Group Theory in Quantum Mechanics
Lecture 15 ;1215 revised(4.1.13)
Spectral decomposition of groups D3 ~C3,

(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 5 Ch. 15 )
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Review: [5-Stage Spectral resolution of D3 Center (Class algebra)
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Review: [5-Stage Spectral resolution of D3 Center (Class algebra)
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Review: [5-Stage Spectral resolution of D3 Center (Class algebra)
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°sk Is an integer count of D3 operators g that commute with gy.
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Review:Spectral resolution of D3 Center (Class algebra)
Group theory of equivalence transformations and classes
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Subgroup splitting and correlation frequency formula: f@(D®(G)|H)
Atomic l-level or 20+ 1-multiplet splitting
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Review: 15-Stage Spectral resolution of D3 Center (Lagrange subgroup/class theorems )
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These operators g form the gr-self-symmetry group sk . Each g transforms g into itself: @181 =gx
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Review: 15-Stage Spectral resolution of D3 Center (Lagrange subgroup/class theorems )

(D3 Algebra

ril i i i K,=1 Kk =r+r> | K, =i +i, +i, - ~ Maximal Set
eor b b ik K K, K, ba = D3 Center |/ Commutin
i i, i, 1 or r x| K 2K, +K. 2K, D, (All—comlrnutjmg fera ors
- goerdtors
12 ll 13 1‘2 1 r Kl Kz 2Kl 3’(1 + 3Kr » lDEﬂ P1E
o — /
r - - -
il T K=, +iy +ig 5 2 PE
| S N e 22
Class-sum wix commutes with all g PE
Class-sum K, invariance: sK,=K,g N / 2
k : A ¢
A Maximal Set of Commutin E
°G = order of group: (°D,=6) f & P21
°k, =orderof classk,:  (°x, =1, °k, =2, °k, =3) i
J="K 1 =G ]
-1 . _ _ -1
g X, 8 =K, Where: x, = 2 g =73 2 2,88
Jj=1 Sk =1 \ j

Another

°s,=order of g -self-symmetry:(°s, =6, °s =3, °s, =2)
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°sk Is an integer count of D3 operators g that commute with gy.

These operators g form the gr-self-symmetry group sk . Each g transforms g into itself: @181 =gx

If an operator g; transforms gx into a different element g'x of its class: g2i8'=g'k, then so does g:g;.
that is: g@.el(ge) ' =ge.greslg  =goig1=g)
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Subgroup si={go=1, g1=8r, ©2,...} has (=(°ki-1) Left Cosets (one coset for each member of class Kx).
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Atomic l-level or 20+ 1-multiplet splitting
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Group invariant numbers.: Centrum, Rank, and Order
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Review: [5-Stage Spectral resolution of D3 Center (All-commuting class projectors)
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Review: [5-Stage Spectral resolution of D3 Center (All-commuting class projectors)
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°G = order of group: (°D,=6)
°k, =orderof classx,:  (°k, =1, °x, =2/°Kk, = 3) :
.. : 1
Class minimal equation 22
1 =3%, +31

K —31< K +3%K, —91(/
0 K 9 K= (K -3 1)(K +31)(x,—01) Class ortho-complete projector relations

K, =1-P 4+ 1
K, = 2P 42

K, = 3.p

—3-

+ 1-p*

_ 1-p~

+ 0-P*

Another

Maximal Set
of Commutin

Operators
11

2 E
r I'22

=1 (Completeness)

P =(K1+Kr+Kl.)/6=(1+l‘+l‘2+i1+i2+i3)/6

=(k,+k, -k )6=(1+r+r"—i, -

2

P =K, -x,+0)/3=21-r-r")/3

i,—1,;)/6

Wednesday, April 1, 2015

22



Review: [5-Stage Spectral resolution of D3 Center (All-commuting class projectors)

(D3 Algebra

i, 1, i K,=1, Kk =r+r> | K, =i +i,+i,
2 . L4 L3
rir 1:i, i; I . K | K K, K;
. 2
i (i, ,il1l r r K, | K, 2K, +K, 2K,
i 2 1 r Ki Ki 2Kl 3K1+3Kr/

DE;

:.‘ o /\
12 = J] -r JZ -rJg ~

| D; Center )

(All-corrirnuting
operators)

r

Another

Maximal Set

of Commutin
Operators

PE
11

2 E
r I'22

Class-sum K, invariance: gK =K, 8
°G = order of group: (°D,=6)
°k, =orderof classk,:  (°x, =1, °k, =2/°K, =3) i
. : /
Class minimal equation 2= 3 K +31
K—3KK+3K—9K/ ,
0= K -9K. —(K -3 1)(K +31)(x,—01) Class ortho-complete projector relations
. =1-P1+ 1 + 1-PY =1 (Completeness) g 0 (a) R A R A 2 1
! _ KXk _pla) [ o=
) K, =3 P a=A| 1 1 1
Kk =2P142:p 7 - 1.pF (@) () o - _
Ki=3'PA1—3° + 0-P~ o=F | 2 -1 O
Pl = /6= (1 2 i+, 4106 [por _ 1 5o
=(K,+%X, +%,)6=A+r+r" +i +i, +i,) P — e >0 %,
k
2 . .
=(k,+x, -k )6=(1+r+r" —i —i, —i;)/6 @) oG oy
F o2k, -k, +0)3=(21-r—1?)/3 =G Z e 8
= (2%, -, +0)3= 21 -r—r?) =LY
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Review: [5-Stage Spectral resolution of D3 Center (All-commuting class projectors)

(D3 Algebra

i, 1, i K,=1, Kk =r+r> | K, =i +i,+i,
2 . L4 L3
rir 1:i, i; I . K | K K, K;
. 2
i (i, ,il1l r r K K, 2K, +K, 2K,
i 2 1 r Ki Kl 2Kl 3K1+3Kr/

Another

Maximal Set

DE;

:.‘ o /\
12 = J] -r JZ -rJg ~

- )

I D3 Center

(All-
0gerdtors)

of Commutin
Operators

r PE
11

2 E
r I'22

cornenuting

Class-sum K, invariance: g K, =K,8,
°G = order of group: (°D,=6)
°k, =orderof classk,:  (°x, =1, °k, =2/°K, =3) i
. : 1
Class minimal equation 223 K +31
K—3KK+3K—9K/ )
0= K - 9K, = (K -3 1)(K +31)(x,—01) Class ortho-complete projector relations
K, = 1P+ 1- + 1-PY =1 (Completeness) g 0 %(06) x| X X
p K, =Y Kb P@ la=A |1 1 1
Kk =2P142:p 7 - 1.pF () () o _
Kl.=3'PA1—3° + 0-PE o=F | 2 -1 0
P = (K, +Xx, +K,)6=(1+r+ r’+ i, +i,+i;)/6 |p(@) _ (" Y (@ Use Z(a) =)
o k k ;
, . G i to fi nd K, coefficient
=(K,;+K —K)6=(1+r+r"—i —i,—1i,)/6 f@) oG o P(a)_(f(oc))zK .
= - o 1"
F =2k, -k, +0)3=(21-r—r?)/3 TG 2% 8 ) G
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Review:Spectral resolution of D3 Center (Class algebra)
Group theory of equivalence transformations and classes
Lagrange theorems
All-commuting class projectors and Ds-invariant character ortho-completeness
*Spectml resolution to irreducible representations (or “irreps’”’) foretold by characters or traces

Subgroup splitting and correlation frequency formula: f@(D®(G)|H)
Atomic l-level or 20+ 1-multiplet splitting
D3 examples for (=1-6
Group invariant numbers.: Centrum, Rank, and Order
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Spectral resolution to irreducible representations (or “irreps”’) foretold by characters or traces

RO(1)=
1 {1
r! 1
2 1 -
A 1
12 :

l’Al=(1<1+ K,+K4)/6= (1+r+r2+i1+i2+i3)/6:> R(P)=

RO(r)=

RE(r?)=

e ek e ek e

e ek e ek e

RO(i))=

e e e e
e T Wy S Gy W

ek e ek e

ek e ek e

RO(i,)=

/6

TmceR(PA1 )=1

RO(y)=

Wednesday, April 1, 2015

26



Spectral resolution to irreducible representations (or “irreps”) is foretold by characters or traces

RO(1)=
1 {1
r! 1
2 1 -
A 1
12 :

l’Al=(1<1+ K,+K4)/6= (1+r+r2+i1+i2+i3)/6:> R(P)=

RO(r)=

RE(r?)=

e ek e ek e

e ek e ek e

RO(i))=

e e e e
e T Wy S Gy W

ek e ek e

ek e ek e

RO(i,)=

RO(y)=

/6 TmceR(PA1 )=1

So: R(PAI) reduces to:

.....

.....
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Spectral resolution to irreducible representations (or “irreps”) is foretold by characters or traces

RO(1)=
1 {1
r! 1
2 1 -
A 1
12 :

PA1=(K1+ K,+K,)/6= (1+r+r2+i1+i2+i3)/6:> R(PA1 )=

=(K+ K= K;)/6= (1+1r+1°—i,~i,~1;)/6— R(P 7)=

RO(r)=

RE(r?)=

ke ek e ek

ke ek e ek

RO(i))=

ok ek e e e

RO(i,)=

RO(y)=

/6 T raceR(PAl) =1

/6 TraceR(P )

So: R(PAI) reduces to:

R )

-----

.....
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Spectral resolution to irreducible representations (or “irreps”) is foretold by characters or traces

RE()=
L {1
7! 1
I"2 1

PAl=(1<1+ K,+K;)/6= (1+r+r2+il+i2+i3)/6:> R(PA1 )=

=(K 1+ K= K4 /6= (1+r+1°—i,—i,~1,)/6— R(

P"=(2K,-k,+0)3=(21-r-r’+0+0+0)/3 = R(P")=

RC(r)= RC(r?)=

e ek e ek

RO(i))=

RO(i,)=

/6

/6

/3

T raceR(PAl) =1

So: R(PAI) reduces to:

TraceR(P )

R )

TraceR(P")=4

So: R(PE ) reduces to:

RO(y)=

-----

.....
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Review:Spectral resolution of D3 Center (Class algebra)
Group theory of equivalence transformations and classes
Lagrange theorems
All-commuting class projectors and D3-invariant chamcte;&‘hO—completeness
*Spectml resolution to irreducible representations (or “irreps’”’) foretold by characters or traces

Subgroup splitting and correlation frequency formula: f@(D®(G)|H)
Atomic l-level or 20+ 1-multiplet splitting
D3 examples for (=1-6
Group invariant numbers.: Centrum, Rank, and Order
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Spectral resolution to irreducible representations (or “irreps”) is foretold by characters or traces

RY(1)= RY(r)= RY(r?)= RY(iy) = RY(iy) = RY(i3) =
L 1 1 - 1 1 1
! 1 1 Co 1 1 1
2 1 1 - : 1 1 1
i 1 ’ 1 I 1] 1 ’ 1 ’ 1
i 1 1 1 1 1 1
i 1 1 1 1 1 1

I 1 1 1 1 1 y
D (g)
I 1 1 1 1 1
y 1 1 1 1 1 1 y y
R(P )= /6 = TraceR(P"1)=1  So: R(P"lg) reduces to:
I 1 1 1 1 1
I 1 1 1 1 1
I 1 1 1 1 1
1 1 1 -1 -1 -1
1 1 1 -1 -1 -1
1 1 1 -1 -1 -1
R = /6 TraceR =
(P -1 -1 -1 1 1 1 ( )
-1 -1 -1 1 1 1
-1 -1 -1 1 1 1
2 -1 -1 0 0 O
-1 2 -1 0 0 O
rpFy=| T8 b2 000 s hracer(pFy =4
o 0 o0 2 -1 -1
o 0 o0 -1 2 -1
O 0 o0 -1 -1 1
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Spectral resolution to irreducible representations (or “irreps”) is foretold by characters or traces

RO(1)= RY(r)= RO(r*)= RO(i))= RY(i,)= RY(i;) =
L1 1 1 - 1 1 1
r! 1 1 Co 1 1 1
2 1 1 1 : 1 1 1
i 1 ’ 1 I 1] 1 ’ 1 ’ 1
i 1 1 1 - - 1 1 1
i 1 1 o1 1 1 1

1 1 1 1 1 1 y
D (g)
1 1 1 1 1 1
y 1 1 1 1 1 1 y 4
R(P1)= /6 = TraceR(P"1)=1  So: R(P"'g) reduces to:
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 -1 -1 -1
1 1 1 -1 -1 -1 D “(g)
1 1 1 -1 -1 -1
R = /6 TraceR = R
() U1 1 () (P -2
-1 -1 -1 1 1 1
-1 -1 -1 1 1 1
2 -1 -1 0 0 O
-1 2 -1 0 0 O
rpEy=| L 12000 s er(PE ) =4
o o o0 2 -1 -1
o o o0 -1 2 -1
o o0 o0 -1 -1 1
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Spectral resolution to irreducible representations (or “irreps”) is foretold by characters or traces

RE()=

R(PH=

R 7)=

R(PH)=

e e e e

1

1

1
-1
—1
-1

2
-1
-1

0

0

0

ek e e e

1

1

1
-1
-1
-1

-1
2
-1

0
0
0

-1
-1
-1

-1

e e e e

RO(r)=

ke e e e

ot ek e e e

RE(r?)=

/6 = TraceR(P1)=1

/6 TraceR(P )

3 = TraceR(PE):4

RO(i))=

So: R(PAlg) reduces to:

R(

R(P"g)

g)

RO(i,)=

4
D “(g)

D “(g)

Wednesday, April 1, 2015
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Spectral resolution to irreducible representations (or “irreps”’) foretold by characters or traces

RO(1)=
1 {1
r! 1
2 1 -
i1 1
12 )

TmceR(PA1 )=1

TraceR(P )

TmceR(PE) =4

RO(r)=

So: R(PAlg) reduces to:

R(P ~g)

R(P"g)

RE(r?)=

4
D (g)

D “(g)

RO(i))=

RO(i,)= RO(y)=

\So: R(g) reduces to:
QLDAl
(2) ' '

D “(g)
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Review:Spectral resolution of D3 Center (Class algebra)
Group theory of equivalence transformations and classes
Lagrange theorems
All-commuting class projectors and Ds-invariant character ortho-completeness
*Spectml resolution to irreducible representations (or “irreps’”’) foretold by characters or traces

Subgroup splitting and correlation frequency formula: f@(D®(G)|H)
Atomic l-level or 20+ 1-multiplet splitting
D3 examples for (=1-6
Group invariant numbers.: Centrum, Rank, and Order
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Spectral resolution to irreducible representations (or “ireps’”’) foretold by characters or traces
RY (i) =

RE()=

3

RO (r)= RE(r?)=

RO(i))=

RO(i,)=

{R“(¢2)}has lots of empty space and looks like it could be reduced.

But, {R%(g)} cannot be diagonalized all-at-once. (Not all ¢ commute.)

Nevertheless, {R(2)} can be block-diagonalized
all-at-once mto “ireps’” A,

,and £

R(g) reduces to:

4
D (g)

D “(g)

12

E

22 ‘)
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Spectral resolution to irreducible representations (or “ireps’”’) foretold by characters or traces
R6(1)= RO (r)= RE(r?)= RE(i)= RO(i,)= RO(y)=

{R“(¢2)}has lots of empty space and looks like it could be reduced.
But, {R%(g)} cannot be diagonalized all-at-once. (Not all ¢ commute.)

Nevertheless, {R(2)} can be block-diagonalized

all-at-once mto “ireps” A;, /-, and £, R(g) reduces to:
We relate traces of {R%(g)} : ;DAl (2)
@)= {1} {r'r’} {ii,iy) J/ D)
Gy _ e |11
TraceR™ (g)=| 6 0 0 pE pE
+x (2) - § ’
. —>
to D3 character tablle.2 o 2y5@ | 22 21 0 — . . Df Df :
()= | {1} {r,r’} {i.i,i} 6 0 0 E
%Al (g): | 1 1 . . . D11
" (8)= _ - . %
@)= 2 -l 0
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Spectral resolution to irreducible representations (or “ireps’”’) foretold by characters or traces

3

{R“(¢2)}has lots of empty space and looks like it could be reduced.

RE()=

RO(r)=

But, {R%(g)} cannot be diagonalized all-at-once. (Not all ¢ commute.)

Nevertheless, {R(2)} can be block-diagonalized
all-at-once mto “ireps’” A,

We relate traces of {R°(g)} :

(@)= {1} {rhr®) (i)
TmceRG(g)z 6 0 0
to D3 character table:
(2)= | {1} {r'r’} {i.i,i,}
x"(@=1 1 1 1
x (g)= -
x'(@=] 2 -1 0

RE(r*)= RO(i))= RO(i,)= RO(y)=
1 - 1 - | 1
| T 1 1 - -
| S N 1 -1 : . 1
..... 1 | : 1 - 1 - .
| .1 - | |
1 1 ] |
,and £ R(g) reduces to:
(’ A
l) 1
// (2)
A D “(g)
x (g |1 1 1 o
D D
+x “(g) — no o
— E
2y g |22 21 0 - "D D
6 0 0 \ D,

So {RG(g)} can be block-diagonalized into a direct sum® of “ireps” RG(g)ZDAI(g)@D (2)®2D"(g)
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Review:Spectral resolution of D3 Center (Class algebra)
Group theory of equivalence transformations and classes
Lagrange theorems
All-commuting class projectors and Ds-invariant character ortho-completeness
Spectral resolution to irreducible representations (or “irreps”’) foretold by characters or traces

* Subgroup splitting and correlation frequency formula: f@(D®(G)|H) ‘
Atomic l-level or 20+ 1-multiplet splitting

D3 examples for (=1-6
Group invariant numbers.: Centrum, Rank, and Order
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Subgroup splitting and correlation frequency formula: (D G)|H)
(irep = irreducible representation)
Symmetry reduction of G to HCG involves splitting of G-ireps D™ (G) into smaller H-ireps d®H)

D(OL)(G)\LHE D(OL)(]{) IS reducible to. Treducer D(a)(lf)ﬂreducer = a)d(a)([{) @f(b)d(b)(fl) @

:d(a): \ L f( a) — 3
I

d@
T . DYMT' = - ~D

reducer reducer s o o | b)) —
o e \<f( g

e d®e

The following derives formulae for integral HC G correlation coefficients f@(D®(G)| H)
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Subgroup splitting and correlation frequency formula: (D G)|H)
(irep = irreducible representation)
Symmetry reduction of G to HCG involves splitting of G-ireps D™ (G) into smaller H-ireps d®H)

D(OL)(G)\LHE D(OL)(]{) IS reducible to. Treducer D(a)(lf)ﬂreducer = a)d(a)([{) @f(b)d(b)(fl) @

:d(a): \ L f( a) — 3
I

@

T . DYMT' = - ~D

reducer reducer e o o | 1) —
o e \<f( g

o e

The following derives formulae for integral HC G correlation coefficients (D (G)| H)
TraceD(a)(P(b)) = f(b) YA Since each d(b)(P(b)) is f(b)-by-f(b) unit matrix
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Subgroup splitting and correlation frequency formula: (D G)|H)
(irep = irreducible representation)
Symmetry reduction of G to HCG involves splitting of G-ireps D™ (G) into smaller H-ireps d®H)

D(OL)(G)\LHE D(OL)(]{) IS reducible to. Treducer D(a)(lf)ﬂreducer = a)d(a)([{) @f(b)d(b)(w @

po) \ _ f=3
N

d@
T . DYMT' = - ~D

reducer reducer s o o | b)) —
o e \<f( g

e d®e

The following derives formulae for integral HC G correlation coefficients f@(D®(G)| H)
TraceD' ™ (P")= f© 4"

1
f = WTmceD(a) (P")
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Subgroup splitting and correlation frequency formula: (D G)|H)
(irep = irreducible representation)
Symmetry reduction of G to HCG involves splitting of G-ireps D™ (G) into smaller H-ireps d®H)

D(OL)(G)\LHE D(OL)(]{) IS reducible fo: Treducer D(a)(lf)ﬂreducer = a)d(a)([{) @f(b)d(b)(w @

po) \ _ f=3
N

d@
T . DYMT' = - ~D

reducer reducer s o o | b)) —
o e \<f( g

e d®e

The following derives formulae for integral HC G correlation coefficients f@(D®(G)| H)

TraceD'”(P")y= £ . ¢
Class ortho-complete

- lati 24 1 1" *
projector relations (p.24) f(b) _ WTmceD(“)(P(b)) — 2 ?C/(cb) TmceD(“)(Kk)

g f(a) A f(b) OH classes
(OC) — (05)* K, eH
v °G kgG%k i
o) \
p) L 5 b
77 keH%k k
\§ J
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Subgroup splitting and correlation frequency formula: (D G)|H)
(irep = irreducible representation)
Symmetry reduction of G to HCG involves splitting of G-ireps D™ (G) into smaller H-ireps d®H)

D(OL)(G)\LHE D(OL)([{) IS reducible fo: Treducer D(a)(lf)ﬂreducer = a)d(a)([{) @f(b)d(b)(w @

po) \ _ flo=3
N

.G
T (a)(h) _ N

reducer reducer — o o o | ab) —
o e \<f( g

o e

The following derives formulae for integral HC G correlation coefficients f@(D®(G)| H)

TraceD'”(P")y= f" . ¢
Class ortho-complete

ector relati 24 b 1 SN A by
projector relations (p.24) £ = TmceD(“)(P( )= ——— z 1" TraceD' ™ (x,)
4 E(OC) . A € H cla&vfejs
P="— % "%, \ " X000 =K 0"
G keG f(b) Z K %(b)* (@)

(D) °H : e
pd) — (b)* K eH

°H kezH%k C ~ k ~
N J Character relation for frequency f of d ) of subgroup H in D™ |H of G
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Review:Spectral resolution of D3 Center (Class algebra)
Group theory of equivalence transformations and classes
Lagrange theorems
All-commuting class projectors and Ds-invariant character ortho-completeness
Spectral resolution to irreducible representations (or “irreps”’) foretold by characters or traces

Subgroup splitting and correlation frequency formula: f@(D®(G)|H)
* Atomic l-level or 20+ 1-multiplet splitting *
D3 examples for (=1-6
Group invariant numbers.: Centrum, Rank, and Order
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Atomic (-level or 20+ 1-multiplet splitting

Formula from p.44
Example: ({=4) = o z ok, 7" o, O

3 classes
K€D,

Crystal-field splitting: O(3)DD3 symmetry reduction
(Fig. 5.6.1 PSDS) _ - - 2

¥ SYMMETRY

O4 OR R, SYMMETRY

—— —— — — — —

20+ 1 ~

(=0, s-singlet
20+1=1
(=1, p-triplet
20+1=3
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Atomic (-level or 20+ 1-multiplet splitting

Formula from p.44
Example: ({=4) = o z ok, 7" o, O

3 classes
K€D,

Crystal-field splitting: O(3)DD3 symmetry reduction
(Fig. 5.6.1 PSDS) _ - - 2

¥ SYMMETRY

O4 OR R, SYMMETRY

—— —— — — — —

20+ 1 ~

(=0, s-singlet
20+1=1
(=1, p-triplet
20+1=3

(=2, d-quintet

20+1=5
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Atomic (-level or 20+ 1-multiplet splitting

Formula from p.44
Example: ({=4) = o z ok, 7" o, O

3 classes
K€D,

Crystal-field splitting: O(3)DD3 symmetry reduction
(Fig. 5.6.1 PSDS) _ - - 2

¥ SYMMETRY

O4 OR R, SYMMETRY

—— —— — — — —

20+ 1 ~

(=0, s-singlet
20+1=1

(=1, p-triplet
20+1=3

(=2, d-quintet
20+1=5

(=3, f-septet
20+1=7
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Atomic (-level or 20+ 1-multiplet splitting

Formula from p.44
Example: ({=4) = o z ok, 7" o, O

3 classes

K€D,
Crystal-field splitting: O(3)DD3 symmetry reduction
g (o)
0, OR Ry SYMMETRY (Fig. 5.6.1 PSDSl/ -~ -
et SYMMETRY

3l = X 8)

Q a E ’_/_’_/_/_ ey X (y)
s Mg B ®
DEGENERACY ~ b
™ @
= i o &

(=0, s-singlet
20+1=1

(=1, p-triplet
20+1=3

(=2, d-quintet
20+1=5

(=3, f-septet
20+1=7

(=4, g-nonet
20+1=9

(=5, h-(11)-let
20+1=11
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Atomic (-level or 20+ 1-multiplet splitting

(=0, s-singlet

Formula from p.44 U=l
) _ 7 3 0 (=4 (=1, p-triplet
Example: (=4) / °op. Z KiXe X =SS gz 204 ]=3
! dlaes A (=2 d-quintet
Crystal-field splitting: O(3)D> D3 symmetry reduction and D’ 1D3 Spllttzng 2Wi]=5
o onm svmmeray (118 5.0.1 PSDS) _ -~ + " (=3, f-septet
pmeies (s sl o RO _ 201=7
0 EE,_:’: _____ " ng)‘( Z::(j) ..... D, ) o (r.,—a(;glsm )£=4, g-nonet
. ! omg / 2+1=9
fotaio : | (=35, h-(11)-let
) 20+1=11
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Atomic (-level or 20+ 1-multiplet splitting

E
Formula from p.44 1
(b) _ ) 5 O L
Example: (=4) f 5 Z KiXe X =S E,
D 3 classes L
K€D, ‘ A
Crystal-field splitting: O(3)DD3 symmetry reduction and D! 1D3 Splzttmg
0, OR R, SYMMETRY (Flg 561 PSDSl// - M
- 3 //// . - SYMMETRY
0 4 f’_//_/_/_/ o . DR ..... e W‘.
VAR S e = D*(R) = ( Do1.0 ) ‘Me ( D(R)
DEG:N;:!ACY SN =~ : R e | ‘1’@
U(2) characters op SN 2t+Dm R(3) character
from Lecture 12.6 p.134: y (E5= - where: 20+]1
(or end of this lecture) " SN ¢ p-orbital dimension

)

(=0, s-singlet
20+1=1

(=1, p-triplet
20+1=3

(=2, d-quintet
20+1=5

(=3, f-septet
20+1=7

(=4, g-nonet
20+1=9

(=5, h-(11)-let
20+1=11
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Atomic (-level or 20+ 1-multiplet splitting

E,
Formula from p.44
) _ ) g Tl
Example: (=4) f 5 Z KiXe X =S E,
D3 classes E;
K, €D; A,
Crystal-field splitting: O(3)DD3 symmetry reduction and D’ 1D3 Splzmng
0, OR R, SYMMETRY (Flg' 5.6.1 PSDSl// i M
i N /’/,/” . = SYMMETRY
0 4 f’_//_/_/_/ = . DR ..... ' m
gy DTS AT o T DY(R) = ( Dy_1. ) ‘Ma‘ ( D’(R)
DEGENERACY g : RS e b, M
U(2) characters op SN 2t+Dm R(3) character
from Lecture 12.6 p.134: )(f( )= z where.: 20+1
(or end of this lecture) " sin " : T T :
. is {-orbital dimension
, B 21 .
X (©)|0=0 3 7 7(0)= sin(/ +5)©
(=0 1 1 1 Sin9
1 3 0 -l 2
2 5 -1 1
3 7 I -1
4 9 0 1
5 11 -1 -1
6 13 1 1
7 15 0O -1

)

(=0, s-singlet
20+1=1

(=1, p-triplet
20+1=3

(=2, d-quintet
20+1=5

(=3, f-septet
20+1=7

(=4, g-nonet
20+1=9

(=5, h-(11)-let
20+1=11
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Atomic (-level or 20+ 1-multiplet splitting (=0, s-singlet

E _
Formula from p.44 oA
) _ 7 O (=4 ; (=1, p-triplet
Example (624) f OD Z K-k%k ...................... 51 2£+]:3
classes 1
" eD, , Aj (=2, d-quintet
Crystal-field splitting: O(3)2> D3 symmetry reduction and D" | D3 splitting 2Wi]=5
O4 OR Ry SYMMETRY (Fig' 5.6.1 PSDSl// r M 623; f'Sepmt
//,/:,//__(ﬂ)— ol : 264‘]:7
: orant o TG | e ' :
o e . Q ( - . ) e (ﬁﬂm ) (=4, g-nonet
sy g . SN T ] 2041=9
\\\\ x (=5, h-(11)-let
U(2) characters or S 26+ Dm R(3) character 2I=11
from Lecture 12.6 p.134: )(f( )= z where.: 20+1
. n . T
(or end of this lecture) sin — iq P-orbital dimension
2r &
r'(©®)|0=0 = r : 1
3 %f((a): sm(€+®2)®
(=0 1 1 1 sin—
1 3 0 -l 2
2 5 -1 1 ...and D3 character table from p. 24:
3 7 =1 @@= [ {1y '} {i.i,i}
4 9 0 1 A
(g)= 1 1 1
5 11 -1 -1 x(®)
6 | 13 1 1 |X ®= -
7 15 0 -1|x'@®=|2 -l 0
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Review:Spectral resolution of D3 Center (Class algebra)
Group theory of equivalence transformations and classes
Lagrange theorems
All-commuting class projectors and Ds-invariant character ortho-completeness
Spectral resolution to irreducible representations (or “irreps”’) foretold by characters or traces
Subgroup splitting and correlation frequency formula: f@(D®(G)|H)
Atomic l-level or 20+ 1-multiplet splitting
D3 examples for (=1-6 ‘

Group invariant numbers.: Centrum, Rank, and Order
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Atomic (-level or 20+ 1-multiplet splitting (=0, s-singlet

E p—
Formula from p.44 L 2ni=n
(b) _ (b)* ) t=4 (=1, p-triplet
Example (624) f OD Z K-k%k ...................... 51 2€+]:3
classes 1
" eD, , Aj (=2, d-quintet
Crystal-field splitting: O(3)2> D3 symmetry reduction and D" | D3 splitting 2Wi]=5
o onm symerny (118 5.0.1 PSDS) _ -~ . v (=3, f-septet
g ke P g v : Q 20+1=7
0 Cr ot iio D . '
E:’_/_ ______ () ,1 ( D“ ' ) P (ﬁﬂ(m ) (=4, g-nonet
DEG:iI;;ACY \\\ = : £ D: : ..... D, . M 2€+1 =9
\\\\ g (=5, h-(11)-let
U(2) characters xS 2t+Dm R(3) character 2t+1=11
from Lecture 12.6 p.134: )(K( )= z where.: 20+1
. n . T
(or end of this lecture) sin — is l-orbital dimension
2 1
2 ©)|0=0 — =« : 1
3 %f(e)) _ Sln(g +®2 )® f(a)(g) fA] f fEl
(=0 1 1 1 Sin— /=0 1 . 1A1
@ 3.0 ) 2 1 . | |04,04.0E,
2 5 -1 1 ...and D3 character table from p. 24:
3 7 =1 @@= [ {1y '} {i.i,i}
4 9 0 1 A
1 = 1 1 1
5 11 -1 -1 x(®)
6 | 13 1 1 |X ®= -
7 15 0 -1|x'@®=|2 -l 0
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Atomic (-level or 20+ 1-multiplet splitting

L,
Formula from p.44 |
(b) _ ) g O Il
Example: ((=4) / n. Z KX X — #==. £
3 classes oy
K, €D; A,
O4 OR R, SYMMETRY . 3 - -~ . . L i
: o5 —//_/_/_’—”_ b . D, R ..... - It ]
. Rl D”(m-( Doie ) ‘Me ( D?(R)
DEG:N;;ACY \\\‘\\\\ : e R D% LEZEQ]
U(2) characters or S 26+ Dm R(3) character
from Lecture 12.6 p.134: )(K( )= Z where.: 20+1
. n .
(or end of this lecture) Sin= is P-orbital dimension
g _g 2% P
(=0 T 1 sin =0 | 1 .
] 3 0 -) ? o I
2 5 -1 1 ...and D3 character table from p. 24:
3 7 =1 (@@= | {1} {r'r}y {i.ii} 3 0 —]
R ! 0x"()=|0 0 0
6 | 13 1 1 |X ©®= - Ly (&)= -
7 15 0 -1|x'@®=]2 —1 0 1y"(g)= 12 -1 0

(=0, s-singlet

20+1=1

(=1, p-triplet

20+1=3

(=2, d-quintet

20+1=5

(=3, f-septet

20+1=7

(=4, g-nonet
) 20+1=9

(=35, h-(11)-let

20+1=11

14,
04,04 .OF,
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Atomic (-level or 20+ 1-multiplet splitting (=0, s-singlet

Formula from p.44 A s
B b _ O gy O L4 i P (=1, p-triplet
Example: (=4) / °pD. Z KXk P 20+]1=3
’ ;ﬂf‘;ﬂi‘; A; (=2, d-quintet
20+1=5
04 OR Ry SYMMETRY b r " (=3, f-septet
e o | 2041=7
S e I b ] i G| (=4, g-nonet
LR - el bl ) & ( di ) 20+1=9
e ‘ B (=5, h-(11)-let
U(2) characters , 2 sin 26+ Dm R(3) character 2b+1=11
from Lecture 12.6 p.134: ¥ (—)= z where.: 20+1
(or end of this lecture) & sinZ is P-orbital dimension
2
2(©)]6=0 == = (@)= S +§)® rowy| o g
(=0 1 1 1 Sin5 /=0 1 ] 14,
| 3 0 -1 1 : 1 |04,84.®F,
(2 5 - 1) ...and Ds character table from p. 24: 1 o |14, @28
3 7 =1 @@= [ {1y '} {i.i,i}
4 9 0 1 N
5 nooo o |[F T 1 1
6 | 13 1 1|X ®= -
7 15 0 -1|x'@®=|2 -l 0
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Atomic (-level or 20+ 1-multiplet splitting (=0, s-singlet

Formula from p.44 S =l
B b _ O gy O L4 i p (=1, p-triplet
Example: ({=4) / °pD. Z KXk P 20+]1=3
’ il,?ész;‘; A; (=2, d-quintet
20+1=5
04 OR Ry SYMMETRY b r " (=3, f-septet
e o | 2041=7
0 gf_//_/_/_/____ . D, R ..... - et T €:4’ g-nonet
b3y - el el ) & ( di ) 20+1=9
e ‘ h (=5, h-(11)-let
U(2) characters , 2 sin 26+ Dm R(3) character 2b+1=11
from Lecture 12.6 p.134: ¥ (—)= z where.: 20+1
(or end of this lecture) " sinZ is l-orbital dimension
2r
x'(©)] ©=0 3 7 2'(©)= sin(/ +3)0© oy | pope g
ol in'> =0 | 1 1,
- . 04,®4,®E
(2 5 -1 1) ...and D3 character table from p. 24: ; 1 ; 1 Aj @2;1
3 7 =T @@= | {1y {r'r'} {.ii,}
4 9 0 1 @)= | 1 1 1 5 -1 1
5 11 -1 -1 o
6 | 13 1 1|X ®7 - Rl
7 |15 0 -1|xX@=]2 -l 0 0x ()=
2x" (@)= |4 -2 0
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Atomic (-level or 20+ 1-multiplet splitting

E,
Formula from p.44
(b) _ ) g O il
Example: ((=4) / n. Z KX X — #==. £
3 classes L
K, €D; A,
0,0R RssYMMETRY /////// . L i
: . f’_//_/_/_/ i . D:’Q T e - It ]
. S 1S = 3 D”(R)-( Dy_1.0 ) ‘Mz ( D’(R)
oeszuz;Acv \\\‘\\\\ : D ' Lglgﬂ]
U(2) characters or S 26+ Dm R(3) character
from Lecture 12.6 p.134: )(K( )= Z where.: 20+1
(or end of this lecture) & SiN— o p-orbital dimension
. 2r 1
X ©|0=0 — =& sin(/ +2)0© ”
@)= ey e
(=0 1 11 sin— /=0 | 1 .
1 30 -1 2 . i
2 5 -1 1 ...and Ds character table from p. 24: 1 5
G | 7 1 D (= [ ') L) 3|1 >
4 9 0 1 A
1 = 1 1 1
5 11 -1 -1 x (@)
6 | 13 1 1 |X ®F -
7 15 0 -1|x'@®=|2 -l 0

(=0, s-singlet

20+1=1

(=1, p-triplet

20+1=3

(=2, d-quintet

20+1=5

(=3, f-septet

20+1=7

(=4, g-nonet
) 20+1=9

(=5, h-(11)-let

20+1=11

14,
04,04 .OF,
14, @2,
14,024 ®2E,
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Atomic (-level or 20+ 1-multiplet splitting

£
Formula from p.44
(b) _ ) g O A
Example: ((=4) / n. Z KX X — #==. £
3 classes 1y
K, €D; A,
O, OR R, SYMMETRY /////// . L i
: . f_//_/_/_/ = . D, R ..... - It ]
. O G e D”(m-( Dy_1. ) ‘Me ( D?(R)
DEG:N;;ACY \\\‘\\\\ : e R D% LEZEQ]
U(2) characters or S 26+ Dm R(3) character
from Lecture 12.6 p.134: )(K( )= Z where.: 20+1
(or end of this lecture) & SiN— o p-orbital dimension
) 21 "
X ©|0=0 — =& sin(/ +2)0© ”
@)= ey e
(=0 1 11 sin— /=0 | 1 .
1 30 -1 2 . i
2 5 -1 1 ...and Ds character table from p. 24: 1 5
G [ 7 1 - @= |1 {'r) {ipiyis) 3|1 :
4 9 0 1 A
1 = 1 1 1
5 11 -1 -1 (e 7 1 -1
6 13 o1 | X ®= - x'(@= |1 1 1
7 15 0 -1|x'@®=|2 -l 0
2x (g2)= -
25" (g)= | 4 -2 0

(=0, s-singlet

20+1=1

(=1, p-triplet

20+1=3

(=2, d-quintet

20+1=5

(=3, f-septet

20+1=7

(=4, g-nonet
) 20+1=9

(=35, h-(11)-let

20+1=11

14,
04,04 .OF,
14, @2,
14,024 ®2E,
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Formula from p.44

(=4
£ = 07 o ..
Example: ((=4) 5 Z K Xk s E
D3 classes 1y
K€D, ey
] 1
£ =OD >kl = ) (o2 XY R e A+ K i)
} eb,
U(2) characters
from Lecture 12.6 p.134:
(or end of this lecture)
, 2r
Xx©)|0=0 — =« sin(/ +2)0 "
3 X' (@)= ( é) | fr
(=0 1 1 1 SiIl‘—— /=0 1 . 1/4]
1 3 0 -1 2 1 : 1 | 04,04.®E,
2 5 -1 1 ...and Ds character table from p. 24: | o |14, @28
(3 ; 1 _5 (2)= {1} {r'r’} {1,,1,,1;} 3 1 2 | 14,824,028,
4 9 0 1 A
(g)= 1 1 1 4 1 3
5 11 -1 -1 A (g)_
6 | 13 1 1|X ®= -
7 15 0 -1|x'@®=|2 -l 0
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Formula from p.44 .

Example: (624) f(b) OD Z Kk%l(cb)* (£) ————— 51

3 classes 1

Ki€D; A;

* — 1 * * *
£ = oy Z o,y By = ) ( Kooy 7 = ok B =D yoge B 961(504))

3 classes
K,€D;

*

1)

=l(1-2*-9 + 2--1"-0 + 3-0
6

U(2) characters
from Lecture 12.6 p.134:
(or end of this lecture)

, 2r
Xx©)|0=0 — =« sin(/ +2)0 "
3 @)= ey e
(=0 1 1 1 sin — /=0 1 .| 14,
1 3 0 -1 2 1 : 1 | 04,04.®E,
2 5 -1 1 ...and Ds character table from p. 24: 1 o |14, @2E
(3 ; 1 _5 (2)= {1} {r'r’} {1,,1,,1;} 3 1 2 | 14,824,028,
4 9 0 1 A
S e e (g)_
6 | 13 1 1 |X ®= B
7 115 0 —1|x@®=]2 -l 0
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Formula from p.44 L
Example: (1=4) f=5 Z KX X — i E
D3 classes E1
Ki€D; A[
(E) <E1>* (6 4) 1 (B, (I=4) (E)* (1=4) (E, ¥ (1=4)
= OD Z Ki Xk = OD ( KoeXoo Xoe +° K200 X1200 X120° +° Kig0°X180° Xiso
iy
1 } ) ;
=—(1-2-9 2--1"-0 + 0" -1 )
6
f(E1): 3
U(2) characters
from Lecture 12.6 p.134:
(or end of this lecture)
2T
‘©10=0 — = : 1 .
* O 3 %K(G)):Sm(“é)@ VARG I AT A
/=0 1 1 1 SIn — /=0 1 . 14,
1 30 -1 2 | . 1 | 04,04.0E,
2 5 -1 1 ...and Dj character table from p. 24: 2 1 2 |14, @2E,
3 7 1 -1 (@@= [{1} {r'r’} {i.i.i} 3 1 2| M@20.82L
@ 9 0 1) Y@= 1 1 1 4 2 3 3L
5 11 -1 -1 B
6 | 13 1 1 |X ®= -
7 15 0 -1|x'@®=]2 -1 0

Wednesday, April 1, 2015

63



Formula from p.44 e
Example: ({=4) [ = °op Z Kk%l(cb)* " = £
3 classes oy
K€D, ey
(E)) (F) g (=) = 1 (E))*,, (1=4) (E))* ((=4) (E))* ((=4)
f C= OD Z Kk%k o OD ( 0%0 %Oo + K12O %120 %120 + K180 %180 %180
e,
=l(1-2*-9 + 2--1'"-0 + 301 )
6
f(El) 3
1 : ; )
U(2) characters foo= 6 ( -r-9 + 2-1-0 + 3 '1):
from Lecture 12.6 p.134:
(or end of this lecture)
, 2r
X (©)|0=0 ? 4 XK(G‘)): sin(/ +(§)@ f(a)(f) fAl f fEl
(=0 1 1 1 sin > /=0 | 1 14
1 30 -1 2 | . 1 | 04,04.0E,
2 5 -1 1 ...and Dj character table from p. 24: 2 1 2 |14, @2E,
3 / 1 -1 (g): {1} {rl,rz} {il,iz,i3} 3 1 2 14,824 P2E,
@' 9 0 1) )(Al(g)= 1 1 1 4 2 3 P1 @/?T
5 11 -1 -1
6 | 13 1 1|X @7 -
7 15 0 -1|x'@®=|2 -l 0
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Formula from p.44 .
Example: ({=4) f(b) oD Z Kk%l(cb)* Y = 1y
3 classes E 1
Ki€D; ' A
FED = Z i,y "y (1) = 1 ( (E),, (1=4) | o (E)*,,  (1=4) L o (),  (f=4)
_ OD k%k _ OD 0 %O %Oo 120° %120 %12() 180° %180 %180
3 ]c;laésDes 3
=l(1-2*-9 + 2--1'"-0 + 301 )
6
f(E1) — 3
1 % * *
U(2) characters f= 6 ( 1 9+ 2 O + 3 1):
from Lecture 12.6 p.134: w1 . . .
(or end of this lecture) fo= 3 ( -r-9 + 2-1-0 + 31" 1):2
/ _a 2m . |
X (©)| ©=0 3 4 XK(G‘)): sm(f +§)® f(a)(f) fAl f fEl
(=0 1 1 1 in 2 =0 | 1 14
1 30 -1 2 | . 1 | 04,04.0E,
2 5 -1 1 ...and Dj character table from p. 24: 2 1 2 |14, @2E,
3 / | (g)= {1} {rl,rz} {i,,i,,1,} 3 1 2 1‘;11@2 B2L,
@ 9 0 1) =] : : 4 9) 3 | 24,017 .aBE,
5 11 -1 -1 B
6 | 13 1 1 |X ®= -
7 15 0 -1|x'@®=]2 -1 0
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Formula from p.44 .
Example: ((=4) =Y " x == E,
D3 classes E;
Ki€D; A[
(E) _ F 5 (=) = 1 (E)*,, (=4) 4 o (E))* (1=4) 4 o (Ep)* ((=4)
f _ OD Z Kk%k o OD ( 0 %O %Oo K12O %120 %120 180° %180 %180
3 classes 3
K,€D;
=l(1-2*-9 + 2--1-0 + 3-0-1 )
6
f(E1) — 3
1 ¥ * *
U(2) characters f= 6 ( 1 9+ 2 O + 3 1):
from Lecture 12.6 p.134: w1 . . .
(or end of this lecture) fo= 3 ( -r-9 + 2-1-0 + 31" 1): 2
¢ — 2_7[ : 1
X (©)| ©=0 3 4 ZK(G‘)): sm(f +§)® f(a)(f) fAl f fEl
(=0 1 1 1 in 2 =0 | 1 14
1 30 -1 2 | . 1 | 04,04.0E,
2 5 -1 1 ...and Dj character table from p. 24: 2 1 2 |14, @2E,
3 7 =T (@@= | {1y {r'r'}y {60 3 1 2 1§11@2 2L,
4 9 0 1 Y@= 1 ) ) 4 2 3 | 24,011.68E,
5 11 -1 -1 5 1 4 | 14,821 @4E,
© 3 1 X (8)= - © 3 4 |34,021.04E,)
7 5 0 -1|x'@®=]2 -1 0 7 > 5 | 24,03 @5,
Note: (=6 ‘ 13 1 1 ‘: A 12 0 0 ‘zAI@Q[A,@ BD2E)) (£=6 1s 1% re-cycling point)
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Spectral splitting in symmetry breaking foretold by character analysis (on p. 38)
U(6)2Ds RE(U(6))|Ds =D*(g)dD " (2)©2D"(2)

...................... E,
E;
4; (=
——F
Crystal-field splitting: O(3)DD3 symmetry reduction and D’ 1Ds3 splitting ]
(=2
R3)2D: P
(o) A E, E
RO A &
1 .11 |04mieE /-3
2' 1 12 ]J4] @92}31 ””T: ...... 2?;
3 1 2 | 14,824.82E, A;
4 2 3 2141@1 @3E1 El
5 1 4 | 14,024 BAE, (=4 A4,
6 3 4 | 34,®24,.@4E, = . o
7 2 5 |24,®34.®5E, A,
E;
E,
Ds character table: (=5 ; .
o i ]
(2)= | {1} {r'r'} {i.i,i,} " 5,
x'(@=] 1 I I ’
A A,
x ()= 1 —1 —E
l=6 E;
%El (g) = 2 —1 0
E ...... AI
= El
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Review:Spectral resolution of D3 Center (Class algebra)
Group theory of equivalence transformations and classes
Lagrange theorems
All-commuting class projectors and Ds-invariant character ortho-completeness
Spectral resolution to irreducible representations (or “irreps”’) foretold by characters or traces
Subgroup splitting and correlation frequency formula: f@(D®(G)|H)
Atomic l-level or 20+ 1-multiplet splitting
D3 examples for (=1-6
* Group invariant numbers: Centrum, Rank, and Order ‘
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{Dg Algebra

T

Az
PEq

e

K; = J_/ - J2 -rJ_:j

f [ A 2=l Dg Center\

(All-cornemutirig

operdtors)

Another

Maximal Set

of Commutin
Operators

r PE
11

2 PE

r I,22

PE

12

PE

21

- . ] - J . g k=1 r'+ri +iH,
Important invariant numbers or “characters PU=[T 1 1 le
%= Trreducible representation (irrep) dimension or level degeneracy P11 -1
For symmetry group or algebra G PE =2 -1 03

Centrum: K(G)=X, (f 06)0 =Number of classes, invariants, irrep types, all-commuting ops

irrep(Ql)

Rank:  p(G)=X ) (f OC)I =Number of irrep idempotents Pn(%), mutually-commuting ops

irrep(o

Order:  °(G)=X, ., () (f OC)2 =Total number of irrep projectors Pf,,‘j% or symmetry ops

3
=4
6
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2nd-Stage spectral decompositions of global/local D3 K

* Splitting class projectors using subgroup chains D3;DC>and D3O C3
Splitting classes
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Spectral reduction of non-commutative “Group-table Hamiltonian™

D Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D
3 3
Correlate D, characters with its subgoup(s) C,(i)

S

r4
lr’.

A3
e S

C2}
Subroup chain @“

"
D3DCx(p3) @A '
3 ‘\\«‘
Q)




Spectral reduction of non-commutative “Group-table Hamiltonian™

D Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D
3 3
Correlate D4 characters with its subgoup(s) C,(i)

Dy «=1 r'+r’ i +i+, C,x-1 i
Pi=1 1 16 o =1 1]n
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03

Wednesday, April 1, 2015



Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C,(i)
Dy «=1 r'+r’ i +i+

2 C,x=1 i,
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1

make IRREDUCIBLE P(%))
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D, Example

D3 k=1 rl+rii +i_+

l "2 73
Pl=1 1 11s
P=1 1 -1)s
PE=2 -1 0|3

D,>C, Correlation table
shows which products of
class projector P(® with
C,-unit 1 =p"2+ p'> will
make IRREDUCIBLE P(%))

Rank p(D3)=4 implies
there will be exactly 4
“C,-friendly” irep projectors
P@] =p@(p’2 4+ pl?)

R

Wednesday, April 1, 2015

2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C,(i)

C2 KZI

1

p” =1

p" =l

1|2
-1|2

D3:>C2 0, 1,

nAi= 1
nAZ:

nk = 1

Spectral reduction of non-commutative “Group-table Hamiltonian™

74



Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C,(i)
Dy «=1 r'+r’ i +i+

13 C,x=1 i,
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1 -
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P(%))
Rank p(D3)=4 implies ) ;
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOI 0
p@] =P(0c)(p02+ plz ) pi=| . Pléﬂ
=K@+ B P"=| P, B,
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D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D4 characters with its subgoup(s) C,(i)
Dy =1 r'+r’ i +i+, C,x-1 i

Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P/%))
Rank p(D3)=4 implies ) ;
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOI 0
p@] =P(0c)(p02+ plz ) pi=| . Péfz
=R®+ PP P:= P 0, 1212
pAi=pip0> =PA’(1+i3)/2=( I+ ri+ri+i+i+i, )6
PA2—I"42 12 =P2(1. J2=( 1+ri+ri-i - i,-i, )6
2o2 Pipl —PE(1+1 )2=(21-r'-r’-1 - i +2i,)/6
1 L, —PEp12 _PE(I -1 )/2 (21 ri-r’ +l + l 21 )/6

Spectral reduction of non-commutative “Group-table Hamiltonian™
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2nd-Stage spectral decompositions of global/local D3

* Splitting class projectors using subgroup chains D3;DC>and D3O C3
Splitting classes

4
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2nd-Stage
Spectral reduction of non-commutative “Group-table Hamiltonian™

D Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D
3 3
Correlate D, characters with its subgoup(s) C,(i)

Standing-wave
Subroup chain

D3DCx(p3)

9,
G&

O

2\(/,

Xy
WA/
RN

NAVe’s

N

AON\D
{ \\

)




2nd-Stage
Spectral reduction of non-commutative “Group-table Hamiltonian™

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C4(r) (C,and C,don’t commute)

Standing-wave
Subroup chain

D3DCx(p3)

Moving-wave
Subroup chain

D3;DCs(r?)
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2nd-Stage

D 3 Edepl e 2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C4(r) (C,and C,don’t commute)

Dy «=1 r'+r’ i +i+, C,x-1 i, Let: Cyx=1 1" r’
Pi=1 1 16 p02 -1 1ln g=¢ 2T/ p03= 1 1 1|3
P21 1 -1 pl2=1 -1|n pli=11 e ¢£*|
PE=2 -1 03 p=12 &% e |3

D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1

make IRREDUCIBLE P/%))
Rank p(D3)=4 implies

—0 1
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOJO :
22
P@] =p@(p’2 4+ pl?) Pi=| . Pfifz
= F
B+ r P~ B, PP,

PL=Plip02 =PU(1+i,)2=( 1+ r'+r2+i+i+i, )6
PA2—I"42 12 =P2(1. J2=( 1+ri+ri-i - i,-i, )6

2o2 Pipl —PE(1+1 )2=(21-r'-r’-1 - i +2i,)/6
P’ =Plp/> =PE14,)n=21-r-r’+i + i 2i, )6

Spectral reduction of non-commutative “Group-table Hamiltonian™
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2nd-Stage

D, Example

PA2—P42 L2=P(14,)2=( 1+ri+r7-i, -

202 Pipl2 =PE(14,)2=21- 1! r- i, -
P’ =Plp/> =PF14)2=21-r- 1+ +

Spectral reduction of non-commutative “Group-table Hamiltonian™

2nd Step: Spectral resolution of Class Projector(s) of D,

Dy =1 r'+r’ i +i+, C,x-1 i
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nA2= 1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P,{ o))
Rank p(D3)=4 implies ) ;
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOI 0
p@] =P(0c)(p02+ plz ) pi=| . Péfz
=R®+ PP P:= P 0, 1212

PA=Plip02 =PU(1+i,)o=( 1+ r+r¥+i+ i2+ i,)6

,-1,)/6
i,+2i,)/6
i,-2i,)/6

Correlate D, characters with its subgoup(s) C,(i) or ELSE C4(r) (C,and C,don’t commute)

Let: C3 k=1 r! r?
g=e 2/ pl=11 1 1|3
pi=11 & &*
p= 11 ¢e*¢e |3
Same for Correlation table: D35 Cy 05 15 2,
ndi= |1
nd= |1
nt = 1 1
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2nd-Stage

Spectral reduction of non-commutative “Group-table Hamiltonian™

D, Example

D3 k=1 ri+r? 11+12+13
Pl=1 1 11s
P=1 1 -1)s
PE=2 -1 0|3

D3D Cz Correlation table

shows which products of

class projector P(® with
C,-unit 1 =p"2+ p'> will
make IRREDUCIBLE P/%))

Rank p(D3)=4 implies
there will be exactly 4
“C,-friendly” irep projectors
P@] =p@(p’2 4+ pl?)
-ty R

2nd Step: Spectral resolution of Class Projector(s) of D,
Correlate D, characters with its subgoup(s) C,(i) or ELSE C4(r) (C,and C,don’t commute)

C,x=1 i,
p”? =1 1|r
pP=1 -1|»
D;,oC, 0, 1,
ndi= 1
nd= 1
nf=11 1
1 =p02+ p12
Pi= P'Ao]zo2
Po-
P"=| Py 50, 1212

PA=Plip02 =PU(1+i,)o=( 1+ r+r¥+i+ i2+ i,)6

PA2—P42 L2=P(14,)2=( 1+ri+r7-i, -

,-1,)/6

2o2 Pipl —PE(1+1 )2=(21-r'-r’-1 - i +2i,)/6
P’ =Plp/> =PE14,)n=21-r-r’+i + i 2i, )6

Let:
826-2751'/3

/3
/3
/3

Same for Correlation table: D35 Cy 05 15 2,

Rank p(D3)=4 implies
there will be exactly 4
“Cj-friendly” irreducible projectors
P ] =p(o) (p03 n p] 3 4 p23 )
P(Ot) + P(Ot) + P(Ot)

3 3

Cyx=1 1" r’
p=11 1 1
ph=11 ¢ &g*
p= 11 g* ¢

ndi= | 1

nA2= 1 -

nt = 1 1
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2nd-Stage

Spectral reduction of non-commutative “Group-table Hamiltonian™

D, Example

2nd Step: Spectral resolution of Class Projector(s) of D,

Correlate D, characters with its subgoup(s) C,(i) or ELSE C4(r) (C,and C,don’t commute)

Dy =1 r'+r’ i +i+, C,x-1 i
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nA2= 1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P,{ o))
Rank p(D3)=4 implies ) ;
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOI 0
p@] =P(0c)(p02+ plz ) pi=| . Péfz
=R®+ PP P:= P 0, 1212

PL=Plip02 =PU(1+i,)2=( 1+ r'+r2+i+i+i, )6
1>Az—1>42 L=Pl(10)0=( 1+ri+r?-i - i,-1, )6
2o2 Pipl —PE(1+1 )2=(21-r'-r’-1 - i +2i,)/6
P’ =Pipl2=PE(1 d,)2=(21-r- 1+ + i,2i, )/6

Let: C3 k=1 r! r?
g=e 2/ pl=11 1 1|3
pi=11 & &*
p= 11 ¢e*¢e |3
Same for Correlation table: D35 Cy 05 15 2,
ndi= |1
nd= |1
nt = 1 1

Rank p(D3)=4 implies

there will be exactly 4 I=p 03+P ]3+p23
“C;-friendly” irreducible projectors ~ Ppdi= ]8/10
p@] =P(0c)(p03 n pl 34 p23) Pi= pa 6 .
= B®+ B®+ B E_ E PpE
1313 P R313 ];32

3
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2nd-Stage

Spectral reduction of non-commutative “Group-table Hamiltonian™

D, Example

2nd Step: Spectral resolution of Class Projector(s) of D,

Correlate D, characters with its subgoup(s) C,(i) or ELSE C4(r) (C,and C,don’t commute)

3 k=1 r’+r’i +.+

13 C,x=1 i,
Pi=[1 1 1/s 2 =1 1]
P=1 1 -1)s pl2=l1 -1|n
PE=2 -1 03
D,>C, Correlation table D;,oC, 0, 1,
shows which products of ndi=| 1
class projector P(® with nd=1| - 1
C,-unit 1 =p"2+ p'> will nfF=11 1
make IRREDUCIBLE P/%))
Rank p(D3)=4 implies ) ;
there will be exactly 4 1 =p”+p-
“C,-friendly” irep projectors Pli= PAOI 0
p@] =P(0c)(p02+ plz ) pi=| . Péfz
=Kp+ B P" = By, BT,

PL=Plip02 =PU(1+i,)2=( 1+ r'+r2+i+i+i, )6
PA2—P42 L=Pl(10)0=( 1+ri+r?-i - i,-1, )6

2o2 Pipl —PE(1+1 )2=(21-r'-r’-1 - i +2i,)/6
P’ =Plp/> =PE14,)n=21-r-r’+i + i 2i, )6

Let: C3 k=1 r! r?
g=e 2/ pl=11 1 1|3
pi=11 & &*
p= 11 €* ¢ |3
Same for Correlation table: D35 Cy 05 15 2,
ndi= |1
nd= |1
nt = 1 1

Rank p(D3)=4 implies

there will be exactly 4
“Cj-friendly” irreducible projectors

Pi= ]())Ao
p@] =P(0c)(l)03 n p13 n p23) Pi= pd 6
P(Ot) + P(Ot) + P(Ot) E_| . E
I35 P P3 1, ]; 2,

Y

1 _p03+p]3+p23

P64({3=P41p03 =P(1+ r’+ r)3=( 1+r+r’+ i+i+i)e
PA()2=P‘/12 0 P14 v+ r?)3=( 1+1r'+ r’-i - i,-i,)6

1 1— PEp13 = PE(1+ er’+ e*l‘z)/S =1+ er/+ exr? )/3

E_ En23 —
B:=Pp

PE(1+ er’+ er?)3=(1+ e*r'+er? )3
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2nd-Stage spectral decompositions of global/local D3

Splitting class projectors using subgroup chains D3;DC>and D3O C3
Splitting classes

<«
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2nd-Stage

2nd Step: (contd.)While some class projectors P® split in two, Dy «=
so ALSO DO some classes «,

1 32|13
r+r 11+12+l3

1
=
- Centrum K(D3)=3 Pi=1 1 L' yie
Rank p(Dg)=4 4 different : Pi=1 1 -1)s
. , idempotents
idempotents idempotent PE=2 -1 0O}
P * By P : 3

P5‘2152=P41pOZ =p4 (1+i)2=( T+ r'+rivi +i
PA=Plp!s =P, )o=( T+ - - i]-

R)i?)z: PEp02 — PE(I +i3) /2:(_ rlr?. E

)/6 P(f({3=l‘4’p03 =P1/(1+ r’+ r?)3=( + i v )6
Ar— 03 — 1 2 — ] 2 e . .
)/6 5} 2—P42 3 =P+ 1+ r?)s=( H+ ri+re-i - i,-1,)/6

P B i

)/6 1313— PEpI 3= PE(L+ exl+ exr?) 3= 1' erlder?)s
E—PEnlo — DE(1 § \/h— I_y24 E.0 E P oy, ¢
*1?212 P'p'r=P(1))2 (2E'r -T ’11"' i)-21;)/6 =Pp- =P (1+e*r’+er?)3= E e*ri+er” )/3
E_pE | pE f ¢
PESplltS lnto P PO P 1, PE SplltS lm‘O PE_l)l +P

class Kl sp2lzts into Kl and 4, class Kr spllts into K, and X,
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2nd-Stage

2nd Step: (contd.)While some class projectors P* split in two,

Rank p(Dg)=4

idempotents
P

so ALSO DO some classes «,

P(f({flﬂfp()z =P(1+,)2=( 1+ri+ri+ E 3!
Pi=Pip!> =P1(14,)2=( 1+r'+r’-i,- i]

1352— Pip2 = PE(14,)2=(21-r'-r?- ﬁ i
E=Ppl =PE(1-i,)2=(21: 1! 1’ H, 1

A

PE splits into PE= —Pf P! PE

7
class K, Sp?lts into

i )/6

7‘ $

Klanahcl

must
equal

Y

must

equal

5
For Local
D,oC,(,)
symmetry

i, is free parameter

4 different
idempotent

* P

Dy «=1 r'+r’ i +i+,
Pi=1 1 1ls
Centrum K(D4)=3
idempotents P=1 1 -lje
P PE=2 -1 03

P62153=P41p03 =P1(1+ r'+ r?)3=( 1+r+ri+ i+i+i)e

B =P p" =P(1+ r'+ r?)3=( 1+rri-i, -

RA=PEpls = PE(1+ ex'+ err?)3=(1+erl+e 1

PE splits into PE=P", + B,

Rank p(D3)= 4

parameters in
either case

i,-i,)/6

1

)3
PE(1+ e*r'+ e r2)3=(14 e*rl+er? )3

7‘

class x_ splits into x_, and K,

l:l]:lzzlj,

For Local
D oCy()
symmetry

r,andr, are free
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>

3rd-stage spectral resolution to irreducible representations (ireps) and Hamiltonian eigensolutions
Tunneling modes and spectra for D3> C>and D3DCs local subgroup chains
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Cei.fltrum K(D3)=3 D. <1
idempotents 3

P Pi=|]

Pi= 1

Pi=2

1

2 ° L] [
r+r 11+l2+l3

1
1
-1

1

-1 V6

0

/6

/3

3rd and Final Step:
Spectral resolution of ALL 6 of D3 :

Rank p(Dg)=4
idempotents
P{%)

Rii= PA=Ppl =P4i(1+i )=

By= RE=Rpl =P )=

2- ° °
r+r+ ]+12

2
r+r -l]- 1 -E

Bi= Bf=Ppl2 = PF(1+,)2=(21- 11

5= Ri=Pp =P/ (1i)2=1-r"-r
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Centrum K(D4)=3

idempotents

P(O(‘) PAI:

r’+r?

l]+l2+l3

|
DN — ||

1
1
-1

1 /6

-1 /6
03

3rd and Final Step:
Spectral resolution of ALL 6 of D3 :

The old ‘g-equals-1-times-g-times-1" Trick

Rank p(Dg)=4
idempotents
P

_ pA—pAin0r — e\ PR
Pli= POZ({z—PAIp 2 —PAJ(1+13)/2—( 1+r'+r +EI+ i+

p= Pi=Plpl =PU(14)0=( 1+r+r’-j,- i

/

)/6

2 )/6

RL= Bi=Ppl2 =PI+ )2=1-r'-r’-|,- i,2i})6
By= RE=Ppl =PH(Li)o=2L r’-r’+ + i)

gzl.g-lz(Pﬁ;+Pﬁ;+ij+PyE )-g-(Pﬁ;+Pﬁ;+ij+Pffy)

2y
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e, Dy el iz, oo
P(®) Pi=1 1 16 P,
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1’ i+igi)e
P52 -1 03 Bi= PA=Plp! =PU(14)2=( 1+ s r2od, - i)-))
BLi= Rh=Pp’2 = PE(1+i,)2=(21-r-r*-i,- i,+2i) )6
PLi= PE=Plp/>=PE14i)0=Q1:r- Y24 + i]-2i))/6
3rd and Final Step: b R R ol

Spectral resolution of ALL 6 of D3 :
The old ‘g-equals-1-times-g-times-1" Trick
_ DA E E A E E
g=1-g-1=P_ . +P +P  +P ) g- P . +P +P +P )
g=1-g-1=P'.g-P"+ 0 + 0 + 0
+0 +P . gP + O + 0
+0 + 0 +P .gP +P -g-P

E E E E
+ 0 + 0 + Py,y- g - Px’x + Py,y- g - Py,y
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Centrum K(D4)=3 IPulmyar Rank p(Dg)=4
idempotents D3 gl jirr 11+12+13 idempotents
P Pi=1 1 1}s P
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1’ i)
PE=2 -1 0ys Bi= B=Pp! =PU(1d)o=( 1+ e - - i)-1,)0
BLi= Rh=Pp’2 = PE(1+i,)2=(21-r-r*-i,- i,+2i) )6
PL= PL=Pp/ =PL1-i.)2=(21-1'- 1 H,+ 1126
° y’y 1212 p 3 ] 2 @
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :
The old ‘g-equals-1-times-g-times-1" Trick
Ay E E A E E
g=1-g-1=P_ . +P +P  +P ) g- P . +P +P +P )
g=1-g-1=P'.g-P"+ 0 + 0 + 0
+0 +P . gP + O + 0

PAl g PAl _ DAl (g)PAl + 0 + 0 + PE - g - PE -+ PE g Pyl?y

+ 0 + 0 +P.gP 4P gP
Py’y. g | P =D (g)P g g Nezc,iyto Define
P g PE =D, ()P’ P -g-P =D, (8P, 6 Irreducible

pt P 5 pr P s Projectors P{*)
yy 8 - Dyx(g) vy 8 — Dyy(g) Order °(D,) = 6

where:
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Centrum K(D4)=3 I Rank p(Dg)=4
idempotents D3 el i 11+12+13 idempotents
P Pi=1 1 1}s P
P=1 1 -1)e Pi= PA1=P41 02 =P1(1+i,)2=( 1+ri+1r’+ E + i+ )/6
P°=52 -1 03 Bi= PL=Plpl =PU(Li)=( 1ers rd - i)
BLi= Rh=Pp’2 = PE(1+i,)2=(21-r-r*-i,- i,+2i) )6
Bi= Bi=Pp2=PL14,)2=21:r-r T, ] 2))/s
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :
The old ‘g-equals-1-times-g-times-1" Trick
g=1-g1=P.  +P . +P +P ) g- P +P +P +P)

g=1-g-1=D"(@P"+ O + 0 + 0

where:
P! g-P)=D"(gP"
P..gP =D (gP

ijg PE _Dxx(g)
:l?;f;f'gg :l?dg T J[:{y;x(:g;:)

+ 0 + D (g)P  + 0 + 0

+ 0 + 0 +D, (g)P. . +D, (2P,
E E

+ 0 + 0 +D, (2P, +Dyy(g)

Need to Define
6 Irreducible

Projectors P{*)
Order °(D;)=06

]?:f;; %; ]?dg T j[)x_y(:g;)
P -g-P =D (2P
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Centrum K(D4)=3

idempotents

l]+12+l3

P(O(') PAI:

s

|| .
N — ™|

o

|

o

3rd and Final Step:

/6

/3

Rank p(Dg)=4

idempotents
P

Pi= PA1=P41 02 =P1(1+i,)2=( 1+ri+1r’+ E + i+ )/6

PA2— PAE—PA? I3 —PA2(11)/2 =( 1+ri+r’-
Ri= Rh=P'p’2=P:1+,)2=(21-r-r-

-1,- -0y
E 2, )6

By= Bi=P'p/>=PI1i,)2=21-r-r IR ij-2i])/6

Spectral resolution of ALL 6 of D3 :

The old ‘g-equals-1-times-g-times-1" Trick
g=1-g1=P. . +P . +P +P )g-P.+P +P +P)
g=1-g1= DAl(g)PAl +D"(g)P" +D, (2P +D, (2P

where:
P!g- P! =D"(gP"
P..gP =D (gP
ij. g PE T Dx x(g)

E E
Py,y.g P _Dyx(g)

E E
+D, (2P, +D, (8)P,,

PEx.g PE _ny(g)

X,

E E
P -g-P =D (2P

Need to Define
6 Irreducible

Projectors P{*)
Order °(D;)=06
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Centrum K(D4)=3 I — Rank p(Dg)=4
idempotents D3 kel 1, idempotents
P Pi=1 1 1}s P
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1’ i+ )6
PE=2 -1 0} Bi= B=Pp! =PU(1d)o=( 1+ e - - i)-1,)0
RL= Bi=Ppl2 =PI+ )2=1-r'-r’-|,- i,2i})6
BL= PE=Pip/>=PL(1-i,)2=(21:1'- ¥’ L+ 1126
° y’y 1212 p 3 ] 2 @
3rd and Final Step:

Spectral resolution of ALL 6 of D3 :
The old ‘g-equals-1-times-g-times-1" Trick
g=1-g-1=P +P +P +P ) g- (P +P +P +P)

g=D"(g)P"'+D"(g)P +D, (2)P, +D, (2)P, +D, (2)P  +D, (2P

Six D s projectors:_4 idempotents + 2 nilpotents (off-diag.)

1 r r i i i
RY=(1 1 1 1 1 Db 1 v i i, 1 ¢ i i i
Ar—
by=(1 1 1 -1-1 -1))s BA=(2<1 -1 -1 -1 +2)fs [RE=(0 -1 1 -1+1 0N3>

BES(0 1 -1 -1 +1 O)A32 |By=(2 -1 -I+1+1 -2)/s
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Centrum K(D4)=3 I — Rank p(Dg)=4
idempotents D3 kel 1, idempotents
P Pi=1 1 1}s P
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1’ i+ )6
PE=2 -1 0} Bi= B=Pp! =PU(1d)o=( 1+ e - - i)-1,)0
RL= Bi=Ppl2 =PI+ )2=1-r'-r’-|,- i,2i})6
BL= PE=Pip/>=PL(1-i,)2=(21:1'- ¥’ L+ 1126
° y’y 1212 p 3 ] 2 @
3rd and Final Step:

Spectral resolution of ALL 6 of D3 : 6=3 33 Do POy
The old ‘g-equals-1-times-g-times-1" Trick  P@=wmZ, Do
_ /DA E E A E E
g=1-g-1=(P_ +P _+P_+P )g- (P +P +P +P )

g=D"(g)P"'+D"(g)P +D, (2)P, +D, (2)P, +D, (2)P  +D, (2P

Six D s projectors:_4 idempotents + 2 nilpotents (off-diag.)

1 r r i i i
RY=(1 1 1 1 1 Db 1 v i i, 1 ¢ i i i
Ar—
by=(1 1 1 -1-1 -1))s BE=(2<1 -1 -1 -1 +2)f5 |RE=(0 -1 1 -1+1 O)Ns»

BES(0 1 -1 -1 +1 O)A32 |By=(2 -1 -I+1+1 -2)/s
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Centrum K(D4)=3 IPulmyar Rank p(Dg)=4
idempotents D3 gl jirr 11+l2+13 idempotents
P Pi=1 1 1}s P
P=1 1 -1)e Pii= Pli=Plip" =PU(1+i)2=( 1+r'+ 1’ i+igi)e
PE=2 -1 0ys Bi= B=Pp! =PU(1d)o=( 1+ e - - i)-1,)0
BLi= Rh=Pp’2 = PE(1+i,)2=(21-r-r*-i,- i,+2i) )6
PL= PL=Pp/ =PL1-i.)2=(21-1'- 1 H,+ 1126
° y’y 1212 p 3 ] 2 @
3rd and Final Step:

Spectral resolution of ALL 6 of D3 : NI
The old ‘g-equals-1-times-g-times-1" Trick P - mormZ Do)

g=1-g-1=(P" +P, +PE +PE) g (P! +P, +PE +PE)
— A A E E E E
g=D"(g)P"+D " (g)P +D, (2P _+D, (g)P +D, (2P +D, ()P,

Six D, projectors: _4 idempotents + 2 nilpotents (off-diag.)
1 v ¥ i i i
1 2 3

RY=(1 1 I 1 1 Dk 1 it i 1 r r i

i 11
il )] 2 3 1 2 3
Sy= (4 I b=l =1 =16 \phmg o o1 -1 -1 +2)6 [RE=(0 -1 1 -1+1 0)As2
where D, lrreduable representations |pE =(0 1 -1 -1+1 O)N32 |BL=(2 -1 -1+1+1 -2)/s
are: D*(g)=+l, D (g)=1/, Px »Y

DE(1)=( (1) (1) ]’DE(I,)[ \_/2? “/7 ]D( - [ 53 \/;: }J)E(il)[ _\/2? _f ]D( )= [ \/1: },DE(E)( (1) _01 ]
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Global (LAB) symmetry ) ,>C, i, projector states — Local (BOD) symmetry
i, =1,PGI|1)

T)) ~TR011)- B
=Py T|D=c0)" ()

—Pp(m
eb)> _Pe(b )‘1>
Local @ commute through
to the “inside” to be a g'
1 v rii i,

Ri=(1 1 1-1-1 Ijls

Here the “Mock-Mach™
is being applied!

i3 global (y)
anti-symmetry  RE=(Q -1 1 -1+1 O)N32

'~‘ ,—(2 1 -1+1+1 -2)/s
Q y

anti-symmetry /@

BE=(2 -1 -1 -1 -1+2)/s
BL=(0 1 -1 -1+1 O)N3»

anti-symmetry

ngZObal)i3 l}jf{=(1 I 1 1 1 1)k

(x) symmetry
i1 D'()=  D'(r)= I,)= D'(i,)= D"(i,)=

D D*(i
D'(g)=+I,D"(x")=+/, D"(i,)=~ [ [ Z [] \/’ ? } f __3 \1/7] [\/2? \/17] ((1) —01]
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4><

external LAB internal BOD

symmety label-e  symmety label-b
GLOBAL LOCAL

LOCAL

(i) =0,
| X-symmelry
i, OK

GLOBAL

GLOBAL LOCAL
(iy) =0, (i3) =0,
x-symmetry |y X-Symmetry
i, OK

Wednesday, April 1, 2015

99



R="25, DV
Spectral Efficiency: Same D(a),  projectors give a lot!

1 r r i i i
BY=(1 1 1 1 1 Dk 1 i i, i 1 v i i i
By=(1 1 1-1-1 -D)s |1pe=3 1 1 1 1+2005 |BE=(0 -1 1 -1+1 0N
RL=(0 1 -1 -1+1 A3z |Bh=(2 T -I+1+1 -2)/s

*Eigenstates (shaown before)
cCompnlete Hamiltonia
(e iy )
A]-block H+ ]i'+ ]ﬁ_ l'l_'b_

- 1.1 17 147 .4 V ST
A,-block =3k =3k h Z 3("”1””‘11”, )
\3 ' 1: L=yl 1 ll: l

A
\ J
°Local symmetery eigenvalue formulae (1.s=> of-diagonal zero.)

FEr,=r =1 T L=

A-level: H +2r +2i+i3
giV@S.' A-level: H +2r _21'—%
E-level: H - 1 - i+i3
E-level: H - ¥ + i—i3
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Global (LAB) symmetry ) ,>C, i, projector states
i) =i, PUD|1)
R U0) =PGOI1)

e

=7 |)

Local (BOD) symmetry

[0 =1,pym1)=RiA
= PR TID=1 )

1

. Q™
anti-symmetry /@

i 3 local

XX

° )i
13 global ™3
| (%) symmetry
il
D'(h= D)= D(r)= D (i)~
Vi - i - i

Wednesday, April 1, 2015

101



When there is no there, there...

Nobody Home
where LOCAL

and GLOBAL

—
Ny
U

i, global ()
anti-symmetry

o > 1
1; global "3
(x) symmetry
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(a) Local D DCZ(Z ) model  (b) Mixed local symmetry D ; model
Il > 1 cos!5°=V[(1+cos 30°)/2]
,’% N \ , ,’\ / ‘ > —(1/;)V(2+v3) =sin75°
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Psuedo-scalar mode

Scalar mode

XX

-y
A, V6P

Vector mode
E,
)}J)

Vector mode
L /
yx

(a) Local D oC 2(1 ;) model

0 N
1 / )\\\> -
r > , Sk, /// ks

R\

L

//‘ =
/ ///////
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (¢ =2j+1)-term sum of e™® over allowed m-quanta m={-j, -j+1,..., j-1, j}. / o \
—i0/2
%" (©) = traceD"*(©) = trace| © o X' (©)=traceD'(©)=trace| - 1
(spinor-j=1/2) ‘ l (vector-j=1) u . o0 )

Excerpts from Lecture 12.6 page 126-136
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e™® over allowed m-quanta m={-j, -j+1,..., j-1, j}. / o \
—i0/2
1" (©)=traceD"*(®) = trace ¢ o x'(®)=traceD'(©) = trace S|
(spinor-j=1/2) . (vector-j=1) u . e—i@ )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e ©
1" (©)=e 242 = 2008% (spinor-j=1/2)
30 ;30
1?@)=e 2 +.. +e?2 =2008%+2008?
50 ;50
)(5/2((9)=e i +... 4e ? =ZCOS%+ZCOS?+ZCOS%

Excerpts from Lecture 12.6 page 126-136
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. [ \
e .
—i6/2
1" (©)=traceD"*(®) = trace ¢ o x'(®)=traceD'(©) = trace S|
(spinor-j=1/2) ‘ (vector-j=1) U .o )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e .0 .
Zl/z (O©)=e 2 +e 2 = ZCOS9 (spinor-j=1/2) %0 (©)= o100 —1
2 (scalar-j=0)
s G L
2?@)=e 2 +.. +e?2 :20039+2008£ 71©@)=¢@+14®° =1+2c0sO
50 50 2 2 (vector-j=1)
)(5/2(6)=e_17+... +612=2COS%+ZCOS?+ZCOS? )(2(6):e_i2®+...ei2®:1+20036+20082®

(tensor-j=2)

Excerpts from Lecture 12.6 page 126-136
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. /

—i0/2

e .

1" (©)=traceD"*(®) = trace o
(spinor-j=1/2) ‘ e

X "(©) =traceD'(®) = trace |
(vector-j=1) . . e—ie

Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
© 0

72 (@) = e 2402 = Zcosg (spinor-j=1/2)

.30

.30
2@)=e 2 +.. 59

;39
+e 2 =2cos—+2cos—
2 2

— 3
+el 2 = ZCOSQ+ZCOS—®+ZCOS£
2 2 2

(scalar-j=0)

71©@)=¢@+14®° =1+2c0sO
(vector-j=1)

)(2((9) —e 294 029 —142c0sO+2c0s20

(tensor-j=2)

Y(0©) is a geometric series withratio €® between each successive term.

X J ()= TraceD(j )((9) =
)Cj(@)e_l@ _ 1O |

Subtracting gives:

TOUTD 4 70U

Excerpts from Lecture 12.6 page 126-136
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}.

—i0/2

e .

1" (©)=traceD"*(®) = trace o
(spinor-j=1/2) ‘ e

x'(©)=traceD'(©) = trace
(vector-j=1)

Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e 0

:Zcos9
2

— 3
+el 2 = 20035+2008—®

— 3
+el 2 = ZCOSQ+ZCOS—®+ZCOS£
2 2 2

(spinor-j=1/2)

%0 (@) _ e—i@-O

1 (©)=eC+1+°

=1
(scalar-j=0)

=1+2cos®
(vector-j=1)

)(2((9) —e 294 029 —142c0sO+2c0s20

Y(0©) is a geometric series withratio €® between each successive term.

—iQj

X J ()= TraceD(j )((9) =
)Cj(@)e_l@ _ 1O |

Subtracting/dividing gives x/(0) formula.

—O0G=D + e_l@(j_z) + ...

e+z®] . e—l@(]+1)

(tensor-j=2)

SR | 1
—00U5)  sin©( j+5)

1 (©)=

1
+iO(j+—-)
e 2 _e
B Ke) Ke) -
+i— —i—
e 2 _p 2

Excerpts from Lecture 12.6 page 126-136

. ©
sin —
2
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. / o \
—10/2
%" (©) = traceD"*(©) = trace| © o X' (©)=traceD'(©)=trace| - 1
(spinor-j=1/2) ’ l (vectorj=1) . .o )

Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e 0

—i— I— ®

— ZCOSE (spinor-j=1/2) %0 (®)= o100 =1

(scalar-j=0)

> 3 . .
te 2 =2008—+2008—® 71©@)=¢@+14®° =1+2c0sO
2 2 (vector-j=1)

) 30 50

o _ 2 o 20, 20 _
+e —20035+20087+20037 X (O)=e +.e77 =1+2cos®+2cos20

' . (tensor-j=2)
Y(0©) is a geometric series withratio €® between each successive term.

)(j(G)) = TraceD(j)(G) = el 4 o OUD 4 ,mOU=2)

P J(©)e™© = 710U+ 4

. S . . o] o] 1
Subtracting/dividing gives x/(0O) formula. O] _ —i0(j+]) e+l®(]+5) _e—zG(J+5) sin O( j+5)
2'(©)= e e o
1-e™ t, T sin ©
e 2_p 2 5
g T mt! h
For C, angle ®=27/n this ¢’ has oy sin=(2j+1) sin— Character Spegtml Function
a lot of geometric significance. X (—)=—=L P 7’; where: F=2j+1
" sin; sin; is U(2) irrep dimension

J
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Polygonal geometry o U(Z)DCN character spectral function

/ 4 J N\
i® 20 i30 | 4 . T 2 Character Spectral Function
]‘|‘€ ‘|‘€ te / , XJ(ZE): Smn(2J+1) _ - where: /=2j+1
/ \ \\ S '3 /.-( 4 n sin T sin T is U(2) irrep dimension
// \\ A\ ~ e’ d % - L L /
[
// \\ \\ 126) /h
// v ;
f @7?

@/ 2 " < ]/Silfl% >

()" n-gon segments | ; ;

x](ZTc/n)_Sm(nf])/Sm n = ]2. V=4

Excerp LS f rom g _ e n=7 | sin( %6] )/sin Ty l

Lecture 12.6 A | g

page 136 : 1/tan’™ :

Loons)=1 en7)=1
]/2
P ons)=1618.. (21/7)=1.802...
=(1N9)2= 3l ons7)=2.247..

P on/7)=2.247..

P om/12)=1.932...
v oon/12)=2.732..
v (o1/12)=3.346..

v (2m/12)=3.732...

v (2n/12)=3.864..

X (275/12) =3.732...

Wednesday, April 1, 2015

111



