3)

= A+D :l_ '+l?1(j; -%Cj(:sl .+f11£2 (:;Z

2
U(2) generators (spin.J=1/2) A+D T (B C)T (B C)T +A_D ;
1 (o 1 1 (1 0 1 (0 0) rank-1
u+1_(0 0 uo_(O -J)é u-l_(l 0) (vector) 0 0
0_(! 0} rank-0 ( ) ( )
llo (0 ])6 (scalar)
Generalization of U(2) spinor analysis to U(3)CU(4)CU(S)... (Introduced in following Lecture 27)

H, H,,H,,

3-by-3 case: H=(rnn )= T+...c+, Tr+...

31 32 33

U(3) generators (spinJ=1)

0 1 1 0 0 k-2
2 2 i 2 1 2 ran
—f00 0 0 —0 0 0 0 — 0 —80 0 0
u, C 0 0) u, C 0)5 C H)f u, C VY D) (/ 0 Z) (tensor)
1 0 1 0 rank-1
)i 1 1
u+1 0 0 1 5 0 0 0 u_1= ] ? 0 5 (vector)

7 rank-0
Q I 0} (scalar)

Mutually
commuting
diagonal operators

11
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RES and Multipole T* tensor expansions

J-Phase Paths (Intersection(s) of RE Surface and Energy Sphere )

z-Component of J : an d

S Lnd=m )
== Quantum angular momentum cones

Rotational Energy Surface

Angular Momentum Cone Energy Sphere
(Low E) -

Energy Sphere
(High E)

J

X
In body frame Counter

LEFT HAND RULE Clockwise
gives J-phase flow around a
Low
RE Surface Clockwise_.-
Energy plotted radially around a
Vs. High
BOD frame J-vector direction

for fixed magnitude |J|
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J
Interpreted “Literally” is: K
> JJ(J+1)

~J+1/2

-

JIT+1) =NB))

for J=3

Wednesday, April 29, 2015
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(S) Semiclassical J-Phase Paths for
(WJ=3) Prolate Symmetric IRotor
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Asymmetric rigid quantum rotor analysis of D> Hamiltonian H=AJ,’+BJ,?+CJ-?
RES and Multipole Tj* tensor expansions
* Atomic or molecular R(3) {-level or 20+ 1-multiplet splitting (Review of Ds) é
R(3)DD: character analysis of {-level or 20+ I-multiplet splitting in D>

Detailed angular momentum operator analysis for J=1-2 for D> symmetry
Asymmetric rotor levels and RES plots for high-J
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Atomic (-level or 20+ 1-multiplet splitting in D3 (=0, s-singlet

- E _
Recall p.58 of Lect. 15 on D3 level Splzttlng A
(b) _ (b)* ) t=4 + (=1, p-triplet
Example.' (624) f OD3 Cla%s Kk%k ...................... 51] 204]=3
K eDs Aj (=2, d-quintet
20+1=5
04 OR R, SYMMETRY e r svmr 623, ]F-Sepl?t
e v Q 20+1=7
0 Cr ol il " BT 1} SRR '
AR Iy m Q D"‘z( ' ) 1 (ﬁﬂ(m )624, g-nonet
DEG:‘;I‘;;ACY \\\ . : L ( 0:1: _____ Dy B M 2€+1 :9
\\\\ . (=5, h-(11)-let
. 20+ Dr 20+1=11
U(2) characters ) (27r) s R(il) Ch.“;”‘,fff”
from Lecture 12.6 p.134 : £ T wnere.
S is (-orbital dimension
2r
2©)]0=0 — 7« sin(/ +2)0© ”
3 @)= ey e
(=0 1 1 1 Sin— /=0 1 . 1A1
1 30 1 2 L] 1 lod@ieE,
(2 5 -1 1) ...and Ds character table from p. 24: 1 > |14, @28,
3 7 =T @@= | {1y {r'r'} {.ii,}
4 9 0 1 A
(g)= 1 1 1 5 -1 1
5 o1 -1]” (g)_ = 111 trial&error??
6 | 13 1 1 |X ®= -
7 15 0 -1|x'@®=|2 -l 0 Ox (2)=
25" (g)= | 4 -2 0
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Asymmetric rigid quantum rotor analysis of D> Hamiltonian H=AJ,’+BJ,?+CJ-?
RES and Multipole Tj* tensor expansions
Atomic or molecular R(3) {-level or 20+ 1-multiplet splitting (Review of Ds)
* R(3)DD: character analysis of {-level or 20+ I-multiplet splitting in D>

Detailed angular momentum operator analysis for J=1-2 for D> symmetry
Asymmetric rotor levels and RES plots for high-J

<«

Wednesday, April 29, 2015

17



Atomic (-level or 20+ 1-multiplet splitting in Dz

Here we apply that to D> level Splzttzng

(b)* (f)

Example: (£=1) f(b) Z K. X
ilfésﬁj
53 (@)
O: OR R, SYMMETRY . - 3 P . .
— f’_/’_/_/_/_/_ o =ti
U(2) characters / (2_7T) _
from Lecture 12.6 p.134 : x0T
2 (©)| ©=0 n Rmr Rrx
=0 | 1 1 1 1| x®=
(1 3 D
2 5 1 1 1
3 7 -1 -1 -1
4 9 1 1 1
5 11 -1 -1 -1
6 13 1 1 1
7 15 -1 -1 -1
3 17 1 1 1

(b)* (ﬁ)
Z%

g €D,

M
SYMMETRY

DR) = (

B,

B;

A j(absent)

) ‘Mar ( D*(R)
D D"’(R);

R(3) character
where: 20+1

is V-orbital dimension

)

(=0, s-singlet
20+1=1

(=1, p-triplet
20+1=3

(=2, d-quintet
20+1=5

(=3, f-septet
20+1=7

(=4, g-nonet
20+1=9

(=5, h-(11)-let
20+1=11

Wednesday, April 29, 2015
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Atomic (-level or 20+ 1-multiplet splitting in Dz
Here we apply that to D> level Splzttmg

(b)* (f)
Z%

Example: (£=1) f(b)

Oy OR R, SYMMETRY

20+ 1 ~

(b)* (f)
Z K XL

2 classes
K€D,

g €D,

s M
SYMMETRY

(y)
DY(R) =

b S @l+Dr
U(2) characters 0 2 >t n
from Lecture 12.6 p.134 : £ (7)_ 7
p n
x(©) | 0=0 T Rrm Run g sin(/ +% 0
(=0 | 1 1 1 1 X (©)= 0
(1 3 D Sinz
2 S 1 1 11 .and Lect.13 p.79
3 7 -1 -1 -1 | D, characters:
4 9 1 1 1 |[p R, R
5 11 -1 -1 -1
6 R i T
A1 <11
7 15 -1 -1 -1
s |17 1 1 1 ottt
Byl 1 1| -1 1

B,

B;

A j(absent)

Q-2 r—‘lDa(R)‘
‘Mz D*(R)
D D"’(R);

R(3) character
where: 20+1

is V-orbital dimension

)

(=0, s-singlet
20+1=1

(=1, p-triplet
20+1=3

(=2, d-quintet
20+1=5

(=3, f-septet
20+1=7

(=4, g-nonet
20+1=9

(=5, h-(11)-let
20+1=11

Wednesday, April 29, 2015
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Atomic [-level or 2¢+ I-multiplet splitting in D> 5, (=0, s-singlet

(=1 20+1=1
Here we apply that to D; level Spllttmg o B ol paripler
Example: ((=1) f"'=— Z iy x Y = Z "y O Ajfabseny) D01 ]=3
;l:‘;iij = (=2, d-quintet
20+1=5
0, OR R, SYMMETRY b (a) o (=3, f-septet
T e | 2041=7
: Ef’_//_/_/_’____ o P " = 624, o-nonet
3 DYR) = ( Dy 1.0 ) ‘Me ( D’(R) )
DEGENERACY . TR oyl oy / 20+1=9
firens o e (=5, h-(11)-let
. 20+ 20+1=11
U(2) characters 0 2T Sm( n ) R(3) character
from Lecture 12.6 p.134 : £ (7): .U where: 2£+1
- is /-orbital dimension
2'(©)| 0=0 T Rrm Run sin(/ +l)@ @ A A B pB
=0 11 1 1| re=——73 SN AR S N
(1 3 D sinz (=0 | 1 : 14,
2 S 1 I 11 .and Lect.13 p.79 : | : L
3 7 -1 -1 -1 | D, characters:
4 9 L1 1 |[p 4 R R, 2 0 g
Z 1; 11 11 11 Attt Ox*@=|1 1 1 1 trial&error??
7 115 a1 a4 22 1 11 11 _1 I @=|1 -1 1 -
8 7 1 1 1 ! ' Ix"(@= |1 1 -1
By |1 <1 | -1 1 L @)= | 1 |
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Atomic (-level or 20+ 1-multiplet splitting in D:
Here we apply that to D> level Spllttmg

Example: (£=1) FO= OD Z oK Py O = Z 1y
and: ({=2) 2o =
3% (@)
O4 OR R, SYMMETRY i o - . . L
S f’_//_/_/_’:_ )
2041 \\\ = bth)- (
) QU+ DT
U(2) characters ¢ (Z_ﬂ) B > n
from Lecture 12.6 p.134 : 2T ™
‘ n
(©) =0 T Rm Rnm .
£ ) , sin(/ +3)0©
(=0 1 1 1 1 X (©)= o
] 3 1 -1 -] sin-_
€ S I 1 1) andLect.13p.79
3 7 -1 -1 -1 | D, characters:
4 9 1 1 1 |[p,[1 R &
5 11 -1 -1 -1 21 111
1
0 O S N N I T
7 15 -1 -1 -1 TR 1 1
8 17 1 1 1 ! B
By [1 1| -1 1

(=0, s-singlet

| B,
(=1 20+1=1
"""""" 52 (=1, p-triplet
. 4 20+1=3
(=2 | B B :
2 (=2, d-quintet
ABI 20+1=5
] (=3, f-septet
Q 20+1=7
o 1o g D
D” ' ) 1 (ﬁﬂ(m ) (=4, g-nonet
o b s N e 20+1=9
(=5, h-(11)-let
R(3) character 2bel=11
where: 20+1
is V-orbital dimension
VAR CAN I AT A R
(=0 1 : 14,
1 : 1 1 |04,8 4,6 B,8B,
2 2 1 1 |24, 4-® B, ®B,
5 1 1 1
2x(@)=12 2 2 2\ qhl&error??
ly (g)=|1 I -1
Ix"(g)=|1 1 -1
Ix"(g)=|1 1

Wednesday, April 29, 2015
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Atomic (-level or 20+ 1-multiplet splitting in D:
Here we apply that to D> level Spllttmg

Example: (£=1) F= OD Z o 2y,

and. (£=2)

Oy OR R, SYMMETRY

20 +1
DEGENERACY

U(2) characters

from Lecture 12.6 p.134 :

classes
K€D,

(f) (b)*
Z%

g €D,

M
SYMMETRY

x(©)|©0=0 Rxr Rm Rmx
/(=0 1 1 1 1
1 I
(2 5 1 1 1)
3 7 1 1 -
4 9 1 1 1
~J I § R B R
6 | 13 1 1 1
7 115 -1 -1 -l
g | 17 1 1 1

(y)
DY(R) =

Gin I+

n
T

SIn —
n
sin(/ +3)0©
. 0
sin—
2
...and Lect.13 p.79
D; characters:

2 5=
n

x'(©)=

D, |1 R, R
y z
P B S B S
401 11—
B[l 1|1 =1
By |1 1| -1 1

(=0, s-singlet

(=1 20+1=1
"""""" yt (=1, p-triplet
) y 20+1=3
(=2 B, B .
(=2, d-quintet
| ABI 20+1=5
] (=3, f-septet
Q 20+1=7
e ) b (B ) o gmone
S owy / 20+1=9
| (=5, h-(11)-let
R(3) character 2bel=11
where: 20+1
is (-orbital dimension
OO N I S S S
(=0 1 14,
1 - 1 1 04,0 4.® B, @B,
2 2 1 1 |24,8 4,6 B,8B,

f-formula better than trial&error

1
4

1
4

1 111 1 =5+1+1+1=2
5 1]1 1 4

1 -111 -1 :5—1+1—1:1
5 1|1 1 4
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Atomic (-level or 20+ 1-multiplet splitting in D:

Here we apply that to D> level Spllttmg
Example: (£=1) F=

and. (¢=2)
and. (£=3)

Oy OR R, SYMMETRY

20 +1 ~

DEGENERACY

U(2) characters

from Lecture 12.6 p.134 :

D Z K XL

classes
K€D,

(b)* (f)

Z %(b)*

g €D,

M
SYMMETRY

x(©)|©0=0 Rxr Rm Rmx
/=0 11 1 1
1 30 41 -1 -
2 5 1 1 1
(3 7 -1 -1 -1)
4 5 1 1 1
5 011 -1 -1 -
6 | 13 1 1 1
7 015 1 -1 -
8 | 17 1 1 1

(y)
DY(R) =

Gin I+

n
T

SIn —
n
sin(/ +3)0©
. 0
sin—
2
...and Lect.13 p.79
D; characters:

2 5=
n

x'(©)=

D, |1 R, R
B4 z
Al 1|1
401 11—
Bl 1] -1 -
By|1 -1 -1

.. B,
=1
............ B,
()
A,
t=2 . B,
A

) ‘Mar ( D*(R)

R(3) character
where: 20+1

is V-orbital dimension

f(OC) (g) fAl fA2 fBl

D”R);

f-

)

(=0 1 ~
1 - 1
2 2 1
3 1 2

1
1
2

(=0, s-singlet
20+1=1

(=1, p-triplet
20+1=3

(=2, d-quintet
20+1=5

(=3, f-septet
20+1=7

(=4, g-nonet
20+1=9

(=5, h-(11)-let
20+1=11

14,

04,5 ¢ B, BB,
24/ A-® B, 9B,
14,824, P2B, B2B,

f-formula better than trial&error

C7-1-1-1

B —

Al-1 -1 4

_T+1-1+1

I S T T

B

=1

=2
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Atomic (-level or 20+ 1-multiplet splitting in D:

| B
(=1
Here we apply that to D> level Spllttmg - B,
Example: (£=1) FO= 07 (O = (0 5 O
5 KX X
and: (£=2) D, dazs:'es o gez'gz (=2 Afsg
K€D, 2
and.: (£=3) etc. B,
53 (o) A]
Qe 8 =z . = SYMMETRY
Q Ef’_//_ S g (y) Path e m
P Sl s (5G = T DY(R) ( Dy_1.0 ) ‘Mar ( D*(R)
DEG:N;;ACY b = : D D% LEZEQ;
b @0+ Dr
U(2) characters ¢ (2_7r) B > n R(’Z) Chflgjitjr
from Lecture 12.6 p.134 : 2T . where.
sm; is (-orbital dimension
2'(©)] ©=0 T Rmr Rr sin(/ +l)® @y A A B B
/=0 1 1 1 1 7' (©)= é A (O I A A A |
1 3 1 -1 -1 Sinz ¢ 70 1 1 1
2 S 1 1 11 .and Lect.13 p.79 '
3 7 1 1 - - 2|2 b
D> characters:
3 1 2 2
4 9 1 1 1 D. |1 R R
2 y oz 4 3 2 2
5 11 -1 -1 -1 T
1 5 2 3 3
6 | 13 1 v 1l
(7 15 1 1 R ) Bz — : : 6 4 3 3
S | 17 1 1 1 | o T3 b4
By [1 1| -1 1

(=0, s-singlet
20+1=1

(=1, p-triplet
20+1=3

(=2, d-quintet
20+1=5

(=3, f-septet
20+1=7

(=4, g-nonet
20+1=9

(=5, h-(11)-let
20+1=11

14,
04,5

24,3

14,32
34,2
24,63
44,53
34,04

D B, BB,

D B, DB,
D25, 2B,
D28 ,®2B,
H3B,B3B;
P3B,B3B;
DAL, B4B,
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Asymmetric rigid quantum rotor analysis of D> Hamiltonian H=AJ,’+BJ,?+CJ-?
RES and Multipole Tj* tensor expansions
Atomic or molecular R(3) {-level or 20+ 1-multiplet splitting (Review of Ds)
R(3)DD: character analysis of {-level or 20+ I-multiplet splitting in D>

Detailed angular momentum operator analysis for J=1-2 for D> symmetry
Asymmetric rotor levels and RES plots for high-J

>
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Detailed angular momentum operator analysis for j=1-2 for D> symmetry

J.m,n formulas for momentum operator matrix elements: (From Lecture 24 p. 36)
m=j+m , n=j-m
‘j >= (a%ﬁm(abj—m ‘O o) ‘nT,n¢> a}ai‘nT,nQ:«/nTH\/a n,+l I’l¢-1>=>\l+ i,l>:\/j+m+1\/j—m -
" JGAmWNG=mr T ) (ny)! ala,|n.n, = n. ot n-1n )= | = fjm f—m]

ala =J, =J, +iJ,
ala;=d_=J,-iJ, =J
J, =5[J.+J ]
J,=2[J,-J_]
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Detailed angular momentum operator analysis for j=1-2 for D> symmetry

j,m,n formulas for momentum operator matrix elements:

m=j+m , n=j-m
‘]> ()>— ‘nT,n¢> a}a¢‘nT,n¢>=«/nT+1\/a
m

0

JGEmNG-m) T Jo )

_ @)y™aph™
ala, |, )= \fn,+
ala =J, =J, +iJ,
ala;=d_=J,-iJ, =J
J,=5[J,+J_]
J,="2[J,-J_]

LLAB matrix elements use the usual atomic formula:

(From Lecture 24 p. 36)

n+n-1)

J.| 1 )= jmtl j-m

-

n,-1 n¢+1> J_| ;>=\/j+m\/j —m+1

<i1’,n' JX‘ ;1]1,71> = Dni’,m (JX)6n’n :% |:6m’m+1\/(j a m)(] tm+t 1) T 6m’m—1\/(j T m)(J —m+ 1)i| 6n’n
<;{1’,n’ JY i@,n> = Dé’,m (JY)6n’n :; |:5m’m+1 \/(J - m)(] Tm+t 1) - 5m’m—1\/(j+ m)(] —m+ 1):| 5n’n
<i1’,n' JZ iz,n> = D;?]a',m (JZ )6n’n = 6m'mm 6n’n
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Detailed angular momentum operator analysis for j=1-2 for D> symmetry

j,m,n formulas for momentum operator matrix elements: (From Lecture 24 p. 36)
m=j+m , n=j-m

J |/ >:\/ jrml [ j—m|’
J | D=jmj—mH] ]

‘j>: @ly "l Y 00)- nyny ) a}ainT,n¢>—1/nT+1\/anT+1n¢-l>E>
" JGHmWG—m) \/(WT)!\/('?¢)! aja.|n.n )= n; JnHn-Ln )i

ala =J, =J, +iJ,

ala;=d_=J,-iJ, =J

J, =5[J.+J ]

J,=2[J,-J_]

LLAB matrix elements use the usual atomic formula:
<i¢',n' JX‘ ie,n> - Dni’,m (JX)6n’n :% |:6m’m+1\/(j —m)(j+m+1)+ 6m’m—1\/(j +m)(j—m+ 1):| 0
<;{1’,n’ JY i@,n> - D1(7]1’,m (JY)6n’n :; |:5m’m+1 \/(] —m)(j+m+1)— 5m’m—1\/(j+ m)(j —m+ 1):| 0
<J' ’ JZ 4 >: D;?]fz',m (JZ)6n’n - 6m'mm 6n’n

m’,.n m,n

BOD matrix elements are the same after switching m’s into n’s
and changing sign of Jy matrix (*-conjugation)

<in Jso ‘ > mmD;l]n*(JX) 3 Smm[\/(] n)(j+n+1)0,, +1+\/(]+n)(] n+1)5nn1}
(|97 ) = BP9 =5 8, [ NG =G4 14108, =G+ 1) =418, ]
(|92 ) = D ()= 8,1, 6.,

m’,n m'm™~—n',n
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L . . L Joo o Jy J2
Hamiltonian matrices for asymmetric rotor Hamiltonian H =§[ =+ ——+ IZ j= AJ; + BJ; +CJ;

>
~|
NI

First are matrix formulas for BOD J2? components.

J%—(H,n>:1§\/(j—n)(j+n+l)J)—( i,n+1> L JG=mG+n+DJG—n-1)(+n+2) Zm+2>+lz(j—n)(j+n+l) jm>
A JG+nG-n+dy jm_1> L JG+nG-ntDJG+n-1)(-n+2) ;n_2>+lz(j+n)(j—n+1) jm>

_ AU nt2) | > iD= | > NG D=t D(=nt2) | 7 >

- 4 mn+2 2 m,n 4 m,n—2

NAEAA ; g1 1 /G ; DG —n-1 NE Lo NE

7 mn ) =2NG = +n+Ddg| =iNU-—m(+n+ D —n=-D0+n+2)|, )tz - +n+D)

S GG =n sl GG =t DG+ n=DG=n+2)| 5, ) +5GHmG =41 )

N V) Varas) Varae N > iG] > NG D=t (=nt2) | J >

= 4 | m,n+2 2 |mn 4 m,n—2

) =1 )
This gives the rigid asymmetric-top matrix formula for general A, B, C and J,n.:

(4d% + B +CIL) 7 )=

L. 2
- (- B)\/(J n)(j—n— 1)(J+n+1)(1+n+2)‘mn+2> A+ B)J(J+1)2—n +Cn2]‘ ;771 n> +(4- B)\/(J+”)(J+”l 1)(J n+1)(j— n+2)‘mn 2>
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Asymmetric rigid quantum rotor analysis of D> Hamiltonian H=AJ,’+BJ,?+CJ-?
RES and Multipole Tj* tensor expansions
Atomic or molecular R(3) {-level or 20+ 1-multiplet splitting (Review of Ds)
R(3)DD: character analysis of {-level or 20+ I-multiplet splitting in D>

Detailed angular momentum operator analysis for J=1-2 for D> symmetry *
Asymmetric rotor levels and RES plots for high-J

>
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(J=1)-Matrix for A=1, B=2, C=3.

V2 V2
2 2
U gt N2l 20 2 Lol N2 a2 0 w2 rolg)t
mu | "X |mmn/ 2 2 > mu | " Y| mn/ 2 2 > mun' |~ Z| mn
V2 ~i2
2 2
11 . |
2 2 2 2
1ol \_ 1ol el \_| . 1| e
<mm'JXWmm>_ - > <mm’JY‘mm>_ 1 > <mm’JZ‘mm
11 L1
2 2 2 2
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(J=1)-Matrix for A=1, B=2, C=3.

V2 i2
’ ? +1
1 1 V2 V2 1 1 —iv2 i2 1 1
<m’n, J)_(|m’n>: 2 2 P <m°”, JY""’”>: 2 | 2 ) <mn Jz‘m,n>_ -0
V2 —iv2 |
2 2
1 1 1 1
1 2 |1 1 211 1 211
<m’n, J)_(‘ m’n> ol I <m’”, JY‘ m”> B Lo <n1,n’ JZ‘ m,n> B 0
11 _1 3 +1
2 2 2 2
( Y ( \ ([ \
A, B A B 1,2 1 2 9 1
| 22EC 272 %3 +3 172 7 72
A% +BIE+CJE) = A — _
X Y 7 : + B : : 1+2 : .3
A B A B 1 2 1,2 1 9
. 172 2 +tC ) 173 23 ) | 2 >
f(a)(g) fAl fAz fBl B,
(=0 1 : 14,
I ~ I 1 |04,04.@ B @B,
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(J=1)-Matrix for A=1, B=2, C=3.

V2
2
N N L J2 J2 Uy
mnu | " X|mmn/ 2 2 > mun' |~ Y | mn
V2
2
11
2 2
1 211\ _ 1 2|1
<m,n' J)_(‘ m,n>_ - > <m,n' JY‘
11
2 2
,
448+ C
2 2 2 \7/=1
<AJ)—(+BJY‘|‘CJ2> — A+B
4A_B
\ 2 2
eigen-values: (B+C=5 A+B=3 A+C=4)
: IN2 0 142
elgen-vectors: 0 1 0
~1n2 0 +IA2

m,n>

>_

P
2
i
o 2
i
2
L 1
2 2
= . 1 .
1 L
2 2
i
2 2
A . B
5t+5 +C )

5 +1 -
l§2 ’ <}n,n' JZ‘}n,n>_ 0 '
-1
i1
1 211
’ <m,n’ JZ‘ m,n> = 0 '
+1
\ [ A
1,2 I 2 9 1
7ty +3 373 > —3
1+2 = 3
1 2 1,2 1 9
373 23 ) | 2 >
RO A A
(=0 | 1 14,
1 ] 1 |04, 4.0 B, ®B,
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(J=1)-Matrix for A=1, B=2, C=3.

V2 N2
Y R ”
1 1\ 2 2 1 1\ | =iV2 iN2 1 1
<mm’JXWmm>_ 2 2 > <mm'J7‘mm>_ 2 2 > <mm'JZLmn>_ 0
V2 —iv2 |
2 2
11 1 _1
2 2 2 2 +1
1 2 (1 . 1 211 . 1 211 .
<mm'JXWmm>_ - > <mm’JY‘mm>_ ' 1 . > <mm’JZ‘mm>_' 0
| § A § +1
2 2 2 2
(4,8, a8 ) (1,2, 12 V(9 o 1)
J-1 2712 272 2712 272 2 2
2 2 2\Y~
<AJ)—(+BJY+CJZ> = . A+ B . = . 1+2 . = . 3
A B A, B 1 2 1,2 1 9
. 172 B S G I G ZRr T B W BER B
eigen-values: (B+C=5 A+B=3, A+C=4) FOvy | A e fh B,
| N2 0 12 /=0 | 1 . 14,
eigen-vectors:
“1n2 0 +1A2
D, |1 R R
y z
AL 1] 1 1
4,11 -l ~1
Bol1 (1) -1 -l
Bt 1] (1)
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(J=1)-Matrix for A=1, B=2, C=3.

V2 V2
2 2 +1
U gt N2 V2 V2 Lol N2 -2 iv2 U gt Vo 0
mnu | " X|mmn/ 2 2 > mu | " Y| mn/ 2 2 > mnu |~ Z|mn/l
2 -2 -1
2 2
1 1 1 _1
2 2 2 2 +1
1 211 \_ 1 201\ _ 1 201\ _
<mm'JXWmm>_ - > <mm’JY‘mm>_ 1 > <mm’JZLmn>_ 0
L 1 _1 1 +1
2 2 2 2
(4,8, a8 ) (1,2, 12 ) (9 1
_ 22 272 22 272 2 2
2 2 p \/=
(A +BI+C) = A+B = 142 = 3
A B A, B 1 2 1 2 1 9
. 172 2 +tC ) 173 23 ) | 2 >
eigen-values: (B+C=5 A+B=3, A+C=4 i
5 ( ) B+C)=1n2]}, ) SNA y-like
| 12 0 P 1
elgen-vectors: 0 1 0 L 2, A+ B)= +‘m,o>
'y, x-like
iz 0 112 a+C)=1r2}, ) +1N2]), )

D, 1 R R
y 4
A4 01 11
41 -1 -1
B 1 (1) 1 -1
Bt 1] (1)

Body-based J=1
vector-like eigenfunctions
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Asymmetric rigid quantum rotor analysis of D> Hamiltonian H=AJ,’+BJ,?+CJ-?
RES and Multipole Tj* tensor expansions
Atomic or molecular R(3) {-level or 20+ 1-multiplet splitting (Review of Ds)
R(3)DD: character analysis of {-level or 20+ I-multiplet splitting in D>

Detailed angular momentum operator analysis for J=1-2 for D> symmetry *
Asymmetric rotor levels and RES plots for high-J A

>
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(J=2)-Matrix for A=1, B=2, C=3.

<AJ% + BJ% + CJ% >J=2 =

(4+ B)+4C

@(A—B)

2(A4+B)+C

>(A-B)

\/Qg(A—B)

3(4+ B)

@(A—B)

>(A-B)

2(A+B)+C

Standing
d-Waves

s
15 Y0
15 =
2 2
Fu-m =13 6 Y
= 15
2 2
(A+ B)+4C _%E 15
OIS A A
(=0 | 1 -
1| 11
(2 |2 11
3 |1 2 2
4 | 3 2 2
5 | 2 33
6 | 4 33
7 | 3 4 4
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(J=2)-Matrix for A=1, B=2, C=3.

(A+ B)+4C : *g(A—B) : : 15 ‘%E
2(A4+B)+C : >(A-B) : 2 E
<AJ%+BJ%+CJ%>J=2: ‘g(A—B) : 3(A+ B) : ‘g(A—B) = _%E 6 _\ig
>(4-B) : >(4+B)+C : E 2
‘g(A—B) : (A+ B)+4C _56 15

Matrix is nearly diagonalized in standing-wave D;-symmetry basis
arala) [ar)=ali)eala) 0)-[;)
a)al 2 4r)=pla)-el)

+
427

O AN A

¢=0 1

N O\ DN B~Wwlo

W B~ NN W =N
A W W ==
B LW W NN =
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(J=2)-Matrix for A=1, B=2, C=3.

(4+ B)+4C : *g(A—B)
2(A4+B)+C
<AJ%+BJ%+CJ%>J=2: ‘g(A—B) 3(A+ B)
>(A-B)
@(A—B)

>(A-B)
‘g(A—B) =
2(A+B)+C
(A+ B)+4C

Matrix is nearly diagonalized in standing-wave D;-symmetry basis

Alz+>=ﬁ1

R
Sl Jer)-g

el
-4

|A10>:‘8>

15

SN

SN

ol s

-3 15

NS}
(]

15

S

The following basis transformation “almost diagonalizes™ <H>J:2 by reducing it to block form.

Let: X = A4+ B and A= A— B to shorten expressions.

N
saCc-3 . ¥
1 : 1 *¢ 2 11 -
2z 3A
ST | C+43 2 11 -
N . . Jea Jea 1
()] 1 1 i . y . 5 N Y () +2%1
S S 3A ) -1 -1 -
V2 ’ ° .
@A 4C-X
A
ac+z | ' 4C+ A+ B J3(4-B)
AaC+2 AC+ A+ B :
| - e - = C+44+B
: : C+5§2_%A : C+A+4B
G | | | . B(4-B) 34+3B

New D> basis:

+\ 1 1] 2
42 )=

+22>+ﬁ —2>
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Completing diagonalization from new D> basis: s il i
12)=5 %) 2)
1 +2 —2
4C+ A+ B - : : V3(4-B) V2 V2
AC+ A+ B . . . Bz_>= 1 2>_ 1‘2>
C+4A4+B : - 2 \/5 +2 \/5 —2
: : : C+ A+4B : +\_ 1|2 1
V3(4- B) . . . 34+3B Bl >_\/5 +1>+\/5‘—1>
- 1|2 1
o0)=g]3)-81)
K R R 2 N AR VARNCY B
_ 2
A1 1] 1 4,0) = ‘o>
AT 1|1 -l
Bl 1| -1 ~I
B, |1 -1] -1 1
c, |1 G |1 R, RZ(180°)
X
+ 1 1
-1 -
C, xCy |11 1| 1R, R,
. -1 1 -1 1
= R .1 1 -1 1
- -1 N L RN )
- |1 LD (D
D, |1 R, R,
=4 |1 1|1 1 ]
1 Standing
= =4, |1 1|1 -l d-Waves
=B |1 1|1 -l (180°)
=B, |1 1| -1 1
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Completing diagonalization from new D, basis: Need only diagonalize the two A;’s:

AC+ A+ B . . | Sa—B) A12+>: ! +22>+ 21‘_22> (It is n=0 versus n=2+)
e C+44+B B22_>:I21 +22>_le‘—22> [§+A+B V3(a-2) ’A12+>:f21 +22>+J51’—22>
A2\ g 3(A-B)  34+3B )|40) = ‘g>
' C+A+4B : 51 >—\5 +1>+ﬁ‘_1>
V3(4-B) . . . 34438 )| 1)= g 2= 1) 2)
_ 2
D, |1 R, R 40) = [3)
401 1] 1 1
A1 1] 1 -
B{1 1] -1 -1
Byl 1| -1 1

Standing

d-Waves
(180°)
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Completing diagonalization from new D, basis: Need only diagonalize the two A;’s:

i den | | | N A12+>:ﬁll +222>+ 211‘_222> (It is n=0 versus n=2+)
AC+ A+ B - 57 )=gl)-5]3) AC+A+B \/5(,4—3)) 427)= 2| 2)+ 2| 3)
C+44+B ‘ ' Bll+>= 21 +21>+J§1‘—21> \/E(A—B) 34+3B )|40) = ‘(2)>
C+A+4B : A21_>= 21 +21>_ 21‘_21>
D, |1 R, R,
A1 11
A1 1T -
Bol1 1] -1 -
Byl 1 -1 | -1 1

Standing

d-Waves
(180°)
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Completing diagonalization from new D basis:

4C+ A+ B
4C+ A+ B
C+44+B
C+A+4B

J3(4-B)

J3(4- B)

34+ 3B

Aj

n—_/I>,2 IG

Need only diagonalize the two A;’s:

_22> ( It 1s n=0 versus n=2+)
2

4C+ A+ B J?(A—B))]A12+>=¢§ 2)+42)
) J3(4-B) 34438 )|40) = |3)
)

20-4-B  ~3(4-B)

=(2C+24+2B)-1+
[x/E(A—B) _(2C- A-B)

J=2 Levels of prolate vs. oblate cases with eigenvalues:

=)

Ar

prolate
(A=2, B=2, C=3)

Ay :2C+2A+2Bi\/(2C—A—B)2+3(A—B)2

:2(A+B+C)12\/C2—(A+B)C+A2—AB+32

{4(3 +2B

=2C+4B+2(C-B)= if A= B

11
; I
AS BZ oblate
o (A=1,B=2,C=2
Ay
L ol

A=B prolate case: (A=2=B=2, C=3)

B(J(J+1) +(C-B)n?=2B+4C=4+12=16 (n=+2)

S5B+C=10+3=13 (n=+1) ,6B=12 (n=0)

B=C oblate c]ase: (A=1, B=2=C=2)
B(J(J+1) +(A-B)n°=2B+4A=4+4=8 (n=+2)
SB+A=10+1=1I (n=+I) ,6B=12 (n=0)
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Completing diagonalization from new D basis:

4C+ A+ B
4C+ A+ B
C+4A4A+B

J3(4-B)

C+A+4B
34+ 3B

J3(4- B)

Aj

n—=2 16

Need only diagonalize the two A;’s:

( It is n=0 versus n=2"%)

B 21’—22> {4C+A+B x/g(A—B))’A12+>:J51

+22>+J51’—22>

at)=alieal ) (Vaa-e e Jao - )
A21_>= 21 +21>— 21‘_21>
= ) :(2C+2A+23)-1+[2\/§(_AA__B]: _(ﬁ(f;f;)]

J=2 Levels of prolate vs. oblate cases with eigenvalues:

prolate
(A=2, B=2, C=3) 411

:ﬁ ,

6+ 3B

14+8  32-8)|_
J32- B)

UO+28)1+(

4-B  32-B)
B32-B) —(4-B)

Ay =10+2Bi\/(4—B)2 +3(2- B)?

=2(5+B)+2V7-5B+ B*

:14i2:{ 1; ift 4=B=2 and: C=3

oblate N\
(A=1,B=2,C=2 A\

A2

n——=2>

A=B prolate case: (A=2, B=2, C=3)
B(J(J+1) +(C-B)n?=2B+4C=4+12=16 (n=+2)
SB+C=10+3=13 (n==+1) ,6B=12 (n=0)

B=C oblate c]ase: (A=1, B=2, C=2)
B(J(J+1) +(A-B)n°=2B+4A=4+4=8 (n=+2)
S5SB+A=10+1=1] (n=+1) ,6B=12 (n=0)
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Asymmetric rigid quantum rotor analysis of D> Hamiltonian H=AJ,’+BJ,?+CJ-?
RES and Multipole Tj* tensor expansions
Atomic or molecular R(3) {-level or 20+ 1-multiplet splitting (Review of Ds)
R(3)DD: character analysis of {-level or 20+ I-multiplet splitting in D>

Detailed angular momentum operator analysis for J=1-2 for D> symmetry
* Asymmetric rotor levels and RES plots for high-J
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Molecular Symmetry and Dynamics

32.2 Rotational Energy Surfaces and Semiclassical Rotational Dynamics

—_
I

Rotation axes
mear X—axis

region \ \ \\\ \\
e
* \\ \ \\
Ly
Fm::mctur: sty 5.34cm‘9'\ 8\\ 7\ \\

Rotation axes
near z —axis

ECARRMTATAY

N (2} Y Y

V.o N BE+S WA B34 §

’ \ ’ \ ’ \ ’ \
’ AY ’ A ’ \ ’ A
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C1(z)-type clusters

(cm™)

g 32.2 J = 10 rotational energy surface and related level spectrum for an asymmetric rigid rotator (A =0.2, B =

B2 C=06cm™!)

D>DC(y) D>DC>(z)

&)

G
@
K)o
0, L 0, I
Ay | ay |
4 | Az |
E - | B |
B, | B |
Springer Handbook

of
Atomic, Molecular, and Optical
Physics (2005)
Fig.32.2 and 32.3 p. 495-497

after QTforCA Unit 8. Ch. 25 Fig. 25.4.2

Examples of Group>DSub-group correlation
D>DCx(x)
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Examples of GroupD>Sub-group correlation

Original color mixing scheme

D:>D D>DCx(y) D2DCs(z) gives
—(A:B))
Do | 1 R, R le 0,=(A1B
2 Y z orange 02:(/1] ) / purple U ( ] 2)
411 1 1 | cyan 1 ZIZ(A 2822 o rolte i
A2 1 -1 1 1 for x-oblate axis
1 1 -1 =1 7
32 I -1 -1 1 " /
C2 02 12 C2y 02 12 . 02
4 |1 4 |1
1 AZ 1 A2 1
I 32 1 B, | 1

Review:
Asymmetric
VS
Symmetric
rotor levels

(A] )(Asz) .

2(,() clusters

C

(7/42)(B24))

_~clusters

Fig. 25.4.3 Correlations between
the asymmetric top symmetry D>
and subgroups Cz(x), C2(y), and Cx(z).
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J
VISUALIZING THE J=I0 } D,[1 1 [R, R
K (z)=10] ROTATION AXES
LEVELS OF AN A\ | near Zaxis Al 11
ASYMMETRIC TOP RN sl oal o
- RN I
-2 v S \
/ - N | S N
Y WA VT By|1 -1|-1 1
S A (T :' NG\ AL |
% AXIS \ \ L \ . ’ | Examples of GroupDSub-group correlation
RN - \ A\ ,’ Do DO Ca(y) DOCo(z)
, / ’,// . | y > ' 2 20C2(y 2DC2
/ /5‘% ))); \ J X \ ! / J
77 Sa e i J/
) . X - * A /
T\ &
%'9: ’/ \’77 - - ’> :;’
|\ Y / ry
A\ y ' . II / Jy
\\ \ .q ‘ // \Jz II/
\\\ . ’, ;
\\\ ‘\_‘3" g ;! /
Y /
Jy - \\\\ .
\
\ / /
\\\\ I” / C2 02 12 Czy 02 12 7. 02
\ !
\\\ I’l / Al 1 Al 1 Al 1
\ /) A | 4 |1 A 1
\ / 2 2 2
\‘\5."329593:!5/ /
\ Region /|7 |8 9 I0=K,
\ /
\\ \\\ /’ / WA @ C Bz I B2 1 B2 1
K,(x)=I0 o 8 7 \ 7 N7 =7 N
F. \ \I, / ‘\/I \\,' \\ I, \\./
acoi
doppmum 7 S N N A N GO U
! \ R ; \ "‘\\\ ABl Az Bz A
Superfine ’ I \ /T :
Structure @ C,(z)-Type Clusters
8.6xI0%m 7.7x08 28X 5 XIO%F 3
=26 kHz =230kHz =B4MHz =1.5GHz : Fig. 25.4.2 J = 10 asymmetric top energy levels and related RE surface paths
CZ(X):rype Clusters § (A=10.2, B =104, C=0.6). Clustered pairs of levels are indicated in magnifying
LILELEE ¥ LALA r_l BN B LB LA AL LN B SLELELELE BLALELA l T 'r.lr circles that show superfine splittings.
20 AN a0 50 B0cm
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Molecular Symmetry and Dynamics | 32.2 Rotational Energy Surfaces and Semiclassical Rotational Dynamics

J=10 : Rotation axes J
near z —axis

Rotation axes AJ
mear X—axis

K@=9| |

J = 10 eigenvalues for rigid tops (A = 0.20, C = 0.60)
70.0,

)

\
A

<

)

60.0

A
BYiRN
N

o

i‘%.;
L] X
?:.

>,

|

et
Xl
\/

-7

50.0

i / / - 40.0 ,
// z-type clusters x-type clusters
/ X

W'f
&

A B,
&C B:l,_ 30.0 = QZ_C A
]2 Az 12 B:
=l = R

Prolate Asymmetric e Oblate

D055 0.3 0.4 0.5 0.6

/ . B=A=0.20 A<B<LC B=C=0.60

Fig.32.1 J = 10 eigenvalue plot for symmetric rigid rotors. (A = 0.2, C =0.6cm™! A < B < C). Prolate and oblas=
/ surfaces are shown
8 9 10=K>(z)

K 2( x) =10 9 \ 8\ 7 \\ ::.". \“ 'll \“ l’l \‘\ ’,l
Fme structure 534cm™ \ b by b b
L e iettd s
Bt AR s b Rl Springer Handbook
Il \ ’ ‘\ / N 7 ) Of
Atomic, Molecular, and Optical
8.6x 7.7% 2.8x 5.1x /
107em™ 105 em” 107 em? 102 cm’ Physics (2005)
i s Fig.32.1 and 32.2 p. 494-495
C,(x)-type clusters : C1(z)-type clusters
l A ' L ' ' 1 1 1 1 l 1 L L L L 1 L L A l L 1 A el 1 1 L 1 1 I 1 L L ! L L L 1 1 l 1 1 1 1 L
20 30 40 50 60 (cm™)

g 32.2 J = 10 rotational energy surface and related level spectrum for an asymmetric rigid rotator (A =0.2, B =
B2 C=06cm™!)
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Separatrix circle pair
dihedral angle

_ A-B
()Séyy——ffﬁall(jz§:zf}

Int.J.Molecular Science 14.(2013) Fig.3 p. 733
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S

s>
p— — — —
[E—
[
|
[—y

R

C2x 02
4 11
A2
B | 1
BZ

Revised color mixing scheme

gives

orange 0>=(A14:) cyan 1,=(B1B3) for y-prolate axis

purple 0>=(A1B1) yellow 1>=(A-B>) for x-oblate axis

(Revised color mixing scheme used here)

Int.J.Molecular Science 14.(2013) Fig.4 p. 734
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Octahedral semi-rigid quantum rotor analysis of On Hamiltonian H=BJ'J+1p4/ T4
* Spherical rotor levels and RES plots of Oy, tensor eigenvalues é
R(3)CO(3)D01D0 character analysis of (-level or 20+ 1-multiplet splitting in O
Visualizing J=30 quantum levels of cubic, octahedral, and tetrahedral molecules
SF's spectral fine structure P(88)
CFy spectral fine structure P(54)
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Semi Rigid Rotor Hamiltonian: Centrifugal and Coriolis terms...

H= A%+ B, +CI2+1, I+, I35+

XXXX- X ' OXxXyy x°y

Semi Rigid Oy, or Ty Spherical Top: (Hecht Hamiltonian 1960)

3
2 2 2 4 4 4 4 Lo

S
precessing

J vector

- g7

after QTforCA Unit 8. Ch. 25 Fig. 25.4.5

o BKg=08
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Octahedral semi-rigid quantum rotor analysis of On Hamiltonian H=BJ'J+1p4/ T4
Spherical rotor levels and RES plots of Oy, tensor eigenvalues
* R(3)CO(3)D01D0 character analysis of (-level or 20+ 1-multiplet splitting in O é
Visualizing J=30 quantum levels of cubic, octahedral, and tetrahedral molecules
SF's spectral fine structure P(88)
CFy spectral fine structure P(54)
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R(S)CO(S)DO};DO character anainiS (From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.384)

Trace 2 (w00) Single Electron Orbital Frequency of O Irreps
Spectroscopic
w=0 o=120° ©w=180° w=90° o = 180° Labeling A fA2 B fT gD
[=0 1 1 1 1 1 S =0 1 Ce - Ay,
1 3 0 -1 1 -1 P, 1] - T N S
2 5 -1 1 -1 1 d, 2 S 1 |E, + Ty,
3 7 1 -1 -1 -1 fu 31 - 1 - 11 | Ay, + Ty, + Ty,
4 9 0 1 1 1 8 4 1 . 1 1 1 A, +E, + T, + T,
5 11 -1 -1 1 ~1 h, 50 - -1 2 1
6 13 1 1 -1 1 i, 6l 1 1 1 1 2
7 15 0 -1 -1 -1 k, 70 - 1 1 2 2
8 17 -1 1 1 1 l, 8| 1 -2 2 2
9 19 1 -1 1 —1 m, 9( 1 1 1 3 2
10 21 0 1 -1 1 ", 10 1 1 2 2 3
11 23 -1 -1 -1 -1 0y 11 - 1 2 3 3
12 25 1 1 1 1 q, 122 1 2 3 3
13 27 0 -1 1 -1 ry 3(1 1 2 4 3
14 29 -1 1 -1 1 t, 41 1 3 3 4
15 31 1 -1 -1 -1 u, 511 2 2 4 4
16 33 0 1 1 1 16| 2 1 3 4 4
17 35 —1 -1 1 -1 7{1 1 3 5 4
18 37 1 1 -1 1 182 2 3 4 5
19 39 0 -1 -1 -1 191 1 2 3 5 5
20 41 —1 1 | 1](5.6.5a) 2002 1 4 5 5 |(5.6.5b)
R(3) characters ol1r R R i
/ sin(/ +% )O Al 1 1 1 1
X (0)= e) A1 4 -1
sin — O characters
E|[2 -1 2 0 0
T |3 1 1 -1
T|3 0 -1 -1 1
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R(S)CO(j,)DOhDO character ClnalySiS (From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.390)

Frequency of O Irreps

, . 2 Y2~'»Y2
A, /'2 E Tl r: Yo 2 -2
A f7fF i f =
[ =10 1 Alx E IE
l l Ti., l 2 .2 > 2 2>
= 2z —x“— v -
(2 IR Eg+ Ty ) ey
3 ' 1 ’ 1 1 AZu + Tlu + TZu
a1 - 11 1 |A,+E + Ty + Ty, =
V:,-z R=2
/AR
1/
Tz
x
T, T,
yz Xz
Y:+Yi1 Y:—Y:
V2 ivZ

Figure 5.6.3 Detailed sketch of octahedral splitting of a d orbital. The wave functions <l§>

Tz> are sketched inside the equipotential contour x* + y* = constant (z = 0).

and <
3
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R(S) C 0(3) D) OhD O character analySiS (From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.403)

ROTATIONAL LEVEL SPLITTING IN FINITE SYMMETRY 403

(A1 T1 E)o, (T>2T1)3, (E T2 A2)2, (T2 T1)14...(A2T> T1 A)os (T1 E T2) 15 (T1 E T2)2s ...

Bands or “Clusters”
of levels maintain order
but change spacing as
they adapt to varying

local symmetries by
crossing separatrices

in their phase space
(see p. 73-77)

Figure 5.6.9 Mnemonic wheels for octahedral-O orbital. Splitting of J levels for (a)
even J and (b) odd J.
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R(S) C 0(3) D) OhD O character analySiS (From Principles of Symmetry Dynamics & Spectroscopy Ch.5 p.403)

ROTATIONAL LEVEL SPLITTING IN FINITE SYMMETRY 403

(A1 T1 E)o, (T>2T1)3, (E T2 A2)2, (T2 T1)14...(A2T> T1 A)os (T1 E T2) 15 (T1 E T2)2s ...

Bands or “Clusters”
of levels maintain order
but change spacing as
they adapt to varying
local symmetries by
crossing separatrices

in their phase space
(see p. 73-77)

Figure 5.6.9 Mnemonic wheels for octahedral-O orbital. Splitting of J levels for (a)
Des wheel even J and (b) odd J.

Ch.5 p402 (A1 E1 E2 B1)o: (B2E2 E1 A2)ie...(A241)05 (E1) 16 (E2)26 (B1 B3)3((E2)4s (E1) 5.
(a) Even J

(see p. 63-66
where “band’ and “gap”
spacing varies with energy)
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Octahedral semi-rigid quantum rotor analysis of On Hamiltonian H=BJ'J+1p4/ T4
Spherical rotor levels and RES plots of Oy, tensor eigenvalues
R(3)CO(3)D01D0 character analysis of (-level or 20+ 1-multiplet splitting in O
* Visualizing J=30 quantum levels of cubic, octahedral, and tetrahedral molecules é
SF's spectral fine structure P(88)
CFy spectral fine structure P(54)
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Semi Rigid Rotor Hamiltonian: Centrifugal and Coriolis terms...

H= A%+ B, +CI2+1, I+, I35+

XXXX- X ' OXxXyy x°y

Semi Rigid Oy, or Ty Spherical Top: (Hecht Hamiltonian 1960)

3
2 2 2 4 4 4 4 Lo

S
precessing

J vector

- g7

after QTforCA Unit 8. Ch. 25 Fig. 25.4.5

o BKg=08
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Finding Hamiltonian Eigensolutions by Geometry
using K

J J cone
Uncertainty Cone Angles COS (@) K= \/
J(J+1)

intersects J=88
RE surface

fo give approx.
K=J, J-1, J-2...
energy levels

Oy, or T ; Spherical Top: (Hecht Ro-vib Hamiltonian 1960)
3
2 2 2 4 4 4 4 LI
H:B(Jx +Jy -|—JZ)-|-t440 [Jx -|—Jy+JZ —gJ j+

RE Surface jtopo-lines track

— 2 4 _5_ 4 4 recessing’[\semi-classical
5 +la40 [TO i \/;[T4 T T_4_B_+ pJ vector ° Kg=68
' =86
. efe,

— ey K3 =88
T [ IF A s

i I’ = .- ) .H-" iif .. - =87

o -:.___. 2 S i 7 o R =86

Wednesday, April 29, 2015 61



VISUALIZING THE J=30
LEVELS OF A '
SPHERICAL TOP

\
\
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A - - =10 -
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VISUALIZING THE J=30
LEVELS OF A
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VISUALIZING THE J=30

LEVELS OF A
SPHERICAL TOP _ Angular Momentum Cones for 4,30 K=30

— _ o K=29 _ 3-fold
-2 K4328,,»— - — J—3O g—iggo K=28<TIU“
J < KD _——e=x33° K28 g
| ’ \ ) = —9=27.7° K=2
D =

AN o\ X = = 43150 K=26
’ 35 30 -~ /// \\\'Q.’ “: T T9=34.9° K=25 ¢ I-fold
.‘ . :I " f/’&h Qg”’ ;\‘\ \ 0=38.1° K=24 :L%t«:tct
: X 30 35.
| “‘N\) ‘ v30(31) 0 = arc cos [ KAVI(J+1) ]
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/
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= 2 94xi0&m 5.0xI0cm’ 5.7x10cm'  9.2xKcm 3.8x10cm’ .6x10gm=4 8Hz
s é :ﬁ @ \"', l" 1 l
oy Ay ' £ Yo iexota |
N Q112
/N I \ rr |
; \‘.. h \ ; L‘X CUBANE CuHs Vu C-H Bond
) N o o r r o
. E% % %3 :‘J a:‘c:; ‘% 'EG P(31) ota0)
1.0%I0cm' 8.1 xI10em' 3l& 1T - t ~ = -- |
C, Clusters v C, Clusters P2
'41 1 °3l 1 ‘2[ :1 "l 1 1 1 l' 1 l2 L l3 1 |4 1 l5 [
A Relative Units of 10™%em '=3.0MHz ’
84.(:/87'!9 |

Wednesday, April 29, 2015 64



VISUALIZING THE J=30

LEVELS OF A
SPHERICAL TOP

-~
Sa—a

Angular Momentum Cones for

V30(31)

——

A
Nk A
A W W, W—
W W W Y A
AN O W W 1

K=30
K=29 _3-fold
K=28 cut«_n:’f
K=27 '
K=26
K=25 ¢ 4-fold
K=24 cutoff
35.3°

0 = arc cos [ KAVJ(J+1) ]

Two molecular examples: SiF4 and CsHs

TETRAFLUOROSILANE:

1

SiFa

V3

R(30)

-

Fall W «» WY |

P(32)

TETRAFLUOROSILANE: SiFa va R(30)
|
)|
CUBANE' CiH, Vi C-H Bend
P(31)
P(30)
f
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Wednesday, April 29, 2015

Previous page: OQTforCA Unit 8. Ch. 25 Fig. 25.4.9

Fig. 25.4.9 Infrared spectra showing fine structure clusters. Tetrafluorosilane (SiFy) spectrum from a v3 R(30) transition .

[After C. W. Patterson, R. S. McDowell, N. G. Nereson, B. J. Krohn, J. S. Wells, and F. R. Peterson, J. Mol. Spectrosc. 91, 416 (1982).
[ Cubane (CsHs) spectrum from vi; P(30), P(31), and P(32), transitions, cubane (CsHg) spectrum from v;> R(36), transition.

[After A. S. Pine, A. G. Maki, A. G. Robiette, B. J. Krohn, J. K. G. Watson, and Th Urbanek, J. Am. Chem. Soc., 106, 891 (19584).]

b

0, s 24 3,
Y
Al - |
E| 1 -

T 00 !
T« 11

Fig. 25.4.7 Different choices of rotation axes for octahedral rotor corresponding to local symmetry Cs, Ca, and C4. Tables correlate global octahedral symmetry species with the local ones.

OTforCA Unit 8. Ch. 25 Fig. 25.4.7
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Octahedral semi-rigid quantum rotor analysis of On Hamiltonian H=BJ'J+1p4/ T4
Spherical rotor levels and RES plots of Oy, tensor eigenvalues
R(3)CO(3)D01D0 character analysis of (-level or 20+ 1-multiplet splitting in O

Visualizing J=30 quantum levels of cubic, octahedral, and tetrahedral molecules

SF's spectral fine structure P(88) *
CF4 spectral fine structure P(54)
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(a) SF, 7, Rotational Structure

F«'rt)

i

llllllllllllllll

FT IR ond Laser Diode Spectra
K.C. Kim,W.B. Person, D.Seitz, and B.J. Krohn
J.Mol. Spectrosc. 76, 322(1979).
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(a) SF, % Rotational Structure .

FT IR and Laser Diode Spectra
K.C. Kim,W.B. Person, D.Seitz, and B.J. Krohn
J.Mol. Spectrosc. 76, 322(1979).

Ri40) PB0) . : .
T N e I . Primary AET species mixing
MWW‘”MWWWA _--  tucreases with distagce from
llllllllllllllll'lnll AAAI‘!.I..LI.LL {lj:L €€ c_ )
620cm'  6lSem  6l0cnt = V sepayatrix

(b) P(88) Fine Structure (Rotational anisotropy effects

N4

~—— 0.125 cm = 3.735 GHz ——

o, T,
—
— ~
. === 41658 g i e
Fourtold ois ===~ more 7 Jmixing SO e
A species mixing /[ _ . 8 T N ! !
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FT IR ond Laser Diode Spectra

K.C. Kim,W.B. Person, D.Seitz, and B.J. Krohn
P(60) J.Mol. Spectrosc. 76, 322(1979).
Primary AET species mixing
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(b) P(88) Fine Structure (Rotational anisotropy effects P (88) :

(a) SF, 7, Rotational Structure
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(a) SF, 7, Rotational Structure
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(c) Superfine Structure (Rotational axis tunneling)
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FT IR ond Laser Diode Spectra
K.C. Kim,W.B. Person, D.Seitz, and B.J. Krohn
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(a) SF, % Rotational Structure .

FT IR ond Laser Diode Spectra
K.C. Kim,W.B. Person, D.Seitz, and B.J. Krohn
P(60) J.Mol. Spectrosc. 76, 322(1979).

R&0) : : -
' R20) I | | . Primary AET species mixing
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IR Spectra of SF6 v4 P(88)

FT IR ond Laser Diode Spectra
K.C.Kim,W.B. Person, D.Seitz, and B.J. Krohn
J.Mol. Spectrosc. 76, 322(1979).
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SF 4 Spectra of Oy, Ro-vibronic Hamiltonian described by RE Tensor Topography

and J-cone intersection
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(a) SF, ¥, Rotational Structure .
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(a) SF; 2 Rotational Structure FTIR and Laser Diode Specira
K.C. Kim W.B. Person, D, Seitz, and B.J. Krohn
J.Mol. Spectrosc. 76, 322(1979).
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SF's spectral fine structure in P(88)
Note that ordering of symmetry species
listed on the O-wheel is maintained as
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C> separatrix.

Figure 5.6.9 Mnemonic wheels for octahedral-O orbital. Splitting of J levels for (a)
even J and (b) odd J.
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Octahedral semi-rigid quantum rotor analysis of On Hamiltonian H=BJ'J+1p4/ T4
Spherical rotor levels and RES plots of Oy, tensor eigenvalues
R(3)CO(3)D01D0 character analysis of (-level or 20+ 1-multiplet splitting in O
Visualizing J=30 quantum levels of cubic, octahedral, and tetrahedral molecules

SF's spectral fine structure P(88)

* CFy spectral fine structure P(54) é
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Example of frequency
hierarchy

for 16pm spectra
of CF4

(Freon-14)
W.G.Harter

Ch.31

Atomic, Molecular, &

Optical Physics Handbook
Am. Int. of Physics

Gordon Drake Editor

(1996)

(a) CF4 Vibrational Structure

v, =908.5 cm™
v2=4350 em™!
v4=631.2 cm™! ‘
ol v3=I283 Ocm™! N
S~ s

Ef

;"'M ~4
e
=~
S~
ul

(b) v4 Rotational \\ el O 2
Structure \

\
\

\

\

\
\ llnlllnll\h‘nluullnllnnlJllllnnlnnlnuluulnu.l
660

\i'soo.:m" 610 ‘\\ezo 630 640 650

(c) P(54) Fine (Centrifugal)

Structure SRl 2_\ o
QT FOLD? oo\ e
FASTER (5 % TUMBLING (%) » JFASTER
4-FOLD o / N el & X sFoLp
ROTATION \"A \\ ” ROTATION
[ —_ R —
\ 54 i 154
\ 534, S0 i 5 : P(54)
~=
//
P
e N
Ao ST X
5 S BB T %/ &
D i R A A NereiA Dee
(d) Superfme/( Tupbh/ng}s/uct/ure/ mfl —
G
e / o / £ {o 5 L 53'52‘51,
mvlhhx mnlhhz hz hz
Q'FzAz Fafi <N e ) RF

(e) Hyperfme (Nuclear Spin) Structure

lL ;l
-‘..r--':

VI
AR
.........

i i
— casE()lcase()

1 §
8
: ez

-
—-

79

Wednesday, April 29, 2015



a) CF, vibrational structure

Example of frequency
hierarchy

for 16pm spectra
of CF4

(Freon-14)
W.G .Harter
Fig.32.7
Springer Handbook of
Atomic, Molecular, &
Optical Physics
Gordon Drake Editor
(2005)
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b) v rotational structure
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As of April 3, 2014

Links to the current Harter-Soft I.earnlt web apps for Physics

Bold links have default redirect pages. Italics are not yet meant for production.Red: the final stages of testing.

List of production Harter-Soft Web Apps & Textbooks (For public)

Classical Mechanics with a Bang! - URL is "http://www.uark .edu/ua/modphys/markup/CMwBangWeb.html"
Quantum Theory for the Computer Age - URL is "http://www.uark .edu/ua/modphys/markup/QTCAWeb.htm]"
Learnlt Web Applications - URL is "http://www.uark.edu/ua/modphys/markup/LearnltWeb.htm]"

Individual web-apps for current classes:

Bohrlt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BohrltWeb.html"

Bouncelt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BounceltWeb.htm]"

BoxIt - Production; URL is "http://www.uark.edu/ua/modphys/markup/BoxItWeb.html"

Coullt - Production; URL is "http://www.uark.edu/ua/modphys/markup/CoulltWeb.html"
Cycloidulum - Production; URL is "http://www.uark .edu/ua/modphys/markup/CycloidulumWeb.htm]I"
Jerklt - Production; URL is "http://www.uark .edu/ua/modphys/markup/JerkltWeb.html"

MolVibes - Production; URL is "http://www.uark .edu/ua/modphys/markup/Mol VibesWeb.html"
Pendulum - Production; URL is "http://www.uark .edu/ua/modphys/markup/PendulumWeb.html"
Quantlt - Production; URL is "http://www.uark.edu/ua/modphys/markup/QuantitWeb.html"

The old relativity website (2005):
Relativity - Pirelli Entrant - Production; URL is "http://www.uark.edu/ua/pirelli" or "http://www.uark.edu/ua/pirelli/html/default.htm]"

Newer relativity web-apps currently being developed (2013-)
Relativlt Production; URL is "http://www.uark .edu/ua/modphys/markup/RelativitWeb.html|"
RelaWavity Production; URL is "http://www.uark.edu/ua/modphys/markup/RelaWavity Web.html"

Additional classical wep-apps:
Trebuchet Production; URL is "http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html"
Wavelt Production; URL is "http://www.uark.edu/ua/modphys/markup/WaveltWeb.html"

Link to master list of all Harter-Soft Web Apps & Textbooks (Prod, Testing, & Developement)

http://www.uark.edu/ua/modphys/testing/markup/Harter-SoftWebApps.html
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