Group Theory in Quantum Mechanics
Lecture 21 1.00.15

Octahedral OnDsubgroup tunneling parameter modeling
(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , QTCA Unit 5 Ch. 15)  (PSDS - Ch. 4)
Review Calculating idempotent projectors Pty m of ODCy PEoos PE22 Pligso, Py, P22y,
Review Coset factored splitting of ODD4sDCy projectors
Review Broken-class-ordered splitting of ODD4+DCy projectors and levels
Subgroup-defined tunneling parameter modeling
Comparing two diagonal ODCy parameter sets to SFs spectra
Comparing two diagonal ODCs parameter sets to SFs spectra
Why ODC> parameter sets require off-diagonal nilpotent Py, , (m=n)
Irreducible nilpotent projectors P » (m=n)
Using fundamental g—=P",,, relations: ( from Lecture 16)
(@) Pl P 0y =D (@) P mn (B) g=XyEmnDVmn(g)P'mn (€) Plon=(0"/°G)LeD" mn(g)g
Review of D3;DC>~ C3,DC,
Calculating and Factoring P11 1.0, and P13,

Structure and applications of various subgroup chain irreducible representations
O DD1DCsv , OrDD3,DC30, OpDCoy
Comparing OnD>Dun2DD2n and OrD D340 Co representations (T vector-type)

Examples of off-diagonal tunneling coefficients D .2,
Comparing Local C4, Cs, and C> symmetric spectra
When Local C; symmetry dominates

Comparing off-diagonal ODC> parameter sets to CH4 models with “cluster-crossings”
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*Review Calculating idempotent projectors Pty m of ODCs PEpo. PE22, PTig,0, P11, P22y, ‘

Review Coset factored splitting of ODD4sDCy projectors
Review Broken-class-ordered splitting of ODD4DCs projectors and levels
Subgroup-defined tunneling parameter modeling

Comparing two diagonal OO Cs parameter sets to SFs spectra
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02C, |0, 1, 2, 3, .| O characters, drimg p
AI\LC4 1 . . R :%g g:1 F_4 pxyz nyz 1 6 dm; —e 4
Calculating PE.0. ale,| - u=4a | 11 1 1 1 characters GJFR -y
—>zle, (1) I IR T T T B B ‘G U 2P,
rie, | T 1 - 1 1 2 0 y  2mimgp p, =(14+iR_-p_-iR_)/4
P, =p,P"=Pp G- L L ) 3 0 4 1>-(]1\.pm =iSe ¢ R :
004 = 0, 0 ! Ao P, =(I-R_+p. R )4
0 yE i 0 9 . T, 3 0 -1 -1 1 ! .
= 2%(9@ ) ‘8 .(p04 ) = 29_6(Zg ) '8 ( 11 +1.pz +1.Rz + lRZ) \ p34:(l_lR2_pz+le)/4
8 8

1C,=1{1,p. R_R_} pC,={p.p.i.i,} rC,={r.r.i.R} rC ={r.r.i.R} PC, ={F.5.R i} £C, ={F.5.R i

_ 1 E 04 04 04 1 E 04 0 04 1 E 04 04 04
_48%1 (1, dpz ,dRZ ’diéz) +48 %px(l’ dpz ,dR: ,dkz) +48%l‘1 (1’ dpz ,dRz ,dkz)

1. E 0, 7"
+48%r2(1’dpZ Ay

Z

dy)

1. E 0, 0q 04 1.,E 04 0, 04
axb (LY dy dyY) i (hd, dydy)

Zz

1 E 04 04 04 1 E 04 04 04 1 E 04 04 04 1 E 0 0 04 1 E 04 04 0 1 E 04 04 04
+48sz(dpz ,1 ,dkz ,dRz )+48%py(dpz ,1 ,diez ’dRz) +48%I’4(dpz ,1 ,dRZ ,dRz) +48X1‘3(dp:’1 ,dﬁj,dRz) +4§%f'3(dpz ’1 ’dRZ ,dR:) +48Xf'4(dpz ,1 ’diéz ’dRZ)

1. E 0, 04 04 1 . E; 30 04 04 1. E 04 04 0
+48%Rz(dii’Z ’dRZ’1 ’dpz)+48%i4(d1§:ad]q 91 ’dpz) +48Zi1(d1~31 adRZ,I ,dp:)

Z

1 E g™ 4% 4% 1 L E; 30, % 4% 1 LE ; 70, 3% ;04
+3 X g (a’RZ,dR ’dpz’l) +,3 Xi (dR4’die ,dp 1) + Xk (dR4’die ,dp 1)
z Z 3 Z 7 Z y Z 7 z

(DL +L+1L+])
(DL T 1L+
i COXHL+L, 1 ,+1)
O FLAL+L, 1)

= (P20 L, 4+1,41,41) +, (42X L, +1,+1,+1)
s (F2X+1, 1+ LAD) + 5 (F2X+1, 1 ,+1,4])
+5COXHLHL 1,41 +,5( OX+L+1, 1 ,+1)
+418( OX+L+1L+1, 1) +4l8( OX+L+1L+1, 1)

l E 04 04 04
+48%i2(diez ’dRZ 1 ’dpz)

1 E 04 04 04
F e (dy oy d, 1)

(DL +LA+1L+])
(DL 1 +1L+D)
+5C OX+L+L 1 +1)
+is( OX+L+L+1, 1)

1 E 04 04 04 1 E 04 04 04
fde (dy dy 1))+ (dy dy 1 d,)

1 E 04 04 04 1 E 04 04 04
+48%i6(dRz’d]~gz’dpz’1) +48Xi5(dRz’d[ez’dpzal)

+ (DL 41,41,+1)
+u(—IX+1, 1, +1L+])
+,5C OX+L+1, 1 ,+1)
15 OX+L+1L+1, 1)

+s (DL 41, +1,+1)
+u(—IX+], 1,410
+,5C OX+L+1, 1 ,+1)
1 OX+L+1L+1, 1)

4, 4, 4, 4, 4, 4, 4, 4, -2,-2,-2,-2,

-2,-2,-2,-2,

-2,-2,-2,-2, -2,-2,-2,-2,

B, =) (I p IR R +lplp it e i (R, e R, R 0R R, R R,
Coset-factored sum:

P(io4 :112[(1)'117’04 +(1)'pxp04 +(—§)-l’1p04 +(-%)°1’2p04 +(—§)-l~'1p04 +(—%)-l~'2p04]
Broken-class-ordered sum:

Poljo4 :112(1'1 '%rl'%rz —%1'3—%1'4 _%fl_%fZ '%f'3'%~4 +1px+1py+1p _%Rx_%Ry +1Rz _%Rx_%ﬁy +1Rz _%il_%iZ +1i3 +1i4 '%is'%i6)
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05C, |0, 1, 2, 3, .| O characters, 2imyp
AI\LC4 | . R :%g g_l F_4 pxyz nyz L 6 dm4 —e 4
: T ,
Calculating P 9,0. ade, | 0 lp=a 1 1 111 (O R haracters ~ =
VDC\J p, =(1+R _+p_+R )/
Elcg {11 A, 1 1 1 -1 -1 4
qu‘LC4 @ 1 . 1 E 2 -1 o) 0 0 13 27”214'17 ) pl4:(1+iRz_pz_iRz)/4
T, T _ph rde, | 1 1 n=—2e€ RJ=1 5
P 0404 p04P P p04 St 3 O -1 D) ¢ 4P=0 p2 Z(l-RZ+pZ-RZ)/4
°0 T, 30 -1 -l 1 ! 3
Z—(x ) g (p,, )= Z—(% )go( 11+1p +IR +1R,) p, =(I-R -p_+iR )4

~

1C,=1{Lp.R.R | pC,={p.p,i,i,} nC,={rriR} rC ={nriR} ic, ={f.i.R i} £C,={E.F.R i
a2 (Ldy o d ) ey 0L d, g dy) vy l(Ld, dy dy) vyl (d, dy dy) +ixl(d, dj;j,d,‘;} e (,d,) dy dy)
oy ody )i, Ly )+, Ly dy) 32x;<d Uody ody) +hxi(d,) 1 dy dy) +520(d,) 1 .dy dy)
+ X (dR ,dR 1.d, D+axid, dRZ,l d,)) v xi(d, dRZ,l ) +axld, dR 1 ,d;4) o dn (dR ,dR 1.,d; )+ Xk (d dR 1 ,d;j)
+35%1{Z(dRZ’dRZ’de’1)+3§%£1(d1ez>d;jad;j’1) +35%Rly(dRz’d;:’d;j’1) +3§%R1y(d12:’d . D) +32%11(dR ,d dpz’l) 329511( d;j’l)
=53 L+L+1L+D) +5-D( L+1L+1L,+D) +50X L+L+1L+D)  +50X L+L+L+D)  + 20X 1L, +L,+1,4+1)  +20X 1,+1,4+1,+1)

(DL 1 AL+D +5(-DFL T A4L+D +50)+L 1 4+L+D)  +50X+L 1,44+ + 20X+ 1,45+ +2O0X+1, 1 ,+1,41)

t(FDELAL T+ +5(-DELAL T+D) +5(=DELHL TAD w5 (=1L 14D + SEDELFL T+ 5L+ 1 +])
tn(EDEFLHLHL 1) +5(-DELAL+L 1) 45 EDELHLHL 1) (DL +L+L 1) 4 (=D)LL 1) + 2 (=D FL+L+L 1)

4,4, 0,0, -4,-4,-4,-4, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0, 0,0,
;(1l+1p +1R +1R_ -1p, -1p, -li,-li, +0r+0r,+0i+OR, +0r+0r,+0i,+0R +0Ff+0F+0R +0i; +OF+0F,+0R +0i;)
Coset—factored SUM.

P, = [(D1p,,  +CDpp, +O)rp, +O)r,p, +O)Fp, +0)F,p,]

Broken-class-ordered sum:
P(ﬁ% = (11 +0+0+0+0+0+0+0+0 +lp, -1p.-1p, +0+0+IR, +O+O+ll~{Z +0+0+0+0 -1i,-1i; )
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05C, |0, 1, 2, 3, .| O characters, 2imyp
AI\LC4 | . R :%g g_l rlp4 pxyz nyz L 6 dm4 —e 4
. T .
Calculating P 1,1, 1lc, 1 u=4 | 111 11y chamcters b, <(1+R_+p_+R 4
Ele, |1 - 1 4 |1 1 1 a1 — o, | P 2 C
—> 7l | @ """ E |2 a1 2 0 0 ERE
1)1T114 _ p14PT‘ _ PT1p14 e, | - T 1 3 0 1 D)m‘*: sz;‘oe R’=;
°0 T, 3 0 -1 -1 I .
2—(% )g(p, )= Z—(% )-g-( 11-1p,+iR iR p; =(-iR -p,+R )/4
g \
1C,=1{Lp.R.R | pC,={p.p,i,i,} nC,={rriR} rC ={nriR} ic, ={f.i.R i} £C,={E.F.R i
_32%11(1 d dR“,df) 32)(p (1, d d;‘,dlf) 32%r1(1 d dll?t’dlz) +32%;~1(1 d d;:,d;{) 32%r1(1 d dlz’dlz) 32%r1(1 d d;?t’dlz)
X (dy 1 dy dy D+ xp(d, 1 dy dy) waxl(d, ) dy dy) 32)(r1(d 1.dydy) +u2id, 1.dy.dy) + rxa(d, 1 dy dy)
+3§%Rlz(dfez’dRz’1 ’dpz) +3§ZiT41(d[gZadRZ,1 ,dpz) 32%1 (d dR ,1 ,dl4) +32%11( dR ’1 d ) +32% (d dR ,1 ’d:)t) 32% (d dR ’1 ’d:)i)
+iaXr (o sy 1) g il dy o dy D)+ 2) (diody Ay 1)+ 5000 (g o d, D) i xi(dy oy od, 1) 520 (g o, 1)
:3%(_'_3)(1 9_19+ia_i) +3l2(_1)(1 7_1,+i7_i) +3l2(0)( 17_1a+la_l) +3l2(0)( 1’_1’+l’_l) +3l2(0)( 1’_1’+l’_l) +3l2(0)( 1’_1’+l’_l)
+312(_1X—1, 1 ,—l,+l) +312(_1X_1, 1 ,_l,+l) +312(0)(_1, 1 ,_l,+l) +312(0)(_17 1 9_l,+l) +312(0)(_17 1 7_l,+l) +312(0)(_17 1 7_l,+l)

+ o (=1X=i,2+i, 1 ,=1)
+ o (F1(+i,—i,—1, 1)

+ o (=1X=i,+i, 1 ,=1)
o (F(+i,—i,—1, 1)

+ o (F1X=i,+i, 1 ,=1)
+ o (=1X+i,—i,—1, 1)

+o(F=i,+i, 1 ,=1) +5(=1)=i,+i, 1 ,=1)

+312(+1)(+l.,—l,—1, 1) +312(—l)(+i,—l,—l, 1)

+ o (F1X=i,+i, 1 ,=1)
+ o (=1X+i,—i,—1, 1)

+4,-4, 4i-4i, 0, 0, 0, 0, +2i, -2i,-2, +2, +2i, -2i,-2, +2, -2i,+2i,+2, -2

;(11-1p +iR -iR. +0p+0p+0i,+0i, +;r-;r,-3i, +R + 35,515, R, SE+HE+ R i
Coset factored sum:

P = [(D1p,, +O0)pp, +G)rp, +G)rp,  +EH)EP, +(5)F,p, ]
Broken-class-ordered sum:

P = ;(I1 +ir+5r, ry-ir, -fF, +HE+E, +0p+0p-1p, R +R +iR +1R +R -R,

-21,+2i,+2, -2.

Iz iz 1 1.
—_21‘2+21‘4+ le__215)

Lo L'o ° ° L'. L'.
LY +Ol3+014 -5 '216)
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Review Calculating idempotent projectors Pmm of ODCys PEp0, PE2,2, P10, P11, P22y,

Review Coset factored splitting of ODD4sDCy projectors
Review Broken-class-ordered splitting of ODD4DCs projectors and levels
Subgroup-defined tunneling parameter modeling

Comparing two diagonal OO Cs parameter sets to SFs spectra
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Irreducible idempotent projectors Py mof ODCs~TuDCy;
Factoring out ODCy subgroup cosets:

1C, = l{l’pz’Rz’Rz} p.C, = {px’py’i4’i3} rC,= {l‘l,l‘4,i1,Ry} r,C,= {rz’rs’izvﬁy} rC, = {fl’f3’ﬁx’i6} r,C, = {f'z’f'me’is}

Coset-factored Ai-sum.:
P =5[(D1p,  +(D-pp, +Orp, +Dr,p, +DEp, +(1)F,p,] 3 p2mimpld

Coset-factored Asr-sum: :ZEO 4 z
PAz :112[(1)'11’24 +(1)'pxpz4 "'(1)'1'11)24 "’(D'rzpz4 "'(1)'1~'1p24 +(l)-l~‘2p24] P, :(1+Rz+pz+ﬁz)/4

Coset-factored E-sum.: ' i
E fc 1 | | - N p, =(14R -p -R )4

Poo :_[(1)'1130 +(1)'pxpo4 +(—5)-r1p04 +(—5)-l'2p04 +(—§)-l'1p04 +(—5)-r2p04] < _
1 1 N = N = p, =(0-R_+p_-R )4

224 [(1) lpz "'(1)'[)xp24 +(-2)-r1p24 "'('z)'rzpz4 "'('2)'1'11)24 +(—2)-l'2p24] ) _
Coset- factored T1-sum: p, =(I-R -p_+R )4

P1T14 - 8[(1)'11)14 "'(())'pxpl4 +(+§)-l’1p14 +(+§)'1°2p14 +('§)'l~'1p14 +(—§)-1~°2p14]
P3le4 = §[(1)'1p34 +(0)'PXP34 +(—§)-r1p34 +(-§)-I’2p34 +(+é)'f1p34 +(+é)'l~'2p34]

P, = [(D1p,, +CDpp, +Orp, +©O)r,p, +O)Fp,  +(O)F,p,] Cixl|g=t R_ p R,
Coset-factored T>-sum: pu=0, | 11 1 1
P =il)dp, +O)ypp, +C)rp, +C)T,p,  +C)EP,  +()Fp,] Lol oroe
P, = i[()1lp, +O)pp, +CG)rp, +GD)r,p, +GDEP, +G)E,p,] 2, |1 -1 1 -
P, =:(1p, +O)pp, +O)yrp, +O)yr,p, +O)Fp, +(0)F,p, ] 3 Lo -

Sunday, April 12, 2015



Review Calculating idempotent projectors Pmm of ODCys PEp0, PE2,2, P10, P11, P22y,

<

Review Coset factored splitting of ODD4sDCy projectors
* Review Broken-class-ordered splitting of ODD4DCs projectors and levels
Subgroup-defined tunneling parameter modeling
Comparing two diagonal ODCy parameter sets to SFs spectra

Comparing two diagonal ODCs parameter sets to SFs spectra
Why ODC> parameter sets require off-diagonal nilpotent P, , (m=n)
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[rreducible idempotent projectors Pty n of ODCy~TuDCy;

Broken-class-ordered Ai-sum: S

P =, (11 +lr+le+le+le, +1F +18, +1E+IE, +1p+Ilp+lp. +IR +IR, +IR, +IR +IR +IR,  +li+li, +lig+li, +lis+lig)

Broken class-ordered Ax-sum:

P, =, (1 +Ir+lr+ie+in+IF +1F, +IE+I1F, +lp+lp+lp. —IR-IR —IR, —IR-IR —-IR  —li—li, —li,~li, —li;—li)

Broken-class—om’ered E-sum.

SF,  E5f +lp+lp +lp. R R, +IR. R SR +IR, -i-i, +li,+li, -i5-i)
i =

"h
l\>|>—* NI>—

Z

R, —IR, +i+i, —li;—1li, +is+i,)

404

1., 1 1., 1 L
12(11 LS —21’3—21'4 )
l

i)

JE, -IE-0F, +lptlp,+lp. +R +R, —1R. +R,

"!z

E _1 1., 1 1., 1
P2424 —12(1'1 LI REL VIR LR

Broken-class-ordered T1-sum:

P\ = (11 +r+ir, -iryir, -F-F HEHE +0p+0p, -1p. H R, H R, R+ R +R, -R, i, +0i+0i, -5 i)
P, = ((11 -5r -ir, Hirehr, HiE45F, 8 - F, +0p+0p, -1p, +; R, +IR <R +JR + R +R_ i, +0i+0i, -5 i)
POTIO4— 11 +0+0 +0+0 +0+0 +0+0 -lp.-1p, +lp. +0 +0 +IR_ +0 +0 +1l~2Z +0+0 -1i, -1i;, +0+40)

Broken-class-ordered 1T>-sum:
s(11 - r-ir, Hrer, HE+HE - F-F, +0p+0p-lp, R, R, +R R - ;ﬁ R, i+, + 08+ 00+ g+ )

114 2z

T, i i im im i Q= I I : B 15 B le s . « L 1s s
P33 (11 +l‘+l‘ -r,-r, - I-Tr, + L+ T, +Opx+0py—1pZ 'in'iRy R, R - Ry +R, +i+1, +01,+01,+ 15+ 1)

P24224:§(1-1 +0+0 +0+0 +0+0 +0+0 -lp-lp,+lp. +0+0 —IR_  +0+0 —1R, +0+0 +li,+li; +0+0)

. O c@amcters . 2mimgp
0 Zg g_l rl 4 pxyz nyZ 11_6 dm4 = GT

- 111 1 1 ( >
=4, Cy4 Characters p, =(L+R +p +R /4

Aol o g g TG

E |2 1 2 0o o0 ] 3 Emep p, =(1+R -p_-iR )/4
73 0 a 1 aPa=gZe RIS -

! ) T 4o p, =(I-R_+p_-R )4
, |3 0 -1 -1 1 '

p, =(1-iR_-p_+iR )4
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Review Calculating idempotent projectors Pmm of ODCys PEp0, PE2,2, P10, P11, P22y,

<

Review Coset factored splitting of ODD4sDCy projectors
Review Broken-class-ordered splitting of ODD4DCs projectors and levels
* Subgroup-defined tunneling parameter modeling
Comparing two diagonal ODCy parameter sets to SFs spectra

Comparing two diagonal ODCs parameter sets to SFs spectra
Why ODC> parameter sets require off-diagonal nilpotent P, , (m=n)
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05C, |04 1, 24 3, |1P"=(p, +p, + P, + py)P where:
AdC, | 1 1-P"=P" +0 + 0 + 0
4 . ) Summary of
Adc, 1 1LPP= 0 +0 + P> +0 5
E E E .
EC, | 1 1 ILP* =P, + 0 + P, +0 (haggnalp _
TiC, | 1 I |[1-Pi=p + P+ 0 +P] (idempotent)”
lc I 1 11P=0 +P° +P- 4+p- projectors
4 1,1, 2,2, 3,3 Ph.
(o) NPU =z o
Pn4n4(0 =) nnrity AL PPy P | RRRR R R ity by
24P 1 1 11 | L1+ @D
4Y4
24-P." 1 | 11 o I L N e B
12-P - - 11 - T @
2P, - - 11 +1 -1 -1+ A
8P 1 +1 0 -1 +5 —i +i| -2 0
8P, O e B +i —i| -1 0
4°4
T
8Py, 0 0 | -1 1 0 11 0o ()
8P +L o -1 -1 —i | +H 0
4'4
3 L 4 o -1 -1 +i —i| 4+ 0
8P, 0 0 | -1 1 0 -1 -1 0 1

9

p,=(1+R_+p_+R_)/4
4

p,=(1+iR —p —iR)/4

p2J=(1—RZ+pZ—l~lz)/4

p,=(1-iR,-p, +iR )/4

The 047 cluster
116 134
split split
A 4 oE
1)()4104 Al %11)041041)040 adl|
T
PO:OAL —O
l)0404 _ 1/2
=LFop,
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O characters

5 class sums (Each commutes with all 24 operators in O)

R
r, .
O: %g g=1 '™ Py s i where
r_4 Xyz
¢ msA 1111
§ 4, 1 1 1 -1 -1
=
S E |2 1 2 0 0 p =
& T, | 3 S I | '
T |30 a1
10 split-class sums (Each commutes with all 4 operators in Cy)
(@) T N P S~ I
P O2C) |V nnnp, #ionn | pp, p. | RRRR, R R | i b
4
24P 1| 1) 1 1 11 1 L 1] +1 (&)
24P 2| 1] 1 | I e N
444
E 1 1 1 1
12-P 311 —5 —5 1 1 —5 11 —5
0,0, 2 2 ) > @
< E 1 1 1 1
8 12-P2424 41 — —3 1 1 +5 -1 -1 + -1
=
S T ; ; 1 . . 1
= 8&PL 51| —5 +5 0 -1 +5 —i +i| — 0
:? L1, ) 2 ) Lol 2
B T i i 1 . . 1
S 8-P34134 6| 1] +5 —> 0 -1 +5 +i —i| —3 0
T,
g-P! 1 0 0 —1 1 0 1 1 0
0,0, 7 @
T i i 1 . . 1
8 ° P14214 8 1 +§ _z 0 _1 _5 —1 +l +§ 0
8-P° 91| -i +1 0 -1 - +Hio—i| + 0
33 2 2 2 bl 2
8P w|1| 0 0 | -1 1 0 -1 -1 0 1
444

p,=(1+R_+p_+R_)/4
4

p,=(1+iR —p —iR)/4

p, =(1-R_+p, -R.)/4
p,=(1-iR,-p, +iR,)/4
The 047 cluster
i16 134
split split
A A E
1)()4104 _ Al %11)04]041)040 +l
T
P, =0
E i
12504::}é%f. o
i 1P ;04
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O characters

5 class sums (Each commutes with all 24 operators in O)

r R
O:xt | g=1 fl“‘ P = A where
1-4 xXyz
¢ op=A | 1111
‘gi A 111 -1 -
3 E | 2 -1 2 0 0 P, =
2 T |3 0 <1 1 -
T |30 a1
10 split-class sums (Each commutes with all 4 operators in Cy)
(@) O A L A o P/ L
P O2C) |V nnnp, #ionn | pp, p. | RRRR, R R | i b
A
28 Nl A R R TR O 1] v 1] a]w
. 4 — — — — —
28 ST U R I I
E 1 1 1 1
2 E 1 1 1 1
§ 12-P2424 4 —3 —> 1 1 +5 -1 -1 + -l
5 ) )
S B A R s i A U ~i +i| -2 0
= g.ph PN - _ ! Y B
= 8 P3434 63 +5 @ 5 O=]1 1 +5 ] +1 i 5 ]O
8P 71| 0 0 | -1 1 0 I 1] 0 -l
44
T i i 1 . . 1
8 ° P14214 8 1 +§ _z 0 _1 _z —1 +l +§ 0
7, _i i _ ) =i 4
sP o3| 5 () + | o] VT -]+ o
8P w|1| 0 0 | -1 1 0 -1 -1 0 1
444

p,=(1+R_+p_+R_)/4
4

p,=(1+iR —p —iR)/4
p24=(1—RZ+pZ—l~lz)/4

p,=(1-iR,-p, +iR,)/4

Adding rows of
eigenvalue table
collapses it back
to O-characters
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Review Calculating idempotent projectors Pmm of ODCys PEp0, PE2,2, P10, P11, P22y,

Review Coset factored splitting of ODD4sDCy projectors

Review Broken-class-ordered splitting of ODD4DCs projectors and levels
Subgroup-defined tunneling parameter modeling

>

Comparing two diagonal ODCy parameter sets to SFs spectra ‘
Comparing two diagonal ODCs parameter sets to SFs spectra
Why ODC> parameter sets require off-diagonal nilpotent P, , (m=n)
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(a) SF, ¥, Rotational Structure FT IR and Laser Diode Spectra
K.C. Kim,W. B. Person, D. Seitz, and B.J. Krohn

J.Mol. Spectrosc. T6, 322(1979).
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A R20) I Primary AET species mixing
| | N e ] » s o
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. SF6 v, P(88)~16m |- g e
i e --'-wmdmv'-w"kuw AR GO ~S-_ Y
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=== pecies mising /741 | K;=..81 82 83 84 g5 86 87 88
(c) Superfine_Structure (Rotational axis tunneling) /N i = M
I,_f--'j:;ﬁﬂ-’[';‘.l'f"" s LN e g , |l
88 87 86 85 3483 82 81 80 79 78 77 76 75 74 73 (271.=Ky|'| Gl “’*mrﬂtﬁ!:“ﬁ’m
b e 150t 072Hz 7 WHz L |12 M — 1|
i B AT . 20 035kHz [T -
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e

Observed repeating sequence(s)...A T E T?IT1 ET,A, T,T,
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Local correlations explain clustering... aly . .
.. but what about spacing and ordering?... 5] I P
...and physical consequences? T 1 1+ 1 T (1 1 |
T, | | | '['3 | | |

Int.J Mol.Sci, 14, 714(2013)

Sunday, April 12, 2015

15



1,

C4 Subgroup-defined tunneling parameter modeling
Table 11. Splittings of O O C; given sub-class structure.

ODCy | 0° rn120° Prn180° R,,90° 1, 180°
0, rr = Reryazy R, = ReR, 1] = 11256
mp = Im 7334 I, =ImR, U = i34
Cor = || %0 +8r1 +2pzy + p2 | +4Rzy + 2R, ‘+4i1‘ + iy
&, 90 0 —2pzy + P2 +2R, —2in
€, |G| —2m +2p0y + po | —2Ray — R, ‘—22'1‘ + iy
14 :
er. |l 9o +2my —p. | —Ruy—2I | +24
el | 9 —2my —p. | +Rey—2L | —2i
24
Eé; 90 —2ry +2pzy +p. | +2Ry — R, | +201 — 2ipg
€2, 90 0 —2pzy + P2 —2R, +2iyy
&’ g | 48 +2pay + ps | —4Ru, — 2R, | —4i; — 2iyy
34 :
534 9o —2my — P2 —R.y +2I, | +2
est | 9o +2my —p: | +Ray+2I | —2i

Int.J Mol.Sci, 14, 714(2013)
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C4 Subgroup-defined tunneling parameter modeling
Table 11. Splittings of O O C} given sub-class structure.

0O>C, | 0° rn120° pn180° R,90° i, 180°
0, r1 = Reryaay R. = ReR, 11 = 11256
mp = Im 7234 I, =ImR, U = i34
ol = || 90 +8rp +2pzy + p. | +4R4y + 2R, I+Tz'1‘|+7z‘n'
cor | 9 0 ~2py + P +2R, [=2in
€04 90 —2r] +2p2y +p. | 2R,y — R, ‘—2i1‘|+ i1
14 . .
er. |l 9o +2my —p. | —Ruy—2I | +24
el | 9 —2my —p. | +Rey—2L | —2i
24
53;1 90 —2ry +2pzy +p. | +2Ry — R, | +201 — 2ipg
5 90 0 —2pzy + P2 —2R, +2i11
&’ g | 48 +2pay + ps | —4Ru, — 2R, | —4i; — 2iyy
3, .
834 Jo —2my —p. —R,, + 21, + 213
ess | 9o +2my —p- | tRayt2L | —2u Int.J.Mol.Sci, 14, 714(2013)
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C4 Subgroup-defined tunneling parameter modeling
Table 11. Splittings of O O C} given sub-class structure.

O>DCy || 0° rn120° pr180° R,90° 1, 180°
0, r1 = Rerjoay R, = ReR, 1] = 11256
my = Im 7934 I. =ImR, U1 = 134
ol = || 90 +8rp +2pzy + p. | +4R4y + 2R, I+Tz'1‘|+7z‘n'
cor | 9 0 ~2py + P +2R, [=2in
€04 90 —2r] +2p2y +p. | 2R,y — R, ‘—2i1‘|+ i1
14 . .
er, || 90 +2my —p. | —Ru,—2I ‘+2i1 ‘
el | 9 —2my —p: | +Rey—2L | |=2i1 ]
24 .
53;1 90 —2ry +2pzy +p. | +2Ry — R, | +201 — 2ipg
5 90 0 —2pzy + P2 —2R, +2i11
&’ g | 48 +2pay + ps | —4Ru, — 2R, | —4i; — 2iyy
34 :
834 Jo —2my —p. —R,, + 21, + 213
ess | 9o +2my —p- | tRayt2L | —2u Int.J.Mol.Sci, 14, 714(2013)
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C4 Subgroup-defined tunneling parameter modeling
Table 11. Splittings of O D C) given sub-class structure.

O>C, | 0° rn120° pn180° R,90° i, 180°
0, r1 = Reryaay _ R. = ReR, 11 = 11256
my = Im 7934 I. =ImR, U1 = 134
ol = || 90 +8rp +2pzy + p. | +4R4y + 2R, I+Tz‘1‘|-|—Tz‘H_
cor | 9 0 ~2py + P +2R, [=2in
€, 9| —2m +2pey + p2 | —2Rzy — R, ‘—Qil‘l—l— 2ip|
14 .
er, || 90 +2my —p. | —Ruy—2L ‘—l—2z’1 ‘
el | 9 —2my —p: | +Rey—2L | |=2i1 ]
24 : . . . .
53:1 90 —2ry +2pzy +p. | +2Ry — R, |+2i1|— 2217
€9, 90 0 —2pzy + P2 —2R, +2i11
N 9o +8rp +2p4y + P2 | —4R4y — 2R, \ﬁl — i
34 .
534 Jo —2my —p. —R,, + 21, + 213
ess | 9o +2my —p- | tRayt2L | —2u Int.J.Mol.Sci, 14, 714(2013)
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C4 Subgroup-defined tunneling parameter modeling
Table 11. Splittings of O D C) given sub-class structure.

oo>ac, | o rn120° 0 180° R,,90° i, 180°
0, r1 = Reryaay _ R. = ReR, 11 = 11256
my = Im 7934 I. =ImR, U1 = 134

ol = || 90 +8rp +2pzy + p. | +4R4y + 2R, I+Tz‘1‘|-|—Tz‘H_
cor | 9 0 ~2py + P +2R, [=2in
€, 9| —2m +2pey + p2 | —2Rzy — R, ‘—2il‘|+_2iu]
1, .
1. | 9 +2my ~ps | ~Rey—2L | [+2i |
el | 9 —2my —p: | +Rey—2L | |=2i1 ]
2 . . . . .
€, |90 —2n 20+ p. | +2Rey— R. |[+26] 20
E2 | %o 0 ~2pay + s —2R, |+2in |
& |go| +8m +2pey + ps | —ARay — 2R, ||—4it||= 2ig]
34 : .
534 Jo —2my —p. —R,, + 21, + 213
ess | 9o +2my —p- | tRayt2L | —2u Int.J.Mol.Sci, 14, 714(2013)
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C4 Subgroup-defined tunneling parameter modeling
Table 11. Splittings of O D C) given sub-class structure.

0>C, || 0° rn120° 0, 180° R,90° i, 180°
0, r1 = Reryaay _ R. = ReR, 11 = 11256
my = Im 7934 I. =ImR, U1 = 134
ol = || 90 +8rp +2pzy + p. | +4R4y + 2R, I+Tz‘1‘|-|—Tz‘H_
cor | 9 0 ~2py + P +2R, [=2in
€, 9| —2m +2pey + p2 | —2Rzy — R, ‘—Qil‘l—l— 2ip|
14 .
er, || 90 +2my —p. | —Ruy—2L ‘—l—2z’1 ‘
el | 9 —2my —p: | +Rey—2L | |=2i1 ]
% . . . . .
53:1 90 —2ry +2pzy +p. | +2Ry — R, |+2i1 2217
5 90 0 —2pzy + P2 —2R, | +2i |
& |go| +8m +2pey + ps | —ARay — 2R, ||—4it||= 2ig]
34 . .
h 90 —2my —pP —Rgy + 21, ‘ +2i; ‘
&5l || 9o +2my —p: | +Rey+2L | |20 | Int.J Mol.Sci, 14, 714(2013)
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Review Calculating idempotent projectors Pmm of ODCys PEp0, PE2,2, P10, P11, P22y,
Review Coset factored splitting of ODD4sDCy projectors

Review Broken-class-ordered splitting of ODD4DCs projectors and levels
Subgroup-defined tunneling parameter modeling
Comparing two diagonal ODCy parameter sets to SFs spectra

<

* Comparing two diagonal ODCs parameter sets to SFs spectra
Why ODC> parameter sets require off-diagonal nilpotent P, , (m=n)
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(a) SF, ¥, Rotational Structure FT IR and Laser Diode Spectra
K.C. Kim,W. B. Person, D. Seitz, and B.J. Krohn

J.Mol. Spectrosc. T6, 322(1979).

|

A R20) I Primary AET species mixing
| | T Te el L2l dR T I ] f e fp
i B e .:fagu.’m.;.x T1{{h distauce from
&20em_ BlSem 0o o | * SEPH{:H:”‘II i
\b) M88) Fine Structure tational a fropy efftects) _ | He=~ P(BB) '»
. SF6 v, P(88)~16m |- g e
i e --'-wmdmv'-w"kuw AR GO ~S-_ Y
Four fold .qj:_,:____.,--:‘;.._"':-’__..--""-— ”-'”;':i‘ _ f.-f IEI _fmixing ”‘*-'J.L-"n Q“':H"""\ "'--..__‘-_:h:;:ﬁ\:\ﬁ
=== pecies mising /741 | K;=..81 82 83 84 g5 86 87 88
(c) Superfine_Structure (Rotational axis tunneling) /N i = M
I,_f--'j:;ﬁﬂ-’[';‘.l'f"" s LN e g , |l
88 87 86 85 3483 82 81 80 79 78 77 76 75 74 73 (271.=Ky|'| Gl “’*mrﬂtﬁ!:“ﬁ’m
b e 150t 072Hz 7 WHz L |12 M — 1|
i B AT . 20 035kHz [T -
e’ 650 He L] e E I 27He [EFA,L 1 mwm .
70 Hz [T, E'_ﬁ'm ®h E 4z | &h | 7 kHz [ 1] [ 8.2MHz | T2
RN [ | L] ATE LLL W
Ii 1 Tl

e

Observed repeating sequence(s)...A T E T?IT1 ET,A, T,T,

--+.

ﬂ:‘ﬂ‘ : '[”4 2 {3}4;[‘”4 :_\
; . . AI | . " . -'ﬁil | . .
Local correlations explain clustering... aly . .
.. but what about spacing and ordering?... 5] I P
...and physical consequences? T 1 1+ 1 T (1 1 |
T, | | | '['3 | | |

Int.J.Mol.Sci, 14, 714(2013)
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‘Table 12. Splittings of O O Cj given sub-class structure.
C3 Subgroup-defined tunneling parameter modeling

O>DCs | 0° r,120° 0 180° R,,90° 1, 180°

0q r; = Re(r;) i1 = Im(ry) D= pu R, = Re(Ryy.) | i1 =113
rin = Re(rags) i1 = Im(ro34) L= Im(Rey:) | i = das

o | 90 2ry  +6rp 3p 6R, |Tz‘1|+ 34

e | 9o o + 671 3p —6R,, | —3ir]— 3

6{; 9o 2’7‘1 — 27‘11 —p 2Rn Iil— 3i11

€. 9 27y —2rq —p —2R, | —irhH 3in

I3

€1, 9% —r; + V/3i; — 3r; + 33 3p 0 I_OI

5 9 —rr + V/3ip + 1 — V3in —p 2R, +2V/3I, |L=2i]

6{3 go —r1 + V/3i1 + 1 — V/3in —p —2R, — 2V/3I, | 211 I

23

€3, g | —rr— V/3ir — 3ry — 3v/3iy 3p 0 I OI

Ep) 9 —rp — V/3ir + r + V3in —p 2R, —2V3I, |=2i]

€y | 90| —ri—V3ir+rn+ V3in) — | ~2R.+2VBL ||_2i | pusntorsei 14, 71402013)
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C3 Subgroup-defined tunneling parameter modeling

7Table 12. Splittings of O D Cj3 given sub-class structure.

O>DCs | 0° r,120° Pn180° R, 90° 1, 180°

0q r; = Re(r;) i1 = Im(ry) D= pu R, = Re(R,y.) i1 = 1136
rin = Re(resa) i1 = Im(razs) L =Im(Ryy.) | i = dass

ol |l 90 2r1  +6r 3p 6R, 341 |«3_z1|
e | 9o o + 671 3p —6R,, | —3ir]— 3|
8%3 9o 27‘1 — 27‘11 —p 2Rn ’iI 3i11
€. 9 27y —2rq —p —2R, I —i1|+ 3ird
I3
€1, go | —r1+V/3ip — 3rp + 3v/3in ITI 0 I_OI
s’f; 9o —r1 + V3 + rr — V3in L—0o | 2R, + 2v/3I, —2i
8{3 9o —r1 + /31 + i — V3in I —p I —2R,, — 231, | 211 I
23
€3, g | —rr— V/3ir — 3ry — 3v/3iy I 3p I 0 I OI
Ep) 9 —rp — V/3ir + r + V3in Ll —o 1| 2R,-2V3I, —21
€, | 90| —ri—V3ir+ru+ V3in) Lo || —2R.+2v3L || 20| 1usniorsei 14 714(2013)
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Review Calculating idempotent projectors Pty m of ODCy PEo, PE2,2, Pligo, P11, P22y,
Review Coset factored splitting of ODD4sDCy projectors
Review Broken-class-ordered splitting of ODD4DCs projectors and levels
Subgroup-defined tunneling parameter modeling
Comparing two diagonal ODCy parameter sets to SFs spectra
Comparing two diagonal ODCs parameter sets to SFs spectra
* Why ODC> parameter sets require off-diagonal nilpotent P, , (m=n)

<
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0oC, |0, 1, 2,
AdC; |1
AdCy |1
ElC; | - 1 1

TiC, |1 1 1
(7o I

s Local Cy
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4 dc
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Why ODC> parameter sets require off-diagonal nilpotent Py, , (m=n)

0oC, (i) | 0, 1, 0>C,(p.) | 0,
Adc, |1 AdC, |1
AC, 1 Adc, |1
ElC, |1 1 ElC, |2
TiC, |1 2 TiC, |1
e, |2 1 e, |1
0,oC, | A B A" B"| 0,oCi | A B
446, 11 4¢G5, 11
LG, | - 1 4,405, |1
ElC,, |1 1 ENCS, | 2
nlc, [ - 1 1 1 T,,\C;, 1
(oS I DA e 1
4,4C;, 1 4,4C;,
AZu\Lcév 1 AZu\LC2Zv
EC o1 EACS
TACL |11 1 TACE |1 1
LC 11 LACE 1

Int.J.Mol.Sci, 14, 714(2013)
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(a) Oglobal*olocalgoglobal*C4local ( f) Oglobalyoylocal

A4,

Local Cy

5r Local C

/\ 1 -

1) (1
@% TN Eve 4h G ocal C,Zv_
Local C,

Y

v

Why ODC> parameter sets require
off-diagonal nilpotent P+, , (m=n)

7,7,T,
0,0,0,
242 E1ofn€iof| €16€17815
S13814815 E':1982()321
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€€ &g

3+3+3
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Irreducible nilpotent projectors P, (m=n)
Using fundamental g—=P",, , relations: ( from Lecture 16) ‘
(@) Pt P 0 n=DVrn(@)P mn (b)) g=XyZmnD!mn(g)P'mn (€) Plon=(0"/°G)LeD" mn(g)g
Review of D3;DC>~ C3,DC,
Calculating and Factoring P11 1,0, and P13,
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Irreducible nilpotent projectors Py, ,

Fundamenml P~ o deﬁnitions o (from Lecture 16 p.34 and p.50)

(2) g= ZZD ' (g)P"

u m,n

(1) P, gP! =D/ (2)P.

(3)

'u:

mn

U

°G

OGg

D! (g)g
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Irreducible nilpotent projectors Py, ,

Fundamental P"y, , definitions: o (from Lecture 6 p.34 and p.50)
(1) PLgPl=D:(2PL  (2) g=). ) Dh(@P,  (3) Pi=
u mn

Problem: Need to derive both PH,, , and D"y, »(g) for unequal (m=n) values.

U

°G

°G

D) D! (g)g

g
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[rreducible nilpotent projectors Py, , (m=n)

Fundamental Pty definitions: o ou 3G
() PLgPh=Dh(@Ph () 8=22Dn@P,  (3) P,= OGZD“ (2)
u mn

Problem: Need to derive both PH,, , and D"y, »(g) for unequal (m=n) values.

Solution: First use P, in (1) to get something proportional to P#,,

P,.gP, =P,
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[rreducible nilpotent projectors Py, , (m=n)

Fundamental Pty definitions: o ou 3G
() PLgPh=Dh(@Ph () 8=22Dn@P,  (3) P,= OGZD“ (2)
u mn

Problem: Need to derive both PH,, , and D"y, »(g) for unequal (m=n) values.

Solution: First use Pty in (1) to get something proportional to P, , P! aP" = ()P

Then find D#,»(g) by operator transformations: gP = zD (g)Pk‘,j
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Irreducible nilpotent projectors Pty , (m=n)

Fundamental Pty definitions: o ou 3G
() PLgPh=Dh(@Ph () 8=22Dn@P,  (3) P,= OGZD“ (2)
u mn

Problem: Need to derive both PH,, , and D"y, »(g) for unequal (m=n) values.

Solution: First use Pty in (1) to get something proportional to P, , P! aP" = ()P

Then find D#,»(g) by operator transformations: gP = ZD (g)Pk‘,j

or by projector nomalization: PXPA =PLPH =P#

mn mn mn  nm
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Irreducible nilpotent projectors Pty , (m=n)

Fundamental Pty definitions: o ou 3G
() PLgPh=Dh(@Ph () 8=22Dn@P,  (3) P,= OGZD“ (2)
u mn

Problem: Need to derive both PH,, , and D"y, »(g) for unequal (m=n) values.

Solution: First use P#,,, in (1) to get something proportional to P#,, w o (P gPl = ()P

Then find D", (g) by operator transformations: gP! = 2 D[ (g)P/
k
or by projector nomalization: PXPA =PLPH =P#

mn mn mn  nm

or by ket-vector transformations: g\ P, > 2 D}, (g)‘ Pkl,i>

Sunday, April 12, 2015 37



Irreducible nilpotent projectors Pty , (m=n)

Fundamental Pty definitions: o ou 3G
() PLgPh=Dh(@Ph () 8=22Dn@P,  (3) P,= OGZD“ (2)
u mn

Problem: Need to derive both PH,, , and D"y, »(g) for unequal (m=n) values.

Solution: First use P#,,, in (1) to get something proportional to P#,, w o (P gPl = ()P

Then find D", (g) by operator transformations: gP! = 2 D[ (g)P/
k
or by projector nomalization: PXPA =PLPH =P#

mn mn mn  nm

or by ket-vector transformations: g\ P, > 2 D}, (g)‘ Pkl,i>
)= D (g)

or by direct (k,m)-matrix elements for any (») that gives nonzero value: <P g
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Irreducible nilpotent projectors Pty , (m=n)

Fundamental Pty definitions: o ou 3G
() PLgPh=Dh(@Ph () 8=22Dn@P,  (3) P,= OGZD“ (2)
u mn

Problem: Need to derive both PH,, , and D"y, »(g) for unequal (m=n) values.

Solution: First use P#,,, in (1) to get something proportional to P#,, w o (P gPl = ()P

Then find D", (g) by operator transformations: gP! = 2 D[ (g)P/
k
or by projector nomalization: PXPA =PLPH =P#

mn mn mn  nm

or by ket-vector transformations: g\ P, > 2 D}, (g)‘ Pkl,i>
)= D (g)

Hint: Sub-group chain factoring helps. Since P# 1s all-commuting: P, P“_Pnim _P“Pm4

or by direct (k,m)-matrix elements for any (») that gives nonzero value: <P g
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Irreducible nilpotent projectors Pty , (m=n)

Fundamental Pty definitions: o ou 3G
() PLgPh=Dh(@Ph () 8=22Dn@P,  (3) P,= OGZD“ (2)
u mn

Problem: Need to derive both PH,, , and D"y, »(g) for unequal (m=n) values.

Solution: First use P#,,, in (1) to get something proportional to P#,, w o (P gPl = ()P

Then find D", (g) by operator transformations: gP! = 2 D[ (g)P/
k
or by projector nomalization: PXPA =PLPH =P#

mn mn mn  nm

or by ket-vector transformations: g\ P, > 2 D}, (g)‘ Pkl,i>
)= D (g)

Hint: Sub-group chain factoring helps. Since P# 1s all-commuting: P, P“_Pnim =P"p,, my

or by direct (k,m)-matrix elements for any (») that gives nonzero value: <P g

This reduces to a smaller objectp,, 8P, to calculate: P;f{:m an‘:Ln4_ P“Pm 8P,
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Irreducible nilpotent projectors P, (m=n)
Using fundamental g—=P",, , relations: ( from Lecture 16)
(@) Pt P 0 n=DVrn(@)P mn (b)) g=XyZmnD!mn(g)P'mn (€) Plon=(0"/°G)LeD" mn(g)g
Review of D3> C>~ C3,DC, é

Calculating and Factoring P 1,0, and P13,
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Irreducible nilpotent projectors P, (m=n) G
Review of D3DC>~ C3,DC, P, = °G ZDH (2)g
Dy:ye |0 % X

A 1 1 1

Given: P"=1(2¢,-¢,+0)

1
E|2 -1 o0 :§(21“’“’2)

o
o
o

First do C> = {1 i3} splitting:

1 .
PoiOz—P Py, = L@1-r-r*)(1+iy) = ; Q1l-r—r’—i, —i, +2i;)

1 . . s .
P =P p, =3(21-r—r’);(1-iy)= g (21-r—r’+i, +i, - 2i;)

Then find nilpotent proportional to: Péo ) =PEP12 Py,
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Irreducible nilpotent projectors Pty , (m=n)

u °G
Review of D3DC>~ C3,DC, P, = fG ZD“*(g)g

Dy:yi | xi X' X

e=A 11 1 11 Given: PE=%(2c1—cr+O)

et |2 -1 o -le1-r-r?)
First do C> ={1.i3} splitting' 1
PoiOz:PEpOz:%(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;) axis
P =Pp, =3(21-r—r’);(1-iy)= g Q1-r—r+i +i, - 2iy) ( Sy

Then find nilpotent proportional to: P
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Irreducible nilpotent projectors Pty , (m=n) G i3
Review of D3DC>~ C3,DC, P, = °G ZDH (2)g
Dyl | 0 x X
a=A 1 1 1 1 Gijven: PE=%(2c1—cr+O)
“= B 1 2
a=E | 2 -1 0 =3(21-r—r")
First do C> ={1.i3} splitting' 11
PoiOz:PEpOz:%(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;) axis At axis
E
Py, = p12 3(21 r—r? 5(1_13) 6(21 r—r’+i, +i, - 2i ) [ A ( roori
Then find nilpotent proportional to: P1202 =PEp12rp02=PE %% 1| r  +4ri =% PEl 1 | r  +i,
| s | g iri, \ i, | -, _r?
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Irreducible nilpotent projectors Pty , (m=n)

1 °G
ué

Review of D3DC>~ C3,DC, P, = ZD . (2)g

°G
Dy:xl |\ xi° x x'
A 1 1 1

Given: P"=1(2¢,-¢,+0)

E |2 -1 0

o
o
o =%(21—r—r2)

First do C> ={1,i3} splitting'

1
PoiOz:PEpOzzg(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;)

E
P =
Ihly ~

Then ﬁnd nilpotent proportional to: P

or: =(7)(r— r’ —i, +1,)

1202

p12 3(21 r—r? 5(1_13) 6(21 r—r’ +i, +i, — 2i,)

r +rl3
1 r +ri,

r +l‘l3
1 ro+i,
o L] 2
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Irreducible nilpotent projectors Pty , (m=n)

1 °G
ué

Review of D3DC>~ C3,DC, P, = ZD . (2)g

°G
Dy:xl |\ xi° x x'
A 1 1 1

Given: P"=1(2¢,-¢,+0)

E |2 -1 0

o
o
o =%(21—r—r2)

First do C> ={1,i3} splitting'
PoiOz:PEpOz:%(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;)

1 . . s .
P =P p, =3(21-r—r’);(1-iy)= g (21-r—r’+i, +i, - 2i;)

Then ﬁnd nilpotent proportional to: P

or: =(7)(r— r’ —i, + 12)

P ,
22 T conjugatlon (r'=r’,r*'=r,il=i,,il=i,)
. PET = _
SO: P1202 = PO212 = (9) (I‘ r— l1 + 12)

r +rl3
. 1
1 r tri; =g

r +l‘l3
1 ro+i,
o L] 2
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Irreducible nilpotent projectors Pty » (m=n) G 1k
H ARTS

Review of D3DC>~ C3,DC, P, = °G ZD . (2)g
Dyl | 0 x X
A 1 1 1

Given: P"=1(2¢,-¢,+0)

1
E|2 -1 o0 :§(21“’“’2)

o
o
o

First do C> ={1,i3} splitting'
PoiOz:PEpOz:%(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;)

P =Pp, =3(21-r—r’);(1-iy)= g Q1-r—r+i +i, - 2iy) ( f i,
Then ﬁnd nilpotent proportional to: Pll;Oz =PEp12 Py, = P* %% 1| r  +4ri =% p*
. 1202 - (;; anjuga;;ozr)l (r'=r’,r*'=r,il=i,,il=i,) \ Iy | e
SO° Pligz = PO212 =) (r*-r- i +i,) Definition (1):P. 11, 7P 0202 1202
gives equation for (?)-factor: P(ilz 'Péoz 0202 = ()2 (r—r’ =i+ i,)(r’—r—i+i,)

r +l‘l3
1 ro+i,
o L] 2

E
(r) 1202—1) plzrpoz
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Irreducible nilpotent projectors Pty » (m=n) G 1k
H ARTS

Review of D3DC>~ C3,DC, P, = °G ZD . (2)g
Dyl | 0 x X
A 1 1 1

Given: P"=1(2¢,-¢,+0)

1
E|2 -1 o0 :§(21“’“’2)

o
o
o

First do C> ={1,i3} splitting'
PoiOz:PEpOz:%(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;)

E E_ 1 : N
P, =P p12=§(21—r—r 5(1_13): 6(21—r—r +i, +i, - 2i;) 5( A
Then ﬁnd nilpotent proportional to: P —PEplz Py, = P* % %: 1 r  +ri, =% P
or: Pl =()(r-r —i+1i,) |~y | —igr —iyri,
2 T conjugatlon (r'=r’,r*'=r,il=i,,il=i,) N T
P .
SO PlZ(;LZ = PO212 = (9) (I’ —Ir— l1 + 12)
. . E ok 2 Ly
gives equation for (?)-factor: Po_i, P19 = 0202 =(7)*(r* - —i,+iy))(r—r 11 + 12) :

r +l‘l3
1 ro+i,
° ° 2
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Irreducible nilpotent projectors Pty » (m=n) G 1k
H ARTS

Review of D3DC>~ C3,DC, P, = °G ZD . (2)g
Dyl | 0 x X
A 1 1 1

Given: P"=1(2¢,-¢,+0)

1
E|2 -1 o0 :§(21“’“’2)

o
o
o

First do C> ={1,i3} splitting'
1 .
PoiOz:PEpOzzg(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;)

Pélz :PEplzz%(21—r—r A(1—iy)= ¢ 21-r—r"+i, +i, - 2i;) ;/ F i, ( N~
Then ﬁnd nilpotent proportional to: P —PEplz Py, = p* % %: 1 r  +ri, =% Pl 1 | r i,

: =?)(r—r°—1,+i | —i, | —i —i,ri s s 2
or: Plz(irz ) (P) (T conjuglatlozr)l (rlf—r r2i=r 1?-11,12_12) '8_13__131:_1?1'13__ N(;te zliagolrlla] l)rE
SO: 105~ 10yly = (9) (I’ —r— l1 + 12) , D(g:)z(l) 1
gives equation for (?)-factor: P(glz 'Pfioz 0202 —(7)(1‘11 +12)(l‘1‘211 +12) / 0202(r)_'_

=11 =r? =iy~ i, + 2i)=( =1(DE, (WD, (e +..)
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Irreducible nilpotent projectors Pty » (m=n) G 1k
H ARTS

Review of D3DC>~ C3,DC, P, = °G ZD . (2)g
Dyl | 0 x X
A 1 1 1

Given: P"=1(2¢,-¢,+0)

1
E|2 -1 o0 :§(21““‘r2)

o
o
o

First do C> ={1,i3} splitting'
PoiOz:PEpOz:%(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;)

P =P p, =3(21-r—r’);(1-iy)= g (21-r—r’+i, +i, - 2i;) ;/ F i, ( N~
Then ﬁnd nilpotent proportional to: P —PEplzl‘pOz—PE%%: 1 r  +ri, =% Pl 1 | r i,
or: PL =()(r- r’ —i+1i,) |~y | —igr —iyri, il —i 2
o vt opp | S P ) D o oo
20, 212 | 0202
gives equation for (?)-factor: Foy, Pig, =Foyg, =) (" ~1 iy +ip)r=r iy +1) [Pl

( o =%(21—r_r2—il—i2+2i3)=(o(—) =§)(D£22(1)1+szz(r)r+ )

+r —r —1; +l2

+r°| 41 -r -,

Poo, =™ —r |- 1 +iy —i

-1, | -1, +i, +1 —r

. . . 2
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Irreducible nilpotent projectors Pty » (m=n) G 1k
H ARTS

Review of D3DC>~ C3,DC, P, = °G ZD . (2)g
Dyl | 0 x X
A 1 1 1

Given: P"=1(2¢,-¢,+0)

1
E|2 -1 o0 :§(21“’“’2)

o
o
(04

First do C> ={1,i3} splitting'
PoiOz:PEpOz:%(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;)

E E_ _1 : A
P, =P p12=§(21—r—r 5(1_13): 6(21—1‘—1‘ +i, +i, —2i,) E/ A ( roori
Then ﬁnd nilpotent proportional to: P —PEplz Py, = P* % % 1 r i, =% Pl 1 | r i,
or: 1 0.=()(r— r’ —i;+1i,) | =y | —ir —igrig il =i —p?
202 - o2 2oy i ifo \ B Th
conjugation: (r'=r-,r°'=r,i,=i,i,=1,) ...
pEY _pF f ?J e ( N 1=t 1=a) Note diagonal DE
SO° 110, = M0p15 ()" (X —r =i, +i,) . Dozoz(l) 1
. . E pE 2 .y
gives equation for (?)-factor: P0212 'P1202 0202 _(?)(rl 1 2)(rr11+1 ?.) : / 0202(r)___
| 2 . . . * s
( \ =(21-r—r —11—12+213)=(06 =§)(Df2 02(1)1+Df 0, (1T +..)
+r -r’ -1, i,

+r +1 -—r —i2 +i

E 2 2 2 . . .
Pro = —r | —r? 41 iy - |=()7(H41-2r-2r" =20, -2i, + 4iy)

-1, | -1, +i, +1 -—r

. . . 2
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Irreducible nilpotent projectors Pty » (m=n) G 1k
H ARTS

Review of D3DC>~ C3,DC, P, = °G ZD . (2)g
Dyl | 0 x X
A 1 1 1

Given: P"=1(2¢,-¢,+0)

1
E|2 -1 o0 :§(21“’“’2)

o
o
(04

First do C> ={1,i3} splitting'
PoiOz:PEpOz:%(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;)

E E_ _1 : CTT U
P1212 =P p12=§(21—r—r 5(1_13): 6(21—1‘—1‘ +i, +i, —2i,) E/ A ( A
Then ﬁnd nilpotent proportional to: P —PEplzl‘pO2 =p* % % 1 r  +ri, =% Pl 1 | r i,
Or': 1 0.=()(r— r’ —1i, +i,) | =y | —ir —igrig il =i —p?
202 . L I S G \ 3|17
Tconjugatlon (r'=ror-'=ri=i,i=i,) \ .
or PETZPE () (i —r—i +i) NoteEgkhagonalD
© 1,05 T 0ply 102 . Dozoz(l) 1
. . E pE 2 .y
gives equation for (?)-factor: Po_i, P19 = 0202— (2)*(r* —=r =i +i,)(r-r 11 +i,) ! / 0202(r)_'_
_ 1 2 . . . * s
( \ —s(21-r—r" i, —i, +213)=(06 =§)(Df2 02(1)1+Df 0, (1T +..)
2. : »
+r  -r°  —i, +i :
1 2 2 41!
(?) 4_§ :

+r +1  -r i, +i, | 7777

E 2 . . .
Poo =™ —r |—r® +1 +i; i _m “(h41-2r - 2r = 2i —2i, +4i,)

-1, | -1, +i, +1 -—r

. . . 2
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Irreducible nilpotent projectors Pty » (m=n) G 1k
H ARTS

Review of D3DC>~ C3,DC, P, = °G ZD . (2)g
Dyl | 0 x X
A 1 1 1

Given: P"=1(2¢,-¢,+0)

1
E|2 -1 o0 :§(21“’“’2)

o
o
o

First do C> ={1,i3} splitting'
PoiOz:PEpOz:%(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;)

E E 1 L4 o ] ° 1
P1212 =P p12=§(21—r—r z(1—13):5(21—r—r +i, +i, —2i,) E/ A ( A
Then ﬁnd nilpotent proportional to: P —PEplz Py, = p* % % 1 r  +ri, =% Pl 1 | r i,
2 2 . R L S SR \ 3| 7h
T conjugatlon (r'=ror-'=ri=i,i=i,) \ .
or PETZPE () (i —r—i +i) NoteEgkhagonalD
. . E pE 2 N
gives equation for (?)-factor: Po_i, P19 = 0202— (2)*(r* —=r =i +i,)(r-r 11 +i,) ! / 0202(r)_'_
_1 2 . ° ° * %
/ \ _6(21 —r—r —p -1+ 213):(0(—) =3 )(D(i()z(l)1+D(j)E Oz(r)r +..)
2 : »
+r -r° —i, +i :
1 2 2. 4-1:
(7)"4=3

+r +1  -r i, +i, | 7777

E 2 . . .
Poo =™ —r |—r® +1 +i; i _m “(h41-2r - 2r = 2i —2i, +4i,)

—i, | -1, +i; +1 -r Solving gives unknown (?)-factor: (?)==+v3/6

. . . 2
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Irreducible nilpotent projectors P!y, , (m=ir)

e
Review of D3DC>~ C3,DC, o = f_G
Dy:ye |2 %' x| 0 T
=41 1 1 1 Given: PE:%(ch—c,ﬁO)
Z;E 2 -1 0 =3(21-r-r?)

First do C> ={1,i3} splitting'

1
Pob;oz =PEp02:§(21—r r’ (1+13) 6(21 r—r’ —i, —
']é """"""" f """""""""""""""""""""""""""""""" r
P, =P'py, z(21-r r’ (1—13) 6(21—r r’ +i, +i, —2i,) E/ A ( roori
Then ﬁnd nilpotent proportional to: P —PEplzl‘pO2 =P* % %: 1 r  +ri, =% Pl 1 | r i,
Or. 1 0, (?) (l' l' 11 +12) E _i3 i3r i31'i3 —i, | —1 —1'2 :
20 - e 2 i i A L "B Th .
conjugation: (r'=r-,r°'=r,i,=i,i,=1,) ... .
pEY _pF f ) Ak ( N =l 1) Note diagonal DE
SO° 110, = M0p15 ()" (r —r =i +iy) Dozoz(l) 1
gives equation for (?)-factor: Foj1, Pryo, =Fo 0, = ()" (" ~r—i; + _‘_2_)_(_"__}’____31_1‘%_)_. / Doy0,(¥)=3
_ 1 2 . . * s
( \ —s(21-r—r" i, —i, +213)=(0O =3)(Df2 02(1)1+Df MGLES )
2 . : . Memmeesneeefiilff
+r -r° —i, +i :
. | (4
tro| 41 -r i, +i,
2 L . . .
P(i 0, = —r |1t A+, i |= m “(+41-2r —2r° - 2i, — 2i, +4i,)
—i, | -1, +i; +1 -r Solvmg glves* unknown (?)-factor: (?)=4=/3/6
) () 4=373D5.0, (D)
+H, | Hy i -1+ : 37070y
\ J o e
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Irreducible nilpotent projectors P!y, , (m=ir)

VA
: Ho_
Review of D3D>C>~ C3,DC, oy
Doyl |\ 2l oxloxi | TTTTTTTmTmTmmmmmmmmmmmmneees
A 1 1 1 ° . E_1
a_ Given: P :§(2c1 -c, +0)
o . —1(21—r—r2)
o=F 2 -1 0 —3

First do C> ={1,i3} splitting'

1
P()iozszp02:§(21_r r’ (1+13) 6(21 r—r’ —i, —
']é """"""" f """"""""""""""""""""""""""""" r
P, =P'py, z(21-r r’ (1—13) 6(21—r r’ +i, +i, —2i,) E/ A ( roori
Then ﬁnd nilpotent proportional to: P —PEplzl‘pO2 =P* % % 1 r  +ri, =% Pl 1 | r i,
Or. 1 0, (?) (l' l' 11 +12) E _i3 i3r i31'i3 —i, | —1 —1'2 :
20 - 2 2 e it i \ L BTN .
r'=r-r°'=ri=i,i,=i,) . .
S Tco?njugatlon ( 1 =ipi)=1,) Note diagonal D*
SO° 0,7~ 0212_(') (r* —r—i; +i,) Dozoz(l) 1
gives equation for (?)-factor: Po,1, Pijo, =Po0, T_(_T)___(_':____---.‘lf _‘_2_)_(_"___3’____31.1'%_)_. / Doy0,(¥)=3
_ 1 2 . . * s
( \ —EI_(_Z_'l—r—r 12+213)—(0O —3)(1)552 02(1)1+Df Oz(r)r+ )
T P v Tty
1 2 (7)2-4= 1 Th1s gives off—dlagonal PZ, NI f G,
+rr| +1  -r —-i, +iy | T :l:P 0515~ 3( I3 r’ 12) :
E 2 . R By . . .
Pro = —r|—r? 41 +i, -i _m (441 =21 —2r% = 2i, — 2i, +4i,)
—i, | -1, +i; +1 -r Solvmg glves unknown (?)-factor: (?)=4=/3/6
) d=x 1
B T B e
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Irreducible nilpotent projectors Pty (m=)-====--:-- SGTTTTTTTT :'

e
Review of D3DC>~ C3,DC, Pn{zln - f_G
D,y | xi x° x
=41 1 1 1 Given: PE:%(ch—c,ﬁO)
Z;E 2 -1 0 =3(21-r-r?)

First do C> ={1,i3} splitting'
(1+13) 6(21 r—r’ —i, —

E _pE. _1
P0202—P p02—§(21—r r’

E 1
P, =P'py, z(21-r r’ (1—13) 6(21—1'—1' +Hi iy —2iy) o A ( roori
Then ﬁnd nilpotent proportional to: P —PEplzl‘pO2 =P* %% 1 r i, =% Pl 1 | r i,
or: 10 =(?)(r—r’ —i, +1i,) | =iy | —igr —igri, R R T
202 - op? f 2 o i i \ B Th .
conjugation: (r'=r-,r°'=r,i,=i,i,=1,) ... .
pEf _p f ) Ak ( 1=t 1=a) Note diagonal D
SO° 0,7~ 0212_(') (r* —r—i, +i) D(fzoz(l) 1 :
gives equation for (?)-factor: Fo 1, P10, = 0202 —(‘7)(1‘11 +12)(l‘1’11 i) ; / 0202(1-);[._
_1 2 . . A
g \ _6(21 —r=r —-1,-1, +2l3) .(OI_) 3)( 0202(1)1"' 0,0, (r)r+..
T T e vty
1 2 (7)%-4= 1 Th1s gives off—dlagonal PZ, NI f \[
+r’| 41  -r —i, i, o :l:P 0515 3( r+3 r’ 21 12)
E 2 ------ [ o (] "
Pro =% —r |2 41 4y -i |- m (41— 2r —2r% = 2i, - 2i, + 4i,)
—i, | -1, +i; +1 -r Solvmg glves unknown (?)-factor: (?)=4=/3/6 :
R (2)-4=4 0,(0  ...and off-diagonal: iD(;E;z(r):-*/;,etc.
\ J T
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Finally, must set + signs of off-diagonal components...

E V3.3 2 V3. 3.
+P0212 F(5r=5 =50+ )
0212(r) \/_,ez‘c
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Irreducible nilpotent projectors Py, n(m=n)
Review of D3DC>~ C3,DC,

o

Dy:xl |\ xi° x x'
A 1 1 1

Given: P"=1(2¢,-¢,+0)

E |2 -1 0

o
“ 1 2
o =3(21-r-r")

First do C> ={1,i3} splitting'

1
PoiOz:PEpOzzg(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;)

p:.  =p*

11, (21 r—r? 5(1_1

(21 r—r’ +i, +i, — 2i,)

P1,=3 =5

Then find nilpotent proportional to: P

pf (f fsz
—3

0,1,=3 ((3T+5 I =5 L+35 1)) NOW to set + signs...

Make group space vectors:
Py )= 5 5 I r) e )=]iy) ia) + 2 )
Plo, ) =2 O[1)+[ )] )], )4]i,)+0lis)

r +rl3
1 r +ri,

r +l‘l3
1 ro+i,
o L] 2

Sunday, April 12, 2015
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Irreducible nilpotent projectors Py, n(m=n) ig
Review of D3DC>~ C3,DC,

o

Dy:xl |\ xi° x x'
A 1 1 1

Given: P"=1(2¢,-¢,+0)

1
E|2 -1 o0 :§(21“’“’2)

o
o
o

First do C> ={1,i3} splitting'

1
PoiOz:PEpOzzg(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;)

E
P =
Ihly ~

p12 3(21 r—r? 5(1_13) 6(21 r—r’ +Hi +i, —2i;) A ( -

Then find nilpotent proportional to: P 20, =PEp121‘p02 =P* %% 1| r +4riy =2P"| 1 |r

+Poi12 3 (- \51' +£ 2 *f i+ *[12) Now, to set + signs... \ —ly | —lyr i, \ —i; | -,

Make group space vectors: Do desired g=r transformation:

PLo >: L)) ) i) i)+ i) r P()§02>= L) e - ig) i) + 2y )
1202> 5 (0[1)+]r)= ‘ >_‘ i) +i) +0]is)) r Plgo2 >: (0 r>+‘ r2>_ 1)-|i;)+i;) +0]i;))
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Irreducible nilpotent projectors Py, n(m=n) ig
Review of D3DC>~ C3,DC,

o

Dy:xl |\ xi° x x'
A 1 1 1

Given: P"=1(2¢,-¢,+0)

1
E|2 -1 o0 :§(21“’“’2)

o
o
(04

First do C> ={1,i3} splitting'

1
PoiOz:PEpOzzg(ﬂ—r r’)y(1+iy) = ¢ (21-r—r"—i, —i, +2i;)

E
P =
Ihly ~

p12 3(21 r—r? 5(1_13) 6(21 r—r’ +Hi +i, —2i;) A ( -

Then find nilpotent proportional to: P 20, =PEp121‘p02 =P* %% 1| r +4riy =2P"| 1 |r

+Poi12 3 (- \51' +£ 2 *f i+ *f 5 1,) Now, to set + signs... \ —ly | —lyr i, \ —i; | -,
Make group space vectors: Do desired g=r transformation:

Pog02>: L)) ) i) i)+ i) r P()Ez02>: L) e - ig) i) + 2y )
Péoz >:%(0‘1>+‘ r>_‘r2>_‘ i) +i) +0]is)) r Plgo2 >: (0 r>+‘ r2>_ 1)-|i;)+i;) +0]i;))

Set up to find matrix of g=r transformation:
r Pob;oz>: Lodn)+2 r>—‘r2 >— i)+ 20i,)-|iy)

| Pl >= 21+ 0] )+ )iy )+ i) i)

Sunday, April 12, 2015



Irreducible nilpotent projectors Py, n(m=n)
Review of D3DC>~ C3,DC,

Dy:xl |\ xi° x x'
oa=A 1 1 1 . . E_1
Given: P"=3(2¢,—¢,+0)
o= —
oa=F 2 -1 0

First do C> ={1,i3} splitting'

PE

Pélz = p12 L@1-r-r*) (1-iy)= ¢ (21-r—r’+i, +i, — 2i;) (
Then find nilpotent proportional to: P —PEplzrpoz— P
+P0i12 5 (- {1‘ +£ r’- f i+ +3 5 15) NOW to set =+ signs...

_pE, _1
0202—P p02—§(21—r r’

Make group space vectors:

E

E
P
150,

rlP”

E
r P
1505

_ 1
070, >_ 23 (=

)= 3¢

1>+2

1)+0

r>—‘r2>— i

r>+‘r2>+

1 2
=3(21-r-r")

(1+13) 6(21 r—r’

i, )= 2 G-I [ 1) i)+ i)
=301+ ) )], ]1,)+ )

Set up to find matrix of g=r transformation:

)+2]iy )= |is))
i) +0]iy) | i)

1 12 +213)

. ( :
r Trl, r +l‘l3

1 | r +ri :% Pl 1 |+,
_o _o _o . N R 2

Do desired g=r transformation:

r

0,0,

E
P
0,0,

E
P
150,

< 1202‘ ‘

- fo

0,0,

)-|r)-

r>+‘ r2>—

1)-
1)-

i3>_‘ i1>+2‘ i2>)
i3>+‘ i1>+O| i3>)

E N1 m 1 11 1av L (c1ar 112 — Ty =
r|P >_2ﬁ(21111+2)2ﬁ( 1+2-1-1+2-1)=—1/2

L 1o 491142 1) =
> F(O+1=1=1+140) Lo (42— 1-1+2-1) J3/2
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Irreducible nilpotent projectors Py, n(m=n) ig

Review of D3DC>~ C3,DC,

o

Dy:xl |\ xi° x x'
A 1 1 1

Given: P"=1(2¢,-¢,+0)

E |2 -1 0

o
“ 1 2
o =3(21-r-r")

First do C> ={1,i3} splitting'

1
E
P, = p12 3(21 r—r? 5(1_13) 6(21 r—r’ +Hi +i, —2i;) A ( roori

Then find nilpotent proportional to: P 20, =PEp121‘p02 =p* 75| 1 r  +ri, =% Pl 1 | r i,

+Poi12 3 (- \51' +£ 2 *f i+ *f 5 1,) Now, to set + signs... L —hr g1 \ —iy | -1, -r
Make group space vectors: Do desired g=r transformation:

Pog02>: L)) ) i) i)+ i) r P()Ez02>: L) e - ig) i) + 2y )

Péoz >:%(0‘1>+‘ r>_‘r2>_‘ i) +i) +0]is)) r Plgo2 >: (0 r>+‘ r2>_ 1)-|i;)+i;) +0]i;))

Set up to find matrix of g=r transformation: .
<P ‘ ‘ > (2-1-1-1-142) 1 (=14+2-1-142-1)=—1/2=D} , (r)
E 1 2 . . . 0202 7| 70205 f f 0,0,
[Py )= L)+ 2 r)= | ) i)+ 2fi,) i) o ot ttsat e
2%2/ 243 < 1202| ‘ 2>_ 3 (0+1= 1=1414+0) e (~142-1-142-1) =\/3/2=Dy y ()
| Pl >= 21+ 0] )+ )iy )+ i) i)
E E 1
The Doj  sign is@ <P0202‘r‘P1202> Ll 12) (-1 0+ 14140 1)@/2 NG
EllpE \_ 1 1 D=—1/2 =
This checks with p. 56 <P1202|r‘P1202>— 2(O+1—1—1+1+O)2( 1+0+1+1+0-1) =—1/2 —Dlzlz(r))
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This amounts to the world's

most complicated derivation
of: cos 120°=-1/2
and: sin 120°=V3/2

120°) —sin(120° 19
DE(r)= DE(1200)=| €S20 —sind20%) 1 1172 V3172

sin(120°)  cos(120°) J3/2 —-1/2

b

3. E
7 1)=P )

150,

p- 1(_\/551, B2 B

=3 +5 r°—5 i, +
0515 3 2 2 1

Coefficients Dl.(?)(g)are irreducible representations (ireps) of g
1 ’ r r i i

g= L 1

Sunday, April 12, 2015



2424

Irreducible nilpotent projectors P, (m=n)
Using fundamental g—=P",, , relations: ( from Lecture 16)
(@) Pt P 0 n=DVrn(@)P mn (b)) g=XyZmnD!mn(g)P'mn (€) Plon=(0"/°G)LeD" mn(g)g
Review of D3;DC>~ C3,DCy calculations of P#w,n and D*p,
* Calculating and Factoring P 1,0, and P13, é
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Irreducible nilpotent projectors Py, ,

Coset-factored Ti-sum.:(First display idempotent projectors P.' and diagonal components D,Z,;l*(g)
P = (()1p, +©O)rpp, +G()rp, +E)rp,  +EH)EP, +E)Ep, ]
P = [(D1p, +(O0)pp, +C)rp, +E)rp,  +(H)FP, ) Ep,]

‘ Pof@ =, [(1)-1p,,, +O)rp, +O)yr,p,, +O)Fp,  +(O)F,p,]

(a) Vector ', Representatio \

PN(1) = R} =

=3 & .
T | o2y pr e

O 0 | °G=24 %
| d Vector

@t N ‘ )z 0>C;
e Rd left cosets
l: O@L FOg 1ok k]
C4 " {vapy’i4’i3}
FT(R,) = iy {r1’r4’i1’Ry}
D4 {rz,r3,i2,l~{y}
P@ P@ : (RN
| (R i)

p, =(1+R_+p_+R )4
p,=(-iR_-p +iR_)/4

Ty ) p, =(I-R_+p -R )4

FT(RY) « F
":
0,

BEiE] |

A
/

i O T,
= | basis Dg: | E
2 Cs: | 0 .

4

p, =(1+iR_-p_-iR )4
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Irreducible nilpotent projectors Py, , 0>y
left cosets

Coset-factored T1-sum:(Now find nilpotent projectors Pj?and off-diagonal D Jil*(g)

, . ; . {l’pz’Rz’Rz}
Pl4Tl = é[(l)'lp14 +(0)'pxp14 +(+§)-r1p14 +(+§)-r2p14 +('é)'l~'1p14 +('é)'l~°2p14] {P 0 i i}
. . . . X s%4 9
P3T34 = 8[(1)'1[)34 +(0)'PXP34 +('é)'r1p34 +(-é)°l'2p34 +(+é)°l~.1p34 +(+é)'l~.2p34] {1‘ l'yl R }
P0?04 =§ [(1)'11304 +('1)'pxpo4 +(0)-l’1p04 "'(())'rzpo4 ""(())'l~'1po4 +(0)'f2po4] { }
12,
. T 7, __ T T
Calculating: P, | r Pj{, = 1404 (r)P; =P'p, rp, ? . }}
r 4’ x’IS

p, =(1+R_+p_+R )/4
4
|3 2mEimep p, =(1-iR_-p_+iR_)/4
p,=—Xe * RPf=q ° 3
+o4p=0 p,=(1-R_+p_R.)4
u _ . T
Consistent with standard:Pn’jM v D () p34—(1+ R.-p,-iR.)4
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Irreducible nilpotent projectors Py, , 0>y
left cosets

Coset-factored T1-sum:(Now find nilpotent projectors Pj?and off-diagonal D Jil*(g)

, . ; . {l’pz’Rz’Rz}
Pl4Tl = é[(l)'lp14 +(0)'pxp14 +(+§)-l’1p14 +(+§)-r2p14 +('§)'1~'1p14 +('é)'l~°2p14] {P 0 i i}
. . . . X s%4 9
P3T34 = 8[(1)'1[)34 +(0)'PXP34 +('é)'r1p34 +(-é)°l'2p34 +(+é)°l~.1p34 +(+é)'l~.2p34] {1’ l'yl R }
P0?04 =§ [(1)'11304 +('1)'pxpo4 +(0)-l’1p04 +(O)-r2p04 ""(())'l~'1po4 +(0)'l~'2po4] { }
12,
. T, T, __ T T,
Calculating: P, | r Pj{, = 1404 (r)P; =P'p, rp, ? . }}
r 4’ x’IS

Then find nilpotent proportional to: p, I p,,

p, =(1+R_+p_+R )/4
4
|3 2mEimep p, =(1-iR_-p_+iR_)/4
p,=—Xe * RPf=q ° 3
+o4p=0 p,=(1-R_+p_R.)4
u _ . T
Consistent with standard:Pn’jM v D () p34—(1+ R.-p,-iR.)4
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Irreducible nilpotent projectors Py, ,

Coset-factored T1-sum:(Now find nilpotent projectors Pj?and off-diagonal D Jil*(g)
+(-3)F,p, ]
+(+é)-l~‘2p34]

P14T1 = é[(l)'lp14
P’ = ;[()1p,,
P0€1()4 =§ [(1)'11304

Calculating: P'' r

1,1, T

+(0)-p.p,
+ (O) pxp 3
+ (_1) pxp 04

P

0,0, —

+(+3) TP,

+(—§)-r1p 34

+(0)rp,,

T
Dy, (r )P =

+(+3)T,p
+(—§)-I‘2p 34
+(0)r,p,,

+(-5)Ep,,
+(+§)'I~'1p34

+(0)-Fp,,

P'p rp,

+(0)-1,p,,]

0OCy
left cosets

’pz ’Rz ’Rz}

p, =(1+R_+p_+R )/4
4

p, =(1-iR_-p_+iR_)/4
4

p,=(1-R_+p_R.)4

p, =(1+ iR _-p_-iR_)/4
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Irreducible nilpotent projectors Py, , 0>y

left cosets

. . T . *

Coset-factored T1-sum:(Now ﬁna’ nilpotent projectors ijland oﬂdzqgonal D JQ (g2) {LPZ,RZ,K}
PTI = é[(l)'lpu +(O)'pxp14 +(+é)°l'1p14 +(+§)'l'2p14 +(_é).l~'1pl4 +('é)'l~'2p14] { .
P3T34 = [(1)11)34 +(0)'PXP34 +('é)'r1p34 +('é)°r2p34 +(+é)'f‘1p34 +(+§)'l~.2p34] {

P0741104 =§ [(1)'11304 +('1)'pxpo4 ""(0)'1'11)04 "‘(())'rzpo4 "'(O)'i:1p04 +(O)-l~‘2p04] {
{

. T, I, __ T T
Calculating: P/j v P\ = 1404(1'1)P1404 P'p, rp,,

r, r, i, R

1 I, r, i, R

Then find nilpotent proportional to:p, r,p,, =]]6 p. | - Iy T, —Ry -1,
—iR, | —ii;, —iR, —if, —iF,

+iR, | +iR,  +ii, +if, +iF,

=[(r,+r, +i, +R ) —(r, +r,+i, +R ) —i(f +F,+ R +i,)+i(F, +F, + R, +i5)]/16

=[r,p 0, LPo,~ if’lp 0,7 ifzp 0,]/4

p, =(1+R_+p_+R )/4
4
|3 2mEimep p, =(1-iR_-p_+iR_)/4
p,=72e * Ri=¢ = )
t o Ap=0 p,=(1-R_+p_R.)4
u _ . T
Consistent with standard:P, = fG m4m4(g)g \ p34_(1+le-pz-le)/ 4
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—1

P1T14 PoTlo :1D1T4104(r1)

T, T
P140 =P P,.rP,

\/_p14 1p04 \/§|: r1p04+1‘2p04+i1~'1p04—if'2p04]Z

Relating off—dlagonlal 1404 components D/l| (g)

to coefficients of —=

-------------------

p,.rp, -
\/—14104

Q 4
f (a) Vector 7, Representation : ~~~ ,' —", ’
. N . ‘—'
: 8 ----I Nemm- RO R ] -:--.
7 (1) R r : ’ : ri r.:‘ :
2 £ : » :-..-
1 [ I ] ! ! ! ! i I i
: : : : : e) \ : 2 ) : : G‘)
! 1 @:’ ' ' || AR (| N
. i i 1 : i i 1 : i i : i - f -
] -1 . {: 2 2 \'-\ : 2 3 V2 il » 3 2 7 ~ =
‘ . - y . - y - - Vi
! ~1g] ' : "
1 ¥, ! : i [ 1 ] ] | | -
n = ~ A 1 ~ n L B ‘ 1 - - F
1| V< V< | V< [4 I ye J HR'Z - t ”
| ] RSEE R Iec O}
1 1 1
£ &S [ [ T - --—-
#T(R?) R? . .
B - - - X,),Z
) b VA
L@
. RRC ]
(R, iy
| i{ '
: ]
7 (RY) iy

D

():I‘|‘Il\ ’1\
Ut \
basis Dg: | E :I E })|A, /'
f
I {14
Cs 1;/ \t/ O, I
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Irreducible nilpotent projectors Py, ,

Coset-factored T1-sum:(Now find nilpotent projectors Pj?and off-diagonal D Jil*(g)

Pl =M1p, +O)»pp, +G)Tp,  +G)rp,  +()EP, H(5)Fp ]
P = ((D1p, +O)ypp, +E)rp, +G)r,p,  +G)Epy, +G)Ep,]
P0€1()4 =§ [(1)'11304 +(-1)'le304 +(0)-l‘1p04 "'(())'rzpo4 ""(O)'f'ﬂ)o4 +(O)-l~‘2p04]
Calculating: Plir P€‘04 = 1404 (r )P14T(34 = PTlpl4r1p 0,
NOTE: These projectors
still have phase errors I r, i R
as of 4.12.15 . -
(However final tables OK) 1 I L, L R,
Then find nilpotent proportional to:p, r,p,, =]]6 p, | -3 I, —Ry —1,
+iR, | +ii, +iR, +iF, +iF,
—iR, | =R, —ii, —if, -iF,

0OCy
left cosets

1Lp..R. ,RZ}

{

1PoPy oAy |
{r r,,i,,R }
(Tida R, |
(B R |
1R FR s |

4 ’Rx ’15

=[(r,+r, +i, +R ) —(r, +r,+i, +R ) +i(f +F,+ R, +i,)—i(F, +F, + R, +i5)]/16

=r,p 0,

Result 1s nicely factored: 1)14T104
P’

1,0, PTlp 1, TP, ~ (7)(r,p 0,

P, +ifp, —iEp, /4 =

r,p 04+ r,p 0, Ir,p 04)

(r,

—T, +IT, —il"z)p04/4

Consistent with standard: P“ =

~°G

m4m4(g)g \

p, =(1+R_+p_+R )/4
4

p, =(1-iR_-p_+iR )/4
4

p,=(LR_+p, R_)/4

p, =(1+iR_-p_-iR_)/4
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Irreducible nilpotent projectors Py, ,

Coset-factored Ti-sum.:

0OCy
left cosets

{l’pz ’Rz ’Rz}

P14Ti4 = é[(l)'lp14 +(0)'pxp14 +(+§)-r1p14 +(+§)-l’2pl4 +('§)'l~'1p14 +(—§)-l~'2p14] {P 0. i}
. . . - l - X y’ 493
P3?34 = é[(l)-1p34 +(O)'pxp34 +(—§)-I‘1p34 +(-§)°I‘2p34 +(+§)'Y1P34 +(+5)-I‘2p34] {r LR }
~ - 1984949
Poilo4 = (D-1p,, +CD-pp,, +O)rp, +(0)r,p,, +(O)Fp, +(0)-F,p,] ) -
{rz,r3,12,Ry}
ol =Ddh — L 2 DL DN = i, F,R i
Calculating: B, ¥R} =Dy, (F)P; =P'p,Fp, } v 6}}
. R
NOTE: These projectors e
still have phase errors P —f, —iR_ i,
as of 4.12.15 —
(However final tables OK) 1| r, -r; —iR, +ig
r, -r, -ii, +iR,
R, -1, —ir, +ir
i, -R -ir, +ir
p, =(1+R_+p_+R )/4
| 3 2Eimep p, =(1-iR_-p_+iR_)/4
pm — _Z e 4 R§=< 4 z z i z
+o4p=0 p,=(1-R_+p_R.)4
°O0 U _ . Rt
Consistent with standard:P, = f—GDzjm4(g)g | p34_(1+le'pz'le)/4
) 72
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Irreducible nilpotent projectors Py, ,
left cosets

Coset-factored Ti-sum.: l1p.R.R |
Pljl = é[(l)'ll%4 +(0)'pxp14 +(+§)-l’1p14 +(+§)-l‘2p14 +(_§).f1p14 +(—§)-l~'2p14] {P 0..i i}
Pl = i[(D1p,,  +(O0)pps +()Tps  +()Tp, HG)EP, +E)TP] {lfryl ] )
P0741104 =§ [(1)'11304 +('1)'pxpo4 ""(0)'1'11’04 "‘(O)'rzpo4 "'(())'l~'1po4 +(O)'f2po4] { }

r;,i,,R
: T, T, _ T, T, ~
Calculating: Py} ¥ P | = D, L@EDR =Pp T p, } }}
r 4,Rx,l
NOTE: These projectors 5
still have phase errors P —F, _iﬁx il
as of 4.12.15 - - =
(However final tables OK) 1| r, -r; —iR, +ig
Then find nilpotent proportional to: p, F,p _]lépz r, -r, -—i; +iR,
R, IR, -i, -ir, +ir,
R, | i -R —ir, +ir

=(F+F,+R +i)—(F+F +i,+R)—i(R +is+r,+r)+i(i;+R +r,+r1)

=P, 1= Py, T3 lp04Rx TP, I

p, =(1+R_+p_+R )/4
4
|3 2mEimep p, =(1-iR_-p_+iR_)/4
p,=—Xe * RPf=q ° 3
t o Ap=0 p,=(1-R_+p_R.)4
u _ . T
Consistent with standard:P, = fG m4m4(g)g \ p34_(1+le-pz-le)/ 4
73
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Irreducible nilpotent projectors Py, ,

Coset-factored Ti-sum.:

T T ~ ~
P14134 =P''p L, TP~ (7)(r,p 3, TP, P, +5,P 34)

Pljl = é[(l)'ll%4 +(0)'pxp14 +(+§)-l’1p14 +(+§)-l‘2p14 +('§)'1~'1p14 +(—§)-l~'2p14]
P3T34_ [(1)11)34 +(0)'PxP34 +('é)°r1p34 +('§)°r2p34 +(+é)°f‘1p34 +(+é)'l~.2p34]
Pojlo4 =§ [(1)'11304 +('1)'pxpo4 ""(0)'1'11’04 "‘(O)'rzpo4 "'(())'l~'1po4 +(0)-l~‘2p04]
Calculating: Plir P3€134 DIT;34 (r )P14T134 = PT‘p14r1p 3,
NOTE: These projectors
still have phase errors r -r, —ii, +iR
as of 4.12.15 — —
(However final tables OK) 1 I -r, i, +HR,
Then find nilpotent proportional to:p, r,p;, =]]6 p, | I, T, "‘iﬁy —il,
+R, | +ii, —iR, +F -,
—iR, | =R, +ii;, -F,  +F,
=[(r, —r, —ii, +iR )+ (r, - 112+1R )+ (F —F, —iR_+ii )+ (F, -

4HP%+BP%+ﬁP%+@P%]M
Result is nicely factored quite likeP, ) :

T, T, ~ ~
P, =P'p rp,~(@p,+r,p, +fp;+,p;)

0OCy
left cosets

{l,pZ,RZ,RZ}
1PoPy oAy |
{r r,.i,.R |
{Eoro i R, |
LERIH
{E,.F h

4 ’Rx ’15

—iR_+1i,)]/16

p, =(1+R_+p_+R )/4
4

|3 2mEimep p, =(1-iR_-p_+iR_)/4
p,=,Te * R= " ~
t o Ap=0 p,=(1-R_+p_R.)4
u _ . T
Consistent with standard:P, = fG m4m4(g)g \ p34_(1+le-pz-le)/ 4
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2424

o n(8)8

Structure and applications of various subgroup chain irreducible representations
02D DCs, OnD D31 DC30, OnDCoy é
Comparing OrD> DD D2, and OpD D340 Co representations (T vector-type)
Examples of off-diagonal tunneling coefficients D%¢,2,
Comparing Local Cy, Cs, and C2 symmetric spectra
When Local C> symmetry dominates

Comparing off-diagonal OO C, parameter sets to CHs models with “cluster-crossings”
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Ireps for ODD4DCy subgroup chain
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Ireps for ODD4sDD; subgroup chain
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Structure and applications of various subgroup chain irreducible representations
ODD#DCys, OnDD3DCs, OpDCoy
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Comparing OrD>D 42D D2, and OrD D340 Co representations (T vector-type)
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Comparing OrD>D 42D D2, and OrD D340 Co representations (T vector-type)
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Comparing OrD>D 42D D2, and OrD D340 Co representations (T vector-type)
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Examples of off-diagonal tunneling coefficients D*o.2
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Comparing Local C4, Cs, and C> symmetric spectra
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Comparing Local Cs, Cs3, and C> symmetric spectra
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When Local C> symmetry dominates

0oG,(i) | 0, 1,
Adc, |1
Ale, |1
ElC, |1 1
Tdc, |1 2
rdc, |2 1

Table 13. Splittings of O O C; (14 given sub-class structure.

02D | go| 900 pn180° R,90° i, 180°
D Cy(iy)
)
E5, go | Aria+4ryy | 2pmy+p. | 4Ry + 2R, | 4diygse + i3+ g
802 go | =211 —2r34 | 2pzy +p. | —2R;y + 2R, | —2i1956 + 13 + U4
5(1); Jo | —2r12 + 273 —Pz 2R, —2i156 — 13 + 14
502 Go | 2ri2 —2ry —p: | —2Ryy 211956 — 13 + 14
€, || 9o 0 —20.y + P2 —2R, i + g
1y
5142 go | drip+drsy | 2p.+p. | 4Ry — 2R, | —4di1956 — 13 — s
512 go | =2r19 — 2Tr34 | 2pgy + P, 2Ry, — 2R, 211956 — 13 — 14
€15 go | 2rip — 2ra —p, OR, | —2iypss + i3 —ia
Efzw 90 0 —2pzy + P —2R, —i3 — iy
€ 12 go | —2r12 + 2134 —Pz —2R,, 211956 + 13 — 14

Int.J.Mol.Sci, 14, 714(2013)

Comparing off-diagonal ODC> parameter sets
to CH4s models with “cluster-crossings”

Table 14. Matrix that converts tunneling strengths to cluster splitting energi

O 1 7ig,%1956 T34, Bay Poys B p2yis

g, 1 4 4 2 1
g, 1 =2 —2 2 1
e, 1 =2 2 0 -1
€xo, 1 2 —2 0 -1
€40, 1 0 0 —2 1

) € € €0: Lo EAvom
1 4§ & 1
T12,8125% 15 —i5 —8§ 8 0
T34, R.ry 1_12 - é é o é 0
Pzy; R, é é 0 0 _i
Pz, Z'3 1_12 (li _i _i i
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Figure 30. The plot focuses on the lowest 05(C3)1O cluster in the previous energy plot
(Figure 29) of the 7T'*¢ Hamiltonian for J = 30. The inside plot has been magnified
100 times. The inside diagram also centers the levels around their center-of-energy, showing
only the splittings and ignoring the shifts of the cluster. Symmetry species are colored as
before: A;: red, A,: orange, Es : green, T): dark blue, and 75: light blue. The vertical lines
on inside plot draw attention to specific clustering patterns described in the text. 15(C3)1O
clusters have similar superfine structure but with A, replacing A, and 7} switched with 7.

Comparing off-diagonal ODC> parameter sets
to CH; models with “cluster-crossings”

Splitting Fhergy (arbitrary units)

Int.J.Mol.Sci, 14, 714(2013) Lot b
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End of Lecture 21
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Ireps for ODD4DCy subgroup chain
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pAi= ] Exam p}g; G=0 Centrum: K(0)=X,, (¢*)" =10+10+20+30+30=5
.'f_": 2
=] Cubic-Octahedral 5 .. PO)=Z, () =11+11+21+31431=1¢

ft‘l—’ . 2 0 Cr ¢ 2 2 2 2
(/Ti= 3 Order:  %(O)=Zy, (L)) =1°+1°4+2°+3°+3°=24
S \
O group 1 T1-4 R:r:yz
— TYz ~ 11—
Xﬁg g 'Fl —4 Py R:{:yz oo
s-orbital r* >C‘£ — .ﬁq 1 1 1 1 1
d-orbiials Ao 1 1 1 —1 —1
(x?+y7-222 x2S B 9 —1 2 0 0
p-orbitalsix, v, 20T 3 0 —1 1 —1
X2,yz, Xy 1> 3 0 -1 -1 1
d-orbitals

.
o::q,“_]u (1) (2), (3)4=(-1), 2(0)3 (1)3 (2)3=(-1)3 e
AT o At
Ale o 1 e Ayl o e
El1 - 1 E e 1 1
T, |1 1 « 1 T, (1 1 1
Tole 1 1 T, 1 1 1
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Octahedral O and spin-OCU(2) rotation nomogram from Fig. 4.1.3-4 PruiesorSmmers, Dynanics ani Spectoscops

THE 180°CLASS

) 5 i3y g g
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. o Nm 2 2 2
O0,D0DDDCy subgroup splitting( b, |1 p. R, p, i, D1 R, R, R,
Un 2 . .
Tetragonal Standing Wave Chain S R B Tetragonal Moving Wave Chain D1 R, )
NOrmal g (b1 -1 1 -l All 1i1 1
Octahedral ~ Tetragonal Dihedral | A |11 1| -1 -1 Octahedral ~ Tetragonal ~ Cyclic-4 . |, ',
O Da D2 slil1 ala 1 o) Da Cs :
2 i ALl 111 -
A1 Al Ar \GEL2= 0 0 07 Al A 04 B|1 11 1
e e NOrmal D,={1,R3,R},R2} 2R Bk -1, =
DID,| A B A B, plc,|o, 1, 2, 3,
A2 Bi a4 4|l A2 B1 2 A |1
- —— B |1 Ky Sl B, 1
A, 1 A |1
& . A1l o Al B, 1 E § A1 o 04 B, 1
iy E 1 1 - E 1 1
i ) Al A, e P 2
UnOrmalD2= {I,Rg,i3,i4} 4 r’f.i pxyz R’nyz
B1 14
Tl ,;;’:’ B2 D4‘LD2 Al Bl A2 Bz Tl i E :: 34 O 1 r R2 R3 lk
M 8 A1 s 5 Al 11 1
~ £ B, 1 e A1 1 -
B A 1 E e E|2 -1 2 0
T2 E = 2 T2 i
pmme— " Bp B |1 TR - T30 -1 1 -
B el E 1 I b R T,|3 0 -1 -1 1
UnOrmal \

NOrmal D, = {1,R;,R},R}} UnOrmal D,={1,R3,i,,i,} -1, =
OlD,| A, B A B | OID,|A B A B, olD,| A B A B E olc, [0, 1, 2, 3,
A ] A, 1 A, 1 A, 1
A, ]l A, 1 A, 1 A, 1
E 2 E 1 1 E I 1 E 1 1
T 11 1 T 1 1 1 T, 1 1 T |1 1 1
T, 11 1 ol 1 T, 11 T, 11 1
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O0rD0DDDOChDCoy subgroup splitting

‘l (::10

D e
D A2
DEs

DTe
D12
g A
g Az
P Eu

ngu
G Tau

A'

BI

A”

B"

E

1

l (j2u

D1
D A2

A'

Bl

A”

B”

1

Fig. 3.1.1 PSDS

C2
Cz !%:
Cq A
> A
@ d
vorh
Ce
Csi
A gt
2 Al
Can %
OﬂhrafSnmunMytmvupl ‘
2 4 6 8 12 |6 24 48
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Introduction to octahedral/ tetrahedral symmetry O, >0~TyDT
Octahedral-cubic O symmetry

Order °O=6 hexahedron squares - 4 pts =24
/Ax =8 octahedron triangles - 3 pts =24
4_7 =12 lines - 2 pts =24 positions
W

RZ
(a) The identity | 2 .
(-] X H
(b) The 120° rotations Rf GiTha S0 rovatitine ) i
RS Rz -,
(c)The 180°rotations Rg (e) The 180° rotations
on 4-fold axes R on 2-fold axes
Ri
R -
3 2 R _
R
T symmetry Th symmetry l,, symmetry
(]/"] rectangles have
rL Golden Ratio 1£V5

fihwow z
Tag- i £
4
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Introduction to octahedral tetrahedral symmetry OyDO0~T4DT
Octahedral groups OrD>0~Tq and OrDTWDT

L=l
3
R1 RZ R3 R1 R; Rg

D _ D3 D!
Rx,y,z ~r R1,2,3 B R1,2,3

N

- -

BTNW NN N

9 ’3
O SYMMETRY

.35 % (Tk:=|lk

IRq IRy IR3 IRy IR IRg

o T 3 i
S Z_IR1,2,3 i

Xy,

Na N

NN

.

&N

T, SYMMETRY S)C e = IR1 NA

T4 SYMMETRY

ANATOMY
of Oh

SYMMETRY

Figure 4.1.5 The full octahedral group (O,) and four non-Abelian subgroups 7, T},
T,, and O. The Abelian D, subgroup of T is indicated also.

Flg 4 ] . 5ﬁ"0m Principles ofSymmetry, Dynamics and Spectroscopy
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{fE 180°CLASS

213y i5lg

PN

;j

o
-l
i

I
S

-R3

-120° .

—_— e —— X — o 0 -90° S

[T1[TT T[T T] [TTT][ i1 T][T11][111] [135]0(%[00 1)0(]}[7020 1 Srog]o[o 1)(;)}]7[200 1][T0 09]€0T)gY][ZOOT] [101][10T] ﬁ]lg’]O [llkTO] [01T] [011]

2 2 2 2 2 2 2 3 3 3 : . : : . ,
1 r ry ra ra ri r; r3 ri R7 R3 Rj R, R, Ry Rj R> R3 i iy i3 i4 is ig
r r12 —r} -—r22 _r§ -1 _R% —R% —R% T2 =3 yol €7 i3 i6 il —R3 "Rl _R2 R? is R% iz ""i4 R:
ro| =r$ r3 -=r} -r R} -1 R} -R}| r ry -—r Ry, -R} i iy =i R3| i -R R, =i Ry i
2 3 2 4 1 2 1 3 1 4 3 3 1 i 3 ls 2 6 1 2 L3 3 La
R s 2 por iy | 2 gk - 172 oo 2 e L PROY 3 ; ; ; 3 : sicid
rs rg r] r3 r2 R3 Rl 1 R2 Ty rl r2 lg Rl R2 R3 l() 12 15 Rl Ly R2 13 R3
gty WEETEy R 2 2 2 T o 2 i) 25 _p3 ety o 3 : : ib Ay B :
ry ry r3 ri ra Rl R3 R2 1 r3 ry r R3 ls RZ Ly Rl 1 Rl lg Ly Rz R3 iy
2 i 2 2 2 i 2 2 2 3 3 3 X A5t g Bl A Y : iid b
ry 1 Rl R2 R3 rl r3 Ty r2 ry r2 r3 R2 R3 Rl ll I3 lg R3 Ly Rl ls 5 Rz
r22 —‘R% -1 R% —R% Ty =09 r rs —r32 —rlz "42 5) —l3 —Rl RZ _R; —is la —R3 _R:l; —lg R2 =
2 _R2 _R2 k| R2 & 2 RapLy ] PR ) = b &4 R ___R‘i i R « . La _p3
r3 2 3 1 r T4 3 r r; Ty ri 2 iy lg i 3 1 i3 R3 is R, i R3
2 _R2 RZ _R2 1 o Y. 2 S ks s A NEIRE ¥ S _p3 Lo 3 Lo
Ty 3 2 1 T3 r ) T4 Ty r3 ra 3| R; ls R3 tg R, R3 I3 le Rj R, ¥
2 7 2 LD 2 2D 5t p AR - 3 4 ol it R - =) 3 it
Rl Pt 27 | rs r, rl &) r rs ry 1 R‘; R2 R] 3 la Rl iy I3 _R2 Rz R3 R3 lg ls
2 A o 2 — e Pk ] 2 s , 14 3 2 P 3 L O N n £ 3 3
Rz rs r] ry r3 r3 ry ry r2 R3 1 Rl 15 Rz l3 l() Rz 7 1y 5] R3 R3 Rl Rl
2 2 2 2 2 2 2 : 3 3 x )
R'; il £} =Ta r r2 ry r3 e ) = Rz _Rl -1 lg 1y R3 =is -1 —Rq‘ Rz —“Rz iy =13 Rl _Rl
3 3 : 2 2 2 2 2 2 2
Rl ll —‘Rz et 1) R2 R3 ‘_l3 "’R3 lg RI l6 15 Rl r 14 -1 _r3 ry g ry r ! A1 _Rz R3
Rz i3 R3 _Rg lg R:l; ls —1g _Rl ) Rg 3 —rzz R% r r§ -1 ¥4 R% R3 i) =Ty _r42 rlz
3 3 2 2 2 2 2 2
R3 16 15 Rl “'Rl R2 —Rz —12 —ll 13 Iy R3 ry o ) R3 =T ra -1 r ry Rz _Rl el £ —rI3
R% -RZ ' 3] R% Ly =13 —Rg Ly R3 _Rl 15 "‘iﬁ —1 o | r32 "‘Rlz rp —r|2 il rs r22 _r42 —R% —R%
R3| —R; iy iy Ry —ig R, -Rj is | =iy, —-R, —i, r; —1 -r, —-r? —R} ry | —R3 R} -ry, -r, -—r? r3
Rg _Rl R% l() 15 —ll —12 R2 —‘Rg Ly —13 —R3 =73 ry -1 ry —rlz _R:Z; r42 rg '_Rlz _R% ) ! 5 |
21 Rg —l4 i3 R3 —Rl 5 Tl —R|3 R% iy “Rz r]2 R% a1 r42 —R% | -1 —R2 =3 ry "% r22
iy is R3 Ry, —iy —is R} R, -—ig R, —i R3| -r3 —-R? -ry -r? —-R} -n, R -1 rg -—r rf ré
R3 R Lo —R _R3 nd “R < JREE | et 2 R2 24 2 R ¥ 2 PUETE 2 R2 i
l3 1 1 ls le 2 2 ¢ 2 3 R3 la F2 i 1 Ty r2 R3 T3 Ta , 3 3 T4
i “R3 R i Y - > R g X SEB ] 2 2 2 R2 | —p2 2 YRy _1q i
iy is ig 1 1 i i 2 2 R3 Rl © ra ri R3 r3 r3 i ra ri 3 r r
: : =R . _R3 ) g - . _R3 : __R3 R 2 2 2 2 L 5t ity W A | o - 14
ls i2 2 3 2 la 3 i3 3 Lo 1 1 Rj3 r2 r2 R3 Ty ry rs ri r3 r Rj
: R3 . R : =R e _R3 o e Ay ek R3 R2 o 2 _R2 as 2 it P 2 2 R2 —1
16 2 S 2 L2 3 tq 3 3 ts R, 1 2 rs r 3 r r3 ra ra ra ra 1

OCtahedl"al O al’ld Spln'OC U(Z) I”OlClthFl pI”OdZ/lCt Table F2 Iﬁf'Om Principles ofSymmetry, Dynamics ana’Spectroscopy
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