Group Theory iIn Quantum Mechanics
Lecture 18 3.16.17)

Vibrational modes and symmetry reciprocity: Induced reps

(Int.J.Mol.Sci14, 714(2013) p.755-774 , QTCA Unit 5 Ch. 15)
(PSDS - Ch. 4)

Review:Hamiltonian local-symmetry eigensolution in global and Ide4b)-basis

Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

DD Cx(i3) local-symmetry K-matrix eigensolutions
Dx-direct-connection K-matrix eigensolutions
DO Cs(r+) local symmetry K-matrix eigensolutions

Applied symmetry reduction and splitting
Subduced irep*(D3) | C> =d%2@d2®.. correlation
Subduced irep*(D3)| Cs =d%dd'*d.. correlation

Spontaneous symmetry breaking and clustering: Frobenius Reciprocity , band structure
Induced repld(C2) 1Dz =D*®D .. correlation
Induced repl?(Cz) D3 =D*®DP®.. correlation

D¢ symmetry and Hexagonal Bands
Cross product of the C, and D; characters gives all Ds =D; xC, characters and ireps

Induced rep d¥(Cz)1Ds =D*®D"®.. correlation
Induced repd?(Ce) 1 Ds =D*®DPd.. correlation



*Review:HamiItonian local-symmetry eigensolution in global and Id€4b)-basis ‘l



Compare Global vs Locdd)'-basis vs. Global vs Loc#P®"-basis
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D3globd 1% r s i (i3
group r2 1 rddy iy iy
muct r<lr 1 |2® i]_
p:di)le 1|2 2| 1 1 r?

i i1 (i3/r2 1 r
(alis iy r r2 1

Change Global to Loca by switching

D3 global
projector

product
table

...column-P with column-P
...and row-P with row-P

Just switch r withr =r2.

£s

S

rré

"y
g ip (3

(all othersare
self-conjugate)

D3 local
group

1 r
rz 1

i (3 iy
iy i,

table <3
)

i)

2 (3
iy 1y

|1 |7

1 r r2
r2 1 r

rre 1

D3 local

projector

product
table

Ds R POV IR PS PGk PG
O
PAEX v R|<Ex RI<Ey .
| - | PP -
RN
Al R
Pég‘)gld(”)— l mn|bC F;:l(dm)

(Just switch PE withpe=pE )

YY.
PRJP( P Pix Py Py
A
Ryl Py . | -
5l | P o BS o
Byl 'l " ° Px ° Py
P«Zx oK PyEX o Py O
p(m)p(n)— g B



Dz global-g group matrices inP®)-basis

Gl

R"(g)=TR®(q)T =

) ) ) ) )

'$ D(g)| ! | | | !

$ !

% ! DAZ(g) ! ! ! ! : ‘P<M)>'base

$ | DEl( E | oo deri

3 | w(0) Dy | ! ', ordering to

$ Ey Ey ' concentrate
| I D I ! !

3 w(8) Py - - ;( globalg

% | | ! ! o (9) nyl . D-matrices

$ !

30 | ole) by

R™()=TRO(g)T =

PR PR PR PR R

N o

g D (9) ! ! ! ! .

% | DAZ(g) ! ! ! ! ‘P(M>>Tbase

$ 3 2 ~ordering to

: ! | Dufe) ! [Pyle) t concentrate

P | | 50, R local-g

& XX Xy o, .

$ £ g . D-matrices

% | ! DyX (g) ! W(g) | . and

5 | | yil DyEyl'& H-matrices

obal g-matrix component

—

g‘ ﬁm>= D#]!m

u
min

(9)

D3 local-g group matrices inP®)-basis

R"(g)=7r%(g)7 =

Local g-matrix componen

P [el) R} el [ea)  |ef
[ pA ()| -
0¥ (g)| |
b (¢ Dy (z)
o (g o )
D, (z) D, (e)
o) - ()
R”(g)=Tr%(g)T = }{
RE)mE) e Ry R Ry
[ par* (g) .
| D% (g) . .
o (g) Do (e
o () Do (g
X () b (8
D, (¢) D (e)

<ﬁn,‘g‘ ’én>= D}y (971 = DJ(9)




D3 Hamiltonian local- H matrices in |PW)-basis
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Review excerpts of Lecture 16

Global (LAB) symmetry D >C2| pr()J ector states  Local (BOD) symmetry
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Review excerpts of Lecture 16

Global (LAB) symmetry ) 3> C2 i pr()j ector states  Local (BOD) symmetry
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Review excerpts of Lecture 16

\When there is no there, there...

Nobody Home
where LOCAL

and GLOBAL

—
N
U

. <]
anti-symmetry /@

I3 local

—>
i3 global (y)
‘ Ap] anti-symmetry
XX | |
] > |
I5global '3

(X) symmetry




* Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

DO Cy(i3) local-symmetry K-matrix eigensolutions
»-direct-connection K-matrix eigensolutions
DO Cs(r+1) local symmetry K-matrix eigensolutions



Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniai =M a rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=Mdl for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a =- K & matrix expression.
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Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniai =M a rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=Mdl for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a =- K & matrix expression.

v
2 - — b
I MI2X®= = KX
IX b

Compare classical equation to SchrodingerOs equation for qguantum moti

- ||a_- llb
1Mt e = H b

Recall U(2) vaR(3) Schrodinger v€lassical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniaik =M & rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=M4dl for D3-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a=- K & matrix expression.

v
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Compare classical equation to SchrodingerOs equation for qguantum moti

- nm a — ] llb
1Mt e = H b
b

Squared time generator (! | ;= H)? has classical form withK =H? and M =1 2.

1121228 = K" P where: K = H?

Recall U(2) vaR(3) Schrodinger v€lassical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniaik =M & rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=M4dl for D3-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a=- K & matrix expression.

v
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Compare classical equation to SchrodingerOs equation for qguantum moti

- nm a — ] llb
1Mt e = H b
b

Squared time generator (! | ;= H)? has classical form withK =H? and M =1 2.
1 1212m3 = K" P where: K = H?

b

(H/!)-eigenvalues are quantum angular frequenciek, /! =" . (Like Planck axiom: !=1")

Recall U(2) vaR(3) Schrodinger v€lassical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniai =M a rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=Mdl for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a =- K & matrix expression.

v
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- nm a — ] llb
1Mt e = H b
b

Squared time generator (! | ;= H)? has classical form withK =H? and M =1 2.
1 1212m3 = K" P where: K = H?

b

(H/!)-eigenvalues are quantum angular frequenciek, /! =" . (Like Planck axiom: !=1")

(K /M )-eigenvalues are classicatquared frequenciesk,,/M =! 2 .(Like HookeOs lawk/M =1 2))

Recall U(2) vaR(3) Schrodinger v€lassical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniai =M a rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=Mdl for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a =- K & matrix expression.

v
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IX b

Compare classical equation to SchrodingerOs equation for qguantum moti

- nm a — ] llb
1Mt e = H b
b

Squared time generator (! | ;= H)? has classical form withK =H? and M =1 2.
1 1212m3 = K" P where: K = H?

b

(H/!)-eigenvalues are quantum angular frequenciek, /! =" . (Like Planck axiom: !=1")

(K /M )-eigenvalues are classicatquared frequenciesk,,/M =! 2 .(Like HookeOs lawk/M =1 2))
Apart from normalization, eigenvectors of H and K are the same

Recall U(2) vaR(3) Schrodinger v€lassical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes

Classical equations of coupled harmonic motion are Newtoniai =M a rela-
tions of n-dimensional force vectorF, acceleration vectora, and mass operato
M=Mdl for Ds-symmetry. Force F is a (-)derivative of potential V (x) that
becomes a =- K & matrix expression.

v
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b

Compare classical equation to SchrodingerOs equation for qguantum moti

- nm a — ] llb
1Mt e = H b
b

Squared time generator (! | ;= H)? has classical form withK =H? and M =1 2.

1121228 = K" P where: K = H?
b

(H/!)-eigenvalues are quantum angular frequenciek, /! =" . (Like Planck axiom: !=1")

(K /M )-eigenvalues are classicatquared frequenciesk,,/M =! 2 .(Like HookeOs lawk/M =1 2))
Apart from normalization, eigenvectors of H and K are the same

And, each eigewalue set corresponds to its respective energy spectrui

Recall U(2) vaR(3) Schrodinger v€lassical analogs in Lectures 6-7



Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

D3DCo(i3) local-symmetry K-matrix eigensolutions
Ds-direct-connection K-matrix eigensolutions
D3DCs(r*Y) local symmetry K-matrix eigensolutions



Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matrik or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |a!.

V(X) = | E!X|K IX"  where: |x" = Xa @', (a,b)=(1,rtr%ig,isis)
(k) a



Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matrik or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |a!.

V(X) = E!X|K IX"  where: |x"=  xgla", (a,b=(,rir? i1,z i3)
(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-
nect axisx?® to axis- xb multiplied by factor (Q ¥ma)(Q ¥ ¥°) for projecting

spring-kOs end vectorR, and Ry, onto ¥ and ¥P° at respective connections.



Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matrik or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |al.
V(X)= 5 XK [x" where: |x" = oxalat, (@0 =(1,rYr2,iq,i,,i3)
(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-
nect axisx? to axis-x? multiplied by factor ( R, ¥ %2)(R, ¥ ®¥°) for projecting
spring-kOs end vectorR, and Ry, onto ¥ and ¥° at respective connections.

Coupling ka=(a|Klb)
Sum kél@aiﬁa)(@biﬁb) for each spring-k
connecting coordinate lines 10 % |

kA >
14
k%\:&



Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matrik or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |al.
V(X)= 5 XK [x" where: |x" = oxalat, (@0 =(1,rYr2,iq,i,,i3)
(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-
nect axisx? to axis-x? multiplied by factor ( R, ¥ %2)(R, ¥ ®¥°) for projecting
spring-kOs end vectorR, and Ry, onto ¥ and ¥° at respective connections.

Coupling Ka=(alK|b) Diagonal I__gaf(a\Kla> |
Sum kél@aiﬁa)(@biﬁb) for each springk ¥, Sum! %ki@@am’a)z for each spring
connecting coordinate lines 10 % P Xa connected to coordinate ling x
kt
"
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Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matrik or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |al.
V(X)= 5 XK [x" where: |x" = oxalat, (@0 =(1,rYr2,iq,i,,i3)
(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-
nect axisx? to axis-x? multiplied by factor ( R, ¥ %2)(R, ¥ ®¥°) for projecting
spring-kOs end vectorR, and Ry, onto ¥ and ¥° at respective connections.

Coupling Ka=(alK|b) ) Diagonal t_(aaf<a\Kla> |
Sum k@@aiﬁa)(@biﬁb) for each springk K, Sum! %k@@aiﬁf)z for each spring
connecting coordinate lines 10 % P Xa connected to coordinate ling x
k4
J
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N
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Directioncos'neU Ry
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atb-end of k- spring



Molecular K-matrix construction

Classical modes are eigenvectors of force-Peld matrik or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |a!.

V(X) = E!X|K IX"  where: |x"=  xgla", (a,b=(,rir? i1,z i3)
(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-
nect axisx? to axis-xP multiplied by factor (F% ¥ma)(Q ¥ ¥°) for projecting

spring-kOs end vectorR, and Ry, onto ¥ and ¥P° at respective connections.
| 4 K (R, ¥12)? if ta=Db

K here: K g = g )
b abXg Xy Where ab % | k(Qa¥K>a)(Qb¥mb) if - L

(k)

V(X) = 5



Molecular K-matrix construction
Classical modes are eigenvectors of force-Peld matrikk or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |a!.

V(X) = }!X|K IX"  where: |x"=  xgla", (a,b=(,rir? i1,z i3)

(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-

nect axisx? to axis-xP multiplied by factor (Q ¥ma)(Q ¥ ¥°) for projecting
spring-kOs end vectorR, and Ry, onto ¥ and ¥P° at respective connections.

¥ KR, ¥%?)2 if ta=b
- - K here: K .p = (g )
V=5 ReXaa wherer e = S k@, e, ¥e) it can
’ (k)
V(X)= g(! )2 = g (R, ¥x21 R, ¥xP)?
|(k) k I (k) ab I I
= 5 (R, ¥%2)2x2 | k (R, ¥8?)(R, ¥B°)XaxXy

(k) a (k) atb



Molecular K-matrix construction
Classical modes are eigenvectors of force-Peld matrikk or operator K.

Harmonic potential V (x) is a quadratic K -form of coordinatesx, based or
six D 3-labeled axes®? or |a!.

V(X) = }!X|K IX"  where: |x"=  xgla", (a,b=(,rir? i1,z i3)

(k) a
Each K componentK op="'a|K |b" Is @ sum over springk-constants that con-

nect axisx?® to axis- xb multiplied by factor (Q ¥ma)(F% ¥ ¥°) for projecting
spring-kOs end vectorR, and Ry, onto ¥ and ¥P° at respective connections.

¥ § K(R, ¥i?)2 if ta=b
)= 3 et ISR R T T kR, ¥02) (R, ¥HY) if tak
! (k)
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Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

DO Cy(i3) local-symmetry K-matrix eigensolutions
»-direct-connection K-matrix eigensolutions
DO Cs(r+1) local symmetry K-matrix eigensolutions



D3> Ca(is) local-symmetry vibrational K-matrix eigensolutions Local Dy C,(i5) model

GenericK -matrix (Top row) |rl>l,‘%2ji v
_ l . . .
AUK|g)=u t, 1 1, i i, g g Ky R ]
Y, Ko
) [ k|12 ki12 \ N
kr /m ‘?'?'9'3'3: ¥
. . . . ’ ///// ' \\\ . g ||3>
D32 Cy(i3) local-symmetry vibrational K-matrix //// \ 12 N =K,
15t -row parametersgy,="!1|K |gp"=K 1p of the force matrix K ap: “1>\ ///, ) :
29 kA

D3! Cy(i3) model has internal k,.(angular),k;(radial)] and external [ks(angular),kg(radial)]
constants between masses and lab frame.



Local D C D(|3) model

% / )

D3O Co(iz) local-symmetry vibrational K-matrix eigensolutions
GenericK -matrix (Top row)

AUK|g) =0 T, 6 6 0 0, g g . /'@
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D32 Cy(i3) local-symmetry vibrational K-matrix //// \ 12 N =K,
15t -row parametersgy,="!1|K |gp"=K 1p of the force matrix K ap: |il>\ : ////, -
I 3 "

D3! Cy(i3) model has internal k,.(angular),k;(radial)] and external [ks(angular),kg(radial)]
constants between masses and lab frame.
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D3O Co(iz) local-symmetry vibrational K-matrix eigensolutions
GenericK -matrix (Top row)

Local D C D(|3) model
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constants between masses and lab frame.
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Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

D3DCo(i3) local-symmetry K-matrix eigensolutions
* Ds-direct-connection K-matrix eigensolutions
D3DCs(r*) local symmetry K-matrix eigensolutions



Ds-direct-connection K-matrix eigensolutions
GenericK -matrix (Top row)

AKlg)=a1, 1 1, i i i3§ rl]

=(1/2)\(2+V3)=sin75°

N

N\ i,) | 1> cosl 5°=\/[(1+cos 30°)/2]

sinl 5°=\[(1-cos 30°)/2]

Ds-direct-connection vibrational K-matrix ) l.2| S =(12)(2-3)=cosT5°



Dg-dlre_ct-conne.ctlon K-matrix eigensolutions |1> cos1 5°=\[(1+cos 30°)72]
GenericK-matrix (Top row) / =(1/2)N(2+V3)=sin75°

UKlgo)=h 1o 66 0B i & rl\k

GenericK-matrix Dz projections
K = r+r+r, +H 4+, +H,
K = [+, 1, =i -iy-i,
e E $ ] f e P $
y K Ko g 1# 2r-1-1 -i-i,+2i, \/§(-r1+r1 -H,) g
FRE KE & 28 B ) 2 4,20 &



Ds-direct-connection K-matrix eigensolutions iql 1> cos1 5°=V[(1+cos 30°)/2]

Generic K-matrix (Top row) ,’X\/“ =(1/2)V(2+V3)=sin75°

UKlgo)=h 1o 66 0B i & TS

Generic K-matrix D3 projections
K = [+ 41, Hy o, P
K = [+ 41, =i -i - !
L e E $ ! P A c.o.0 3
H K Kyg & 1# 21Ty -1y-1,+21; \/é('r1+r1 -1, H,) &
FKE KE 08/‘0 2% J3( v i) 20 rer L HL-20 08/‘0 i1

sinl 5°=V[(1-cos 30°)/2]

2 - - o
Ds-direct-connection vibrational K-matrix -Ar “| > =(1/2)\(2-V3)=cos75

19 11! r r? Jiq! 15! 13!
ky(cog 75 kycos 75 |kycos15 | |kicos15 ki cos 75 k1(co2 75
— kl = ﬁ = ﬁ _ k1(2 # 3) _ k1(2 + 3) _ ﬁ
4 4 4 - 4 2




Ds-direct-connection K-matrix eigensolutions
GenericK -matrix (Top row)

AK|g)=h 1, 1 1, 0 i, i3§

GenericK -matrix Dz projections

cos15°=V[(1+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

K = Fo T+, o+, Hg k,
K = [+ +r -1 -1,
e e B! i fAlrar iy 8
Ho o & L# ool -l-1,+ 2, 3(-nt-liH,) g
# E; E; &_E# ; L* . . x . . ] & -
K K g 2 V3( 5 H,) 20 4,2, % l1|1 sin15°=V[(1-cos 30°)/2]
,7 O
Ds-direct-connection vibrationak-matrix _ArT| > =(1720N(2-V3)=cosT5
[} 1! 'rt 'r? lig! I lig!
ky(co2 75| [Kicos78 [kicos15 ] [kicos1S k1cos 75 ki(cos 75
A A s A !
1K |gy! = +c0s?15 ) 40515 | |acos75% | [&cos15 ) 4c0s 75 $ # cos 15 )
" _ ke _ka _k@# 3) | k@+ 3| |k
4 4 - 4 - 4 2
. skl ko ko ke o3k 3K
KA = [+, H L H, BV AVAPAPAE ;"o T %
K = I‘0+I’1+I‘1*-i1-i2-i :k1+ﬁ+ﬁ! ﬁ! ﬁlﬁ = %! 3k _
! l . . 44 2 2 2 2 2
» Koo K il# 21,1, -1, 420, N3(-r ] -i ) g
# K Ko 08/40 2# \/é(' r1*'H’1'i1'|'i2) 2ro'r1'|’1*'l'i1'|'i2'2i3 O8/L0



Ds-direct-connection K-matrix eigensolutions
GenericK -matrix (Top row)

(1K|g,) =

o L I 1y 1

GenericK -matrix Dz projections

KAl
K

! E, E,
, KE K
#FKE KR

[+ +r
$ .
& 1 20,-1,-1, -1,-1,+2I,

& - .
0% 2# \/:_3( I +I‘1-I1+I2)

5 §

Fo+T 1+ H, H

1 ~lmlo-ls

\/é('r1+r1*'i1+i2)

20,-1,-1, +H, +H,-21,

Ds-direct-connection vibrationadk-matrix

|Op!

1!

1 12

Vi
r! Iﬁ/ '

klg

||2.

cos15°=V[(1+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

sinl 5°=V[(1-cos 30°)/2]
_ r~| > =(1/2)V(2-V3)=c0s75°

|13!

ky(co2 75| |Kicos 75| |kycos15 | [kicos15 ki cos75 ki(cos 75
1K |gy! = +cos215) [0S 1% | |4acos7% | |écos15 4c0s 75 | cos 15)
= Ky _ ﬁ _ ﬁ k1(2# 3) _ k1(2+ 3) _ ﬁ
4 4 4 - 4 2
. ek k ko 3Kk 3K
K = ro+r+r, +H 4+, AP ;"o T %
K = R A T T LT VL T T T T
l l . o 44 2 2 2 2 2
# K>I<Ex1 KEl flég 1# 2r0_r1_r1 "1'|2+2|3 \/§(-r1+r1 '|1+|2) ?L
# K5 KT 08/‘0 2ff J3( 1 - L) 2r-rr L2, 08/‘0
L1 kokokok kS i
L 25%_2 k1+k1§_ 4 §
# :
# Bk k k3, klﬁﬁ 43 HPPLLVLILPLUL R -
it oAty Ty TS 2T 0% a4 8



Ds-direct-connection K-matrix eigensolutions
GenericK -matrix (Top row)

AKlg)=a1, 1 1, i i i3§

GenericK -matrix Dz projections

KAl
K

! E, e 3
tH Kxx Kx

|Op!

E &
K %

Ds-direct-connection vibrationadk-matrix

& 1y

Pl P e P P S

P PR AR W P

20,-1,-1, -1,-1,+2I,

1!

1

\/§(-r1+r1*—i1+i2)
2% J3( v i) 20 rer L HL-20

12

O R0 QoA

lig!

cos!5°=V[(1+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

sinl 5°=V[(1-cos 30°)/2]

!

A2 > =1203@-B3)=cos75°

lig!

ky(co 75| |K1cOS 78] |kycos15 | [kicos15 ki cos 75 k1(co2 75

"1|K |gy! = +cos?15) |[AcoS 1% | |acos73 | |&cos15 g | |fcos 75 | |# co15)
= kq = K = Ky _ ka@#  3) . ku(2+  3)| | ky
N 4 -4 T 4 2

Ds-direct-connection vibrational K-matrix eigenvalueg/M="! n?

KAl

3K,

\OR0 o Qo o A




Ds-direct-connection K-matrix eigensolutions

Generic K-matrix (Top row)

AKlg)=a1, 1 1, i i i3§

Generic K-matrix D3 projections

K™

XX

K
K5

( XX X
kw7

Ds-direct-connection vibrational K-matrix

K" \ 1/

|

r,tn ""’1* +1,+1,+1,
Vot +r -l-1,-1,

2ry-1,-1, -=i,-1,+2i,

\/é("i"'rl* -i;+i,)

cos!5°=V[(1+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

sinl 5°=V[(1-cos 30°)/2]

A2 > =1203@-B3)=cos75°

19 11 i r? Ji1! 15! 13!
ky(co 75| |K1cOS 78] [kicos15 | |kicos15 ki cos 75 k1(co2 75
"1|K |gy! = +cos?15) |[AcoS 1% | |acos73 | |&cos15 g | |fcos 75 | |# co15)
= ki = ﬁ — ﬁ _ki(2# 3)| | ki(2+ 3) _ ﬁ
. 4 4 - 4 2

Ds-direct-connection vibrational K-matrix eigenvalues Kn/M=wnw’

KAl
K

K

XX X

K™

X

= :’-:,k1
- 0

[ 3k 3k )
4 4

3Kk, 3K,

. 4 4 )

E; Eigenvectorsn terms of D3DCz(i3) Ei-vectors

K

El _ K El
a(+) gx




Mixed local symmetry D ; model

=(1/2)V(2+V3)=sin75°
\15°
1|§/ k, %
/\rf>/
k1 — ’ \ 75
~
1\\
3 15
sinl 5°=\[(1-cos 30°)/2]
r2| > =(1/2)V2-V3)=cos75°

\ |1> cosl 5= \f[(l+cos30°)/2]

Vector x-bend

El
K% = 3k "
K = 0)

! $
e en S # g
H Do x &_# 4 4 &
#ogn o gh & # 3 3 &
T Kx K % # 1 1 &
w4 4 o

Vector y-translation
E /
v(+)

Vector x-translation
E /
x(+)

Psuedo-scalar rotation
A,
VYV




Mixed local symmetry D ; model

| 1> cosise= \f[(l+cos 30°)/2]
=(1/2)V(2+V3)=sin75°

1|§/ k, /\

&\
i
” D

sinl 5°=\[(1-cos 30°)/2]
r~| > =(1/2)V(2-V3)=c0s75°

Vector x-bend

//i 7 E/ | .
K Q — 3k1 o X(-) Genuine vibration modes” ™~ },-(./ )
K = 0 ; ' ¥ Low-frequency modes , y ‘ f.
! $ ey EHE >=| 1] E >+ >=( ]yl
3 3 | '. :l | I','-l,' \+1] \+1]
#Ho T & g 4 4§ - V12
# e ke & # 3 3K &
TSR LS
1] 4 4 0/ [+1)
| ll‘
| -1 |
E: Eigenvalues: 3% 0 | |
2 / Vector x-translation 1/ Vector y-translation
! NO )
E; Ei torsy L § 41 3 " - it
igenv IS — = : , e
1Elgenvecto Sﬁ NN Mixed modes Y
# 1 & # 1 & 1IN terms Of Iocal @ P.s'uea’()-.s‘cc;lm' rotation
R RN Ex(low) andEa(high) by




Molecular vibrational modes vs. Hamiltonian eigenmodes
Molecular K-matrix construction

DO Cy(i3) local-symmetry K-matrix eigensolutions
»-direct-connection K-matrix eigensolutions
DO Cs(r+h) local symmetry K-matrix eigensolutions‘



D3DC3(r+1) local symmetry K-matrix eigensolutions
GenericK-matrix (Top row)

AKlg)=a1, 1 1, i i i3§

model
i)

12/
D3DC3(rt) ’ )~ )
local )
symmetry /

UK. |g,)=h r, ir -ir 0 0 0 § "
)
D3DC3(r+!) local symmetry vibrational K-matrixset: r,=r=!r, , ad: i,=i,=i,=0
Kgl = r0+r1+r1*+i1+i2+i3 = Iy
K = o+ +r -i, -i, -1, =T,
Ky K 1 21 -1 -1 -0y i, 20, NB(-r +r -0, +iy) _/ I —irg’\
S KES | 2] B 4 -i i) 2 - en it - 2 | i

i1=i2=i3=0



model >

(1K

D3> Cx(r+/) local symmetry K-matrix eigensolutions 12/
Gl localsymmetry 9 Do) P

S local |1>
(1\K\gb>:.!. , L rn I 1 |3§ symmetry

g,)=hrn ir -ir 00 0% .

D3O C3(r+) local symmetry vibrational K-matrixSet: r,=r=!r, , ad: =0
KXAQ = r0+r1+r1*-l_il-l-iZ-l_iB =
K = o+ +r -i, -i, -1, =T,

! $ | i . .. ! $

#K>E<1 KEl&1#2r0'r1'r1'|1'|2+2|3 \/é('r1+r1'|1+|2) f]gi zﬁ &

ke K 3 2# J3(C 4 - +iy)  2r - -+ + i, - 2, og/i)rl:r:. TR A go
i1=i,=i3=0

D3O C3(r+/) local symmetry vibrational K-matrix eigenvalueg/M=wn’

Al _—
Kxx - rO
K = Iy
E, E, -3 V3
K' K, % i ro+r s 0
= =

E E .
K' K +lr*/—§ A 0 ”o""?

X



model

D3> Ca(r+) local symmetry K-matrix eigensolutions 12/

3D Ca(r1) y y g D3O Ca(rs1) |74
S local

(1\K\gb>:.!. , L rn I 1 |3§ symmetry

UK. |g,)=h r, ir -ir 0 0 0 @
2>
D3DC3(r+!) local symmetry vibrational K-matrixset: r,=r=!r, , ad: i,=i,=i,=0
pr;(l = r0+r1+r1*-l-il-l-iZ-l-iB :rO
K = o+ +r -i, -i, -1, =T,

' | .. : ..
#KE KEl21#2r0-r1-r1-|1—|2+2|3 \/é('r1+r1'|1+|2) f]gi

! $
# &
fﬁ KEx1 K 08/L 2# \/5’(l 5 +I’1-I1+I2) Ao =T =T+l 1, -2 6&/0rl:r:'r§ #+Ir\/§§ fo go
iy =i,=i3=0

D3O Cs(r+t) local symmetry vibrational K-matrix eigenvalueg/M=! ?

E1 Eigenvectorsn terms of @D Cx(iz) Ei-vectors

KL = fy
K = I $
| I O $ | $ K = =K 5 + 5 &i_+rf 5
bKE oKESh o P oant 0 g o, | H o | | &2 7 a0,
— ( !
fRE ke &R o EF o0 il JoEe\ de\ le\di_ 4 &
0 7/ ) .
9(2), 1 ox gy [S/2 9(2),




D3DC3(r+1) local symmetry K-matrix eigensolutions

Srong
C; coupling
limit

\ N >

Vegitor Right polarized
/ El

R()

N s

By
L(+)

Right circular-tranglation

~
\ - =

A
D yy

-~ Left circular-trandation

Ey
R(+)



* Applied symmetry reduction and splitting
Subduced irep*(D3) | C2 =d%2dpd' .. correlation
Subduced ire*(D?%) | Cs =d%@md@.. correlation



Applied symmetry reduction and splitting: Subduced DefD?3) | C, =d%2pd'2d.. correlation



Applied symmetry reduction and splitting: Subduced DefD?3) | C, =d%2pd'2d.. correlation
D,! C, P relabe/split D’ relabel /reduce "’ relabel /split

A PA=P P%=PR}x " D™C,ld*> " Ih§ 1"
P =P"P=P " D#C, ! d ")
Ei PE1:PE1P02 +PE1P12 n DEl#C2 I n ! E $ ! 0,

=P, +P5 d® %d |



Applied symmetry reduction and splitting: Subduced DefD?3) | C, =d%2pd'2d.. correlation

D,! C, P relabel/split D’ relabel/reduce " relabel/split D,! C,| 0O,

A Ph=pPApY= P(Qloz " D™#C,! d” "R T A 1 "
P =P P =P " D#C,Id" " IS ! "

E, Pe=P=pP% +pP=pP: " D=#C, ! AR E, 1

=P, +P5 d® %d |



Applied symmetry reduction and splitting: Subduced DefD?3) | C, =d>dd .. correlation

D,! C, P“relabel/split D relabel/reduce " relabel/split D,! C,| 0,
A P =P"P“=P;, " D'#C,!d> " o"$ o” A 1 "
P=P"P'=P" " D#C,~d" " o"$ o "
E, P =P"P*+P"P> " D"#C,! "Ihg 1 E, 1
=P, +P" d* %d !

Applied symmetry reduction and splitting: Subduced efD?3) | Cs =d%®d/3®.. correlation



Applied symmetry reduction and splitting: Subduced DefD?3) | C, =d%2pd'2d.. correlation

D,! C, P relabel/split D’ relabel/reduce " relabel/split D,! C,| 0O,
A PA=PAP:=PY " DMC,1d% " I%$ 1" A 1 "
P =P P =P " D#C,Id" " IS ! "
E, Pe=P=pP% +pP=pP: " D=#C, ! AR E, 1
= P5, +P5 d° %d |

Applied symmetry reduction and splitting: Subduced efD?3) | Cs =d%pdk®.. correlation
D,! C, P relabel/split D’ relabel /reduce "’ relabel/split

A PA=PAP%=p} " D™#C,! d> " I%§ 1%
P*=pP“P*=R, " D#C,ld» " /"$ /"

E, P==P%P: +P=P*> " D=#C,! VA I A
=pP% +P& d* %d* Ly

155 2323



Applied symmetry reduction and splitting: Subduced DefD?3) | C, =d%2pd'2d.. correlation

D,! C, P relabe/split D’ relabel /reduce "' relabel/split D.! C, |0,
A PA=P P%=PR}x " D™C,ld*> " Ih§ 1" A 1 "
P"=P"P=P " D'#C,! d A X
E, Pe=P=pP% +pP=pP: " D=#C, ! AR E, 1
=P, + P d* %d |

Applied symmetry reduction and splitting: Subduced efD?3) | Cs =d%dd3®.. correlation

D,! C, P relabe/split D’ relabel /reduce "’ relabel /split
3: Cs /9P / /P D! C,|0, 1, 2
A PA=PAP%=p} " D™#C,! d> " I%§ 1% A "
P*=p“P*=p, " D#C,ld* " I"§ " 1 n o
E P=P=pP=+pP=pP* " DS#C,! A R }
=P +P d* %d* L 1% 5 t

155 2323



Applied symmetry reduction and splitting
Subduced irep*(D3) | C2 =d%2dpd' .. correlation
Subduced ire*(D?%) | Cs =d%@md@.. correlation

* Spontaneous symmetry breaking and clustering: Frobenius Reciprocity , band structure
Induced repid(C,)1D3 =D*@DP .. correlation

Induced repa(Cs) D3 =D*®DP®.. correlation



Applied symmetry reduction and splitting: Subduced DefD3) | C, =d%dd’2d.. correlation

D,! C, P relabe/split D’ relabel /reduce "' relabel/split D,! C,| 0,
A PA=PAP%=PY " DMC, I d% " 1hg 1" A |1 | DMDy!C,!d*
P =P“P"=P " D'#C,! d "Ihg "1 D (D,)! C,!d
E, Po=P=P% +P%pPh " DE#C, ! A N E, 1 1| D®(D,)!C,!d>"d
=P + P d” %d | d°(C,) D,
Spontaneous symmetry breaking | DA D™
and clustering: Induced reg(C2) D3 =D*®DPa.. correlation d“(C,) D,
D" D"

Applied symmetry reduction and splitting: Subduced DefD?3) | Cs =d’*dd/sd.. correlation

D,! C, P relabe/split D’ relabel /reduce "’ relabel/split D,! C,|0, 1, 2,
A PAZPAPR=PS " DMC, 1 d% " IA$ 1 A |1 " | DMDy)!Cytd™
P=P“P%=P, " D#C,ld* " 17§ 1% 1 " " | D¥(Dy)!C,!d™>
E Po=P%“P: +P“pP* " D#C,! "1R$ E, " 1 1| D%(D,)!C,! d=" d
=P +Po, d* %d* 1% d®(C,) D,
| DA" D
Spontaneous symmetry breaking d"(C,)D,
and clustering: Induced reg(C3) D3 =D*pD .. correlation _pF

d*>(C,ND,
| D&



Frobenius Reciprocity Theorem

Number of D' in d“(K)! G = Number of d“ in D' (G) " K



Frobenius Reciprocity Theorem

Number of D' in d“(K)! G = Number of d“ in D' (G) " K

..and regular representation
D,! C |0,=1
A 1

1
E, 2




Frobenius Reciprocity Theorem

Number of D' in d“(K)! G = Number of d“ in D' (G) " K

..and regular representation

D,DC, |0, =1
A 1
1
E, 2

D,OC,|0, 1, 2,
A |1
E, 1 1




| structure

&Dg xC, characters and ireps

*D6 symmetry and Hexagonal Bands
Cross product of the C, and D; characters gives




Hexagonal D-family-1Den! Ds! D3 ! C;
of the32 crystal point groups




D¢ symmetry and Hexagonal Bands
Dg is theouter produci! ) productD; xC, of D3z andC,. (RequiresC, to commute with all oDs.)

Ds =D3xC, ={1,r,r? iy, 105 i3}x{1, R}
x product andg operators pefine hexagonal generatdr of subgroupCs ={1, h, h?, h3, h* h%
D6 — D3 XCZ — {11 r1 r21 il1 i21 |3 ’ 1'RZ1 r'R21 r2'R21 il'RZ1 |2 V4| |3 Z}

D6 - D3 XCZ :{1, h2, h4, i]_, i2, |3 y h31 h51 h y j11 j21 J3 }

Note:h? =r anch® =R, andh*=r?andh® =r.R,
£ |, h(60j)
Deg
s e y

J1

NOTE:
Thei, andj, donotflip over the potential plot.

Electrostatic potentiaf(! ) doesn't care which way is "up." Wells remain wells, and barriers remain barriers uiiizopdirations.




Cross product of the £and D; characters gives all Pp=D3; xC, characters.

Dy, |1 {rr?} {iyinis}
fg) |1 2 1
1*2(g)| 1 1 1
/Fig) |2 "1 0

(RecallC, xC, =D, characters

made of twaC, groups)

D #C5 | 1 {rrd} {iniyig| 1R, {rr3®, {iLisig}®R,
AYA (18 181 14 19 19 19
CZ|1 R, AKA) (18 19 18 | 19 19 14
(A1 1|~ E¥A |28 -18 04 | 24 14 0%
(B)]1 "1 A%B) |14 14 14 | 1%"D)  1%")) 1%" 1)
A4B) |14 18 18 |1¥"D) 1%")) 15" 1)
E4B) [28 -1 0% |2¥"1) -1¥")) 0K" 1)
D, xC? | 1 {hz,h“} {iiyis}| 0 {h,hS} {10205
A |11 1 1 1
A1 1 1 1
Xg(D6)= |2 - o |2 0
1 1 1 1 -1 -1
B |1 1 1 1K 1
E (2 0 2 |l 0
Unit translation
or
60; hex rotation h
determines Odd vs Even
Ap vs By Y-rotation
(+1) vs (-1) or
180i flip js
“Always-the-same vs Back-and-forth” determines
X1vs X2

(+1) vs (-1)



Cross product of the £and D; ireps gives all @=D3; xC; ireps.

g= 2=h* iy h3 2=ht h%,=i, h%,=, h%,=i,
D(g)= 1 1 1 1 1 1
D*2(g) = , 1 , 1 , 1 , 1 , 1 1 1
b Bas 1 Bax 1 gl Gaw 1 Bk g
DEZ(g)=10$ﬁ2 2§§2 2%2 2§§2 zgﬁz 2§§2 22!#1(:
o 1B 1 B §B 1 g fogrs 1 ogns 1 9
P 25#2 2%’*2 2%‘?2 zgﬁz 2@0#2 2%)
D"7(g)= 1 1 1 1 -1 1 1
D(g)=| 1 , 1 , 1 , 1 1 1 1 1
b1 Ber 4 gy 1 gy Bl Bl B |
DFi(g) = O$ﬁ2 2 & 2 2 & 3 2 & 7 2 & 2 2 & 2 23#-1)§
foifis 1§86 1§06 1 s Lggl gl g T
# 72 2%2 2§#2 zg;#z g}zz%z 2%)
Unlt translatlon
or Y-rotation
60i hex rotationh or
determines 180; flip j3
Ap VS By determine:
(+1) vs (-1) X1 Vs X2
(+1) vs (-1)

OAlways-the-sames Back-and-forthC

OddvsEven



Cross product of the £and D; ireps gives all @=D3; xC; ireps.

g= 1, r=h®> ,  r?=h* | iy , i, . iy, h® . h¥=n> , n¥%=nt , hdiE . RO, . b,
D(g) | 1 1 L1 C1 .1 1) 1, 1 E .1 L1 ol
D2(g)d 1 1 ,1 R | R A 1 R R | e
| $ ! $ ! $ ! $ ! $! $ ! $ ! $
I N I N e )
DAy L 0% 2 2 &# 2 2er 2 2ap2 28 103 10%2 2 ep 2 [288 2 2 a2 210
01@(@\/5 1 &% .3 1 ¢7 3 1 413 1&0-1&01%@ 1 $7 B |1 &tz 1 §Ez o1 &M0n
"2 28 % 2882 28, 34 "2 28 s 2 8, 2§
D(g)d 1 1 C1 L1 1 1 1 1 1 .1 1 1
D (g)s| 1 1 L1 R | | 1, 1, |l ,1 , 1 E
| $ ! $! $ ! $ | $ ! $ ! $! $
B I D P P TV I B B T Y PR P
DEl(g):# 1 0 ’# 2 2 &’# 2 2 &,# 2 2 &’# 2 2 &’# 1 0 # 10 ’# 2 2 &’# 2 2 &’# 2 2 &’# 2 2 &,# -1 C
SRR GAERETS ANERE VAR VAN RN LGNS I (ORI N LA VANCRRE TS AR L Bk
P2 282 282 2872 24 P2 285 282 2882 2§
Unit translation
or Y-rotation
60 hex rotationh or
determines 180; flip i
- 3
Dg ! Cy(J3) | 0,1 L, Dg ! C5(n) |05 15 25 35 4 S A,VsB, detelrmFi)nJe<
A1) AL (+1) vs (-] X; VS X;
A, w1 A, 1 ™ v moomoom (+1) vs (-1)
E2 1 1 E2 (1] (1] 1 (1] 1 1
1 1
B, 1| B, 1
E:I- 1 1 E:I- (1] 1 (1] n n 1




D¢ Band structure |
and related ]

Induced

representations

Dg! Cy(h) |0, 1. 2, 3 4, 5
A 1 S
A, 1
E, 1 1

"1
B, 1
E, 1 1

III'&E—""'I.&H"F"" I\<|

II'nL‘_III

LDy ~ A,®FE L ®
Odd Band or Cluger

0,1D; ~ A@E®E®B,
Even Band or Cluger




