Group Theory in Quantum Mechanics
Lecture 18 ;.16.17)

Vibrational modes and symmetry reciprocity: Induced reps

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 5 Ch. 15 )
(PSDS - Ch. 4)

Review: Hamiltonian local-symmetry eigensolution in global and local |PW)-basis

Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

D3DCx(i3) local-symmetry K-matrix eigensolutions
Ds-direct-connection K-matrix eigensolutions
D3DCs(r*) local symmetry K-matrix eigensolutions

Applied symmetry reduction and splitting
Subduced irep D*(D3) | C> =d"*®d>®.. correlation

Subduced irep D(D3) | C3 =d"®d!3®.. correlation

Spontaneous symmetry breaking and clustering: Frobenius Reciprocity , band structure
Induced rep d*(C>)1 D3 =D*®DP®.. correlation

Induced rep d*(C3)1 D3 =D*®DP®.. correlation

D¢ symmetry and Hexagonal Bands
Cross product of the C, and D; characters gives all Ds =D; xC, characters and ireps

Induced rep d*(C3)1Ds =D*®DP®.. correlation
Induced rep d*(Cs)1Ds =D*DD°®.. correlation



*Review: Hamiltonian local-symmetry eigensolution in global and local |PW)-basis ‘



Compare Global vs Local |g)-basis vs. Global vs Local |PW)-basis
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D3 Hamiltonian local- H matrices in |PW)-basis
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Review excerpts of Lecture 16
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Review excerpts of Lecture 16
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* Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

D3DCx(i3) local-symmetry K-matrix eigensolutions
Ds-direct-connection K-matrix eigensolutions
D3;DCs(r*) local symmetry K-matrix eigensolutions



Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M-a rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator

M=M-1 for Dsz-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K-x matrix expression.
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M-a rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
M=M-1 for Dsz-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K-x matrix expression.
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Compare classical equation to Schrodinger’s equation for quantum motion. T
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T Recall U(2) vs R(3) Schrodinger vs Classical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes
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Molecular vibrational modes vs. Hamiltonian eigenmodes
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M-a rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M-a rela-
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtonian F=M-a rela-
tions of n-dimensional force vector F, acceleration vector a, and mass operator
M=M-1 for Dsz-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a F=-K-x matrix expression.
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(H/h)-eigenvalues are quantum angular frequencies €,,/h=w,,. (Like Planck axiom: e=hw. )
(K/M)-eigenvalues are classical squared frequencies k,, /M=w2,.(Like Hooke’s law: k/M=w?.)

Apart from normalization, eigenvectors of H and K are the same.

And, each eigenvalue set corresponds to its respective energy spectrum.

T Recall U(2) vs R(3) Schrodinger vs Classical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

D3DCx(i3) local-symmetry K-matrix eigensolutions
Ds-direct-connection K-matrix eigensolutions
D3;DCs(r*) local symmetry K-matrix eigensolutions



Molecular K-matrix construction

Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
six Ds-labeled axes X% or |a).

1
V(z) =) 5 (@Klz) where: |2) =) wala), (a,b)=(Lr! 1% i1, iz is)
(k) a



Molecular K-matrix construction

Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
six Ds-labeled axes X% or |a).

1
Viz) =) 5 (@Klz) where: |o) =) wala), (a,0)=(1,r",r? i1,in,is)

(k)
Each K component K,,=(a|K]|b) is a sum over spring k-constants that con-

nect axis-x® to axis-x® multiplied by factor (k, e %%)(k, e %°) for projecting
spring-k’s end vectors k, and k; onto X% and X° at respective connections.



Molecular K-matrix construction

Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
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Molecular K-matrix construction

Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
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Molecular K-matrix construction

Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
six Ds-labeled axes X% or |a).

1
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Each K component K,,=(a|K|b) is a sum over sprmg k-constants that con-
nect axis-x® to axis-x® multiplied by factor (k, e %%)(k, e %°) for projecting

spring-k’s end vectors k, and k; onto X% and X° at respective connections.
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Molecular K-matrix construction

Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
six Ds-labeled axes X% or |a).
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Molecular K-matrix construction

Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
six Ds-labeled axes X% or |a).

1
V(z) =) 5 (@Klz) where: |2) =) wala), (a,b)=(Lr! 1% i1, iz is)
(k)

Each K component K,,=(a|K]|b) is a sum over spring k-constants that con-
nect axis-x® to axis-x” multiplied by factor (k, e X*)(k, e X°) for projecting
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Molecular K-matrix construction

Classical modes are eigenvectors of force-field matrix K or operator K.

Harmonic potential V' (x) is a quadratic K-form of coordinates x, based on
six Ds-labeled axes X% or |a).

1
V(z) =) 5 (@Klz) where: |2) =) wala), (a,b)=(Lr! 1% i1, iz is)
(k)

Each K component K,,=(a|K]|b) is a sum over spring k-constants that con-
nect axis-x® to axis-x” multiplied by factor (k, e X*)(k, e X°) for projecting
spring-k’s end vectors k, and k; onto X% and X° at respective connections.
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Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

* D3DCx(i3) local-symmetry K-matrix eigensolutions
Ds-direct-connection K-matrix eigensolutions
D3;DCs(r*) local symmetry K-matrix eigensolutions



D3DC2(i3) local-symmetry vibrational K-matrix eigensolutions )
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D3DCx(i3) local-symmetry vibrational K-matrix
15'-row parameters g,=(1|K|g,)=K7; of the force matrix Kp:

constants between masses and lab frame.
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D3DCx(i3) local-symmetry vibrational K-matrix eigensolutions Local D; C,3(iy) model
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D3DCx(i3) local-symmetry vibrational K-matrix
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9v) 1) rt) r?) i) ip) i3)

ki /2 ki /2 ki /2 ki /2 ki /2 ki /2

B +k, —k,. /2 —k,. /2 +k,./2 +k,./2 —k,

(K lgs) = +ks +0 +0 +0 +0 —ks
+ko/2 +0 40 10 10 +ko /2




Local D, C,(i;) model

D3DC2(i3) local-symmetry vibrational K-matrix eigensolutions o
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Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

D3DCx(i3) local-symmetry K-matrix eigensolutions
* Ds-direct-connection K-matrix eigensolutions
D3;DCs(r*) local symmetry K-matrix eigensolutions



Ds-direct-connection K-matrix eigensolutions i7| 1> cos] 5°=v[(1+cos 30°)/2]

- =(1/2)N(2+V3)=sin75°

N

Generic K-matrix (Top row)

<1‘K‘gb>=|: o nhonh Lo i3] r'|

sinl 5°=\[(1-cos 30°)/2]

Ds-direct-connection vibrational K-matrix ) r2| > —(1/2V(2-V3)=cos75°



Ds-direct-connection K-matrix eigensolutions

Generic K-matrix (Top row)
<1|K‘gb>=|: AR SR P P & ]

Generic K-matrix D3 projections
K = I+ T +z1 +i, +i,

K = 7 T S

K' K 1| 2r-r-r -i,-i,+2i, \/_(—rl+r1 -1, +1,)

KB K 2 \/5(—;3 +1-1,+,)  21,-1,-1 L -2

cos15°=V[(1+cos 30°)/2]
=(1/2)N(2+V3)=sin75°




Ds-direct-connection K-matrix eigensolutions

Generic K-matrix (Top row)
<1|K‘gb>=|: AR SR P P & ]

Generic K-matrix D3 projections

K"

XX

K
K" K&

XX X

K" K&

X

Ds-direct-connection vibrational K-matrix

* . . .
Ty 1+, H

\/5(—1’1 +r1*—i1 +i,)

J3(=r +r-i +i,)  2r -1 -1 +i +i,-2i,

* . .
21y -r-r, -1,-1, 421,

cos!5°=V[(1+cos 30°)/2]
=(1/2)N(2+V3)=sin75°

sinl 5°=V[(1-cos 30°)/2]

A2 > =1203@-B3)=cos75°

gv) 1) r') r?) liy) i2) i3)
k1 (cos? 75° kqcos 759 |kicos15°| ||k cos1b” k1 cos 75" k1 (cos® 75°
(1K |gp) = +cos?15°) || €O 15° | |-cos75° | || cos15° - €08 757 — cos” 15°)
T e e L ke-vE| | kervd)| |k
4 4 4 4 2




Ds-direct-connection K-matrix eigensolutions

Generic K-matrix (Top row)

<1|K‘gb>=|: S S S R i3]

Generic K-matrix D3 projections

cos!5°=V[(1+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

A £ ...
K = hhth +r1*+.11 ".'lz j|'l3 k
K = Vy+r 41, -1,-1, -1,
K& K 1 21, -1, -1, -i,-1,+2i, \/5(—1'1+r1*—i1+i2)
K" K" 2|\ 3(=r +r-i +i 2 -F.-F, +i, +i,-2i 1|1
' (S 74, 20Ty, -2y | - sinl5=[(1-cos 30°)/2]
Ds-direct-connection vibrational K-matrix ---r ~| > =(1/12)¥(@2-V3)=cos75°
|9v) 1) r') r?) liy) i2) i3)
ey (cos? 75° kicos 759 |kicos15°| |k1cos1d” k1 cos 75" k1 (cos? 75°
o o . o ] o o 2 o
(1)K |gy) = +cos?15°) | eos 15 - cos 75 cos 15 COS 7D cos” 15°)
— _hk _hk Ck(2-V3)| | ki(2+V3) _k
4 4 B 4 B 4 2
kok ok kK 3k 3k,
A oo e =k +—+—+—+—+ S Tl B
K = ry+r+r +i,+i,+i, 4 4 2 2 2
K = Fo +r1+r1*—i1—i2—i3 —pakk kKK Sk 3k _
Y44 2 2 2 2 2
Koo KO | 1| 2nener i 42y NBCr i+
K" K" \/5(—1'1*+r1—i1+i2) 21, -1 -1, +i, +i,-2i,




Ds-direct-connection K-matrix eigensolutions
Generic K-matrix (Top row)

<1|K‘gb>=|: S S S R i3]

Generic K-matrix D3 projections

K =
K =
K. K 1
K" K" 2

Ds-direct-connection vibrational K-matrix

9b)

T+ A+ H

* . .
21y -r-r, -1,-1, 421,

\/5(—1’1 +r1*—i1 +i,)

J3(=r +r-i +i,)  2r -1 -1 +i +i,-2i,

K~ \if)l 1> cos15°=V[(1+cos 30°)/2]
’\ /‘ =(1/2)N(2+V3)=sin75°

5 sinl 5°=V[(1-cos 30°)/2]
r~| > =(1/2)V(2-\3)=co0s75°

1) r) r?) i1) i2) i3)
ey (cos? 75° k1cos759 |kicos15°| |k1cos1d” k1 cos 75° k1 (cos? 75°
(1K |gp) = +cos?15°) || €O 15° | |-cos75° | || cos15° £ €OS 75° — cos” 15°)
— _hk _hk k1(2—V3)| | ki(2+V3) _k
4 4 B 4 B 4 2
KA _ o =k1+£+kl+kl+kl+k1 = &+& = 3k
o = I +I’1+}"1 +ll+12+l3 4 4 2 2 2 2 7
K = Ty +h 1, -1, -1, ek k ki ko ko 3k 3k _
44 2 2 2 2 2
Kb K- 1| 2nnen 2, J3(-r 41 i +i,)
KS KB | 2| B(=r"4r-i+,)  2r-r-r +i, +,- 20,

|
2

PELTER

4 4 2 2

2

b)) 2
2 2 4

4 4

ﬁ(—£+£+kl\/§+kl\/§)=k13 1(2k1-£-—+ +—-2k1) 3k,

2

4 4 4 2




Ds-direct-connection K-matrix eigensolutions

Generic K-matrix (Top row)

<1‘K‘gb>=|: h hohoL i3]

Generic K-matrix D3 projections

K"

XX

K
K" K&

XX X

K" K&

X

Ds-direct-connection vibrational K-matrix

1

2

T+ A+ H

* . .
21y -r-r, -1,-1, 421,

\/5(—1’1 +r1*—i1 +i,)

J3(=r +r-i +i,)  2r -1 -1 +i +i,-2i,

cos!5°=V[(1+cos 30°)/2]
=(1/2)N(2+V3)=sin75°

sinl 5°=V[(1-cos 30°)/2]

A2 > =1203@-B3)=cos75°

gv) 1) r') r?) liy) i2) i3)
k1 (cos? 75° kqcos 759 |kicos15°| ||k cos1b” k1 cos 75" k1 (cos® 75°
(1K |gp) = +cos?15°) || €O 15° | |-cos75° | || cos15° - €08 757 — cos” 15°)
T e e L ke-vE| | kervd)| |k
4 4 4 4 2

Ds-direct-connection vibrational K-matrix eigenvalues Kn/M=wnw’
K

XX

K

K-

XX

K"

X

K-
K"

3k,

4 4
3k, 3k,

. 4 4

[ 3k 3k

)




|

Ds-direct-connection K-matrix eigensolutions
Generic K-matrix (Top row) ,

<1‘K‘gb>=|: o nhonh Lo i3] rllﬁ'

Generic K-matrix D3 projections
sz = ry+r, +r +z1 +1, +, k;

K = R S A

Kb k5

=(1/2)N(2+V3)=sin75°

\\ },,I 1> cosiso=v[(1+cos 30°)/2]

- K 2111 =iy 420 NB(r i)
K KEIJ ZL x/g(—rl*+r1—i1+i2) 2r0—r1—r1*+i1+i2—2i3J i1|1

sinl 5°=V[(1-cos 30°)/2]

Ds-direct-connection vibrational K-matrix - l‘“| > =(1/2)N(2-\3)=cos75°

|9v) 1) r') r?) liy) lio) i3)
k1 (cos? 75° kqcos 759 |kicos15°| ||k cos1b” k1 cos 75" k1 (cos® 75°
(1K |gp) = +cos?15°) || €O 15° | |-cos75° | || cos15° - €08 757 — cos” 15°)
PP | Le L ke-va| | merve) |k
4 4 4 4 2

Ds-direct-connection vibrational K-matrix eigenvalues Kn/M=wnw’

K% = 3k
xr ! E 1 Eigenvectors in terms of D3DC2(i3) Ei-vectors
K = 0
E E E 1 3k| E
Kl ' )=K|| ")+ N )= ),

K& KB | 3k 3k | g(+)> gx> & >\/_ ? >

XX X 4 4
k5 k5 || 3k 3k K 0 ek OV P a0 | B ) geqor)

x g(-) gax g \/5 g(-)

\ 4 4 )



Mixed local symmetry D ; model
cosl 5= \f[(l+cos 30°)/2]
\ =(1/2)V(2+V3)=sin75°
s\ 15°
1|§] k, %
rf>/
75°

kj

5 sinl 5°=\[(1-cos 30°)/2]
r‘| > =(172)N(2-\3)=cos75°

Vector x-bend

E, .
A X(~) “ati .
Kx ; _ 3 kl Genuine vibration modes ()
A [19\ {0 \, ,‘/ () "., ,"/' ‘3\\
sz — 0 [ 1) Low-frequency modes |,n' 1) [ -1
J. | |
/ \ E >+E >=|-1 1" >+ 1 |+': |
| -1 - V
3k, 3k, AR 1]
I(xx1 I(x\'1 4 4 \ v
E E -
K" K" 3k, 3k,
\ 4 4 / 4, ™

Vector y-translation
E /
y(+)

Vector x-translation
E /
x(+)




Mixed local symmetry D ; model

=(1/2)N(2+3)=sin75° '
1|§/ k; }«1/5
/rf>’ g

v 75°

\ |1> cosl 5= \/[(l+cos30°)/2]

sinl 5°=\[(1-cos 30°)/2]
r2| > =(1/2)V2-V3)=cos75°

Vector x-bend

. . . \‘;{_ -
Genuine vibration modes V(=)

K = 3k, |
K" = 0 [
E 1 E [ -1
[ 3k 3k ) T
Ko K| | 3k 3k,
.44

E Eigenvalues:

\ Vector x-translation
E /

1
72 | Mixed modes 7
_1 | in terms of local D3
V2 | Ei(low) and E(high)

E 1 Eigenvectors:

Low-frequency modes 1] |-

Vector y-translation
E,

=" v(+)

Psuedo-scalar rotation
A,
VYV



Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

D3DCx(i3) local-symmetry K-matrix eigensolutions
Ds-direct-connection K-matrix eigensolutions

* D3;DCs(r*) local symmetry K-matrix eigensolutions ‘



model
i)

D3> C3.(ri1 ) loca{ symmetry K-matrix eigensolutions DCor ’r%\[lz)
Generic K-matrix (Top row) /

S ocal 1)
<1‘ K‘ gb> = [ b I L 4 L L ] symmetry » @/

(1K

gb>=[ r, r -ir 0 0 O] 1y

[S—

D3;DC3(r*) local symmetry vibrational K-matrix Set: r,

A _ * . . . _
K = rh+n+n +1 1, +1, = I,
K = I+ +rn -1 -1, - I = I
El El * . . . * . . / * \/5 \
E E "5 * . . * . . . - .

K! K 2 \/3(—7’1 +n-ih+h) 2 -n-n i L -20 ) \ +zré§ A

il =i2 =i3 =0



| e
e

D3DCs(r*) local symmetry K-matrix eigensolutions Ds>Ca(r) ’r1>w\
local 1)
<1‘K‘gb> = [ hh nh h il i2 i3 ] symmetry

L)
model . /
gb>=[ r, ir -ir 0 0 0] . A/ i,)

Ds3DCs(v) local symmetry vibrational K-matrix Set: r,=r=-r, , and: i, =i,=i,=0

(/K

G

[E—

A _ * . . . _
K = rh+n+n +1 1, +1, = I,
K = N S IS S R A M A = 1,
KE Kb L. . NG . ( . o \
o o1 2 -1 -1 -1, -1, + 2, 3(-n,+n -1, +1,) _ 0 2
K K 2 \/3(—r1 +n-ih+h) 2 -n-n i L -20 ) \ +ir r

il =i2 =i3 =0

D3DCs3(r*) local symmetry vibrational K-matrix eigenvalues Kn/M=wn’

Al —_
Kxx - Fo
K = Iy
E E, -3 J3
K' K, % i ro+r s 0
= =

X

E E .
K! K vir? o 0 ”o""?



model

D3DCs(r*) local symmetry K-matrix eigensolutions Ds>Ci(r) ’r >w\
local
(1\K\gb>= [ e hohoL L ] symmetry

(1K, gb>=[ roir -ir 0 0 0]

D3;DCs(rt) local symmetry vibrational K-matrix Set: r,=r=-r, , and: i, =i, =1, = O

A _ * . . . _
K = rh+n+n +1 1, +1, = I,
K = I+ +rn -1 -1, - I = I
El El * . . . * . . / * \/5 \
E E "5 * . . * . . . - .
K! K 2 \/3(—7’1 +n-ih+h) 2 -n-n i L -20 ) \ +zré§ A

il =i2 =i3 =0

D3DCs3(r*!) local symmetry vibrational K-matrix eigenvalues Kn/M=wn’

E; Eigenvectors in terms of D3DC>(i3) Ei-vectors

Kicl = Fo
K = Y,
0 E E E 1 A E
K 1 =K oY+l ! == :
E E . 3 3 1 \/* 5 | 5
K K" r,  —ir ry+r 0 g, gx g [ |N2 g(),

X

= =
E, E, . 3 V3 E
K K +ir; r 0 r-ry k|l 7 > K




D3DCs(r*) local symmetry K-matrix eigensolutions

D3;DC3(rt)
local

/ Strong
2 C; coupling
limit

symmetry
model

Scalar mode

Right circular-translation
=y
L(+)

N """ Left circular-translation
’ E,
R(+)

Psuedo- rotation
4,

Yy




* Applied symmetry reduction and splitting
Subduced irep D*(D’) | C> =d">®d>®.. correlation
Subduced irep D¥(D’) | C3 =d"®d!3®.. correlation



Applied symmetry reduction and splitting: Subduced irep D(D?) | C> =d">®d"*®.. correlation



Applied symmetry reduction and splitting: Subduced irep D*(D’)]| C> =d">®d>®.. correlation

D, D C, P“relabel/split D“relabel/reduce w* relabel/ split

A P'=P"P:=P) =D"C,~d* =o0"—>0"
P =P P =P =D"|C,~d =0 —w
E, P"=P"P” +P"P" = D" |C,~ = 0" ="

=P, +P] d" ®d N o



Applied symmetry reduction and splitting: Subduced irep D*(D’)]| C> =d">®d>®.. correlation

D,DC, P%relabel/split D“ relabel/reduce w“ relabel] split D,OC, |0,
A P'=P"P:=P) =D"C,~d* =o0"—>0" A 1

P =P P =P =D"|C,~d =0 =0 1
E, P =P"P" +P"P" = D" |C, ~ =" — " E, 1 1

=P, +P] d" ®d N o



Applied symmetry reduction and splitting: Subduced irep D*(D’)]| C> =d">®d>®.. correlation

D,DC, P%relabel/split D“ relabel/reduce w“ relabel] split D,OC, |0,
A, P'=P"P:=P) =D"C,~d* =o0"—>0" A, 1
P =P P =P =D"|C,~d =0 =0 S |
E, P =P"P" +P"P" = D" |C, ~ =" — " E, 1 1
=P, +P] d"@®d N

Applied symmetry reduction and splitting: Subduced irep D(D’)| C3 =d""®d3®.. correlation



Applied symmetry reduction and splitting: Subduced irep D*(D’)]| C> =d">®d>®.. correlation

Al

El

D, D C, P“relabel/split D“relabel/reduce w* relabel/ split
P'=P"P:=P) =D"C,~d* =o0"—>0"
P =P P =P =D"|C,~d =0 —w
P*=P“P" +P"P" = D" |C, ~ = 0" —w”
=P, +P d” @d Nw

D,DC, | 0,
A, 1
1
E 11
.. correlation

Applied symmetry reduction and splitting: Subduced irep D*(D3) | C3 =d"®d!3d

D, D C, P“relabel/split

Al

El

w“ relabel split

D relabel/reduce
P'-P'P"=P) =D C,~d"
P'-P'P'-P, =D"|C,~d"
P'=P'P" +P P> = D" |C,~
=P +P, d"®d*

05
=W —wW-

B s oot

\n W

= )



Applied symmetry reduction and splitting: Subduced irep D*(D’)]| C> =d">®d>®.. correlation

D, D C, P“relabel/split D“relabel/reduce w* relabel/ split D,;DOC, |0,
A P'=P"P:=P) =D"C,~d* =o0"—>0" A, 1
P =P P =P =D"|C,~d =0 —w |
E, P =P"P" +P"P" = D" |C, ~ = 0" —= " E, 1 1
=P, +Pf d"@®d No

Applied symmetry reduction and splitting: Subduced irep D(D’)| C3 =d""®d3®.. correlation

D, D C, P%relabel/split D“relabel/reduce " relabel/split
D, DOC, |0, 1, 2,
Al PA1=PA1 P03= POA;O% — DAIJ/ C3 s d03 — (UAI s 0)03 A
P =P P’'= P, =D | Cy~d” =wn" —ao” ! |
E, P =P"P" +P'P* =D"|C,~ L of o ot
E, -1 1

=P +P/, d" ®d* N\ o™

I31;



Applied symmetry reduction and splitting
Subduced irep D*(D’) | C> =d">®d>®.. correlation

Subduced irep D¥(D’) | C3 =d"®d!3®.. correlation

* Spontaneous symmetry breaking and clustering: Frobenius Reciprocity , band structure
Induced rep d*(C;)1 D3 =D*®DP®.. correlation

Induced rep d*(C3)1 D3 =D*®DP®.. correlation



Applied symmetry reduction and splitting: Subduced irep D*(D’)]| C> =d">®d>®.. correlation

D, D C, P“relabel/split D“relabel/reduce w* relabel/ split
A P'=P"P:=P) =D"C,~d* =o0"—>0"
P =P P =P =D"|C,~d =0 —w
E, P*=P“P" +P"P" = D" |C, ~ = 0" —w”
= P(iloz + P~ d” ®d N w

Spontaneous symmetry breaking
and clustering: Induced rep d*(C3)1D3 =D*®DP®.. correlation

D,DC, |0,
A 1 D"(Dy)| C,~d"
1| D"(Dy)|{C,~d

E, 1 1| D"(D)|C,~d"®d
d™ (C, D,
~D"® D"

d (C,ID,

~D"® D"

Applied symmetry reduction and splitting: Subduced irep D(D’)| C3 =d""®d3®.. correlation

D, D C, P“relabel/split

A P'=P"P =P,
P'=P 'P"=P
E, P =P"P" +P"P*
=P +P,

Spontaneous symmetry breaking
and clustering: Induced rep d*(C3)]D? =D*®D°®.. correlation

D" relabel/reduce " relabel/split D, OC, |0, 1, 2,
=D"|C,~d"” =o"—>wn" A, 1
=D"|C,~d" =w" —-o”" 1
= D" | C,~ =" — " E, 1 1
d*®d> N ™ 4" (C D,
~D"®D
d"(C,)D,
~DH

D" (D,)| C,~d"
D" (D,)|C,~d"
D" (D) | C,~d"®d>

d*>(C,ND,
~DH



Frobenius Reciprocity Theorem

Number of D% in d*(K) 1 G = Number of d* in D*(G) | K



Frobenius Reciprocity Theorem

Number of D% in d*(K) 1 G = Number of d* in D*(G) | K

..and regular representation
D,OC, |0, =1
A 1

1
E 2




Frobenius Reciprocity Theorem

Number of D% in d*(K) 1 G = Number of d* in D*(G) | K

..and regular representation

D,DC, |0, =1
A 1
1
E, 2

D,DC, |0,
A, 1
E 1

D,DC,|0, 1, 2,
Al 1 . .
1
E 1 1
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*D6 symmetry and Hexagonal Bands ‘

Cross product of the C, and Dj; characters gives all Ds =D; xC, characters and ireps



Hexagonal D-family-1: DspD Ds D D3 D C;
of the 32 crystal point groups




D¢ symmetry and Hexagonal Bands
Dyg 1s the outer product (X) product D; xC, of D; and C,. (Requires C, to commute with all of Dj3.)

D6 :D3 XCZ — {19 r, r29 i]) i29 i3 }X{l, RZ}
x product and Ds operators. Define hexagonal generator h of subgroup Cs={1, h, h’, h°, h* h’}
D6 — D3 XCZ — {19 r, r29 ib i29 i3 > 1'R29 r'R29 r2,RZ, i]'Rb 12 79 13 Z}
D6 — D3 XCZ :{19 hZa h49 ib i29 i3 ) h39 h59 h 5 j]a j29 j3 }

j3 Note: h’=r and =R, and h*=r’ and h’ =r.R,

2 D Z |h2 h(60°)
iz | i3
Jq J2 J]

J3

NOTE:
The i, and j, do not flip over the potential plot.

. = . = i3 i2

Electrostatic potential V(¢) doesn't care which way is "up." Wells remain wells, and barriers remain barriers under all Dg operations.




Cross product of the C, and D3 characters gives all Ds =D3; xC, characters.

DyxCi| 1 {r,rz} {ijiyis}| 1R {r,r2}-RZ {ijiyiy} R,
D, |1 {r,rz} {iig iy } A4-(4) |11 11 11 11 1-1 1-1
)1 | C:|1 R, 44 |11 11 141 1-1 1-1 11
. X (D1 1 |= Eq4)|21 -1 0-1 2-1 141 0-1
x2(g)|1 1 1
(B)| 1 -1 4-(B) |11 11 1-1 1-(-1)  1-(-]) 1-(-1)
xg)|2 -1 0 4,(B) | 111 141 11 | 1<) 1-(=D) 1-(=1)
E-(B) |21 -1 0-1 | 2:(=1) -1-(=1) 0-(=1)
D, xC: |1 {hz,h4} {ijiyiy | b2 {h,hS} {312d2003
4, 1 1 1 | 1 |
4, 1 1 -1 | 1 -1
xg‘(D6)= E, |2 A 0 2 H 0
1 1 1 -1 -1 -1
Bo|1 1 S 1
(Recall C, xC, = D, characters
E |2 - 0 2 0
made of two C, groups)
Unit translation
or
60° hex rotation h
determines Odd vs Even
A, vs B, Y-rotation
(t1) vs (-1) or
180° flip js3
“Always-the-same vs Back-and-forth” determines
X1 vs X2

(+1) vs (-1)



Cross product of the C, and Dj ireps gives all Ds =D3; xC, ireps.

g= 1 r=h’ r’=h* i iy L , h’r=h’ hr’=h' h3i1=j1 h3i2 =h h3i3 =3
D (g)= 1, 1 , 1 1 1 SR B 1 1 1 1 1
D)=l 1, 1 1 B 1 O 1 1 1 B 1
e E I R B R SV | I RVE e VE I O R I R T | I RE
D[iz(g)=10) 2 2 2 2 2 2 2 2 (10) 10) 2 2 2| b 2 2 2 2 (1(:)
R e e O T S S L A N A S T W VO 1 | RS S A VE T 9 1
2 2 2 2 2 2 2 2 2 2 2| b 2 2 2 2
D=l 1, 1 S 1 1 1 1 1 1 -1 1 1
D"l (g)= 1, 1 1 1 1 1 1 1 1 1 1 1
e E I R B B S | I RE L | TV T O BE I S Y
DEl(g)=10) 2 2 2 2 2 2 2 2 (10] 10) 2 2 2 2 2 2 2 2 (-10)
R I L O | R O | IEC IS O A R O I R I | | -
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
Unit translation
. or Y-rotation
60° hex rotation h or
determines 180° flip j;
A, vs B, determines
(t1) vs (-1) X1 vs Xo

(+1) vs (-1)
“Always-the-same vs Back-and-forth”

Odd vs Even



Cross product of the C, and Dj ireps gives all Ds =D;3; xC; ireps.

h 13=j3

3¢ _ o .
h11=]1 h12=J2 ,

hr=h>

h4

r2

r:
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—_ O e
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on
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Y-rotation

or
60° hex rotation h

or
180° flip js3
determines

determines
A, vs B,

X1 vs X2

(+1) vs (-1)

(+1) vs (-1)
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D¢ Band structure D, DC,(h)|0, 1. 2, 3
and related o 2 G S
induced 4 l
representations A4, 1
E, 1
1
B, 1
E, 1
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:. Odd Band or Cluster
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D;, DCz(j3) 0, 1L, : 02’|‘D3 ~ ADE®L,®B,
4, 1 i Even Band or Cluster
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