Group Theory in Quantum Mechanics
Based on AMOP Lectures 14-15
Lec ture 2 5 (4.24.14)  Atomic, Molecular, and Optical Physics

Introduction to Rotational Eigenstates and Spectra I

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 7 Ch. 21-25 )
(PSDS - Ch. 5, 7)

Three (3) applications of R(3) rotation and U(2) unitary representations D’mq(cv, 3,7)
1. Atomic and molecular DY “mi(cv, 8,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |"mn)=Pmn"|0,0.0))= Jdto, 39D unte 3.)R(a, 8| 0.0,0))
2. R(3) rotation and U(2) unitary D’m.(c, 3,7)-transformation matrices
General Stern-Gerlach and polarization transformations Ria,5,9) | mn) =2m D min(v, B,7) |/min)
Angular momentum cones and high J properties
3. Atomic and molecular multipole Hamiltonian tensor operators T4 and eigenvalues
Multipole T* expansion of asymmetric-rotor Hamiltonians H=AJ.?+BJ,?+CJ.?
Multipole T4~ expansion of symmetric-rotor Hamiltonians H=BJ,’+BJ,*+CJ.?
Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions
Rotational Energy Surfaces (RE or RES) of asymmetric rotor and energy levels
Sketch of modern molecular electronic, vibrational, and rotational spectroscopy
Example of CO; rovibrational (v=0)<(v=1)bands
Introduction to RE symmetry and RES analysis of rovibrational Hamiltonians
Asymmetric Top eigensolutions for J=1-2
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As of April 3, 2014

Links to the current Harter-Soft I.earnlt web apps for Physics

Bold links have default redirect pages. Italics are not yet meant for production.Red: the final stages of testing.

List of production Harter-Soft Web Apps & Textbooks (For public)

Classical Mechanics with a Bang! - URL is "http://www.uark .edu/ua/modphys/markup/CMwBangWeb.html"
Quantum Theory for the Computer Age - URL is "http://www.uark .edu/ua/modphys/markup/QTCAWeb.htm]"
Learnlt Web Applications - URL is "http://www.uark.edu/ua/modphys/markup/LearnltWeb.htm]"

Individual web-apps for current classes:

Bohrlt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BohrltWeb.html"

Bouncelt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BounceltWeb.htm]"

BoxIt - Production; URL is "http://www.uark.edu/ua/modphys/markup/BoxItWeb.html"

Coullt - Production; URL is "http://www.uark.edu/ua/modphys/markup/CoulltWeb.html"
Cycloidulum - Production; URL is "http://www.uark .edu/ua/modphys/markup/CycloidulumWeb.htm]I"
Jerklt - Production; URL is "http://www.uark .edu/ua/modphys/markup/JerkltWeb.html"

MolVibes - Production; URL is "http://www.uark .edu/ua/modphys/markup/Mol VibesWeb.html"
Pendulum - Production; URL is "http://www.uark .edu/ua/modphys/markup/PendulumWeb.html"
Quantlt - Production; URL is "http://www.uark.edu/ua/modphys/markup/QuantitWeb.html"

The old relativity website (2005):
Relativity - Pirelli Entrant - Production; URL is "http://www.uark.edu/ua/pirelli" or "http://www.uark.edu/ua/pirelli/html/default.htm]"

Newer relativity web-apps currently being developed (2013-)
Relativlt Production; URL is "http://www.uark .edu/ua/modphys/markup/RelativitWeb.html|"
RelaWavity Production; URL is "http://www.uark.edu/ua/modphys/markup/RelaWavity Web.html"

Additional classical wep-apps:
Trebuchet Production; URL is "http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html"
Wavelt Production; URL is "http://www.uark.edu/ua/modphys/markup/WaveltWeb.html"

Link to master list of all Harter-Soft Web Apps & Textbooks (Prod, Testing, & Developement)

http://www.uark.edu/ua/modphys/testing/markup/Harter-SoftWebApps.html
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Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)

)1. Atomic and molecular D’ mi(cv, B8,7)-wavefunctions ‘
“Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jd(e.3) D" (o 3R (@, 54 | (0.,0,0))
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1. Atomic and molecular D’ wn(cv, B,7y)-wavefunctions 1) (COS B )2j+m—n—2k (Sin ﬁ)n-mm i)
(LIR(@BY)|2) = D (y) = Ui+ m) (= ) (i+ m)t (ji = m)t =

(j+m—k)(n—m+k)k\(j—n—k)!

Vector (j=(=1) representation l+cosB —sinf 1—cosf ia 1+c0sf ie_,.a-sinp : i l=cosp Notation Switch:
N 2 V2 2 y 2 ANCE 2 azimuth angle:
Dl(aﬁ ): e 1 . w Cosﬁ —Sinﬁ eV 1 . ) ﬂe—i}/ E Cosﬁ i —sinﬁeiy Odﬂ¢
’ io \/5 \/5 | iy \/E E E \/5 1 1 .
¢ l-cosf sinf3 l+cosf e io 1=cosB _;, E i Sinf3 E o 1+ cosp polar angic:
> NG > e 5 e E e NG :e 5 e 6ﬁ‘9
: . B 1+ LB 1- . i " _ip—sin@
Here half-angle identities were used. cost5=128 B _1oco0b 5 B0 B_snB 4 yi(g 0)= [3 o 7 = P9

¢,9)=J§ cosf3 = Dy ,(¢.6)
9.0)= \/gem) % = D-ll,o(‘P»O)
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1. Atomic and molecular D’ wn(cv, B,7y)-wavefunctions

2 j+m—n—2k n—m+2k '
2(—1)k (Cosﬁ) (Sinﬁ) g~ imo+n)
4 2 2

(2[R (eBy)

Vector (j=(=1) representation

D=0}, (aBy)=(j+n)1(j-n)(j+m)!(j—m)!

(j+m k)(n m+k)'k'(] n— k)

l+cosf —sinf8 1-cosf e_ia1+cosﬁe_iy ie_,-a—sinﬁ i e_ial—cosﬂe,-}, Notation Switch:
Y 2 V2 2 » 2 V2 i azimuth angle:
1 _ € - sin 8 —sin 3 € - sinﬁe_,-y : —sinﬁe,-y o —
D (OtﬁV) | l:a } . cos 3 —\/E { 1 ;y ] 5 cos 3 I 5 1 Qb .
e l-cosff sinf3 1+cosp o o 1=cosf _;, 1 sinf Lo l4cosp polar angle.
5 5 5 e — ¢ I e 7 e — ¢ 6_>9
: . B LB 1= , i _ _jp —sinf
Here half-angle identities were used. eosf=2¥8 2B _1200P 3o Boo B_smB 4 yiv(g 0)= 2 = 7 = P.9)
' 2
o Yy (06)=43;  cosP =D;p(9.6)
T i SIn6
Center (n=0) column with the factor -, — Y (0.0)= e S% =Dl ,(9.6)
gives set of spherical harmonics Y',,., e
20+1
l %
An
Dipole (j=/=1) wavefunctions
. s SN0 cos@sin@+icos@sinO xX+iy
DI (¢60)=—¢ T = _ =
10 (960) B 7 2
Dy (¢00)=cos = cosf =z/r
. _io SINO  cos@sin@—icos@Psinf x—iy
DY, (900)= ¢ 22 = =
10 (960) 7 7 2
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1. Atomic and molecular D’ wn(cv, B,7y)-wavefunctions

D=0}, (aBy)=(j+n)1(j-n)(j+m)!(j—m)!

(2[R (eBy)

Vector (j=(=1) representation

l+cosff —sinf3 1-cosf
—iot 2 V2 2
! = ‘ . M cos _—sinﬁ
D (Olﬁ]/)— . 1 l:a } \/E B \/E
e I-cosff sinf3  1+cosf
2 2 2
. .. Bl
Here half-angle 1dentities were used. cos §=+CT°S[3
20+1
Center (n=0) column with the factor /=, _—
gives set of spherical harmonics Y',,.
20+1
l %
An
Dipole (j=/=1) wavefunctions
. s SN0 cos@sin@+icos@sinO xX+iy
DY (060) = —¢ 21 — _ —_ —
1,0 (¢ ) \/5 \/5 7"\/5
Dy (¢00)=cos = cosf =z/r —
. _io SINO  cos@sin@—icos@sinO — 1y
D" (¢60) =7 2 = =
1,0 (¢ ) \/5 \/5 7'\/5

3-D linear-circular polarization T-matrix:

CRRNIONTE
B R Ol -
UERUBRUD

S = 1L

—I
J2
0
-
J2

0

1
0

sinzﬁ: 1—cosf3

2 j+m—n—2k n—m+2k '
2(—1)k (Cosﬁ) (Sinﬁ) g~ imo+n)
4 2 2

s
A
R

2 2

(j+m k)(n m+k)'k'(] n— k)

_iy 1+cosf _;
e o ﬁe iy

2

sinf _;
B i

NG

~1—cosfB _;
o ﬁe iy !

{ i ZSinf 5 Jia 1=c0sp 4, Notation Switch:
V2o 2 azimuth angle:

cos f3 i _f/i%ﬁeiy Od%gb
i sin i o 1 +cos 8 o polar angle;

RS T2 F—0

Ly s —sind

1 (0.0)=3ne 5= Dl.9

Yol*(¢,9)= 2 cosf = 1,0(¢,9)

. N i 0

LY (¢,9)=J§e+¢5j =D, ,(9.0)
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1. Atomic and molecular D’ wn(cv, B,7y)-wavefunctions

2 j+m—n—2k n—m+2k
2(—1)k (Cosﬁ) (Sinﬁ) g~ imo+n)
4 2 2

N—

TR(aBy)| !y =D, (ofy)=(+n)(j—n)J(j+m)(j—m)
Vector (j=(=1) representation Licosp —sinf 1—cosf lrcosh ot psinB o l-cosp Notation Switch:
| 2 NG 2 | T TR ‘ azimuth angle:
e . . . e . - ' :
Dl(aﬁ]/)= o1 } sinfj cos 3 —sinp { 1. ] Smﬁe_W cosf _Smﬁe’y Olﬁgb
S NG l. NG . h |
e l-cosf sinf3 l+cosf e iw1=cosfB _;, E i SIN E i 1+cosfB %Ola; angle'
> \/5 > e — e E e \/5 E e — e _
. . 5 1 . 2 1- ) I - _ip —Sin6
Here half-angle identities were used. cosb="22E, s L1298 Lo, 2 2, 2 (0.6)= 3¢ f/lg = Dy,(6.0)
o LYy (0.0)=v3y  cosB =Dgy(6.0)
: + : . ’
Center (n=0) column with the factor -, — ¥ (0.0) =2 53159 =D, 9.0)
gives set of spherical harmonics Y',,. , , e
Y Applying T-matrix:
+ s _
Y, (90)=D,, ,(¢60),|=— S L) TSR TR (2
’ 47‘[ 2 2 _ . V2 2 cosf 0 sinf
. . . ii-wmﬂﬂ-001=o1o
Dipole (j=/=1) wavefunctions NI V2 V2 Lo~ || —sinp 0 sinp
1- i 1 - =
Dllz(q)OO):—ei‘P sin9:_cos¢sin9+icos¢sin9:_x+iy_ 0 1 0 Czosﬁ Sil/laﬁ +C205ﬁ V2 V2
| V2 V2 r2 L, L Loy
Dy, (p60)=cos® = cos@ = z/r — \/5 \/5 e 1 \{)5 \{)5 . [C?Sa ~snd 8]
’ ) ) . ) . L 0 L . - SIno cosx
Df;o((bQO):e_id’ 81n6:cos¢sm9—zcos¢s1n0:x—zy NG NG i R 0 0 1
’ 2 2 2 0 1 0 V2 2

3-D linear-circular polarization T-matrix:

CRRNIONTE
B R Ol -
UERUBRUD

S = 1L

—I
J2
0
-
J2

D! («By) D., D!

X,y X,Z

1 1 1 _
Dy,x Dy,y D -

0

1 1 1
DZ X DZ Y DZ 2

1

0

coso cos Fcosy —sinasiny

sino cos Fcosy + coso siny

—cos 7 sin 3

-coso cos Bsiny —sinoccosy  cosasin 3

-sinc cos Bsiny +cosccosy  sinosin 3

siny sin 3

cosf3
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1. Atomic and molecular D" mn(ov, 8,7)-wavefunctions

Vector (j=(=1) representation

l+cosfB —sinf3 1-cosf i 1+cos[3€_,-y ie_’o‘ sin 3 E i l—cosﬁe,-y Notation Switch:
Y 2 V2 2 » 2 V2 2 azimuth angle:
| _ € o sin 3 os —sin 3 ¢ L sinﬁe_l-y 5 E —sinﬁe,-y o —>
D (Otﬁj/) : 1 lja J \/5 cos 3 \/5 ( . 1 ;}/ } \/5 cos 3 E \/5 | ¢ .
e l-cosf3 sinf8 1l+cosf ¢ i 1=cosf E i sin 3 E o 14cosf polar angic:
> \/5 5 e 5 e E e \/5 : e — e 5%9
. . Bl LB 1= _ i B _is —sin@
Here half-angle identities were used. cosL=T2E, i L1298 o Loos - 7 2 (6,6)=2,e7® f/lg = Dy (9.6)
. 20+1 Y (0.0)=42 = D} (0.6
Center (n=0) column with the factor ,/—— T (00) Vi cosp =D},6.0)
. . ) 475 E Yl* 9 _ \/? +ifp sin9 . Dl 9
gives set of spherical harmonics Y',,. 1(¢’)— ey T P00
20+1
Y'(p0)= D! _(¢680),|——
,n=0 1 1l
,(00)=D,, ,_,(¢60) ATC o ¥ (¢.0)=D, (4.0,0
Dipole (j=(=1) waves S = =cospsing
| S . Standing 1 1
r ip SiN@  cosgsin@+icosgsin®  x+iy W, (¢,9)=Dyz((f),9,0
D{ (¢60)=—e H 7 - p-Waves R
2 2 r2 =sin¢sin 6
Dy (¢00)=cos = 6 = 7/
0.0 (960) = cos CoS z/r ¥ (9,0)=D'_(¢.6,0)
D (¢60)—e_’¢ sin@  cos¢sin@—icos¢gsin® x—iy ’
1,0 \/5 \/5 l’\/z =cos0
Sunday, April 26, 2015 8



j=1
Standing
p-Waves

Standing p-Wave i
Distributions

Moving p-Wave
Distributions

¥.(0.0)=DL.(6.0.0) .
= cos¢sinf \

¥,(9.6)=D,.(¢.6.0)
=sin¢sinf

¥.(¢.0)=D!_(9.6.0)
=cosf

Sunday, April 26, 2015 9



1. Atomic and molecular D’ wn(cv, B,7y)-wavefunctions

lensor (j=(=2) representation

D*(ap0)

2
oeftreod)] (B

e (#jsmﬁ e (%](kosﬁ — 1)

\/g sin® 3 \/% sin Bcos 3

e (@)sinﬂ e (@j(%osﬁ + 1)

2
pe(t)

\/ge—ﬂa Sln2 ﬁ

—\/ge_ia sin Bcos 3

3cos? B-1
2

\/Ee’a sin 3 cos 3
2
\/geim sin® 3

2
ety o 1m50)

e (@](hosﬁ + 1) —e [@jsmﬁ

\/gsinﬁcosﬁ \/gsinzﬁ

e [%j@cosﬁ — 1) —e™ (@)sinﬂ

2
sy (L)
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1. Atomic and molecular D" mn(ov, 8,7)-wavefunctions

lensor (j=(=2) representation e_i2a(1+czosﬁjz e—iza(@jmﬁ

e‘ia(—lﬂ:zosﬁjsinﬁ e‘ia(—l—i_czosﬁj(%osﬁ—l)
2 _ 3. 2 3.
D (Ocﬁ())— \/;sm B \/;smﬁcosﬁ

e (%]Sinﬁ e (ﬁj(%osﬁ + 1)

2
pe(t)

\/ge—ﬁa Sinzﬁ

—\/%e_’a sin Scos 3

3cos? f—1
2

\/geia sin 3 cos 3
2
\/geﬂa Sinzﬁ

e_ia(—l_(;osﬁ](2cosﬁ+l) —e_ia(—l_(:zosﬁjsinﬁ

e [%j@cosﬁ — 1) —e™ (%)Sinﬁ

2
ety o 1m50)

\/gsinﬁcosﬁ \/gsinz B

2
sy (L)

Spherical 2*-multipole functions X/ or X-functions are D*-functions times the £h power of radius (7).

e k _ _kpyk*
Var /57,75 (96) = D5 (960)= \F 29 sin” 0 =\/§@ Xy=rDgo=
r
Var /5 Y= (98) =Dl (960)= \E sinfcosf = %(Hiy)z
r
2 2
erﬁzé(d)e) —DZ* (Q)QO) 3COS 9 1 _ 322—2}"
r

Nar /5 Y22 (90) = D> (¢60)=

ﬁ

xX—1y)z
Ze®sinBcosO = \/EQ
7 2

r

C\2
Nar /5 Yrﬁjz(q)e =D ¢90 \/ge 20 6in2 g =\/§(x—ly)

2
r

Notation Switch:
azimuth angle:
o—

polar angle:
G—0

Standing
d-Waves

Sunday, April 26, 2015
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1. Atomic and molecular D" mn(ov, 8,7)-wavefunctions

lensor (j=(=2) representation

Spherical or are D*-functions times the &h power of radius ().
2
* 3 3(x+iy
Var /54,23 (96) = D3y (900) = \fg o \/;u
/ = * 3, 3 lx+iy)z
477:/5Yn€=%(¢0) —D2 (¢90)= \/; 9 sin@cos® =-— 5%
Jan 157,25 (08) = D3 (900)= 300529 L 321_2 2
r

Narm /5 Ylﬁil (¢9 DZ10 ¢00 =.,/=¢?sinOcosO = \/;M

7’2

ﬁ

X—1
Var /57,72, (¢6) = D2, (¢60)= \/g 120 5in2 0 =\f 4 )

7”2

Standing
d-Waves

Notation Switch:
azimuth angle:
o—

polar angle:
G—0
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1. Atomic and molecular D' mn(cv, 5,7)- waveﬁmctlonsé ¢
o . 00000
6 0 oco % oeccdeesce
o © oo _. - ococose geoeoe
© 4 99° ogee °°°°

A 0000
Legendre P,(®) Multipole ? Q

Symmetric (m = 0) Polynomials

/ 4r
XO = I’KDO 0= ;»KYOK octgole
20+1 quadryupole
dipole é

monopole ¢ '

Notation Switch:

azimuth angle: P/(cosB) cylindrical symmetry P3(cosb)
=@ If m=0 then wave is

polar angle: independent of the

(7—0 azimuth angle ¢ and

only function of
polar angle 6.

Note
Pascal Triangle

of (+) and (-)

charges

Sunday, April 26, 2015
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Three (3) applications of R(3) rotation and U(2) unitary representations D’mu(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions
) “Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, 8| 0.0,0

Sunday, April 26, 2015
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1. Atomic and molecular D’ “mi(cv, 8,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |"mn) =Pmn"|0,0.0))= Jd(e. 39D (e, 3.y R(a,8 | 0.00)

From Lecture 14 p.47 “Give me a place to stand...
and I will move the Earth”

Archimedes 287-212 B.C.E

IdeaS Of dualltY/ I‘elathlty g() Way baCk (...VanVleck, Casimir..., Mach, Newton, Archimedes...)

Lab-fixed (Extrinsic-Global)R,S...vs. Body-fixed (Intrinsic-Local)R,S.,.

Lab Based Operations i z-Crank docs Body Based Operations
o | | opertions all RS
— R(000) or R(00y) ] g

commute with

“ / o “Mock-Mach”
N relativity principles

Nx |} AP R
\\ RID=R|1)
O -Cran ocs | S 1>::S'1‘1>

Z-Crank does
operations

: R(-000) or R(00-y)

S, S R(0OB0)

...for one state |1) only!

Figure from Ch. 5 of PSDS (Originally in Rev. Mod. Phys. 50, 1, p. 37-83 (1978) Fig. 2)

Sunday, April 26, 2015
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1. Atomic and molecular D’ “mi(cv, 8,7)-wavefunctions

“Mock-Mach” lab-vs-body-defined states |"mn) =Pmn’|10.0.0)) fd(a BA)D mn(e, 6,7)R(a, 87| (0.0,0))
For SU(2) and R(3), sum over rotations is an integral over Euler angles (o).
For integral-j=0, I, 2,.. the R(3) integral over polar angle B ranges from O to 7.

for R(3): —jd ofy) = 2]+1jda jdﬁsmﬁjdy 2j+1=4

For integral-j=1/2, 3/2,.. the U(2) 1ntegral over polar angle B ranges from -7t to 7.

for SU2): —jd ofy)= ZJHJdajdﬁsmﬁjdy =2j+1=0

Elgenstates of angular momentum are bullt from prOJected 1n1t1al position states |000).

. 000) . . .
)= JLT = [d(apr) Dy (o R(epy ) 00O =~ [a(epy) DY, (cspy WET oy
Lab z-axis fixed ~' Bodv z-axis

in Labf /4 ?Idy ,

Sunday, April 26, 2015 16



Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, 8] 0.0,0)
y. R(3) rotation and U(2) unitary D’m.(cv, B,7)-transformation matrices ‘

General Stern-Gerlach and polarization transformations R, 5| mn) =2m D min(c, B,7) | min)

Sunday, April 26, 2015 17



1. Atomic and molecular D’ “mi(cv, 8,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |"mn) =Pmn”|0.0.0)= Jdto.3) D" mn(e. 3R, 8| 0.0,0)
For SU(2) and R(3), sum over rotations is an integral over Euler angles (o).
For integral-j=0, I, 2,.. the R(3) integral over polar angle B ranges from O to 7.

for R(3): —jd ofy) = 2]+1jda jdﬁsmﬁjdy 2j+1=4

For integral-j=1/2, 3/2,.. the U(2) 1ntegral over polar angle B ranges from -7t to 7.

for SU2): —jd ofy)= Z”IJdajdﬁsmﬁjdy =2j+1=0

Elgenstates of angular momentum are bullt from prOJected initial position states |000).

1.y~ (o)L (BB JO0ONT =1 [a(ap) ., (or NP

2. R(3) rotation and U(2) unitary D’/mn(c, 5,7)-transformation matrices
General Stern-Gerlach and polarization transformations R, 37| mn) =%m D’ mn(cv, 3,7) | mn)

Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle

R(@7)|000)=|afr) =R (@By)000) (15 vty RE@BYIR(BY)=R(@B )R (ehy)
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1. Atomic and molecular D’ “mi(cv, 8,7)-wavefunctions

“Mock-Mach” lab-vs-body-defined states |"mn) =Pmn’|10.0.0)) fd(a BA)D mn(e, 6,7)R(a, 87| (0.0,0))
For SU(2) and R(3), sum over rotations is an integral over Euler angles (o).
For integral-j=0, I, 2,.. the R(3) integral over polar angle B ranges from O to 7.

for R(3): —jd ofy) = 2]+1jda jdﬁsmﬁjdy 2j+1=4

For integral-j=1/2, 3/2,.. the U(2) 1r1tegral over polar angle B ranges from -7t to 7.

for SU2): —jd ofy)= ZJHJdajdﬁsmﬁjdy =2j+1=0

Ergenstates of angular momentum are bullt from prOJected initial position states |000).

1.y~ (o)L (BB JO0ONT =1 [a(ap) ., (or NP

2. R(3) rotation and U(2) unitary D’/mn(c, 5,7)-transformation matrices
General Stern-Gerlach and polarization transformations R, 37| mn) =%m D’ mn(cv, 3,7) | mn)

Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle

R(@7)|000)=|afr) =R (@By)000) (15 vty RE@BYIR(BY)=R(@B )R (ehy)

Left hand (LAB-m) and right hand (BODY-#) quantum numbers apply in turn.

[LABmHm’R ofBy) ‘mn> 2 D!, (ofy ‘m ”>J [BODan’ (eBy) ‘mn> 2 D)’ aﬁl’l 8

transform = j transform W= j
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1. Atomic and molecular D’ “mi(cv, 8,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |"mn) =Pmn”|0.0.0)= Jdto.3) D" mn(e. 3R, 8| 0.0,0)
For SU(2) and R(3), sum over rotations is an integral over Euler angles (o).
For integral-j=0, I, 2,.. the R(3) integral over polar angle B ranges from O to 7.

for R(3): —jd ofy) = 2]+1jda jdﬁsmﬁjdy 2j+1=4

For integral-j=1/2, 3/2,.. the U(2) 1r1tegral over polar angle B ranges from -7t to 7.

for SU2): —jd ofy)= ZJHJdajdﬁsmﬁjdy =2j+1=0

Ergenstates of angular momentum are bullt from prOJected initial position states |000).

1.y~ (o)L (BB JO0ONT =1 [a(ap) ., (or NP

2. R(3) rotation and U(2) unitary D’/mn(c, 5,7)-transformation matrices
General Stern-Gerlach and polarization transformations R, 37| mn) =%m D’ mn(cv, 3,7) | mn)

Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle

R(By)[000) =| By} =R (eBy)]000) forall |~~~ R(apy)R(e/B'y)=R(/By)R(cfy)

(eBy)and(a’By")
Left hand (LAB-m) and right hand (BODY-#) quantum numbers apply in turn.

[LABmHm’R ofBy) ‘mn> 2 D!, (ofy ‘m ”>J [BODan’ (eBy) ‘mn> 2 D)’ aﬁl’l 8

transform = j transform W= j

Same applies to the generators 8 or Jz of SU(2) or R(3).

LAB m j j BOD — | :
. SZ‘ijn,n>:m‘ ﬁz,n> . " sZ‘%a,n>:_n‘£1,n>
eigenvalues eigenvalues

l
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Lab z-axis fixed ~ Body z-axis
in Lab Z J ,

2. R(3) rotation and U(2) unitary D’/mn(c, 5,7)-transformation matrices
General Stern-Gerlach and polarization transformations R, 37| mn) =%m D’ mn(cv, 3,7) | mn)

Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle
. D for all D R, — R A,
R(apy)|000)=[afy)=R"(aBr)000) (o yand(apy) RPTIR(B7)=R(eBy)R(afy)
Left hand (LAB-m) and right hand (BODY-#) quantum numbers apply in turn.

[LABmHm’R ofBy) ‘mn> 2 D!, (ofy ‘m ”>J [BODan/ (eBy) ‘mn> 2 D)’ aﬁ?" 8

transform = j transform W= j

Same applies to the generators 8 or Jz of SU(2) or R(3).

LAB m j j BOD — | :
. SZ‘ijn,n>:m‘ ﬁz,n> . " sZ‘%a,n>:_n‘£1,n>
eigenvalues eigenvalues
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Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions

“Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, 8] 0.0,0)
2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices

General Stern-Gerlach and polarization transformations R, 5| mn) =2m D/ min(, 5, 7)‘Jm’n>‘
Angular momentum cones and high J properties

Sunday, April 26, 2015 22



2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices
General Stern-Gerlach and polarization transformations R(a, 8| mn) =2m D min(c, B,7) | min)
Polarization analysis: Suppose a spin-j state R(030) |’ ~%,;) exits an analyzer rotated by 3

and then enters a vertical (3=0) analyzer and forced to choose from unrotated states |/,
: J : : : 2
R(0p0)[/)= = |}, )(},[R(0B0) ]) MG YA
S ’ (0B0) 'z
.S 7 )D3, (050) 2

~ |m [Tm'n 021 (030) -
m'=—]

10Bo)l1) o

B YAN

%k
ROBO)| 1) S

OTforCA Unit 8. Ch. 23 Fig. 23.2.1
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2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices
General Stern-Gerlach and polarization transformations R(a, 8| mn) =2m D min(c, B,7) | min)
Polarization analysis: Suppose a spin-j state R(030) |’ ~%,;) exits an analyzer rotated by 3

and then enters a vertical (3=0) analyzer and forced to choose from unrotated states |/,
: J : : : 2
R(0p0)[/)= = |}, )(},[R(0B0) ]) MG YA
S ’ (0B0) 'z
.S 7 )D3, (050) 2

~ |m [Tm'n 021 (030) -
m'==j

10Bo)l1) o

I HYAN

[ J=2 m=1

A m'=2
Overlap of state R(a3y) |?;) with unrotated ["~2,,/) < > B=n s

is the corresponding D-matrix element.

(2| R(aBy)|})=087"D (aBy) = (1|}

*
ROB| 1)

2 m'=1 m=1

| B
i .

DVmm(050) plotted vs. 3 for fixed j,m’,n>

OTforCA Unit 8. Ch. 23 Fig. 23.2.1
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2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices

General Stern-Gerlach and polarization transformations R(a, 3| mn) =2m

2 2
_i20[ 1+cos _io [ I+cosB ) . 3 1+cosf _i2o[ 1—cos
(252) (e | s | e o252
et et ] () <[
Dz(aﬁ()): %sinzﬁ %sinﬂcosﬁ 3COS22ﬁ_l %sinﬂcosﬁ %sinzﬁ

Overlap of state R(a,37) |°;) with unrotated |"=2,,)
is the corresponding D-matrix element.

(v [R(aBy)| F) =872 D3i (apy) = ([s|7),

DVmy(050) plotted vs. 3 for fixed j,m’,n>

OTforCA Unit 8. Ch. 23 Fig. 23.2.5

mn(0, 0,) [ )
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DJm ’n(OﬁO)

vs. (3
for fixed

/
Jm’'n

J=2 m=-2 n=-2

* J=2 m=-2 n=-1

 J=2 m=-2 n=0

 J=2 m=-2 n=1

t J=2 m=0 n=-2 * * J=2 m=0 n=2
N A; /7\v ,

t J=2 m=1 n=0  J=2 m=1 n=2
k

" J=2 m=2 n=0

|

" J=2 m=2 n=I

Quantlt - Production;

/l\ 1 )/7\

URL is "http://www.uark.edu/ua

modphys/markup/QuantltWeb.htm]"
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http://www.uark.edu/ua/modphys/markup/QuantItWeb.html
http://www.uark.edu/ua/modphys/markup/QuantItWeb.html

Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions

“Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, 8] 0.0,0)
2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices

General Stern-Gerlach and polarization transformations R, 5| mn) =2m D min(c, B,7) | min)
) Angular momentum cones and high J properties ‘

Sunday, April 26, 2015 27



Angular momentum cones and high J properties

(a)
J=20

D n(050)
plotted
vs. m’
for fixed
J,0,m

(¢) m:2OI

QTforCA Unit 8.
Ch. 23 Fig. 23.1.1

z-Component of J :
ARSI

A 7

1 Uncertqinty=15.3°

1
m=20 (b) :T]ncertai

I S
NS
h
o0
s}

semi-classical

| .
regions

(d)

m=19 [

B=85.9°

D27 o0R0)|’

L 10 20 20

| m
<—— semi-classical

regions

OTforCA Unit 8. Ch. 23 Fig. 23.2.2

Sunday, April 26, 2015

28



z-Component of J : J=10 n=1p p=0.0° ©
o Lip)=m 1)
A 7 /—

-l

J=10 n=1p B=22.5°

plotted

VS. m
for fixed

J=10,8n [/n=10

http://www.uark.edu/ua/modphys/markup/QuantltWeb ._htm
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z-Component of J :

Jf |,{1>=|/nJ¢>/

J=10 n=1p p=0.0° ®

A ‘,“
A 7 -

DY .1(050)
plotted

VS. m
for fixed

J=10,0,n

http://www.uark.edu/ua/modphys/markup/QuantltWeb .htm »

ST

Magnitude

T J=10 n=1p B=22.5°

n=9

J=10

I1=10

n=9

n=9

“B=00° ©
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z-Component of J :

Jf |nJ¢>=|/nJL

=10 n=1p B=0.0° ©

A ‘,“
A 7 -

DY .1(050)
plotted

VS. m
for fixed

J=10,0,n

http://www.uark.edu/ua/modphys/markup/QuantltWeb .htr_n ‘

IRy L

Magnitude

T J=10 n=1p B=22.5°

STy = a1 1) ; E‘:

n==4y

J=10 n=9f=0.0° ®

J=10 n=9

J=10 n=8"B=0.0°®
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z-Component of J :
Jf | ;{1)= [P

DY .1(050)
plotted

VS. m
for fixed

J=10,0,n

http://www.uark.edu/ua/modphys/markup/QuantltWeb ._htr_n ‘

0 p=0.0° ®

“.1

0 p=22.5°

J=10 n=9

J=10 n=9

“p=0.0° ©

“B=22.5°

J=10 n=8"B=0.0°®

J=10 n=§"

i

*B=90.0°

J=10 n=7

“B=0.0®

J=10 n=7
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—1p B=0.0° ©

z-Component of J :

LIHnly

“.1

Ip p=22.5°

'mn(050)
plotted

VS. m
for fixed

J=10,0,n

n=6

http://www.uark.edu/ua/modphys/markup/QuantltWeb ._htr_n .

J=10 n=9%

J=10 n=9

1 B=0.00 o

‘B=22.5°

J=10 n=8§

J=10 n=§"

“B=67.5°

“B=0.0°®

J=10 n=70"

B=0.0®

J=100=7["B=67.5°

&%m

J=10 n=

6'B=0.6°

J=10 n=6

; ée @ o,
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-Component of J :
.Z]Z |an>:m|J> J=30 n=3p0 B=0.0° ® J=30 n=20 PB=0.0°°® J=30 n=28 P=0.0°® J=30 n=2f7 B=0.0°® J=30 n=26 P=0.0°®
i

A

-1

-1 --1

-1

=30 n=3p P=22.5° J=30 n=20 B=22.5° J=30 n=28 B=22.5° J=30 n=27 B=22.5° J=30 n=26 P=22.5°

| |
. -
e e B e T I T R -
R R R R R +
1O R T | | A [ ]
R BA A BA A BA B
[n] [m] [u] [} m} u) [n] E
I R e I ey he]
O G oo b — o g L
— 0] ] o oy o
(| | | | [ 7]
T T DT T T 8
— [
S i o
ﬂ "':_\_'\-\.H
=] | [T
[ h“'ﬂ-,_
Ec::
=
g
o — s
L= i
=
% 1
=T
-

http://www.uark.edu/ua/modphys/markup/QuantltWeb.ht
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Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions

“Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, 8] 0.0,0)
2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices

General Stern-Gerlach and polarization transformations R, 5| mn) =2m D min(c, B,7) | min)
Angular momentum cones *high J properties (
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Angular momentum cones and high J properties

Using literal interpretation of ‘ £1> to derive approximate number Am
of “most-busy” counters and determine most probable m-values.

Am = 2JJ(J +1)= n* -sin B D (BIF swentogsss
| J=201

J(J+)=n?

z-Component of J :

S lin)=

nli

A

i i R L

http://www.uark.edu/ua/modphys/markup/QuantltWeb.htm
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Angular momentum cones and high J properties

Using literal interpretation of ‘ £1> to derive approximate number Am
of “most-busy” counters and determine most probable m-values.

Am = 2JJ(J +1)= n* -sin B D (BIF swentogsss
' . Am=2+/J  sinf J=20 ' n=20

Am =2+/20s1n45°=/40=6.2

J(J+)=n Testing formula with J=20 for 3=45°...

z-Component of J :

S lin)=

nli

http://www.uark.edu/ua/modphys/markup/QuantltWeb.htm
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Angular momentum cones and high J properties

Using literal interpretation of ‘ ;> to derive approximate number Am
of “most-busy” counters and determine most probable m-values.

Am = 2JJ(J +1)= n* -sin B D’ (BIF twneiss
: =247 sing| J=201 . ‘ =2® B=45 .20

Am =2+/20sin45°=+/40=6.2
J(J+)=n Testing formula with J=20 for 5=45°...

http://www.uark.edu/ua/modphys/markup/QuantltWeb.htm
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Angular momentum cones and high J properties

Using literal interpretation of ‘ ;> to derive approximate number Am
of “most-busy” counters and determine most probable m-values.

Am = 2JJ(J +1)= n* -sin B D’ (BIF twneiss
: =247 sing| J=201 . ‘ =2® B=45 .20

Am =2+/20sin45°=+/40=6.2
J(J+)=n Testing formula with J=20 for 5=45°...

...and for 3=90° J=20 n 2@ I3=9O .20

Exact result close to:

AM =220 =2-447 =894

http://www.uark.edu/ua/modphys/markup/QuantltWeb.htm e L
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Angular momentum cones and high J properties

Using literal interpretation of ‘ ;> to derive approximate number Am
of “most-busy” counters and determine most probable m-values.

Am = 2JJ(J +1)= n* -sin B D’ (BIF twenigrsa
: : Am=2J sin 3 J=20 ;n=20 ‘ =2® B=45 .20

J

J=1: Am=2,/3J—1sinf3 B
J=2: Am=2,/5]—1sinf3

-20

S S S
11l

Am =2+/20sin45°=+/40=6.2
J(J+)=n Testing formula with J=20 for 5=45°...

...and for 3=90° J=20 n 2@ I3=9O .20

Exact result close to:

AM =220 =2-447 =894

http://www.uark.edu/ua/modphys/markup/QuantltWeb.htm e L
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Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions

) “Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, 8] 0.0,0)
2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices

General Stern-Gerlach and polarization transformations R, 5| mn) =2m D min(c, B,7) | min)
) Angular momentum cones and high J properties (
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Angular momentum cones and high J properties of LAB vs BOD wavefunctions

D290 1(060)
plotted
vs. O
for fixed
J=20,m,n Using literal interpretation of ‘ ; ; > to describe approximate rotor wave-functions
Lab z-axis fixed ~' Body Z-axis
in Lab

Z J - -
P J=20  m=20 n=0 J=20 m=19 n=0

: 0.5 |2§:;52 25 |3 3.5 ﬁ!é; ::g 5.5 |6
X I B

-1 1
z-Component of J :
J IJ> m | [FY
: LIy =g+ ) | |
QTforCA Unit 8. Ch. 23 Fig. 23.2.4 OTforCA Unit 8. Ch. 23 Fig. 23.2.7
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Angular momentum cones and high J properties of LAB vs BOD wavefunctions

DJZZOm,n(OﬁO)
plotted

vs. O
for fixed

J=20,m,n

Lab z-axis fixed
in Lab

Z

~' Body z-axis

z-Component of J :
- mi)

Y Z ‘
K7
A T 1:

o |
I

\J=20  m=20 n=20

I1.5 | |25||35| |45 | )

f_J=2O m=20 n=19
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Angular momentum cones and high J properties of LAB vs BOD wavefunctions

DJzzom,n(OﬂO)

plotted 1J=20 m=-20 n=-20 J=20 m=-20 n=-19

VS. ﬁ -0.5 \ | / -0s f\\ /ﬁ "
| | \ /

o | / / A N
for fixed [\ \ / /
0 1.5 2, 3.5/ 4.5 55 / /0.5 1.5 | /
"~~~ LSS T T A T 3 MY 28T A AN TR T P, P P - 0 A P . T P - AR P

J_2O m n sb } 1 % 1%\ ? L + l L $ 1 1 ? 4 1 \ ] 1 I A - L L 1

s L1y I I \

--0.5 ~-0.5

J=20 m=-19 n=20 1J=20 m=-

.
0.5 ( \\ : -0.5 a‘ 4
I \ I\ ‘s »1
I / /\\ \ / / \\ I “‘ \ [
L \ . . / \ | v‘. ~ |

—

\ /\ N\ ““ | / /\
a8, 3 [ /4 45, 3 55/ 8\ Absnt as 2 (s 3 35/ % a5 3 s6.\8.
B \\ \\\\1‘ ‘ ‘1" ///
\| |V

~-0.5

Lab z-axis fixed ~ Body zZ-axis |
in Lab Y/ [
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Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions

“Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, 8] 0.0,0)
2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices

General Stern-Gerlach and polarization transformations R, 5| mn) =2m D min(c, B,7) | min)
Angular momentum cones and high J properties
3. Atomic and molecular multipole Hamiltonian tensor operators T and eigenvalues
Multipole T* expansion of asymmetric-rotor Hamiltonians H=AJ.?+BJ,?+CJ.? (
Multipole T expansion of symmetric-rotor Hamiltonians H=BJ,?+BJ,2+CJ.?
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Building Hamiltonian H=Ad°+BJ,”+CJ.? out of scalar and tensor operators

Spherical 2*-multipole functions X’(q or X-functions are D*-functions times the k" power of radius ().

2 bk / AT kyk
Var /57,75 (98) = D3 (¢60)= \F2¢s1n9 =\/§M Xg quO_ k+1 Yy

r

Nar /5 Ylﬁj((pé’) —Dz* ¢90 —\/;e sin 6 cos O :—\/gw

r

Jar /5 7/22(96) = D} (960) = 3cos” 9 1 _ 32

272

Z¢®sinBcosh = \/EM
r
Jarn /5 v2,(96) = D%, (960)= \/g sin’ 0 =\f s (r-0)f

7,2

Var /57,22, (¢0) =D/, (960)=

ﬁ
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Building Hamiltonian H=Ad°+BJ,”+CJ.? out of scalar and tensor operators

Spherical 2*-multipole functions X’(q or X-functions are D*-functions times the k" power of radius ().

2 bk / AT kyk
Var /57,75 (98) = D3 (¢60)= \qu’sme =\/§M Xg quO_ k+1 Yy

r

Nar /5 Yij((ﬁ@) Dz* ¢90 = \/;e sin 6 cos 6 :—\/gw
r

2 2

2 2
Vil (o) ~piyleen)- ZOL L EE o rryien) - xi(eo0)= 2 R8Tl 3o 2oy
r

“e ®sinfcosO = \/g@
r

\2

Jarn /5 v2,(96) = D%, (960)= \/g sin® 0 =\EM

g8 ;2

Var /57,22, (¢0) =D/, (960)=

ﬁ
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Building Hamiltonian H=Ad°+BJ,”+CJ.? out of scalar and tensor operators
Spherical 2*-multipole functions X"q or X-functions are D*-functions times the k" power of radius ().

2 _ ok / 4T ko k
Vam /57,23 (¢0) = D3 (¢60)= \/§2¢sln20 :\EM X ”qu— k+1 ¢

r

Narn /5 Yf;f(q)@ DZ* ¢90 \/;e sinfcosf® =-— EM

2,2
(=2 2% 3cos’ 9 1 32 -1 3cos’@—1 32272 222—x2—y2
Vam /5 Y20 (00) =Dy (¢60)= = T —> 4 /57'72(00) =xZ(960)=1 =T :
r
Var /5 Y,ﬁil((b@ Dz* ¢90 \/ge “sinBcosh = \/EM
r
4275 ¥/, (06) = D%, (060) = \/g 29 2g - \f 3 (x- zly) The (x,),z) polynomials become
’ (Jx,Jdy,J;) rotor tensor operators

2J2-Jg2-4J? 29
T02: z 2x ¥ :J23cos 0-1

= JZPZ(COSO)

Sunday, April 26, 2015 48



Building Hamiltonian H=Ad°+BJ,”+CJ.? out of scalar and tensor operators
Spherical 2*-multipole functions X"q or X-functions are D*-functions times the k" power of radius ().

\2 b kpykt _ | AT gk
Vam /57,23 (¢0) = D3 (¢60)= \/geizq)sinze = %M Xy =1"Dgo = k+1 Y,
7 1
_ * 3 s . 3(x+iy)z .
Nar /5 Y,fl:f(cpe) :DEO(¢90):—\/;e¢51n600s9 =— E( r2) :
VF___ /=2 2 _ 3cos” 01 _ 322 -2 ; /=2 ) 23um29—1 322 2 222—x2—y2
4m/5Y,5(90) =Dgy(960)= ——— = = > Van /51,55 (06) = oxg(p00) =07 =52 = 2
r 1
\Nar /5 Yrﬁjl ((I)Q) =D3i0 (¢90):\/§e_’¢ sinfcosO = %(x—r—;y)z i
N2 .
[am 75 7/22, (06) = D2, (060)= \/ge—mp wnlp - g(x—zly) 5 The (x,y,z) polynomials become
’ : (Jx,Jdy,J;) rotor tensor operators
¥2 832062, _ |3 232 4. 2 .(_E 2 2J22_Jx2_‘-l 2 2300829—1 )
2((])90)— gr e’sm° 0 = g(x+ly) = g(x +21xy—y) — TO — : Y —J > -J PZ(COSO)
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Building Hamiltonian H=Ad°+BJ,”+CJ.? out of scalar and tensor operators
Spherical 2*-multipole functions X"q or X-functions are D*-functions times the k" power of radius ().

V2 C ke _ | ATk
Vam /57,23 (¢0) = D3 (¢60)= \/geizq)sinze = EM"? Xy =1"Dgo = k+1 Y,

8
_ * 3 s . 3(x+iy)z .
Nar /5 erl:f ((])9) =Dﬁo(¢90):—\/;e¢51n600s9 =— 5% E
VF___ (=2 2% _ 3cos’ 6-1 _ 322 — 72 ; /=2 ) 23um29—1 372 —p? 222—x2—y2
4m/5Y,5(90) =Dgy(960)= ——— = S T NSy 5(e0) = x5 (o00)=rt TS = F ==
r 1
/ = * 3 _io . 3(x—iy)z E
4rc /5 Yrﬁil (¢6) =D31,0 (¢90):\/;e ?sinOcosh = \/;% E
2 .
[am 75 7/22, (06) = D2, (060)= \/ge—mp wnlp - \E (x—zly) 5 The (x,y,z) polynomials become
L r T E R R R PR EE P PEPRERPREREPRRR S (Jx,Jy,J7) rotor tensor operators
L 2 26 .. 2 3 2_|3(2 2 : 2J*-J*-J 7 3cos’ -1
.X2(¢90): \/;r ¢'*?sin” 0 =\/7(x+zy) :\/g(x +2ixy—y )'(_ BN T(% _ "z 2x Y :JZ > :JZPZ(COSO)
>
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Building Hamiltonian H=Ad°+BJ,”+CJ.? out of scalar and tensor operators
Spherical 2*-multipole functions X’(q or X-functions are D*-functions times the k" power of radius ().

2 _ ok / 4T ko k
Var /57,75 (98) = D3 (¢60)= \/geizq)sinze :\EM..: X quO— k+1 ¢

r

Nar /5 Y,f;% (¢9) Dz* (¢90) \/gew sinfcosf = —\/g (x+ iy)z

7”2

2, 2 2 - 24 22 2 2 2
mY,ﬁz(z)((be) Dz* (¢00) 3cos29 1 _ 322 2r : 3 mYnij)(Q’e) =X§(¢00):r2300829 | =3Z - r :22 )2c y
r 1
* 3 —id - 3 X—iy z E
\Var /5 Yg 2 ((I)G) DELO((I)GO):\/;e ?sin@cosO = \/;( rz) E
2 .
[am 75 7/22, (06) = D2, (060)= \/ge—mp wnlp - \/g (x—zly) 5 The (x,y,z) polynomials become
e e e e e S (Jx,Jy,J7) rotor tensor operators
2 12 g2 )
X2 ¢90 = \/g 26120 5in% 0 —\/:(x+iy)2:\/§(x2+2ixy—y2) < > T(% _ ZJZ JZX Jy :JZ 300526_1 =J2P2(COSO)

2 >3 2 2 3( 2 2
+ X7 ¢90 2° ~205in%0 = (x—iy) = g(x —2ixy—y )
— _ 3.2 N 2 _ 13
2 -2 =
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Building Hamiltonian H=Ad°+BJ,”+CJ.? out of scalar and tensor operators

Spherical 2*-multipole functions X’(q or X-functions are D*-functions times the k" power of radius ().

\2 ko kr 41 kv k
Var /57,75 (98) = D3 (¢60)= \/geizq)sinze = \E@ r"Dgo = k+1 g
r
/ - * 3 . 3(x+iy)z
477/5Y,f,=%(¢9) —D2 (¢90) \/;e‘psmecose = E( ;»2)
Var /57, (90) =D;,(960)= 3cos”0-1 _ - — Jan 75 722 (00) = x2 _ 53c0s0-1 322 —rF 2727 —xT—)?
m=0 = 3 = T2 n/5Y,20(08) =X, (¢60)=r == 5

Var /57,77 (¢0) =D2), (q)eo):\ﬁe"”’ sin@cos® = \E (x-0)z :

X2 ¢90 = \/g 262? sin’ 0 —\/7(x+zy)2:\/§(x2+2ixy—y2) —
>
+ X2 ¢90 \/ge 29 5in’ @ =\/7(x—iy)2:\/§(x2—2ixy—y2)

The (x,),z) polynomials become
(Jx,Jdy,J;) rotor tensor operators
2J22_J2_J ? 2300529—1

X

—> T, = =4

= JZPZ(COSO)

2 2
20 . —i2¢ J —-J
— )(22 (¢00)+X32 (¢90)=\/g 2%@1129:\/%()62—)/2):\/%1’2 cosZ¢sin29 —_ T22 +T_22 = \/g i > Y — \/ng sin290052¢
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Building Hamiltonian H=Ad°+BJ,”+CJ.? out of scalar and tensor operators
Spherical 2*-multipole functions X’(q or X-functions are D*-functions times the k" power of radius ().

\2 ko kr 41 kv k
Var /57,75 (98) = D3 (¢60)= \/geizq)sinze = \E@ r"Dgo = k+1 g
r
/ - * 3 . 3(x+iy)z
477/5Y,f,=%(¢9) —D2 (¢90) \/;e‘psmecose = E( ;»2)
Vam /5 Y/=5(98) = Dg,(¢60)= dos’0-1  _ 3-r —  Jan/572(0) =2 _ p3cos?O-1  3z22—p2 22— x7—y?
m=0 = 5 = T2 n/5Y,20(08) =X, (¢60)=r == 5

Var /57,77 (¢0) =D2), (q)eo):\ﬁe"”’ sin@cos® = \E (x-0)z :

X2 ¢90 = \/g e sin* @ —\/:(x+iy)2:\/§(3c2+2ixy—y2)'(—I
>
+ X2 ¢90 \/ge 29 5in’ @ =\/7(x—iy)2:\/§(x2—2ixy—y2)

The (x,),z) polynomials become
(Jx,Jdy,J;) rotor tensor operators
2J22_J2_J ? 2300529—1

X

—> T = =

= JZPZ(COSO)

2 2
20 . —i2¢ J —-J
— )(22 (¢00)+X32 (¢90)=\/g 2%@1129:\/%()62—)/2):\/%1’2 cosZ¢sin29 —_ T22 +T_22 = \/g i > Y — \/ng sin290052¢

20 —i2¢
— X;(¢60)- X2, (¢60)= \E 2%sin29=\/§(i4xy)= iN6xy = ,-\E,,z sin2¢sin? @ —> T22 _ T_22 — i\/ngJy

etc.

And, don’t forget scalar:  T)=J*+J 2 +J %=
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Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions

“Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, 8] 0.0,0)
2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices

General Stern-Gerlach and polarization transformations R, 5| mn) =2m D min(c, B,7) | min)
Angular momentum cones and high J properties
3. Atomic and molecular multipole Hamiltonian tensor operators T and eigenvalues
Multipole T* expansion of asymmetric-rotor Hamiltonians H=AJ.?+BJ,?+CJ.? (
Multipole T expansion of symmetric-rotor Hamiltonians H=BJ,?+BJ,2+CJ.?
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Making symmetric rotor Hamiltonian H=BJ*+BJ,”+CJ2? out of scalar T¢* and tensor T, operators

p N S N 29 _ J?2-J?
T(())=Jx2+Jy2+J22=J2 T()2: z 2x Y :J23C0529 1:J2])2(c050) T22+T_22=\/g = 7 Y — %stin2000s2¢

Review of freshman Chemistry and Ph
Electronic orbitals 101 TZ
0

Quadrupoles
( d-orbitals )

Tl

Dipoles
( p-orbitals )

Monopole
( s-orbital )
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Making symmetric rotor Hamiltonian H=BJ*+BJ,”+CJ.? out of scalar T¢* and tensor T,° operators

J2-J? [3
T22+T_22=\/g - 5 . =\/;J2sin2900s2¢

2 12 g2 o)
T(()):Jx2+Jy2+J22 :J2 TO2 _ 2\-’2 sz Jy :J2 3C0829_1:J2})2(C059)

Review of freshman Chemistry and Ph
Electronic orbitals 101

Quadrupoles
( d-orbitals )

This triplet not needed
for the diagonalized
rotor Hamiltonian that

has no dJ,, J.dJ-, or J,J-

Tl

Dipoles
( p-orbitals )

Monopole
( s-orbital )
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Making symmetric rotor Hamiltonian H=BJ*+BJ,*+CJ.? out of scalar T¢* and tensor T, operators

2J2-97%-4 2q J7-d)
z Yx 7Y :J23C0529 L 2B (cost) | T2+T4 =6 = %stinzecosw

To=J°+J 7 +d2=0 | 12

1
H= 4J 24 Bd 2+CJ 2 Kinetic energy inertial coeﬁcients:Azy,Bz—,C=—
X Y z

X y z

1 1 1 2 2 2
=(=4 += B +=C)(J~ +J ° +J
(34 +3 8 +300(d7 +d,7 +4.9)

. 2 2 2 2
+H(—A+—B +=C)-d "—-J “"+2J

1 —1 2 2
+ =A+—B +0C) J "—-Jd “+0
( 2 2 e Y )
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Making symmetric rotor Hamiltonian H=BJ*+BJ,*+CJ.? out of scalar T¢* and tensor T, operators

p N S N 29 _ J?2-J?
T(())=Jx2+Jy2+J22=J2 T()2: z 2x Y :J23C0829 1:J2])2(c050) T22+T_22=\/g = 7 Y — %stin2000s2¢

1 1 1
_ 4 2 2 2 Kineti nertial ents: A=——,B=—,C =—
H=4J "+ BJy +CJ, inetic energy inertial coefficients 27 21y 2
_ ! 1 1 2 492 42 LY LN IR LI k.
_(EA +§B +§C)(Jx +J,° +d.7) (3 3 3 )W, +d 7 +dT)
. - 2 s 2 2 R R SN U [
H—A+—B8 +=C)=J "=d “+2J7) n —A+—B il YORRE: X y
6 6 6 x Yy ( 3 X 5 )
H1arZs so0y J2-d 240 1 J2-J7
27 e’ v IB+OC)(I )
6
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Making symmetric rotor Hamiltonian H=BJ*+BJ,”+CJ-? out of scalar T¢* and tensor T, operators

p N S N 29 _ J?2-J?
T(())ZJX2+Jy2+J22=J2 T()2: z 2x Y :J23C0829 1:J2[)2(c059) T22+T_22=\/g = 7 Y — %stin2000s2¢

1 1 1
— 412 2 2 Kineti nertial ents: A=——,B=—,C=—o
H AJx +BJy _|_CJZ inetic energy inertia coe]ﬁczens 21x 21y 212
= ( lA +l B +1C)(J 2 +Jd 2+ = ( lA +l B +1C)(J 2rd 2+d %) = l(A+B+C)(TO)
B 3 3 xSy z 373 3wy 3 0
) 2 _ 2J 2 —J *-J 2 1
H A+ —B +EC)(—JX2—Jy2+2J22) +(—1A+?IB 2oy ) +§(—A—B+2C)(T02)
1 -1 4o 2 42 1 2 -2
+( —A+—B +0C) J"-d °+0 J, -J, +—=(A=-B)YT; +T-
(3445 S =9 +0) : L prooyWe vy NN 2)

BN AR

Sunday, April 26, 2015 59



Making symmetric rotor Hamiltonian H=BJ*+BJ,”+CJ-? out of scalar T¢* and tensor T, operators

p N S N 29 _ J?2-J?
T(())ZJX2+Jy2+J22=J2 T()2: z 2x Y :J23C0829 1:J2[)2(c059) T22+T_22=\/g = 7 Y — %stin2000s2¢

1 1 1
_ 2 2 2 Kineti nertial ents: A=——,8=—,C=—
H_AJx +BJy _|_C’JZ inetic energy inertia coe]ﬁczens 2]x 21y 212
1 ! 1 2 4d2 442 R LY N RIS T : 0
=( 3 = ~ =( -4 +- = = —(A+B+CXT
(3A +3B +3C)(Jx +J,° +d.7) (3 3 3 )W, +d 7 +dT) 3( +B+C)(Ty)
. 2 22 2 207 -J *-J 2 1 2
Ho A+ — B +20)(=d,2=d 724 ) +(—A+?IB 2oy 2x v +2 (A= B+2CX(T)
1 -1 4o 2 42 1 2 -2
+( —A+—B +0C) J"-d °+0 J, -J, +—=(A=-B)YT; +T-
(5 4+ ) J2=d 2 +0) IR DO - i U BT TE)
N
Resulting asymmetric top Hamiltonian expansion:
asymmetry
A— B term
H:AJX2+BJy2+CJ22 —(A+B+C)(TO)+ (2c A= BYT)+ (T; +T2%)

N
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Making symmetric rotor Hamiltonian H=BJ*+BJ,”+CJ-? out of scalar T¢* and tensor T, operators

p N S N 29 _ J?2-J?
T(())ZJX2+Jy2+J22=J2 T()2: z 2x Y :J23C0829 1:J2[)2(c059) T22+T_22=\/g = 7 Y — %stin2000s2¢

1 1 1
— 44 2 2 2 Kineti nertial ents: A=——,B=—,C=—
H=4J "+ BJy +CJ, inetic energy inertial coefficients 27 21y 2
1 1 1 2 2 2 R e LN AN E: 1 0
=( A4 + — =( 4 += — = ~(A+B+CXT
(3A +3B +3C)(Jx +J,° +d.7) (3 3 3 )W, +d 7 +dT) 3( + B+ C)(Ty)
-1 -1 2 2 2 2 ~1 2 2J22_Jx2_" ? Ly 2
+(6 A+ p B +EC)(—JX _Jy +2Jz) +(—A+?B +Z C)( 5 Y ) +3( A B+2C)(T0)
1 -1 2 2 2 42 1 2 12
+( —A+—B +0C) J"-d °+0 J, -J, +—=(A=-B)YT; +T-
(2 > ) J,7=d 7 +0) +(1 B+0C)(xf vy \E( X >)
N f
Resulting asymmetric top Hamiltonian expansion:
asymmetry
A— B term
H=4J 2+ BJ *+CJ.% = —(A+B+C)(TO)+ S (20— A= BY(T3)+ T (T;+T2)
Resulting semi-classical asymmetric top Hamiltonian expansion.: @symmetry
term
2 —
H=4Jd 2+ 5 2+ CJ %= %(A+B+C)(J2)+%(2C—A—B)(J23COS o-1, A\/_B( > I sin% 0 cos 20)
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Making symmetric rotor Hamiltonian H=BJ*+BJ,”+CJ-? out of scalar T¢* and tensor T, operators

p N S N 29 _ J?2-J?
T(()):Jx2+Jy2+J22:J2 T()2: z 2x Y :J23C0829 1:J2[)2(C059) T22+T_22=\/g = 7 Y — %stin2000s2¢

1 1 1
— 44 2 2 2 Kineti nertial ents: A=—,B=—,C=—
H=4J "+ BJy +CJ, inetic energy inertial coefficients 27 21y 2
1 1 1 2 2 2 R e LN AN E: 1 0
=( A4 + — =( 4 += — = —(A+B+C)T
(3A +3B +3C)(Jx +J,° +d.7) (3 3 3 )W, +d 7 +dT) 3( +B+C)(Ty)
-1 -1 2 2 2 2 ~1 2 2J22_Jx2_" ? Ly 2
+(6 A+ p B +EC)(—JX _Jy +2Jz) +(—A+?B +Z C)( 5 Y ) +3( A B+2C)(T0)
1 -1 2 2 2 42 1 2 12
+( —A+—B +0C) J"-d °+0 J, -J, +—=(A=-B)YT; +T-
(2 > ) J,7=d 7 +0) +(1 B+OC)(f v \/g( X >)
N f
Resulting asymmetric top Hamiltonian expansion:
asymmetry
A— B term
H=4J 2+ BJ *+CJ.% = —(A+B+C)(TO)+ S (20— A= BY(T3)+ T (T;+T2)
Resulting semi-classical asymmetric top Hamiltonian expansion.: @symmetry
term
2 —
H=4Jd 2+ 5 2+ CJ %= %(A+B+C)(J2)+%(2C—A—B)(J23COS o-1, A\/_B( > I sin% 0 cos 20)
H=4J 2+BJ +CJ, 2 = JZ{A+§+C+2C_A_B(300329—1)+ A_Bsinzé?cosZgb}
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Making symmetric rotor Hamiltonian H=BJ*+BJ,”+CJ-? out of scalar T¢* and tensor T, operators

p N S N 29 _ J?2-J?
T(()):Jx2+Jy2+J22:J2 T()2: z 2x Y :J23C0829 1:J2[)2(C059) T22+T_22=\/g = 7 Y — %stin2000s2¢

1 1 1
H= Asz + BJy2+ Cdzz Kinetic energy inertial coefficients : A= 27 B=—,_C=—

21 21
X y z
1 1 1 2 2 2 R e LN AN E: 1 0
=( =4 += B += =( A4 += B += = —(A+B+C)T
(3A +3B+3C)(Jx +J,° +d.7) (3 3 3)(x , 1) 3(++)(0)
-1 -1 2 2 2 2 ~1 2 2J22_Jx2_" ? Ly 2
+(6 A+ p B +EC)(—JX _Jy +2Jz) +(—A+?B +ZC) 5 Y ) +3( A B+2C)(T0)
1 -1 2 2 2 42 1 2 12
+( —A+—B +0C) J"-d °+0 J, -J, +—=(A=-B)YT; +T-
(2 5 ) J,7=d 7 +0) +(1 B+OC)(f vy \/g( X >)
N J_
Resulting asymmetric top Hamiltonian expansion:
asymmetry
A— B term
H=4J 2+ BJ *+CJ.% = —(A+B+C)(TO)+ S (20— A= BY(T3)+ T (T;+T2)
Resulting semi-classical asymmetric top Hamiltonian expansion.: @symmetry
term
2 —_—
H=4Jd 2+ 5 2+ CJ %= %(A+B+C)(J2)+%(2C—A—B)(J23COS o-1, A\/_B( > I sin% 0 cos 20)
H=4J 2+BJ +CJ2 JZ{A+§+C+2C_A_B(3c0329—1)+A_Bsinzé?coqub}
Resulting semi-classical symmetric top Hamiltonian expansion.
H=5J_ 2+BJ +CJ2 Jz{B+§+C+2C_B_B(300329—1)+B_Bsin29cos2¢}= J{B+C_B3coszt9}
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Making symmetric rotor Hamiltonian H=BJ*+BJ,”+CJ-? out of scalar T¢* and tensor T, operators

p N S N 29 _ J?2-J?
T(()):Jx2+Jy2+J22:J2 T()2: z 2x Y :J23C0829 1:J2[)2(C059) T22+T_22=\/g = 7 Y — %stin2000s2¢

1 1 1
H= Asz + BJy2+ Cdzz Kinetic energy inertial coefficients: A= 27 B=—,C=—

21 21
X y z
1 1 1 2 2 2 R e LN AN E: 1 0
=( 3 = ~ =( -4 += = = —(A+B+CXT
(3A +3B +3C)(Jx +J,° +d.7) (3 3 3 )W, +d 7 +dT) 3( +B+C)(Ty)
-1 -1 2 2 2 2 ~1 2 2J22_Jx2_" ? Ly 2
+(6A+6B +EC)(—JX _Jy +2Jz) +(—A+?B +Z C)( 5 J’) +3( A B+2C)(T0)
1 —1 2 2 2 2 1 2 2
+( —A+—B +0C) J"-d °+0 J, -J, +—=(A=-B)YT; +T-
(SA+ ) J2=d 2 +0) IR DO - i U BT TE)
N f
Resulting asymmetric top Hamiltonian expansion:
asymmetry
A— B term
H:AJX2+BJy2+CJ22 —(A+B+C)(TO)+ (2c A= BYT)+ (T; +T2%)

N

Resulting semi-classical asymmetric top Hamiltonian expansion.: @symmetry
term

2300529—1 A—B
J )+ \/—(

sin” @ cos 2(1)}

J2 sin” 0 cos 20)

H=AJ 2+ BJ *+CJ.° = %( A+ B+C)(J2)+%(2C—A— B

A+B+C+2C—A—B
3

A—B
(3cos2 6-1)+

H=4J, 2+BJ +CJ % = JZ{

Resulting semi-classical symmetric top Hamiltonian expansion.

B+B+C+2C—B—B
3 6

=BJ* +(C - B)J *= BJ* +(C - B)J*cos* 6

H=5J_ 2+BJ +CJ2 Jz[ (3c0520—1)+B_BsinzecOSZ(p}: J2|:B+(C—B)C0829:|
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Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, 8] 0.0,0)
2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices
General Stern-Gerlach and polarization transformations R, 5| mn) =2m D min(c, B,7) | min)
Angular momentum cones and high J properties
3. Atomic and molecular multipole Hamiltonian tensor operators T and eigenvalues
Multipole T* expansion of asymmetric-rotor Hamiltonians H=AJ.?+BJ,?+CJ.?

Multipole T expansion of symmetric-rotor Hamiltonians H=BJ,?+BJ,2+CJ.?

) Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions‘
Rotational Energy Surfaces (RE or RES) of asymmetric rotor and energy levels
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Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions

Plot Hamiltonian H=BJ? +(C — B)J.? radially as  H(®)=BJ(J +1)+(C— B)J(J +1)cos’>®  [where:J, =|J|cos®

J > _
‘ n,n Conventional notation: n=K =\ J (J + 1) cos©®
LAB BOD
m=M n=K
J=10 Minimum uncertainty angle 4, _17 550 Polar
____________________________________ 10 ) :
prolate cone K=+10 o0 Ungsrtlcez;nty
symmetric (op ‘ RES contour K=+10 9 &

RES

0! =cosL K&
X K NI0+D

N
NI(J+1) ~J+1/2
10.488~10.5 ZANEN

b/

el
K=5 /\ 3 ®'1|‘g
— 2ol
/\ +1 @}g =84.53°
—————— ]
\/ N z-Component of J :

A
—3 / A
A

-6 4

N _8\-7 T NG agni
=2 ~ \/ j Jz|J = J(J+1)

Int.J. Molecular Science 14.(2013) Fig.1 p. 730
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Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions
Plot Hamiltonian H=BJ? +(C — B)J_? radially as  H(®)=BJ(J + 1)+ (C — B)J(J +1)cos* © Evhere :J, =|J|cos ®J

j J 2 ~\J _ /
‘ m,n> Conventional notation: n=K H(G)K )=BJ(J + 1) + (C — B)J(J + I)COS @K — J(J + 1) cos®
LAB BOD
m=M n=K
J=10 Minimum uncertainty angle 1?0:17.550 ’ Polar.
———————— _ﬁ?éﬂi%;____________ __— | conctk ) 10 necertainty
symmetric top ‘ RES contour K=+10 & angles K
RES 00 @IJ<=COS'1
+8 “\I48 VI(J+1)
NN VAN
NI(J+1) ~J+1/2 /\ \ o\ @0
10.488~10.5 .8 T
‘ e +5 G)+5
7 \ @lo
4 ®+4
Kes L= A
/\ +2 (9}3
/\ +1 @}g =84.53°
——— 7]
\/ N z-Component of J :

_3/ ! 5 A

6 ®

o
=
=

N

-9 \ _8\-7 _: i : j
-2 . N : Y = )

Int.J. Molecular Science 14.(2013) Fig.1 p. 730
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Rotational Energy Surfaces (RE or RES) of symmetric rotor and eigensolutions
Plot Hamiltonian H=BJ? +(C — B)J_? radially as  H(®)=BJ(J + 1)+ (C — B)J(J +1)cos* © Evhere :J, =|J|cos ®J

‘ £1,n> Conventional notation: n=K H(®{< )=B](J + 1) + (C - B)J(J T 1)C082 ®{< =\/ J(.] + 1) cos®
LAB  BOD =BJ(J+1)+(C - B)K?
(Here this gives exact quantum eigenvalues!)
J=10 Minimum uncertainty angle 4, _17.55° Polar
————————— prolate T\ eonek==lg 10 Uncertainty

‘ G)i% angles
RES contour K=+10 0 J —cos-] K
N K NI0+D
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NI(J+1) ~J+1/2 /\\\ K
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\/ N z-Component of J :

_3/ ‘ ¥ A

-6 d

-9 \ _8\-7 - : .
=19 . \/ : ]2| TN = jg+1)

Int.J. Molecular Science 14.(2013) Fig.1 p. 730
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Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, 8] 0.0,0)
2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices
General Stern-Gerlach and polarization transformations R, 5| mn) =2m D min(c, B,7) | min)
Angular momentum cones and high J properties
3. Atomic and molecular multipole Hamiltonian tensor operators T and eigenvalues
Multipole T* expansion of asymmetric-rotor Hamiltonians H=AJ.?+BJ,?+CJ.?

Multipole T expansion of symmetric-rotor Hamiltonians H=BJ,?+BJ,2+CJ.?

) Rotational Energy Surfaces (RE or RES) of symmetric rotor eigensolutions and E—levels‘
Rotational Energy Surfaces (RE or RES) of asymmetric rotor and energy levels
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Applications of R(3) rotation and U(2) representations
= BJ: +BJ;: + BJZ +(A—B)J:=BJeJ+(A-B)J>

Eigensolution equations:

J
m,n

H

symmetric top

H

symmetric top

Kinetic energy inertial coefficients :

= BJeJ+(A-B)JZ|), )

= [BJ(J+1)+(A—B)n2] ;,ln>

Mock-Mach-Multiplicity
1s (2j+1)° for each j

Lab z-axis fixed
in Lab

Z

~' Body z-axis

B=—o

Even n=0 levels are 2j+1-fold degenerate

—> —

If n 1s non-zero the degeneracy 1s 45+2.

OTforCA Unit 8. Ch. 23 Fig. 23.2.4
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~
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Applications of R(3) rotation and U(2) representations Molecular and nuclear eigenlevels

H

— BJ?—( + BJ% + BJ%— +(A- B)J% =BJeJ+(A—B) J%

NIGHT) ~J+1/2
10.488~10.5

Kinetic energy inertial coefficients : f
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2Blj=0 @  2Bj=0 0

Oblate Top (A<B) Prolate Top (A>B)
OTforCA Unit 8. Ch. 23 Fig. 23.2.4 OTforCA Unit 8. Ch. 23 Fig. 23.1.3
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Applications of R(3) rotation and U(2) representations Molecular and nuclear eigenlevels i

— RJ% 2 2 2 _ 2
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Eigensolution equations: e oo Lo 1 v === p=£2 wraae
j T2, 20 21 ;]
Hsymmetric top | m,n > X Y Z P l ,",' R
. 2_ j . — ;"',I"III —y_ — ,,.':" ,":'"
_BJ'J+(A_B)JZ‘m,n> Jj=3 0 ]—3;’;‘ A“T n=l K
i ——— = . —0 R
A ; NN . _ A — - vV n:O . ','l ,':
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Applications of R(3) rotation and U(2) representations Molecular and nuclear eigenlevels

H

— BJ?—( + BJ% + BJ%— +(A- B)J%— =BJeJ+(A—B) J%
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Applications of R(3) rotation and U(2) representations Molecular and nuclear eigenlevels

_ n 2 2 2 2 _ 2 P S
Hsymmetric top — BJ)_( +BJY +BJZ +(A_B)JZ —BJ"-H'(A_B)JZ ' =
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. . . Kinetic energy inertial coefficients : | f; -
Eigensolution equations: PO SRS R o=
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e =0 ) e n=0
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2Blj=0 @  2Bj=0 0
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Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, 8] 0.0,0)
2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices
General Stern-Gerlach and polarization transformations R, 5| mn) =2m D min(c, B,7) | min)
Angular momentum cones and high J properties
3. Atomic and molecular multipole Hamiltonian tensor operators T and eigenvalues
Multipole T* expansion of asymmetric-rotor Hamiltonians H=AJ.?+BJ,?+CJ.?

Multipole T expansion of symmetric-rotor Hamiltonians H=BJ,?+BJ,2+CJ.?
Rotational Energy Surfaces (RE or RES) of symmetric rotor eigensolutions and E-levels
) Rotational Energy Surfaces (RE or RES) of asymmetric rotor and energy levels (
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RES of symmetric rotor (Prolate and Oblate)

after QTforCA Unit 8. Ch. 25 Fig. 25.4.1
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RES of symmetric rotor (Prolate and Oblate)

Asymmetric Top Eigensolutions
Related to RE Surface
and semi-classical J-phase paths

after QTforCA Unit 8. Ch. 25 Fig. 25.4.1
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RES of symmetric rotor (Prolate and Oblate)

after QTforCA Unit 8. Ch. 25 Fig. 25.4.1

‘monondromy“

Asymmetric Top Eigensolutions K,=+6 Ar
Related to RE Surface B,
and semi-classical J-phase paths A,
precessing J —

J vector . B
+4 A

B,

*************** 4,

+4 B

A

- J,
15 B
A4,
_ B
Kx—ﬂ 1
J =3 Note: A181A5Bo A]
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Separatrix circle pair
dihedral angle

_ A-B
()Sep;—fitall(jz§:25

Int.J.Molecular Science 14.(2013) Fig.3 p. 733
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Molecular Symmetry and Dynamics

32.2 Rotational Energy Surfaces and Semiclassical Rotational Dynamics

—_
I

Rotation axes
mear X—axis

region \ \ \\\ \\
e
* \\ \ \\
Ly
Fm::mctur: sty 5.34cm‘9'\ 8\\ 7\ \\

Rotation axes
near z —axis
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’ AY ’ A ’ \ ’ A
! A ’ A\ ’ \ ’ \
. !‘ ‘ g '.s‘ I.g‘

8.6x e 4 2.8x 5.1x
107em™  10%em™  107%em™ 102em™
=26kHz =230kHz =84 MHz = 1.5 GHz

C,(x)-type clusters

.
llllllllll

T.I

it

| O
! A] I b4
i o |
9 0 - gt
10=K>5(z
2(2) | B
) I ’ ) I ! 3
A ’ Ay ’
\ ’ Y ’
\‘ ‘I \\ I’

C1(z)-type clusters

(cm™)

g 32.2 J = 10 rotational energy surface and related level spectrum for an asymmetric rigid rotator (A =0.2, B =

B2 C=06cm™!)

D>DC(y) D>DC>(z)

&)

G
@
K0)
0, L 0, I
Ay | ay |
A | Az |
e - | B |
B I = |
Springer Handbook

of
Atomic, Molecular, and Optical
Physics (2005)
Fig.32.2 and 32.3 p. 495-497

after QTforCA Unit 8. Ch. 25 Fig. 25.4.2

Examples of Group>DSub-group correlation
D>DCx(x)
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Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, B 0.0,0)
2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices
General Stern-Gerlach and polarization transformations R, 5| mn) =2m D min(c, B,7) | min)
Angular momentum cones and high J properties
3. Atomic and molecular multipole Hamiltonian tensor operators T and eigenvalues
Multipole T* expansion of asymmetric-rotor Hamiltonians H=AJ.?+BJ,?+CJ.?

Multipole T expansion of symmetric-rotor Hamiltonians H=BJ.*+BJ,?+CJ-?
Rotational Energy Surfaces (RE or RES) of symmetric rotor eigensolutions and E-levels
Rotational Energy Surfaces (RE or RES) of asymmetric rotor and energy levels
Sketch of modern molecular electronic, vibrational, and rotational spectroscopy ‘

Example of CO: rovibration (v=0)&(v=1)bands

Sunday, April 26, 2015 81



A sketch of modern
molecular spectroscopy

The frequency hierarchy
Radio-frequency  Microwave to far-infrared
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~ " ‘A (‘}

———
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W. G. Harter, Wiley Interscience, NY (1993)
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A sketch of modern X e
i From Fig.6.5.5.
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A sketch of modern X e
molecular spectroscopy =< o Principesof Synmeny, Dynamics and
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W. G. Harter, Wiley Interscience, NY (1993)
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A sketch of modern
molecular spectroscopy =~
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=
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From Fig.6.5.5.
{1 Principles of Symmetry, Dynamics, and
‘ROTATION ION VIBRATION ELECTRON MOTION Spectroscopy

W. G. Harter, Wiley Interscience, NY (1993)
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Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, B 0.0,0)
2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices
General Stern-Gerlach and polarization transformations R, 5| mn) =2m D min(c, B,7) | min)
Angular momentum cones and high J properties
3. Atomic and molecular multipole Hamiltonian tensor operators T and eigenvalues
Multipole T* expansion of asymmetric-rotor Hamiltonians H=AJ.?+BJ,?+CJ.?

Multipole T expansion of symmetric-rotor Hamiltonians H=BJ.*+BJ,?+CJ-?
Rotational Energy Surfaces (RE or RES) of symmetric rotor eigensolutions and E-levels
Rotational Energy Surfaces (RE or RES) of asymmetric rotor and energy levels
Sketch of modern molecular electronic, vibrational, and rotational spectroscopy

) Example of CO: rovibration (v=0)&(v=1)bands (
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Example of CO: rotational (v=0)<(v=1)bands
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Example of CO: rotational (v=0)<(v=1)bands
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Is
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(a) CF4 Vibrational Structure

Exampl.e of frequency e
hierarchy v2:4350 e
v4:631.2 cm™!
for 16pm spectra '
of CF, i
(Freon-14) - i
W.G .Harter (b) »4 Rotational \ ke LE
Ch. 31 Structure \\
Atomic, Molecular, & \\
Optical Physics Handbook \
Am. Int. of Physics \\
Gordon Drake Editor \
(]996) \ s lnnllnnll\h“nluulln|lnnlJullnnlnnluuluul-u.l
“GOOCM‘" 610 ~\ 620 630 640 650 660

(c) P(54) Fine (Centrifugal)
Structure
FASTER

4-FOLD
ROTATION

7 2 >~
(d) Superfine ("Tumbling”) Structure
R SR A e R

ke

1o
hz

F2 Fy

mvlhhx ‘millihz hz
t‘. Fz A2 Fafi MR E
(e) Hyperfme (Nuclear Spin) Structure

lL e

N
| 4. 2=
(W FOLD& Ci
- & TUMBLING
N
PR

154
53

52

50

\}\A N " ROTATION
\ el

L (s

FASTER
3-FOLD

P(54)

N
QMR
el

AT

v
T T

EERT T
W
.........

1 §
8
: ez

i i
— casE()lcase()

-
— -

AP FA
A2k Ry
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a) CF, vibrational structure

Example of frequency
hierarchy
for 16pm spectra
of CF4

(Freon-14)
W.G .Harter

v, =435.0cm™
ve=631.2¢cm™

=908.5 cm™

vy=1283.0cm™

b) v rotational structure

Fig.32.7
Springer Handbook of
Atomic, Molecular, &

Optical Physics
Gordon Drake Editor
(2005)

€) P(54) fine (centrifugal)

structure 5P Q& ";.:t::: ¥
Faster 2-fold ' 080 ¥V 57O\ v Faster
4-fold tumbling Amte CGOOT 3-fold
rotation R / rotation
P(54)
d) Superfine ( 'Tumblmg") 6033 6034 603.5 " 603. Gon! ‘ R
structure 120 MHZ W
"|2."?.’.‘.'.t'Z ( 17 s 00T MIe e
v Fs |F, FEIRN == . B <5~
T R e vnH, 9 i [l 78 A & [l 23 P
e frear ™ s - Fy ~L j s L Y A BAA
35mHz 97mHz 94Hz 110Hz fl" |A* bl 7T L
EFaAs Fs F| AF\E F> F, Py
e) Hypcrﬁnc (nuclear spm) structure - & i
rllllll 111 ................ ‘ \ 111 _1 | 111 hlll .
Case (2) Case(l) ~ 50 kHz
~1-100kHz — sy
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Three (3) applications of R(3) rotation and U(2) unitary representations D’ma(c, 3,7)
1. Atomic and molecular D’ " mi(cv, B8,7)-wavefunctions
“Mock-Mach” lab-vs-body-defined states |’mn)=Pmn’| 0.0.0))= Jdte. 39D mn(e. 3R, B 0.0,0)
2. R(3) rotation and U(2) unitary D’m.(c, B,7)-transformation matrices
General Stern-Gerlach and polarization transformations R, 5| mn) =2m D min(c, B,7) | min)
Angular momentum cones and high J properties
3. Atomic and molecular multipole Hamiltonian tensor operators T and eigenvalues
Multipole T* expansion of asymmetric-rotor Hamiltonians H=AJ.?+BJ,?+CJ.?
Multipole T expansion of symmetric-rotor Hamiltonians H=BJ.*+BJ,?+CJ-?
Rotational Energy Surfaces (RE or RES) of symmetric rotor eigensolutions and E-levels
Rotational Energy Surfaces (RE or RES) of asymmetric rotor and energy levels
Sketch of modern molecular electronic, vibrational, and rotational spectroscopy
Example of CO: rovibration (v=0)&(v=1)bands
Introduction to RE symmetry and RES analysis of rovibrational Hamiltonians (
Asymmetric Top eigensolutions for J=1-2
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j,m,n formulas for momentum operator matrix elements: (From Lecture 24 p. 36)

m=jt+m , n=j-—m
_ (aJr )J'J“m(aT )j_m Ny, n a}a¢ no,n )=(n+ln |n+ln-1)=d, il =\/j+m+1\/j—m ,’,;m
‘] >: T sl/ ‘0,0 — T xL
"G+ m)N (G- m)! J)L(n))! ala|n.n)=fn; Jn ]t n)ls 3| )=Srmfj=m]) )

ala; =J, =J, +iJ,
ala;=J_=J,-iJ, =J'
J, =5[J.+J ]
J,=2[J,-J_]

L AB matrix elements use the usual atomic formula:

(9l ) =D @38, =2 [ 8, G =G+ mt ) 48, G+ mNG=m+D)] 5,
() =D (008,25 [ 8, G = m)G +mt D=6, G+ mG=m+D | 6,
(|92 ) = Dt (908,28, 8,1,

m’,n’ m,n

BOD matrix elements are the same after switching m’s into n’s
and changing sign of J> matrix (*-conjugation)

<i1’,n’ J)_(‘ Zfz,n> = 5m’mDr‘z]’,n*(J)_() :% 5m’m |:\/(] o I’l)(] Tt 1)5n’n+1 T \/(] * n)(J —n+t 1>5n’n—1:|
<i1’,n’ J)_’ i,n> = 5m’mDnJ',n*(J)_’) :%_i 6m’m |:\/(] —n)(j+n+ 1)511’n+1 - \/(] +n)(j—n+ 1)511’11—1:|
(|92 ) = D ()= 8,1, 6.,

m’,n m,n m'm~—n".n

Sunday, April 26, 2015 92



L . . L Joo o Jy J2
Hamiltonian matrices for asymmetric rotor Hamiltonian H =§[ =+ ——+ IZ j= AJ; + BJ; +CJ;

>
~|
NI

First are matrix formulas for BOD J2? components.

J%—(H,n>:1§\/(j—n)(j+n+l)J)—( i,n+1> L JG=mG+n+DJG—n-1)(+n+2) Zm+2>+lz(j—n)(j+n+l) jm>
A JG+nG-n+dy jm_1> L JG+nG-ntDJG+n-1)(-n+2) ;n_2>+lz(j+n)(j—n+1) jm>

_ AU nt2) | > iD= | > NG D=t D(=nt2) | 7 >

- 4 mn+2 2 m,n 4 m,n—2

NAEAA ; g1 1 /G ; DG —n-1 NE Lo NE

7 mn ) =2NG = +n+Ddg| =iNU-—m(+n+ D —n=-D0+n+2)|, )tz - +n+D)

S GG =n sl GG =t DG+ n=DG=n+2)| 5, ) +5GHmG =41 )

N V) Varas) Varae N > iG] > NG D=t (=nt2) | J >

= 4 | m,n+2 2 |mn 4 m,n—2

) =1 )
This gives the rigid asymmetric-top matrix formula for general A, B, C and J,n.:

(4d% + B +CIL) 7 )=

L. 2
- (- B)\/(J n)(j—n— 1)(J+n+1)(1+n+2)‘mn+2> A+ B)J(J+1)2—n +Cn2]‘ ;771 n> +(4- B)\/(J+”)(J+”l 1)(J n+1)(j— n+2)‘mn 2>
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(J=1)-Matrix for A=1, B=2, C=3.

V2

2

ey

1
m,n’

Jylim>=

ey

o=
o=

1
m,n’

2 |1
JXWmm>: -1

o=
o=

<AJ§—( + BJ2 +CJ3 >J=1 =

eigen-values:
12
eigen-vectors: 0
~1n2

ey

\

1
> m,n’

1
m,n’

A

B
5+5 +C

I

_B
2

0 142

1 0
0 + 1/\/5

Jy|

J

2

Y

1 _
mun |

1

m,n

>:

A+ B

(B+C=5 A+B=3, A+C=4)

l\)lﬁ‘

-2

|

-2

|

N Ry
N Ry

(NS Ly
(NS L

ST
NI by

A, B
5+5 +C

j=1
Standing
p-Waves

iN2 1
2 > <m,n'
1
> <m,n’
\ [
1 2
5+5+3
1_2
AN 2 2

B+C>:1/\/5‘}n,+l>
A+B>:

A+C>:1/\/§‘l >

m,+1

2
JZ

1+2

37|

m,n

1

m,n

+1

(NS Ry
|
I\

1,2
5+5+3

\

DI \O

_1/\/5‘ 111’_1> y-like

x-like

+ 1/\/5 ‘ }%,_1>

Body-based J=1
vector-like eigenfunctions
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(J=2)-Matrix for A=1, B=2, C=3.

(A+ B)+4C : ‘/QE(A—B)
2(A4+B)+C : 2(4-B)
<AJ§—( + B + CJZZ>J=2 -| - - 3(A+ B) - 54— B)
2(4-B) : 2(A+B)+C
*g(A—B) : (A+ B)+4C

Standing
d-Waves

PN

MI;\QI
o,

vl ds

P
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(J=2)-Matrix for A=1, B=2, C=3.

(A+ B)+4C

J=2
(A% +BR+CEE) =] P(4-B)

2(A+B)+C

2(4-B)

‘/QE(A—B)
3(A+ B)

\g(A—B)

2(4-B)

2(A+B)+C

(4-B) |=

(A+ B)+4C

Matrix is nearly diagonalized in standing-wave D;-symmetry basis

Alz+>=ﬁ1

R
Sl Jer)-g

B0

2 1] 2
+1>+\/§‘—1

)

>’ |A10>:‘8>

The following basis transformation “almost diagonalizes™ <H>J:2 by reducing it to block form.

Let: X = A4+ B and A= A— B to shorten expressions.

N
sac-x - W :
1 : 1 2 S
2z 3A
1 ~1 - O 2 I
1 1
(-1 -1 vsa Sz e o 2| (pom
S S 3A ) -1 -1 -
V2 : o h 1 -1
@A 4C-X
A
4ac+2 4C+ A+ B J3(4-B)
AaC+2 AC+ A+ B :
= . CHyHy = C+44+B
: C+5§2_%A : C+A+4B
- . N 34+3B

15 -6
15 -3
2 2
-3 15
2 2
-6 15
New D basis:
)43
Y=gl
1) =g 3)+ a1 3)
*%ﬂ_>= é-ﬁ>_ ;L4>
4,0) = ‘§>
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Completing diagonalization from new D, basis:

A2+ — 1] 2 1|1 2
4C+ A+ B J3(4- B) | _> [21+22>+ 21‘_22>
AC+ A+ B - 52)=p5)4)-5|3)
C+44+B Bll+>= : f1>+ﬁl‘_1>
. C+A+4B — 1l 2 1l 2
A1 )= g2 A
J3(4-B) 34+3B )= 1>2 )
’ﬁ0> - ‘o>
D, | 1 R R
A1 1] 1 1
4|1 -
B 1 1 1
B |1 1 n
z(180°)
G |1 |1 R, R.(180°) R.(180°)
x + 1
_ 1
C; xCy 141 1R, R R,
4 1 1 1 1
= + 1 : 1 1
— [ ey e
- -1 (- —1-(=D
p, |1 R, R
=4 |1 1|1 1
1 Standing
gl S d-Waves
—-= B, 1 1 -1 -1 (:Iég()O)
=51 1001
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Completing diagonalization from new D, basis:

AC+ A+ B J3(4-B)
4C+ A+ B -
C+4A4A+ B
: C+A4+4B

J3(4-B) 34+ 3B

D2 1 R R

y z

A1 1] 1 1

/0 IS TS T I T

gl 1] -

Bl1 1|

Need only diagonalize the two A;’s:

A12+>:ﬁl +22>+ 21‘_22> ( It is n=0 versus n=2+)

322_>= ] +22>‘ 21’—22> 4C+A+B 3(4-B) ’A12+>:f21 +22>+J51"22>
Bll+>= : +21>+J51‘—21> V3(4-B) 34+3B |4,0) = ‘3>
or)-gli-gl)

4,0) = ‘§>

Standing

d-Waves
(180°)
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Completing diagonalization from new D, basis: Need only diagonalize the two A;’s:

i den | | | N A12+>:ﬁll +222>+ 211‘_222> (It is n=0 versus n=2+)
AC+ A+ B - 57 )=gl)-5]3) AC+A+B \/5(,4—3)) 427)= 2| 2)+ 2| 3)
C+44+B ‘ ' Bll+>= 21 +21>+J§1‘—21> \/E(A—B) 34+3B )|40) = ‘(2)>
C+A+4B : A21_>= 21 +21>_ 21‘_21>
D, |1 R, R,
A1 11
A1 1T -
Bol1 1] -1 -
Byl 1 -1 | -1 1

Standing

d-Waves
(180°)
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Completing diagonalization from new D basis:

4C+ A+ B
4C+ A+ B
C+44+B
C+A+4B

J3(4-B)

J3(4- B)

34+ 3B

Aj

n—_/I>,2 IG

Need only diagonalize the two A;’s:

_22> ( It 1s n=0 versus n=2+)
2

4C+ A+ B J?(A—B))]A12+>=¢§ 2)+42)
) J3(4-B) 34438 )|40) = |3)
)

20-4-B  ~3(4-B)

=(2C+24+2B)-1+
[x/E(A—B) _(2C- A-B)

J=2 Levels of prolate vs. oblate cases with eigenvalues:

=)

Ar

prolate
(A=2, B=2, C=3)

Ay :2C+2A+2Bi\/(2C—A—B)2+3(A—B)2

:2(A+B+C)12\/C2—(A+B)C+A2—AB+32

{4(3 +2B

=2C+4B+2(C-B)= if A= B

11
symmetri¢ | |
1o (A=2, 2<B<3, 3) B2 oblate
(A=2, B=3, C=3
<9
Ay
i s

A=B prolate case: (A=2, B=2, C=3)

B(J(J+1) +(C-B)n?=2B+4C=4+12=16 (n=+2)

S5B+C=10+3=13 (n=+1) ,6B=12 (n=0)

B=C oblate c]ase: (A=1, B=2, C=2)
B(J(J+1) +(A-B)n°=2B+4A=4+4=8 (n=+2)
S5SB+A=10+1=1] (n=+1) ,6B=12 (n=0)
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Completing diagonalization from new D basis:

4C+ A+ B
4C+ A+ B
C+4A4A+B

J3(4-B)

C+A+4B
34+ 3B

J3(4- B)
Aj

n—2=> 16

Need only diagonalize the two A;’s:

( It is n=0 versus n=2"%)

_21’—22> {4C+A+B x/g(A—B))’A12+>:J51
J3(4—B) 34+3B

+22>+J51’—22>

|A10> = ‘(2)>

:(2C+2A+2B)-1+[2C_A_B Va(4-5) }

J3(4=B) —(2C— 4-B)

J=2 Levels of prolate vs. oblate cases with eigenvalues:

prolate
(A=2, B=2, C=3)

6+ 3B

14+8  32-8)|_
J32- B)

UO+28)1+(

4-B  32-B)
B32-B) —(4-B)

Ay =10+2Bi\/(4—B)2 +3(2- B)?

2<B<3,

3)'

=2(5+B)+2V7-5B+ B*

:14i2:{ 1; if: A=B=2 and: C=3 |

oblate N\
(A=2,B=3,C=3 A\

A2

n——=2>

A=B prolate case: (A=2, B=2, C=3)

B(J(J+1) +(C-B)n?=2B+4C=4+12=16 (n=+2)

S5B+C=10+3=13 (n=+1) ,6B=12 (n=0)

B=C oblate c]ase: (A=1, B=2, C=2)
B(J(J+1) +(A-B)n°=2B+4A=4+4=8 (n=+2)
S5SB+A=10+1=1] (n=+1) ,6B=12 (n=0)
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Review of freshman Chemistry and Physics (contd)

Momentum 101 p=my J=L=1® BANG!
(linear) (rotation)
12 _ 2 Ly 2 p
Energy 101 E =mv- = p°/2m E=ITw" = J /21 $BUCKS
SBUCKS . BANG!

Simple Rigid Rotor Hamiltonian... (Hamiltonian H=E is energy in terms of momentum)

H=A4J i + BJ i +CJ g + .- ..and its multi- expansion...
A+B+C 2C—-A-B A-B
( ) ) S R +( ) 22 -32-J° +( ) J2-J2
3 R | 6 y 9 y
2 T
Spherical Top\ F To o9
(A=B=C) 0 .o | Symmetric Top ) 2 (2 2
=5y TV=J (A=B#C) 2TV 3(T2( )+T_(2))
H= BJ*+(C - B)(2/3)T® o
Asymmetric Top
(4#B#C)

10

2
H= BI+2C-4-BBTY +(A-BNG( T+ 1))

(Derivation follows next lecture...)
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As of April 3, 2014

Links to the current Harter-Soft I.earnlt web apps for Physics

Bold links have default redirect pages. Italics are not yet meant for production.Red: the final stages of testing.

List of production Harter-Soft Web Apps & Textbooks (For public)

Classical Mechanics with a Bang! - URL is "http://www.uark .edu/ua/modphys/markup/CMwBangWeb.html"
Quantum Theory for the Computer Age - URL is "http://www.uark .edu/ua/modphys/markup/QTCAWeb.htm]"
Learnlt Web Applications - URL is "http://www.uark.edu/ua/modphys/markup/LearnltWeb.htm]"

Individual web-apps for current classes:

Bohrlt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BohrltWeb.html"

Bouncelt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BounceltWeb.htm]"

BoxIt - Production; URL is "http://www.uark.edu/ua/modphys/markup/BoxItWeb.html"

Coullt - Production; URL is "http://www.uark.edu/ua/modphys/markup/CoulltWeb.html"
Cycloidulum - Production; URL is "http://www.uark .edu/ua/modphys/markup/CycloidulumWeb.htm]I"
Jerklt - Production; URL is "http://www.uark .edu/ua/modphys/markup/JerkltWeb.html"

MolVibes - Production; URL is "http://www.uark .edu/ua/modphys/markup/Mol VibesWeb.html"
Pendulum - Production; URL is "http://www.uark .edu/ua/modphys/markup/PendulumWeb.html"
Quantlt - Production; URL is "http://www.uark.edu/ua/modphys/markup/QuantitWeb.html"

The old relativity website (2005):
Relativity - Pirelli Entrant - Production; URL is "http://www.uark.edu/ua/pirelli" or "http://www.uark.edu/ua/pirelli/html/default.htm]"

Newer relativity web-apps currently being developed (2013-)
Relativlt Production; URL is "http://www.uark .edu/ua/modphys/markup/RelativitWeb.html|"
RelaWavity Production; URL is "http://www.uark.edu/ua/modphys/markup/RelaWavity Web.html"

Additional classical wep-apps:
Trebuchet Production; URL is "http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html"
Wavelt Production; URL is "http://www.uark.edu/ua/modphys/markup/WaveltWeb.html"

Link to master list of all Harter-Soft Web Apps & Textbooks (Prod, Testing, & Developement)

http://www.uark.edu/ua/modphys/testing/markup/Harter-SoftWebApps.html
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http://www.uark.edu/ua/modphys/markup/QTCAWeb.html
http://www.uark.edu/ua/modphys/markup/QTCAWeb.html
http://www.uark.edu/ua/modphys/markup/LearnItWeb.html
http://www.uark.edu/ua/modphys/markup/LearnItWeb.html
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html
http://www.uark.edu/ua/modphys/markup/BohrItWeb.html
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html
http://www.uark.edu/ua/modphys/markup/CycloidulumWeb.html
http://www.uark.edu/ua/modphys/markup/CycloidulumWeb.html
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html
http://www.uark.edu/ua/modphys/markup/PendulumWeb.html
http://www.uark.edu/ua/modphys/markup/PendulumWeb.html
http://www.uark.edu/ua/modphys/markup/QuantItWeb.html
http://www.uark.edu/ua/modphys/markup/QuantItWeb.html
http://www.uark.edu/ua/pirelli/html/default.html
http://www.uark.edu/ua/pirelli/html/default.html
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html
http://www.uark.edu/ua/modphys/markup/RelativItWeb.html
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html
http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html
http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
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