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iSk IS an integer count of operatorsgs that commute withk.

These operatorgs form thegk-self-symmetry groupx s Eachgs transformsgk into itself: gsgkgs 1= gk

If an operatorg: transformsgk into a different elemeny$ of its classgigkgri=g% , then so doeggs.
that is: ggsgk(0t0s) 1= 0t0s0k0s 1o 1= giokgr 1= g% ,
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Subgroup splitting andorrelation frequency formula® (D¢ )G)"H)

(irep ( irreduciblerepresentatioly
Symmetry reduction of G to Hs involves splitting of G-irepB¢ )(G) into smaller H-irep@(H)
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y gy ~(E T
5 ¥ ¥ ¥
# ¥ ¥ ¥&
ﬁ ¥ db)y
# ¥ ¥ ¥

The following derives formulae for integral K5 correlation coefficient§2(D( )(G)" H)
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The following derives formulae for integral K5 correlation coefficient§2(D( )(G)" H)

TraceDY ) (PP) = ™1™ gnceeach d®(P®)is an!®-by-! ®unit matrix
Class ortho-complete

: - 1 | 1 1® * /
projector relations (p.24)  ¢®) zl(—b)TraceD(' )(p(b)):l(—b)_— & #” TraceD"'($,)

4 / ) - - IH classes N

p) =L s "ol . h PO =i# O
I(S‘ k#G £ (0) :.i & i$k#l(<b)*#|(<!)

PO =" ¢ (o s
iH ken © N /

\. J Character relation for frequencyfof d ® of subgrougH in D¢)"H of G
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Atomic!-level or 2+1-multiplet splitting 1=0, s-singlet

E I —
Formula from p.44 af
(b) — w (b)Y (1) Rl S L =1, p-triple
Example: [=4) f D, d;$$$l' Kk = Ell 21+1=3
' #D3 Aq
Crystal-field splitting: O(3% Dz symmetry reduction
0, OR R, SYMMETRY (Flg 561 PSD/S)’/ “ M
. : //// ’ ) SYMMETRY



Atomic!-level or 2+1-multiplet splitting 1=0, s-singlet

E, | —
Formula from p.44 * 2l+1=1
=4 . . A =1, p-triplet
£0) = jonbyre () X , P-r1p
Example: [=4) D, d;$$$l Kk = Ell 21+1=3
. L Py Ay =2, d-quintet
Crystal-field splitting: O(3% D3 symmetry reduction o1 +1=5
0, OR R, SYMMETRY (Flg 561 PSD/S)’/ i M
2 g //// ’ ) SYMMETRY



Atomic!-level or 2+1-multiplet splitting 1=0, s-singlet

E I —
Formula from p.44 | L A=l
=4 7. A =1, p-triplet
Y — ) = $ ;om0 (1) =" E , PP
Example: [=4) D, dawl <k = E 21+1=3
. L Py Ay =2, d-quintet
Crystal-field splitting: O(3% D3 symmetry reduction o1 +1=5
04 OR Ry SYMMETRY (Fig' 5.6.1 PSD/S)’/ r svurs ' :3’ f_Septet
LT i : 21+1=7



Atomic!-level or 2 +1-multiplet splitting
Formula from p.44

.I:(b) —

Example: [=4)

(Fig. 5.6.1 PSDS) -~

O4 OR R, SYMMETRY

—— —— — — — — — —

20+1 b,

L g .

3 classes
Crystal-field splitting: O(3% D3 symmetry reduction

SYMMETRY

=0, s-singlet
2+1=1

=1, p-triplet
21+1=3

=2, d-quintet
21+1=5

=3, f-septet
2! +1=7

=4, g-nonet
21+1=9

=5, h-(11)-let
2+1=11



Atomic!-level or 2 +1-multiplet splitting

E,
Formula from p.44 |
(b) , (b)Y (1) E Al
Example: [=4) f $ TR =" E.
3 classes Eq
k#D3 A]_
Crystal-field splitting: O(3% Dz symmetry reduction and TDs splitting
. (o)
04 OR Ry SYMMETRY (Fig. 5.6.1 PSD/S)// .
= P ) SYMMETRY
0 ¥ E’_/ _____ = e o D, R ..... A -o"(n)‘
20+1 \\\ B D(R) = ( Dy ) ‘Ma‘ ( D*(R)
DEGENERACY > < > : b e
\\ ®
\\ ®

)

=0, s-singlet
2+1=1

=1, p-triplet
21+1=3

=2, d-quintet
21+1=5

=3, f-septet
2! +1=7

=4, g-nonet
21+1=9

=5, h-(11)-let
2+1=11



Atomic!-level or 2+1-multiplet splitting 1=0, s-singlet

Formula from p.44 S h 2=l
®) = | owere () A28 —— B ' =1, p-triplet
Example: [=4) f |$ kK = Ell 21+1=3
s ! #D, Ay =2, d-quintet
Crystal-field splitting: O(3¥ Ds symmetry reduction and'TD3 splitting 2l +1=5
o on s smemny - 19 9.6.1 PSDS) ~ r " =3, f-septet
sy (3 yuduiug S | 2141=7
Q Ef’_//_/_/_/____ - Z“ el - At m ' :4’ g-nonet
bk . - e e ) a5 ( e }re1s
Tovagn B el | | 1=5, h-(11)-let
U(2) characters on gnt 1 R(3) character 2+1=11
from Lecture 14.5 p.93: 1) = 1 where:2! +1
(or end of this lecture) " sn— jsi-orbital dimension

n



Atomic!-level or 2 +1-multiplet splitting

Formula from p.44 P
=4 A
Example: (=4) f = $ LTS = Ey
3 class& R Ey
|\ #Ds A
Crystal-field splitting: O(3% Dz symmetry reduction and TDs splitting
it A O ey "
yefion (3 1008 Y
0 4 f’_//_/_/_/ = . D, M. ..... A m
23, D {5G = TH°7 0T B D“(n)-( Dy1 )‘Me( D*(R)
DEGENERACY \\\\ : Do R _EZ_(ED
U(2) characters o sin(2! +1) R(3) character
from Lecture 14.5 p.93: 1) = 1 where: 2! +1
(or end of this lecture) " Sn—  is!-orbital dimension
TP 2#
PO =0 5 # /ey = SN +3)
=0 1 1 1 §n_
1 3 0 $1 2
2 ) $1 1
3 ! 1 $1
4 9 0O 1
) 11 $1 $1
6 13 1 1
! 15 0 %1

)

=0, s-singlet
2+1=1

=1, p-triplet
21+1=3

=2, d-quintet
21+1=5

=3, f-septet
2! +1=7

=4, g-nonet
21+1=9

=5, h-(11)-let
2+1=11



Atomic!-level or 2 +1-multiplet splitting

)

Formula from p.44 P
=4 A
Example: [=4) £(0) = $ il " I((b) " k(I % El
3 dsf[i Ai
Crystal-field splitting: O(3% Dz symmetry reduction and TDs splitting
e =l M A S 0B M .
— /,///// ® Loy
0 . ff_//_/_/:_/ . D, M. ..... A m
U(2) characters o sin(2! +1) R(3) character
from Lecture 14.5 p.93: 1) = 1 where: 2! +1
(or end of this lecture) " Sn—  is!-orbital dimension
PN 2#
FO)T =0 _,!(..):Sin(!t%)"
=0 1 1 1 Sn—
1 3 0 $1 2
2 5 $1 1 ...andD3 character table from p. 24:
3 ! 1 81 (9= ({1} {rir?} {iinig}
419 0 lhag=] 1 1 1
5 | 11 $1 s$1|
6 | 13 1 1|’ O
7 |15 0 $1|/@=]2 "1 0

=0, s-singlet
2+1=1

=1, p-triplet
21+1=3

=2, d-quintet
21+1=5

=3, f-septet
2! +1=7

=4, g-nonet
21+1=9

=5, h-(11)-let
2+1=11



ReviewSpectral resolution dDz Center(Class algebra)
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Lagrange theorems
All-commuting class projectors ang-idvariant character ortho-completeness
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Subgroup splitting andorrelation frequency formuld:@(DC )(G)" H)
Atomic!-level or 2 +1-multiplet splitting

* Pexamples for=1-6 ‘

Group invariant number€entrum Rank andOrder



Atomic!-level or 2+1-multiplet splitting 1=0, s-singlet

Formula from p.44 -y E |2!_+11:1t -
Example: (=4) f = $ i E_ EEi é! +i£3 o
s s A 1=2, d-quintet
Crystal-field splitting: O(3% D3 symmetry reduction and'TDs splitting 2l +1=5
oy onn, srmerny [ 19- 5.6.1 PSDS), ~ Y . =3, f-septet
e e - | 21+1=7
0 f\fl—//—/—/—/——__ Fovwicse DQ(R)'( 1;::(:) ..... D, _, ) e (I—Dr,,;};m ) =4, g-nonet
ocanenacy b e o lomy / 2!+1=9
Breos 33 e =5, h-(11)-let
U(2) characters Y TN GRE) R(3) character 2+ 1=11
from Lecture 14.5 p.93: ()= 1 where: 2! +1
(or end of this lecture) " SN—  js!-orbital dimension
eyt =0 2w n( +1y
3 _/!("):S'n(' '|"l2) FOM)| fA f fE
1=0 1 1 1 sn— 1 =0 1 v | 1A
@ 3 0 $J 2 1 : 1 | 0A&A&E,
2 5 $1 1 ...andD3 character table from p. 24:
3 71 31 (@)= [ {1} {rir?} {ininig)
4 9 0 L[ ag=]| 1 . .
5 | 11 $1 $1 ]
6 | 13 1 1|' @
7 | 15 0 $1|/(@=]2 "1 0




Atomic!-level or 2 +1-multiplet splitting

E
Formula from p.44 :
(b) 7] (b) n (l I :4 Al
Example: (=4) P = $ T =" =
el A
0: OR R, SYMMETRY . i X // : . AL ek
0 . f’_//_/_/_’_/_ . D:' mi ' o]
gy DS o D“m)-( D10 ) ‘Me ( D’(R)
DEGENERACY - : R e by, ‘M
™~ | + "
U(2) characters o sin(2' 1 R(3) character
from Lecture 14.5 p.93: ()3 1 where: 2! +1
(or end of thiszlecture) sinH is 1 -orbital dimension
| #
!. n n _O _ # : l "
! :O 1 1 1 Sn— | :O 1
@] 3 0 %) ° . 1
2 5 $1 1 ...andD3 character table from p. 24:
j g é $11 @)= [{1} {r'r?} {iLiyis} 3 0 11
()= 1 1 1 I A () =
c 1 sl sl (9) " 0/*(@=|0 0 O
6 | 13 1 1|’ @ )= !
7 15 0 $1|!/7(@=|2 "1 0 1U5@)=|2 11 0

=0, s-singlet
2+1=1
=1, p-triplet
21+1=3
=2, d-quintet
21+1=5
=3, f-septet
2! +1=7
=4, g-nonet
) 21+1=9
=5, h-(11)-let
2+1=11
1A,
0A& A& E;



Atomic!-level or 2+1-multiplet splitting 1=0, s-singlet

Formula from p.44 a/ n 2 I,
=4 . 1 = -
Example: [=4) f = D, .$ LTy = —Fh s
! #D, Ay =2, d-quintet
21+1=5
0, OR Ry SYMMETRY //// 3 svmrem !:3, f-Septet
/////:/’// 5 ; D’ (R) D 2A+1=1
Q E\E/—/_/ ______ — D“m)-( D:i,q Q'-Q ) }me (W(m ) =4, g-nonet
e S R . SE bl lomy / 2!+1=9
\\\\ . 1=5, h-(11)-let
U(2) characters o §n& +1) R(3) character 2+1=11
from Lecture 14.5 p.93: ()= 1 where: 2! +1
(or end of this lecture) " Si”ﬁ is | -orbital dimension
eyt =0 2oy in(l +1y"
3 _/!(" ):S'n(' '|"l2) FOM)| fA f fE
=0 1 1 1 sn— 1 =0 1 v | 1A
1 3 0 %1 2 1 " 1 |0A&A&E,
@ 5 $1 1)| ..andDscharacter table fromp.24:, | 4 > 1A o
3 ! 1 $1 ()= {1} {r'r?} {i1,1515}
4| 9 0 1 mg=l1 1 ;
5 11 $1 $1 _
6 | 13 1 1|’ @
7 15 0 $1|/*@=]2 "1 0




Atomic!-level or 2 +1-multiplet splitting

E
Formula from p.44 :
(b) (b)Y (1) I — 4 Al
Example: (=4) P = $ T =" By
3cla$e£ E,
k#D3 A]_
O4 OR Ry SYMMETRY /////// 5 SYM:‘ETRY
: 4 f’_//_/_/_/_/_ : . D, R ..... ' 2t Tn
iy DT o D“m)-( Dy_v. ) ‘Me ( D(R)
DEGENERACY \\\\ : Do e ‘M
iy |+ "
U(2) characters o sin(2' 1 R(3) character
from Lecture 14.5 p.93: ()3 1 where: 2! +1
(or end of thiszlecture) Sn—  is!-orbital dimension
| #
!. n n _O _ # : l_ n
1 3 0 $1 2 1 . .
@ 5 $1 1)| ..andDscharacter table from p. 24: 1 5
3 7 1 31 (9= |{1} {rr?} {i,i,is}
_ UA)=11 1 1
6 | 13 1 1|’ 7 , (9=
7 | 15 0o s1|/%@=]2 "1 0 F )=
215%@)= 14 12 0

=0, s-singlet
2+1=1
=1, p-triplet
21+1=3
=2, d-quintet
21+1=5
=3, f-septet
2! +1=7
=4, g-nonet
) 21+1=9
=5, h-(11)-let
2+1=11
1A
0A& A& E;
1A, &2E,



Atomic!-level or 2 +1-multiplet splitting

E
Formula from p.44 ea ) A
3 = 4a 1
Example: [=4) fo = $ il Y = E;
3cla$e£ ' E
k#D3 A]_
0: OR R3SYMMETRY /////// . SYA”‘METRY
0 Ef’_//_/_/:_/___ . D, R ..... ' 2t o]
SR Y D“(n)-( Dy_1. ) ‘Me ( D*(R)
DEGENERACY \\\\ : Dot D, ‘ﬂ)}
gy % I + "
U(2) characters o sin(2' 1 R(3) character
from Lecture 14.5 p.93: ()3 1 where: 2! +1
(or end of thiszlzcture) Sn—  is!-orbital dimension
eyt =0 = o# in(l +3y"
3 !!(u )zsn(' -||_|2) f(!)(!) .|:A1 f .rEl
1 3 0 $1 2 1 . .
2 5 $1 1 ...andDs3 character table from p. 24:, 1 5
@ | 7 1 8 (9= [{1} {r'r?} {i,inis) 3 |1 2
419 0 lhag=] 1 1 1
5 | 11 $1 s$1|
6 | 13 1 1|’ @
7 15 0 $1|!/7(@=|2 "1 0

=0, s-singlet
2+1=1
=1, p-triplet
21+1=3
=2, d-quintet
21+1=5
=3, f-septet
2! +1=7
=4, g-nonet
) 21+1=9
=5, h-(11)-let
2+1=11
1A
0A& A& E;
1A, &2E,
1A,82A.&2E,



Atomic!-level or 2 +1-multiplet splitting

E
Formula from p.44 :
(b) (b)Y (1) I — 4 Al
Example: [=4) = $ i —— L Ey
3 claw E;
' #D3 Aq
0: OR R, SYMMETRY /////// . SYAMrETRy
0 Ef’_//_/_/_’ = . D, R ..... ' 2t o]
SR Y (g =3 D*(R) ( Dy ) fme ( D*(R)
DEGENERACY - : R e by, ‘M
gy % | + "
U(2) characters o sin(2' 1 R(3) character
from Lecture 14.5 p.93: ()3 1 where: 2! +1
(or end of thiszlzcture) Sn—  is!-orbital dimension
! L " _O = # . l_ "
1 3 0 $1 2 1 . .
2 5 $1 1 ...andDs3 character table from p. 24:, 1 5
@ | 7 1 8 (9= [{1} {r'r?} {i,inis) 3 |1 2
4 9 0 1 vg=]1 1 1
5 11 $1 $1 7 1 '1
I(9)=
6 13 1 1 iy , : ; Uh@=11 1 1
7 11 ') = )
5 0 $1 I (g) = |
215(Q)= |4 12 0

=0, s-singlet
2+1=1
=1, p-triplet
21+1=3
=2, d-quintet
21+1=5
=3, f-septet
2! +1=7
=4, g-nonet
) 21+1=9
=5, h-(11)-let
2+1=11
1A,
0A& A& E;
1A, &2E,
1A,82A.&2E,



Formula from p.44

I- 186 180

(b) 1 ;b (1) | A
Example: (=4) =02 i = 2
! 3cla$$ E,
' #Dg3 Ay
1 " *n(1=4) _ 1 . i (B )* o (! i (Ep)* (!
fo)=— $ i’k l(<E1) I(< 4)_.—(|! 0; c().E) (()| 4)+|!120i ioni) £2q4)+ /
IDgclasas ID3
(#D3
U(2) characters
from Lecture 14.5 p.93:
(or end of this lecture)
| 2%
eyt =0 = # - Ly
( ) 3 !!(n )zsn(! -||_|2) f(!)(!) .|:A1 f fEl
1 3 0 $1 2 . |
2 5 $1 1 ...andDs3 character table from p. 24:, 1 5
3 1 S (@)= {1} {r'r?} iy} 3 1 2
@ 9 0 Dlijag=]1 1 1 4 |1 3
5 111 $1 $1|
6 | 13 1 1|' @
7 | 15 0 s$1|/"(@=]2 "1 0

=4, g-nonet
21+1=9

i (E )% o (! =4))
180

1A

0A& A& E,
1A, &2F,
1A&2A.&2F,



E | = -
Formula from p.44 . 1 =4, g-nonet
f(b)_i ) (b (1) ;4 ______ A 21+1=9
Example: [=4) =D 1k kK =— E
| Y3 classes E,
| #Ds A
1 " *n(l= - 1 . i (B ) (1= . i (B ) (1= . i (B ) (1=
f(El):_—$ il l(<El) I(< 4)__—(1! Oj c()iE) ((J; 4)'l'l-llzoi ioni) £2q4)+|!180i igoi) £8q4))
|D30Iasses |D3
|\ #D;
1 Ve * 7 ya * Ve 7 * Ve
:6(1a2a9 + 249 0 + 340 4l )
U(2) characters
from Lecture 14.5 p.93:
(or end of this lecture)
| 2#
eyt =0 = # - Ly
=0 1 1 1 an— l =0 1 no | 1A
1 3 0 %1 2 " 1 | 0A&A.&E,
2 5 $1 1 ...andD3 character table from p. 24:, 1 > 1A, &z,
3 r 1 31p (@@= ({1 {r'r?} {iyinis) 3 |1 2 | 1A&2/ &2E,
@ 9 0 Dijag=|1 1 1 4 |1 3
5 11 $1 $1| |
6 | 13 1 1|’ @
7 |15 0 $1|!/"@=] 2 "1 0




o E |: -
Formula from p.44 : =4, g-nonet
o — 1 () () =4, Aq 21+1=9
Example: [=4) P =— i =" Ey
I D3 classes E;
|\ #D, Aq
1 . " *n (1= — 1 . n(E)* = . i (B )" = . mn (E)* = \
f(El):_— $ il l(<El) k( 4)__—(|!oi (()I;E) oi( 4)'|'|!120i Soi) 120i( 4)'I'l-llsoi igo;) 180i( 4)/
|D3 classes |D3
|\ #D;
1 yd * ya ya * Ve Ve * 7
:6(1a2a9 + 2490 80 + 340 4l |
f(El): 3
U(2) characters
from Lecture 14.5 p.93:
(or end of this lecture)
I /n T 2# .
() =0 3 # !!("):SIH(! -l.-.%)" fOO)| A f fE
=0 | 1 1 1 Sn— =0 | 1 | 1A
1 3 0 %1 2 1 1 | 0A&A&E,
2 5 $1 1 ...andD3s character table from p. 24:2 1 2 |1a, &2F,
3 | 7 1 81| (9= ({1} {r'r?} {iinis) 3 |1 2 | 1A&2A &2,
@ 9 0 1) ()= 1 1 1 4 2 3 &3E;
5 111 $1 $1|
6 | 13 1 1|’ @
7 15 0 $1|!/*@=|2 "1 0




E | = -
Formula from p.44 1 =4, g-nonet
(b) 1 . (b)) (1) _I :4 Al 2|+1:9
Example: [=4) P=— i = — &
! D3 classes L E
|\ #D, A,
E) - L gowEy e 0=y — L (o wEye 0=y wEye =) . w(Eye (=)
f __—$ R k __—(l- 0 O 0; til 126 120 120 il 186 180 180
|D30Iasses |D3
b #Ds
1 Ve * ya ya * Ve 7 * Ve
:6(1a2 40 + 24% 4 + 340 4 )
f(El): 3
1 s ok ’ s ok P ’ * ’ _
U(2) characters t = E(la ad + 2Z2al a0 + 3a al)—
from Lecture 14.5 p.93:
(or end of this lecture)
| 2%
P n no— — . 1yn
() 0 3 # !!(" ):SIH(! -l?) f(!)(!) fAf fE
=0 1 1 1 sn_ 1=0 | 1 1A
1 3 0 $1 2 1 1 | 0A&A&E,
2 5 $1 1 ...andD3z character table from p. 24:2 1 2 1A,  &2F,
3 | 7 1 $1| (@@= [{1} {r'r?} {i.iyi) 3 |1 2 | 1A824.82E,
@ 9 0 1) ()= 1 1 1 4 2 3 &1A.&3E;
5 11 $1 $1| |
6 | 13 1 1|' @
7 | 15 0 $1|/(@=]2 "1 0




E |: -
Formula from p.44 : =4, g-nonet
1 . =4 . Ay 2'+1=9
Cr— fO) = = ;oo () (1) = . E
Example: [=4) K k  k =— 1
| DS claw El
b #Dg .. Aq
.I:(El) :i $ N (E))* m (1=4) :i . | n (B n (1=4) + | i (E))* i (1=4) +I i (E)* o ('=
_ I~k «k k ] - 0o o 0j - 120 120 120 I- 1800 180 180
|D3 classes |D3
L #Ds
— %(15512* 49 + 24&% 40 + 340 A )
f(El) = 3
fio = L 1al a9 2 4l a0 3al 1 &=
U(2) characters ~ 5 ( aLay + caal o+ o4 )‘
from Lecture 14.5 p.93: ) — 1 Lo sa)
(or end of this lecture) f 6 ( lal &9 + 2440 + 34l al)—2
o W 2# . |
() =0 ? # !!("):SIH(! -ll-l%) f(!)(!) fAf f&
=0 | 1 1 1 Sn— =0 | 1 | 1A
1 3 0O %1 2 1 . 1 | 0A&A&E,
2 5 $1 1 ...andD3z character table from p. 24:2 1 2 |1a, &2F,
3 | 7 1 Sl (9= |[{1} {r'r?} {iLiuis) 3 |1 2 | 1A82/.82E,
@ 9 0 1) (@)= 1 1 1 4 2 3 | 2A&1A.&3E;
5 111 $1 $1|
6 | 13 1 1|’ =
7 15 0 $1|!/"@=]2 "1 0




E | = -
Formula from p.44 1 =4, g-nonet
1 R =4 A 2!+1=9
] — f(b) - ! I (b) n () :; ___________ - El
Example: [=4) D K kK =——
| Y3 classes El
|\ #D, A,
1 n *u (1= _ 1 . " 1*” = . n 1*" = . m(E )" n 1=4) )
f(El):F $ il l((El) k( 4)_3('!05 (()iE) Oi( 4)+|!120i Soi) 12q( 4)+|!180i igoi) 180i( 4))
I szlags[t)as | Y3
1 yd * ya ya * Ve Ve * 7
:6(1a2 40 + 24% 4 + 340 4 )
f(El) = 3
1 ’ ’ * ’ * ’ _
U(2) characters P = 6 ( lalad + 2ala0 + 3a al)—
from Lecture 14.5 p.93: oy 1 L cat 2 c o 24\
(or end of this lecture) =5 (1ara0 + 2ara0 + 3al a)=2
o W 2# . |
() =0 ? # !!("):SIH(! -ll"%) f(!)(!) fAa f f&
=0 1 1 1 sn_ 1=0 | 1 1A
1 3 0 %1 2 1 1 | 0A&A&E,
2 5 $1 1 ...andD3z character table from p. 24:2 1 2 1A,  &2F,
3 | 7 1 81| (9= [{1} {r'r?} {i.iyis) 3 |1 2 | 1A82/.82E,
4 9 0O 1 1A= | 1 1 1 4 2 3 | 2A&1/.83E,
5 11 $1 91| ~ . 5 1 4 | 1A&2/.&4E,
6 13 1 1)|° (@)= (6 3 4 |3A82/.84E,)
7 15 0 $1|/7@=] 2 "1 0 7 2 5 | 2A&3/.&5E,

Note: 1=6|13 1 1|=A |1 1 1|1 2R

12 0 O ‘:Al&Z[Al& &2E] (=6 is Is're-cycling point)



Spectral splitting in symmetry breaking foretolddmaracter analysis (on p. 38)

U(6)# D3

RE(U(6))" Dz =DAY(

Crystal-field splitting: O(3% D3 symmetry reduction and'TDs splitting

f(!)(!) f A

f f=

o

~No ok~ wdN e

1

N WEDNRE PR

1A,&2
2A&1
1A,&2
3A,&2
2A,&3

a b~ B wWDMNDDNPF

D3 character table:

0A&A&E,

&2F,
&2F,
&3E,
&4E,
&4E,
&5E,

@)= {1} {rr*} {i,i,is}
(g)=1 1 1

I(9)=

'm(9)=| 2 1
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ReviewSpectral resolution dDz Center(Class algebra)
Group theory of equivalence transformations and classes
Lagrange theorems
All-commuting class projectors ang-idvariant character ortho-completeness
Spectral resolution toreducible representationgor OrrepsO) foretold byharactersor traces
Subgroup splitting andorrelation frequency formuld:@(DC )(G)" H)
Atomic!-level or 2 +1-multiplet splitting
Pexamples for=1-6
* Group invariant number€entrum Rank andOrder ‘
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PE

11

PE

22

| Operators
1 '3
PE PE P= =
\ _ _ — — J g k=1 Fre i+
Important invariant numbers or “characters PU=[T 1 1 le
%= Trreducible representation (irrep) dimension or level degeneracy P11 -1
For symmetry group or algebra G PE =2 -1 03

Centrum: K(G)=X, ep(c) (f 06)0 =Number of classes, invariants, irrep types, all-commuting ops

Rank:  p(G)=X

irrep(Q)

(f 06)1 =Number of irrep idempotents

p(o)

nn?s

mutually-commuting ops

Order:  °(G)=X, ., () (f OC)2 =Total number of irrep projectors Pf,,‘j% or symmetry ops

w(Da)=( 1)%+ (1)% (2)°= 3
p(Dg)=( D+ (1) (2)'=4
[(D9)=( )% (1)2+ (2)%= 6



2nd-Stage spectral decompositions of global/local DK
* Splitting class projectorasing subgroup chainss® Czand Ds# Cs
Splitting classes



Spectral reduction of non-commutative GGroup-table HamiltonianO
D3 Example 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C.(i)

Standingwave
Subroup chain &

D3t Ca(p3)




Spectral reduction of non-commutative GGroup-table HamiltonianO

D3 Example 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C.(i)
Dg #=1 ri+r2i+i+, C,#=1 i
Pu=1 1 1}e 0% =1 1|
P=1 1 -1je ol =1 1|
PE=2 -1 03




Spectral reduction of non-commutative GGroup-table HamiltonianO

Dg Example 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C.(i)

Dg #=1 ri+r2i+i+, C,#=1 i

PL\12:_1 1 1e 0% =1 1|5

E:l 1 -1ye p12:1 “1l/2

P==2 -1 03
D;$ C, Correlation table D;$C, 0, 1,
shows which products of ni=| 1 &
class projector P4 with nfe=| a1
C,-unit 1 =p°2+ p*2 will nf=| 1 1

make IRREDUCIBLE P{¥




Spectral reduction of non-commutative GGroup-table HamiltonianO

Dg Example 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C.(i)

Dg #=1 ri+r2i+i+, C,#=1 i

PL\12:_1 1 1e 0% =1 1|5

E:l 1 -1ye p12:1 “1l/2

P==2 -1 03
D;$ C, Correlation table D;$C, 0, 1,
shows which products of ni=| 1 &
class projector P4 with nfe=| a1
C,-unit 1 =p°2+ p*2 will nf=| 1 1

make IRREDUCIBLE P{¥
Rank %Dg)=4 implies

_ therewill be exactly 4
(C,-friendlyOirep projectors

P(&)l — P(&) (pOZ + p12)
=rig)+ 0




Spectral reduction of non-commutative GGroup-table HamiltonianO

D3 Example 2nd Step: Spectral resolution of Class Projector(s) of D,

Correlate D4 characters with its subgoup(s) C.(i)

Dg #=1 ri+r2i+i+, C,#=1 i
P=1 1 16 0% =1 1|
=1 1 -1ye p12:1 12
PE=2 -1 03
D;$ C, Correlation table D;$C, 0, 1,
shows which products of ni=| 1 &
class projector P4 with nfe=| a1
C,-unit 1 =p%+ p'2 will nf=| 1 1
make IRREDUCIBLE Pé,g,f?
Rank %Dg)=4 implies
there will be exactly 4 1=p%+ p*=
(C,-friendlyQirep projectors 1= |I>°E)1202 4
p&]1 =p&(p”%2+ p"?) = & PY
=RE)+ PO PE=| PE, PE,




Spectral reduction of non-commutative GGroup-table HamiltonianO

Dg Example 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C.(i)

Dg #=1 ri+r2i+i+, C,#=1 i

PL\12:_1 1 1e 0% =1 1|5

E:l 1 -1ye p12:1 “1l/2

P==2 -1 03
D;$ C, Correlation table D;$C, 0, 1,
shows which products of ni=| 1 &
class projector P4 with nfe=| a1
C,-unit 1 =p°2+ p*2 will nf=| 1 1

make IRREDUCIBLE P{¥
Rank %Dg)=4 implies

. =n0 1
~ therewill be exactly 4 1=p2+ p-
QC,-friendlyOirep projectors 1= Pae)lzo 4
2
&)1 =p@&(n°2 + nl2 —| A
PR ) = & Ry
=Rt B P==| 50, R,

pAi=pAp2 =P°‘1(1+i3)/2=( Tertraei+i+ig)e
Pre=PYpl2 =PY2(L-i )i2=( 1+ rier2-i - i -i )6
Poo= PP = PE(Le )2=(2L 1 r2-i,- i 21, )i
P = PEp'2 = PE(L4,)i2=(21- ri-r2+i + i -2i, )6




2nd-Stage spectral decompositions of global/local D K
* Splitting class projectorasing subgroup chainss® Czand Ds# Cs
Splitting classes



2nd-Stage . _ _ )
Spectral reduction of non-commutative dsroup-table HamiltonianO
D3 Example 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C.(i)




2nd-Stage

Spectral reduction of non-commutative GGroup-table HamiltonianO

D; Example

2nd Step: Spectral resolution of Class Projector(s) of Dg

Correlate D4 characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C,4 don® commute) |

& '
A
Standingwave @)‘//’ ;{\

Subroup chain @‘,’0{\ '
Da# Colps) G '
@ ‘\\\«‘
Q2.
wr @\‘\‘

. QX
e NSRS
Da# Ca(r") Q“

@;\
,




2nd-Stage
Spectral reduction of non-commutative GGroup-table HamiltonianO

Dg Example 2nd Step: Spectral resolution of Class Projector(s) of D,
Correl ate D5 characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C, don@commt?) 2
D3 #::1 r1+r2 |l+|2+|3 C2 = 1 i3 L et: s C3 #= 1 I I
Pu=[1 1 1lse 0% =1 1|1 l=e p=|1 1 13
— 13— | | *
=1 1 -1ye pl2=|1 -1 p2= 11 ! [I*}y3
- 23— K
PE=2 -1 013 pB= {2 1* | |13
D;$ C, Correlation table D;$C, 0, 1,
shows which products of ni=| 1 &
class projector P4 with nfe=| a1
C,-unit 1 =p%+ p'2 will nf=| 1 1
make IRREDUCIBLE P{¥
Rank %Dg)=4 implies 0 .
there will be exactly 4 1=p=+p>
(C,-friendlyQirep projectors 1= PAE)le 4
p&]1 =p&(p”%2+ p"?) = & PY
= %(286)2 + Fi(zgi)z PE= POEOZ Pl|2512

PAI=PAp%2 =PAY (L4 Yio=( L+ rier2ei+ i2+ 1,)/6
pAe=preple =PAo(1] J2=( L+rter®-i - i,-i,)e
Poljoz PEp®: = pE(1+|3)/2_(21 rtr-i - i+2i,)/6
P = PEple = = P52 )2=(21-rir2+i + i )/6




2nd-Stage
Spectral reduction of non-commutative GGroup-table HamiltonianO

D Example 2nd Step: Spectral resolution of Class Projector(s) of D
3
Correl ate D5 characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C, don® commute)
Dg #=1 rier2i++, C,#=1 i, Let: Cy#=1 1" r°
Pu=T 1 1le 0 — S p= 11 1 13
p2=1 12 1o D s
=1 1 -1ye p12:1 12 p== 1 ! "3
23— *
PE={2 -1 03 p==|1 1" 1 s
D3$ C, Correlation table D;$C,0, 1, Samefor Correlationtable: Dg$ C; 0, 1, 2,
shows which products of nfi=| 1 4 ni= |1 4 &
class projector P(&) with nfe=| 4 1 nfe= |1 & &
C,-unit 1 =p%+ p'2 will nfE=| 1 1 nf= 141 1

make IRREDUCIBLE P{¥
Rank %Dg)=4 implies

=n0 1
~ therewill be exactly 4 1=p2+ p-
QC,-friendlyOirep projectors 1= Pae)lzo 4
2
&)1 =p(&)(nO 1 |
= )]__P(&)(p 2;. p 2) Ez_ aE plﬂgz
_%(20)2"' FZ)L(ZI)Z P== I:)0202 Po

PAI=PAp%2 =PAY (L4 Yio=( L+ rier2ei+ i2+ 1,)/6
pAe=preple =PAo(1] J2=( L+rter®-i - i,-i,)e
Poljoz PEp®: = pE(1+|3)/2_(21 rtr-i - i+2i,)/6
P = PEple = = P52 )2=(21-rir2+i + i )/6




2nd-Stage

Spectral reduction of non-commutative GGroup-table HamiltonianO

2nd Step: Spectral resolution of Class Projector(s) of Dg

Correl ate D5 characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C, don® commute)
Cy#=1 1" r°

D; Example

D3 #=1 ri+réj '1+'2+'3

Pu=I1 1 16
=21 1 -1ye
PE=2 -1 03
D;$ C, Correlation table
shows which products of
class projector P4 with
C,-unit 1 =p%+ p'2 will

make IRREDUCIBLE P{¥
Rank %Dg)=4 implies
_ therewill be exactly 4
QC,-friendlyOirep projectors
P&1 =p&) (pOZ + plz)
=R 7Y

Cz #= 1 i3
p%2 =1 1|
p2=|1 -12

D,$C, 0, 1,

n=| 1 &

nfe=| 4 1

nfF=| 1 1

1 =p02+ p12
=P, &
= a Py

PE - 0502 Pllzzlz

PAlszlpOZ :Pa\l(1+i3)/2:( 1+ r1+ r2+ i1+ i2+ i3)/6
Pre=Pepl2 =P (L4 )2=( L+ rier2-i - i
Poljoz PEp®: = pE(1+|3)/2_(21 rtr-i - i+2i,)/6

P". = PEpl2= = PE(L4 )2=(2L- rir2+i + i -

-1,)/6

)/6

Let:
| =g2'1/3

Samefor Correlation table: D;$C;05 15 2,

Rank %Dg)=4 implies

) there will be exactly 4
QC4-friendlyQirreducible projectors

PEL=PE(P™ +p's +p)
= & & &
= RO*RLYR

p%=
pe=
p~=

1 1 1
1 ! Ix
1 =1

/3
/3
/3

1 a a
1 a a
al 1




2nd-Stage
Spectral reduction of non-commutative GGroup-table HamiltonianO

D Example 2nd Step: Spectral resolution of Class Projector(s) of D,
Correl ate D5 characters with its subgoup(s) C,(i) or ELSE C,(r) (C,and C, don® commute)
Dg #=1 rier2i++, C,#=1 i, Let: Cy#=1 1" r°
PP=[1 1 16 0% =1 1|12 | =g2'1/3 pk={1 1 13
=1 1 -1le =1 -1 pt= |1 ! %3
- p /2 0 .
PE={2 -1 03 p==|1 1" 1 s
D;$ C, Correlation table D;$C,0, 1, Samefor Correlationtable: Dg$ C; 0, 1, 2,
shows which products of =] 1 & M= [1 4 &
class projector P(&) with nfe=| 4 1 nfe= |1 & &
C,-unit 1 =p%+ p'2 will nf=| 1 1 nE= 141 1
make IRREDUCIBLE P,g,g,f?
Rank %Dg)=4 implies Rank %Dg)=4 implies 0 1
there will be exactly 4 1=p%+p?  therewill beexactly 4 1=p%+pl+p*
CDz_fr|end|yO| rep proj ectors 1— PAE):LZO é (E3-fl’lend|yOlrl’edu0I ble pI’Oj ectors 1= %6‘6 é_ é_
P(&1 =P(&)(p02 + plz) 2=| A i PlA% P& :p(&)(p03 + pls + p23) 2= %ﬁxg A a
=R+ P PE=| R, P = RE+RO+RY  PE=a RS B
PA=PAap02 =P(14] )2=( L+ risr2ei+ i2+ 1,)/6
pAe=pipl2 _Pa‘z(liz)/Z:( Terters-i - i -i . )6
I:)oljoz PEp2 = PE(1+I3)/2—(21 rtr-i - i+2i,)/6
P = PEp'2 = PE(L-i )/2=(21- 1t r2+4i_+ i -2 )/6




2nd-Stage

Spectral reduction of non-commutative GGroup-table HamiltonianO

D Example 2nd Step: Spectral resolution of Class Projector(s) of D,
Correl ate D5 characters with its subgoup(s) C,(i) or ELSEC,(r) (C,and C; don® commute)

Dg #=1 ri+r2i+i+, C,#=1 i
P=1 1 16 0% =1 1|
=21 1 -1)e p12:1 “1l/2
PE=2 -1 03
D;$ C, Correlation table D;$C, 0, 1,
shows which products of ni=| 1 &
class projector P4 with nfe=| a1
C,-unit 1 =p%+ p'2 will nf=| 1 1
make IRREDUCIBLE R
Rank %Dg)=4 implies
there will be exactly 4 1=p%+ p®
(C,-friendlyQirep projectors 1= |I>°E)1202 4
pP@&)1 =p(&)(p02+ plz) 2= 4 Fﬁ‘fz
= %(286)2 + Fi(zgi)z PE= POEOZ Pl|2512

pAi=pAp2 =P°‘1(1+i3)/2=( T rteraei+ i2+ 1,)/6
pAe=pipl2 _Pa‘z(liz)/Z:( Lerter2-i - i,-1,)e
I:)oljoz P=p 02 = PE(1+I3)/2—(21 rt-rz-i - i+ , )6
P = PEp'2 = PE(L-i )/2=(21- 1t r2+4i_+ i -2 )/6

Let: Cy#=1 1" r°
| =g2'1/3 pB=11 1 1|3
pla= |1 | 1*|3

p= |1 1* | |3

Samefor Correlation table: D;$C;05 15 2,

Rank %Dg)=4 implies

~ therewill be exactly 4 1=p"s+ ple+p*
QC4-friendlyQirreducible projectors 1= %A\Cl) a a
— 1 2 _pA° 4 4
. _P(&)(F()O)S i p( 3) . p(? - I%E% e
— & & & E— E E
* F())Zo2 + Figls + %323 P-= a P3 1, P3 2,

PA=PMP =PAYLr e r2)a=( e rher2iviei,)ie
%ﬁé:pApos =P*2(1+ris r2)z=( 1+risr2. |- 1,-1,)6
R5= Pp® = PE(1+ i1+ 1er2)3=(L+ 1r i+ 1512 )3
5’53: PEp?3 = PE(1+ 1+r 2 11 )/3=(1+ 1512+ 172 )3



2nd-Stage spectral decompositions of global/local D
Splitting class projectorasing subgroup chainss® Czand Ds# Cs

* Splitting classes
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2nd-Stage

2nd Sep: (contd.)While some class projectors P ) split in two,

s0 ALSO DO someclasses”

K
Rank $(Dg)=4
|dempotents
p(*)
P@&Z:PAlpOZ :PA‘1(1+i3)/2:( ri+res i1+ i2
PAP=Pp'2 =P2(L40 )2=( L+ rier2-j - iZ-E
I%ZEZ PepP2 = P5(L+i )2=(21-r*-r2. - i 2,

rre+l + 1.-
4

*1 = PEp'2 = PE(1 »/2=(21-
PE splitsinto PE—PE +PE,

f

dass” spilismto " and

3

4 different
|dempotent

* Rl

PPN =P (L rte r2)a=( 1+
=P =P(Le i 9m( 1

PE splitsinto PE=R5 + RS,

Dg " =1 ri+r2i+i+,
Centrum™ (Dg)=3 =11 1le
idempotents =1 1 -1ye
p() PE=2 -1 03
s+ +1,)/6
F+ra-1-1,-1,)6
FisEs PEP's = PE(L+ #rie #rd)/3=(1+ i Mo er )3, seus
= P5(1+ 1 i+ #r2)3=(14 #1442 )3
class”, splitsinto”  and"” ,

Compare ahead to Lect.17 p. 12



2nd-Stage

2nd Sep: (contd.)While some class projectors P! ) split in two,

so ALSO DO someclasses”

Rank $(Dg)=4

|dempotents
p()

Péz‘gfpo‘lpoz =P+ Jr2=( L+ rier2ef +i,

4

Rz=Pep'2 =P (L Jro=( 1+ rier2-f - iy-

A

PE splitsinto PE=P- +P-, f
ass"'z spilismto " and

r=r, 1=
must
equal

5 IS free parameter

4 different
|dempotent

* Rl

Rank $(Dg)= 4

parametersin
either case

Centrum " (Dg)=3
Idempotents

p()

Pra=PAp® =PY(1+ e r2)s=( 1+t
)/6 R =P p" =P2(L+ rt+ r?)z3=( L+rt+r2-
F&f; PEp%2 = PE(1+i )2=(21-ri-r2-i - i+2i)i6
Ri=Pop' = PE(Li)r2=(2L r- r24d + i

PE splitsinto PE=R5+R5,
splitsinto” , and " ,

class”

D3 =1 rlr?| I1+|2+I3
=1 1 1ye
221 1 -1ye

PE=2 -1 013

N

+1,+1+1,)/6

i -0)/6

Hfg PEpls = PE(1+ #r %+ ##r2)/3=(1+/ar 413 )3

Heg 2(i/3

= P5(L+ # 1% #r?)3=(14 1

+#2 )/3

’\

|:|1:|2:|3

For Local
D3&Cy(r")
Symmetry

ry and r, arefree




3rd-stage spectral resolution toeducible representationgireps) and Hamiltonian eigensolutiol
* Tunneling modes and spectra fos#3C, and Ds# Cs local subgroup chains

RA



Centrum #(Dg)=3 I o Rank $(Dg)=4
idempotents Dg #=1 rrfli+,H, idempotents
p(") =1 1 1ye Ry
=1 1 -1le RA= P@%Z:P’*lpo2 =P+ Jr2=( L+ rier2ef +i,
PE=2 -1 013 |:>)/§/2: |:>1/§\122:p°~2p12 :Pa‘z(l-i3)/2:( rler2.j - izz'E
%o o= P = PE(Li 2=(2lrir2- - i
Ry= RE=PEpl2= PE(l-is)/zz(%EL r- 124+ iy
. yy— Lb 1 2
3rd and Final Sep: &

Spectral resolution of ALL 6 of D3 :




Centrum #(Dg)=3

G
dempotents D3 #=1 rh+r |+ o+
p(") =1 1 11le
Pe=1 1 -1le
PE=2 -1 03

3rd and Final Sep:

Rank $(Dg)=4
|dempotents
P
Ry= Péi‘&fpo‘lpoz =PAMY(L+i Ji2=( Lerter2e + i Q)/6

Fglpy_ PAf_PAQplZ =P"(1- )= 1 1+ri+r2. - 1) - E)/G
R5= RG=P5pl = PE(1+|3)/2—(2@ rir2-j - iqai,)e
F))’E’_ |:1>|% = PE L2 = PE(1- |3)/2—(%7_|j rt r2+‘| + IZ-@)M

Spectral resolution of ALL 6 of D3 :
The old @-equal s-1-times-g-ti mes—l(NIF rick

— — (DA Moy
g=11g!1=(P% +P" +P

XX

A A 4 pE E
P9 (P +PR,, +P, +P,)

Compare ahead to Lect.17 p.14



Centrum #(Dg)=3 (AT o3k Rank $(Dg)=4
idempotents Dg #=1 17l + 4, idempotents
p(") Pu=1 1 1/s P()
P=1 1 -1/6 P)é)%: Péz‘&zzpa‘lpoz :pA1(1+i3)/2:( Terterael +1 ¢ )/6
PE=2 -1 03 Ry= PE=Pop'2 =P(Lei Jio=( Lerter2-j - i -i])6

B o= PP = PE(L )o=(21 r'-r2- - 12 )i

1

Ry= R5=P5p'?=P5(1i)2=(21 rir2+ + I3213)/6

3rd and Final Step:
Spectral resolution of ALL 6 of D3 :
The old @-equal s-1-times-g-times-10Trick
g=11g!1=(Px +P: +P +P )g!(PL+P +P +P,)
g=1!g!'1 PAllngAl+ 0 + 0 + 0
+ 0 +PuglP:+ 0 + O
+ 0 + 0 +Plg!P, +P QP
+0 + 0 +P 9P, +P lg!P,

P4y g-expansion
In Lect.17 p. 35-51 Compare ahead to Lect.17 p.14-



Centrum #(Dg)=3 Rank $(Dg)=4

g
idempotents Dg #=1 17l + 4, idempotents
p(") Pu=1 1 1 P(
P=1 1 -1ls Riy= Péi‘gzzpa‘lpoz =PAMY(L+i Ji2=( Lerter2e + i )/6
PE=2 -1 0}s Ra7= Re=Pleplz =PPe(Li J2=( Lo rier2-, - i)-1])e

5= Fi= PP = PE(L (2L 2y« g )

1

Ry= R5=P5p'?=P5(1i)2=(21 rir2+ + 15:213)/6

3rd and Final Sep:
Spectral resolution of ALL 6 of D3 :

The old @-equal s-1-times-g-times-10Trick
g=11g!1= (R +R, + P+ P )G (P + P + P +R,)
g=1!g!1=P2Ig!P,. + 0 + 0 + 0

where + 0 + P Ig!R . + 0 + 0
E E E E

54 191PA = DA (g)P" + 0 + 0 +P 9P +P l9!P

+ 0 + 0 +PIgIP +PoIglP"
D11l P = D > vy xx | Tyy 8%

vy 9 Fyy (9) Need to Define
I:)xE,x! g | PXE,X - D>I<Ex (g)PxEx I:)XE,X! g | PyE,y = ny(g)PXEy 6 Ireduable

E E _ RE E E E _ E E Projectors P, )
Py,y! 9! Px,x - Dy,x (g)Py,x Py,y!g ! Py,y - Dy,y(g)Py,y Order {(D,) =6



Centrum #(Dg)=3 Rank $(Dg)=4

g
idempotents Dg #=1 17l + 4, idempotents
p(") Pu=1 1 1 P(
P=1 1 -1ls Riy= Péi‘gzzpa‘lpoz =PAMY(L+i Ji2=( Lerter2e + i )/6
PE=2 -1 0}s Ra7= Re=Pleplz =PPe(Li J2=( Lo rier2-, - i)-1])e

5= Fi= PP = PE(L (2L 2y« g )

1

Ry= R5=P5p'?=P5(1i)2=(21 rir2+ + 15:213)/6

3rd and Final Sep:
Spectral resolution of ALL 6 of D3 :

The old @-equal s-1-times-g-times-10Trick
g=11g!1=(Px +P: +P +P )g!(PL+P +P +P,)
g=1!g!1=D"(g)P* + 0 + 0 + 0

+ 0 + D7 (gP" + 0 + 0

where: _ _ _ _
A | g| DA — )Al(g) A T O + O T DX,X (g) PX,X T Dx,y(g) I:)X,y
| | + 0 + 0 +D:(gP: +D: (QP:
Dl P =D D Y. X Y. X Y.y Y.y
4 J 4 (g) Need to Define
PXE,X! 9 | I:)xE,x = D>I<Ex (g) I:)xE,x I:)XE,X! 9 I PyFTy = ny(g) PXE,Y 6 IrredUdbl(e)
E E _ RE E E E _ (E E Projectors P, )
Py,y! 9! Px,x - Dy,x (g)Py,x Py,y! 9! Py,y - Dy,y(g)Py,y Order {(D,) =6



Centrum #(Dg)=3 (AT oo Rank $(Dg)=4
idempotents Dg #=1 17l + 4, idempotents
p(") Pu=1 1 1 P()
P=1 1 -1ls Riy= pézgzszlpoz =P+ Jr2=( L+ rter E+ )/6
PE=2 -1 03 Ry = Pr=Pop =P2(Li )i2=( Lerter2-] - iy-1])6

1

Ry= R5=P5p'?=P5(1i)2=(21 rir2+ + i-21])/6

5= R5= PEpP = PE(LAJem(2L 1™ 12 - e )

3rd and Final Step:
Spectral resolution of ALL 6 of D3 :
The old @-equal s-1-times-g-times-10Trick
g=1!g!1=(P +P,; +P +P, )g!(PL+P,;+P +P,)

g=1!g!1=D"(g)P" + D" ()P + D, (9)P, *+ D, (9)P,,
+D,,(9)P,, + Dy, (9)P,,

where:
Pl9!Pg =D (g)P”
D1 gIP = D (g)P

vy 9 yy (9) Need to Define
I:)xE,x! g | PXE,X - D>I<Ex (g)PxEx I:)XE,X! g | PyE,y = ny(g)PXEy 6 Ireduable

E E _ RE E E E _ E E Projectors R, )
Py,y! 9! Px,x - Dy,x (g)Py,x Py,y!g ! Py,y - Dy,y(g)Py,y Order {(D,) =6



Centrum #(Dg)=3 (AT oo Rank $(Dg)=4
idempotents Dg #=1 17l + 4, idempotents
p(") Pu=1 1 1/s P()
P=1 1 -1/6 P)é)%: Péz‘&zzpa‘lpoz :pA1(1+i3)/2:( Terterael +1 ¢ )/6
PE=2 -1 03 Ry= PE=Pop'2 =P(Lei Jio=( Lerter2-j - i -i])6

B o= PP = PE(L )o=(21 r'-r2- - 12 )i

1

Ry= B5=P5p'?=P5(1i)2=(2L rir2+ + i -214)/6

A
4

3rd and Final Sep:
Spectral resolution of ALL 6 of D3 :
The old @-equal s-1-times-g-times-10Trick
g=11g!1=(Rx+P,+P +P )g!(PL+P,; +P,+P,)
g=D™(QP>+D"(9)P + D, (9Pt Dy, (9)R,,+D,,(9)P,+ Dy, (9P,

L2 ORI

| _Sixp3 projectors. 4 idempotents + 2 nilpotents (off-diag.)

1 rt r? 1, |3//>(
11 11 1 1) 1o or2 i, 1otz i
1 11-1

-1 -1)/e |?<Exi(/2/4/1 -1 -1+2)fe |Ry=(0 -1 1 -1+1 0)/13p2
Rx=(0 1-1-1+1 0)132|Ry=(2 -1 -1+1+1 -2)/e

Compare ahead to Lect.17 p.18-



Centrum #(Dg)=3 (AT oo Rank $(Dg)=4
idempotents Dg #=1 17l + 4, idempotents
p(") =1 1 1Ve P{Y
P=1 1 -1ls Riy= Péz‘gfpa‘lpoz =P+ Jr2=( L+ rter E+ )/6
PE=2 -1 03 Ry= PE=Pop'2 =P(Lei Jio=( Lerter2-j - i -i])6

B o= PP = PE(L )o=(21 r'-r2- - 12 )i

1

Ry= R5=P5p'?=P5(1i)2=(21 rir2+ + I3213)/6

3rd and Final Sep:
Spectral resolution of ALL 6 of D3 : 0=9% %94 D o) P

The old @-equals-1-times-g-times-10Trick ~ PE= om%D0
g — 1' g Il = (P;(A%( + Py,y + PXE,X + PyEy)Igl(P)'(A‘;( + Py,y + I:)xE,x T I:)yE,y)
g=D"(g)P +D"(g)P + Di(g) P+ ny(g) Pry*Dxy(9)Pc,+ Dy, (9)P;

\

SixD3 prqectors 4 idempotents + 2 nilpotents (off-diag.)

1 rt r? |
I?(,Axlz(l 1 1 1 1 1)/6%%\ 1 rt r? i i2 i3
PAZ:(l 1 1-1-1

-1)/e Rx=(2-1 -1 -1 -1+2)f6. |Ry=(0 -1 1 2+l 0)/1 32
F§,'§(—(O 1-1-1+1 O)/l3/2 Ry=(2 -1 -1+1+1 -2)/6

Compare ahead to Lect.17 p.18-



Centrum #(Dg)=3 [T o Rank $(Dg)=4
idempotents Dg #=1 1%+ ,4, idempotents
p(") =1 1 1Ve P{Y
=1 1 -1ls P)f\ pézgzszlpoz :PA‘1(1+i3)/2:( Terterael +1 ¢ )/6
PE=2 -1 03 Ry = Pr=Pop =P2(Li )i2=( Lerter2-] - iy-1])6

= = P = PELAJo=(2L 11

1

%: R5=Pp'2 = P5(1i,)2=(21- r--r2+ + 15:213)/6

3rd and Final Step:
SpectraIAr&eol ution of ALL 6 of D3 : 0=9%, %9401 PD
The old @-equals-1-times-g-times-10Trick  P§= wam%D{lo)g
g=11g!11=(R%+P, +P +P )9l (PL+P,. +P,+P,)
g=D"*@)P +D"(g)P + Dfx(g) Pt DyEy(g) P,y Dxy ()P + Dy (9)R,

\

SixD3 prqectors 4 idempotents + 2 nilpotents (off-diag.)

1 rt r2i '
PAl—(l 1 1 1 1 1)/6 rl r2 rl r2i i

2 3
y (1 1 1-1-1 1)/6 F))(EX_( 1 1 1_|_2)

I?(Ey—(O 11 1+1 0)/1 312
where D, irreduablerepresentations F_\’/'i—(() 1 -1 -1+1 o)/.3/2 R,%,_(z -1 -1+1+1 -2)/6

ae DA(g)=+1, D™(g)=#],
E ! $ #'l ' g&E #'l Z&E_ #'l ' g&E. #-1 g& o $
D (1):#C1) 08/4D ()= Z \/: &D (r2)=#| 23 \/: &D (|1):#' 23 1 & D (i,)= Z ‘/: &DE(|3):#3 01 08
0 #\/; 2 @0 i \/; 2 & # \/: 2 & #\/; . éo )



Local (BOD) symmetry

Global (LAB) symmetry - Do>C, i, projector states

R (M1 =p(m|11 T =TRMILi= BTy
=(-1)° (M) e | = P(Mi, |11=(-1)® (™)1
Local g Commute through

to the GinsideOto be a Here theOMock-Mact
1 rt 2 i, | IS being applied!
Wy=(1 1 1-1-1 -1l

i3 global (y)
anti-symmetry  pE=(0 -1 1 -1+1 0)/r3e
E Ry=(2 -1 -1+1+1 -2)le

Ket norm factors detailed
In Lect.17 p.23-30

. <]
anti-symmetry /@
15 local

_ Rx=(2 -1 -1-1-1+2)/s
|3 global (y) Rx=(0 1-1-1+1 0)/13n2

‘ A1) anti-symmetry
XXI
O i A]_:
i clobal” 13 R¥=(11 11 1 1)
| (X) symmetry D*()=  D%(r)= D (r?)= “(iy)= D(i,)= D (i;)=
n ) 1 3 %" 1 3 %" 1 3 % 1 3 %
1o%sts WiTs ! Vil e ﬁ; L1 07

D
1 | $
D*(g)=+1 D*(r’)=+1, D*(i,))=!'1 $ 5 ' B



(P1=Pgm| 1
external %ﬂnﬁer nal BOD

symmety label-e  symmety label-b
GLOBAL LOCAL

GLOBAL LOCAL

(I3) =0, (i) (i) =0,

X-Symmetry |y m ~ X-symmetry
i3 OK 8 (broken 13 2 j50K

‘ GLOBAL LOCAL X
f (i9) =0, (i) =0,
X-symmetry |y . X-Symmetry

>, T
i OK i3 OK



pU="21 Dy
Spectral Efficiency: Same D(a),  projectors give a lot!

2 3 2 3

=(2-1-1-1-1+2)/6 |Ry=(0 -1 1-1+1 Q)32
=(0 1-1-1+1 0)rae F§,Eyy:(2 /1 -1+1 +1 -2)/6

1
2

=(1 1 1 1)/s Lot 2 i, i (G R T

F;f\yZ(11 1

*FEigenstates (shown before)

eComplete Hamiltoni

H i h* 4
Apblock | rt =gy L&
A iook RN ;|2+|3 g 20t T

'BGEET' b H Oy

\ J

°Local symmetery eigenvalue formulae (Loca Symmetry=> off-diagonal=0)

=r=r=r, L= 1,= 1=
Ai-level: H *2r +2] *|
gives, Aslevei H *2r - 21 -1
E-leve: H - 1 - | +
Eqlevel: H - r + | -

Rigorous Global vs Local

Calculus begins on p.90 o
Lecture 17. Matrix forms o
p. 125-129 and p. 130-14¢

W w

. |
P4 g-expansion i

In Lect.17 p. 35-51

w W




Global (LAB) symmetry D >C, i, projector states

Local (BOD) symmetry

il =i P{|1! (m)
| =pP(M]|1]
:(_1)e|(m)! ‘eb ) e(b ‘ )

T:E =T,R{M= {1t

i 5 global (y)
anti-symmetry

i3 local (y)

anti-symmetry ‘/j,j.
I, local
) yrmetry =l
yX ]
—) ‘

i 5 global (y)

| A1l anti-symmetry
XX "
& )I
I;global '3
: (X) symmetry _
i E E Ef,.2 Er; Er: Er;
1 Df1)=  D(r)= D5(r2)= D(i,)= D(i,)= D(i,)=
Dm0 T Pe s L F % F R
D*(g)=+1, D(r’)=+1, D (i,)=! $1 0, 2 i 2 i 2 a 2 a 1 I0 ,
RS DTS MO S NN




\When there is no there, there...

Nobody Home
where LOCAL

and GLOBAL

—
@\
U

. ]
anti-symmetry /@

I3 local

—>
i3 global (y)
‘ Ap anti-symmetry
XX | |
] > |
I5global '3

(X) symmetry




(a) Local D DCZ(Z ;) model  (b) Mixed local symmetry D , model
Il > \\l,,‘1> cos!5°=V[(1+cos 30°)/2]
,’%” W) , ,’\ /‘ =(1/2)N(2+V3)=sin75°

sinl 5°=V[(1-cos 30°)/2]
r2| > =(1/2)V(2-V3)=cos75°

See p. 12-45 of
Lecture 18
MolVibes Web Simulation
3 Atom with C3v symmetny

MolVibes Web Applicationhttp://www.uark.edu/ua/modphys/markup/MolVibesWeb.htn



http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3

x‘._,———'-"/
Il
m
V

1 . . ' . .
<00 N~ N~y

\
L)

Scalar mode
A,
XX

Vector mode
E /
yx

(a) Local D ;oC 2(1 ;) model

i

L

See p. 12-45 of
Lecture 18

MolVibes Web Simulation
3 Atom with C3v symmetny



http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html?scenario=C3vN3

Polygonal geometry of U()Cn character spectral function
Trace-charactet /() ) of U(2) rotation byCn angle) =2"/n
is an [!=2j+1)-term sum o™ over allowedn-quantam={-j, -j+1,E, j-1,}.

$ e"i"/2 #
121 Y =traceD"?(! ):trace%
(spinor-j=1/2) h H

&

nn
|

e
I*(1 )=traceD*(! ) =trace

#H # )
12 1 #
e (vector-j=1) # el

#
#

-SRoRo Ro

Excerpts from Lecture 13 page 135-146 (also Lecture 14.5 p. 9.



Polygonal geometry of U(2)Cn character spectral function
Trace-charactet /() ) of U(2) rotation byCn angle) =2"/n
is an '=2j+1)-term sum obim) over allowednquantam:{ -, -+1,E, j-1,j}.

&

nn
|

|/2 €

1Y2(1 y=traceD"?(! )= trace% ,

'l
(spinor-j=1/2) e+| ’

(vector-j=1)

# # )
i I'(! Y=traceD'(! )=traceg # 1 #
# # e' i

-SRoRo Ro

11() ) involves a sum o2cosm) /2) form* O up tom=j.

#i

I—
120y =¢e 2+92 _2c:osE (spinor-j=1/2)

3"

#i3— I— " 3"
2 +,.. +e 2 =2cos—+2c0s—
2 2

I 3/2(u ): e

5 5

#H— " ! !
192 y=e 2 +.. +e? :Zcosz+2c0537+2c0557

Excerpts from Lecture 13 page 135-146



Polygonal geometry of U(2)Cn character spectral function
Trace-charactet /() ) of U(2) rotation byCn angle) =2"/n
is an '=2j+1)-term sum obim) over allowedrrquantam:{ -, -+1,E, j-1,j}. %

172(1 Y=traceD"?(! )= trace% o i I°(1 )=traceD™(! )=traceg, # 1 #
(spinor-j=1/2) # e (vector-j=1) éo # # al
11() ) involves a sum o2cosm) /2) form* O up tom=yj.
#i
1V2¢my=e |2 re 2 —2005— (spinor-j=1/2) 190 y=¢""'® =1
2 (scalar-j=0)
53 ks " 3" i |
132"y=e 2 +.. +e 2 =2c0s—+2C05— 1Y y=e"" +1+€° =1+2cos"
5 5 2 2 (vector-j=1)
#'— '_ [ 1] (] n . " . "
1520 y=@ 2 +.. +e 2 :20035+2c0537+2c0557 12(")y=e"? +. €% =1+2c0s" +2cos2"
(tensor-j=2)

Excerpts from Lecture 13 page 135-146



Polygonal geometry of U(2)Cn character spectral function

Trace-charactet /() ) of U(2) rotation byCn angle) =2"/n
is an '=2j+1)-term sum obim) over allowedrrquantam:{ -, -+1,E, j-1,j}. S .

"i"/2 1 1 & € # # )
1721 Y=traceD"?(! )= trace% o i I=(! )=traceD™(! )=traceg # 1 #
(spinor-j=1/2) # e (vector-j=1) éo # # e|
11() ) involves a sum o2cosm) /2) form* O up tom=yj.
#i
1V2¢my=e |2 re 2 —2005— (spinor-j=1/2) 190 y=¢""'® =1
2 (scalar-j=0)
53 ks " 3" i |
132"y=e 2 +.. +e 2 =2c0s—+2C05— 1Y y=e"" +1+€° =1+2cos"
" " 2 (vector-j=1)
#'_ '_ [ 1] (] n . " . "
1520 y=¢" 2 +.. +e? :20035+2c0537+2c0557 12(")=e"? +.. €% =1+2cos" +2cos2"
(tensor-j=2)

1 1() ) is a geometric series withtio€” between each successive term.
1ieny= TraceD( )(.. )= D4 " HD) § " (1#2) 4 4 ot (182) gh™ (17D) 4 g+

Pie et = @ (4D gl g (7D " (192) g2y ot (j#0)
Subtracting gives:
! J (II )(1# e#i" ) — #e#I" (J+1) + e+i" J

Excerpts from Lecture 13 page 135-146



Polygonal geometry of U(2)Cn character spectral function

Trace-charactet /() ) of U(2) rotation byCn angle) =2"/n
is an '=2j+1)-term sum obim) over allowedrrquantam:{ -, -+1,E, j-1,j}. S .

i 1 1 g & # # )
172(1 Y=traceD"?(! )= trace% o I°(1 )=traceD™(! )=traceg, # 1 #
(spinor-j=1/2) # e (vector-j=1) éo # # al
11() ) involves a sum o2cosm) /2) form* O up tom=yj.
#i
1V2¢my=e |2 re 2 —2005— (spinor-j=1/2) 190 y=¢""'® =1
2 (scalar-j=0)
43 i3 ! 3
132"y=e 2 +.. +e 2 =2c0s—+2C05— 1Y y=e"" +1+€° =1+2cos"
2 2 (vector-j=1)
5/2 o = " 3 5" 5 o -
1" )=e 2 +... +e? :20035+2cos7+2cos7 I<(")=€" +..€“ =1+2cos" +2cos2"

: : : : e _ (tensor-j=2)
1 'J() ) Is a geometric series witatio€" between each successive term.

i ):TraceD(j)(" )= @iy g (9D 7 (1#2) 4 " (i#2) g (3D |

i)t = (D) ML g™ (T | " (1F2) 1 rgh™i#2) | gti” (i#)

Subiracting/dividing givesi0) ) formula. i, i o o™ (45 , " (%) ~sn® (] +%)
0= e e+i%#e#i% i S§n—

Excerpts from Lecture 13 page 135-146



Polygonal geometry of U(2)Cn character spectral function

Trace-charactet /() ) of U(2) rotation byCn angle) =2"/n
is an {/=2j+1)-term sum obim) over allowednquantam:{ i, -i+L,E, j-1,j}. S . :

g € # # )
171\ — 11\ —
172(1 Y=traceD"?(! )= trace% o I°(1 )=traceD™(! )=traceg, # 1 #
(spinor-j=1/2) # e (vector-j=1) éo # # al
11() ) involves a sum o2cosm) /2) form* O up tom=yj.
#i
1V2¢my=e |2 re 2 —2005— (spinor-j=1/2) 190 y=¢""'® =1
2 (scalar-j=0)
32 - - " 3 1 i
I¥(")=e 2 +... +e 2 =2c0s—+20C0S— I*(")=€" +1+€ =1+2cos"
2 2 (vector-j=1)
5/2 o = " 3 5" 5 o -
1" )=e 2 +... +e? :Zcosz+2cos7+2cos7 I<(")=€" +..€“ =1+2cos" +2cos2"

: : : : e _ (tensor-j=2)
1 'J() ) Is a geometric series witatio€" between each successive term.

!j(.. ):TraceD(j)(" )_#I j+#l (j#l)+ Hi" (j#2)+ - +" (|# e' 11)+e+i"j

i)t = gt (7D o gt g (i#2) [ aHi#2) | o+ (j#1)
. L . . o1 | _ 1
Subtracting/dividing givesi() ) formula. ;- ; e +H" (j+5) | #"(J+7) " =
9 g giveki() ) !j("):eﬂj#e#. (+ _¢" W2lge 2 SN ()
1#e"" Mo i SN
e 2#e 2 2
S 4 1 |J )
For Cn angle) =2"/nthis!ihas o gn— (21 +1) gn—— Character Spectral Functiop
a lot of geometric significance. | /(=)= m = 1 where:!'=2j+1
Sn— sSn— is U(2) irrep dimension
. n n y




Polygonal geometry of U(2)Cn character spectral function

- - / (- )
| 2l 3l / ) i +1 17 Character Spectral Functigy
1+e| el + ¢ / / !j(2 ):sm (J+)_Sm N where:!'=2j+1
< n sml sn— is U(2) irrep dimension
» x L n "
- '\\\\ \f\ﬁﬂ /2
12 < 1/sing .

()™ n-gon Segments

#1(2" In)= sin(p! )/sm -
Excerpts from

Lecture 14.5
page 93-103

#(2" 15)=1 #2" 17)=1 Lo
#1/ 2(2" /5)=1.618... #1/ 2(2" /7)=1.802... # 7(2'/12=1932... # (2 /12)=3.732...
=(1+!5)/2= (2 I7)=2.247.. #1(2" [12)=2.732... #5/2(2 /12)=3.864...

3200 =047, HA212)=3.346.. #(2'/12)=3.732...



