Group Theory in Quantum Mechanics
Lecture 23 12017

Harmonic oscillator symmetry U(1)CU(2)CU(3)...

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 7 Ch. 21-22 )
(PSDS - Ch. 8 )

Review : 1-D ata algebra of U(1) representations
Review : Translate T (a) and/or Boost B(b) to construct coherent state
Review : Time evolution of coherent state (and “squeezed” states)

2-D ata algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basic states and operations
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Ilil/lc?tzttlz) . Anti-commutation relations
and Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Bookkeeping : Outer product arrays

Entangled 2-particle states
Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
ND multiplets
R(3) Angular momentum generators by U(2) analysis

Angular momentum raise-n-lower operators S and S.
SU(2)CU(2) oscillators vs. R(3)CO(3) rotors



* Review : 1-D ata algebra of U(1) representations
Review : Translate T(a) and/or Boost B(b) to construct coherent state
Review : Time evolution of coherent state (and “squeezed” states)



Review :  [-D ata algebra of U(1) representations
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1-D ata algebra of U(1) representations
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Review - 1-D ata algebra of U(1) representations
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Review : [-D ata algebra of U(1) representations
Review : Translate T(a) and/or Boost B(b) to construct coherent state ‘
Review : Time evolution of coherent state (and “squeezed” states)



Review : Translate T(a) and/or Boost B(b) to construct coherent state

T(a) and B(b) operations do not commute. T(a)=e """ oy B(b) =/ P*

Define a combined boost-translation operation: C(a,b)= ei(bx—ap)/ L

Use Baker-Campbell-Hausdorf identity since [X,p]=ia1 and [[X,p],X]=[[X,P].P]=0.
eAtB — e"s‘eBe_[A’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0= [B,[A,B]]

C(a.b)= ei(bx—ap)/h _ oibX/h ~iap/h e—ab[x,p]/2h2 _ oibXIh —iaplh ~iab/2h

C(Cl,b) =B(b)T(a)e_iab/2h =T(a)B(b)eiab/2h



Review : Translate T(a) and/or Boost B(b) to construct coherent state

T(a) and B(b) operations do not commute. T(a)=e """ oy B(b) =/ P*

Define a combined boost-translation operation: C(a,b) = ei(bx—ap)/ L

Use Baker-Campbell-Hausdorf identity since [X,p]=ia1 and [[X,p],X]=[[X,P].P]=0.
eAtB — e"s‘eBe_[A’B]/2 = eBeAe[A’B]/2 , where: [A,[A,B]] =0= [B,[A,B]]

C(a.b)= ei(bx—ap)/h _ oibX/h ~iap/h e—ab[x,p]/2h2 _ oibXIh —iaplh ~iab/2h

C(a,b) =B(b)T(a)€_lab/2h =T(a)B(b)elab/2h COIIIplCX |
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Review : Translate T(a) and/or Boost B(b) to construct coherent state

T(a) and B(b) operations do not commute. T(a)=e """ oy B(b) =/ P*
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Review : 1-D ata algebra of U(1) representations
Review : Translate T(a) and/or Boost B(b) to construct coherent state

*Review : Time evolution of coherent state (and “squeezed’ states) ‘
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Review : Time evolution of coherent state (and “squeezed” states) |OCo (x0.Po )> =e

Time evolution operator for constant H has general form : U(t,O)ze'iH’ /h

Oscillator eigenstate time evolution 1s simply determined by harmonic phases.

U(t,())|n>=e'th/h|n> _ e-i(n+1/2)wt|n>
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Review : Time evolution of coherent state (and “squeezed” states) |060 (x0-Po )> =e

Time evolution operator for constant H has general form : U(t,())ze
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Review : Time evolution of coherent state (and “squeezed” states) |oco(x0, Po )>=€ | 12 2 M| )
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Review : Time evolution of coherent state (and “squeezed” states)
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Properties of “squeezed” coherent states

(a) Coherent wave oscillation
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what happens if you apply
operators with non-linear “tensor”

exponents exp(sX?), exp(f p?), etc.



Properties of “squeezed” coherent states

(a) Coherent wave oscillation
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2-D ata algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basic states and operations
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Mostly Anti-commutation relations
i‘gauon Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Bookkeeping : Outer product arrays

Entangled 2-particle states



2D-0Oscillator basic states and operations

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (x1x2 +p1p2)+C(X1P2 —x2p1)+5(p% +x%)

(Mass factors VM, spring constants Kj;, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lectures 6-9.)



2D-0Oscillator basic states and operations
First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (x1x2 +p1p2)+C(X1P2 —x2p1)+E(P% +x%)

(Mass factors VM, spring constants Kjj, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lectures 6-9.)
Define a and at operators

a; = (x;+ip)2 a’, = (x;-1p)"2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"\2



2D-0Oscillator basic states and operations
First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (xlx2 +p1p2)+C(X1P2 —x2p1)+3(p% +x§)

(Mass factors VM, spring constants Kj;, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lectures 6-9.)
Define a and at operators

a; = (x;+ip)2 a’, = (x;-1p)"2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"\2
X = (aTl + a )/\/2 P = 1 (afl -d; )/\/2 X, = (aTz T a )/\/2 P> = 1 (afz -d) )/\/2



2D-0Oscillator basic states and operations

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (x1x2 +p1p2)+C(X1P2 —x2p1)+E(P% +x%)

(Mass factors VM, spring constants Kjj, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lectures 6-9.)
Define a and at operators

a; = (x;+ip)2 a’, = (x;-1p)"2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"\2
X = (aTl + a )/\/2 P = 1 (a*l -d; )/\/2 X, = (aTz T a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.



2-D ata algebra of U(2) representations and R(3) angular momentum operators
2D-Oscillator basic states and operations
Commutation relations
Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Mostly Anti-commutation relations
i‘gauon Two-dimensional (or 2-particle) base states: ket-kets and bra-bras
Bookkeeping : Outer product arrays

Entangled 2-particle states



2D-Oscillator basic states and operations - Commutattion

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (x1x2 +p1p2)+C(X1P2 —x2p1)+E(P% +x%)

(Mass factors VM, spring constants Kjj, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lectures 6-9.)
Define a and at operators

a; = (x;+ip)2 a’, = (x;-1p)"2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"\2
X = (aTl + a )/\/2 P = 1 (ah -d; )/\/2 X, = (aTz T a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[ X/, P2l=0=[X>,p:], [a;,a",]=0=[a,,a'/]



2D-Oscillator basic states and operations - Commutattion

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (x1x2 +p1p2)+C(X1P2 —x2p1)+E(P% +x%)

(Mass factors VM, spring constants Kjj, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lectures 6-9.)
Define a and at operators

a; = (x;+ip)2 a’, = (x;-1p)"2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"\2
X = (aTl + a )/\/2 P = 1 (a*l -d; )/\/2 X, = (aTz T a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X,,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.

[a,a’)]=1, [a)a')]=1



2D-Oscillator basic states and operations - Commutattion

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (x1x2 +p1p2)+C(X1P2 —x2p1)+E(P% +x%)

(Mass factors VM, spring constants Kjj, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lectures 6-9.)
Define a and at operators

a; = (x;+ip)2 a’, = (x;-1p)"2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"\2
X = (aTl + a )/\/2 P = 1 (ah -d; )/\/2 X, = (aTz T a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X,,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.

[a,a’)]=1, [a)a')]=1
This applies 1n general to N-dimensional oscillator problems.

([ am: an] = aman - anam — 0) ([ ama aTn] = amaTn - aTnam: 6mn-l) ([ aTma aTn] = aTmaJrn - aTnaTm: 0)




2D-Oscillator basic states and operations - Commutattion

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (x1x2 +p1p2)+C(X1P2 —x2p1)+E(P% +x%)

(Mass factors VM, spring constants Kjj, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lectures 6-9.)
Define a and at operators

a; = (x;+ip)2 a’, = (x;-1p)"2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"\2
X = (aTl + a )/\/2 P = 1 (a*l -d; )/\/2 X, = (aTz T a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X,,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.

[a,a’)]=1, [a)a')]=1
This applies 1n general to N-dimensional oscillator problems.

([ am: an] = aman - anam — 0) ([ ama aTn] = amaTn - aTnam: 6mn-l) ([ aTma aTn] = aTmaJrn - aTnaTm: 0)

New symmetrized a',,a, operators replace the old ket-bras |m¥Xn| that define[semi-classical H matrix.
y p p
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2D-Oscillator basic states and operations - Commutattion

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (x1x2 +p1p2)+C(X1P2 —x2p1)+E(P% +x%)

(Mass factors VM, spring constants Kjj, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lectures 6-9.)
Define a and at operators

a; = (x;+ip)2 a’, = (x;-1p)"2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"\2
X = (aTl + a )/\/2 P = 1 (afl -d; )/\/2 X, = (aTz T a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X,,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.

[a,a’)]=1, [a)a')]=1
This applies 1n general to N-dimensional oscillator problems.

([ am: an] = aman - anam — 0) ([ ama aTn] = amafn - aTnam: 6mn-l) ([ aTma aTn] = aTmaJrn - aTnaer: 0)

New symmetrized a',,a, operators replace the old ket-bras |m¥Xn| that define[semi-classical H matrix.
y p p

H=H, (aja,+1/2)+ Hala, ( - H”J
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+H,aa, + H,, (aga2 +1/ 2)




2D-Oscillator basic states and operations - Commutattion

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (x1x2 +p1p2)+C(X1P2 —x2p1)+E(P% +x%)

(Mass factors VM, spring constants Kjj, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lectures 6-9.)
Define a and at operators

a; = (x;+ip)2 a’, = (x;-1p)"2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"\2
X = (aTl + a )/\/2 P = 1 (afl -d; )/\/2 X, = (aTz T a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X,,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.

[a,a’)]=1, [a)a')]=1
This applies 1n general to N-dimensional oscillator problems.

([ am: an] = aman - anam — 0) ([ ama aTn] = amafn - aTnam: 6mn-l) ([ aTma aTn] = aTmaJrn - aTnaer: 0)

New symmetrized a',,a, operators replace the old ket-bras |mXn| that define|[semi-classical H matrix.

_ i i _ AlaT . \al
H_Hll(a1a1+1/2)+ H,,a a, —A(a1a1+1/2)+( —iC)aja, H=( H. H, }z( P i

+H,aa, + H,, (aga2 +1/ 2) +(B+iC)aba, + D(aga2 +1/ 2)
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2D-Oscillator basic states and operations - Commutattion

First rewrite a classical 2-D Hamiltonian (Lecture. 6-9) with a thick-tip pen! (They’re operators now!)

A D
H= 5(p12 +x12)+ (x1x2 +p1p2)+C(X1P2 —x2p1)+E(P% +x%)

(Mass factors VM, spring constants Kjj, and Planck 7 constants are absorbed into 4, B, C, and D constants used in Lectures 6-9.)
Define a and at operators

a; = (x;+ip)2 a’, = (x;-1p)"2 a, = (X, +1ip,)/N2 a’,=(X,-1p,)"\2
X = (aTl + a )/\/2 P = 1 (afl -d; )/\/2 X, = (aTz T a )/\/2 P> = 1 (afz -d) )/\/2

Each system dimension X; and Xz 1s assumed orthogonal, neither being constrained by the other.
This includes an axiom of inter-dimensional commutivity.

[X;,P:]=0=[X,,p;], [a;,a";]=0=[a,,a]
Commutation relations within space-1 or space-2 space are those of a 1D-oscillator.

[a,a’)]=1, [a)a')]=1
This applies 1n general to N-dimensional oscillator problems.

([ am: an] = aman - anam — 0) ([ ama aTn] = amafn - aTnam: 6mn-l) ([ aTma aTn] = aTmaJrn - aTnaer: 0)

New symmetrized a',,a, operators replace the old ket-bras |m¥Xn| that define[semi-classical H matrix.
y p p

_ i i _ AlaT . \al
H_Hll(a1a1+1/2)+ H,,a a, —A(a1a1+1/2)+( —iC)aja, H=( H. H, }z( P i

+H,aa, + H,, (aga2 +1/ 2) +(B+iC)aba, + D(aga2 +1/ 2)

|

Both are elementary "place-holders" for parameters H,,, or A, 5+iC, and D.

mYn|—(a'a +a.a’ |/2=a'a. +5 .1/2
m=n n—m m=n m.,n
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Commutivity is known as Bose symmetry. Bose and Einstein discovered this symmetry of light quanta.
(a,, a',) operators called Boson operators create or destroy quanta or "particles" known as Bosons.
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Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Commutivity is known as Bose symmetry. Bose and Einstein discovered this symmetry of light quanta.
(a,, a',) operators called Boson operators create or destroy quanta or "particles" known as Bosons.

If a¥,, raises electromagnetic mode quantum number m to m+1 it is said to create a photon.
If a, raises crystal vibration mode quantum number m to m+1 it is said to create a phonon.

If a',, raises liquid “He rotational quantum number m to m+1 it is said to create a roton.

Anti-commutivity 1s named Fermi-Dirac symmetry or anti-symmetry. It 1s found 1n electron waves.

Fermi operators (C,,,C,) are defined to create Fermions and use anti-commutators {A,B} = AB+BA.
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Commutivity is known as Bose symmetry. Bose and Einstein discovered this symmetry of light quanta.
(a,, a',) operators called Boson operators create or destroy quanta or "particles" known as Bosons.

If a¥,, raises electromagnetic mode quantum number m to m+1 it is said to create a photon.
If a¥,, raises crystal vibration mode quantum number m to m+1 it is said to create a phonon.

If a',, raises liquid “He rotational quantum number m to m+1 it is said to create a roton.

Anti-commutivity 1s named Fermi-Dirac symmetry or anti-symmetry. It 1s found 1n electron waves.

Fermi operators (C,,,C,) are defined to create Fermions and use anti-commutators {A,B} = AB+BA.
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That no two indistinguishable Fermions can be in the same state, 1s called the Pauli exclusion principle.



Bose-Einstein symmetry vs Pauli-Fermi-Dirac (anti)symmetry

Commutivity is known as Bose symmetry. Bose and Einstein discovered this symmetry of light quanta.
(a,, a',) operators called Boson operators create or destroy quanta or "particles" known as Bosons.

If a¥,, raises electromagnetic mode quantum number m to m+1 it is said to create a photon.
If a¥,, raises crystal vibration mode quantum number m to m+1 it is said to create a phonon.

If a',, raises liquid “He rotational quantum number m to m+1 it is said to create a roton.

Anti-commutivity 1s named Fermi-Dirac symmetry or anti-symmetry. It 1s found 1n electron waves.

Fermi operators (C,,,C,) are defined to create Fermions and use anti-commutators {A,B} = AB+BA.
{€,€1}=C1C\C,C,=0 {emchi=cnc’+c’,c,=5,,1 {cneh=c’,c’+c’c’, =0

Fermi ¢, has a rigid birth-control policy; they are allowed just one Fermion or else, none at all.
Creating two Fermions of the same type 1s punished by death. This 1s because x=-x implies x=0.
c’,cl10)=-¢c’,c’10)=0
That no two indistinguishable Fermions can be in the same state, 1s called the Pauli exclusion principle.

Quantum numbers of #=0 and n=1 are the only allowed eigenvalues of the number operator ¢',,C,,.

¢’.c,100=0, c',c,|)=1), ¢ ,c,|n) =0 for: n>1
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Two-dimensional (or 2-particle) base states: ket-kets and bra-bras

A state for a particle in two-dimensions (or two one-dimensional particles) is a"ket-ket"” |n)|n,)
It 1s outer product of the kets for each single dimension or particle.
The dual description is done similarly using "bra-bras" {n,|(n,| = (|n)n))"

This applies to all types of states |W)|W¥,) : eigenstates |n;)|ny), or (n,|{nl,
position states |x)x,) and (x(x;|, coherent states ooy and (o) o], or whatever.

Scalar product is defined so that each kind of particle or dimension
will "find" each other and ignore the presence of other kind(s). e |6 DY) = O [, [W)

Probability axiom-1 gives correct probability for finding particle-1 at x; and particle-2 at x,,
if state | )|¥,) must choose between all (x; , x5). ‘ (x), le‘ﬂﬂ’z)‘z:‘ (0 <x1”q,1>|\{,2>‘2

=|(x1|\P1)‘2‘(x2|‘P2>‘2

Product of individual probabilities ‘(x Y 1>|2 and ‘(Xgl\P2>‘2 respects standard Bayesian probability theory.

Note common shorthand big-bra-big-ket notation {x;, x,|¥;,¥,) = (e[ )Y )

Must ask a perennial modern question: "How are these structures stored in a computer program?"
The usual answer 1s 1n outer product or tensor arrays. Next pages show sketches of these objects.
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.
Type—1 Type—2
1 0 0 1 0 0

0 1 0 0 0
o= o [n=| o L= T e o= R)=| 2=

(@I




Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1 Type—?2
1 0 0 1 0 0
0 1 0 0 1 0
0,)= 0 )= ]21)= 05)= )= 0 [22)=

Outer products are constructed for the states that might have non-negligible amplitudes.

1 0 0 0
0 1 0 0

0 0 0 0

1\(1) |0 1\(0) |0 0V(1) |1 0Y(0) |0

ollo| |0 oll1] |0 1ol [0 1ol [0
|01>|02>: ollo = 0 |01>|12>: ollo = 0 |11>|02>: ollo = 0 |11>|22>: oll1 - 1

oS O Ol
S o QO
e O O O e
S O QO



Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1

10,)=

1
0
0

)=

0
1

21)=

0
0

Type—?2

0,)=

1
0
0

1) =

(@I

|22)=

0
0

Outer products are constructed for the states that might have non-negligible amplitudes.

o O

S O O -

O O O e

S =

S O O e

O O O e

S O =l O O

O O O e

o O
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O O O -

Herein lies conflict between standard
oo-D analysis and finite computers
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Type—1
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1 0
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Type—?2
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0
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Herein lies conflict between standard
oo-D analysis and finite computers

Make adjustable-size finite phasor
arrays for each particle/dimension.



Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1 Type—?2
1 0 0 1 0 0
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: a point where results do not change.



Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1
1
1 0
0,)= 0

)=

0
1

,121)

0
0
1

Type—?2

0,)=

1
0

1) =

(@I

|22)=

0
0

Outer products are constructed for the states that might have non-negligible amplitudes.

1)1
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Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1
1 0
0 1
|01>: 0 ’11>: 0 »21>:

Type—2

|()2>=

9

Ip)=

—

bl

2,)=

0
0

Outer products are constructed for the states that might have non-negligible amplitudes.

1 0

0 1

0 0

1\(1) |0 1Y(0) |0

010 0 011 0
|01>|02>: 0 0 = 0 |01>|12>: O 0 = 0
0 0

0 0

0 0

o O

S O =

O O O e

o O

—_ O O .-

O O O -

Herein lies conflict between standard
oo-D analysis and finite computers

Make adjustable-size finite phasor
arrays for each particle/dimension.

Convergence is achieved by orderly
upgrades in the number of phasors to

a point where results do not change.

A 2-wave state product has a lexicographic (00, 01, 02, ...10, 11, 12,..., 20, 21, 22, ..) array indexing.

(O]¥,)(0[¥,)) ((0,0,]¥¥,)

OP¥)(11Y,) | | (01, |¥,Y,)

OP¥)@lw.)| | (0.2 w.)

1|, 1P, 11w ) (1]w, 11, |¥,¥,

Y= Gy |2 ol | 7] apeelen) 7] )
GO | | o)

QY )(UY,) | | 2L|YY,)

Pe)Ee)| | @.]vw.)

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

Least significant digit at (right) END



Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1 Type—?2
1 0 0 1
0 | 0

|01>: o |’ )= o |’ 2))= K |02>:

0 0
1 0
s 12>: 0 . 22>: 1 , v

Outer products are constructed for the states that might have non-negligible amplitudes.

1 0 0

0 1 0

0 0 0

1\(1) |0 1Y(0) |0 0)(1) |1

0f/0 0 011 0 10 0
|01>|02>: 0 0 = 0 |Ol>|12>: O 0 = 0 |11>|02>: 0 0 = 0
0 0 0

0 0 0

0 0 0

A 2-wave state product has a lexicographic (00, 01,

<O|\P1><O|‘PZ> <0102 |\P1‘P2>

OP¥)(11Y,) | | (01, |¥,Y,)

OPY)Ew.)| | 0. vw.)

1‘1’1 1‘1’2 1‘1’1 1‘1’2 L1, \1’1‘1'2

O 1w (B le) | 7| aredeie) 7] oo e
| - eeaeres| | e

QY )(UY,) | | 2L|YY,)

ClY)Ew)| | @olrw)

0
0 — .
0 Herein lies conflict between standard
: co-D analysis and finite computers
0)(0) |0
1{{o] |0 . . .
11,)]2,)= oll1 171 Make adjustable-size finite phasor
- : arrays for each particle/dimension.
0
0 Convergence is achieved by orderly
0 upgrades in the number of phasors to
: a point where results do not change.

02,..10, 11, 12,..., 20, 21, 22, ..) array indexing.
"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

. . . Least significant digit at (right) END
or anti-lexicographic
(00, 10, 20, ...01, 11, 21,..., 02, 12, 22, ..)

array indexing "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...

02,12,22,32...)

Most significant digit at (right) END



Outer product arrays

Start with an elementary ket basis for each dimension or particle type-1 and type-2.

Type—1

10,)=

1
0

)=

1
21)=

0
0

Type—2

0,)=

—

1) = 22)=

0
0

Outer products are constructed for the states that might have non-negligible amplitudes.

|01>|02>:

A 2-wave state product has a lexicographic (00, 01,

1)1
010
010

1 0
0 1
0 0
0 1(0) |0
0 0Ofl1 0
0 |01>|12>: O 0 = 0
0 0
0 0
0 0

%)) ((0.0,[,%,)
¥, | | (o v,
Ole)ee) | |02,
A0 | | 0, [%%))
el | | )
(el | 7] G lwow.)
Ao | | o
Gl | | e,
Cleyeie)| @)

0 0
0 0
0 0
1 0)(0) |0
0 110 0
= 0 |11>|22>: 0 1 = 1
0 0
0 0
0 0

shorthand
big-bra-big-ket |Y)=
notation

Herein lies conflict between standard
oo-D analysis and finite computers

Make adjustable-size finite phasor
arrays for each particle/dimension.

Convergence is achieved by orderly
upgrades in the number of phasors to

a point where results do not change.

02,..10, 11, 12,..., 20, 21, 22, ..) array indexing.
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€

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

Least significant digit at (right) END
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Entangled 2-particle states

A matrix operator M is rarely a single nilpotent operator |1){2| or idempotent |1){1].

A two-particle state |¥) is rarely a single outer product [¥)|¥,) of 1-particle states [¥;) and [¥).
(Even rarer is [¥)|¥)).)

ANALOGY: -

A general n-by-n matrix M operator is a combination of n? terms: M= X ¥ M ik
j=lk=1 7

)k

n
...that might be diagonalized to a combination of n projectors: M= X ,ue‘ e><e‘
e=1

So a general two-particle state |¥) is a combination of entangled products: “P>=ZZI// ik Y ]>‘ ‘Pk>
ko



Entangled 2-particle states

A matrix operator M is rarely a single nilpotent operator |1){2| or idempotent |1){1].

A two-particle state |¥) is rarely a single outer product [¥)|¥,) of 1-particle states [¥;) and [¥).
(Even rarer is [¥)|¥)).)

ANALOGY: non

A general n-by-n matrix M operator is a combination of n? terms: M= X ¥ M ik
j=lk=1 7

)k

n
..that might be diagonalized to a combination of n projectors: M= X ,ue‘ e><e‘
e=1

So a general two-particle state |¥) is a combination of entangled products: “P>=ZZI// ik
ko

;) )

...that might be de-entangled to a combination of n terms: “P>=Z¢e‘(Pe>‘ (Pe>
e



*Two—particle (or 2-dimensional) matrix operators ‘

U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets



Two-particle (or 2-dimensional) matrix operators

When 2-particle operator ak acts on a 2-particle state, ax "finds" its type-k state but ignores the others.

aﬂnlnz :aﬂnl ’nz =\/n + ‘nl+1n2 a§|nln2>=|nl>a§‘n2 =\/n2+ ‘nl n2+1>
al‘nlnz a1|n1 ’nz \/7|n1—1n2 a2|nln2 —|n1 az‘nz \/7|n1 n2—1

ai"finds" its type-1 ay"finds" its type-2
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al‘nlnz a1|n1 ’nz \/7|n1—1n2 a2|nln2 —|n1 az‘nz \/7|n1n2—1
ai"finds" its type-1 ay"finds" its type-2

General definition of the 2D oscillator base state.
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Two-particle (or 2-dimensional) matrix operators

When 2-particle operator ak acts on a 2-particle state, ax "finds" its type-k state but ignores the others.

aﬂnlnz :aﬂnl ’nz =\/n + ‘nl+1n2 a§|nln2>=|nl>a§‘n2 =\/n2+ ‘nl n2+1>
al‘nlnz a1|n1 ’nz \/7|n1—1n2 a2|nln2 —|n1 az‘nz \/7|n1n2—1
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General definition of the 2D oscillator base state.
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|I’l1n2> = |0 O>
NIRY

The a,,'a, combinations in the ABCD Hamiltonian H have fairly sitmple matrix elements.
H =A(aIa1+1/2)+( —iC)aja,

+Hyaa; + Hy, (aga2 +1/ 2)

+(z+iC)aba, + D(aga2 + 1/2)



Two-particle (or 2-dimensional) matrix operators

When 2-particle operator ak acts on a 2-particle state, ax "finds" its type-k state but ignores the others.

aﬂnlnz :aﬂnl |n2 =\/n + |n1+1n2 a§|nln2>=|nl>a§|n2 =\/n2+ |n1 n2+1>
a1|n1n2 a1|n1 |n2 \/7|n1 1n2 a2|nln2>—|nl a2|n2 \/7|n1 Ny —
ai"finds" its type-1 ay"finds" its type-2

General definition of the 2D oscillator base state.

|n1n2> _ (af/)nl'(ia;')nz |0 0> H=H, (afal +1/ 2)+ leaifa2
nin,!

The a,,'a, combinations in the ABCD Hamiltonian H have fairly simple matrix elements.

+Hyaa; + Hy, (aga2 +1/ 2)

H = A(aira1 +1/2)+( —iC)aja,

a{fal |n1n2> = n1|n1 n2> aIa2|nln2> = \/nl +1\/n2 |n1 +1n, —1>

a§a1 |n1n2> = \/nl \/nz +1|n1 —1n, +1> a§a2|nln2> = n2|nl n2>

+(z+iC)aba, + D(aga2 + 1/2)



Two-particle (or 2-dimensional) matrix operators

When 2-particle operator ax acts on a 2-particle state, ax "finds" its type-k state but ignores the others.

aﬂnlnz aﬂnl |n2 =\/n + |n1+1n2 a2|nln2>—|nl a2|n2 =\n, +1 |n1 n2+1
a1|nln2 a1|n1 |n2 \/7|n1 1n2 a2|nln2>—|nl a2|n2 \/7|n1 Ny —
ai"finds" its type-1 ax"'finds" its type-2

General definition of the 2D oscillator base state.

(a-l{-)nl (a; )l’lz H = Hll (a}-al + 1 / 2)+ lea}-az
|I’l1n2> = |0 0>
v ing! +H,,ata, +H22(a§a2 +1/2)

The a,,'a, combinations in the ABCD Hamiltonian H have fairly simple matrix elements.

H = A(aira1 +1/2)+( —iC)aja,

aifal|”1”2>:”1|”1 ”2> airaz|”l1”2>=\/"1+1\/"2|”1+1”l2—1> . . 1
C D( /2)
a§a1|n1n2>=\/nl\/n2+1|n1—1n2 +1> a;az|nln2>:n2|nl n2> +( T )a2a1+ A8y ¥
00) |o1) 02) | |10) 1) 12) ‘ 120) 21) 22)

<OO| 0 "Little-Endian" indexing

(01 D (...01,02,03..10,11,12,13 ...

(2] .- 20,21,22,23,...)

(10

(1]

(H)= A(1/2)+ D(1/2)+ (2]




Two-particle (or 2-dimensional) matrix operators

When 2-particle operator ax acts on a 2-particle state, ax "finds" its type-k state but ignores the others.

aﬂnlnz aﬂnl |n2 =\/n + |n1+1n2 a2|nln2>—|nl a2|n2 =\n, +1 |n1 n2+1
a1|n1n2 a1|n1 |n2 \/7|n1 1n2 a2|nln2>—|nl a2|n2 \/7|n1 Ny —
ai"finds" its type-1 ax"'finds" its type-2

General definition of the 2D oscillator base state.

(a-l{-)nl (a; )l’lz H = Hll (a}-al + 1 / 2) + lea}-az
|I’l1n2> = |0 0>
v ing! +H,,ata, +H22(a§a2 +1/2)

The a,,'a, combinations in the ABCD Hamiltonian H have fairly simple matrix elements.

H = A(aira1 +1/2)+( —iC)aja,

T _ T _
aja|mny) =my|n ny) ajay|mny )= \Jm +1ny [y + 1y — 1) ( \al :
3 B + B +( 5 +iC a2a1+D(a2a2+1/2)
aja, |nyny ) = \Jny \Jny +1]m —1ny +1) aya,|mny) = my|ny ny)
|00) |01) |02) | |10) 111) 12) 20) 121) 122)
<OO| 0 "Little-Endian" indexing
(01] D | B+iC : (...01,02,03..10,11,12,13 ...
20,21,22,23,...
(02| 2D .- J2(B+iC) )
(10 | - —iC A
(11 . 2(B=iC) - A+D
(H>:A(1/2)+D(1/2)+ <12| . A+2D
(20
(21]

(22



Two-particle (or 2-dimensional) matrix operators

When 2-particle operator ax acts on a 2-particle state, ax "finds" its type-k state but ignores the others.

aﬂnlnz aﬂnl |n2 =\/n + |n1+1n2 a2|nln2>—|nl a2|n2 =\n, +1 |n1 n2+1
a1|n1n2 a1|n1 |n2 \/7|n1 1n2 a2|nln2>—|nl a2|n2 \/7|n1 Ny —
a;"'finds" its type-1 ay"finds" its type-2

General definition of the 2D oscillator base state.

(a-l{-)nl (a; )l’lz H = Hll (a}-al + 1 / 2) + lea}-az
|I’l1n2> = |0 0>
v ing! +H,,ata, +H22(a§a2 +1/2)

The a,,'a, combinations in the ABCD Hamiltonian H have fairly simple matrix elements.

H = A(aira1 +1/2)+( —iC)aja,

T _ T _
aja|mny) =my|n ny) ajay|mny )= \Jm +1ny [y + 1y — 1) ( \al :
3 B + B +( 5 +iC a2a1+D(a2a2+1/2)
aja, |nyny ) = \Jny \Jny +1]m —1ny +1) aya,|mny) = my|ny ny)
|00) |01) |02) | |10) 111) 12) 20) 121) 122)
<OO| 0 "Litfle-Endian" indexing
(01] D | B+iC : (...01,02,03..10,11,12,13 ...
20,21,22,23,...
(02| 2D J2(5+iC) )
<1()| . —iC A .
(11] . 2(B-ic) - A+D | V2(B+iC)
(H)=A(1/2)+ DA/2)+ (12 . Ao \/Z( +iC)
(20| . 2(B=iC) 2A
(21] : Ja(B-ic) - 2A+D

(22| : 2A+2D .-



Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets




U(2)-2D-HO Hamiltonian and irreducible representations

H=
A(aja+172)+(1-iC)ala,

+( +iC)a§al+D(a§a2+1/2)

(H)y=A(1/2)+ D(/2)+

airal mn, l’ll‘ n1n2>

JriJno | m=1ny+)

>:
a;al ”1”2>
)

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

aIaz mny \/l’l1+1 \/nz n1+1 I’l2—1>

a;a2| n1n2>=n2| n1n2>

|00) |O1) 02) 10) 111) 12) 20) 121) 122)
(00| | ©
(o1] D +iC -
(02 \ 2D V2(B+iC)
<1.o| _lc\ | a .
(11] . 2(B=iC) - A+D | N2(B+iC) -
(12| Example: A+2D JA(5+iC)
(20 lad0I= oo 2 )+ B (o) 2
(21] afaz|”1”2‘>;\/m\/”72‘”1+1”2—1> Ja(r-iC) 2A+D
(22| 2A+2D -

Rearrangement of rows and columns brings the matrix to a block-diagonal form.



U(2)-2D-HO Hamiltonian and irreducible representations

H=
A(aja+172)+(1-iC)ala,

+( +iC)a§al+D(a§a2+1/2)

(H)y=A(1/2)+ D(/2)+

airal mn, l’ll‘ n1n2>

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...

>:
a;al mny >:\/a\ / l’l2+1 | l’ll—l n2+1>
)

aIaz mny :\/l’l1+1 \/nz n1+1 I’l2—1>

a;a2| n1n2>=n2| n1n2>

20,21,22,23,...)
|00) |O1) 02) 10) 111) 12) 20) 121) 122)
(00| o
(01] D +iC :
(02 \ 2D V2(B+iC)
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(22| : 2A+2D -

Rearrangement of rows and columns brings the matrix to a block-diagonal form.

CBase states |n )|n,) with the same total quantum number v=n; + n, define each block.)




U(2)-2D-HO Hamiltonian and irreducible representations

H=

A(aja+172)+(1-iC)ala,

+( +iC)a§al+D(a§a2+1/2)

(H)y=A(1/2)+ D(/2)+

airal mn, l’ll‘ n1n2>

aEal

nn, =\/ n+l \/ n

a§a2| n1n2>=n2| n1n2>

aIaz

Rearrangement of rows and columns brings thle matrix to a block-diagonal form.

>:
mn, >=\/a M | n—1 n2+1>
)

n1+1 n2—1>

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...

20,21,22,23,...)
|00) |O1) 02) 10) 111) 12) 20) 121) 122)
(00[ | 0
{01] D +iC
(02 \ 2D V2(B+iC)
(o] | - s-ic T~ A
(11] J2(5-iC) A+D | N2(B+iC)
(12| Example: A+2D Ja(p+iC)
(20| [@jay] 02)=\J0+1/2]0+1 2-1)=V2]11 J2(5-iC) 2A
(21] [a1ad mm =y np+l nf) J4 (5 -iC) 244D
(22| 2A+2D

Group reorganized

CBase states |n;)|n,) with the same total quantﬁm number v = n; + n, define each block)

"Little-Endian" indexing
(...01,02,03..10,11,12,13

20,21,22,23,...)
|00) | |01)  |10) |02) / 111) 20) |03) 12) |21) |30)
<OO| 0 | Vacuum (v=0) /
<01| D +iC | Fundamental (v=1I)
<10| —iC A vibrational Sub-space
(02| 2D j V2(B+iC)
(H)=A1/2)+DA/2)+ (11 J2(5-iC) A+ D 2 (5+iC) Qvert?ne (v=2)
vibrational sub-space

(20| V2(5-iC) 24
(03 3D V3(B+iC)
<12| \/g( —iC) A+2D \/Z( +iC) Overtone (v=3)
<21| \/Z( —iC) YA+ D \/5( +iC) vibrational sub-space
(30| J3(5-iC) 3A

5 1 1Y A+p -

H* :A(afa1 +1/2)+D(a§a2 +1/2) s =A(ﬂ1+5)+0(n2 +5)= (ny+ny +1)+ (= ny)



Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states




2D-Oscillator states

Fundamental eigenstates I G Lo) o) )
. . . . Fundamental _ .
The first step is to diagonalize the fundamental 2-by-2 matrix . - B 21’0 S
0,1 | B+iC D

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)



2D-Oscillator states

Fundamental eigenstates m.ny | [1,0) ]0.1)

. . . . <H>andamental _ <1’0| A B_iC |+
The first step 1s to diagonalize the fundamental 2-by-2 matrix . v=I o
0,1 | B+iC D

Recall decomposition of H ( Lectures 6-10 ) f‘;‘;P]foegogaon;]e]d;f]E“Od;‘]“Hgd:;“)g

A =G APy ) DO i O L b o] O L b0 L
B+iC D 2 0 1 10 )2 i 0 )2 0 -1 )2

A+ D
2

1




2D-Oscillator states

Fundamental eigenstates Lo mm Lo oy |
The first step 1s to diagonalize the fundamental 2-by-2 matrix . ) B 21’0: S
0,1 +iC D
Recall decomposition of H ( Lectures 6-10 ) Oroup teorganized "Big-Endian” indexing

(...00,10,20..01,11,21,31 ...02,12,22,32...)

o 3 5 ool )

A PO A D ()| 1O s O
+iC D 2 0 1 1 O

in terms of Jordan-Pauli spin operators.

H=0Q,1+QeS=Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)



2D-Oscillator states

Fundamental eigenstates n.my

1,0)

0.1)

The first step is to diagonalize the fundamental 2-by-2 matrix . () = 2(1)?:

A
+iC

—iC
D

Recall decomposition of H ( Lectures 6-10 )

A PO A D ()| 1O s O
+iC D 2 0 1 1 O

in terms of Jordan-Pauli spin operators.

o 3 5 ool )

H=0Q,1+QeS=Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

Frequency eigenvalues m. of H-Qy1/2 and fundamental transition frequency {2 = m; - ®_ :

L QuEQ  A+DE(28P+(20) +(A= DY _A+D+\/(A—Dj2+ 2, 2
- B - 2

a)_
+ 2 2 2

+

A+D
2

1

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)



2D-Oscillator states

Fundamental eigenstates L Lo oy |
. . . . Fundamental _ .
The first step 1s to diagonalize the fundamental 2-by-2 matrix . ) B 21’0: A T
0,1 +iC D
Recall decomposition of H ( Lectures 6-10 ) Group reorganized "Big-Endian® indexing

(...00,10,20..01,11,21,31 ...02,12,22,32...)

( A pmic ]+—A+D1= (A+D)( b0 }+2 [ 01 jl +2C[ 0~ Jl+(A—D)( o ]1

+iC D 2 0 1 I 0 )2 i 0 )2 0 -1 )2
in terms of Jordan-Pauli spin operators.

H=0Q,1+QeS=Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

Frequency eigenvalues m. of H-Qy1/2 and fundamental transition frequency {2 = m; - ®_ :

L QuEQ  A+DE(28P+(20) +(A= DY _A+D+\/(A—Dj2+ 2, 2
- B - 2

. =
+ 2 2 2

Polar angles (¢,%) of +€2-vector (or polar angles (¢,9%m) of —2-vector) gives H eigenvectors.

_ —i : A-D
¢ 92 cosg —e P2 smg cosz‘/‘:?
|a)+>= p |a)_>= p where: <
ade sinE e cos— tang = —




2D-Oscillator states

Fundamental eigenstates L Lo oy |
. . . . Fundamental _ .
The first step 1s to diagonalize the fundamental 2-by-2 matrix . ) B 21’0: A T
0,1 +iC D
Recall decomposition of H ( Lectures 6-10 ) Group reorganized "Big-Endian® indexing

(...00,10,20..01,11,21,31 ...02,12,22,32...)

( A pmic ]+—A+D1= (A+D)( b0 }+2 [ 01 jl +2C[ 0~ Jl+(A—D)( o ]1

+iC D 2 0 1 I 0 )2 i 0 )2 0 -1 )2
in terms of Jordan-Pauli spin operators.

H=0Q,1+QeS=Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

Frequency eigenvalues m. of H-Qy1/2 and fundamental transition frequency {2 = m; - ®_ :

L QuEQ  A+DE(28P+(20) +(A= DY _A+D+\/(A—Dj2+ 2, 2
- B - 2

. =
+ 2 2 2

Polar angles (¢,%) of +€2-vector (or polar angles (¢,9%m) of —2-vector) gives H eigenvectors.

_ —i : A-D
¢ 92 cosg —e P2 smg cosz‘/‘:?
|a)+>= p |a)_>= p where: <
ade sinE e cos— tang = —

More important for the general solution, are the eigen-creation operators a¥+ and at- defined by

_ (% 0 . U e .U : (%
al =e 02 (cosgaf+e’¢ smgag) . a =92 (—smEaI+e’¢ cosaag)



2D-Oscillator states

Fundamental eigenstates L Lo oy |
. . . . Fundamental _ .
The first step 1s to diagonalize the fundamental 2-by-2 matrix . ) B 21’0: A T
0,1 +iC D
Recall decomposition of H ( Lectures 6-10 ) Group reorganized "Big-Endian® indexing

(...00,10,20..01,11,21,31 ...02,12,22,32...)

( A pmic ]+—A+D1= (A+D)( b0 }+2 [ 01 jl +2C[ 0~ Jl+(A—D)( o ]1

+iC D 2 0 1 I 0 )2 i 0 )2 0 -1 )2
in terms of Jordan-Pauli spin operators.

H=0Q,1+QeS=Q,1+Q,S,+Q S +Q,S, (ABC Optical vector notation)
=Qy1+Q. S, +Q,S, +Q,S, (XYZ Electron spin notation)

Frequency eigenvalues m. of H-Qy1/2 and fundamental transition frequency {2 = m; - ®_ :

L QuEQ  A+DE(28P+(20) +(A= DY _A+D+\/(A—Dj2+ 2, 2
- B - 2

a)_
+ 2 2 2

Polar angles (¢,%) of +€2-vector (or polar angles (¢,9%m) of —2-vector) gives H eigenvectors.

_ —i : A-D
¢ 92 cosg —e P2 smg cosz‘/‘:?
|a)+>= p |a)_>= p where: <
ade sinE e cos— tang = —

More important for the general solution, are the eigen-creation operators a¥+ and at- defined by
al =e 02 (cosgaf +e'® singag) . a =92 (—singair +e'® cosgag)

a]k_F create H eigenstates directly from the ground state.
al|0)=lo,) . a|0)=[o)



2D-Oscillator states

-

-~

- -

-

-~ -

Setting (7=0=C) and (4=, ) and (D=w_) gives diagonal block matrices.

00)

o1) [10)

02)

1)

120)

03)

12)

21)

|30>

(00| 0

Group reorganized

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

<H>:A(1/2)+D(1/2)+<11|

20

()]

+ 0

20

=A-D

RI0N

o, +20_

20, +o_

3w

H" = A(afa1 +1/2)+D(a§a2 +1/2)

(28 +(20) +(A-D)
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2D-Oscillator states Group roorganizod
Setting (7=0=C) and (A=, ) and (D=w_) gives diagonal block matrices. "Little-Endian" indexing

(..01,02,03..10,11,12,13 ...
|00) | |01) [10)|]02)  |11)  |20) | |03) 12) 21)  [30) ] --- 20,21,22,23,...)
(00| | 0

{
(10| W, =\/(2 )2+(2C)2+(A—D)2
<O2| 20)_ b

L] 0, +0

MﬁAWD+MHD+<
2O| 20
03| 3w

<
{
<12| o, +20_
(
<

21| 20, +o_
30| 30

1Y A+D

HA:A(afa1+1/2)+D(a§a2+1/2) g;‘lnzzA(nlJr%)JrD(nﬁE)_ . (n1+n2+1)+A_D

(”1_”2)
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2D-Oscillator states Group reorganized

Setting (#=0=C) and (4=, ) and (D=w_) gives diagonal block matrices. ey
00) [ [01) [10)[]02)  [11)  |20)|]03)  |12) 21)  |30) | --- 20.21,22,23,...
(00[| ©
(01] w_ 0, —0_=Q
(10 w, (28 +(20) +(A-D)
(02] 20_ =A-D
Hy=A1/2)+ DA+ DT

(20| 20,
(03] 3m_
(12| o, +20_
(21] 20, +o_
(30] 3w,

HA — A(afal +1/2)+D(a§a2 +1/2) g,j‘lnz =A(n1 +%)+D(n2 +%): A;D(nl +n,+1)+ A—D(n1 )



- -~ - -_— — - -~ -

2D-Oscillator states Group reorganized

Setting (7=0=C) and (4=, ) and (D=wm_) gives diagonal block matrices. ey
00) [[01) |10){]02)  [11)  [20) [|03)  |12) 21) |30} ] - 20,21,22,23,..)
(00] | ©
(01] ®. 0, —o_ =L
(10 o. (28 +(20) +(A-D)
(02] 20_ =A-D
(H)= A(1/2)+ D(1/2)+ { @+
(20| 20,
(03] 30_
(12| o, +20_
(21] 20, +@_
(30| 30,
1 1 A+D A—-D
HA:A(afa1+1/2)+l)(a£az+1/2) 82n2=A(n1+5)+D(n2+5)= (n1+n2+1)+ (nl—nz)
Q
Define fotal quantum number v=2j and half-difference or asymmetry quantum number m
n,—n
1 2

V=n+n,=2j J=T T, 2
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2D-Oscillator states Group reorganized

Setting (#=0=C) and (4=, ) and (D=w_) gives diagonal block matrices. ey
00) [ [01) [10)[]02)  [11)  |20)|]03)  |12) 21)  |30) | --- 20.21,22,23,...
(00] | ©
(01] w_ 0, —0_=Q
(10 w, (28 +(20) +(A-D)
(02] 20_ =A-D
Hy=A1/2)+ DA+ DT

(20| 2w,
(03] 3m_
(12| o, +20_
(21] 20, +o_
(30] 3w,

HA = A(afal +1/2)+D(a§az +1/2) Enn, =A(n1 +%)+D(n2 +%): A;D(nl +n,+1)+ A;D(,,l1 -ny)

Define fotal quantum number v=2j and half-difference or asymmetry quantum number m

mtny v m="1""
V=ny+ny,=2]j J= ) 2
m=+1/2

W= (o -|—Q(+§)
v+1=2j+1 multiplies base frequency w=, V=1

m multiplies beat frequency )

) ]
w:QO _ W—= QO ‘|‘Q(—2)




Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
* 2D-Oscillator states and related 3D angular momentum multiplets
ND multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators Sy and S.
SU(2)CU(2) oscillators vs. R(3)CO(3) rotors




2D-Oscillator states and related 3D angular momentum multiplets

Setting (7=0=C) and (4=wm. ) and (D=w_ ) gives diagonal block matrices.

|00) | |01) [10)|]02)  |11)  |20) | |03) 12) 121)  [30) | -
(00| o
(01] o
(10| o,
(02| 20
H)= A1/2)+ DA+ DT O
(20| 20,
(03] 30
(12| O, +20_
(21] 20, +@_
(30] 3w,
SU(2) Multiplets R(3) Multzplet’% .
e < 0
- m=+3/2 _]
j=3/2 +1/2 "tensor" )
:gg Zji<<::::::%ji+]
0
J=172 m=+1/2 "vector" -1
"spinor" 172 :
P J=0" scalar” 4 =0

@, —0_=Q

Group reorganized

"Little-Endian" indexing
(...01,02,03..10,11,12,13 ...
20,21,22,23,...)

= J(28P +(20P +(A-DY

=A-D



Group reorganized
"Little-Endian" indexing

®_ ) gives diagonal block matrices.

®; ) and (D=

C) and (A=

()=

2D-Oscillator states and related 3D angular momentum multiplets
Setting (

(...01,02,03..10,11,12,13 ...

20,21,22,23,...)
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30)

21)

12)

3w

0, +20

3w,

20, +w

20) | 03)

1)

20

O, +0

20,

@

00} | Jo1) [10) ] 02)

0

(00|

(01]
(10]
(02|

AA/2)+DA/2)+ <11|

(H)=

(20]

| L] =
— O o\
o —

j=2

+/
0

~
c~

"tensor”

-1
-2

m

j:

"vector"”

"scalar"

R(3) Multiplets _

+3/2
+1/2
-1/2
-3/2
+1/2

m:

3/2

j:

m:

1/2

j:

-1/2

"spinor"

SU(2) Multiplets




2D-Oscillator states and related 3D angular momentum multiplets

Structure of U(2)

m

r Jj=0 |8>=|OO> "scalar”
j—l “g>:|10>:|T "spinor”"
2 |ih)=lon=l
[1)=[20)
j=1 |f)>=|11> "3-vector"
|}1>:|02>
[12)=130)
>:|”1”2> ) J:é |?//22>:|21> "4-spinor”"
2 3h)=112)
| 32)=103)
1)=J40)
)=l
j=2 §>= 22)  "tensor"
-21>:|13>
‘-22>:|O4>
r .V _n+n
J=5=7 n=j+tm=20+m
e n,=j—m=20-—m

(a) N-particle 2-level states (vacuum) =0 0)
ﬁ I

...or spin-1/2 states

3/2 | |
= 1oy=atlooy ol e e
¥ 1| N=1Fk,, [2 Spin z-component
2l =101)=a," 00 _ =12
| > 2 | > - |T> _|Jm=+1/2
1ll= |2 0) zalTalT |0 0) 111 N=2 112] s= 2192 — N/) :|j=_1;2/2>
102= |1 Iy =a,Ta,T |0 0) "
1] N=3 (1012 kL l102]2 20212
n n,
1 1111 N=4[1]1]1]2 111202]s= [1121212 2021212
At a2l [1if12[2 - 1012212 1[212[2]2] [2]2][2]2]2]
1S=5/2
a
a;ay a TS / a;ta,
Total|Spin S -



Two-particle (or 2-dimensional) matrix operators

U(2) Hamiltonian and irreducible representations

2D-Oscillator states and related 3D angular momentum multiplets
ND multiplets

R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators $yand S.
SU(2)CU(2) oscillators vs. R(3)CO(3) rotors



ND-Oscillator eigensolutions

Introducing U(N)

(a) N-D Oscillator Degeneracy ( of quamtum levelv (b) Stacking numbers
Principal Quantum Number Dimension of oscillator
N=] PY triangular

=()
o :] \ ‘ N=) ° ° ’/ numbers

V=2 N o noe 8’ Ul
V=3 N=4 y /o

V=4 2 N=5 ® ”” & &R +

p 1 46 4 1 N7 socoe £ "

1 510 10 5 1
1 6 1520 15 6 1
1 7213535217 1
1 8 28 56 70 56 28 8 1

N=§
0
1) O/ (]

2\ 0/ /2\ 1) ,\

(c) Binomial coefficients 3\, \0’ (3\, ‘]/ (3\’ \2/ /3\
(N-1+v)! (']ﬂ) (-]ﬂ) (4\ \0/( N\ ) %2 4\‘\3/ /4\

(N-1)!0! J/ (\2/’ (d/



ND-Oscillator eigensolutions

(b) N—partzcle 3 level states

W o) =

]00> al

0 10)=a,t
00 1y=ayt

Introducing U(3)

10 0 0)
00 0)
00 0)

A
"UE;

I

3
N
R\

Ym
\L

...or spin-1 states

=1
L= |T> =t
2 =|e)=1/"7)
3= W)y=1=1")
’/ﬁas 3 a3T:2\
a3 a1 al3
(vacuum)
|00m
1
T
929




—(xl2 +x§)

2

2 2

J2x,e7 00" 4 2 x e 00

1
\P(xl’xbt)zi‘l//lo (x1.72 ) e +Wor (x,%;) e

21

2
=0
(2 +2) (2 +2) vl or
_¢ 2 2 _ _
= (xl + X9 + 2X1X2 COS(G)IO a)()l)t) =
T

e

IXf+x5 forit=Ty, /4 (21.1.30)
‘2

T
Sfor:t=Ty ., /2

‘Xl —Xz



Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
ND multiplets
*R(S ) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators Sy and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors



R(3) Angular momentum generators by U(2) analysis

(v=1) or (j=1/2) block H matrices of U(2) oscillator

Use irreps of unit operator S, =1 and spin operators { S, Sy, S, }.

|

A
+iC

—iC
D

|

_ 4D
2

|

1
0

0
1

]+2

0

1
2

1
2
0

+2C

+(4-D)

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)
(...00,10, 01, 20,11, 02, 30, 21, 12, 03,

40, 31,22,...)

(also known as: { $;,5¢,5, })




R(3) Angular momentum generators by U(2) analysis

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator S, =1 and spin operators { S, Sy, S, }.

(v=2) or (j=1) 3-by-3 block uses ltheir vectorirreps.

24

\/5( +iC)

A —-iC :A+D 1 0 P
+iC D 2 0 1

V2(5-ic)
A+D \/5( —iC) |=(4+D)

J2(p+ic) 2D

1 - -
1 - |+2
|

N | ~.

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)
(...00,10, 01, 20,11, 02, 30, 21, 12, 03,

40, 31,22,...)

(also known as: { $;,5¢,5, })



R(3) Angular momentum generators by U(2) analysis

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator S, =1 and spin operators { S, Sy, S, }.

(v=2) or (j=1) 3-by-3 block uses ltheir vectorirreps.

24

34

\/5( +iC)

V2(B+iC)  a+D N2 .—iC) =(4+D)

A —-iC :A+D 1 0 P
+iC D 2 0 1

V2(5-ic)

1 - -
1 - |+2
|

J2(p+ic) 2D

V3(5-ic)

244D N4(5-iC) 3(4+D) 1 L o
Ja(r+ic)  a+2p B(s-ic) |2 S O
B(s+ic) 3D 1

N | ~.

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)
(...00,10, 01, 20,11, 02, 30, 21, 12, 03,

40, 31,22,...)

(also known as: { $;,5¢,5, })




R(3) Angular momentum generators by U(2) analysis

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator S, =1 and spin operators { S, Sy, S, }.

: A+D\
it

|

(v=2) or (j=1) 3-by-3 block uses ltheir vectorirreps.

RCI
24 V2(5-ic) : o 5
V2(5+iC)  a+D  N2(B-ic) |=(4+D) . 1 .}2 % ' g
: V2(B+ic) 2D SRR 5

34 \B(s-ic)
B(p+iC) 244D
\/Z( +iC)

(v=2j) or (2j+1)-by-(2j+1) blockfuses DV)(s,) irreps of U(2) or R

A
+iC

JZ( ~iC)
A+2D

«/5( +iC)

D

V3(5-iC)

3D

0
0+2
1

1
2

Y =20, (1)

1
2
0

+2C

N | ~.

+2C

%3
2

Q. (s}

+2C

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)
(...00,10, 01, 20,11, 02, 30, 21, 12, 03,

40, 31,22,...)

(also known as: { $;,5¢,5, })

—

i3).-

+QY<

s, )’



R(3) Angular momentum generators by U(2) analysis

(v=1) or (j=1/2) block H matrices of U(2) oscillator
Use irreps of unit operator S, =1 and spin operators { S, Sy, S, }.

Group reorganized "Big-Endian" indexing
(...00,10,20..01,11,21,31 ...02,12,22,32...)
(...00,10, 01, 20,11, 02, 30, 21, 12, 03,

40, 31,22,...)

(also known as: { $;,5¢,5, })

1 1
A i€ ) ADE L0 "2 +2C " +(4-D) 2 "
iC D 2 Lo 1 Ly, i o L
2 2 2
(v=2) or (j=1) 3-by-3 block uses ltheir vectorirreps. \4 \
J2 2
24 2(5-iC) - . o2 T o
V2(5+iC)  a+D  N2(B-ic) |=(4+D) . 1 .}rz % . % +2C i% . _,-g +(A—D)[. 0o - }
. V2(5+iC) 2D S 5 N o
2 )
(LV=3) or (j=3/2) 4-by-4 block usesJDlrac spinor| irreps \ \
BN B N
34 \B(5-ic) 2 2 2
V(B+iC)  24+D  Ja(5-iC) 3(4+D) 1 . , % ' % e ’g ' "% ' +(4-1) ' % '
Ja(r+ic)  a+2p B(s-ic) |2 o T R * | lﬂ | _iﬁ - 1
e B I 1 IR I PO
2 2
(v=2j) or (2j+1)-by-(2j+1) blockfuses DV)(s,) irreps of U(2) or RiS). l
(HY ™ =20, (1) + Q (s, ) +Q, (s, +Q, (s,

All j-block matrix operators factor into rais¢-n-lower Q /l,erat/

/

+iSy plus theldiagonal Sz

<H>j‘bl“"=2jgo<1>j+[(g ~i,)(s, +s, )Y +(Q, +iQ,)(s —iSY>J}/2+QZ<SZ>j



Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
ND multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators $yand S. ‘

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors



Angular momentum raise-n-lower operators Sy and S.

(s+=s +isy) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

! 0 % 0 _é 0 1
0 0O 0

Loy
Such operators can be upgraded to creation-destruction operator combinations a'a

2 2

—nim _at —(aia \ —ata —af
s,=aa,=ala, , s_=(aja,) =aja =aa,



Angular momentum raise-n-lower operators Sy and S.

(s+=s +isy) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

! 0 % 0 _é 0 1
0 0O 0

Loy
Such operators can be upgraded to creation-destruction operator combinations a'a

2 2

T
s,=aa,=ala, , s_=(aja,) =aja =aa, (

1

| | | . )y 1| 2
Hamilton-Pauli-Jordan representation of S 1s: (s,)\2)=D"*(s,)=

0




Angular momentum raise-n-lower operators Sy and S.

(s+=s +isy) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

1 ]
L. ! 03 0 73 0 1
<S+>2:D2(S+):D2(S +iSY)= l ; +1 L , :( 0 0] :P12
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a
s,=aa,=ala, , s = (ajaz)T =aja =ala,
>0
- . . e\ z
Hamilton-Pauli-Jordan representation of S is: <S Z> D (S Z)

This suggests an a@'a form for .



Angular momentum raise-n-lower operators Sy and S.

(s+=s +isy) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

1 ]
L. ! 03 0 73 0 1
<S+>2:D2(S+):D2(S +iSY)= l ; +1 i , :( 0 0] :P12
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a
s,=aa,=ala, , s = (ajaz)T =aja =ala,
>0
. . . e\ z
Hamilton-Pauli-Jordan representation of $ i1s: <S Z> D (S Z)
This suggests an a'a form for s

Let aj=a’ create up-spin T
1/2

=a'|l0)=a’|0
+1/2> 1| > T| >




Angular momentum raise-n-lower operators Sy and S.

(s+=s +isy) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

1 i
Lo ; "2 ' 0 1
(s,)?=D*(s,)=D>(s, +is, )= L +i i :[0 0} =P,
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a

—nim _at —(aia \ —ata —af
s,=aa,=ala, , s_=(aja,) =aja =aa,

-

1

Hamilton-Pauli-Jordan representation of 8y is: <S Z>(§) = D(E) (S Z) (2) 1
s,=3(aja, —aja,)=}(ala,-ala,)

Let aj=a] create dn-spin |

172

=a’'|0)=a’|0
. > 0)=ai[o}

\9}

This suggests an a@'a form for .
Let aj=a’ create up-spin T
1/2

» >=azo>=axo> 2)=J4)-




Angular momentum raise-n-lower operators Sy and S.

(s+=s +isy) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

1 i
L : "2 ' 0 1
(s,)?=D*(s,)=D>(s, +is, )= L +i i =[0 0} =P,
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a

—nim _at —(aia \ —ata —af
s,=aa,=ala, , s_=(aja,) =aja =aa,

-

1

Hamilton-Pauli-Jordan representation of 8y is: <S Z>(§) = D(E) (S Z) (2) 1
s,=3(aja, —aja,)=}(ala,-ala,)

Let aj=a] create dn-spin |,

172

=a’'|0)=a’|0
. > 0)=ai[o}

\9}

This suggests an a@'a form for .
Let aj=a’ create up-spin T
172
=a’|0)=a |0 2y=|)=
oo 2|y
s,=a/a,=aja destroys dn-spin |
creates up-spin T

to raise angular momentum by one 7 unit

aja [L)=|T) or: aja,|2)=]1)




Angular momentum raise-n-lower operators Sy and S.

(s+=s +isy) and ( S.=s -iSY:S+T)

Starting with j=1/2 we see that S+ is an elementary projection operator €1, = |[1X2]| = Py,

1 i
Lo ; "2 ' 0 1
(s,)?=D*(s,)=D>(s, +is, )= L +i i =[0 0} =Py
2 2

Such operators can be upgraded to creation-destruction operator combinations a'a

—nim _at —(aia \ —ata —af
s,=aa,=ala, , s_=(aja,) =aja =aa,

-

1
Hamilton-Pauli-Jordan representation of S 1s: <S Z>(§) = D(j) (sz) (2) )

1T T _ 1At T
s,=3(aja, —aja,)=}(ala,-ala,)
Let aj=a] create dn-spin |,
1/2

=a’'|0)=a’|0
. > 0)=ai[o}

—nta —af -
S_=a,a,=a a;destroys up-spin T

\9}

This suggests an a'a form for s;.
Let aj=a’ create up-spin T
1/2
=a’|0)=a’|0 2y=|)=
oo 2|y
s,=a/a,=aja destroys dn-spin |
creates up-spin T

to raise angular momentum by one 7 unit

aja [L)=|T) or: aja,|2)=]1)

creates dn-spin |
to lower angular momentum by one 7 unit

aja,|T)=|{) or aja,|1)=|2)



Two-particle (or 2-dimensional) matrix operators
U(2) Hamiltonian and irreducible representations
2D-Oscillator states and related 3D angular momentum multiplets
ND multiplets
R(3) Angular momentum generators by U(2) analysis
Angular momentum raise-n-lower operators Sy and S.

SU(2)CU(2) oscillators vs. R(3)CO(3) rotors ‘



SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n,n;)

Oscillator total quanta: v=(n;+n,)

a’)'(a)"
)= M 00)




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n,) Rotor total momenta: j=v/2

=8 ooy —joo)-.)

n!n,!

|nln2> =



SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

. :(af)nl (a])" _ (a)) ™" (a})™ _|J {j =/2 (n1+n2)/2}




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states ‘ ;>

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

_(air)nl (a;)nz _ (af)ﬂm(a;)j_m 1 [f =V/2 (n1+n2)/2} {nz j+m}
|nn,) = PN |oo>—\/(j+m)!(j_m)!|oo>—\m> = (1)) 0o = o




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

(7 ()" J=V2=(n+ny)/2) [ =jtm
) :(a) (a}) 00)= (a])™" (a}) 00)=|2) .
N PAPN JG+m)(j-m) m =(n-n)/2 R

U(2) boson oscillator states = U(2) spinor states

nyn _(ar)"(a)" ()" (a)”
| T ¢> W |00> \/(]+m) (J m) |00> | >




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

(@) (@), (@)™@)™ J =V/2 =(n;+n)/2 {nz j+nfj
= O GG m =(n1-n2)/2 12 =Jm

U(2) boson oscillator states = U(2) spinor states
a1) (a0)" 0 (30)"(a0)

nyln,! :\/(j+m)!(j—m)!|00>:|£1>

)=

Oscillator a'a...

a'a, | nn, >=\/n1+1 \/Z| n,+l n2—1>
aa, | nn, >=\/n—1 A /n2+1| n,-1 n2+1>



SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2

_(ai)"(a1)” (@) (=) " ool
nln, |OO> \/ m)!(j—m)!|00>_‘m>

U(2) boson oscillator states = U(2) spinor states

wn ) 2) (@) (a)) " (a)™"
| T ¢>_ W |00> \/(]+m) (J m) |OO> | >

Oscillator@fa give $,. matrices.

\ .
S, ;>:\/j+m+1\/j—m

| n1n2

aa, | nn, >=« [n+1 \/Z| n+l n2—1> =
a.a, | nn, >=\/n_“ /n2+1| n,-1 n2+1>

J
m+1

m =(n;-n)/2
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2
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Oscillator ata give 8§, and §. matrices.
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2
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N N
nyn, ) NEATY 00)= JGrmG—m) 00)=|;,)

Oscillator. afa give s, and 8. matrices. 1/2-difference of number-ops 1s §; eigenvalue.
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states ‘ £1>
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2
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SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2
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aIa2|nln2>:«/nl+1\/Z| n+l n2—1> {+ il>—\/]+m+1\/]—m Lﬂj ala |n1n2 —n1|n1n2 k ‘

a;a1|nln2>:\/n7“/n2+l|nl-l n,+1) _| il>—\/]+m\/] —m+|’ a,a |”1”2 ”2|”1”2

j=1 vector Sy - % - - —i% . 5 -and Sz !
N O
D'(s,)=D'(s, +is,)= g . % +i i% . _,-g —[ 0o . \/5}, D'(s,)= 0
2 \2 ’ r
\_ 2 " )
(j=3/2 spinor S, ..and Sz 3 B
B . 1
7NN I RSN 7R [ s )o| 2
O R S S S
N 2 .
N 2))




SU(2)CU(2) oscillators vs. R(3)CO(3) rotors

U(2) boson oscillator states |n;,n,)= R(3) spin or rotor states ‘ £1>

Oscillator total quanta: v=(n;+n;) Rotor total momenta: j=v/2 and z-momenta: m=(n;-n,)/2
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