
Group Theory in Quantum Mechanics
Lecture 19 (4.2.13) 

Octahedral-tetrahedral O~Td symmetries
(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , QTCA Unit 5 Ch. 15 )

(PSDS - Ch. 4 )

Introduction to octahedral/ tetrahedral symmetry Oh⊃O~Td⊃T                                    
         Octahedral-cubic O symmetry and group operations
         Tetrahedral symmetry becomes Icosahedral
         Octahedral groups Oh⊃O~Td⊃T
               Octahedral O and spin-O⊂U(2)

Tetrahedral T class algebra
         Tetrahedral T class minimal equations
         Tetrahedral T class projectors and characters

Octahedral O class algebra
        Octahedral O class minimal equations
        Octahedral O class projectors and characters

Octahedral Oh⊃O:Inversion (g&u) parity
        Octahedral Oh⊃O⊃CI subgroup correlations
        Oh⊃O⊃D4 subgroup correlations
        Oh⊃O⊃D4⊃C4 subgroup correlations
        Preview of applications to high resolution spectroscopy

1Friday, April 3, 2015



Introduction to octahedral/ tetrahedral symmetry Oh⊃O~Td⊃T                                    
         Octahedral-cubic O symmetry and group operations
         Tetrahedral symmetry becomes Icosahedral
         Octahedral groups Oh⊃O~Td⊃T
               Octahedral O and spin-O⊂U(2)

Tetrahedral T class algebra
         Tetrahedral T class minimal equations
         Tetrahedral T class projectors and characters

Octahedral O class algebra
        Octahedral O class minimal equations
        Octahedral O class projectors and characters

Octahedral Oh⊃O subgroup correlations
        Octahedral Oh⊃O subgroup correlations
        Oh⊃O⊃D4 subgroup correlations
        Oh⊃O⊃D4⊃C4 subgroup correlations
        Preview of applications to high resolution spectroscopy

2Friday, April 3, 2015



Fig. 3.1.1 PSDS

Three groups: O, D4, and D3 let you “do” 
all the other 32 crystal point groups

~S3
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Introduction to octahedral/ tetrahedral symmetry Oh⊃O~Td⊃T
Octahedral-cubic O symmetry

Order °O=6 hexahedron squares · 4 pts =24
               =8 octahedron triangles · 3 pts =24
               =12 lines · 2 pts =24 positions 
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Introduction to octahedral/ tetrahedral symmetry Oh⊃O~Td⊃T

Octahedral group O operations

Octahedral-cubic O symmetry
Order °O=6 hexahedron squares · 4 pts =24
               =8 octahedron triangles · 3 pts =24
               =12 lines · 2 pts =24 positions 

rk = rk

 
Rx,y,z =R3

1,2,3 =R−1
1,2,3

Rx,y,z =R1,2,3

 rk = r
2
k = r−1k

ρx,y,z =R2
1,2,3

Class of 6 
±90° rotations 
on[100] axes

Class of 3 
180° rotations 
on [100] axes

Class of 8: 
120° rotations 
on [111] axes

Class of 1: 1
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Octahedral group O operations

Octahedral-cubic O symmetry
Order °O=6 hexahedron squares · 4 pts =24
               =8 octahedron triangles · 3 pts =24
               =12 lines · 2 pts =24 positions 

rk = rk

 
Rx,y,z =R3

1,2,3 =R−1
1,2,3

ik = ik

Rx,y,z =R1,2,3

 rk = r
2
k = r−1k

ρx,y,z =R2
1,2,3

Class of 6: 
180° rotations 

on [110] diagonals

Class of 6: 
±90° rotations 
on[100] axes

Class of 3: 
180° rotations 
on [100] axes

Class of 8: 
120° rotations 
on [111] axes

Class of 1: 1
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Octahedral group O operations

Octahedral-cubic O symmetry
Order °O=6 hexahedron squares · 4 pts =24
               =8 octahedron triangles · 3 pts =24
               =12 lines · 2 pts =24 positions 

 
Rx,y,z =R3

1,2,3 =R−1
1,2,3

ik = ik

Rx,y,z =R1,2,3

 rk = r
2
k = r−1k
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1,2,3

Class of 6: 
180° rotations 
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Class of 6: 
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Class of 3: 
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Class of 8: 
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Octahedral group O operations

Octahedral-cubic O symmetry
Order °O=6 hexahedron squares · 4 pts =24
               =8 octahedron triangles · 3 pts =24
               =12 lines · 2 pts =24 positions 

Tetrahedral symmetry becomes Icosahedral
 
Rx,y,z =R3

1,2,3 =R−1
1,2,3

ik = ik

Rx,y,z =R1,2,3

 rk = r
2
k = r−1k

ρx,y,z =R2
1,2,3

Class of 6: 
180° rotations 

on [110] diagonals

Class of 6: 
±90° rotations 
on[100] axes

Class of 3: 
180° rotations 
on [100] axes

Class of 8: 
±120° rotations 
on [111] axes

(If rectangles have
Golden Ratio 1±√5

2

Class of 1: 1
rk = rk
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Fig. 3.1.1 PSDS

Introduction to octahedral tetrahedral symmetryOh⊃O~Td⊃T
Octahedral groups Oh⊃O~Td⊃T

C2

~S3

C3
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Introduction to octahedral tetrahedral symmetry Oh⊃O~Td⊃T
Octahedral groups Oh⊃O~Td and Oh⊃Th⊃T

 

rk = r
rk = r2k = r−1k

 
Rx,y,z =R3

1,2,3 =R−1
1,2,3

ρx,y,z =R2
1,2,3

σ x,y,z = IR2
1,2,3

I = I σ k = Iik

 
Sx,y,z = IR3

1,2,3

Sx,y,z = IR1,2,3

ik = ik

Rx,y,z =R1,2,3

 

sk = Ir
sk = Ir2k = Ir−1k

Fig. 4.1.5 from Principles of Symmetry, Dynamics and Spectroscopy

1

24
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Octahedral O and spin-O⊂U(2) rotation product Table F.2.1 from Principles of Symmetry, Dynamics and Spectroscopy

X=x1

Y=x2

Z=x3
X=x1

Y=x2

Z=x3

X=x1

Y=x2

Z=x3

+120° -120° ±180° XYZ +90° XYZ -90° XYZ ±180°ik

[±1±1±1]

1 1 1[ ] 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 11 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 0 0[ ] 0 1 0[ ] 0 0 1[ ] 1 0 0[ ] 0 1 0[ ] 0 0 1[ ] 1 0 0⎡⎣ ⎤⎦ 0 1 0⎡⎣ ⎤⎦ 0 0 1⎡⎣ ⎤⎦ 1 0 1[ ] 1 0 1⎡⎣ ⎤⎦ 11 0[ ] 110⎡⎣ ⎤⎦ 011⎡⎣ ⎤⎦ 011[ ]
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Octahedral O and spin-O⊂U(2) rotation nomogram from Fig. 4.1.3-4 Principles of Symmetry, Dynamics and Spectroscopy
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Tetrahedral T class algebra
c1=1,     cr=r1+r2+r3+r4 ,     c†r=r12+r22+r32+r42,       cρ=R12+R22+R32,  
T group products

+120° -120° ±180° XYZ
1 1 1[ ] 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 11 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 0 0[ ] 0 1 0[ ] 0 0 1[ ]

ρx       ρy     ρz r1          r2          r3          r4
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Tetrahedral T class algebra
c1=1,     cr=r1+r2+r3+r4 ,     c†r=r12+r22+r32+r42,       cρ=R12+R22+R32,  
T group products

+120° -120° ±180° XYZ
1 1 1[ ] 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 11 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 1 1⎡⎣ ⎤⎦ 1 0 0[ ] 0 1 0[ ] 0 0 1[ ]

1 = c1 cr c†r cρ
cr 4c†r 41+4cρ 3cr
c†r 4cr 3c†r
cρ 31+2cρ

ρx       ρy     ρz r1          r2          r3          r4

T class products
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Tetrahedral T class algebra
c1=1,     cr=r1+r2+r3+r4 ,     c†r=r12+r22+r32+r42,       cρ=R12+R22+R32,  
T group products
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1 = c1 cr c†r cρ
cr 4c†r 41+4cρ 3cr
c†r 4cr 3c†r
cρ 31+2cρ

ρx       ρy     ρz r1          r2          r3          r4

T class products

Minimal  equation for  cρ  

c2
ρ = 3·1+ 2cρ
c2
ρ − 2cρ − 3·1 = 0
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Minimal  equation for  cr  
c2
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Minimal  equation for  cr  
c2
r = 4 cr
c3
r = 4 crcr = 4(4·1+ 4cρ ) = 16·1+16cρ

Minimal  equation for  cρ  

c2
ρ = 3·1+ 2cρ
c2
ρ − 2cρ − 3·1 = 0

(cρ − 3·1)(cρ+1) = 0
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Tetrahedral T class projectors

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

Minimal  equation for  cr  

(cr − 4e
+2π i

3 1)(cr − 4e
−2π i

3 1)(cr − 4·1)(cr − 0) = 0
ε*=e

−2π i
3 =ε 2

ε =e
+2π i
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64(ε − ε*)(ε −1)ε

        = 4 crcr+4(ε )4 crr +16·ε*cr
64i 3(ε 2 − ε )

=
16(1+ cρ )+16ε crr +16·ε*cr

64i 3(−i 3)
=
1+ cρ+ε crr + ε*cr

12

 
P(4ε*) = (crr − 4ε1)(crr − 4·1)(crr − 0)

(4ε*−4ε )(4ε*−4)(4ε*−0)
                                           =

1+ cρ+ ε*crr +εcr
12

 

P(4 ) = (cr − 4ε1)(cr − 4ε*1)(crr − 0)
(4 − 4ε )(4 − 4ε*)(4 − 0)

= (c2
r − 4(ε + ε*)cr +161)cr

64(1− (ε+ ε*)+1)

      = 4 crcr + 4 ·4 crr +16cr
64(1+1+1)

=
16(1+ cρ )+16crr +16cr

64(1+1+1)
            =

1+ cρ + crr + cr
12

 

P(0) = (cr − 4ε1)(cr − 4ε*1)(crr − 4 ·1)
(0 − 4ε )(0 − 4ε*)(0 − 4)

= (c
2
r − 4(ε + ε*)cr +16 ⋅1)(crr − 4 ·1)

64(−ε )(−ε*)(−1)

= 4
cr+ 4crr+16 ⋅1)(crr − 4 ·1)

−64

ε*=e
−2π i
3 =ε 2

ε =e
+2π i
3 −ε*=ε+1ε−1

ε−ε*=i 3

ε+ε*=−1
1=−ε−ε*

−ε=ε*+1

Minimal  equation for  cr  

(cr − 4e
+2π i

3 1)(cr − 4e
−2π i

3 1)(cr − 4·1)(cr − 0) = 0
 

T :cg = c1 cr cr cρ
χg
A = 1 1 1 1

χg
ε = 1 ε * ε 1

χg
ε* = 1 ε ε * 1
⋅
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Tetrahedral T class projectors

 

1 = c1 cr cr cρ
cr 4 cr 41+4cρ 3cr
cr 4cr 3c
cρ 31+2cρ

T class products

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

Minimal  equation for  cr : (cr−4ε1)(cr−4ε*1)(cr−4·1)(cr−0) = 0

 

 P(4ε ) = (crr − 4ε*1)(crr − 4·1)(crr − 0)
(4ε − 4ε*)(4ε − 4)(4ε − 0)

= (c2
rr − 4(ε*+1)crr +16·ε*)cr

64(ε − ε*)(ε −1)ε

        = 4 crcr+4(ε )4 crr +16·ε*cr
64i 3(ε 2 − ε )

=
16(1+ cρ )+16ε crr +16·ε*cr

64i 3(−i 3)
=
1+ cρ+ε crr + ε*cr

12

 
P(4ε*) = (crr − 4ε1)(crr − 4·1)(crr − 0)

(4ε*−4ε )(4ε*−4)(4ε*−0)
                                           =

1+ cρ+ ε*crr +εcr
12

 

P(4 ) = (cr − 4ε1)(cr − 4ε*1)(crr − 0)
(4 − 4ε )(4 − 4ε*)(4 − 0)

= (c2
r − 4(ε + ε*)cr +161)cr

64(1− (ε+ ε*)+1)

      = 4 crcr + 4 ·4 crr +16cr
64(1+1+1)

=
16(1+ cρ )+16crr +16cr

64(1+1+1)
            =

1+ cρ + crr + cr
12

 

P(0) = (cr − 4ε1)(cr − 4ε*1)(crr − 4 ·1)
(0 − 4ε )(0 − 4ε*)(0 − 4)

= (c
2
r − 4(ε + ε*)cr +16 ⋅1)(crr − 4 ·1)

64(−ε )(−ε*)(−1)

= 4
cr+ 4crr+16 ⋅1)(crr − 4 ·1)

−64

= 4
crcrr+ 4c

2
rr+16crr −16cr −16cr − 64 ·1)

−64
=

 

T :cg = c1 cr cr cρ
χg
A = 1 1 1 1

χg
ε = 1 ε * ε 1

χg
ε* = 1 ε ε * 1
⋅
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Tetrahedral T class projectors

 

1 = c1 cr cr cρ
cr 4 cr 41+4cρ 3cr
cr 4cr 3c
cρ 31+2cρ

T class products

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

Minimal  equation for  cr : (cr−4ε1)(cr−4ε*1)(cr−4·1)(cr−0) = 0

 

 P(4ε ) = (crr − 4ε*1)(crr − 4·1)(crr − 0)
(4ε − 4ε*)(4ε − 4)(4ε − 0)

= (c2
rr − 4(ε*+1)crr +16·ε*)cr

64(ε − ε*)(ε −1)ε

        = 4 crcr+4(ε )4 crr +16·ε*cr
64i 3(ε 2 − ε )

=
16(1+ cρ )+16ε crr +16·ε*cr

64i 3(−i 3)
=
1+ cρ+ε crr + ε*cr

12

 
P(4ε*) = (crr − 4ε1)(crr − 4·1)(crr − 0)

(4ε*−4ε )(4ε*−4)(4ε*−0)
                                           =

1+ cρ+ ε*crr +εcr
12

 

P(4 ) = (cr − 4ε1)(cr − 4ε*1)(crr − 0)
(4 − 4ε )(4 − 4ε*)(4 − 0)

= (c2
r − 4(ε + ε*)cr +161)cr

64(1− (ε+ ε*)+1)

      = 4 crcr + 4 ·4 crr +16cr
64(1+1+1)

=
16(1+ cρ )+16crr +16cr

64(1+1+1)
            =

1+ cρ + crr + cr
12

 

P(0) = (cr − 4ε1)(cr − 4ε*1)(crr − 4 ·1)
(0 − 4ε )(0 − 4ε*)(0 − 4)

= (c
2
r − 4(ε + ε*)cr +16 ⋅1)(crr − 4 ·1)

64(−ε )(−ε*)(−1)

= 4
cr+ 4crr+16 ⋅1)(crr − 4 ·1)

−64

= 4
crcrr+ 4c

2
rr+16crr −16cr −16cr − 64 ·1)

−64

=
4(41+4cρ )+16cr+16crr −16cr −16cr − 64 ·1)

−64  

T :cg = c1 cr cr cρ
χg
A = 1 1 1 1

χg
ε = 1 ε * ε 1

χg
ε* = 1 ε ε * 1
⋅
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Tetrahedral T class characters

 

1 = c1 cr cr cρ
cr 4 cr 41+4cρ 3cr
cr 4cr 3c
cρ 31+2cρ

T class products

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

Minimal  equation for  cr : (cr−4ε1)(cr−4ε*1)(cr−4·1)(cr−0) = 0

 

 P(4ε ) = (crr − 4ε*1)(crr − 4·1)(crr − 0)
(4ε − 4ε*)(4ε − 4)(4ε − 0)

= (c2
rr − 4(ε*+1)crr +16·ε*)cr

64(ε − ε*)(ε −1)ε

        = 4 crcr+4(ε )4 crr +16·ε*cr
64i 3(ε 2 − ε )

=
16(1+ cρ )+16ε crr +16·ε*cr

64i 3(−i 3)
    =

1+ cρ+ε crr + ε*cr
12

 
P(4ε*) = (crr − 4ε1)(crr − 4·1)(crr − 0)

(4ε*−4ε )(4ε*−4)(4ε*−0)
                                               =

1+ cρ+ ε*crr +εcr
12

 

P(4 ) = (cr − 4ε1)(cr − 4ε*1)(crr − 0)
(4 − 4ε )(4 − 4ε*)(4 − 0)

= (c2
r − 4(ε + ε*)cr +161)cr

64(1− (ε+ ε*)+1)

      = 4 crcr + 4 ·4 crr +16cr
64(1+1+1)

=
16(1+ cρ )+16crr +16cr

64(1+1+1)
                =

1+ cρ + crr + cr
12

 

P(0) = (cr − 4ε1)(cr − 4ε*1)(crr − 4 ·1)
(0 − 4ε )(0 − 4ε*)(0 − 4)

= (c2
r − 4(ε + ε*)cr +16 ⋅1)(crr − 4 ·1)

64(−ε )(−ε*)(−1)

= 4 cr+ 4crr+16 ⋅1)(crr − 4 ·1)
−64

= 4 crcrr+ 4c2
rr+16crr −16cr −16cr − 64 ·1)

−64

=
4(41+4cρ )+16cr+16crr −16cr −16cr − 64 ·1)

−64
=
−48·1+16cρ

−64
    = 3

4
1− 1

4
cρ  

T :cg = c1 cr cr cρ
χg
A = 1 1 1 1

χg
ε = 1 ε * ε 1

χg
ε* = 1 ε ε * 1

χg
T = 3 0 0 −1
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Octahedral O class algebra

c1=1,      cr=r1+r2+r3+r4+r12+r22+r32+r42,       cρ=R12+R22+R32,  
    cR=R1+R2+R3+R13+R23+R33,              ci=i1+i2+i3+i4+i5+i6

O class products
Unnecessary to do 242=576 products since each row (or column) of cAcB has same class proportion 
For example:
cρci =  R12i1+….=  R2 +….
         +R22i1+….  + i2  +….  
         +R32i1+….  +R23+
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Octahedral O class algebra

c1=1,      cr=r1+r2+r3+r4+r12+r22+r32+r42,       cρ=R12+R22+R32,  
    cR=R1+R2+R3+R13+R23+R33,              ci=i1+i2+i3+i4+i5+i6

O class products
Unnecessary to do 242=576 products since each row (or column) of cAcB has same class proportion 
For example:
cR2ci =  R12i1+….=  R2 +….
         +R22i1+….  + i2  +….  
         +R32i1+….  +R23+

So there are 2cR for each ci :
cρci =2cR+ci   or:  4cR+2ci   etc.
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Octahedral O class algebra

c1=1,      cr=r1+r2+r3+r4+r12+r22+r32+r42,       cρ=R12+R22+R32,  
    cR=R1+R2+R3+R13+R23+R33,              ci=i1+i2+i3+i4+i5+i6

O class products
Unnecessary to do 242=576 products since each row (or column) of cAcB has same class proportion 
For example:
cR2ci =  R12i1+….=  R2 +….
         +R22i1+….  + i2  +….  
         +R32i1+….  +R23+

So there are 2cR for each ci …...
cρci =2cR+ci   or:  4cR+2ci   etc.

So: 2(°cR)+(°ci) =2·6+6=18

...in (°cρ)·(°ci)=(3)·(6)=18 terms

Proof that class proportion cannot vary: 
cgch   =  g1h1+g2h1+….=  g1h1+tg1h1t-1+…. =  g1h1+tg1t-1th1t-1+…. =  g1h1+  g2    th1t-1+…. 
          +g1h2+g2h2+….  +g1h2+tg1h2t-1+….   +g1h2+tg1t-1th2t-1+….   +g1h2+  g2    th2t-1+….
        =  g1h3+g2h3+….  +g1h2+tg1h3t-1+….   +g1h2+tg1t-1th3t-1+….   +g1h2+  g2    th3t-1+….  

Minimal equation for cρ 
cρ2=31+2cρ  
cρ2-2cρ-31 =0
(cρ-31)(cρ+1) =0

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

cρci =?
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  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

Minimal equation for ci 
             ci2=6·1+3cr+2cρ
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  Pµ

   
cg =

°cgχg
µ

µµ
∑

ci3=6·1ci+3crci+2cρci

      

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

Minimal equation for ci 
             ci2=6·1+3cr+2cρ
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  Pµ

   
cg =

°cgχg
µ

µµ
∑

ci3=6·1ci+3crci+2cρci

      =6ci+3(4cR+4ci)+2(2cR+ci)

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

Minimal equation for ci 
             ci2=6·1+3cr+2cρ
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  Pµ

   
cg =

°cgχg
µ

µµ
∑

ci3=6·1ci+3crci+2cρci

      =6ci+3(4cR+4ci)+2(2cR+ci)
ci3=16cR+20ci

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

Minimal equation for ci 
             ci2=6·1+3cr+2cρ
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  Pµ

   
cg =

°cgχg
µ

µµ
∑

ci3=6·1ci+3crci+2cρci

      =6ci+3(4cR+4ci)+2(2cR+ci)
ci3=16cR+20ci

ci4=     16cRci    +20cici

         
  

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

Minimal equation for ci 
             ci2=6·1+3cr+2cρ
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  Pµ

   
cg =

°cgχg
µ

µµ
∑

ci3=6·1ci+3crci+2cρci

      =6ci+3(4cR+4ci)+2(2cR+ci)
ci3=16cR+20ci

ci4=     16cRci    +20cici

      =16(3cr+4cρ)+20(6·1+3cr+2cρ)
    
  

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

Minimal equation for ci 
             ci2=6·1+3cr+2cρ
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  Pµ

   
cg =

°cgχg
µ

µµ
∑

ci3=6·1ci+3crci+2cρci

      =6ci+3(4cR+4ci)+2(2cR+ci)
ci3=16cR+20ci

ci4=     16cRci    +20cici

      =16(3cr+4cρ)+20(6·1+3cr+2cρ)
    =48cr+64cρ+120·1+60cr+40cρ)
  

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

Minimal equation for ci 
             ci2=6·1+3cr+2cρ
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  Pµ

   
cg =

°cgχg
µ

µµ
∑

ci3=6·1ci+3crci+2cρci

      =6ci+3(4cR+4ci)+2(2cR+ci)
ci3=16cR+20ci

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

ci4=     16cRci    +20cici

      =16(3cr+4cρ)+20(6·1+3cr+2cρ)
    =48cr+64cρ+120·1+60cr+40cρ)
   =120·1+108cr+104cρ

Minimal equation for ci 
             ci2=6·1+3cr+2cρ
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  Pµ

   
cg =

°cgχg
µ

µµ
∑

ci3=6·1ci+3crci+2cρci

      =6ci+3(4cR+4ci)+2(2cR+ci)
ci3=16cR+20ci

ci5=120ci+108crci              +104cρci
     =120ci+108(4cR+4ci)+104(2cR+ci)
     =640cR+656ci

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

ci4=     16cRci    +20cici

      =16(3cr+4cρ)+20(6·1+3cr+2cρ)
    =48cr+64cρ+120·1+60cr+40cρ)
   =120·1+108cr+104cρ

Minimal equation for ci 
             ci2=6·1+3cr+2cρ
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  Pµ

   
cg =

°cgχg
µ

µµ
∑

ci3=6·1ci+3crci+2cρci

      =6ci+3(4cR+4ci)+2(2cR+ci)
ci3=16cR+20ci

40ci3=640cR+800ci

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

ci5=120ci+108crci              +104cρci
     =120ci+108(4cR+4ci)+104(2cR+ci)
     =640cR+656ci

ci4=     16cRci    +20cici

      =16(3cr+4cρ)+20(6·1+3cr+2cρ)
    =48cr+64cρ+120·1+60cr+40cρ)
   =120·1+108cr+104cρ

Minimal equation for ci 
             ci2=6·1+3cr+2cρ

65Friday, April 3, 2015



  Pµ

   
cg =

°cgχg
µ

µµ
∑

ci3=6·1ci+3crci+2cρci

      =6ci+3(4cR+4ci)+2(2cR+ci)
ci3=16cR+20ci

40ci3=640cR+800ci

ci5-40ci3+144ci =0

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

ci5=120ci+108crci              +104cρci
     =120ci+108(4cR+4ci)+104(2cR+ci)
     =640cR+656ci

ci4=     16cRci    +20cici

      =16(3cr+4cρ)+20(6·1+3cr+2cρ)
    =48cr+64cρ+120·1+60cr+40cρ)
   =120·1+108cr+104cρ

Minimal equation for ci 
             ci2=6·1+3cr+2cρ

 800
-656
 144
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  Pµ

   
cg =

°cgχg
µ

µµ
∑

ci3=6·1ci+3crci+2cρci

      =6ci+3(4cR+4ci)+2(2cR+ci)
ci3=16cR+20ci

40ci3=640cR+800ci

ci5-40ci3+144ci =0=(ci2-36·1)(ci2 -4·1)(ci-0·1)

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

ci5=120ci+108crci              +104cρci
     =120ci+108(4cR+4ci)+104(2cR+ci)
     =640cR+656ci

ci4=     16cRci    +20cici

      =16(3cr+4cρ)+20(6·1+3cr+2cρ)
    =48cr+64cρ+120·1+60cr+40cρ)
   =120·1+108cr+104cρ

Minimal equation for ci 
             ci2=6·1+3cr+2cρ

 800
-656
 144
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  Pµ

   
cg =

°cgχg
µ

µµ
∑

ci3=6·1ci+3crci+2cρci

      =6ci+3(4cR+4ci)+2(2cR+ci)
ci3=16cR+20ci

40ci3=640cR+800ci

ci5-40ci3+144ci =0=(ci2-36·1)(ci2 -4·1)(ci-0·1)
0=(ci+6·1)(ci-6·1)(ci +2·1)(ci -2·1)(ci-0·1)

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Octahedral O class minimal equations

ci5=120ci+108crci              +104cρci
     =120ci+108(4cR+4ci)+104(2cR+ci)
     =640cR+656ci

ci4=     16cRci    +20cici

      =16(3cr+4cρ)+20(6·1+3cr+2cρ)
    =48cr+64cρ+120·1+60cr+40cρ)
   =120·1+108cr+104cρ

Minimal equation for ci 
             ci2=6·1+3cr+2cρ

Minimal  equation for  ci  

 800
-656
 144
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72c i

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci  =                                        +       ci

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Expanding P  (2)
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Expanding P  (2)
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci3=                                 +16cR+20ci

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Expanding P  (2)
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci4=120·1+108cr+104cρ
ci3=                                 +16cR+20ci

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Expanding P  (2)

76Friday, April 3, 2015



Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci4=120·1+108cr+104cρ
ci3=                                 +16cR+20ci

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

    ci4 =120·1+108cr+104cρ

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Expanding P  (2)
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci4=120·1+108cr+104cρ
ci3=                                 +16cR+20ci

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

    ci4 =120·1+108cr+104cρ
+2ci3 =                                 +32cR+40ci

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Expanding P  (2)
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci4=120·1+108cr+104cρ
ci3=                                 +16cR+20ci

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

    ci4 =120·1+108cr+104cρ
+2ci3 =                                 +32cR+40ci

-36ci2=-216·1-108cr    -72cρ

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Expanding P  (2)
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci4=120·1+108cr+104cρ
ci3=                                 +16cR+20ci

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

    ci4 =120·1+108cr+104cρ
+2ci3 =                                 +32cR+40ci

-36ci2=-216·1-108cr    -72cρ
-72ci  =                                           -72ci

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Expanding P  (2)
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci4=120·1+108cr+104cρ
ci3=                                 +16cR+20ci

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

    ci4 =120·1+108cr+104cρ
+2ci3 =                                 +32cR+40ci

-36ci2=-216·1-108cr    -72cρ
-72ci  =                                           -72ci

-256P(2) =-96·1+ 0 cr+32cρ +32cR -  32ci

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Expanding P  (2)
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci4=120·1+108cr+104cρ
ci3=                                 +16cR+20ci

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

    ci4 =120·1+108cr+104cρ
+2ci3 =                                 +32cR+40ci

-36ci2=-216·1-108cr    -72cρ
-72ci  =                                           -72ci

-256P(2) =-96·1+ 0 cr+32cρ +32cR -  32ci

 P(2) =  3
8
1− 0

8
cr +

1
8
cρ −

1
8
cR +

1
8
ci

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table

Expanding P  (2)
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci4=120·1+108cr+104cρ
ci3=                                 +16cR+20ci

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

    ci4 =120·1+108cr+104cρ
+2ci3 =                                 +32cR+40ci

-36ci2=-216·1-108cr    -72cρ
-72ci  =                                           -72ci

-256P(2) =-96·1+ 0 cr+32cρ +32cR -  32ci

 P(2) =  3
8
1+ 0

8
cr −

1
8
cρ −

1
8
cR +

1
8
ci

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table χg
µ g = 1 r1...4 ρxyz Rxyz i1...6
⋅
⋅
⋅
⋅

χ T2 3 0 −1 −1 1

Applying the
conventional

label T2 for (2)

Expanding P  (2)
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci4=120·1+108cr+104cρ
ci3=                                 +16cR+20ci

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

    ci4 =120·1+108cr+104cρ
+2ci3 =                                 +32cR+40ci

-36ci2=-216·1-108cr    -72cρ
-72ci  =                                           -72ci

-256P(2) =-96·1+ 0 cr+32cρ +32cR -  32ci

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table χg
µ g = 1 r1...4 ρxyz Rxyz i1...6
⋅
⋅
⋅
χ T1 3 0 −1 1 −1
χ T2 3 0 −1 −1 1

Octahedral O characters

 P(2) =  3
8
1+ 0

8
cr −

1
8
cρ −

1
8
cR +

1
8
ci

 P(−2) =  3
8
1+ 0

8
cr −

1
8
cρ +

1
8
cR −

1
8
ci

Applying the
conventional

label T2 for (2)
and T1  for (-2)

Expanding P  (2)

Expansion of P  has (-)sign on last 2 terms...  
(-2)
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Octahedral O projector algebra
Begin with minimal equation: 0= (ci +2·1)(ci -2·1)(ci+6·1)(ci-6·1)(ci-0·1)

 P(2) = (ci + 2·1)(ci − 6·1)(ci + 6·1)(ci − 0)
(2 + 2)(2 − 6)(2 + 6)(2 − 0)

= (ci + 2·1)(c2
i − 36·1)ci

−256
= c

4
i + 2·c3

i − 36c2
i − 72ci

−256

  Pµ

   
cg =

°cgχg
µ

µµ
∑

    

µ

°Gclassescg
∑ χg

µ*cg    Pµ=

ci4=120·1+108cr+104cρ
ci3=                                 +16cR+20ci

ci2=    6·1+3cr+2cρ
ci  =                                        +       ci

    ci4 =120·1+108cr+104cρ
+2ci3 =                                 +32cR+40ci

-36ci2=-216·1-108cr    -72cρ
-72ci  =                                           -72ci

-256P(2) =-96·1+ 0 cr+32cρ +32cR -  32ci

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1 1 1 1 1 1
χ A2 1 1 1 −1 −1
χ E 2 −1 2 0 0
χ T1 3 0 −1 1 −1
χ T2 3 0 −1 −1 1

Octahedral O characters

 P(2) =  3
8
1+ 0

8
cr −

1
8
cρ −

1
8
cR +

1
8
ci

 P(−2) =  3
8
1+ 0

8
cr −

1
8
cρ +

1
8
cR −

1
8
ci

(Remaining
character

derivations
left as an
exercise)

Expansion of P  has (-)sign on last 2 terms...  
(-2)
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               Octahedral O and spin-O⊂U(2)
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1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1 1 1 1 1 1
χ A2 1 1 1 −1 −1
χ E 2 −1 2 0 0
χ T1 3 0 −1 1 −1
χ T2 3 0 −1 −1 1

Octahedral O characters

(Remaining
character

derivations
left as an
exercise)

Octahedral Oh =O×{1,I} characters of O×CI⊃O

χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1

A1g
A2g
Eg

T1g
T2g

EVEN
parity
(gerade)

Oh ⊃ O
symmetry

3D − Inversion

I =
−1 ⋅ ⋅
⋅ −1 ⋅
⋅ ⋅ −1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

CI-symmetry

     1 I
I 1

CI-characters

CI 1 I
g 1 1
u 1 -1

(gerade)
(ungerade)

±
Parity P
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χg
µ g = I Ir1...4 Iρxyz IRxyz Ii1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1 1 1 1 1 1
χ A2 1 1 1 −1 −1
χ E 2 −1 2 0 0
χ T1 3 0 −1 1 −1
χ T2 3 0 −1 −1 1

Octahedral O characters

(Remaining
character

derivations
left as an
exercise)

Octahedral Oh =O×{1,I} characters of O×CI⊃O

χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1

A1g
A2g
Eg

T1g
T2g

EVEN
parity
(gerade)

Oh ⊃ O
symmetry

3D − Inversion

I =
−1 ⋅ ⋅
⋅ −1 ⋅
⋅ ⋅ −1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

CI-symmetry

     1 I
I 1

CI-characters

CI 1 I
g 1 1
u 1 -1

(gerade)
(ungerade)

±
Parity P
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χg
µ g = I Ir1...4 Iρxyz IRxyz Ii1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1u 1 1 1 1 1
χ A2u 1 1 1 −1 −1
χ Eu 2 −1 2 0 0
χ T1u 3 0 −1 1 −1
χ T2u 3 0 −1 −1 1

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1 1 1 1 1 1
χ A2 1 1 1 −1 −1
χ E 2 −1 2 0 0
χ T1 3 0 −1 1 −1
χ T2 3 0 −1 −1 1

Octahedral O characters

(Remaining
character

derivations
left as an
exercise)

Octahedral Oh =O×{1,I} characters of O×CI⊃O

χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1

A1g
A2g
Eg

T1g
T2g

A1u
A2u
Eu

T1u
T2u

EVEN
parity
(gerade)

ODD
parity

(ungerade)

Oh ⊃ O
symmetry

3D − Inversion

I =
−1 ⋅ ⋅
⋅ −1 ⋅
⋅ ⋅ −1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

CI-symmetry

     1 I
I 1

CI-characters

CI 1 I
g 1 1
u 1 -1

(gerade)
(ungerade)

±
Parity P
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χg
µ g = I Ir1...4 Iρxyz IRxyz Ii1...6

χ A1u −1 −1 −1 −1 −1
χ A2u −1 −1 −1 +1 +1
χ Eu −2 +1 −2 0 0
χ T1u −3 0 +1 −1 +1
χ T2u −3 0 +1 +1 −1

χg
µ g = I Ir1...4 Iρxyz IRxyz Ii1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1u 1 1 1 1 1
χ A2u 1 1 1 −1 −1
χ Eu 2 −1 2 0 0
χ T1u 3 0 −1 1 −1
χ T2u 3 0 −1 −1 1

1 = c1 cr cρ cR ci
cr 81+4cr+8cρ 3cr 4cR+4ci 4cR+4ci
cρ 31+2cρ cR+2ci 2cR+ci
cR 61+3cr+2cρ 3cr+4cρ
ci 61+3cr+2cρ

O class product table χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1 1 1 1 1 1
χ A2 1 1 1 −1 −1
χ E 2 −1 2 0 0
χ T1 3 0 −1 1 −1
χ T2 3 0 −1 −1 1

Octahedral O characters

(Remaining
character

derivations
left as an
exercise)

Octahedral Oh =O×{1,I} characters of O×CI⊃O

χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1g 1 1 1 1 1

χ A2 g 1 1 1 −1 −1

χ Eg 2 −1 2 0 0

χ T1g 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1

A1g
A2g
Eg

T1g
T2g

A1u
A2u
Eu

T1u
T2u

EVEN
parity
(gerade)

ODD
parity

(ungerade)

Oh ⊃ O
symmetry

3D − Inversion

I =
−1 ⋅ ⋅
⋅ −1 ⋅
⋅ ⋅ −1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

CI-symmetry

     1 I
I 1

CI-characters

CI 1 I
g 1 1
u 1 -1

(gerade)
(ungerade)

±
Parity P

Oh easily derived from those of O and CI !
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         Octahedral groups Oh⊃O~Td⊃T
               Octahedral O and spin-O⊂U(2)

Tetrahedral T class algebra
         Tetrahedral T class minimal equations
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Octahedral O class algebra
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Octahedral Oh⊃O subgroup correlations
Fig. 3.1.1 PSDS

χg
µ g = 1 r1...4 ρxyz Rxyz i1...6

χ A1 1 1 1 1 1
χ A2 1 1 1 −1 −1
χ E 2 −1 2 0 0
χ T1 3 0 −1 1 −1
χ T2 3 0 −1 −1 1

~S3
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Octahedral Oh⊃O subgroup correlations
Fig. 3.1.1 PSDS

χg
µp 1 r1...4 ρxyz Rxyz i1...6 I

Ir=
s1...4

Iρ=
σ xyz

IR=
Sxyz

Ii=
σ1...6

χ A1g 1 1 1 1 1 1 1 1 1 1

χ A2 g 1 1 1 −1 −1 1 1 1 −1 −1

χ Eg 2 −1 2 0 0 2 −1 2 0 0

χ T1g 3 0 −1 1 −1 3 0 −1 1 −1

χ T2 g 3 0 −1 −1 1 3 0 −1 −1 1
χ A1u 1 1 1 1 1 −1 −1 −1 −1 −1
χ A2u 1 1 1 −1 −1 −1 −1 −1 1 1
χ Eu 2 −1 2 0 0 −2 1 −2 0 0
χ T1u 3 0 −1 1 −1 −3 0 1 −1 1
χ T2u 3 0 −1 −1 1 −3 0 1 1 −1

Oh⊃O A1 A2 E T1 T2
A1g 1 ⋅ ⋅ ⋅ ⋅

A2g ⋅ 1 ⋅ ⋅ ⋅

Eg ⋅ ⋅ 1 ⋅ ⋅

T1g ⋅ ⋅ ⋅ 1 ⋅

T2g ⋅ ⋅ ⋅ ⋅ 1
A1u 1 ⋅ ⋅ ⋅ ⋅
A2u ⋅ 1 ⋅ ⋅ ⋅
Eu ⋅ ⋅ 1 ⋅ ⋅
T1u ⋅ ⋅ ⋅ 1 ⋅
T2u ⋅ ⋅ ⋅ ⋅ 1

~S3
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Introduction to octahedral/ tetrahedral symmetry Oh⊃O~Td⊃T                                    
         Octahedral-cubic O symmetry and group operations
         Tetrahedral symmetry becomes Icosahedral
         Octahedral groups Oh⊃O~Td⊃T
               Octahedral O and spin-O⊂U(2)

Tetrahedral T class algebra
         Tetrahedral T class minimal equations
         Tetrahedral T class projectors and characters

Octahedral O class algebra
        Octahedral O class minimal equations
        Octahedral O class projectors and characters

Octahedral Oh⊃O subgroup correlations (Parity)
        Octahedral Oh⊃O subgroup correlations
        Oh⊃O⊃D4 subgroup correlations
        Oh⊃O⊃D4⊃C4 subgroup correlations
        Preview of applications to high resolution spectroscopy
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρz180°, i3,4

 
  

D4:
O↓D4 subduction

~S3
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

 
  

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

O↓D4 subduction

~S3
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
 
   

D4:
O↓D4 subduction

~S3
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
 
   

A1(O)↓D4 =A1(D4)
D4:

O↓D4 subduction

~S3
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
   

A1(O)↓D4 =A1(D4)
D4:

O↓D4 subduction

~S3
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
   

A1(O)↓D4 =A1(D4)
D4:

A2(O)↓D4 =B1(D4)

O↓D4 subduction

~S3

100Friday, April 3, 2015



Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 . 

A1(O)↓D4 =A1(D4)
D4:

A2(O)↓D4 =B1(D4)

O↓D4 subduction

~S3
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 . 

A1(O)↓D4 =A1(D4)
D4:

A2(O)↓D4 =B1(D4)
E(O)↓D4 =A1⊕B1(D4)

O↓D4 subduction

~S3
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 . 
T1(O)↓D4 = 3,   -1,     1,      -1,    -1 .

A1(O)↓D4 =A1(D4)
D4:

A2(O)↓D4 =B1(D4)
E(O)↓D4 =A1⊕B1(D4)

O↓D4 subduction

~S3

103Friday, April 3, 2015



Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 . 
T1(O)↓D4 = 3,   -1,     1,      -1,    -1 .

A1(O)↓D4 =A1(D4)
D4:

A2(O)↓D4 =B1(D4)
E(O)↓D4 =A1⊕B1(D4)

T1(O)↓D4 = E ⊕A2(D4)

O↓D4 subduction

~S3
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 . 
T1(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

A1(O)↓D4 =A1(D4)
D4:

A2(O)↓D4 =B1(D4)
E(O)↓D4 =A1⊕B1(D4)

T1(O)↓D4 = E ⊕A2(D4)

O↓D4 subduction

~S3
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 . 
T1(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

A1(O)↓D4 =A1(D4)
D4:

A2(O)↓D4 =B1(D4)
E(O)↓D4 =A1⊕B1(D4)

T1(O)↓D4 = E ⊕A2(D4)
T2(O)↓D4 = E ⊕B2(D4)

O↓D4 subduction

~S3
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 . 
T1(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

A1(O)↓D4 =A1(D4)
D4:

A2(O)↓D4 =B1(D4)
E(O)↓D4 =A1⊕B1(D4)

T1(O)↓D4 = E ⊕A2(D4)
T2(O)↓D4 = E ⊕B2(D4)

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

~S3
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1
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µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
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µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
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A1(O)↓D4 = 1,   1,     1,        1,     1 .
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T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

           C4 :    1, Rz+90°, ρz180°, Rz-90°

A1(D4)↓C4 = 1,   1,     1,        1.

O↓D4 subduction

D4↓C4 subduction

C4 :
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS
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µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
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A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
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                    1, Rz+90°, ρz180°, Rz-90°
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D4↓C4 subduction

O↓D4 subduction

C4 :
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS
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µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
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B1(D4)↓C4 = 1,   -1,    1,      -1. 
A2(D4)↓C4 = 1,    1,     1,       1.

=(0)4

=(2)4

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
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A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
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C4 :
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS
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A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90°

A1(D4)↓C4 = 1,   1,     1,        1.
B1(D4)↓C4 = 1,   -1,    1,      -1. 
A2(D4)↓C4 = 1,    1,     1,       1.
B2(D4)↓C4 = 1,   -1,     1,      -1.
E(D4)↓C4 =  2,    0,    -2,       0 .

=(0)4

=(2)4
=(0)4

=(2)4

=(1)4⊕(3)4

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

D4↓C4 subduction

D4↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

C4 :
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90°

A1(D4)↓C4 = 1,   1,     1,        1.
B1(D4)↓C4 = 1,   -1,    1,      -1. 
A2(D4)↓C4 = 1,    1,     1,       1.
B2(D4)↓C4 = 1,   -1,     1,      -1.
E(D4)↓C4 =  2,    0,    -2,       0 .

=(0)4

=(2)4
=(0)4

=(2)4

=(1)4⊕(3)4

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

D4↓C4 subduction

O↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D4↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

O↓C4 subduction

C4 :
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90°

A1(D4)↓C4 = 1,   1,     1,        1.
B1(D4)↓C4 = 1,   -1,    1,      -1. 
A2(D4)↓C4 = 1,    1,     1,       1.
B2(D4)↓C4 = 1,   -1,     1,      -1.
E(D4)↓C4 =  2,    0,    -2,       0 .

=(0)4

=(2)4
=(0)4

=(2)4

=(1)4⊕(3)4

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

D4↓C4 subduction

O↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D4↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

O↓C4 subduction

C4 :
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90°

A1(D4)↓C4 = 1,   1,     1,        1.
B1(D4)↓C4 = 1,   -1,    1,      -1. 
A2(D4)↓C4 = 1,    1,     1,       1.
B2(D4)↓C4 = 1,   -1,     1,      -1.
E(D4)↓C4 =  2,    0,    -2,       0 .

=(0)4

=(2)4
=(0)4

=(2)4

=(1)4⊕(3)4

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

D4↓C4 subduction

O↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D4↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

O↓C4 subduction

C4 :
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90°

A1(D4)↓C4 = 1,   1,     1,        1.
B1(D4)↓C4 = 1,   -1,    1,      -1. 
A2(D4)↓C4 = 1,    1,     1,       1.
B2(D4)↓C4 = 1,   -1,     1,      -1.
E(D4)↓C4 =  2,    0,    -2,       0 .

=(0)4

=(2)4
=(0)4

=(2)4

=(1)4⊕(3)4

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

D4↓C4 subduction

O↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D4↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

O↓C4 subduction

C4 :
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90°

A1(D4)↓C4 = 1,   1,     1,        1.
B1(D4)↓C4 = 1,   -1,    1,      -1. 
A2(D4)↓C4 = 1,    1,     1,       1.
B2(D4)↓C4 = 1,   -1,     1,      -1.
E(D4)↓C4 =  2,    0,    -2,       0 .

=(0)4

=(2)4
=(0)4

=(2)4

=(1)4⊕(3)4

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

D4↓C4 subduction

O↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D4↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

O↓C4 subduction

C4 :
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDS

χg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90°

A1(D4)↓C4 = 1,   1,     1,        1.
B1(D4)↓C4 = 1,   -1,    1,      -1. 
A2(D4)↓C4 = 1,    1,     1,       1.
B2(D4)↓C4 = 1,   -1,     1,      -1.
E(D4)↓C4 =  2,    0,    -2,       0 .

=(0)4

=(2)4
=(0)4

=(2)4

=(1)4⊕(3)4

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

D4↓C4 subduction

O↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D4↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

O↓C4 subduction

C4 :
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDSχg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90°

A1(D4)↓C4 = 1,   1,     1,        1.
B1(D4)↓C4 = 1,   -1,    1,      -1. 
A2(D4)↓C4 = 1,    1,     1,       1.
B2(D4)↓C4 = 1,   -1,     1,      -1.
E(D4)↓C4 =  2,    0,    -2,       0 .

=(0)4

=(2)4
=(0)4

=(2)4

=(1)4⊕(3)4

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

D4↓C4 subduction

O↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D4↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

O↓C4 subduction

O⊃D4⊃C4 subgroup and
level-splitting/relabeling

correlations

O levels     ↓    D4 levels     ↓    C4 levels       

A1   ____              A1               04

A2  ____              B1               24

E    ____              
A1

B1

              
04

24

T1   ____              A2

E
            

04

14

14

T2   ____              B2

E
            

24

14

14

C4 :
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Octahedral Oh⊃O⊃D4⊃C4 subgroup correlations

Fig. 3.1.1 PSDSχg
µ (O) g = 1 r1...4 ρxyz Rxyz i1...6
A1 1 1 1 1 1
A2 1 1 1 −1 −1
E 2 −1 2 0 0
T1 3 0 −1 1 −1
T2 3 0 −1 −1 1

χg
µ (D4 ) g = 1 ρz180° Rz±90° ρx,y180° i3,4
A1 1 1 1 1 1
B1 1 1 −1 1 −1
A2 1 1 1 −1 −1
B2 1 1 −1 −1 1
E 2 −2 0 0 0

180° 90° 180°                     1,ρz180°,Rz±90°, ρx,y180°, i3,4

A1(O)↓D4 = 1,   1,     1,        1,     1 .
A2(O)↓D4 = 1,   1,    -1,        1,    -1 . 
  E(O)↓D4 = 2,   2,     0,        2,     0 .
T2(O)↓D4 = 3,   -1,     1,      -1,    -1 .
T2(O)↓D4 = 3,   -1,    -1,      -1,     1 .

D4:

χg
µ (C4 ) g = 1 Rz+90° Rz+180° Rz−90°

(0)4 1 1 1 1
(1)4 1 i −1 −i
(2)4 1 −1 1 −1
(3)4 1 −i −1 i

                    1, Rz+90°, ρz180°, Rz-90°

A1(D4)↓C4 = 1,   1,     1,        1.
B1(D4)↓C4 = 1,   -1,    1,      -1. 
A2(D4)↓C4 = 1,    1,     1,       1.
B2(D4)↓C4 = 1,   -1,     1,      -1.
E(D4)↓C4 =  2,    0,    -2,       0 .

=(0)4

=(2)4
=(0)4

=(2)4

=(1)4⊕(3)4

O↓D4 A1 B1 A2 B2 E
A1 1 ⋅ ⋅ ⋅ ⋅
A2 ⋅ 1 ⋅ ⋅ ⋅
E 1 1 ⋅ ⋅ ⋅
T1 ⋅ ⋅ 1 ⋅ 1
T2 ⋅ ⋅ ⋅ 1 1

O↓D4 subduction

D4↓C4 subduction

O↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
A2 ⋅ ⋅ 1 ⋅
E 1 ⋅ 1 ⋅
T1 1 1 ⋅ 1
T2 ⋅ 1 1 1

D4↓C4 04 14 24 34 = 14
A1 1 ⋅ ⋅ ⋅
B1 ⋅ ⋅ 1 ⋅
A2 1 ⋅ ⋅ ⋅
B2 ⋅ ⋅ 1 ⋅
E ⋅ 1 ⋅ 1

O↓C4 subduction

O⊃D4⊃C4 subgroup and
level-splitting/relabeling

correlations

O levels     ↓    D4 levels     ↓    C4 levels       

A1   ____              A1               04

A2  ____              B1               24

E    ____              
A1

B1

              
04

24

T1   ____              A2

E
            

04

14

14

T2   ____              B2

E
            

24

14

14

C4 :
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(O⊃C3 
correlation
left as an
exercise)

Summary of some Octahedral symmetry results:
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