
Group Theory in Quantum Mechanics
Lecture 21 (4.09.15) 

Octahedral Oh⊃subgroup tunneling parameter modeling
(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , QTCA Unit 5 Ch. 15 )      (PSDS - Ch. 4 )

Review Calculating idempotent projectors Pµm,m of O⊃C4 PE0404  PE2424 PT10404 PT11414 PT22424

Review Coset factored splitting of O⊃D4⊃C4 projectors       
Review Broken-class-ordered splitting of O⊃D4⊃C4 projectors and levels
Subgroup-defined tunneling parameter modeling
                  Comparing two diagonal O⊃C4 parameter sets to SF6 spectra
                  Comparing two diagonal O⊃C3 parameter sets to SF6 spectra
                  Why O⊃C2 parameter sets require off-diagonal nilpotent Pµm,n (m≠n)
Irreducible nilpotent projectors Pµm,n (m≠n) 
       Using fundamental gPµm,n  relations: ( from Lecture 16)
          (a) Pµm,m gPµn,n=Dµm,n(g)Pµm,n   (b) g=ΣµΣm,nDµm,n(g)Pµm,n   (c) Pµn,n=(µ/°G)ΣgDµ*m,n(g)g
       Review of D3⊃C2 ~ C3v⊃Cv

          Calculating and Factoring PT11404 and PT11434 
                            
Structure and applications of various subgroup chain irreducible representations
        Oh⊃D4h⊃C4v  , Oh⊃D3h⊃C3v , Oh⊃C2v

             Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type)
                 Examples of off-diagonal tunneling coefficients DE0424

                 Comparing Local C4, C3, and C2 symmetric spectra                 
                When Local C2 symmetry dominates
        Comparing off-diagonal O⊃C2 parameter sets to CH4 models with “cluster-crossings”
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P1414

T2 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
     + (-2

i )⋅r 1p 14
     + (-2

i )⋅r 2p 14
      + (-2

i )⋅ r 1p 14
      + (-2

i )⋅ r 2p 14
]

P3434

T2 =  8
1[(1)⋅1p 34

    + (0)⋅ρxp 34
     + (+2

i )⋅r 1p 34
     + (+2

i )⋅r 2p 34
     + (+2

i )⋅ r 1p 34
    + (+2

i )⋅ r 2p 34
]

P2424

T2 =  8
1[(1)⋅1p 24

    + (1)⋅ρxp 24
      + (0)⋅r 1p 24

      + (0)⋅r 2p 24
      + (0)⋅ r 1p 24

      + (0)⋅ r 2p 24
]

Coset-factored E-sum:

Coset-factored T2-sum:

Coset-factored T1-sum:

 

P1414

T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
    + (+2

i )⋅r 1p 14
       + (+2

i )⋅r 2p 14
      + (-2

i )⋅ r 1p 14
       + (-2

i )⋅ r 2p 14
]

P3434

T1 =  8
1[(1)⋅1p 34

    + (0)⋅ρxp 34
    + (-2

i )⋅r 1p 34
     + (-2

i )⋅r 2p 34
      + (+2

i )⋅ r 1p 34
       + (+2

i )⋅ r 2p 34
]

P0404

T1 =8
1 [(1)⋅1p 04

      + (-1)⋅ρxp 04
    + (0)⋅r 1p 04

      + (0)⋅r 2p 04
     + (0)⋅ r 1p 04

        + (0)⋅ r 2p 04
]

 

P0404

E =12
1 [(1)⋅1p 04

      + (1)⋅ρxp 04
    + (-2

1 )⋅r 1p 04
       + (-2

1 )⋅r 2p 04
      + (-2

1 )⋅ r 1p 04
       + (-2

1 )⋅ r 2p 04
] 

P2424

E =12
1 [(1)⋅1p 24

      + (1)⋅ρxp 24
    + (-2

1 )⋅r 1p 24
       + (-2

1 )⋅r 2p 24
      + (-2

1 )⋅ r 1p 24
       + (-2

1 )⋅ r 2p 24
]

Coset-factored A1-sum:

Coset-factored A2-sum:
 P0404

A1 =12
1 [(1)⋅1p 04

      + (1)⋅ρxp 04
    + (1)⋅r 1p 04

       + (1)⋅r 2p 04
      + (1)⋅ r 1p 04

       + (1)⋅ r 2p 04
] 

 P2424

A2 =12
1 [(1)⋅1p 24

      + (1)⋅ρxp 24
    + (1)⋅r 1p 24

       + (1)⋅r 2p 24
      + (1)⋅ r 1p 24

       + (1)⋅ r 2p 24
]

    

pm4
= e2π im⋅p/4

4
R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

 
1C4 = 1 1,ρz ,Rz , Rz{ }    ρxC4 = ρx ,ρy , i4 , i3{ }    r1C4 = r1,r4 , i1,Ry{ }    r2C4 = r2,r3, i2, Ry{ }    r1C4 = r1, r3, Rx , i6{ }    r2C4 = r2, r4 ,Rx , i5{ }

    

C4:χg
µ g=1 R z ρz

R z

µ=04 1 1 1 1

14 1 -i -1 i

24 1 -1 1 -1

34 1 -i -1 -i

Factoring out O⊃C4 subgroup cosets:
Irreducible idempotent projectors Pµm,m of O⊃C4~Td⊃C4i
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P0404

E =12
1 (1⋅1   -2

1r1-2
1r2   -2

1r3-2
1r4    -2

1 r1-2
1 r2     -2

1 r3-2
1 r4    +1ρx+1ρy +1ρz     -2

1Rx -2
1Ry   +1Rz    -2

1 Rx -2
1 Ry  +1 Rz    -2

1i1-2
1i2    +1i3 +1i4     -2

1i5 -2
1i6 )

P2424

E =12
1 (1⋅1   -2

1r1-2
1r2   -2

1r3-2
1r4    -2

1 r1-2
1 r2     -2

1 r3-2
1 r4    +1ρx+1ρy +1ρz    +2

1Rx+2
1Ry  −1Rz  +2

1 Rx+2
1 Ry  −1 Rz  +2

1i1+2
1i2   −1i3 −1i4   +2

1i5 +2
1i6 )

 

P1414

T1 =  8
1 (1⋅1  +2

i r1+2
i r2   -2

ir3-2
ir4    -2

i r1-2
i r2  +2

i r3+2
i r4  + 0ρx+ 0ρy  -1ρz  +2

1Rx +2
1Ry  +iRz +2

1 Rx +2
1 Ry   -i Rz     -2

1i1-2
1i2  + 0i3+ 0i4    -2

1i5  -2
1i6 )

P3434

T1 =  8
1 (1⋅1    -2

i r1  -2
i r2 +2

ir3+2
i r4 +2

i r1+2
i r2   -2

i r3  -2
i r4  + 0ρx+ 0ρy  -1ρz  +2

1Rx +2
1Ry   -iRz +2

1 Rx +2
1 Ry   +i Rz    -2

1i1-2
1i2  + 0i3+ 0i4     -2

1i5  -2
1i6 )

P0404

T1 =  8
1 (1⋅1    + 0+ 0    + 0 + 0   + 0 + 0   + 0+ 0     -1ρx -1ρy  +1ρz     + 0    + 0     +1Rz  + 0    + 0     +1 Rz     + 0 + 0 -1i3   -1i4     + 0+ 0 )

 

P1414

T2 =  8
1 (1⋅1   -2

i r1-2
i r2   +2

ir3+2
ir4  +2

i r1+2
i r2   -2

i r3 -2
i r4   + 0ρx+ 0ρy -1ρz   -2

1Rx -2
1Ry  + iRz    -2

1 Rx -2
1 Ry      -i Rz   +2

1 i1+2
1 i2  + 0i3 + 0i4+2

1 i5 + 2
1 i6 )

P3434

T2 =  8
1 (1⋅1   +2

ir1+2
ir2    -2

ir3-2
ir4    -2

i r1-2
i r2   +2

i r3+2
i r4  + 0ρx+ 0ρy -1ρz   -2

1Rx -2
1Ry    -iRz    -2

1 Rx -2
1 Ry     +i Rz   +2

1 i1+2
1 i2  + 0i3 + 0i4+2

1 i5 + 2
1 i6 )

P2424

T2 =  8
1 (1⋅1   + 0 + 0   + 0 + 0    + 0 + 0    + 0 + 0      -1ρx-1ρy +1ρz    + 0 + 0    −1Rz     + 0 + 0    −1 Rz    + 0 + 0   +1i4+1i3   + 0 + 0 )

Broken-class-ordered E-sum:

Broken-class-ordered T1-sum:

Broken-class-ordered T2-sum:

 P0404

A1 =24
1 (1⋅1  +1r1+1r2+1r3+1r4+1r1 +1r2    +1r3+1r4  +1ρx+1ρy+1ρz     +1Rx+1Ry   +1Rz    +1 Rx+1 Ry  +1 Rz      +1i1+1i2    +1i3+1i4    +1i5+1i6 )

Broken-class-ordered A1-sum:

 P2424

A2 =24
1 (1⋅1  +1r1+1r2+1r3+1r4+1r1 +1r2    +1r3+1r4  +1ρx+1ρy+1ρz     −1Rx−1Ry   −1Rz    −1 Rx−1 Ry  −1 Rz      −1i1−1i2    −1i3−1i4    −1i5−1i6 )

Broken-class-ordered A2-sum:

Irreducible idempotent projectors Pµm,m of O⊃C4~Td⊃C4i

   

O : χg
µ g=1 r1−4

p ρxyz Rxyz
p i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

    

pm4
= 1

4
e

2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1+iR z-ρz -i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1-iR z-ρz+i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

C4  characters  
d

R p
m4 = e

2π i m4⋅p
4

O  characters
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O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1
   

1 ⋅Pα = ( p04
  +  p14

 +   p24
 +   p34

) ⋅Pα

1 ⋅P A1 = P0404

A1  +  0    +    0     +   0

1 ⋅P A2 =    0   +  0    +   P2424

A2  +  0

1 ⋅PE = P0404

E +   0    +   P2424

E  +  0

1 ⋅PT1 = P0404

T1  +  P1414

T1 +    0     + P3434

T1

1 ⋅PT2 =  0    +  P1414

T2  +  P2424

T2  + P3434

T2
    

pm4
=

p04
= (1+ R z + ρz + R z ) / 4

p14
= (1+ iR z − ρz − i R z ) / 4

p24
= (1− R z + ρz − R z ) / 4

p34
= (1− iR z − ρz + i R z ) / 4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

    

Pn4n4

(α ) (O ⊃C4 ) 1 r1r2 r3r4 r1r2r3r4 ρxρ y ρz Rx
Rx Ry

Ry Rz
Rz i1i2i5i6 i3i4

24 ⋅P0404

A1 1 1 1 1 1 1 1 1 +1 +1

24 ⋅P2424

A2 1 1 1 1 1 −1 −1 −1 −1 −1

12 ⋅P0404

E 1 −2
1 −2

1 1 1 −2
1 1 1 −2

1 +1

12 ⋅P2424

E 1 −2
1 −2

1 1 1 +2
1 −1 −1 +2

1 −1

8 ⋅P1414

T1 1 −2
i +2

i 0 −1 +2
1 −i +i −2

1 0

8 ⋅P3434

T1 1 +2
i −2

i 0 −1 +2
1 +i −i −2

1 0

8 ⋅P0404

T1 1 0 0 −1 1 0 1 1 0 −1

8 ⋅P1414

T2 1 +2
i −2

i 0 −1 −2
1 −i +i +2

1 0

8 ⋅P3434

T2 1 −2
i +2

i 0 −1 −2
1 +i −i +2

1 0

8 ⋅P2424

T2 1 0 0 −1 1 0 −1 −1 0 1

   
where : pm4

= 1
4

eim⋅p/4R z
p

p=0

3
∑

Summary of
O⊃C4

diagonal
(idempotent)

projectors
Pµjj

The 04↑cluster
i16

split
i34

split

   

P0404

A1 +1

P0404

T1   0

P0404

E −1/2

   

+1P0404

A1 P0404

E +1

  −1 P0404

T1
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pm4
=

p04
= (1+ R z + ρz + R z ) / 4

p14
= (1+ iR z − ρz − i R z ) / 4

p24
= (1− R z + ρz − R z ) / 4

p34
= (1− iR z − ρz + i R z ) / 4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

    

Pn4n4

(α ) (O ⊃C4 ) 1 r1r2 r3r4 r1r2r3r4 ρxρ y ρz Rx
Rx Ry

Ry Rz
Rz i1i2i5i6 i3i4

24 ⋅P0404

A1 1 1 1 1 1 1 1 1 +1 +1

24 ⋅P2424

A2 1 1 1 1 1 −1 −1 −1 −1 −1

12 ⋅P0404

E 1 −2
1 −2

1 1 1 −2
1 1 1 −2

1 +1

12 ⋅P2424

E 1 −2
1 −2

1 1 1 +2
1 −1 −1 +2

1 −1

8 ⋅P1414

T1 1 −2
i +2

i 0 −1 +2
1 −i +i −2

1 0

8 ⋅P3434

T1 1 +2
i −2

i 0 −1 +2
1 +i −i −2

1 0

8 ⋅P0404

T1 1 0 0 −1 1 0 1 1 0 −1

8 ⋅P1414

T2 1 +2
i −2

i 0 −1 −2
1 −i +i +2

1 0

8 ⋅P3434

T2 1 −2
i +2

i 0 −1 −2
1 +i −i +2

1 0

8 ⋅P2424

T2 1 0 0 −1 1 0 −1 −1 0 1

   
where : pm4

= 1
4

eim⋅p/4R z
p

p=0

3
∑

The 04↑cluster
i16

split
i34

split

   

P0404

A1 +1

P0404

T1   0

P0404

E −1/2

   

+1P0404

A1 P0404

E +1

  −1 P0404

T1

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

O  characters
5 class sums (Each commutes with all 24 operators in O)

10 split-class sums (Each commutes with all 4 operators in C4)

5 
Pµ

 p
ro

je
ct

or
s

10
 P
µ kk

 p
ro

je
ct

or
s

1

2 3 4 5 6 7 8 9 10

2

3

4

5

6

7

8

9

10
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pm4
=

p04
= (1+ R z + ρz + R z ) / 4

p14
= (1+ iR z − ρz − i R z ) / 4

p24
= (1− R z + ρz − R z ) / 4

p34
= (1− iR z − ρz + i R z ) / 4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

    

Pn4n4

(α ) (O ⊃C4 ) 1 r1r2 r3r4 r1r2r3r4 ρxρ y ρz Rx
Rx Ry

Ry Rz
Rz i1i2i5i6 i3i4

24 ⋅P0404

A1 1 1 1 1 1 1 1 1 +1 +1

24 ⋅P2424

A2 1 1 1 1 1 −1 −1 −1 −1 −1

12 ⋅P0404

E 1 −2
1 −2

1 1 1 −2
1 1 1 −2

1 +1

12 ⋅P2424

E 1 −2
1 −2

1 1 1 +2
1 −1 −1 +2

1 −1

8 ⋅P1414

T1 1 −2
i +2

i 0 −1 +2
1 −i +i −2

1 0

8 ⋅P3434

T1 1 +2
i −2

i 0 −1 +2
1 +i −i −2

1 0

8 ⋅P0404

T1 1 0 0 −1 1 0 1 1 0 −1

8 ⋅P1414

T2 1 +2
i −2

i 0 −1 −2
1 −i +i +2

1 0

8 ⋅P3434

T2 1 −2
i +2

i 0 −1 −2
1 +i −i +2

1 0

8 ⋅P2424

T2 1 0 0 −1 1 0 −1 −1 0 1

   
where : pm4

= 1
4

eim⋅p/4R z
p

p=0

3
∑

Adding rows of 
eigenvalue table
collapses it back
to O-characters

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

O  characters
5 class sums (Each commutes with all 24 operators in O)

10 split-class sums (Each commutes with all 4 operators in C4)

5 
Pµ

 p
ro

je
ct

or
s

10
 P
µ kk

 p
ro

je
ct

or
s

1

2 3 4 5 6 7 8 9 10

2

3

4

5

6

7

8

9

10

1 1 1 11
1 1 1 11

-1 2 0 02

0 -1 1 -13

0 -1 -1 13
13Sunday, April 12, 2015



Review Calculating idempotent projectors Pµm,m of O⊃C4 PE0404  PE2424 PT10404 PT11414 PT22424

Review Coset factored splitting of O⊃D4⊃C4 projectors       
Review Broken-class-ordered splitting of O⊃D4⊃C4 projectors and levels
Subgroup-defined tunneling parameter modeling
                  Comparing two diagonal O⊃C4 parameter sets to SF6 spectra
                  Comparing two diagonal O⊃C3 parameter sets to SF6 spectra
                  Why O⊃C2 parameter sets require off-diagonal nilpotent Pµm,n (m≠n)

Irreducible nilpotent projectors Pµm,n (m≠n) 
       Using fundamental gPµm,n  relations: ( from Lecture 16)
          (a) Pµm,m gPµn,n=Dµm,n(g)Pµm,n   (b) g=ΣµΣm,nDµm,n(g)Pµm,n   (c) Pµn,n=(µ/°G)ΣgDµ*m,n(g)g
       Review of D3⊃C2 ~ C3v⊃Cv

          Calculating and Factoring PT11404 and PT11434 
                            
Structure and applications of various subgroup chain irreducible representations
        Oh⊃D4h⊃C4v  , Oh⊃D3h⊃C3v , Oh⊃C2v

             Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type)
                 Examples of off-diagonal tunneling coefficients DE0424

                 Comparing Local C4, C3, and C2 symmetric spectra
        Comparing off-diagonal O⊃C2 parameter sets to CH4 models with “cluster-crossings”

14Sunday, April 12, 2015



Int.J.Mol.Sci, 14, 714(2013)
15Sunday, April 12, 2015



14 3424

C4 Subgroup-defined tunneling parameter modeling

Int.J.Mol.Sci, 14, 714(2013)
16Sunday, April 12, 2015



14 3424

C4 Subgroup-defined tunneling parameter modeling

Int.J.Mol.Sci, 14, 714(2013)
17Sunday, April 12, 2015



14 3424

C4 Subgroup-defined tunneling parameter modeling

Int.J.Mol.Sci, 14, 714(2013)
18Sunday, April 12, 2015



14 3424

C4 Subgroup-defined tunneling parameter modeling

Int.J.Mol.Sci, 14, 714(2013)
19Sunday, April 12, 2015



14 3424

C4 Subgroup-defined tunneling parameter modeling

Int.J.Mol.Sci, 14, 714(2013)
20Sunday, April 12, 2015



14 3424

C4 Subgroup-defined tunneling parameter modeling

Int.J.Mol.Sci, 14, 714(2013)
21Sunday, April 12, 2015



Review Calculating idempotent projectors Pµm,m of O⊃C4 PE0404  PE2424 PT10404 PT11414 PT22424

Review Coset factored splitting of O⊃D4⊃C4 projectors       
Review Broken-class-ordered splitting of O⊃D4⊃C4 projectors and levels
Subgroup-defined tunneling parameter modeling
                  Comparing two diagonal O⊃C4 parameter sets to SF6 spectra
                  Comparing two diagonal O⊃C3 parameter sets to SF6 spectra
                  Why O⊃C2 parameter sets require off-diagonal nilpotent Pµm,n (m≠n)

Irreducible nilpotent projectors Pµm,n (m≠n) 
       Using fundamental gPµm,n  relations: ( from Lecture 16)
          (a) Pµm,m gPµn,n=Dµm,n(g)Pµm,n   (b) g=ΣµΣm,nDµm,n(g)Pµm,n   (c) Pµn,n=(µ/°G)ΣgDµ*m,n(g)g
       Review of D3⊃C2 ~ C3v⊃Cv

          Calculating and Factoring PT11404 and PT11434 
                            
Structure and applications of various subgroup chain irreducible representations
        Oh⊃D4h⊃C4v  , Oh⊃D3h⊃C3v , Oh⊃C2v

             Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type)
                 Examples of off-diagonal tunneling coefficients DE0424

                 Comparing Local C4, C3, and C2 symmetric spectra
        Comparing off-diagonal O⊃C2 parameter sets to CH4 models with “cluster-crossings”

22Sunday, April 12, 2015



Int.J.Mol.Sci, 14, 714(2013)
23Sunday, April 12, 2015



C3 Subgroup-defined tunneling parameter modeling

Int.J.Mol.Sci, 14, 714(2013)
24Sunday, April 12, 2015



C3 Subgroup-defined tunneling parameter modeling

Int.J.Mol.Sci, 14, 714(2013)
25Sunday, April 12, 2015



Review Calculating idempotent projectors Pµm,m of O⊃C4 PE0404  PE2424 PT10404 PT11414 PT22424

Review Coset factored splitting of O⊃D4⊃C4 projectors       
Review Broken-class-ordered splitting of O⊃D4⊃C4 projectors and levels
Subgroup-defined tunneling parameter modeling
                  Comparing two diagonal O⊃C4 parameter sets to SF6 spectra
                  Comparing two diagonal O⊃C3 parameter sets to SF6 spectra
                  Why O⊃C2 parameter sets require off-diagonal nilpotent Pµm,n (m≠n)

Irreducible nilpotent projectors Pµm,n (m≠n) 
       Using fundamental gPµm,n  relations: ( from Lecture 16)
          (a) Pµm,m gPµn,n=Dµm,n(g)Pµm,n   (b) g=ΣµΣm,nDµm,n(g)Pµm,n   (c) Pµn,n=(µ/°G)ΣgDµ*m,n(g)g
       Review of D3⊃C2 ~ C3v⊃Cv

          Calculating and Factoring PT11404 and PT11434 
                            
Structure and applications of various subgroup chain irreducible representations
        Oh⊃D4h⊃C4v  , Oh⊃D3h⊃C3v , Oh⊃C2v

             Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type)
                 Examples of off-diagonal tunneling coefficients DE0424

                 Comparing Local C4, C3, and C2 symmetric spectra
        Comparing off-diagonal O⊃C2 parameter sets to CH4 models with “cluster-crossings”

26Sunday, April 12, 2015



  

Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1

A1g↓C4v ⋅ ⋅ 1 ⋅ ⋅

A2u↓C4v ⋅ ⋅ ⋅ 1 ⋅

Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1

,

Oh⊃C3v ′A ′′A E

A1g↓C3v 1 ⋅ ⋅

A2g↓C3v ⋅ 1 ⋅

Eg↓C3v ⋅ ⋅ 1

T1g↓C3v ⋅ 1 1

T2g↓C3v 1 ⋅ 1

A1g↓C3v ⋅ 1 ⋅

A2u↓C3v 1 ⋅ ⋅

Eu↓C3v ⋅ ⋅ 1

T1u↓C3v 1 ⋅ 1

T2u↓C3v ⋅ 1 1

,

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1g↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

,

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1g↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

   

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C3 03 13 23

A1↓C3 1 ⋅ ⋅

A2↓C3 1 ⋅ ⋅

E↓C3 ⋅ 1 1

T1↓C3 1 1 1

T2↓C3 1 1 1

O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

O⊃C2(ρz ) 02 12

A1↓C2 1 ⋅

A2↓C2 1 ⋅

E↓C2 2 ⋅

T1↓C2 1 2

T2↓C2 1 2

Oh⊃C4v

correlation
predicts the
parity of
the A1T1E
cluster is not
uniformly
even (g) or 
odd (u): 
A1gT1uEg

Int.J.Mol.Sci, 14, 714(2013)
27Sunday, April 12, 2015



  

Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1
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Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1
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T1g↓C3v ⋅ 1 1

T2g↓C3v 1 ⋅ 1

A1g↓C3v ⋅ 1 ⋅

A2u↓C3v 1 ⋅ ⋅

Eu↓C3v ⋅ ⋅ 1

T1u↓C3v 1 ⋅ 1

T2u↓C3v ⋅ 1 1

,

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1g↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

,

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1g↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

   

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C3 03 13 23

A1↓C3 1 ⋅ ⋅

A2↓C3 1 ⋅ ⋅

E↓C3 ⋅ 1 1

T1↓C3 1 1 1

T2↓C3 1 1 1

O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

O⊃C2(ρz ) 02 12

A1↓C2 1 ⋅

A2↓C2 1 ⋅

E↓C2 2 ⋅

T1↓C2 1 2

T2↓C2 1 2
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O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

O⊃C2(ρz ) 02 12

A1↓C2 1 ⋅

A2↓C2 1 ⋅

E↓C2 2 ⋅

T1↓C2 1 2

T2↓C2 1 2

  

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1g↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

,

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1g↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

Why O⊃C2 parameter sets require off-diagonal nilpotent Pµm,n (m≠n)
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Why O⊃C2 parameter sets require 
off-diagonal nilpotent Pµm,n (m≠n)

Int.J.Mol.Sci, 14, 714(2013)
30Sunday, April 12, 2015



Review Calculating idempotent projectors Pµm,m of O⊃C4 PE0404  PE2424 PT10404 PT11414 PT22424
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Irreducible nilpotent projectors Pµm,n 
Fundamental Pµm,n  definitions: 
(1)                                              (2)                                               (3) Pmm

µ gPnn
µ = Dmn

µ (g)Pmn
µ

 
g = Dmn

µ (g)Pmn
µ

m,n

µ

∑
µ
∑

 
Pmn

µ = 
µ

°G
Dmn

µ*(g)
g

°G

∑ g
(from Lecture 16 p.34 and p.50)
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Irreducible nilpotent projectors Pµm,n 
Fundamental Pµm,n  definitions:
(1)                                              (2)                                               (3) Pmm

µ gPnn
µ = Dmn

µ (g)Pmn
µ

 
g = Dmn

µ (g)Pmn
µ

m,n

µ

∑
µ
∑

 
Pmn

µ = 
µ

°G
Dmn

µ*(g)
g

°G

∑ g
(from Lecture 6 p.34 and p.50)

Problem: Need to derive both Pµm,n and Dµm,n(g) for unequal (m≠n) values.
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Irreducible nilpotent projectors Pµm,n (m≠n) 
Fundamental Pµm,n  definitions:
(1)                                              (2)                                               (3) Pmm

µ gPnn
µ = Dmn

µ (g)Pmn
µ

 
g = Dmn

µ (g)Pmn
µ

m,n

µ

∑
µ
∑

Problem: Need to derive both Pµm,n and Dµm,n(g) for unequal (m≠n) values.

Solution: First use Pµm,m in (1) to get something proportional to Pµm,n 
                

Pmm
µ gPnn

µ = (?)·Pmn
µ

 
Pmn

µ = 
µ

°G
Dmn

µ*(g)
g

°G

∑ g
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Fundamental Pµm,n  definitions:
(1)                                              (2)                                               (3) Pmm

µ gPnn
µ = Dmn

µ (g)Pmn
µ

 
g = Dmn

µ (g)Pmn
µ

m,n

µ

∑
µ
∑

Solution: First use Pµm,m in (1) to get something proportional to Pµm,n 
                Then find Dµm,n(g) by operator transformations:

 
gPmn

µ = Dkm
µ (g)Pkn

µ

k

µ

∑
Pmm

µ gPnn
µ = (?)·Pmn

µ

 
Pmn

µ = 
µ

°G
Dmn

µ*(g)
g

°G

∑ g

Irreducible nilpotent projectors Pµm,n (m≠n) 

Problem: Need to derive both Pµm,n and Dµm,n(g) for unequal (m≠n) values.
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Fundamental Pµm,n  definitions:
(1)                                              (2)                                               (3) Pmm

µ gPnn
µ = Dmn

µ (g)Pmn
µ

 
g = Dmn

µ (g)Pmn
µ

m,n

µ

∑
µ
∑

Solution: First use Pµm,m in (1) to get something proportional to Pµm,n 
                Then find Dµm,n(g) by operator transformations:

 
gPmn

µ = Dkm
µ (g)Pkn

µ

k

µ

∑
 or by projector nomalization: Pmn

µ Pmn
µ† = Pmn

µ Pnm
µ = Pmm

µ

Pmm
µ gPnn

µ = (?)·Pmn
µ

 
Pmn

µ = 
µ

°G
Dmn

µ*(g)
g

°G

∑ g

Irreducible nilpotent projectors Pµm,n (m≠n) 

Problem: Need to derive both Pµm,n and Dµm,n(g) for unequal (m≠n) values.
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Fundamental Pµm,n  definitions:
(1)                                              (2)                                               (3) Pmm

µ gPnn
µ = Dmn

µ (g)Pmn
µ

 
g = Dmn

µ (g)Pmn
µ

m,n

µ

∑
µ
∑

Solution: First use Pµm,m in (1) to get something proportional to Pµm,n 
                Then find Dµm,n(g) by operator transformations:

 
gPmn

µ = Dkm
µ (g)Pkn

µ

k

µ

∑

 or by ket-vector transformations:  
 
g Pmn

µ = Dkm
µ (g) Pkn

µ

k

µ

∑
 or by projector nomalization: Pmn

µ Pmn
µ† = Pmn

µ Pnm
µ = Pmm

µ

Pmm
µ gPnn

µ = (?)·Pmn
µ

 
Pmn

µ = 
µ

°G
Dmn

µ*(g)
g

°G

∑ g

Irreducible nilpotent projectors Pµm,n (m≠n) 

Problem: Need to derive both Pµm,n and Dµm,n(g) for unequal (m≠n) values.
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Fundamental Pµm,n  definitions:
(1)                                              (2)                                               (3) Pmm

µ gPnn
µ = Dmn

µ (g)Pmn
µ

 
g = Dmn

µ (g)Pmn
µ

m,n

µ

∑
µ
∑

Solution: First use Pµm,m in (1) to get something proportional to Pµm,n 
                Then find Dµm,n(g) by operator transformations:

 
gPmn

µ = Dkm
µ (g)Pkn

µ

k

µ

∑

 or by direct (k,m)-matrix elements for any (n) that gives nonzero value:  Pkn
µ g Pmn

µ = Dkm
µ (g)

 or by ket-vector transformations:  
 
g Pmn

µ = Dkm
µ (g) Pkn

µ

k

µ

∑
 or by projector nomalization: Pmn

µ Pmn
µ† = Pmn

µ Pnm
µ = Pmm

µ

Pmm
µ gPnn

µ = (?)·Pmn
µ

 
Pmn

µ = 
µ

°G
Dmn

µ*(g)
g

°G

∑ g

Irreducible nilpotent projectors Pµm,n (m≠n) 

Problem: Need to derive both Pµm,n and Dµm,n(g) for unequal (m≠n) values.
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Fundamental Pµm,n  definitions:
(1)                                              (2)                                               (3) Pmm

µ gPnn
µ = Dmn

µ (g)Pmn
µ

 
g = Dmn

µ (g)Pmn
µ

m,n

µ

∑
µ
∑

 
Pmn

µ = 
µ

°G
Dmn

µ*(g)
g

°G

∑ g

Solution: First use Pµm,m in (1) to get something proportional to Pµm,n 
                Then find Dµm,n(g) by operator transformations:

 
gPmn

µ = Dkm
µ (g)Pkn

µ

k

µ

∑

 or by direct (k,m)-matrix elements for any (n) that gives nonzero value:  Pkn
µ g Pmn

µ = Dkm
µ (g)

Hint: Sub-group chain factoring helps. Since Pµ is all-commuting:  pm4P
µ=Pm4m4

µ =P µpm4

 or by ket-vector transformations:  
 
g Pmn

µ = Dkm
µ (g) Pkn

µ

k

µ

∑
 or by projector nomalization: Pmn

µ Pmn
µ† = Pmn

µ Pnm
µ = Pmm

µ

Pmm
µ gPnn

µ = (?)·Pmn
µ

Irreducible nilpotent projectors Pµm,n (m≠n) 

Problem: Need to derive both Pµm,n and Dµm,n(g) for unequal (m≠n) values.
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Fundamental Pµm,n  definitions:
(1)                                              (2)                                               (3) Pmm

µ gPnn
µ = Dmn

µ (g)Pmn
µ

 
g = Dmn

µ (g)Pmn
µ

m,n

µ

∑
µ
∑

Solution: First use Pµm,m in (1) to get something proportional to Pµm,n 
                Then find Dµm,n(g) by operator transformations:

 
gPmn

µ = Dkm
µ (g)Pkn

µ

k

µ

∑

 or by ket-vector transformations:  
 
g Pmn

µ = Dkm
µ (g) Pkn

µ

k

µ

∑
 or by direct (k,m)-matrix elements for any (n) that gives nonzero value:  Pkn

µ g Pmn
µ = Dkm

µ (g)

Hint: Sub-group chain factoring helps. Since Pµ is all-commuting:  pm4P
µ=Pm4m4

µ =P µpm4
Pm4m4

µ gPn4n4
µ = P µpm4gpn4This reduces to a smaller object              to calculate: pm4gpn4

 or by projector nomalization: Pmn
µ Pmn

µ† = Pmn
µ Pnm

µ = Pmm
µ

Pmm
µ gPnn

µ = (?)·Pmn
µ

 
Pmn

µ = 
µ

°G
Dmn

µ*(g)
g

°G

∑ g

Irreducible nilpotent projectors Pµm,n (m≠n) 

Problem: Need to derive both Pµm,n and Dµm,n(g) for unequal (m≠n) values.
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Review of D3⊃C2 ~ C3v⊃Cv

D3 :χ k
α χ1

α χ r
α χ i

α

α = A1 1 1 1
α = A2 1 1 −1
α = E 2 −1 0    

PE= 3
1(2c1 − cr + 0)

    =3
1 (21− r − r2 )

Given:
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axis

i1
axis

i2
axis

r1r1
r2r2

r2r1

so:

gives equation for (?)-factor:
   
P0212

E ⋅P1202
E = P0202

E = (?)2·(r2 − r − i1 + i2 )(r − r2 − i1 + i2 )

  
 =6

1(21−r − r2 − i1 − i2 + 2i3)

 
Pmn

µ = 
µ

°G
Dmn

µ*(g)
g

°G

∑ g
Irreducible nilpotent projectors Pµm,n (m≠n) 

First do C2 ={1,i3} splitting:

   
P1202

E = (?)·(r − r2 − i1 + i2 )

   
P1202

E † = P0212
E = (?)*(r2 − r − i1 + i2 )

  (r
†=r2,r2†=r,i1

†=i1,i2
†=i2 )† conjugation:

   

P0202
E = (?)2·

+r −r2 −i1 +i2

+r2 +1 −r −i2 +i3

−r −r2 +1 +i3 −i1
−i1 −i2 +i3 +1 −r

+i2 +i3 −i1 −r2 +1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

= (?)2·(+41− 2r − 2r2 − 2i1 − 2i2 + 4i3)

 
 (?)2·4=3

1

Solving gives unknown (?)-factor: (?)=±√3/6 

    
 =(°O
E =3

1)(D0202
E* (1)1+D0202

E* (r)r + ...)

 Note diagonal DE 

   

 D0202
E* (1)=1

D0202
E* (r)=-2

1
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Review of D3⊃C2 ~ C3v⊃Cv

D3 :χ k
α χ1

α χ r
α χ i

α

α = A1 1 1 1
α = A2 1 1 −1
α = E 2 −1 0    

PE= 3
1(2c1 − cr + 0)

    =3
1 (21− r − r2 )

Given:

   

P0202
E =PEp02

= 3
1 (21− r − r2 )2

1 (1+ i3) = 6
1 (21−r−r2−i1 −i2 + 2i3)

P1212
E  =PEp12

=3
1 (21− r − r2 )2

1 (1− i3)= 6
1 (21−r−r2+i1 +i2 − 2i3)

Then find nilpotent proportional to:

   

P1202
E =PEp12

rp02
= PE

2
1⋅2

1

r +ri3
1 r +ri3
−i3 −i3r −i3ri3

⎛

⎝

⎜
⎜
⎜⎜

   

=4
1 PE

r +ri3
1 r +i2

−i3 −i1 −r2

⎛

⎝

⎜
⎜
⎜
⎜or:

11
i1i1i2i2

i3i3 i1
axis

i2
axisi3

axis

i3
axis

i1
axis

i2
axis

r1r1
r2r2

r2r1

so:

gives equation for (?)-factor:
   
P0212

E ⋅P1202
E = P0202

E = (?)2·(r2 − r − i1 + i2 )(r − r2 − i1 + i2 )

  
 =6

1(21−r − r2 − i1 − i2 + 2i3)

 
Pmn

µ = 
µ

°G
Dmn

µ*(g)
g

°G

∑ g
Irreducible nilpotent projectors Pµm,n (m≠n) 

First do C2 ={1,i3} splitting:

   
P1202

E = (?)·(r − r2 − i1 + i2 )

   
P1202

E † = P0212
E = (?)*(r2 − r − i1 + i2 )

  (r
†=r2,r2†=r,i1

†=i1,i2
†=i2 )† conjugation:

   

P0202
E = (?)2·

+r −r2 −i1 +i2

+r2 +1 −r −i2 +i3

−r −r2 +1 +i3 −i1
−i1 −i2 +i3 +1 −r

+i2 +i3 −i1 −r2 +1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

= (?)2·(+41− 2r − 2r2 − 2i1 − 2i2 + 4i3)

 
 (?)2·4=3

1

Solving gives unknown (?)-factor: (?)=±√3/6 

    
 =(°O
E =3

1)(D0202
E* (1)1+D0202

E* (r)r + ...)

  
 (?)2·4=3

1=3
1D0202

E* (1)

 Note diagonal DE 

   

 D0202
E* (1)=1

D0202
E* (r)=-2

1
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Review of D3⊃C2 ~ C3v⊃Cv

D3 :χ k
α χ1

α χ r
α χ i

α

α = A1 1 1 1
α = A2 1 1 −1
α = E 2 −1 0    

PE= 3
1(2c1 − cr + 0)

    =3
1 (21− r − r2 )

Given:

   

P0202
E =PEp02

= 3
1 (21− r − r2 )2

1 (1+ i3) = 6
1 (21−r−r2−i1 −i2 + 2i3)

P1212
E  =PEp12

=3
1 (21− r − r2 )2

1 (1− i3)= 6
1 (21−r−r2+i1 +i2 − 2i3)

Then find nilpotent proportional to:

   

P1202
E =PEp12

rp02
= PE

2
1⋅2

1

r +ri3
1 r +ri3
−i3 −i3r −i3ri3

⎛

⎝

⎜
⎜
⎜⎜

   

=4
1 PE

r +ri3
1 r +i2

−i3 −i1 −r2

⎛

⎝

⎜
⎜
⎜
⎜or:

11
i1i1i2i2

i3i3 i1
axis

i2
axisi3

axis

i3
axis

i1
axis

i2
axis

r1r1
r2r2

r2r1

so:

gives equation for (?)-factor:
   
P0212

E ⋅P1202
E = P0202

E = (?)2·(r2 − r − i1 + i2 )(r − r2 − i1 + i2 )

  
 =6

1(21−r − r2 − i1 − i2 + 2i3)

 
Pmn

µ = 
µ

°G
Dmn

µ*(g)
g

°G

∑ g
Irreducible nilpotent projectors Pµm,n (m≠n) 

First do C2 ={1,i3} splitting:

   
P1202

E = (?)·(r − r2 − i1 + i2 )

   
P1202

E † = P0212
E = (?)*(r2 − r − i1 + i2 )

  (r
†=r2,r2†=r,i1

†=i1,i2
†=i2 )† conjugation:

   

P0202
E = (?)2·

+r −r2 −i1 +i2

+r2 +1 −r −i2 +i3

−r −r2 +1 +i3 −i1
−i1 −i2 +i3 +1 −r

+i2 +i3 −i1 −r2 +1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

= (?)2·(+41− 2r − 2r2 − 2i1 − 2i2 + 4i3)

 
 (?)2·4=3

1

Solving gives unknown (?)-factor: (?)=±√3/6 

  
 (?)2·4=3

1=3
1D0202

E* (1)

This gives off-diagonal PExy... 

   
P0212

E =3
1(-  2

3r+  2
3r2- 2

3i1+  2
3i2 )±

 Note diagonal DE 

   

 D0202
E* (1)=1

D0202
E* (r)=-2

1

    
 =(°O
E =3

1)(D0202
E* (1)1+D0202

E* (r)r + ...)
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Review of D3⊃C2 ~ C3v⊃Cv

D3 :χ k
α χ1

α χ r
α χ i

α

α = A1 1 1 1
α = A2 1 1 −1
α = E 2 −1 0    

PE= 3
1(2c1 − cr + 0)

    =3
1 (21− r − r2 )

Given:

   

P0202
E =PEp02

= 3
1 (21− r − r2 )2

1 (1+ i3) = 6
1 (21−r−r2−i1 −i2 + 2i3)

P1212
E  =PEp12

=3
1 (21− r − r2 )2

1 (1− i3)= 6
1 (21−r−r2+i1 +i2 − 2i3)

Then find nilpotent proportional to:

   

P1202
E =PEp12

rp02
= PE

2
1⋅2

1

r +ri3
1 r +ri3
−i3 −i3r −i3ri3

⎛

⎝

⎜
⎜
⎜⎜

   

=4
1 PE

r +ri3
1 r +i2

−i3 −i1 −r2

⎛

⎝

⎜
⎜
⎜
⎜or:

11
i1i1i2i2

i3i3 i1
axis

i2
axisi3

axis

i3
axis

i1
axis

i2
axis

r1r1
r2r2

r2r1

so:

gives equation for (?)-factor:
   
P0212

E ⋅P1202
E = P0202

E = (?)2·(r2 − r − i1 + i2 )(r − r2 − i1 + i2 )

  
 =6

1(21−r − r2 − i1 − i2 + 2i3)

 
Pmn

µ = 
µ

°G
Dmn

µ*(g)
g

°G

∑ g
Irreducible nilpotent projectors Pµm,n (m≠n) 

First do C2 ={1,i3} splitting:

   
P1202

E = (?)·(r − r2 − i1 + i2 )

   
P1202

E † = P0212
E = (?)*(r2 − r − i1 + i2 )

  (r
†=r2,r2†=r,i1

†=i1,i2
†=i2 )† conjugation:

   

P0202
E = (?)2·

+r −r2 −i1 +i2

+r2 +1 −r −i2 +i3

−r −r2 +1 +i3 −i1
−i1 −i2 +i3 +1 −r

+i2 +i3 −i1 −r2 +1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

= (?)2·(+41− 2r − 2r2 − 2i1 − 2i2 + 4i3)

 
 (?)2·4=3

1

Solving gives unknown (?)-factor: (?)=±√3/6 

    
 =(°D3

E =3
1)(D0202

E* (1)1+D0202
E* (r)r + ...)

This gives off-diagonal PExy... 

   
P0212

E =3
1(-  2

3r+  2
3r2- 2

3i1+  2
3i2 )±

  
D0212

E* (r)=- 2
3 ,etc....and off-diagonal: ±

 Note diagonal DE 

   

 D0202
E* (1)=1

D0202
E* (r)=-2

1

  
 (?)2·4=3

1=3
1D0202

E* (1)
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±P0212
E =3

1 (  2
3r −  2

3 r2 −  2
3 i1 +  2

3 i2 )

±D0212
E*

(r) =  2
3 ,etc.

Finally, must set ± signs of off-diagonal components...
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Review of D3⊃C2 ~ C3v⊃Cv

D3 :χ k
α χ1

α χ r
α χ i

α

α = A1 1 1 1
α = A2 1 1 −1
α = E 2 −1 0    

PE= 3
1(2c1 − cr + 0)

    =3
1 (21− r − r2 )

Given:

   

P0202
E =PEp02

= 3
1 (21− r − r2 )2

1 (1+ i3) = 6
1 (21−r−r2−i1 −i2 + 2i3)

P1212
E  =PEp12

=3
1 (21− r − r2 )2

1 (1− i3)= 6
1 (21−r−r2+i1 +i2 − 2i3)

Then find nilpotent proportional to:

   

P1202
E =PEp12

rp02
= PE

2
1⋅2

1

r +ri3
1 r +ri3
−i3 −i3r −i3ri3

⎛

⎝

⎜
⎜
⎜⎜

   

=4
1 PE

r +ri3
1 r +i2

−i3 −i1 −r2

⎛

⎝

⎜
⎜
⎜
⎜

Make group space vectors:

   

P0202
E =

2 3
1 (2 1 − r − r2 − i1 − i2 + 2 i3 )

P1202
E = 2

1 (0 1 + r − r2 − i1 + i2 + 0 i3 )

11
i1i1i2i2

i3i3 i1
axis

i2
axisi3

axis

i3
axis

i1
axis

i2
axis

r1r1
r2r2

r2r1

   
±P0212

E =3
1 (- 2

3r +  2
3 r2−  2

3 i1+  2
3 i2 ) Now, to set ± signs...

Irreducible nilpotent projectors Pµm,n(m≠n) 

First do C2 ={1,i3} splitting:
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Review of D3⊃C2 ~ C3v⊃Cv

D3 :χ k
α χ1

α χ r
α χ i

α

α = A1 1 1 1
α = A2 1 1 −1
α = E 2 −1 0    

PE= 3
1(2c1 − cr + 0)

    =3
1 (21− r − r2 )

Given:

   

P0202
E =PEp02

= 3
1 (21− r − r2 )2

1 (1+ i3) = 6
1 (21−r−r2−i1 −i2 + 2i3)

P1212
E  =PEp12

=3
1 (21− r − r2 )2

1 (1− i3)= 6
1 (21−r−r2+i1 +i2 − 2i3)

Then find nilpotent proportional to:

   

P1202
E =PEp12

rp02
= PE

2
1⋅2

1

r +ri3
1 r +ri3
−i3 −i3r −i3ri3

⎛

⎝

⎜
⎜
⎜⎜

   

=4
1 PE

r +ri3
1 r +i2

−i3 −i1 −r2

⎛

⎝

⎜
⎜
⎜
⎜

Make group space vectors:

   

P0202
E =

2 3
1 (2 1 − r − r2 − i1 − i2 + 2 i3 )

P1202
E = 2

1 (0 1 + r − r2 − i1 + i2 + 0 i3 )

Do desired g=r transformation:

   

r P0202
E =

2 3
1 (2 r − r2 − 1 − i3 − i1 + 2 i2 )

r P1202
E =   2

1 (0 r + r2 − 1 − i3 + i1 + 0 i3 )

11
i1i1i2i2

i3i3 i1
axis

i2
axisi3

axis

i3
axis

i1
axis

i2
axis

r1r1
r2r2

r2r1

Now, to set ± signs...

Irreducible nilpotent projectors Pµm,n(m≠n) 

First do C2 ={1,i3} splitting:

   
±P0212

E =3
1 (- 2

3r +  2
3 r2−  2

3 i1+  2
3 i2 )
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Review of D3⊃C2 ~ C3v⊃Cv

D3 :χ k
α χ1

α χ r
α χ i

α

α = A1 1 1 1
α = A2 1 1 −1
α = E 2 −1 0    

PE= 3
1(2c1 − cr + 0)

    =3
1 (21− r − r2 )

Given:

   

P0202
E =PEp02

= 3
1 (21− r − r2 )2

1 (1+ i3) = 6
1 (21−r−r2−i1 −i2 + 2i3)

P1212
E  =PEp12

=3
1 (21− r − r2 )2

1 (1− i3)= 6
1 (21−r−r2+i1 +i2 − 2i3)

Then find nilpotent proportional to:

   

P1202
E =PEp12

rp02
= PE

2
1⋅2

1

r +ri3
1 r +ri3
−i3 −i3r −i3ri3

⎛

⎝

⎜
⎜
⎜⎜

   

=4
1 PE

r +ri3
1 r +i2

−i3 −i1 −r2

⎛

⎝

⎜
⎜
⎜
⎜

Make group space vectors:

   

P0202
E =

2 3
1 (2 1 − r − r2 − i1 − i2 + 2 i3 )

P1202
E = 2

1 (0 1 + r − r2 − i1 + i2 + 0 i3 )

Do desired g=r transformation:

   

r P0202
E =

2 3
1 (2 r − r2 − 1 − i3 − i1 + 2 i2 )

r P1202
E =   2

1 (0 r + r2 − 1 − i3 + i1 + 0 i3 )

11
i1i1i2i2

i3i3 i1
axis

i2
axisi3

axis

i3
axis

i1
axis

i2
axis

r1r1
r2r2

r2r1

Set up to find matrix of g=r transformation:

   

r P0202
E =

2 3
1 (− 1 + 2 r − r2 − i1 + 2 i2 − i3 )

r P1202
E =   2

1 (− 1 + 0 r + r2 + i1 + 0 i3 − i3 )

Now, to set ± signs...

Irreducible nilpotent projectors Pµm,n(m≠n) 

First do C2 ={1,i3} splitting:

   
±P0212

E =3
1 (- 2

3r +  2
3 r2−  2

3 i1+  2
3 i2 )
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Review of D3⊃C2 ~ C3v⊃Cv

D3 :χ k
α χ1

α χ r
α χ i

α

α = A1 1 1 1
α = A2 1 1 −1
α = E 2 −1 0    

PE= 3
1(2c1 − cr + 0)

    =3
1 (21− r − r2 )

Given:

   

P0202
E =PEp02

= 3
1 (21− r − r2 )2

1 (1+ i3) = 6
1 (21−r−r2−i1 −i2 + 2i3)

P1212
E  =PEp12

=3
1 (21− r − r2 )2

1 (1− i3)= 6
1 (21−r−r2+i1 +i2 − 2i3)

Then find nilpotent proportional to:

   

P1202
E =PEp12

rp02
= PE

2
1⋅2

1

r +ri3
1 r +ri3
−i3 −i3r −i3ri3

⎛

⎝

⎜
⎜
⎜⎜

   

=4
1 PE

r +ri3
1 r +i2

−i3 −i1 −r2

⎛

⎝

⎜
⎜
⎜
⎜

Make group space vectors:

   

P0202
E =

2 3
1 (2 1 − r − r2 − i1 − i2 + 2 i3 )

P1202
E = 2

1 (0 1 + r − r2 − i1 + i2 + 0 i3 )

Do desired g=r transformation:

   

r P0202
E =

2 3
1 (2 r − r2 − 1 − i3 − i1 + 2 i2 )

r P1202
E =   2

1 (0 r + r2 − 1 − i3 + i1 + 0 i3 )

11
i1i1i2i2

i3i3 i1
axis

i2
axisi3

axis

i3
axis

i1
axis

i2
axis

r1r1
r2r2

r2r1

Set up to find matrix of g=r transformation:

   

r P0202
E =

2 3
1 (− 1 + 2 r − r2 − i1 + 2 i2 − i3 )

r P1202
E =   2

1 (− 1 + 0 r + r2 + i1 + 0 i3 − i3 )
   

P0202
E r P0202

E =
2 3
1 (2−1−1−1−1+ 2)·

2 3
1 (−1+ 2−1−1+ 2 −1) = −1/ 2

P1202
E r P0202

E =   2
1 (0+1−1−1+1+ 0)·

2 3
1 (−1+ 2−1−1+ 2 −1) = 3 / 2

Now, to set ± signs...

Irreducible nilpotent projectors Pµm,n(m≠n) 

First do C2 ={1,i3} splitting:

   
±P0212

E =3
1 (- 2

3r +  2
3 r2−  2

3 i1+  2
3 i2 )
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Review of D3⊃C2 ~ C3v⊃Cv

D3 :χ k
α χ1

α χ r
α χ i

α

α = A1 1 1 1
α = A2 1 1 −1
α = E 2 −1 0    

PE= 3
1(2c1 − cr + 0)

    =3
1 (21− r − r2 )

Given:

   

P0202
E =PEp02

= 3
1 (21− r − r2 )2

1 (1+ i3) = 6
1 (21−r−r2−i1 −i2 + 2i3)

P1212
E  =PEp12

=3
1 (21− r − r2 )2

1 (1− i3)= 6
1 (21−r−r2+i1 +i2 − 2i3)

Then find nilpotent proportional to:

   

P1202
E =PEp12

rp02
= PE

2
1⋅2

1

r +ri3
1 r +ri3
−i3 −i3r −i3ri3

⎛

⎝

⎜
⎜
⎜⎜

   

=4
1 PE

r +ri3
1 r +i2

−i3 −i1 −r2

⎛

⎝

⎜
⎜
⎜
⎜

Make group space vectors:

   

P0202
E =

2 3
1 (2 1 − r − r2 − i1 − i2 + 2 i3 )

P1202
E = 2

1 (0 1 + r − r2 − i1 + i2 + 0 i3 )

Do desired g=r transformation:

   

r P0202
E =

2 3
1 (2 r − r2 − 1 − i3 − i1 + 2 i2 )

r P1202
E =   2

1 (0 r + r2 − 1 − i3 + i1 + 0 i3 )

11
i1i1i2i2

i3i3 i1
axis

i2
axisi3

axis

i3
axis

i1
axis

i2
axis

r1r1
r2r2

r2r1

Set up to find matrix of g=r transformation:

   

r P0202
E =

2 3
1 (− 1 + 2 r − r2 − i1 + 2 i2 − i3 )

r P1202
E =   2

1 (− 1 + 0 r + r2 + i1 + 0 i3 − i3 )
   

P0202
E r P0202

E =
2 3
1 (2−1−1−1−1+2)·

2 3
1 (−1+2−1−1+2−1)=−1/2=D0202

E (r)

P1202
E r P0202

E =   2
1 (0+1−1−1+1+0)·

2 3
1 (−1+2−1−1+2−1) = 3/2=D1202

E (r)

   

P0202
E r P1202

E =
2 3
1 (2−1−1−1−1+2)·2

1 (−1+0+1+1+0−1)=− 3/2=D0212
E (r)

P1202
E r P1202

E =    2
1 (0+1−1−1+1+0)·2

1 (−1+0+1+1+0−1) =−1/2 =D1212
E (r))

Now, to set ± signs...

The D01 ± sign is (-).

Irreducible nilpotent projectors Pµm,n(m≠n) 

First do C2 ={1,i3} splitting:

   
±P0212

E =3
1 (- 2

3r +  2
3 r2−  2

3 i1+  2
3 i2 )

This checks with p. 56 
62Sunday, April 12, 2015



This amounts to the world’s
most complicated derivation
of:     cos 120°=-1/2
and:  sin 120°=√3/2

DE (r) = DE (120°) =
cos(120°) −sin(120°)
sin(120°) cos(120°)

⎛

⎝
⎜

⎞

⎠
⎟ =

−1/ 2 − 3 / 2
3 / 2 −1/ 2

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Coefficients               are irreducible representations (ireps) of g

   

g = 1 r1 r2 i1 i2 i3

Dxx
A1 g( ) =

Dyy
A2 g( ) =

Dx,y
E1 g( ) =

1
1

1 ⋅
⋅ 1

⎛

⎝⎜
⎞

⎠⎟

1
1

−2
1 − 2

3

2
3 −2

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1
1

−2
1

2
3

− 2
3 −2

1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1
−1

−2
1 − 2

3

− 2
3

2
1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1
−1

−2
1

2
3

2
3

2
1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

1
−1

1 0
0 −1

⎛

⎝⎜
⎞

⎠⎟

Di, j
(α )(g)

   
P0212

E = 3
1(−  2

3r +  2
3 r2 −  2

3 i1 +  2
3 i2 ) = P1202

E †
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Review Calculating idempotent projectors Pµm,m of O⊃C4 PE0404  PE2424 PT10404 PT11414 PT22424

Review Coset factored splitting of O⊃D4⊃C4 projectors       
Review Broken-class-ordered splitting of O⊃D4⊃C4 projectors and levels
Subgroup-defined tunneling parameter modeling
                  Comparing two diagonal O⊃C4 parameter sets to SF6 spectra
                  Comparing two diagonal O⊃C3 parameter sets to SF6 spectra
                  Why O⊃C2 parameter sets require off-diagonal nilpotent Pµm,n (m≠n)

Irreducible nilpotent projectors Pµm,n (m≠n) 
       Using fundamental gPµm,n  relations: ( from Lecture 16)
          (a) Pµm,m gPµn,n=Dµm,n(g)Pµm,n   (b) g=ΣµΣm,nDµm,n(g)Pµm,n   (c) Pµn,n=(µ/°G)ΣgDµ*m,n(g)g
       Review of D3⊃C2 ~ C3v⊃Cv calculations of Pµm,n  and Dµm,n

          Calculating and Factoring PT11404 and PT11434 
                            
Structure and applications of various subgroup chain irreducible representations
        Oh⊃D4h⊃C4v  , Oh⊃D3h⊃C3v , Oh⊃C2v

             Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type)
                 Examples of off-diagonal tunneling coefficients DE0424

                 Comparing Local C4, C3, and C2 symmetric spectra
        Comparing off-diagonal O⊃C2 parameter sets to CH4 models with “cluster-crossings”
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p04
=(1+R z+ρz+ R z)/4

p14
=(1-iR z-ρz + i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1+ iR z-ρz -i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

Irreducible nilpotent projectors Pµm,n 

Coset-factored T1-sum:

 

P1414

T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
    + (+2

i )⋅r 1p 14
       + (+2

i )⋅r 2p 14
      + (-2

i )⋅ r 1p 14
       + (-2

i )⋅ r 2p 14
]

P3434

T1 =  8
1[(1)⋅1p 34

    + (0)⋅ρxp 34
    + (-2

i )⋅r 1p 34
     + (-2

i )⋅r 2p 34
      + (+2

i )⋅ r 1p 34
       + (+2

i )⋅ r 2p 34
]

P0404

T1 =8
1 [(1)⋅1p 04

      + (-1)⋅ρxp 04
    + (0)⋅r 1p 04

      + (0)⋅r 2p 04
     + (0)⋅ r 1p 04

        + (0)⋅ r 2p 04
]

 

1,ρz ,Rz , Rz{ }  

ρx ,ρy , i4 , i3{ }  

r1,r4 , i1,Ry{ }  

r2,r3, i2, Ry{ }  

r1, r3, Rx , i6{ }  

r2, r4 ,Rx , i5{ }

O⊃C4

left cosets

 
Pmn
T1 = 

T1=3
°G=24

Dmn
T1*(g)

g

°G

∑ g

(First display idempotent projectors       and diagonal components Dkk
T1*(g)Pkk

T1
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pm4
= 1

4
e

-2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1-iR z-ρz + i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1+ iR z-ρz -i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

Irreducible nilpotent projectors Pµm,n 

Coset-factored T1-sum:

 

P1414

T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
    + (+2

i )⋅r 1p 14
       + (+2

i )⋅r 2p 14
      + (-2

i )⋅ r 1p 14
       + (-2

i )⋅ r 2p 14
]

P3434

T1 =  8
1[(1)⋅1p 34

    + (0)⋅ρxp 34
    + (-2

i )⋅r 1p 34
     + (-2

i )⋅r 2p 34
      + (+2

i )⋅ r 1p 34
       + (+2

i )⋅ r 2p 34
]

P0404

T1 =8
1 [(1)⋅1p 04

      + (-1)⋅ρxp 04
    + (0)⋅r 1p 04

      + (0)⋅r 2p 04
     + (0)⋅ r 1p 04

        + (0)⋅ r 2p 04
]

Calculating: P1414

T1 r 1P0404

T1 = D1404

T1 (r 1)P1404

T1 = PT1p 14
r 1p 04

 
 

1,ρz ,Rz , Rz{ }  

ρx ,ρy , i4 , i3{ }  

r1,r4 , i1,Ry{ }  

r2,r3, i2, Ry{ }  

r1, r3, Rx , i6{ }  

r2, r4 ,Rx , i5{ }

O⊃C4

left cosets

 
Consistent with standard:Pm4m4

µ = µ

°G
Dm4m4

µ* (g)g
g

°O

∑

(Now find nilpotent projectors       and off-diagonal Djk
T1*(g)Pjk

T1
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Irreducible nilpotent projectors Pµm,n 

Then find nilpotent proportional to:

Coset-factored T1-sum:

 

P1414

T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
    + (+2

i )⋅r 1p 14
       + (+2

i )⋅r 2p 14
      + (-2

i )⋅ r 1p 14
       + (-2

i )⋅ r 2p 14
]

P3434

T1 =  8
1[(1)⋅1p 34

    + (0)⋅ρxp 34
    + (-2

i )⋅r 1p 34
     + (-2

i )⋅r 2p 34
      + (+2

i )⋅ r 1p 34
       + (+2

i )⋅ r 2p 34
]

P0404

T1 =8
1 [(1)⋅1p 04

      + (-1)⋅ρxp 04
    + (0)⋅r 1p 04

      + (0)⋅r 2p 04
     + (0)⋅ r 1p 04

        + (0)⋅ r 2p 04
]

Calculating: P1414

T1 r 1P0404

T1 = D1404

T1 (r 1)P1404

T1 = PT1p 14
r 1p 04

 

p 14
r 1p 04

 

 

1,ρz ,Rz , Rz{ }  

ρx ,ρy , i4 , i3{ }  

r1,r4 , i1,Ry{ }  

r2,r3, i2, Ry{ }  

r1, r3, Rx , i6{ }  

r2, r4 ,Rx , i5{ }

O⊃C4

left cosets

    

pm4
= 1

4
e

-2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1-iR z-ρz + i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1+ iR z-ρz -i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

 
Consistent with standard:Pm4m4

µ = µ

°G
Dm4m4

µ* (g)g
g

°O

∑

(Now find nilpotent projectors       and off-diagonal Djk
T1*(g)Pjk

T1
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Irreducible nilpotent projectors Pµm,n 

Then find nilpotent proportional to:

Coset-factored T1-sum:

 

P1414

T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
    + (+2

i )⋅r 1p 14
       + (+2

i )⋅r 2p 14
      + (-2

i )⋅ r 1p 14
       + (-2

i )⋅ r 2p 14
]

P3434

T1 =  8
1[(1)⋅1p 34

    + (0)⋅ρxp 34
    + (-2

i )⋅r 1p 34
     + (-2

i )⋅r 2p 34
      + (+2

i )⋅ r 1p 34
       + (+2

i )⋅ r 2p 34
]

P0404

T1 =8
1 [(1)⋅1p 04

      + (-1)⋅ρxp 04
    + (0)⋅r 1p 04

      + (0)⋅r 2p 04
     + (0)⋅ r 1p 04

        + (0)⋅ r 2p 04
]

Calculating: P1414

T1 r 1P0404

T1 = D1404

T1 (r 1)P1404

T1 = PT1p 14
r 1p 04

 

 

p 14
r 1p 04

 =

r1 r4 i1 Ry

1 r1 r4 i1 Ry

−ρz −r3 −r2 − Ry −i2
−iRz −ii6 −i Rx −i r1 −i r3

+i Rz +iRx +ii5 +i r4 +i r2

 

1,ρz ,Rz , Rz{ }  

ρx ,ρy , i4 , i3{ }  

r1,r4 , i1,Ry{ }  

r2,r3, i2, Ry{ }  

r1, r3, Rx , i6{ }  

r2, r4 ,Rx , i5{ }

O⊃C4

left cosets

    

pm4
= 1

4
e

-2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1-iR z-ρz + i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1+ iR z-ρz -i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

 
Consistent with standard:Pm4m4

µ = µ

°G
Dm4m4

µ* (g)g
g

°O

∑

 1
16

(Now find nilpotent projectors       and off-diagonal Djk
T1*(g)Pjk

T1

68Sunday, April 12, 2015



Irreducible nilpotent projectors Pµm,n 

Then find nilpotent proportional to:

Coset-factored T1-sum:

 

P1414

T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
    + (+2

i )⋅r 1p 14
       + (+2

i )⋅r 2p 14
      + (-2

i )⋅ r 1p 14
       + (-2

i )⋅ r 2p 14
]

P3434

T1 =  8
1[(1)⋅1p 34

    + (0)⋅ρxp 34
    + (-2

i )⋅r 1p 34
     + (-2

i )⋅r 2p 34
      + (+2

i )⋅ r 1p 34
       + (+2

i )⋅ r 2p 34
]

P0404

T1 =8
1 [(1)⋅1p 04

      + (-1)⋅ρxp 04
    + (0)⋅r 1p 04

      + (0)⋅r 2p 04
     + (0)⋅ r 1p 04

        + (0)⋅ r 2p 04
]

Calculating: P1414

T1 r 1P0404

T1 = D1404

T1 (r 1)P1404

T1 = PT1p 14
r 1p 04

 

 

= (r1 + r4 + i1 +Ry )− (r2 + r3 + i2 + Ry )− i(r1 + r3 + Rx + i6 )+ i(r2 + r4 +Rx + i5 )

= r1p 04− r2p 04− i r1p 04+ i r2p 04

 

p 14
r 1p 04

 =

r1 r4 i1 Ry

1 r1 r4 i1 Ry

−ρz −r3 −r2 − Ry −i2
−iRz −ii6 −i Rx −i r1 −i r3

+i Rz +iRx +ii5 +i r4 +i r2

 

1,ρz ,Rz , Rz{ }  

ρx ,ρy , i4 , i3{ }  

r1,r4 , i1,Ry{ }  

r2,r3, i2, Ry{ }  

r1, r3, Rx , i6{ }  

r2, r4 ,Rx , i5{ }

O⊃C4

left cosets

 1
16

[ ]/16

[ ]/4

    

pm4
= 1

4
e

-2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1-iR z-ρz + i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1+ iR z-ρz -i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

 
Consistent with standard:Pm4m4

µ = µ

°G
Dm4m4

µ* (g)g
g

°O

∑

(Now find nilpotent projectors       and off-diagonal Djk
T1*(g)Pjk

T1
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−1
2
p 14r 1p 04=

1
2

−r1p 04+ r2p 04+ i r1p 04− i r2p 04⎡⎣ ⎤⎦ =

1
2

−(r1 + r4 + i1 +Ry )+ (r2 + r3 + i2 + Ry )+ i(r1 + r3 + Rx + i6 )− i(r2 + r4 +Rx + i5 )⎡⎣ ⎤⎦

P1414

T1 r 1P0404

T1 = D1404

T1 (r 1)P1404

T1 = PT1p 14
r 1p 04

 Relating off-diagonal 1404 components
to coefficients of                  :

0

0

0

0

0

0

0

0

D1404
T1 (g)

−1
2
p 14r 1p 04
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Irreducible nilpotent projectors Pµm,n 

Then find nilpotent proportional to:

Coset-factored T1-sum:

 

P1414

T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
    + (+2

i )⋅r 1p 14
       + (+2

i )⋅r 2p 14
      + (-2

i )⋅ r 1p 14
       + (-2

i )⋅ r 2p 14
]

P3434

T1 =  8
1[(1)⋅1p 34

    + (0)⋅ρxp 34
    + (-2

i )⋅r 1p 34
     + (-2

i )⋅r 2p 34
      + (+2

i )⋅ r 1p 34
       + (+2

i )⋅ r 2p 34
]

P0404

T1 =8
1 [(1)⋅1p 04

      + (-1)⋅ρxp 04
    + (0)⋅r 1p 04

      + (0)⋅r 2p 04
     + (0)⋅ r 1p 04

        + (0)⋅ r 2p 04
]

Calculating: P1414

T1 r 1P0404

T1 = D1404

T1 (r 1)P1404

T1 = PT1p 14
r 1p 04

 

 

= (r1 + r4 + i1 +Ry )− (r2 + r3 + i2 + Ry )+ i(r1 + r3 + Rx + i6 )− i(r2 + r4 +Rx + i5 )

= r1p 04
− r2p 04

+ i r1p 04
− i r2p 04

     =       (r1 − r2 + i r1 − i r2 )p 04

 ~ (?)·(r1p 04− r2p 04+ i r1p 04− i r2p 04 )P1404

T1 = PT1p 14
r 1p 04

 
Result is nicely factored:

 

p 14
r 1p 04

 =

r1 r4 i1 Ry

1 r1 r4 i1 Ry

−ρz −r3 −r2 − Ry −i2
+iRz +ii6 +i Rx +i r1 +i r3

−i Rz −iRx −ii5 −i r4 −i r2

 

1,ρz ,Rz , Rz{ }  

ρx ,ρy , i4 , i3{ }  

r1,r4 , i1,Ry{ }  

r2,r3, i2, Ry{ }  

r1, r3, Rx , i6{ }  

r2, r4 ,Rx , i5{ }

O⊃C4

left cosets

P1404
T1

 1
16

[ ]/16

[ ]/4

    

pm4
= 1

4
e

-2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1-iR z-ρz + i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1+ iR z-ρz -i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

 
Consistent with standard:Pm4m4

µ = µ

°G
Dm4m4

µ* (g)g
g

°O

∑

/4

(Now find nilpotent projectors       and off-diagonal Djk
T1*(g)Pjk

T1

NOTE: These projectors
still have phase errors 
as of 4.12.15
(However final tables OK)
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Irreducible nilpotent projectors Pµm,n 

Then find nilpotent proportional to:

Coset-factored T1-sum:

 

P1414

T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
    + (+2

i )⋅r 1p 14
       + (+2

i )⋅r 2p 14
      + (-2

i )⋅ r 1p 14
       + (-2

i )⋅ r 2p 14
]

P3434

T1 =  8
1[(1)⋅1p 34

    + (0)⋅ρxp 34
    + (-2

i )⋅r 1p 34
     + (-2

i )⋅r 2p 34
      + (+2

i )⋅ r 1p 34
       + (+2

i )⋅ r 2p 34
]

P0404

T1 =8
1 [(1)⋅1p 04

      + (-1)⋅ρxp 04
    + (0)⋅r 1p 04

      + (0)⋅r 2p 04
     + (0)⋅ r 1p 04

        + (0)⋅ r 2p 04
]

Calculating: 
 P0404

T1 r 1P1414

T1 = D0414

T1 (r 1)P0414

T1 = PT1p 04
r 1p 14

 

 

p 04 r 1p 14=

r 1 − r 3 −i Rx +ii6
1 r 1 − r 3 −i Rx +ii6
ρz r 4 − r2 −ii5 +iRx

Rz
Ry −i2 −ir2 +ir3

Rz i1 −Ry −ir4 +ir 1

 

1,ρz ,Rz , Rz{ }  

ρx ,ρy , i4 , i3{ }  

r1,r4 , i1,Ry{ }  

r2,r3, i2, Ry{ }  

r1, r3, Rx , i6{ }  

r2, r4 ,Rx , i5{ }

O⊃C4

left cosets

    

pm4
= 1

4
e

-2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1-iR z-ρz + i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1+ iR z-ρz -i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

 
Consistent with standard:Pm4m4

µ = µ

°G
Dm4m4

µ* (g)g
g

°O

∑

 1
16

NOTE: These projectors
still have phase errors 
as of 4.12.15
(However final tables OK)
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Irreducible nilpotent projectors Pµm,n 

Then find nilpotent proportional to:

Coset-factored T1-sum:

 

P1414

T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
    + (+2

i )⋅r 1p 14
       + (+2

i )⋅r 2p 14
      + (-2

i )⋅ r 1p 14
       + (-2

i )⋅ r 2p 14
]

P3434

T1 =  8
1[(1)⋅1p 34

    + (0)⋅ρxp 34
    + (-2

i )⋅r 1p 34
     + (-2

i )⋅r 2p 34
      + (+2

i )⋅ r 1p 34
       + (+2

i )⋅ r 2p 34
]

P0404

T1 =8
1 [(1)⋅1p 04

      + (-1)⋅ρxp 04
    + (0)⋅r 1p 04

      + (0)⋅r 2p 04
     + (0)⋅ r 1p 04

        + (0)⋅ r 2p 04
]

Calculating: 
 P0404

T1 r 1P1414

T1 = D0414

T1 (r 1)P0414

T1 = PT1p 04
r 1p 14

 

 

p 04 r 1p 14=

r 1 − r 3 −i Rx +ii6
1 r 1 − r 3 −i Rx +ii6
ρz r 4 − r2 −ii5 +iRx

Rz
Ry −i2 −ir2 +ir3

Rz i1 −Ry −ir4 +ir 1

 

1,ρz ,Rz , Rz{ }  

ρx ,ρy , i4 , i3{ }  

r1,r4 , i1,Ry{ }  

r2,r3, i2, Ry{ }  

r1, r3, Rx , i6{ }  

r2, r4 ,Rx , i5{ }

O⊃C4

left cosets

    

pm4
= 1

4
e

-2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1-iR z-ρz + i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1+ iR z-ρz -i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

 
Consistent with standard:Pm4m4

µ = µ

°G
Dm4m4

µ* (g)g
g

°O

∑

 1
16

 

= (r 1+ r 4+ Ry + i1)− (r 3+ r2 + i2 +Ry )− i( Rx + i5 + r2 + r4 )+ i(i6 +Rx + r3 + r 1)

= p 04 r 1− p 04 r 3− ip 04 Rx + ip 04 i6

NOTE: These projectors
still have phase errors 
as of 4.12.15
(However final tables OK)
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Irreducible nilpotent projectors Pµm,n 

Then find nilpotent proportional to:

Coset-factored T1-sum:

 

P1414

T1 =  8
1[(1)⋅1p14

      + (0)⋅ρxp 14
    + (+2

i )⋅r 1p 14
       + (+2

i )⋅r 2p 14
      + (-2

i )⋅ r 1p 14
       + (-2

i )⋅ r 2p 14
]

P3434

T1 =  8
1[(1)⋅1p 34

    + (0)⋅ρxp 34
    + (-2

i )⋅r 1p 34
     + (-2

i )⋅r 2p 34
      + (+2

i )⋅ r 1p 34
       + (+2

i )⋅ r 2p 34
]

P0404

T1 =8
1 [(1)⋅1p 04

      + (-1)⋅ρxp 04
    + (0)⋅r 1p 04

      + (0)⋅r 2p 04
     + (0)⋅ r 1p 04

        + (0)⋅ r 2p 04
]

Calculating: P1414

T1 r 1P3434

T1 = D1434

T1 (r 1)P1434

T1 = PT1p 14
r 1p 34

 

 

= (r1 − r4 − ii1 + iRy )+ (r2 − r3 − ii2 + i Ry )+ (r1 − r3 − i Rx + ii6 )+ (r2 − r4 − iRx + ii5 )

= r1p 34+ r2p 34+ r1p 34+ r2p 34

 ~ (?)·(r1p 34+ r2p 34+ r1p 34+ r2p 34 )P1434

T1 = PT1p 14
r 1p 34

 
Result is nicely factored quite like      :

 

p 14
r 1p 34

 =

r1 −r4 −ii1 +iRy

1 r1 −r4 −ii1 +iRy

−ρz −r3 +r2 +i Ry −ii2
+iRz +ii6 −i Rx + r1 − r3

−i Rz −iRx +ii5 − r4 + r2

 

1,ρz ,Rz , Rz{ }  

ρx ,ρy , i4 , i3{ }  

r1,r4 , i1,Ry{ }  

r2,r3, i2, Ry{ }  

r1, r3, Rx , i6{ }  

r2, r4 ,Rx , i5{ }

O⊃C4

left cosets

P1404
T1

 ~ (?)·(r1p 34+ r2p 34+ r1p 34+ r2p 34 )P1434

T1 = PT1p 14
r 1p 34

 

 1
16

[ ]/16

[ ]/4

    

pm4
= 1

4
e

-2π i m4⋅p
4 R z

p

p=0

3
∑ =

p04
=(1+R z+ρz+ R z)/4

p14
=(1-iR z-ρz + i R z)/4

p24
=(1-R z + ρz - R z)/4

p34
=(1+ iR z-ρz -i R z)/4

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

 
Consistent with standard:Pm4m4

µ = µ

°G
Dm4m4

µ* (g)g
g

°O

∑

NOTE: These projectors
still have phase errors 
as of 4.12.15
(However final tables OK)
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1= [1][2][3][4]         R1
2 = [13][24]         r1 = [132]             r2 = [124]             r1

2 = [123]             r2
2 = [142]
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2 = [12][34]        R2

2 = [14][23]           r4 = [234]             r3 = [124]             r3
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2 = [243]
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R3
3 = [1324]          i3 = [34]                 R2 = [1243]            R2

3 = [1342]          i6 = [24]               i5 = [13]
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0 −1

⎛
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⎞
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         1 0
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⎛
⎝⎜

⎞
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3

+ 2
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1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
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3

+ 2
3 +2

1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟    

−2
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3

− 2
3 +2

1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟    

−2
1 − 2

3

− 2
3 +2

1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟  basis:

O
D4

C4

E
A1

04

E
B1

24

Ireps for O⊃D4⊃C4 subgroup chain

T1 T2

E

-1

Vector
x,y,z

Tensor
yz,xz,xy

Tensor
x2+y2-2z2

(x2-y2)√3

C4

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

D4
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basis:
O
D4

D2

E
A1
A1

E
B1
A1

basis:
O
D4

D2

T1
E
B1

T1
E
B2

T1
A2
A2

basis:
O
D4

D2

T2
E
B1

T2
E
B2

T2
B2
A2

Ireps for O⊃D4⊃D2 subgroup chain

T1 T2

E

Vector
x,y,z

Tensor
yz,xz,xy

Tensor
x2+y2-2z2

(x2-y2)√3

D2

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

D4
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Ireps for O⊃D3⊃C2 subgroup chain

T1 T2Vector
u,v,w

Tensor
vw,uw,uv

basis:
O
D3

C2

T1
E
02

T1
E
12

T1
A2
12

basis:
O
D3

C2

T2
B2
02

T2
E
02

T2
E
12

C2

D3
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Tensor
u2+v2-2w2

(u2-v2)√3
E basis:

O
D3

C2

E
E
02

E
E
12

    

O: χg
µ g=1

r1−4

r1−4
ρxyz

Rxyz
Rxyz

i1−6

µ=A1 1 1 1 1 1

A2 1 1 1 -1 -1

E 2 -1 2 0 0
T1 3 0 -1 1 -1

T2 3 0 -1 -1 1

C2
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Oh⊃D4h⊃D2h

3-by-3 block 2-by-2 and 1-by-1 blocks diagonal

x-representation

Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type)

x2

x3 x1
x3

x2
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Oh⊃D4h⊃D2h

Oh⊃D3d⊃C2

3-by-3 block 2-by-2 and 1-by-1 blocks diagonal

x-representation

v-representation

Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type)

x2

x3 x1
x3

x2

v3

v1
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Oh⊃D4h⊃D2h

Oh⊃D3d⊃C2

3-by-3 block 2-by-2 and 1-by-1 blocks diagonal

v1 v2 v3
x1 1/ 2 1/ 6 1/ 3

x2 -1/ 2 1/ 6 1/ 3

x3 0 -2/ 6 1/ 3

transforms between x-and-v representations Matrix

x-representation

v-representation

Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type)

x2

x3 x1
x3

x2

v3

v1

83Sunday, April 12, 2015



Review Calculating idempotent projectors Pµm,m of O⊃C4 PE0404  PE2424 PT10404 PT11414 PT22424

Review Coset factored splitting of O⊃D4⊃C4 projectors       
Review Broken-class-ordered splitting of O⊃D4⊃C4 projectors and levels
Subgroup-defined tunneling parameter modeling
                  Comparing two diagonal O⊃C4 parameter sets to SF6 spectra
                  Comparing two diagonal O⊃C3 parameter sets to SF6 spectra
                  Why O⊃C2 parameter sets require off-diagonal nilpotent Pµm,n (m≠n)

Irreducible nilpotent projectors Pµm,n (m≠n) 
       Using fundamental gPµm,n  relations: ( from Lecture 16)
          (a) Pµm,m gPµn,n=Dµm,n(g)Pµm,n   (b) g=ΣµΣm,nDµm,n(g)Pµm,n   (c) Pµn,n=(µ/°G)ΣgDµ*m,n(g)g
       Review of D3⊃C2 ~ C3v⊃Cv

          Calculating and Factoring PT11404 and PT11434 
                            
Structure and applications of various subgroup chain irreducible representations
        Oh⊃D4h⊃C4v  , Oh⊃D3h⊃C3v , Oh⊃C2v

             Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type)
                 Examples of off-diagonal tunneling coefficients DE0424

                 Comparing Local C4, C3, and C2 symmetric spectra                 
                When Local C2 symmetry dominates
        Comparing off-diagonal O⊃C2 parameter sets to CH4 models with “cluster-crossings”

84Sunday, April 12, 2015



   

D0404

A1 (ik ik ) = i1+i2+i3+i4+i5+i6

D2424

A2 (ik ik ) = −(i1+i2+i3+i4+i5+i6 )

DE*(ik ik ) 04 24

04 − 1
2

(i1+i2 +i5+i6 )+i3+i4
3

2
(i1+i2−i5−i6 )

24 h.c. 1
2

(i1+i2+i3+i4+i5+i6 )−i3−i4

DT1*(ik ik ) 14 34 04

14 − 1
2

(i1+i2+i5+i6 ) − 1
2

(i1+i2−i5−i6 )− i(i3−i4 ) − 1
2

(i1−i2 )+ i
2

(i5−i6 )

34 h.c. − 1
2

(i1+i2+i5+i6 ) + 1
2

(i1−i2 )+ i
2

(i5−i6 )

04 h.c. h.c. −(i3+i4 )

DT2*(ik ik ) 14 34 24

14 + 1
2

(i1+i2+i5+i6 ) + 1
2

(i1+i2−i5−i6 )− i(i3−i4 ) + 1
2

(i1−i2 )+ i
2

(i5−i6 )

34 h.c. + 1
2

(i1+i2+i5+i6 ) − 1
2

(i1−i2 )+ i
2

(i5−i6 )

24 h.c. h.c. +(i3+i4 )

basis:
O
D4

C4

E
A1
04

E
B1
24

Examples of off-diagonal tunneling coefficients DE0424

1= [1][2][3][4]         R1
2 = [13][24]         r1 = [132]             r2 = [124]             r1
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2 = [142]
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Local C4  symmetry
conditions

i1256 = i1 = i2 = i5 = i6
and

i34 = i3 = i4 
make all off-diagonal
coefficients identically

ZERO. 

85Sunday, April 12, 2015



Comparing Local C4, C3, and C2 symmetric spectra 

Local C4

Int.J.Mol.Sci, 14, 714(2013)
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Comparing Local C4, C3, and C2 symmetric spectra 

Int.J.Mol.Sci, 14, 714(2013)
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Comparing Local C4, C3, and C2 symmetric spectra 
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        Comparing off-diagonal O⊃C2 parameter sets to CH4 models with “cluster-crossings”
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When Local C2 symmetry dominates

Int.J.Mol.Sci, 14, 714(2013)
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A1
T1

10-6cm-1

K(111)=30

(0)3

3  MHz

T2

A2

T1
10-5cm-1

K(111)=29

(1)3

T2
E

T1
10-5cm-1

K(100)=25

(1)4

T2
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K(100)=26
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T2
A2

E
T1

5·∙10-7cm-1
K(100)=27
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T2
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K(100)=28

(0)4
T1

A1

E

T1
4·∙10-8cm-1

K(100)=29

(1)4

T2
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T2
A2

E
K(100)=30

(2)4

A1T1E T2

0° 10° 20° 30° 40° 50° 60° 70° 80° 90° 100° 110° 120° 130° 140° 150° 160° 170° 180°

En
er

gy
 (A

rb
itr

ar
y 

U
ni

ts
)

   

O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1
  

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1
  

O⊃C3 03 13 23

A1↓C3 1 ⋅ ⋅

A2↓C3 1 ⋅ ⋅

E↓C3 ⋅ 1 1

T1↓C3 1 1 1

T2↓C3 1 1 1

When Local C2 symmetry dominates

Int.J.Mol.Sci, 14, 714(2013)
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When Local C2 symmetry dominates

Int.J.Mol.Sci, 14, 714(2013)
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Review Calculating idempotent projectors Pµm,m of O⊃C4 PE0404  PE2424 PT10404 PT11414 PT22424

Review Coset factored splitting of O⊃D4⊃C4 projectors       
Review Broken-class-ordered splitting of O⊃D4⊃C4 projectors and levels
Subgroup-defined tunneling parameter modeling
                  Comparing two diagonal O⊃C4 parameter sets to SF6 spectra
                  Comparing two diagonal O⊃C3 parameter sets to SF6 spectra
                  Why O⊃C2 parameter sets require off-diagonal nilpotent Pµm,n (m≠n)

Irreducible nilpotent projectors Pµm,n (m≠n) 
       Using fundamental gPµm,n  relations: ( from Lecture 16)
          (a) Pµm,m gPµn,n=Dµm,n(g)Pµm,n   (b) g=ΣµΣm,nDµm,n(g)Pµm,n   (c) Pµn,n=(µ/°G)ΣgDµ*m,n(g)g
       Review of D3⊃C2 ~ C3v⊃Cv

          Calculating and Factoring PT11404 and PT11434 
                            
Structure and applications of various subgroup chain irreducible representations
        Oh⊃D4h⊃C4v  , Oh⊃D3h⊃C3v , Oh⊃C2v

             Comparing Oh⊃D4h⊃D2h and Oh⊃D3d⊃C2 representations (T1 vector-type)
                 Examples of off-diagonal tunneling coefficients DE0424

                 Comparing Local C4, C3, and C2 symmetric spectra
                 When Local C2 symmetry dominates 
        Comparing off-diagonal O⊃C2 parameter sets to CH4 models with “cluster-crossings”
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O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

When Local C2 symmetry dominates

Comparing off-diagonal O⊃C2 parameter sets 
to CH4 models with “cluster-crossings”

Int.J.Mol.Sci, 14, 714(2013)
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Comparing off-diagonal O⊃C2 parameter sets 
to CH4 models with “cluster-crossings”

Int.J.Mol.Sci, 14, 714(2013)
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Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1

A1g↓C4v ⋅ ⋅ 1 ⋅ ⋅

A2u↓C4v ⋅ ⋅ ⋅ 1 ⋅

Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1

,

Oh⊃C3v ′A ′′A E

A1g↓C3v 1 ⋅ ⋅

A2g↓C3v ⋅ 1 ⋅

Eg↓C3v ⋅ ⋅ 1

T1g↓C3v ⋅ 1 1

T2g↓C3v 1 ⋅ 1

A1g↓C3v ⋅ 1 ⋅

A2u↓C3v 1 ⋅ ⋅

Eu↓C3v ⋅ ⋅ 1

T1u↓C3v 1 ⋅ 1

T2u↓C3v ⋅ 1 1

,

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1g↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

,

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1g↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

   

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C3 03 13 23

A1↓C3 1 ⋅ ⋅

A2↓C3 1 ⋅ ⋅

E↓C3 ⋅ 1 1

T1↓C3 1 1 1

T2↓C3 1 1 1

O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

O⊃C2(ρz ) 02 12

A1↓C2 1 ⋅

A2↓C2 1 ⋅

E↓C2 2 ⋅

T1↓C2 1 2

T2↓C2 1 2

End of Lecture 21
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Ireps for O⊃D4⊃C4 subgroup chain

T1 T2

E

Vector
x,y,z Tensor

yz,xz,xy

Tensor
x2+y2-2z2

(x2-y2)√3
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Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1

A1g↓C4v ⋅ ⋅ 1 ⋅ ⋅

A2u↓C4v ⋅ ⋅ ⋅ 1 ⋅

Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1

,

Oh⊃C3v ′A ′′A E

A1g↓C3v 1 ⋅ ⋅

A2g↓C3v ⋅ 1 ⋅

Eg↓C3v ⋅ ⋅ 1

T1g↓C3v ⋅ 1 1

T2g↓C3v 1 ⋅ 1

A1g↓C3v ⋅ 1 ⋅

A2u↓C3v 1 ⋅ ⋅

Eu↓C3v ⋅ ⋅ 1

T1u↓C3v 1 ⋅ 1

T2u↓C3v ⋅ 1 1

,

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1g↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

,

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1g↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

   

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C3 03 13 23

A1↓C3 1 ⋅ ⋅

A2↓C3 1 ⋅ ⋅

E↓C3 ⋅ 1 1

T1↓C3 1 1 1

T2↓C3 1 1 1

O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

O⊃C2(ρz ) 02 12

A1↓C2 1 ⋅

A2↓C2 1 ⋅

E↓C2 2 ⋅

T1↓C2 1 2

T2↓C2 1 2

Oh⊃C4v

correlation
predicts the
parity of
the A1T1E
cluster is not
uniformly
even (g) or 
odd (u): 
A1gT1uEg
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Oh⊃C4v ′A ′B ′′A ′′B E

A1g↓C4v 1 ⋅ ⋅ ⋅ ⋅

A2g↓C4v ⋅ 1 ⋅ ⋅ ⋅

Eg↓C4v 1 1 ⋅ ⋅ ⋅

T1g↓C4v ⋅ ⋅ 1 ⋅ 1

T2g↓C4v ⋅ ⋅ ⋅ 1 1

A1g↓C4v ⋅ ⋅ 1 ⋅ ⋅

A2u↓C4v ⋅ ⋅ ⋅ 1 ⋅

Eu↓C4v ⋅ ⋅ 1 1 ⋅

T1u↓C4v 1 ⋅ ⋅ ⋅ 1

T2u↓C4v ⋅ 1 ⋅ ⋅ 1

,

Oh⊃C3v ′A ′′A E

A1g↓C3v 1 ⋅ ⋅

A2g↓C3v ⋅ 1 ⋅

Eg↓C3v ⋅ ⋅ 1

T1g↓C3v ⋅ 1 1

T2g↓C3v 1 ⋅ 1

A1g↓C3v ⋅ 1 ⋅

A2u↓C3v 1 ⋅ ⋅

Eu↓C3v ⋅ ⋅ 1

T1u↓C3v 1 ⋅ 1

T2u↓C3v ⋅ 1 1

,

Oh⊃C2v
i ′A ′B ′′A ′′B

A1g↓C2v
i 1 ⋅ ⋅ ⋅

A2g↓C2v
i ⋅ 1 ⋅ ⋅

Eg↓C2v
i 1 1 ⋅ ⋅

T1g↓C2v
i ⋅ 1 1 1

T2g↓C2v
i 1 ⋅ 1 1

A1g↓C2v
i ⋅ ⋅ 1 ⋅

A2u↓C2v
i ⋅ ⋅ ⋅ 1

Eu↓C2v
i ⋅ ⋅ 1 1

T1u↓C2v
i 1 1 ⋅ 1

T2u↓C2v
i 1 1 1 ⋅

,

Oh⊃C2v
z ′A ′B ′′A ′′B

A1g↓C2v
z 1 ⋅ ⋅ ⋅

A2g↓C2v
z 1 ⋅ ⋅ ⋅

Eg↓C2v
z 2 ⋅ ⋅ ⋅

T1g↓C2v
z ⋅ 1 1 1

T2g↓C2v
z ⋅ 1 1 1

A1g↓C2v
z ⋅ ⋅ 1 ⋅

A2u↓C2v
z ⋅ ⋅ 1 ⋅

Eu↓C2v
z ⋅ ⋅ 2 ⋅

T1u↓C2v
z 1 1 ⋅ 1

T2u↓C2v
z 1 1 ⋅ 1

   

O⊃C4 04 14 24 34

A1↓C4 1 ⋅ ⋅ ⋅

A2↓C4 ⋅ ⋅ 1 ⋅

E↓C4 1 ⋅ 1 ⋅

T1↓C4 1 1 ⋅ 1

T2↓C4 ⋅ 1 1 1

O⊃C3 03 13 23

A1↓C3 1 ⋅ ⋅

A2↓C3 1 ⋅ ⋅

E↓C3 ⋅ 1 1

T1↓C3 1 1 1

T2↓C3 1 1 1

O⊃C2(i1) 02 12

A1↓C2 1 ⋅

A2↓C2 ⋅ 1

E↓C2 1 1

T1↓C2 1 2

T2↓C2 2 1

O⊃C2(ρz ) 02 12

A1↓C2 1 ⋅

A2↓C2 1 ⋅

E↓C2 2 ⋅

T1↓C2 1 2

T2↓C2 1 2
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Octahedral O and spin-O⊂U(2) rotation nomogram from Fig. 4.1.3-4 Principles of Symmetry, Dynamics and Spectroscopy
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A2

A1

E

T1

T2

D4 1 ρz Rz ρx,y i3,4
A1 1 1 1 1 1
B1 1 1 -1 1 -1
A2 1 1 1 -1 -1
B2 1 1 -1 -1 1
E 2 -2 0 0 0

A2

A1

E

T1

T2

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

                                   -14 =

D4↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

                                  -14 =

O↓C4 04 14 24 34

A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

UnOrmal D2= {1,R3
2, i3, i4}

O↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 ⋅ 1 1 1
T2 1 1 ⋅ 1

D2
Nm{ 1, Rz

2, Rx
2, Ry

2 }

D2
Un{ 1, Rz

2, i3, i4 }

A1 1 1 1 1
B1 1 -1 1 -1
A2 1 1 -1 -1
B2 1 -1 -1 1

NOrmal D2 = {1,R3
2,R1

2,R2
2}

O↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
A2 1 ⋅ ⋅ ⋅
E 2 ⋅ ⋅ ⋅
T1 ⋅ 1 1 1
T2 ⋅ 1 1 1

 

              r, ri   ρxyz  R, Rxyz          

O 1 r R2 R3 ik
A1 1 1 1 1 1
A2 1 1 1 -1 -1
E 2 -1 2 0 0
T1 3 0 -1 1 -1
T2 3 0 -1 -1 1

UnOrmal D2= {1,R3
2, i3, i4}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 ⋅ ⋅ 1 ⋅
B2 1 ⋅ ⋅ ⋅
E ⋅ 1 ⋅ 1

NOrmal

UnOrmal
A1

A2

A2

Oh⊃O⊃D4⊃C4 subgroup splitting

NOrmal D2= {1,R3
2,R1

2,R2
2}

D4↓D2 A1 B1 A2 B2
A1 1 ⋅ ⋅ ⋅
B1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1
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Oh⊃O⊃D4⊃C4v⊃C2v subgroup splitting
Fig. 3.1.1 PSDS
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Introduction to octahedral/ tetrahedral symmetry Oh⊃O~Td⊃T
Octahedral-cubic O symmetry

Order °O=6 hexahedron squares · 4 pts =24
               =8 octahedron triangles · 3 pts =24
               =12 lines · 2 pts =24 positions 

(If rectangles have
Golden Ratio 1±√5

2
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Introduction to octahedral tetrahedral symmetry Oh⊃O~Td⊃T
Octahedral groups Oh⊃O~Td and Oh⊃Th⊃T

 

rk = r
rk = r2k = r−1k

 
Rx,y,z =R3

1,2,3 =R−1
1,2,3

ρx,y,z =R2
1,2,3

σ x,y,z = IR2
1,2,3

I = I σ k = Iik

 
Sx,y,z = IR3

1,2,3

Sx,y,z = IR1,2,3

ik = ik

Rx,y,z =R1,2,3

 

sk = Ir
sk = Ir2k = Ir−1k

Fig. 4.1.5 from Principles of Symmetry, Dynamics and Spectroscopy

1

24
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Octahedral O and spin-O⊂U(2) rotation product Table F.2.1 from Principles of Symmetry, Dynamics and Spectroscopy

X=x1

Y=x2

Z=x3
X=x1

Y=x2

Z=x3

X=x1

Y=x2

Z=x3

+120° -120° ±180° XYZ +90° XYZ -90° XYZ ±180°ik

[±1±1±1]

1 1 1[ ] 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 11 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 0 0[ ] 0 1 0[ ] 0 0 1[ ] 1 0 0[ ] 0 1 0[ ] 0 0 1[ ] 1 0 0⎡⎣ ⎤⎦ 0 1 0⎡⎣ ⎤⎦ 0 0 1⎡⎣ ⎤⎦ 1 0 1[ ] 1 0 1⎡⎣ ⎤⎦ 11 0[ ] 110⎡⎣ ⎤⎦ 011⎡⎣ ⎤⎦ 011[ ]
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