Group Theory in Quantum Mechanics
Lecture 24 (12115

Rotational symmetry U(2)CU(3) and O(3)

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 7 Ch. 21-22 )
(PSDS - Ch. 5,7)

Review : 2-D ata algebra of U(2) representations

Angular momentum generators by U(2) analysis

Angular momentum raise-n-lower operators 8;and S.
SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

Angular momentum commutation relations
Key Lie theorems

Angular momentum magnitude and uncertainty
Angular momentum uncertainty angle

Generating R(3) rotation and U(2) representations
Applications of R(3) rotation and U(2) representations
Molecular and nuclear wavefunctions
Molecular and nuclear eigenlevels
Generalized Stern-Gerlach and transformation matrices
Angular momentum cones and high J properties
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Links as of April 21, 2015
(Apps are being upgraded as time permits)

Links to the current Harter-Soft I.earnlt web apps for Physics

(Bold links have default redirect pages. Italics are not yet meant for production. Red are in the final stages of testing.

Production Links - For the students & general public

Bohrlt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BohrltWeb.html"

Bouncelt - Production; URL is "http://www.uark.edu/ua/modphys/markup/BounceltWeb.html"

BoxIt - Production; URL is "http://www.uark.edu/ua/modphys/markup/BoxItWeb.htm]"

Coullt - Production; URL is "http://www.uark .edu/ua/modphys/markup/CoulltWeb.html"

Cycloidulum - Production; URL is "http://www.uark .edu/ua/modphys/markup/CycloidulumWeb.html"

Learnlt - Production; URL is "http:/www.uark.edu/ua/modphys" or "http://www.uark .edu/ua/modphys/markup/I.earnltWeb.html"
Jerklt - Production; URL is "http://www.uark .edu/ua/modphys/markup/JerkltWeb.html"

Pendulum - Production; URL is "http://www.uark .edu/ua/modphys/markup/PendulumWeb.html"

Quantlt - Production; URL is "http://www.uark.edu/ua/modphys/markup/QuantltWeb.htm]"

Relativity - Pirelli Entrant - Production; URL is "http:/www.uark.edu/ua/pirelli" or "http://www.uark.edu/ua/pirelli/html/default.html"

Trebuchet Production; URL is "http://www.uark.edu/ua/modphys/markup/TrebuchetWeb.html"

Testing Links - For internal use and testing by Harter & Heyoka

Bohrlt - Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/BohrltWeb.html"
Bouncelt - Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/BounceltWeb.html"

Bouncelt Title Page - Testing; URL is "http.//www.uark.edu/ua/modphys/testing/markup/BounceltTitlePage html"
BoxIt - Testing; URL is "http://www.uark.edu/ua/modphys/testing/markup/BoxItWeb.html"

Coullt - Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/CoulltWeb.html"

Cycloidulum - Testing; URL is "http://www.uark.edu/ua/modphys/testing/markup/CycloidulumWeb.html"

Harter-Soft Web A uick Reference - Testing:; URL is "http://www.uark .edu/ua/modphys/testing/markup/JerkltWeb.html"

Jerklt - Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/JerkItWeb.html"
ModernPhysics - Testing; URL is "http://www.uark.edu/ua/modphys/testing/markup/IntroCover.html"
Pendulum - Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/PendulumWeb.html"
Quantlt - Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/QuantltWeb .html"
Trebuchet Testing; URL is "http://www.uark.edu/ua/modphys/testing/markup/TrebuchetWeb .html"
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* Review : 2-D ata algebra of U(2) representations
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U(2)-2D-HO Hamiltonian and irreducible representations

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...

20,21,22,23,...)
H= 00) |o1) 102) 10) 1) 12) 120) 121) 122)
A(aja+172)+(1-iC)ala, 000
(01] D +iC :
+( +iC)a§al+D(a§a2+1/2) (02 \ 2D V2(B+iC)
(10| | - _ich\‘\\\ﬁk e A e :
(H)y=A1/2)+DA/2)+ (11| . 2(B-ic) - A+D N2 (B+iC) :
(12] Example: A+2D V4 (5 +iC)
afal nln2>=n1‘ n1n2> : TE : : : : : :
a;a1 n1n2>:\/”_1\/@|n1—1n2+1> (20| a1a2|02>:\/ﬁ\/§|0+1 2_1>:\/§|11 ‘/5( ~iC) 2A
+ (21] aja,|mny )=\fn+Jny|n+ ny-1) Va(r=ic) 2A+D
3132 l’lll’lz >=\/n1+1\/n2 n1+1 l’l2—1> <22| —>

a;a2| n1n2>=n2| n1n2>

2A+2D .-

Rearrangement of rows and columns brings the matrix to a block-diagonal form.
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U(2)-2D-HO Hamiltonian and irreducible representations

H=
A(aja+172)+(1-iC)ala,

+( +iC)a§al+D(a§a2+1/2)

(H)y=A(1/2)+ D(/2)+

afal nmn ”1‘ ”1”2>

JriJno | m=1ny+)

>:
a;al ”1”2>
)

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...

:\/n1+1 \/nz n1+1 n2—1>

aIaz mn,

a;a2| n1n2>=n2| n1n2>

20,21,22,23,...)
|00) |O1) 02) 10) 111) 112) 20) 121) |22)
(00| 0
(o1] D +iC :
(02 \ 2D V2(B+iC)
Qo[ - s-ic T~ - A .
(11] . 2(B-ic) - A+D | N2(B+iC) :
(12] Example: A+2D JA(5+iC)
(20| [@jay 02)=\J0+1/2]0+1 2-1)=V2]11 J2(5-iC) 2A
(21] [a1ad mm = o[ np+l ny=t) J4(5-iC) 2A+D

(22|

2A+2D .-

Rearrangement of rows and columns brings the matrix to a block-diagonal form.

CBase states |n )|n,) with the same total quantum number v=n; + n, define each block.)
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U(2)-2D-HO Hamiltonian and irreducible representations

H=

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...

A(aja+172)+(1-iC)ala,

+( +iC)a§al+D(a§a2+1/2)

(H)y=A(1/2)+ D(/2)+

aIal nmny ”1‘ ”1”2>

a;al

>:
mn, >=\/a M | n—1 n2+1>
)

aIaz mny :\/l’l1+1 \/nz n1+1 I’l2—1>

a§a2| n1n2>=n2| n1n2>

20,21,22,23,...)
|00) |O1) 02) 10) 111) 112) 20) 121) |22)
(00| o
(01] D +iC
(02 \ 2D V2(B+iC)
(o] | - s-ic T~ A
(11] V2(5-iC) A+D | V2(B+iC)
(12| Example: A+2D Ja(r+iC)
(20| [@jay 02)=\J0+1/2]0+1 2-1)=V2]11 J2(B=iC) 2A
(21] [a1ad mm =y np+l nf) JA(B-iC) 2A4D
(22] 2A+2D

Rearrangement of rows and columns brings thle matrix to a block-diagonal form.

CBase states |n;)|n,) with the same total quantﬁm number v = n; + n, define each block)

Group reorganized
"Little-Endian" indexing
(...01,02,03..10,11,12,13
20,21,22,23,...)

Overtone (V=3)
vibrational sub-space

|00) | |01)  |10) 102) /|11> 20) |03) 12) |21) |30)
<OO| 0 | Vacuum (v=0) /
<0 1| D +iC |  Fundamentaf (v=1)
<10| —iC A vibrational fub-space
(02| 2D j V2(B+iC)
_ . . Overtone (V=2)
<H> =A1/2)+DA/2)+ <1 1| \/5( B ZC) A+D \/5( + ZC) vibrational sub-space
(20| V2(5-iC) 24
(03 3D J3(5+iC)
(12| V3(B-iC)  A+2D  J4(B+iC)
(21] Ja(B=iC)  24+D  J3(B+iC)
(30| J3(5-iC) 3A
5 1 ! a+p _
HA:A(afa1+1/2)+D(a§a2+1/2) 2n2=A(”1+5)+D(”2+5)— > (ny+ny +1)+ (= ny)
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Setting (7=0=C) and (4=, ) and (D=w_ ) gives diagonal block matrices.
|00) | |01) [10)|]02)  |11)  |20) | |03) |12) 121)  [30) | -

(00| | 0
(01] W W, —0_ =L

(10 w, (28 +(20) +(A-D)
(02] 20 o

11| O, +0

(H)=A1/2)+ D(1/2)+ <
20| 20
03| 300_

{
{
(12| o, +20_
{
{

21| 20, +@_
30| 30

A+D A-D
HA:A(afa1+1/2)+l)(a£az+1/2) 8;14” =A(n1+l)+D(n2+l)= " (n1+n2+1)+ (nl—nz)
2 2 2 2 2

Define fotal quantum number v=2j and half-difference or asymmetry quantum number m

. omtn, v m:nl_nZ
m=+1/2

v+1=2j+1 multiplies base frequency w=, v=1

m multiplies beat frequency ()

LU:::SZC) _ LU____'STZO'%_SCZ(__;Z)

Tuesday, April 21, 2015 7



Setting (©"=0=C) and (4=, ) and (D=wm- ) gives diagonal block matrices.

00) | [o1) [10)]|02) |11} |20)|]03)  [12) 21) 30} ] -
(00[| 0
{01 .
(10| .
(02 20
(H)=A(1/2)+ D(1/2)+ <”| @, + 0.
(20 20,
(03 30
(12 ®.+20.
(21 20, +®_
(30 30,
12
11
SU(2) Multiplets R(3) Multiplets _ N|
= +3/2 j ‘ |
J=3/2 +1/2 "tensor" 2 7 )
-1/2 _ B Of
-3/2 J= 1Z‘E::::::::::::::fff:ii:'F | 51
0 -
J=1/2 m=+1/2 "vector" -1 i
s in(;r-T -1/2 : T
P =0 "scalar” = 0 2|
il
0

-

1)) L

w+—0)_=Q

J2B) +(2C) +(A= D)’
=A-D

Q=w/3

)

O=203 0=

Tuesday, April 21, 2015
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* Angular momentum generators by U(2) analysis ‘

Angular momentum raise-n-lower operators Sy and 8.
SU(2)CU(2) oscillators vs. R(3)CO(3) rotors
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R(3) Angular momentum generators by U(2) analysis

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator Sy =1 and spin operators { Sy, Sy, S7}. (also known as: { $;,5.-,S,})

1 1
0 — | —— =0
_i -
4 i ADE T 0, 2 |+2c 2 |+ (4-0) *
+iC D 2 0 1 0 0

N | —

1
2

Tuesday, April 21, 2015



R(3) Angular momentum generators by U(2) analysis

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator Sy =1 and spin operators { Sy, Sy, S7}. (also known as: { $;,5.-,S,})

1 i 1
0 = 0 —= - 0
el o R IS I I N O
~ 0 ~ 0 0 —
2 2 2
(v=2) or (j=1) 3-by-3 block uses|their vectorirreps. \( \
RCI REERCE
24 2(5-iC) - . 2 2 .
V2(5+iC)  a+D  N2(B-ic) |=(4+D) . 1 .}rz % . % +2C i% . _,-g +(A—D)[. 0o - }
| V2(p+ic) 2D S s 2 oo
2 2

Tuesday, April 21, 2015



R(3) Angular momentum generators by U(2) analysis

(v=1) or (j=1/2) block H matrices of U(2) oscillator

Use irreps of unit operator S, =1 and spin operators { S, Sy, S, }.

A
+iC

0

1
2

1
2
0

N | ~.

(v=2) or (j=1) 3-by-3 block uses|their vectorirreps.

24 V2(5-ic)

V2(5+iC)

=(A+D)

(s+ic)  a+D  N2(5-iC)

1 - -
1 . |+2
|

V3(5-iC)

34 \B(s-ic)
V3(z+iC) 244D J4(5-iC)
Ja(p+ic)  a+2D
V3(z+ic)

+2C

+2C

(also known as: { S;,5¢,5, })

+(A—D)

Tuesday, April 21, 2015
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R(3) Angular momentum generators by U(2) analysis

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator Sy =1 and spin operators { Sy, Sy, S7}. (also known as: { $;,5.-,S,})

A
+iC

0

1
2

1
2
0

N |~

(v=2) or (j=1) 3-by-3 block uses|their vectorirreps.

24

34

\/5( +iC)

(vV=2j) or (2j+1)-by-(2j+1) block|uses DV)(s,) irreps of U(2) or R

Y =20, (1)

V2(5-ic)

(s+ic)  a+D  N2(5-iC)

V2(5+iC)

V3(5-ic)

24+D  N4(5-iC)
Ja(p+ic)  a+2D

«/5( +iC)

=(A+D)

1 - -
1 . |+2
|

V3(5-iC)

+2C|

Q. (s}

%3
2

_ 3
>

N R

‘2 _iﬁ +(A—D) 2 1

2 2

8 .

2
iS).
s, )’ +Q, (s,
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R(3) Angular momentum generators by U(2) analysis
(v=1) or (j=1/2) block H matrices of U(2) oscillator

Use irreps of unit operator Sy =1 and spin operators { S, Sy, S;}. (also known as: { $;,5,,8,})

! 1
0 - 0 -+ L
_i +
4 il AP0, 2 |+2c 2 |+ (4-0) *
iC . )

D 2 L o1 1 i 1
2 2 2
(v=2) or (j=1) 3-by-3 block uses ltheir vectorirreps. \4 \
J2 2
24 2(5-iC) - . o2 T o
V2(5+iC)  a+D  N2(B-ic) |=(4+D) . 1 .}rz % . % +2C i% . _,-g +(A—D)[. 0o - }
. V2(5+iC) 2D S N N o
-2 2
(LV=3) or (j=3/2) 4-by-4 block usesJDirac SpInor| irreps. \ \
R R R 3
34 \B(5-ic) 2 2 2
V(B+iC)  24+D  Ja(5-iC) 3(4+D) 1 . , % ' % e ’g "% ' o % '
Bpie) v Fom) |2 | [N T s T s U
. 1 2 ) 2
Blic) a0 R N E
2 2
(vV=2j) or (2j+1)-by-(2j+1) block|uses DV)(s,) irreps of U(2) or RiS). l
(HY ™ =20, (1) + Q (s, ) +Q, (s, +Q, (s,

All j-block matrix operators factor into rais¢-n-lower § /pe'f‘at/ += 8, xSy plus theldiagonal Sz

/

<H>j‘bl“"=2jgo<1>j+[(g ~i,)(s, +s, )Y +(Q, +iQ,)(s —iSY>J}/2+QZ<SZ>j

Tuesday, April 21, 2015
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Angular momentum generators by U(2) analysis
* Angular momentum raise-n-lower operators Sy and 8.
SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

<

Tuesday, April 21, 2015
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Angular momentum raise-n-lower operators S, and S.

(s+=s +isy) and ( S.=§ -isyzsﬂ)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |1){2| = Py,

! .
| 0 — 0 ——
2 |, . 2 01| _
Tl B =P
0 0 0

Such operators can be upgraded to creation-destruction operator combinations a'a

—nim _at —(aia \ —ata —af
s,=aa,=ala, , s_=(aja,) =aja =aa,

Tuesday, April 21, 2015
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Angular momentum raise-n-lower operators S, and S.

(s+=s +isy) and ( S.=§ -isyzsﬂ)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |1){2| = Py,

.

% 0 =3 0 1
+1 . = :Plz
0 0 0

Such operators can be upgraded to creation-destruction operator combinations a'a

s,=aa,=aa, , S_= (ajaz )T =a,a =aja, (1 )
| | | OO N
Hamilton-Pauli-Jordan representation of Sy is: (s,)\2)=D"*(s,)= 1
O -
\ 2

Tuesday, April 21, 2015 17



Angular momentum raise-n-lower operators S, and S.

(s+=s +isy) and ( S.=§ -isyzsﬂ)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |1){2| = Py,

1 ]
1 1 L 0 3 0 =3 0 1
<s+>5:D2(s+):D2(s +iSY)= +i| = =P,
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a
—nim _af —(ata \ —afa —af
s,=aa,=ala, , s_=(aja,) =aja =aa,

1 _ pl) 2 0
Hamilton-Pauli-Jordan representation of Sy is: <S Z> Y=D" (Sz) 2

This suggests an a‘a form for s.

Tuesday, April 21, 2015
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Angular momentum raise-n-lower operators S+ and S.

(s+=s +i$y) and ( S.=$S -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |1){2| = Py,

1 i
L ; "2 ' 0 1
(s,)?=D*(s,)=D>(s, +is, )= +i| = =Py,
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a
s,=aa,=ala, , s = (ajaz)T =aja =ala,
S0
. . . e\ z
Hamilton-Pauli-Jordan representation of S is: <S Z> D (S Z)
This suggests an a‘a form for s.
Let a;=a; create up-spin T

1/2
-[1)-| 1y |-
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Angular momentum raise-n-lower operators S+ and S.

(s+=s +i$y) and ( S.=$S -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |1){2| = Py,

1 i
. : "2 ' 0 1
(s,)?=D*(s,)=D>(s, +is, )= +i| = =Py,
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a

—nim _at —(aia \ —ata —af
s,=aa,=ala, , s_=(aja,) =aja =aa,

-

1

Hamilton-Pauli-Jordan representation of 8y is: <S Z>(§) = D(E) (S Z) (2) 1
s,=3(aja, —aja,)=}(ala,-ala,)

Let aj=a] create dn-spin |

172

=a’'|0)=a’|0
. > 0)=ai[o}

\9}

This suggests an a‘a form for s.
Let a;=a; create up-spin T
1/2

» >=azo>=axo> 2)=J4)-

Tuesday, April 21, 2015
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Angular momentum raise-n-lower operators S+ and S.

(s+=s +i$y) and ( S.=$S -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |1){2| = Py,

1 i
L ; "2 ' 0 1
(s,)?=D*(s,)=D>(s, +is, )= . + i P :[0 0] =P,
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a

—nim _at —(aia \ —ata —af
s,=aa,=ala, , s_=(aja,) =aja =aa,

-

1

Hamilton-Pauli-Jordan representation of §;is: (8 Z>(§) = D(z) (S Z) (2) 1
s,=3(aja, —aja,)=}(ala,-ala,)

Let aj=a] create dn-spin |

172

=a’'|0)=a’|0
. > 0)=ai[o}

\9}

This suggests an a‘a form for s.
Let a;=a; create up-spin T
1/2
=a’|0)=a’|0 2y=|)=
+1/2>1>T> 2)=[4)
s,=a/a,=aja destroys dn-spin |
creates up-spin T

to raise angular momentum by one 7 unit

aja [L)=|T) or: aja,|2)=]1)

Tuesday, April 21, 2015
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Angular momentum raise-n-lower operators S, and S.

(s+=s +isy) and ( S.=§ -isyzsﬂ)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |1){2| = Py,

1 i
L : "2 ' 0 1
(s,)?=D*(s,)=D>(s, +is, )= . o \ =[0 0] =Py,
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a

—nim _at —(aia \ —ata —af
s,=aa,=ala, , s_=(aja,) =aja =aa,

Hamilton-Pauli-Jordan representation of Sy is: <s Z>(§) =

|
D=
e
»
N
N—
Il
N =
-

0 et
_1f AT T Y T
s,=3(aja, —aja,)=}(ala,-ala,)
Let aj=a] create dn-spin |
172

=a’'|0)=a’|0
I > 0)=ai[o}

Cata —al -
s_=a,a,=a,a,destroys up-spin T

\S]

This suggests an a‘a form for s.
Let a;=a; create up-spin T
1/2
=a/|0)=a}|0 2)=|{)=
+1/2>1>T> 2)=[4)
s,=aja,=a}a destroys dn-spin |

creates up-spin T
to raise angular momentum by one 7 unit

aja [L)=|T) or: aja,|2)=]1)

creates dn-spin |
to lower angular momentum by one 7 unit

aja,|T)=|{) or aja,|1)=|2)
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Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators Sy and 8.
SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

<
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n,n;)

Oscillator total quanta: v=(n;+n,)

1) (a;,) : 00)

n!n,!

|n1”2> =
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |r;,n,)=R(3) spin or rotor states |7,)

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2

=8 ooy —joo)-.)

n!n,!

|”1n2> =
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |r;,n,)=R(3) spin or rotor states |7,)

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

C(al)"(al)", . (al)™(a)”" _|J E =02 =(n;+ ”2)/2}
)= Jn!n,! |OO>_\/(j+m)!(j—m)!|0O>_‘m> m =(n;-ny)/2
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |r;,n,)=R(3) spin or rotor states |7,)

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

=8 ooy —joo)-.)

nl!n,!

|”1”2> =

j=ﬂﬂ2=#hfﬂup9 n1=j+nz
m =(n;-ny)/2 ny =j-m
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |r;,n,)=R(3) spin or rotor states |7,)

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

(a)'(a! )"2|OO (@) (=) ) {jwz (n1+nz)/2} {”1 jfm}

ny = j-m

|flll =
) [ n,! \/ +m)!(j—m)!
U(2) boson oscillator states = U(2) spinor states

@, (@) e
= gt et

m =(n;-n)/2
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states |/,)

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

|nn,) :(a )”1 (a )n2|00 (af)ﬁ’"(a;)f‘m 00) _‘ > [j =1/2 (n1+n2)/2} {nz ]+m}

nln,! \/ +m)!(j—m)! m =(n;-ny)/2 ny = j-m

U(2) boson oscillator states = U(2) spinor states

(e e el
= gt et

Oscillator afa...

a'a, | nn, >=\/n1+1 \/Z| n,+l n2—1>
ala, | nn, >=\/n—1 A /n2+1| n,-1 n2+1>
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states |/,)

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

L 1 A R
m =(n;-ny)/2 ny =Jj-m

n!'n, \/(j+m)!(j—m)!

|nln2> =

U(2) boson oscillator states = U(2) spinor states

o) o) (o) " (al)”
|’1TIAL>:: ( ;}______i_ |()()>::
n, ! n !

Oscillator.@afa give S, matrices.

N\ N
aa, | nn, >=«/n1+1 \/Z| n+l n2—1> =S,

a.a, | nn, >=\/n_“ /n2+1| n,-1 n2+1>

J00)=1)

\/(j+m)!(j—m).

J
m+1

2= j+m [ j—m
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states |/,)

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

C(@)'(a)?, () ") J =2 ()2 [ f*””j
|n17’l2>— W |OO>— ( . |OO>—‘ > m:(lfl]—nz)/Z 15 :j'm

U(2) boson oscillator states = U(2) spinor states

oy ) A (e al)
)= Jnyin! |OO>_\/(1+m) 1(j—m)! 00)=1z)

Oscillator. afa give s, and 8. matrices.

Ta2|nln2 —«/”1 \/Z| n+l n,-1 {+

a a1|nln2 —\/7\/112 |n1 1n2+1
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states |/,)

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

C(@)'(a)?, () ") J =2 ()2 [ f*””j
=t O TG m =(nm)/2 2 =

U(2) boson oscillator states = U(2) spinor states

) a0)" g ()@

|nTn¢>— NS |OO>:\/(]+m) 1(j—m)!

Oscillator. afa give s, and 8. matrices. 1/2-difference of number-ops 1s §; eigenvalue.

aja,|nn,)=/n+ \/Z| n+l n-1)=ls, >—\/j+m+1\/j—m i+1> aja|mn, )=n|nn,)
| aia,|nn, )=n,|nn,)

ala |nln2 —\/7\/112 |n1 1n2+1
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states |/,)

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

~ (af)"l (a;)"z ) (aj)ﬂm(a;)f-m N J =V/2 =(n;+n,)/2 [nl j+m}
|n1n2>— /nl !—nz! |O 0>— \/(j+m)!(j—m)!|0 O>_‘m> . :(n]—ng)/Z 0 = jom

U(2) boson oscillator states = U(2) spinor states

(@) (@)" o (@) (@)
)= ! |OO>_\/(1+m) (j—m)! 00=1-)

Oscillator. afa give s, and 8. matrices. 1/2-difference of number-ops 1s §7 eigenvalue.

Ta2|nln2 _\/T\/Z| n1+1 n2 S, i’t>_\/j+m+1\/j_m £1+1> Ta |I’l1n2 _n1|n1n2 ‘ Ta -a, 4 )| > - n2|\>A m‘ D
S_|))= ' ) ajaynn,)=n|nn,)

a a1|nln2 —\/7\/112 |n1 1n2+1
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states |/,)

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

)= 2@ 0 (a) (@) " 00)=|/) e [nl o m}
e Jm!n,! \/(j+m)!(j—m)! ! m =(n;-ny)/2 ny = j-m
U(2) boson oscillator states = U(2) spinor states
(@) (@) oy @) @)
iy )= Jrtn,) |OO>—\/(]+m) G—m)! 00)=[)

Oscillator{ia give Sy argA S_ matrices. 1/2-difference of number-ops 1s §7 eigenvalue.

aIa2|nln2>:«/nl+1\/Z| n+l n2—1> S, il>—\/]+m+1\/]—m i+1> Ta |”1"2 _"1|”1”2 ‘ fa _a' a )| > n n2| > m‘ D
a;a1|nln2>:\/n7“/n2+l|nl-l n,+) = _| il>—\/]+m\/] —m+|’ a,a |”1”2 ”2|”1”2

j=1 vector Sy 2o RN -and 8z

= i s 1
D'(s,)=D'(s, +is,)= g . % +i i% . _,-g —[ 0o . \/5}, D'(s,)= 0
Q : iﬁ ’ -1
N\ 2 2 Z
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(a]) (a:)°

|nln2>= P
Jn!n,!

@) ()

) = Jn !
n..-n, .

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states |/,)

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

00)=

(aT)jer (aT)j_m . ] =1)/2 =(n1+n2)/2 n; :j+m
. 1 2 |O ()> :‘ i > |
J(i+m)t(j—m)! " m =(n-ny)/2 ny = j-m

U(2) boson oscillator states = U(2) spinor states

1) ")~

J+m)i(j=m)!

Oscillator. afa give s, and 8. matrices.

a'a, | nn, >:«/n1+1 \/Z| n,+l n2—1> S,
ala, | nn, >:\/n71\ /n2+1| n,-1 n2+1>

i,t>—\/ ]+m+1\/ j—m Lﬂj

_| il>—\/]+m\/] —m+l L_l

00)=[})

1/2-difference of number-ops 1s $; eigenvalue.

T —
a |n1n2 I’l1| nlnz

? i\_, nz
aa,|nn, )=n,|nn,) }( ‘ %3 aa)| > | >m‘ D

j=1 vector Sy % - - -i% . 5 -and Sz !
2 .
D'(s.)=D'(s, +is, )= g | % v g | _,@ -[0 | 5}, p'(s,) . o
2 V2 o »
g 2 2 D
(j=3/2 spinor S, ...and Sy . )
5 T |
el 0 - A o2
O R S S S
. 0 . 2
3
N\ =y,
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors
U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states ‘ ’m>

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

C(@)'(a)?, () ") J =2 ()2 [ f“’”j
|n17’l2>— W |OO> ( . |OO>—‘ > - :(I/l]—l/lg)/Z 15 :j_m

U(2) boson oscillator states = U(2) spinor states

Oscillator. afa give s, and 8. matrices. 1/2-difference of number-ops 1s §7 eigenvalue.

aIa2|nln2>:«/nl+1\/Z| n,+l n2-1> S, ii>—\/]+m+1\/]—m £1+1> Tal| nn, —n1|n1n2 ‘ Ta _q! a )| > ”1_n2| > m| D
_| il>—\/]+m\/]—m+l - a,a |”1n2 n2|n1n2

ala, | nn, >:\/n71\ /n2+1| n,-1 n2+1>

j=1 vector S+ -2 - —i% . 5 -and Sz L
N £ T
2o 2 -0 B
\_ 2 2 ¥,
(j=3/2 spinor S, ..and 8| 3 1\ (" j=2 tensor Sy and Sy D)
R \ G S
)0 h L oe)]. v o B T i
RN - SN D)=l . o . G . FHP)). ) oo -
0
\_ 2 ') \ 0 )
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* Angular momentum commutation relations
Key Lie theorems
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Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations :6,0 B = 5aﬁ +1€

oByCy
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Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations : 0,0 g = 0yg+i€ap, 0y with: §, =0 /2
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Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations : 0,0 g = 0yg+i€ap, 0y with: §, =0 /2

Commutator formulae for 8, : @asﬁ - 838y, = [S0,Sp] = 1 €gpy SD
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Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations : 0,0 g = 0yg+i€ap, 0y with: §, =0 /2

Commutator formulae for 8 : @asﬁ - 838y, = [S0,Sp] = 1 €gpy SD G ay=igz implics:[8,,8y] =8

o700 —Iloy implies: S,,S | =Sy

O'YO'Z:iO' implies: :Sy,SZ_ =S
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Angular momentum commutation relations
Key Lie theorems
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Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations : 0,0 g = 0yg+i€ap, 0y with: §, =0 /2

Commutator formulae for 8 : @asﬁ - 838y, = [S0,Sp] = 1 €gpy SD G ay=igz implics:[8,,8y] =8

o700 —Iloy implies: :Sz,s | =Sy

O'YO'Z:iO' implies: :Sy,SZ: =18

Key Lie theorem.
S, and S.=S:F1Sy obey eigen-commutation relations. C[SZ,S+] = (+1)SD and:[[sz,s_] = (-1)S_
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Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations : 0,0 g = 0yg+i€ap, 0y with: §, =0 /2

Commutator formulae for 8 : @asﬁ - 838y, = [S0,Sp] = 1 €gpy SD G ay=igz implics:[8,,8y] =8

o700 —Iloy implies: :Sz,s | =Sy

O'YO'Z:iO' implies: :Sy,SZ: =18

Key Lie theorem.
S, and S.=S:F1Sy obey eigen-commutation relations. C[SZ,S+] = (+1)SD and:[[sz,s_] = (-1)S_

Proof using elementary matrix operator multiplication: € €,,,= Oy, €, With: 8,=€;, and: S.=e;;,

{3s) (03]
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Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations : 0,0 g = 0yg+i€ap, 0y with: §, =0 /2

Commutator formulae for 8 : @asﬁ - 838y, = [S0,Sp] = 1 €gpy SD G ay=igz implics:[8,,8y] =8

o700 —Iloy implies: :Sz,s | =Sy

O'YO'Z:iO' implies: :Sy,SZ: =18

Key Lie theorem.
S, and S.=S:F1Sy obey eigen-commutation relations. C[SZ,S+] = (+1)SD and:[[sz,s_] = (-1)S_

Proof using elementary matrix operator multiplication: € €,,,= Oy, €, With: 8,=€;, and: S.=e;;,

Also: szz(eu-ezg)/zz[ - _l‘jz] S
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Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations : 0,0 g = 0yg+i€ap, 0y with: §, =0 /2

Commutator formulae for 8 : @asﬁ - 838y, = [S0,Sp] = 1 €gpy SD G ay=igz implics:[8,,8y] =8

o700 —Iloy implies: :Sz,s | =Sy

O'YO'Z:iO' implies: :Sy,SZ: =18

Key Lie theorem.
S, and S.=S:F1Sy obey eigen-commutation relations. C[SZ,S+] = (+1)SD and:[[sz,s_] = (-1)S_

Proof using elementary matrix operator multiplication: € €,,,= Oy, €, With: 8,=€;, and: S.=e;;,

Also: szz(eu-ezg)/zz[ - _l‘jz] 03] (0]

€ €,,,= Oy €, 2lves: [(€ - €22)/2, €,5] = 1€y,
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Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations : 0,0 g = 0yg+i€ap, 0y with: §, =0 /2

Commutator formulae for 8 : @asﬁ - 838y, = [S0,Sp] = 1 €gpy SD G ay=igz implics:[8,,8y] =8

o700 —Iloy implies: :Sz,s | =Sy

O'YO'Z:iO' implies: :Sy,SZ: =18

Key Lie theorem.
S, and S.=S:F1Sy obey eigen-commutation relations. ([SZ,SJ,] = (+1)SD and:[[sz,s_] = (-1)S_

Proof using elementary matrix operator multiplication: € €,,,= Oy, €, With: 8,=€;, and: S.=e;;,

Also: szz(eu-ezg)/zz[ - _l‘jz] {00 (00

€k €= Ok €, 2lves: [(€ - €2)/2, €] =+€, and: [(€); - €,2)/2, €5] = -€

DEC)
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Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations : 0,0 g = 0yg+i€ap, 0y with: §, =0 /2

Commutator formulae for 8 : @asﬁ - 838y, = [S0,Sp] = 1 €gpy SD G ay=igz implics:[8,,8y] =8

o700 —Iloy implies: :Sz,s | =Sy

O'YO'Z:iO' implies: :Sy,SZ: =18

Key Lie theorem.
S, and S.=S:F1Sy obey eigen-commutation relations. ([SZ,SJ,] = (+1)SD and:[[sz,s_] = (-1)S_

Proof using elementary matrix operator multiplication: € €,,,= Oy, €, With: 8,=€;, and: S.=e;;,

Also: szz(eu-ezg)/zz[ - _l‘jz] {00 (00

€k €= Ok €, 2lves: [(€ - €2)/2, €] =+€, and: [(€); - €,2)/2, €5] = -€

DEC)

Then there are up-down commutation relation: (SJr, s_|=[en,ey]l=e;-e)= ZSZ)
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Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations : 0,0 g = 0yg+i€ap, 0y with: §, =0 /2

Commutator formulae for 8 : @asﬁ - 838y, = [S0,Sp] = 1 €gpy SD G ay=igz implics:[8,,8y] =8

o700 —Iloy implies: :Sz,s | =Sy

O'YO'Z:iO' implies: :Sy,SZ: =18

Key Lie theorem.
S, and S.=S:F1Sy obey eigen-commutation relations. C[SZ,S+] = (+1)SD and:[[sz,s_] = (-1)S_

Proof using elementary matrix operator multiplication: € €,,,= Oy, €, With: 8,=€;, and: S.=e;;,

Also: szz(eu-ezg)/zz[ - _l‘jz] 03] (0]

€k €= Ok €, 2lves: [(€ - €2)/2, €] =+€, and: [(€); - €,2)/2, €5] = -€

DEC)

Then there are up-down commutation relation: (SJr, s_|=[en,ey]l=e;-e)= 252}

General eigen-commutation theorem.

If Hamiltonian H (or any operator such as 8, ) eigen-commutes with a,, and @', , that is:
[Ha',]=o,a’, and [H,a,] = ®,a,, then H is a combination w a'a_ of number operators.
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Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations : 0,0 g = 0yg+i€ap, 0y with: §, =0 /2

Commutator formulae for 8 : @asﬁ - 838y, = [S0,Sp] = 1 €gpy SD C.Oy= l:O'Z implies: [S1,Sy] :l:SZ
o070 —loy implies: |S,,8 | =1Sy

O'YO'Z:iO' implies: :Sy,SZ: =18

Key Lie theorem.
S, and S.=S:F1Sy obey eigen-commutation relations. ([SZ,SJ,] = (+1)SD and:[[sz,s_] = (-1)S_

Proof using elementary matrix operator multiplication: € €,,,= Oy, €, With: 8,=€;, and: S.=e;;,

Also: szz(eu-ezg)/zz[ - _l‘jz] {00 (00

€k €= Ok €, 2lves: [(€ - €2)/2, €] =+€, and: [(€); - €,2)/2, €5] = -€

DEC)

Then there are up-down commutation relation: (SJr, s_|=[en,ey]l=e;-e)= ZSZ)

General eigen-commutation theorem.

If Hamiltonian H (or any operator such as 8, ) eigen-commutes with a,, and @', , that is:
[Ha',]=o,a’, and [H,a,] = ®,a,, then H is a combination w a'a_ of number operators.

2
o, 0
H=) w,ala, =waja +w,ala, z( . J
n=1 2
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Angular momentum commutation relations

Given Hamilton-Jordan-Pauli product relations : 0,0 g = 0yg+i€ap, 0y with: §, =0 /2

Commutator formulae for 8 : @asﬁ - S8y, = [S0,Spl =1 €apy SD G ay=igz implics:[8,,8y] =8

o700 —Iloy implies: :Sz,s | =Sy

O'YO'Z:iO' implies: :Sy,SZ: =18

Key Lie theorem.
S, and S.=S:F1Sy obey eigen-commutation relations. ([SZ,SJr] = (+1)SD and:([sz,s_] = (-1)S_

Proof using elementary matrix operator multiplication: € €,,,= Oy, €, With: 8,=€;, and: S.=e;;,

Also: 8,=(€;; - 322)/2z[ 1(/)2 _32 ] z( 8 (1) J z[ (1) 8 j

€k €= Ok €, 2lves: [(€ - €2)/2, €] =+€, and: [(€); - €,2)/2, €5] = -€

OEc)

Then there are up-down commutation relation: (SJr, s_|=[en,ey]l=e;-e)= ZSZ)

General eigen-commutation theorem.

If Hamiltonian H (or any operator such as S, ) eigen-commutes with a,, and @, , that is:
[Ha',]=o,a’, and [H,a,] = ®,a,, then H is a combination w a'a_ of number operators.

2
o, 0
H=) w,ala, =waja +w,ala, z( | J

n=l1 o 0 @,
. 2
{UQ) Oscﬂ.lator H| n1n2> = 2 a)naian nln2> = (a)ln1 + w2n2)| n1n2> = (601 (j + m) + o, (j — m))‘ Jm> }
eigensolutions: p_—
51
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S

Angular momentum magnitude and uncertainty
Angular momentum uncertainty angle

<
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: : S.=S *iIS
Angular momentum magnitude and uncertainty + Y

s.=aa,
Angular momentum squared S8 and Z-component $; share eigenstates s_=aa,
_ 1 i i
Ss=8°+8,°+8,°=(8,5.+88,.)2+8/ s,=5(aja, —aja,)
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: : S.=S *iIS
Angular momentum magnitude and uncertainty + Y

s.=aa,
Angular momentum squared S8 and Z-component $; share eigenstates s_=aa,
_ 1 i i
Ss=8°+8,°+8,°=(8,5.+88,.)2+8/ s,=5(aja, —aja,)

j=1/2 fundamental matrices square up not to (° ]/2)2 =1/4 but to 3/4.

1 . .
et 1 )(s 1) )0 22 o) MG
41 1 O 1 O 4 i O i 0 41 0 -1 0 -1 41 0 1
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: : S.=S *iIS
Angular momentum magnitude and uncertainty + Y

s.=aa,
Angular momentum squared S8 and Z-component $; share eigenstates s_=aa,
_ 1 i i
Ss=8°+8,°+8,°=(8,5.+88,)2+8S, s,=5(aja, —aja,)

1/4 but to 3/4.

Ao (s s s e

the squafed momentum Operator 1s

j=1/2 fundamental matrices squgr€ up ngf to (1/2)°

; 1{ 0 1
D2(32+S§+S§):Z[ - ]

In terms of @-operato

1
Ses= Z[2afa2a§a1 +2aja aja, +(aja, —a;a,)(aja, —aa, )]
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S.=S =*1Sy
s.=aa,
s_=ala,

S,= i(afal - a;az)

Angular momentum magnitude and uncertainty

Angular momentum squared S8 and Z-component $; share eigenstates
Ss=8°+8,°+8,°=(8,5.+88,.)2+8/

j=1/2 fundamental matrices squgre up ngt to (]/2)2 1/4 but to 3/4.

1 .
o 11) EEROE )
4{ 0 -1 0 -1 4 0 1

401 0
the squafed momentum Operator 1s

In terms of @-operato
— l T T T i T _af T _af
Ses=- 2a’a,a'a, +2ala,a’a,+(a'a, —ala,)(a'a, —ala,

Using a,at, = a’'a,+95,1 gives 88 as number operators.
(Normal order: left«—creation, destruct—right.)
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S.=S =*1Sy
s.=aa,
s_=ala,
—_1faf T

z— Z(alal o azaz)

Angular momentum magnitude and uncertainty

Angular momentum squared S8 and Z-component $; share eigenstates
Ss=8°+8,°+8,°=(8,5.+88,)2+8S,

j=1/2 fundamental matrices squgre up ngt to (]/2)2 1/4 but to 3/4.

1 .
o 11) EERTE )
4{ 0 -1 0 -1 41 0 1

401 0
the squafed momentum Operator 1s

In terms of @-operato
— l T T T i T _af T _af
Ses=- 2a’a,a'a, +2ala,a’a,+(a'a, —ala,)(a'a, —ala,

Using a,at, = a’'a,+95,1 gives 88 as number operators.
(Normal order: left«—creation, destruct—right.)

Ses = %[2(a§a2 +1)ala, +2(aja, +1)ala, +(ala, —ala, )(ala, —ala, )]
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S.=S =*1Sy
s.=aa,
s_=ala,

S,= %(afal - a;az)

Angular momentum magnitude and uncertainty

Angular momentum squared S8 and Z-component $; share eigenstates
Ss=8°+8,°+8,°=(8,5.+88,)2+8S,

j=1/2 fundamental matrices squgre up ngt to (]/2)2 1/4 but to 3/4.

1 .
o 11) EERTE )
4{ 0 -1 0 -1 41 0 1

401 0
the squafed momentum Operator 1s

In terms of @-operato
sos—l[za*a a'a +2a'aa'a +(a*a _a‘a )(a*a _a'a )]
_4 1 2% 2% 2112 11 2%%2 11 2%%2

Using a,at, = a’'a,+95,1 gives 88 as number operators.
(Normal order: left«—creation, destruct—right.)

Ses = %[2(a§a2 +1)ala, +2(aja, +1)ala, +(ala, —ala, )(ala, —ala, )]

Eigenvalue formula is then found. (Replace number-operator a’;a, with its number #y )
1
SeS|nn,)= Z[2(n2 +1)n, +2(n, +1)n, +(n, —n,)(n, - nz)]|n1n2>

1
— Z[an + 2n2 + 4nln2 + (I’ll — nz)(nl - nz)]|n1n2>
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S.=S =*1Sy

s.=aa,

s =aa,
s,=5(aja, —aja,)

Angular momentum magnitude and uncertainty

Angular momentum squared S8 and Z-component $; share eigenstates
Ss=8°+8,°+8,°=(8,5.+88,)2+8S,

j=1/2 fundamental matrices squgre up nef to (1/2)° #1/4 but to 3/4.
D%(Sz+sz+sz)_1 0 1) i V(o /) 1o |[1 0310
T4l 0 0 i 40 0 -1 0 -1 ) 4L 0 1
the squafed momentum Operator 1s

(aIa1 - agaz )]

Using a,at, = a’'a,+95,1 gives 88 as number operators.
(Normal order: left«—creation, destruct—right.)

In terms of @-operato

1
Ses= Z[zafazazal +2aja,aja,+(aa, —aja,)

Ses= %[2(a;a2 +1)aja, +2(aja, +1)ala, +(aja, —aja,)(aja, -ala,) |
Eigenvalue formula is then found. (Replace number-operator a’;a, with its number #y )
Se s| nln2 [2 n, + l)n1 + 2(n1 + l)n2 (n1 - nz)(n1 —-n, )]| nln2>

= Z[an +2n, +4nn, + (”1 —-n, )(n1 —n, )]| nln2>
R(3) angular quanta n n;=j+m and n,=j-m give R(3) eigenvalue formula.

sos‘j> —[2 jrm+1)(j-m)+2(j—m+1)(j+m)+4m’ ]‘ > (]+1)‘ >
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S.=S =*1Sy

s.=aa,

s =aa,
s,=5(aja, —aja,)

Angular momentum magnitude and uncertainty

Angular momentum squared S8 and Z-component $; share eigenstates
Ss=8°+8,°+8,°=(8,5.+88,)2+8S,

j=1/2 fundamental matrices squgre up nef to (1/2)° #1/4 but to 3/4.
D%(Sz+sz+sz)_1 0 1) i V(o /) 1o |[1 0310
T4l 0 0 i 40 0 -1 0 -1 ) 4L 0 1
the squafed momentum Operator 1s

(aIal - agaz )]

Using a,at, = a’'a,+95,1 gives 88 as number operators.
(Normal order: left«—creation, destruct—right.)

In terms of @-operato

1
Ses= Z[zafazazal +2aja,aja,+(aa, —aja,)

Ses= %[2(a;a2 +1)aja, +2(aja, +1)aja, +(aja, —aja, )(a/a, —aja, )]
U(2) eigenvalue formula is then found.
Se s| nln2 [2 n, + l)n1 + 2(n1 + l)n2 (n1 - nz)(n1 — nz)]| nln2>

= Z[an +2n, +4nn, + (”1 —-n, )(n1 —n, )]| nln2>
R(3) angular quanta n n;=j+m and n,=j-m give R(3) eigenvalue formula.

sos‘j> —[2 jrm+1)(j-m)+2(j—m+1)(j+m)+4m’ ]‘ > (]+1)‘ >

For Large . 1
Magnitude of angular momentum |8| approaches j+1/2: |SH jn> =+Se S‘ £1> =JJj(j+ 1)‘ £1> = (j+ E)‘ £1>

60
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Angular momentum magnitude and uncertainty
Angular momentum uncertainty angle

<
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Angular momentum uncertainty angle

The angular momentum uncertainty angle &,
1s given by: [ \
m

\\/j(j+1))

®’ = arccos
m
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Angular momentum uncertainty angle

The angular momentum uncertainty angle &,

1s given by: [ \
m

\\/j(j+1))

®’ = arccos
m

z-Component of J :

S Ld=m )
5 ,< -’\

N A )
m=J-3 N\ i/ lagnitu
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Angular momentum uncertainty angle

The angular momentum uncertainty angle &,

1s given by: [ \
m

\\/j(j+1))

®’ = arccos
m

Angular Momentum Cones for

A
a
a
-
o .t
o .t
o et
a
e
-
a
a

/30(31)

Z- Component of J :

\J> i)

ffffffffff
-----

-------------------

0 = arc cos [ KVI(J+1) ]

o 2""::-?ii:;ff}::;ﬁ _-"i'f:;;;jﬁ:' T (J+)

agnnu
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e A

Angular momentum magnitude and uncertainty
Angular momentum uncertainty angle

* Generating R(3) rotation and U(2) representations é
Applications of R(3) rotation and U(2) representations

Molecular and nuclear wavefunctions

Molecular and nuclear eigenlevels

Generalized Stern-Gerlach and transformation matrices
Angular momentum cones and high J properties
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Generating R(3) rotation and U(2) representations

A fundamental (spin-1/2) Euler transformation R(a3v) given in three notations.

_iazy B _ia;y B
a2 H (IR(eBy)1) (IR (opy)|2) ][ DI (afy) fo(aﬁy)] ¢ Coosy e T

2y @2) || R(eBy)1) (2R(aBy)2) 2(aBy) D2(aBy) | | B B

e 2 sin; e 2 Cos
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Generating R(3) rotation and U(2) representations

A fundamental (spin-1/2) irep D(/?(aB37) of Euler transformation R(a/37) given in three notations.

D}y (aBy)
D;; (ofy)

Dy’ (afy)

() () )
(o)

1) (2]2)

H

Corresponding transformation of the fundamental creation operators

oty ﬁ o=y ﬁ

a,=D’ (aBy)a) + Dy (aBy)al = > cosZal+e * sinZal

_or ﬂ o+y ﬁ

al=D (aBy)a] + D)} (ofy)al=-¢ TsinEaHel 2 coszag

(IR(epy)[1) (1R (eBy)[2)
(2R (aBy)I1) (2[R(epBy)[2)

]:

e

oty
2

p

COS—

-€

_ia—}/ ﬁ

2 sin—
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Generating R(3) rotation and U(2) representations

A fundamental (spin-1/2) irep D(/?(aB37) of Euler transformation R(a/37) given in three notations.

ST g e B
)y 2) | [ {R(epy)l) ([R(epy)2) | | Dii(eBy) Diy’(oBy) R T )
2y (22) (2R(apy)[1) (2R(afy)[2) o (eBy) Dy (ofy) '

Corresponding transformation of the fundamental creation operators

_ 9t ﬁ i ﬁ

a,=D’ (aBy)a) + Dy (aBy)al = > cosZal+e * sinZal

_or ﬂ o+y ﬁ

al=D (aBy)a] + D)} (ofy)al=-¢ TsinEaHel 2 cosaag

Problem: Find corresponding transformation D% () matrix for a (v=2j)-oscillator state

(v=2j)-quantum state 1s rotated to a new "prime" basis.
L (a) )”" (a})" (D] + D, a; )W (D,a] +D,,aj)
J\ — —
R(apr)| ;)= 100)=

\/(j+n)!(j—n). \/(j+n)!(j—n)!

j—n

00)
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Generating R(3) rotation and U(2) representations

A fundamental (spin-1/2) irep D(/?(aB37) of Euler transformation R(a/37) given in three notations.

ST g e B
)y 2) | [ {R(epy)l) ([R(epy)2) | | Dii(eBy) Diy’(oBy) R T )
2y (22) (2R(apy)[1) (2R(afy)[2) o (eBy) Dy (ofy) '

Corresponding transformation of the fundamental creation operators

oty ﬁ o=y ﬁ

a,=D’ (aBy)a) + Dy (aBy)al = > cosZal+e * sinZal

_or ﬂ o+y ﬁ

al=D (aBy)a] + D)} (ofy)al=-¢ TsinEaHel 2 coszag

Problem: Find corresponding transformation D% () matrix for a (v=2j)-oscillator state

(v=2j)-quantum state 1s rotated to a new "prime" basis.
R (Ofﬁ}’) j> — (aI’)JM (a;)J'” | > _ (Dllair + D21a; )J+” (DzlalT + Dzza;)

\/(j+n)!(j—n)! \/(j+n)!(j—n)!

Binomial expansion 1s a double sum over binomial coefficients: ( Z ]= n!/ k!(n—k)!

> X ()(pa)) (Dal) " () (paal) (Doal) " Y Y (D)) (pa))" (Daal) (Doay) "
L k

JG+n)(j—n)! 00) =) (-t N(j+n—0)k(j—n—k)!

j—n

00)

R(apy)|))=
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Generating R(3) rotation and U(2) representations

A fundamental (spin-1/2) irep D(/?(aB37) of Euler transformation R(a/37) given in three notations.

_Z-O‘;r? ﬁ _ia;7’ . [3
oy 2) ) [ (R@B) (R(epr2) | (D) DiR(apy) | | € Ty ety
@r) @) ) | @RI CIR()2) | Ditay) Di(opy) | | g B o5 B

Corresponding transformation of the fundamental creation operators

S =

a, =D\ (afy)a) + Dii (aBy)al = > cosZal+e > sin

_;or ﬂ ;oY ﬁ

al,=D’(ofy)al + D)} (ofy)al=-¢ 2 s1n2aT+e 2 cosaag

a,

Problem: Find corresponding transformation D% () matrix for a (v=2j)-oscillator state

(vV=2j)-quantum state _is rota_ted to a new "prime" basis.
R (aﬁY) j> = (aT,)]Jrn (a;)J_n | > = (D“air " DZlaT) (DZlaT + DzzaT)

JGi+n)(j-n) JGi+n)(j-n)

Binomial expansion 1s a double sum over binomial coefficients:

|
Z Z (J+ )(DllaT) (Dzla;)j+n_£(];n)(DlzaI)k(Dzza;)j_n_k Z Z (DllaT (Dzla;)ﬁ(z(Dlzaf)k(Dzzaz)j_n_k
00)  =J(+n) (j-n) e
\/(J‘*‘n) (j—n)! (j+n E).k.l\f n—k)!
Let a'-operator powers be j+m forms : j+m=(+k, j-m=2j-(-k so K—\Ajer -k aWn—mﬂLk
L e T e b iy PR TN TR e

=N = e @) (@) 100) = s e (@) (8l) l0o)

0)

=nl/kl(n—k)!

R( aﬁy’ > 100)
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Generating R(3) rotation and U(2) representations

A fundamental (spin-1/2) irep D/?(«a37) of Euler transformation R(a37v) given in three notations.

_ia?’ ﬁ _ia;}’ ‘ ﬁ
{ajry - (27 Dy (eBy) Dy’ (aPy) R T )
2r) (2[2)

D;’f(oc,[)’ }/) D;/zz(ocﬁ }/) ei% sinﬁ eiaTw cosé
2 2

(1IR(eBy)1)  (1|R(oBy)|2)
(2[R(eBy)1) (2|R(oBy)[2)

Corresponding transformation of the fundamental creation operators

_&r ﬁ i ﬁ

a =D/ (ofy)al + D) (afy)al =e 2 coszair te 2 sinaaz

_or ﬂ o+y ﬁ

a,=D} (oy)a]+ Dy (ay)aj= > sinlaj+e > cosal

Problem: Find corresponding transformation D% () matrix for a (v=2j)-oscillator state

(v=2j)-quantum state 1s rotated to a new "prime" basis.
N ) 0 N TR LR )

\/(j+n)!(j—n)! \/(j+n)!(j—n)!

This gives general irreducible representation of U(2) :

j—n

00)

3 (0) (2. () ()

(IR (eBy) 2= Do (oBy) =i+ (= m ) =) s s e

And general SU(2) irreducible representation for Euler angles (03y).

2 j+m—n—2k n—-m+2k
)3 (-1)° (COS g) (Sin 'gj g

(IR (eBr)2)= D (ar) =i+ (= m) ()t (e S
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e A

Angular momentum magnitude and uncertainty
Angular momentum uncertainty angle

Generating R(3) rotation and U(2) representations
Applications of R(3) rotation and U(2) representations é
Molecular and nuclear wavefunctions
Molecular and nuclear eigenlevels
Generalized Stern-Gerlach and transformation matrices
Angular momentum cones and high J properties
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Applications of R(3) rotation and U(2) representations

Vector (j=1) representation

Dl(aﬁy)—[ . 1 }

Here half-angle 1dentities were used. cos

I+cosf —sinfB 1-cosf
2 2 2
sin B —sinf3
— cosp ———
V2 V2
I-cosfB sinfB  1+cosf
2 2 2
» B _1+cosf
2

/A
A
N

, sin2E =
2
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Vector (j=(=1) representation

e oo .

. 1 -
101

. . el

Y, (60)= D,

Here half-angle 1dentities were used. cos

Center (n=0) column with the factor
gives set of spherical harmonics Y',,.

. n-o( $60)

I+cosf —sinfB 1-cosf
2 2 2
sin 8 —sin
N cos 3 —\/5
I-cosfB sinfB  1+cosf
2 2 2
s ﬁ 1+cos[3, sinzﬁ:
2 2
2€+1
47:

2€+1

Applications of R(3) rotation and U(2) representations

/A
A
N

_ig 1+cosfB _;
o 100sB

ol sin 8

_ig 1—cosf ;
i 1=c0SB 4,
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Applications of R(3) rotation and U(2) representations

VeCtOF (]Zﬁ:]) repVeSentatlon l+cosfB —sinfB 1-cosf e_,-al+cosﬁe_l~7, Ee_,-a—sinﬁ i e_ial—cosﬁe,-y
—io 2 \/5 2 —iy 2 \/5 :
e . , , e S , ' .
Dl(aﬁy)z | lja } % cos 3 % ( . ;y ] - Sf/%ﬁ Y cosfB ; _jgﬁ o
' C¢ I-cosfB sinfB  1+cosf e i 1—cos B oY e sin E e I+cospf o7
2 2 2 2 N 2

1+cospf

1—cospf

Here half-angle 1dentities were used. cos2§=T, Sin2§= S sineos ==, 7 (0.6) = 2 —jgez D} 6.6)
| o L (0.0)=\a  cosB =Dly0.0)
Center (n=0) column with the factor P Y_g*(¢,e):@e+f¢%9 =D',,9.0)
gives set of spherical harmonics Y',,. e
2/+1

Y, (¢0)=D,, ,o(¢60) A
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Applications of R(3) rotation and U(2) representations

Vector (j=(=1) representation

I+cosf —sinfB 1-cosf _,-a1+cosﬁe_,~7, _,a—sinﬁl _ial—cosﬁeiy
i 2 2 2 L 2 2 2
Dl(aﬁy): e. 1 1 % cos 3 % ( e. 1 ] sin2[3 - cos 3 i _jgﬁe’?’
e I-cosfB sinfB  1+cosf - o 1=cosf _; i SIN B i i 1+cosf
2 N 2 2 “h 2
. < . B _l+cosf ., B _1-cosf B B _sinp
Here half-angle 1dentities were used. cos’; ===, s’y === sinjeosy =55, 1w o1 20 060
Y| P 0 (00)=iz  cosB =Dy,(9:6)
Center (n=0) column with the factor P Ly (0.0)=y2, gw%‘) =D, 9.0)
gives set of spherical harmonics Y',,. e
20+1
/ R a4

Dipole (j=(=1) wavefunctions

% .5 SIN O cos¢sinf+icos@sinf X +1y
DY (960) = —¢® 2 — —_
10 (960) 2 5 5
= z/r

D(lfo (p60)=cos® =

_ip SInO _ cosPsin@—icosgsin® x—iy

V2 V2 2

cos@

Df;’o (¢90) =e
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Applications of R(3) rotation and U(2) representations

Vector (j=(=1) representation

Center (n=0) column with the factor

Dl(aﬁy)z

e i .

. 1 -
104

. . el

Here half-angle 1dentities were used. cos2§= :

I+cosf —sinfB 1-cosf .
2 2 2 . 2
S A .
sin B —sinf3 ¢ sinfB _;,
— cosfi. ——— -1 = €
g A { ] g
I-cosfB sinfB  1+cosf ¢ o 1— ;
ef—e
2 NS 2 2
1+ 1-
M, sinzﬁ: Cosﬁ,sinécosﬁz
2 2 2
2/0+1
41

gives set of spherical harmonics Y',,.

Y, (90)=D,

m,n=0

(960)

Dipole (j=(=1) wavefunctions

Dy (¢60)=—¢"
D(lfo (¢60)=cos 6

Df;’o (¢90) = e_i

3-D linear-circular polarization T-matrix.

() o
of+)
i

J2

sin@  cos¢sin@+icos@sin®  x+iy

2/+1

4T

V2

cos@

o SINO cosPsinf—icosgsin® x—iy

2

=z/r —

2

11
1y
11
0|y

)
) A

1
1

1
0

1

) Gk (A

1
2

;

V2

S1- = 1L

-5

0

0

—I
J2
0 1
-
J2

_iq —SInf — I—cospf oY
V2 2
cos 3 : —sinﬁe,-},
P2
e sinf3 E i 1+cosf
V2 i 2

' (00)= 3 ¥ =50 =Dly0.0)
Yy (0.0)=1i;  cosP =D;(6.0)

M (00)=\3e® T =Dly00)
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Applications of R(3) rotation and U(2) representations

VeCtOI/ (]Zﬁ:]) VepreSentatiOVZ I+cosf —sinfB 1-cosf _,-a1+cosﬁe_,~7, _iq —SInf E _ial—cosﬁeiy
Y 2 2 2 i 2 2 : 2
Dl(aﬁy)z 1 ;a 1 % cos 3 % ( | ;y ] Slnzﬁ —iy cos B ' —j%ﬁ oY
e I-cosfB sinfB  1+cosf ¢ o 1=cosf _; i SIN B i 1+cosf
2 N3 2 2 ‘N 2
. . . B _l+cosf ., B _1-cosfp . B B _sinf ‘
Here half-angle 1dentities were used. cos’; ===, s’y === sinjeosy =55, 1w o1 20 _j§0= D! 6.6)
Y| Y (00)=\ix  cosB =Dg,(9.)
Center (n=0) column with the factor P Y7 (0.0)=2, ¢% =D, 9.0)
gives set of spherical harmonics Y',,. , L T
Y Applying T-matrix:
+ .
l _ r* l+cosf —sinfB 1-cosf _
Ym (¢0) T Dm,n=0(¢60) -1 0 n 2 N 7 I
47[ V2 V2 sinf3 —sinf3 V2 V2
. . . i i cos 3 0 0 =
Dipole (j=¢=1) wavefunctions NN V2 V2 |
i ) ) ) ) l-cosB sinfB  1+cosf T T
1% ip SINO cos¢sinf+icos@sinf X +1y 0 1 0 ) N ) 2 N2
D10(¢90):_€ = - =— —
| J2 V2 2
D(lfo (p60)=cos® = cos6 = z/lr —

o SINO cosPsinf—icosgsin® x—iy

Df;’o (¢90) = e_i

V2 V2

G
B G
B ()

S1- = 1L

%
0
ﬁ

-5

3-D linear-circular polarization T-matrix:

0

1

0

cosB 0 sinf
0 1 0
—sinf3 0 sinf

|
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Applications of R(3) rotation and U(2) representations

VeCtOr (/ZK:]) VepVeSentatiOVZ l+cosfB —sinfB 1-cosf _,-a1+cosﬁe_,-7, —io =SB _ial—cosﬁeiy
Y 2 J2 2 i 2 . J2 : 2
1 _ € - sin B —sin 3 ¢ L sinﬁe_l-y ; E —sinﬁe,-},
D (aﬁy) | lja 1 5 cos 3 —\E ( | ;y ] 7 E cosf3 E 5
e l—cosB sinfB  1+cosf e e,-al—cosﬁe_,-,, E e sinf3 E i 1+cosf
2 2 2 2 ' N 2
. . . B _l+cosf ., B _1-cosfp . B B _sinf ‘
Here half-angle 1dentities were used. cos’; ===, s’y === sinjeosy =55, 1w o1 20 —3126: D,(6.6)
Y| P 0 (00)=iz  cosB =Dy,(9:6)
Center (n=0) column with the factor P V¥ (0.0) =2, gw%“) =D, 9.0)
gives set of spherical harmonics Y',,. , L T
Y Applying T-matrix:
+ .
l _ r* l+cosf —sinfB 1-cosf _
Ym (¢0) T Dm,n=0(¢60) -1 0 R 2 N 2 i 0 .
47[ 2 2 - , NN cosp 0 sinf
: : : i || I cosp SRS 0 0 1[5 0o 1 0
Dipole (j=¢=1) wavefunctions NN CH V2 L —sinf 0 sinf
) ) ) . ) l-cos sinf8 1+cosf T T 0
1% ip SINO cos¢sinf+icos@sinf X +1y 0 1 0 > N 5 2 N2
Dy (¢60)=—e == == ] ?
’ V2 V2 2 -1, L -lo-i,
Dy o (060)=cos® = cosf = z/r — \/5 \/5 e V2 2 || coser —sinar 0
’ iy L r - |1 O 0 1 || sinax cosa O
Df;o(q)GO):e_id’ sin9:cos¢sin9—icos¢sin9:x—iy NG NG ol % i 0 0o 1
: 2 J2 2 0 1 0 2 N2

3-D linear-circular polarization T-matrix:
Gl Gl ()
GG
il () 43D

0

0

S1- = 1L

—I
J2
0 1
-
J2
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Applications of R(3) rotation and U(2) representations

0

VeCtOI/ (/ZK:]) representatian I+cosf —sinfB 1-cosf _ig 1+cosfB _p 1 _jg=sinfB i _jz1-cosf ;
B 2 N 2 . 2 0 L > ¢
) _ € o sin B —sin 3 ¢ L sinﬁe_l-y ; E —sinﬁe,-},
D (aﬁy) | lja } 5 cosf3 —\/5 { | ;y ] 7 E cos 8 E 5
' C¢ l—cosB sinfB  1+cosf e o 1=cosf _; E iasinf & g l+cosf i
2 N 2 T N 2
. .. B _1+cosfp B _1-cosfp . B [ _sinf ‘
Here half-angle 1dentities were used. cos’; ===, s’y === sinjeosy =55, 1w o1 20 3120: D,(6.6)
Y| LX) (00)=\ix  cosB =D5,(0.6)
Center (n=0) column with the factor = — 1 (00)=\ e =D)00)
gives set of spherical harmonics Y',,. , L T
Y Applying T-matrix:
4 |
l _ r* l+cosf —sinfB 1-cosf _
Ym (¢6) T Dm,n=0(¢60) -1 0 2 2 2 2 i 0
47[ V2 V2 sin 8 —sinf3 V2 2
: : . i il cos 3 0 0 1 |
Dipole (j=¢=1) wavefunctions NN V2 V2 |
. . . . ) l-cosfp sinf8 l+cosf T T 0
1% ip Sin0 cos@sinB+icos@sinO X +iy 0 1 0 ) N > 2 N2
D10(¢90):_€ =— = - —
| V2 V2 2 Sy L R
Dy o (060)=cos® = cosf = z/r — \/5 \/5 e V2 2 cosec —sinar 0
’ . - . . ' iy L 1 10 0 1 || sma
Dljo(¢90)=e_i¢ sm9:cosq)sm@—zcosg/)smG:x—zy NG N ol R 0 0
’ 2 2 2 0 1 0 V2 2
3-D linear-circular polarization T-matrix:
D, .(afy) D,, D,
11 1)1 1]1 -1 —i
HEEYE <1 Z> NN e Dy Dy =
1 1 1
11 11 11 e D, D,
oy} b Gl 5 0 o y
1= cosocos Bcosy —sinorsiny  -cosocos Bsiny —sinocosy
V2 2

) () Gl

sinacos Scosy +cosasiny  -sino cos Bsiny +cosa cosy

—cosy sin 3 siny sin 8

cosoe O

0 1 0
—sinf3 0 sinf

:

cosfB 0 sinﬂ}

cosa sin 3
sina sin 3

cos 3
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Applications of R(3) rotation and U(2) representations

VeCtOI/' (]:Z:]) V@pV@S@”tCIﬂOn l+cosfB —sinfB 1-cosp e_ia1+cosﬁe_l-y ie_,-a—sinﬁ i e_ial—cosﬁe,-y
B 2 2 2 ., 2 : 2o 2
e . . e . . ' ' .
Dl(aﬁy): o lja } % cos % ( 1 ;y } %e—w ; cos B ; _jrz_lﬁ oY
¢ l—cosB sinfB  1+cosf ¢ e l1—cosf o sinf3 P I+cosf
2 2 2 2 5 N 2

. . ) 1+ . 1- . i ;
Here half-angle identities were used. o2 =2252E, L1298 0L oosl B

. 2/+1 ; .
Center (n=0) column with the factor =, | (00)= e

gives set of spherical harmonics Y',,.

20+1
¢ O
Ym (¢6) o Dmn=0(¢60) AT . \Pi (¢,9) — Dylc,z (¢’9,0
' =) = 1 ‘] - == COS¢Sin9

Dipole (j=/ .1 ) Wavefuﬁctzqns | | Standing | 1
D ($60) = —ei® sin  cos¢sin@+icosgsin®  x+iy p-Waves W, (¢,9) =D,, ((P,0,0

1,0 == == = -

| V2 V2 2 =sin¢sin6
Dg)TO (¢90):COSO = COSO = Z/r \{’i (¢’0):DZ1Z(¢,9,O)
D (¢60)—e_’¢ sin@  cos¢sin@—icos¢gsin® x—iy ’

-1,0 - \/5 - \/5 - r\/z =cosf
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\Pi (¢’9) = D)lc,z (¢’6,0)
= cos@sinf

¥,(9.0)=D,.(¢.6.0)
=sin¢sinf

¥.(¢.0)=D!_(9.6.0)
=cosf

j=1
Standing
p-Waves

Standing p-Wave i

Distributions

Moving p-Wave
Distributions

.
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Applications of R(3) rotation and U(2) representations

lensor (j=(=2) representation

D? (aﬁo)

120 ( 1+ cos 3 jz

2o 1+cosB B
2 2

e (—IJFCzosﬁ)sinﬁ e (—H_C;Sﬁ)(Zcosﬁ—l)

\/g sin® 8 \/g sin Bcos 8

e [@j sinff € (%](2 cos B+ 1)

2
eiZa(l_Czosﬂ) eiza(l_czosﬁjsinﬁ

3 a2
= sin
' P
—\ /ée_i“ sin Bcos 3
2

3cos? f—1
2

\/geio‘ sin S cos 8
\/geiza sin’ B

2
ro(12s8b) gy (10

e (ﬁj@ cos B+ 1) —e (%] sin 8

\/g sin Bcos B \/g sin® 8

e (H_ Czosﬁ](ZCOSﬁ— 1) —' (@jsinﬁ

e 1+cos B sin B
2 2

2
eiza[l+cos[3j
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Applications of R(3) rotation and U(2) representations

2 2

e [—1 " Czosﬁ]sinﬁ e (—1 " czos ﬁ](z cos - 1) —\/ge_ia sin Bcos B | e * (—1 — (;OS’BJ(Z cos B+ 1) e L—l — C;Sﬁ]sinﬁ

D? (aﬁo) = \/gsinz B \/gsinﬂcosﬁ 3C0$22[3 ~ ! \/gsinﬂcosﬁ \/g sin® 8

o (@)smﬁ ' [%](2cosﬁ+l) \/geio‘ sinBcosB | € (%](2 cosﬁ—l) —e'* (@jmﬁ

2 2
eiza[l—czosﬁ) eiza(l—?sﬁjsmﬁ \Eeiza sin? B eiza(l_i_czosﬁ)sinﬁ eiza[HCzOSﬁ)

Spherical 2*-multipole functions )(4 or X-functions are D*-functions times the k™ power of radius (7).

lensor (j=(=2) representation e_iza(1+cosﬁj2 e—iza(l‘FCOSﬁ)Sin 3 \ﬁe_im in B e—iza(l‘FCOSﬁjsin 5 e—iZa[l—COSﬁT
2 8 2

. \2 k k ~k* kv k
[ =2 2% 3 20 B 3(x+zy) X =r'D, 5= ry
471'/5Ym=2(¢9) =D, (¢90) \/7 sin” 6 _\/%r—z q q.0 2k +1 q
Nar /5 Y,ﬁj(‘be Dz* ¢90 \/;e sinfcosf® =-— %(x+;y)z
r
2 2
myrﬁzé(d)e) —DZ* (q)OO) 3cos’ 0 1 _ 3z —2r
2r

ﬁ

xX—1y)z
Ze®sinBcosO = \/EQ
7 2

r

Nar /5 Y22 (90) = D> (¢60)=
\2

= 3 3(x—1y
Nar /522, (¢8) = D%, (¢60)= \/; 2029 \/% #

r

Standing
d-Waves
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Applications of R(3) rotation and U(2) representations

lensor (j=(=2) representation

Spherical or are D*-functions times the &h power of radius ().

VAT /5,73 (90) = D5 (¢60)

\2
\/g 20 5in” 0 :\/g—(x-'_zly)
r

8
= 3 3(x+iy
Nar /5 Yrﬁj (¢0) —D2 (¢90): \/; “sin@cosd =-— 5(,,—2)2
myg 2(¢9) _Dz (¢90) 300529 1 _ 322—7"2
272

VA /5722 (90) =D ( o(#60) =

7’2

ﬁ

Ze®sinfcosh = [M
Nar /5 Yf2 ((159 D2 ¢90 = \/g ~1205in 0 =\/7x ly)

7”2

Standing
d-Waves
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Angular momentum magnitude and uncertainty
Angular momentum uncertainty angle

Generating R(3) rotation and U(2) representations
Applications of R(3) rotation and U(2) representations
Molecular and nuclear wavefunctions
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear wavefunctions

For SU(2) and R(3), sum over rotations is an integral over Euler angles (o).

For integral-j=0, 1, 2,.. the R(3) integral over polar angle 3 ranges from 0 to .

2j+1
81’

for R(3):%Jd(aﬁy)= 2J{tdoc ]Edﬁ sinﬁzfdy =2j+1
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear wavefunctions

For SU(2) and R(3), sum over rotations is an integral over Euler angles (o).
For integral-j=0, 1, 2,.. the R(3) integral over polar angle 3 ranges from 0 to .

2]+1

for R(3): —jd ofy) = jda jdﬁ smﬁjdy 2j+1=1
For !/>-integral-j=1/2, 3/2,.. the U(Z) mtegral over polar angle [3 ranges from -7 to 7.

fj :Zj'+f12ﬂ b4 . 2r . '
forSU(z):ﬁjd(aﬁy)z — !doc _J;dﬁsmﬁ!dy =2j+1=/

Tuesday, April 21, 2015



Applications of R(3) rotation and U(2) representations

Molecular and nuclear wavefunctions

For SU(2) and R(3), sum over rotations is an integral over Euler angles (o).
For integral-j=0, 1, 2,.. the R(3) integral over polar angle 3 ranges from 0 to .

2]+1

for R(3): —jd ofy) = jda jdﬁsmﬁjdy 2j+1=1

For !/>-integral-j=1/2, 3/2,.. the U(Z) 1ntegral over polar angle [ ranges from -7 to .

forSU(Z):%de(a,By) 2~’+1jdajdﬁsmﬁjdy =2j+1=/0

Eigenstates of angular momentum are built from projected initial position states [000).

)= L o) 1, (R 00O =2 a7, (o) o)

m.,n
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear wavefunctions

For SU(2) and R(3), sum over rotations is an integral over Euler angles (o).
For integral-j=0, 1, 2,.. the R(3) integral over polar angle 3 ranges from 0 to .

2]+1

for R(3): —jd ofy) = jda jdﬁsmﬁjdy 2j+1=1

For !/>-integral-j=1/2, 3/2,.. the U(Z) 1ntegral over polar angle [ ranges from -7 to .

forSU(Z):%de(a,By) 2~’+1jdajdﬁsmﬁjdy =2j+1=/0

Eigenstates of angular momentum are built from projected initial position states [000).

)= L o) 1, (R 00O =2 a7, (o) o)

m.,n

Angular position 1s defined by a rotational duality relativity relations or “Mock-Mach” principle

R(oBy)|000) =| oBy) =R (aBy )| 000)
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear wavefunctions

For SU(2) and R(3), sum over rotations is an integral over Euler angles (o).
For integral-j=0, 1, 2,.. the R(3) integral over polar angle 3 ranges from 0 to .

2]+1

for R(3): —jd ofy) = jda jdﬁsmﬁjdy 2j+1=1

For !/>-integral-j=1/2, 3/2,.. the U(Z) 1ntegral over polar angle 3 ranges from -7t to 7.

forSU(Z):%de(ocﬁy) 2~’+1jdajdﬁsmﬁjdy =2j+1=/0

Eigenstates of angular momentum are built from projected initial position states [000).

1.)=—" W— Jd ofy)D (aﬁy)R(aﬁy)|000>\/7=%1d(aﬁ7/)D,Zf,n(aﬂY)ﬁlaﬁw

Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle
R(By)|000) =|oBy) =R (B )| 000) R(oBy)R(o’By")=R(a’By")R(aBy)
for all(o¢By )and (a’B’y’)
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear wavefunctions

For SU(2) and R(3), sum over rotations is an integral over Euler angles (o).
For integral-j=0, 1, 2,.. the R(3) integral over polar angle 3 ranges from 0 to .

2]+1

for R(3): —jd ofy) = jda jdﬁsmﬁjdy 2j+1=1

For !/>-integral-j=1/2, 3/2,.. the U(Z) mtegral over polar angle 3 ranges from -7t to 7.

forSU(Z):%de(aﬁy) 2~’+1jdajdﬁsmﬁjdy =2j+1=/0

Eigenstates of angular momentum are built from projected initial position states [000).

1.)=—" Jr_ Jd ofy)D (aﬁr)ﬂ(aﬁr)|000>ﬁ=%Jd(aﬁr)D,Zf,n(aﬂr)ﬁlaﬁw

Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle
R(By)|000) =|oBy) =R (B )| 000) R(oBy)R(o’By")=R(a’By")R(aBy)
for all(o¢By )and (a’B’y’)
Left hand (lab-m) and right hand (body-n) quantum numbers apply

R(afy)|),)= ZD (oBy)|i,)  R(aBy)|i.)= ZD (aBy)|]

m'==j n'=—j
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear wavefunctions

For SU(2) and R(3), sum over rotations is an integral over Euler angles (o).
For integral-j=0, 1, 2,.. the R(3) integral over polar angle 3 ranges from 0 to .

2]+1

for R(3): —jd ofy) = jda jdﬁsmﬁjdy 2j+1=1

For !/>-integral-j=1/2, 3/2,.. the U(Z) mtegral over polar angle 3 ranges from -7t to 7.

forSU(Z):%de(aﬁy) 2~’+1jdajdﬁsmﬁjdy =2j+1=/0

Eigenstates of angular momentum are built from projected initial position states [000).

1.)=—" Jr_ Jd ofy)D (aﬁr)ﬂ(aﬁr)|000>ﬁ=%Jd(aﬁr)D,Zf,n(aﬂr)ﬁlaﬁw

Angular position 1s defined by a rotational duality relativity relation or “Mock-Mach” principle
R(By)|000) =|oBy) =R (B )| 000) R(oBy)R(o’By")=R(a’By")R(aBy)
for all(o¢By )and (a’B’y’)
Left hand (lab-m) and right hand (body-n) quantum numbers apply

R(afy)|),)= ZD (oBy)|i,)  R(aBy)|i.)= ZD (aBy)|]

m'==j n'=—j

Same applies to the generators §; or J; of SU(2) or R(3).

J — | s |/ —
sZ‘m,n>_m|m,n> sZ‘m,n>_ n‘m,n>
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear eigenlevels

The reversed sign 1s a nuisance, so let us define reversed momentum operators that give a positive sign.

|J _ J  _ e
SZ‘m,n>_+n‘ m,n> SZ __SZ
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear eigenlevels
The reversed sign 1s a nuisance, so let us define reversed momentum operators that give a positive sign.
SZH@,n>:+n‘ £1,n> S7 :_§Z
Example of a rotor spectrum and Hamiltonian of a symmetric top molecule.

H = BJ; + BJ, + AJ’, (Molecular spin is labeled J instead of 8)

symmetric top
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear eigenlevels

The reversed sign 1s a nuisance, so let us define reversed momentum operators that give a positive sign.
_|J \= J __—_a
SZ‘m,n>_+n‘ m,n> S7;=-9,
Example of a rotor spectrum and Hamiltonian of a symmetric top molecule.

H = BJ; + BJ, + AJ’, (Molecular spin is labeled J instead of 8)

symmetric top

Constants are inverse moments of inertia. - _B=— A= —
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear eigenlevels

The reversed sign 1s a nuisance, so let us define reversed momentum operators that give a positive sign.
_|J \= J ___@g
Sz‘m,n>_+n‘ m,n> S7;=-9,
Example of a rotor spectrum and Hamiltonian of a symmetric top molecule.

H = BJ; + BJ, + AJ’, (Molecular spin is labeled J instead of 8)

symmetric top

Constants are inverse moments of inertia. - —B=——_—_ A= —

Hamiltonian can be rewritten in terms of two commuting observables, the J and J* operators.
H = BJ: +BJ;: + BJZ +(A—B)J:=BJeJ+(A-B)J>

symmetric top
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear eigenlevels

The reversed sign 1s a nuisance, so let us define reversed momentum operators that give a positive sign.
_|J \= J ___@g
Sz‘m,n>_+n‘ m,n> SZ =—Sy
Example of a rotor spectrum and Hamiltonian of a symmetric top molecule.

H = BJ; + BJ, + AJ’, (Molecular spin is labeled J instead of 8)

symmetric top

Constants are inverse moments of 1nertia.

Hamiltonian can be rewritten in terms of two commuting observables, the J and J* operators.

H = BJ% + BJ: + BJZ +(A—B)J:=BJeJ+(A-B)JZ

symmetric top

Eigensolution equations:
H )
= BJeJ+(A-B)J3|], )

symmetric top

= [BJ(J+1)+(A—B)n2] ;m>

Eigenvalue and energy level spectrum is shown next.
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Applications of R(3) rotation and U(2) representations
= BJ: +BJ;: + BJZ +(A—B)J:=BJeJ+(A-B)J>

Eigensolution equations:

H

:[B](J+1)+(A—B)n2] |

symmetric top

symmetric top

= BJeJ+(A-B)JZ|), )

2B

Oblate Top (A<B)

.
I
)

AN SS

~ -~
~
[NY SS
~ ~
[N N
~
[N R

Molecular and nuclear eigenlevels

n==+2

Prolate Top (A>B)
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Applications of R(3) rotation and U(2) representations Molecular and nuclear eigenlevels

H = BJ% + BJ: + BJZ +(A—B)J5=BJeJ+(A-B)J:

symmetric top

Eigensolution equations: n==+2

Hsymmetric top m,n> ¥ l
= BJeJ+(A-B)JZ|), ) i=3 j =37 = n=sl
A sttt ﬁ n=0 A :é::‘ =0
_ 27 j i A- — — n=
= BIJ+1)+(A=B)n* | },..) | .
Mock-Mach-Multiplicity | ““;“
is (2j+1)° for eachj A \ v 3(A1B) A
V= n=+2
,"= n:j:Z
A A 304
25(4-B) 3(41B)
‘\‘é n==3

>
<
Il
PN
:,’k'
oy
[
S
>
<.
I
\\\\\NN
=
oy
T
S H
~

Bli=0 @  Bli=0 0

Oblate Top (A<B) Prolate Top (A>B)
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Applications of R(3) rotation and U(2) representations Molecular and nuclear eigenlevels

H = BJ% + BJ: + BJZ +(A—B)J5=BJeJ+(A-B)J:

symmetric top

Eigensolution equations:
H ) i
= BJed+(4-B)J3|], ) j=3 j =3
= BII+1)+(A=B)n? | ].,.) fﬂ TR
Mock-Mach-Multiplicity

n==+2

symmetric top

>
S
I
S

>

=~ S

I +”+

S ~

is (2j+1)° for eachj A 4 2 3(41B) , A
y =L y=2
Lab ;—axis fixed ~' Body Z-axis ‘i:“ ST n==+2
in Lab Y/ J A A 3(A )
7 "5(A-B)
‘\‘é n=+3

>
<
Il
)
:,’k'
oy
i
S
>
<.
I
\\\\\NN
=
oy
T
S H
~

2B lj=0 © 2B |j=0 o

Oblate Top (A<B) Prolate Top (A>B)

Tuesday, April 21, 2015 102



Applications of R(3) rotation and U(2) representations Molecular and nuclear eigenlevels

H = BJ% + BJ: + BJZ +(A—B)J5=BJeJ+(A-B)J:

symmetric top

Eigensolution equations:

j
Hsymmetric top m,n> P l
_ 2 J . =30 Y
—BJ‘J+(A—B)JZ‘m,n> ] =3 . J %f;',‘::::‘Tn—:t]
27 A . AR n= A" Y .
= BII+1)+(A=B)n? | ].,.) ln:ﬂ
Y,
Mock-Mach-Multiplicity R
1s (2j+1)° for each j A |3 (4B) , A
\“‘ V—_— n::l:
Lab z-axis fixed ~' Body Z-axis ‘i:‘ ————n=%2
in Lab Z A \::‘ A 3 (A )
—R \5(4-B)

~
1
LN
i
S
~
|
O
hlk“
oy
3
|
H_
~

A AL TN - AN—""-----" =()
“‘:‘\ \:::A;Bi n=x] !
A 3(AlB) A
n=+2
. j=1 J =1 4B
The n=0 levels are 2j+1-fold degenerate =0 " n=0
n=0 level degeneracy is 4j+2. S A';B\L

T3 n==+1
2Blj=0 @  2Bj=0 0

Oblate Top (A<B) Prolate Top (A>B)
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Applications of R(3) rotation and U(2) representations

Molecular and nuclear eigenlevels
Eigensolution equations:

. Introducing Racah tensor notation
. J

Hsymmetrlctop m,n> TOO:J-J=<J>2 = (]2+]2+]2)

) i " X y y)’

—BJ'J+(A B)JZ‘m,n> | T02=%(J)2(3coszﬁ—1)=%(213—]3_]y2)’

= BJ(J+1)+(A- B)nz]‘ ﬁln>

H=B T00+%(A—B) T3

Mock-Mach-Multiplicity

J=10 Minimum uncertainty angle 17550 Polar
is (2j+1)? for each j T prolate T\ S e A Uncertainty
: ©. angles
symn}eggc top RES contour K=+10 o0 0! —eosl K
RN K%+
+ @io
Lab z-axis fixed ~ Body z-axis VUtV ~s*12 7 L6 zai%
in Lab Z J AN AN
e b/ v
_______________ | KZS/\ +3 @}g
/\ +2 @}Lg
[ —— 111 @10=84.53°
m ———— °
l Va— —
3
Rotor v~ n R =
6
J y
m n . _ N\
he n=0 levels are 2j+1-fold degener%//\%
n=0 level degeneracy 1s 4j+2.
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Molecular and nuclear eigenlevels
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Applications of R(3) rotation and U(2) representations

Generalized Stern-Gerlach and transformation matrices
Polarization analysis: Suppose a spin-j state R(030) |/ ,,,) exits an analyzer rotated by 3

*
ROB| 1)
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Applications of R(3) rotation and U(2) representations
Generalized Stern-Gerlach and transformation matrices
Polarization analysis: Suppose a spin-j state R(030) |/ ,,,) exits an analyzer rotated by 3

and then enters a vertical (3=0) analyzer that forces it to choose from unrotated states |/ ~%,,)
: j . . . P,
R(0O) 7)== |3 )([R(0BO)|) MG YA
m=—j

2
o 11(0B0) 1>&
= 3 |4.)04,,(050) )1 (0B0)] o)==

10Bo)l1) o

B YAN

*
ROBO)| 1) S
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Applications of R(3) rotation and U(2) representations
Generalized Stern-Gerlach and transformation matrices
Polarization analysis: Suppose a spin-j state R(030) |/ ,,,) exits an analyzer rotated by 3

and then enters a vertical (3=0) analyzer that forces it to choose from unrotated states |'~%,,)

2 2
21 (0B0) 2>l
11(0B0) 1>&

ROBO[4)= £ |43 R(0p0) 1) 01 (00N o) =

m=—] 2
- g 1(030)-1>A
= 3 [J0)aim (050) B YAN

[ J=2 m=1

A m'=2
Overlap of state R(a3y) |?;) with unrotated ["~2,,/) < > B=n s

is the corresponding D-matrix element.

(2| R(aBy)|})=087"D (aBy) = (1|}

*
ROB| 1)

2 m'=1 m=1

| B
i .

DV m(050) plotted vs. 3 for fixed j,m’,n
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Polarization analysis: Suppose a spin-j state R(030) |’ ~,,) exits an analyzer rotated by 3 N
and then enters a vertical (3=0) analyzer that forces it to choose from unrotated states |/ ~2,,)
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Overlap of state R(a,37) |°;) with unrotated |"=2,,)
is the corresponding D-matrix element.
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DV m(050) plotted vs. 3 for fixed j,m’,n
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e A

Angular momentum magnitude and uncertainty
Angular momentum uncertainty angle

Generating R(3) rotation and U(2) representations
Applications of R(3) rotation and U(2) representations
Molecular and nuclear wavefunctions
Molecular and nuclear eigenlevels
Generalized Stern-Gerlach and transformation matrices
*Angular momentum cones and high J properties
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Angular momentum cones and high J properties

(a)

Dn(050)
plotted
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for fixed
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z-Component of J :
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z-Component of J :

LIHnly

Quantlt - Production: URL is "http://www.uark.edu/ua/modphys/markup/QuantltWeb.html"
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z-Component of J :
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D=2%4,1(030)
plotted

vs. O
for fixed

J=20,m,n

Lab z-axis fixed ~' Body z-axis

in Lab Z J p —1

D'm.n(030) plotted vs. 8 for fixed J,m,n
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Links as of April 21, 2015
(Apps are being upgraded as time permits)

Links to the current Harter-Soft I.earnlt web apps for Physics

(Bold links have default redirect pages. Italics are not yet meant for production. Red are in the final stages of testing.

Production Links - For the students & general public

Bohrlt - Production; URL is "http://www.uark .edu/ua/modphys/markup/BohrltWeb.htm]"

Bouncelt - Production; URL is "http://www.uark.edu/ua/modphys/markup/BounceltWeb.html"

BoxIt - Production; URL is "http://www.uark.edu/ua/modphys/markup/BoxItWeb.htm]"

Coullt - Production; URL is "http://www.uark .edu/ua/modphys/markup/CoulltWeb.html"

Cycloidulum - Production; URL is "http://www.uark .edu/ua/modphys/markup/CycloidulumWeb.html"

Learnlt - Production; URL is "http:/www.uark.edu/ua/modphys" or "http://www.uark .edu/ua/modphys/markup/I.earnltWeb.html"
Jerklt - Production; URL is "http://www.uark .edu/ua/modphys/markup/JerkltWeb.html"

Pendulum - Production; URL is "http://www.uark .edu/ua/modphys/markup/PendulumWeb.html"

Quantlt - Production; URL is "http://www.uark.edu/ua/modphys/markup/QuantltWeb.htm]"

Relativity - Pirelli Entrant - Production; URL is "http:/www.uark.edu/ua/pirelli" or "http://www.uark.edu/ua/pirelli/html/default.html"
Trebuchet Production; URL is "http://www.uark .edu/ua/modphys/markup/TrebuchetWeb.html"

Testing Links - For internal use and testing by Harter & Heyoka

Bohrlt - Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/BohrltWeb.html"
Bouncelt - Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/BounceltWeb.html"

Bouncelt Title Page - Testing; URL is "http.//www.uark.edu/ua/modphys/testing/markup/BounceltTitlePage html"
BoxIt - Testing; URL is "http://www.uark.edu/ua/modphys/testing/markup/BoxItWeb.html"

Coullt - Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/CoulltWeb.html"

Cycloidulum - Testing; URL is "http://www.uark.edu/ua/modphys/testing/markup/CycloidulumWeb.html"

Harter-Soft Web A uick Reference - Testing:; URL is "http://www.uark .edu/ua/modphys/testing/markup/JerkltWeb.html"

Jerklt - Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/JerkItWeb.html"
ModernPhysics - Testing; URL is "http://www.uark.edu/ua/modphys/testing/markup/IntroCover.html"
Pendulum - Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/PendulumWeb.html"
Quantlt - Testing; URL is "http://www.uark .edu/ua/modphys/testing/markup/QuantltWeb .html"
Trebuchet Testing; URL is "http://www.uark.edu/ua/modphys/testing/markup/TrebuchetWeb .html"
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