Group Theory in Quantum Mechanics
Lecture 14.5 ;.07.17)

Cysymmetry systems coupled, uncoupled, and re-coupled

(Quantum Theory for the Computer Age - Unit 3-5 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-12 of Ch. 2 )

Breaking Cy cyclic coupling into linear chains
Review of 1D-Bohr-ring related to infinite square well
Breaking Con+2 to approximate linear N-chain (Examples C>< Cs ©Cl4)

Band-It simulation: Intro to scattering approach to quantum symmetry
How Band-It works: Match each Y and DY, Let L=0 at Right end

Breaking Con cyclic coupling down to Cy symmetry
Acoustical modes vs. Optical modes
Intro to other examples of band theory
Avoided crossing view of band-gaps
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Some D, modes
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Cs symmetry: Elementary Bloch Hamiltonian H8(©® ( 15t neighbor coupling)
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Cs symmetry: Elementary Bloch Hamiltonian H8(© ( 15t neighbor coupling)
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Cs symmetry: Elementary Bloch Hamiltonian H8(© ( 15t neighbor coupling)
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Consider sine and cosine eigenvectors of a /4-by-14 elementary Bloch matrix HEB(4
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Consider sine and cosine eigenvectors of a /4-by-14 elementary Bloch matrix HEB(4

|
|

m
)

|
m |
C 6 i

m
C5 =]

HFB(4 gives eigensolution of a 6-by-6sconstrained Bloch matrix HM®)

2r

—r
2r -r
-r 2r

2r i +r

| ¢ =cos m-pE =c"
i P N R S S o p 7 ~p
m m m m m m m _ _: . TT _ m
S S5 S4 S3 S S8 S/) =S| m p; __S—p
HEB(14)‘Sinm> _ wm(14)‘sinm>
m
51 51 where :
m m
S2 52
m(14
" m ™ = 2r(1- cos
S3 S3
m m
S4 S4
m m
S5 A
m(14
s ||="|| 5o

1



HFBUY oives eigensolution of a 6-by-6 constrained Bloch matrix HM®) ysing its sine-waves only
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=14&clock=true&docolor=true&ImWave=true&ReWave=true&hand=true
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HFB(4 gives eigensolution of a 6-by-6 constrained Bloch matrix HM(®) ysing its sine-waves only
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HFB(4 gives eigensolution of a 6-by-6 constrained Bloch matrix HM(®) ysing its sine-waves only
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HFB(4 gives eigensolution of a 6-by-6 constrained Bloch matrix HM(®) ysing its sine-waves only
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» Band-It simulation: Intro to scattering approach to quantum symmetry
How Band-It works: Match each Y and DY, Let L=0 at Right end



HEBUY gives eigensolution of a 6-by-6 constrained Bloch matrix H*M(® ysing its sine-waves only
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)

Classical Band-It simulation is
Non-Classical _ Region (E>V)  Non-Classical ~ /4¢ ©5 7 arp hi{“”m ,
Region (E<V) Region (E < V) not yet converted 1o we

V(x)

Fig. 13.1.1 Non-constant potential V(x) approximated by a series of small constant-V steps.

Between each step potential, kinetic energy, and k are assumed constant.i
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)

Classical Band-It simulation is
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)

Classical Band-It simulation is
Non-Classical _ Region (E>V) 5. Non-Classical Mac O5 9 app lii{‘”w” ,
Region (E < V) Region (E < V) not yet converted to we
V(x)
7 s s
E

---------------------------------------------------------

Fig. 13.1.1 Non-constant potential V(x) approximated by a series of small constant-V steps.

Between each step potentlal kinetic energy, and k are assumed constant x-derivative 1s denoted by D‘P

Relations between the pair (W, DW) andi amplitudes: (R, L) just above x=a. (Inverted)
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Wave function and derivative

How Band-It simulation works (from QTfCA Unit 4 Chapter 13) at x=a-¢ equals that at x=q+=
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Wave function and derivative

How Band-It simulation works (from QTfCA Unit 4 Chapter 13) at x=a-¢ equals that at x=q+=
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)
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Wave function and derivative
at x=a-c equals that at x=a+¢.
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A special case: single input conditions with no sources or reflectors on one side (say, right hand side)
so no incoming waves exist there (say, L=0 but R=Qutgoing= ().)
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How Band-It simulation works (from QTfCA Unit 4 Chapter 13)

A special case: single input conditions with no sources or reflectors on one side (say, right hand side)
S0 no incoming waves exist there (say, L=0 but R=Qutgoing= ().)
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» Breaking Con cyclic coupling down to Cy symmetry ‘

Acoustical modes vs. Optical modes
Intro to other examples of band theory
Avoided crossing view of band-gaps
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Avoided crossing view of band-gaps
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C>4 lattice reduced to Ci2 symmetry
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Intro to other examples of band theory

Fig. 2.12.1 PSDS

Figure 2.12.1 C,, “clocktane” potential wells and energy levels. (a) Zero potential gives
Bohr orbital levels. (b) Weak potential gives small and-gap splittings at (m) = 6,12,... . (c)

e m Strong potential gives tightly clustered bands and wide gaps. (Splitting of clusters is
exaggerated for clarity.)
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Intro to other examples of band theory
Crossing equations for a pair of humps
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Intro to other examples of band theory
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Breaking Con cyclic coupling down to Cy symmetry
Acoustical modes vs. Optical modes

Intro to other examples of band theory ‘
Avoided crossing view of band-gaps
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Intro to other examples of band theory

Bohr-It simulations assume ring-periodic-boundary conditions
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Intro to other examples of band theory

Bohr-It simulations assume ring-periodic-boundary conditions Band-It simulations line-non-periodic scattering conditions
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Breaking Con cyclic coupling down to Cy symmetry
Acoustical modes vs. Optical modes

Intro to other examples of band theory
Type-AB Avoided crossing view of band-gaps *
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Fig. 2.12.8 PSDS
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A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ac4+Bop=H-=
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Spectral decomposition of D>
Some D> modes



Finally! Symmetry groups that are not just Cy
(And some that are)
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Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are
Abelian and are illustrated by models drawn in circles.
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Finally! Symmetry groups that are not just Cy
(And some that are)
Starting with D;

Fig. 2.11.1 PSDS

ORDER OF GROUPS

Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are
Abelian and are illustrated by models drawn in circles.



T T Finally! Symmetry groups that are not just Cy
(And some that are)
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Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are
Abelian and are illustrated by models drawn in circles.



Finally! Symmetry groups that are not just Cy The CPT subgroup of Lorentz Group
» The “4-Group(s)” Dz and Cay

Spectral decomposition of D>
Some D> modes



D> Symmetry (The 4-Group)

Z AXIS

1 : THE ORIGINAL POSITION Don’t touch the fan blade.
R,: THE HALF-TURN POSITION Rotate it by 180° around its axle

or the z axis.
R,: THE OVERTURNED POSITION Overturn it 180° around the y axis.
R,: THE FLIPPED POSITION Flip it 180° around the x axis.
Fig. 2.1.1 PSDS
Fig2.1.2 PSDS
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D> Symmetry (The 4-Group)

Z AXIS

1 : THE ORIGINAL POSITION Don’t touch the fan blade.
R,: THE HALF-TURN POSITION  Rotate it by 180° around its axle

or the z axis.
R,: THE OVERTURNED POSITION Overturn it 180° around the y axis.
R,: THE FLIPPED POSITION Flip it 180° around the x axis.
Fig. 2.1.1 PSDS
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D> Symmetry (The 4-Group)

Z AXIS

1 : THE ORIGINAL POSITION Don’t touch the fan blade.

R,: THE HALF-TURN POSITION  Rotate it by 180° around its axle
or the z axis.

R,: THE OVERTURNED POSITION Overturn it 180° around the y axis.
R,: THE FLIPPED POSITION

Flip it 180° around the x axis.

Fig. 2.1.1 PSDS
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Finally! Symmetry groups that are not just Cy The CPT subgroup of Lorentz Group
The “4-Group(s)” Dzand C>,

Spectral decomposition of D>
Some D> modes



D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations:

2'1=0, Ry2'1=0.
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D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:
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D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2'1=0, Ry2'1=0.
. 1+ . P"' _ 1+ Ry
=7 5 reducible y >
_ rojectors 1-R
p-_ 1 proj P )
2 Y 2

1 =P*+P~  Completness 1 =P +P]
Spec.decomps g



D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2_1=09 Ry2'1=0.
. 1+ . P"' _ 1+ Ry
=7 5 reducible y >
_ rojectors 1-R
p-_ 1 Proj P )
2 Y 2

1 =P"+P~  Completness 1 =P +P]

Spec.decomps g _p+_p-
y Y y

The old “1=1e1 trick”1=1-1= (P+ + P')'(P; + Py')= P*-P"+P P +P"-P +P -P  gives irrep projectors



D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:
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D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2'1=0, Ry2'1=0.
+ _ 1 + . P+ — 1 + Ry
=7 5 reducible y >
_ rojectors 1-R
p-_ 1 Proj P )
2 Y 2

1 =P"+P~  Completness 1 =P +P]
_p+_p- OSpecdecomps p _p+_p-
- y oy Ty

The old “1=1¢1 trick” 1=1-1=P* + 7 )-(P} + P} | = P* -7 + P~ P + P*-P] + PP gives irrep projeciors
e e (1+ )-(1+Ry) 1
Po=P P = 2.2 =Z(1+ +Ry+RZ) (completeness is first)
1)+EP_.P+=(1- )-(1+Ry)=1(1_ /R -R) 1 =(+DP " +(+DP “+(+DP ~ +(+DP "
22 4
(1+ )-(I—Ry) )
P =P"-P = =—(1+ R R)
y 2-2 4
P_EP_-P_=(1_ ).(I_Ry)=1(1- -R +R)
y 22 4



D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2'1=0, Ry2'1=0.
1+ .\ 1+Ry
P’ - 5 reducible Py ==
_ rojectors 1-R
P_=1 proj b _ )
2 Y 2
1 =P"+P~  Completness 1 =P +P]
p+_p- OSpec.decomps g _p*+_p-
- Y y Y
The old “1=1e1 trick”1=1:1= PJ’+P')-(Py++P')=P+-P++P'-P;+P+
1+ -(1+R )
P+EP+-P+=( ) 4 =1(1+ +R +R)
y 2-2 4
b +EP_-P+=(1_ )-(1+Ry)=l(1_ ) 1
Y 2-2 4
1+ -(I—R )
P —EP+~P‘=( ) 4 =1(1+ -R, R)
y 2-2 4
1- -(1-R )
P-EP‘-P‘=( ) 4 =1(1- -R +R)
y 2.2 4

‘P +P
Y

=(+D)P
=(+D)P

T+ (+DP
T+ (=P

y

(then R _eigenvalues)
T+ (+)P
T+ (+DHP

‘P, gives irrep projectors

T+ (+DHP
T+ (-DP



D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2'1=0, Ry2'1=0.
N 1+ . pt _ 1+ Ry
-7 5 reducible y )
_ rojectors 1-R
p-_ 1 proj p-_ )
2 Y 2
P
1 =P"+P- Completness 1 =P +P]
p+_p- OSpec.decomps g _p*+_p-
B y Ty Ty

The old “1=1°1 trick” 1

;_xb—l

1= P++P_)-(P++P_)=P+-P++P_-P++P+-P_+P_°
Y Y Y Y
+

P, gives irrep projectors

P’LEPJ’-PJ’=(1+ )( Ry)=l(1+ +R +R)
Y 2-2 4 Y ‘ (...and so forth)
P +EP_'P+=(1_ ).(1+Ry)=l(1_ +R _R ) 1 =P ++(+1)P ++(+1)P
’ 22 4 — (+D)P 4 (=1)P * + (+1)P
- + - (1+ )'(I_Ry) 1 + +
P~ =P P - = =Z(1+ -R, R) R, =(+DP 7 +(+DP " +(-1P
_ A1 R =(+DP "+(=-DP "+ (=P
P‘Elr.l)y‘:(1 2)(21 Ry)=i(1— -R +R) =D DR )

T+ (+DHP
“+(-DP
+(-DP

T+ (+DH)P



D> spectral decomposition: The old “1=1°1 trick” again
Two C> subgroup minimal equations and their projectors:

2'1=0, Ry2'1=0.
. 1+ | pr_ 1+ Ry
-7 reducible y )
_ rojectors 1-R
p-_ 1 proj P )
2 Y 2

1 =P"+P~  Completness 1 =P +P]
_p+_p- OSpecdecomps p _p+_p-
- y oy Ty

The old “1=11 trick” 1=1-1=(P* + P~ )-( BT + 7 | = P BT + P~ -PT + PT-P} + PP} gives irrep projeciors
1+ (1+R
P*=P" P+=( )( y)=l(1+ +R +R) .
2-2 4 Y z (completeness is first)
11 )| 1+R 1 =(+DP " ++DP T+ (+DP T+ (+DHP T
P*sP‘-P+=( )( y)=l(1_ ‘R, R) +DP "+ (+DHP "+ (+D)P " +(+])
( 2)(2 ) 4 —(+DP T +(=DP T+ (+DP T+ (=1)P "
1+ (1-R 1
- _pt.p- _ Yy _ 2 _ + + _ - _ -
P'"" =P’ P - — _4(1+ ~R,-R ) R, =(+DP " 4+ (+DP * 4+ (-DP ™ +(-DP
(1- ).(I—Ry) | R =(+DP " +(=DP * +(=)P "+ (+1)P
P =P -P = =—{1-7 -R +R
u 2-2 4( " ) CyxCy |11 R 1] 'R, ‘R,
C2 Cév 1 Ry oy 1 1 ‘1

-1 -1
TN RGN
11D 1D

X

+

[—

[—

I
e e | e .
T = T e =

—_—

Shortcut notation for getting D, character table -




D> spectral decomposition: The old “1=1°1 trick” again

Two C> subgroup minimal equations and their projectors:

2'1=0, Ry2'1=0.
1+ .\ 1+Ry
P’ = 5 reducible P, = )
_ rojectors 1-R
P_=1 proj p-_ )
2 Y 2
1 =P"+P~  Completness 1 =P +P]
_p+_p- Opec.decomps R, =P'-P;
The old “1=1e1 trick”1=1-1
(1+ )-(1+Ry) 1
P =P -P'= =—(1+ +R +R)
Y 2-2 4
P +EP‘-P+=(1_ ).(1+Ry)=l(1— )
Y 2-2 4
(1+ )-(I—Ry) i
P =P"-P = =—(1+ R R)
y 2-2 4
(-2 )(1-®,) |
P =P ‘P = =—(1— -R +R)
Y 2-2 4

C, C,)

)11 cy |1 R,
% + 1
— —1
szCy 1-1 1 1-Ry -Ry
- | ey e
D, (1 Ry R,
1 1 1

-1 1

1 | -1

ek | ke

-1

—1

(completeness is first)

=(P" + P_)-(Py+ + P_)= P* -P+ + P -P; + P -Py_ + P °Py_ gives irrep project()rs

1 =+DP " +(+DP "+ (+DP ~ +(+)P
=(+DP "+ (-DP " +(+DP " +(-1P
R =(+DP T+(+DP T+ (-DP " +(-DP
R =+DP " +(-DP "+(-DP" " +(+DHP ~
C,xCJ 11 1'R, R R,
R

Shortcut notation for getting D> character table

“+

‘1
-1

-1
-1

. . . .
f— [ [ [E—
—

(=D
(=D

(=D
(=D




D> spectral decomposition: The old “1=1°1 trick” again

Two C> subgroup minimal equations and their projectors:

C, xCJ |11 1-R ‘R
Y Y
2. 1= 0, Ry2_ 1=0. oy ‘1 ‘1 .1 .1
-+ .1 .1 1 .1
+ _ 1+ d bl P+ _ 1+Ry _ -1 -1 (_1) .(_1)
7 re I/.lClt € Y 1 2R _ 1 1| (=) -(=1)
ro rs -
p- - 1o projecte P =—2 D, |1 R. R
2 Yoo —
N _ =411 1 1 1 Note
1 =P"+P- Completness 1 =P +P e el Al e 4l common
- Spec.decomps _pt_p- - notation
—P*—-P P P R =P/ -P ~=B |1 1|-1 -1
—=B |1 -1]-1 1
The old “1=1¢1 trick” 1=1-1=P* + 7 )-(P} + P} | = P* BT + P~ P + B*-P] + PP gives irrep projeciors
1+ -(1+R )
P+EP+'P+=( ) 2 =l(1+ +R +R) .
Y 2-2 4 Y z (completeness is first)
P+Ep--1>+=(1_ )'(1+Ry)=1(1_ R, R) 1 =(+DP " +@#DP 4+ (+DP ™ +(+ )P~
g ( 2)'21 4 —(+DP T+ (=D)P T+ (+)P T+ (=])P "
1+ ( -R )
P'’" =P’ P - S =i(1+ “R, R) R, =(+DP "+ (+DP "+ (=P~ +(~DP -
(1- )-(I—Ry) | R =(+DP " +(-DP "+ (-DP " +(+P ~
P_EP_-P;= =—(1— -R +R) ;
22 4 C, xCy |11 I'R ‘R
C, Cév Ry oy 1 1 1 ‘1
X " 1 = -+ 1 . 1 1
1 — e ey e
Shortcut notation for getting D, character table - | I (=) —1-(=1)
geltiing




Finally! Symmetry groups that are not just Cy The CPT subgroup of Lorentz Group
The “4-Group(s)” Dzand C>,

Spectral decomposition of D>
Some D> modes ‘
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o e R -
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R e ey

Fig. 2.8.1 PSDS

—(k, cos*(a,b) + k, + k_cos*(b,c))/m,
—k,cos*(a,b)/m,

—k,/m,

—k, cos*(b,c)/m.



le41) = |e!) = P14 = (11) + [2) + 13) + |4)) /2,
leB2) = |e2) = P2 1)V4 = (11) — [2) + [3) — |4)) /2,

leB1) = |e3) = P3|1)W4 = (1) + 12) — 13) — 14)) /2,
le12) = |e*) = P41)W4 = (11) — 12) — 13) + |4)) /2,

1
: /2 (At+atbtc)”2
1
1
—: /2 (A—a+b—c)%
g
1
1|/2 (A+a—b—c) %2
Z4
=1
1
—: /2 (A—a—b+c)”2
1

Fig. 2.8.2 PSDS




Finally! Symmetry groups that are not just Cy The CPT subgroup of Lorentz Group
The “4-Group(s)” Dzand C>,

Spectral decomposition of D>
Some D> modes
Outer product properties and the Crystal-Point Symmetry Group Zoo sin(7(2j+1)in)

i Qin) =
KA = G ()



Crystal-Point Group Zoo

having 32 groups
: The other 16
(Showing .
16 Abelion crystal-point groups
Crystal Groups) , 1 Da Non—ilrlf elian
Fig. 2.11.1 PSDS ; ' Co
Con~C2XCp

D” S

AT
AV G
c Ps :d
OQQ:I ' . l"“\ ; Cgn ~C3 X C2 X Cy M—Ab@lidﬂ
Abelian .‘ 2 ‘ m means

means ﬂl\ some elements

all its elements do not commute

D3 Cev
commute c D

3v 6h

D3q
C3h i C3 X cz
N D3h

]
1 2 3 4 6 8 12 16 24 48
ORDER OF GROUPS

Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are
Abelian and are illustrated by models drawn in circles.



Crystal-Point Group Zoo

From p. 93-101

having 32 groups
( Showing The other 16 Cha;az’er Trace of
: - tation
. crystal-point groups IO
16 Abelian Ty pare group where: ¥'=2j+1
Crystal Groups) / - . is U(2) irrep dimension
/ Dy ~Cy X G 5 o Non-Abelian  , - R
Fig. 2.11.1 PSDS ' sin—(2j+1) sinﬂ—
Cas XJ(ZJL’) T _ n
S, ' Can ~C2 XCp n Sinﬁ sin T
4 Doy~ €y X Co X Cy \_ n n_J

&)
Abelian .‘ -
means lq‘\

all its elements
commute

pis eeirarq

1 2 3

S/

: C6~C3XC2

N

D3
c3v

C3n ~C3XC2
b
]

b s anfis 5o

4 6 8
ORDER OF GROUPS

con %" 2%%2  Non-Abelian

i

means
some elements
do not commute

Dgh

Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are
Abelian and are illustrated by models drawn in circles.



Crystal-Point Group Zoo
having 32 groups
(Showing
16 Abelian
Crystal Groups)

Fig. 2.11.1 PSDS

: C6~C3XC2

N

means lq‘\
all its elements
D
commute o
C3h i C3 X Cz

|!"

b 2edrraTda o o oofi e

1 2 3 B 6 8
ORDER OF GROUPS

Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are

Abelian and are illustrated by models drawn in circles.

D T
g d 27

i

From p. 93-101
Character Trace of

n-fold rotation
where: ¥'=2j+1
is U(2) irrep dimension
T
. sin£(2j+ 1) sin%
)/ (—)=—" =—1
n . T . T
sin — sin —
\_ n n_J
1o be a crystal-point group
the Character Trace of

n-fold vector rotation
for: ¢'=2+1=3

must be an integer.

LT, . 3w
sin—((2j+1) sin—

K () = I =—1 _integer
n . JT . T
sin— sin—

. n n
Non-Abelian an
SIn—
means Jzt - _1 (n=2 ok)
some elements Sy

do not commute

The other 16

crystal-point groups
are

D Non-Abelian  ,

C6h~C3XCZXCZ

. 37
sin——
3

— =+1 (n=3 ok)
sin—
3

D3y . 37
sin—
4

11 (n=4 ok)
O3n sin—

. 31
SiIn——
S _G* (n=5 NOY)

1
Sin—
1 16 24 48

¢ S ...But,
3

sin? n=7 to o

are not ok

- +2 (n=6 ok)
sin—
6



Crystal-Point Group Zoo

having 32 groups St i
(Showing The otl?er 16
16 Abelian crystal-point groups o
Crystal Groups) are
D,~C; X C, Dag 0 Nomn-Abelian jis
Fig. 2.11.1 PSDS Ca
et o 027G Fig. 2.2|2 P§DS
i ~C2 | U:D Do~ Co X Cy X Cy of
S/ -
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Figure 2.11.1 Abelian crystal point groups. Sixteen of the 32 crystal point groups are

Abelian and are illustrated by models drawn in circles.
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@@ o]
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Cs is product C3x Ca (but Cyis NOT Cax Cy)

C3><C2 1 r r’ 1‘R r-R >R
(0)3-(02 -1 1-1 1-1 1-1 1-1 1-1
2
1 11* r1 ¢, |1 r (1)3 .(0)2 1.1 e2m/3. o273 | 1. 273 o2mil3
1 s s y (0)2 1 1| = (2)3 .(0)2 1-1 e—2m’/3 1 ezm/3 1 1-1 e—2m’/3 1 e2m’/3 1
e e

s s (1)2 1 -1 (0)3 -(1)2 -1 11 -1 | 1<) 1-(=]) 1-(=1)
(1)3 .(1)2 1-1 1-1 o273 1-(<1) o27il3 (=1) o-27il3 (=1)
(2)3 .(1)2 1-1 27i/3 . 1-1 1-(<1) p-27il3 (=1) p27il3 (=1)



Cs is product C3x Ca (but Cyis NOT Cax Cy)

C3><C2 1 r r’ 1‘R r-R >R
(0)3-(02 -1 1-1 1-1 1-1 1-1 1-1
2
1 11* r1 ¢, |1 r (1)3 .(0)2 1.1 e2m/3. o273 | 1. 273 o2mil3
1 s s (0)2 1 1| = (2)3 .(0)2 1-1 e—2m’/3 1 ezm/3 1 1-1 e—2m’/3 1 e2m’/3 1
e e

s s (1)2 1 -1 (0)3 -(1)2 -1 11 -1 | 1<) 1-(=]) 1-(=1)
(1)3 .(1)2 1-1 1-1 o273 1-(<1) o27il3 (=1) o-27il3 (=1)
(2)3 .(1)2 1-1 27i/3 . 1-1 1-(<1) p-27il3 (=1) p27il3 (=1)

1 r=4* *=hr*|{R=h® rR=1 ¥» R=#K
) 11 1 1 1 1

_ 2) 1 62m/3 e—2m/3 1 e2m/3 e—2m/3

L= (4)6 1 e—2m/3 eZm/3 1 e—2m/3 eZm/S

(
)
-1) =(3)6 1 1 1 -1 -1 -1
)=(5) | 2Ril3 2wil3 1 il _ 2l

e—2m/3 eZm/3 -1 e—2m/3 _e2m/3
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I
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Finally! Symmetry groups that are not just Cy The CPT subgroup of Lorentz Group
The “4-Group(s)” Dzand C>,

Spectral decomposition of D>
Some D> modes
Outer product properties and the Crystal-Point Symmetry Group Zoo sin(7(2j+1)in)

» Polygonal geometry of U(2)DCn character spectral function X’ (2m/n)=

Algebra
Geometry

sin(st/n)



Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e#® over allowed m-quanta m={-j, j+1,..., j-1, j}.

_if
" , / o072 . \ 1 1 / e : : \
5 / ()= traceD" (O®) = tracek oo ) ¥ (®) = traceD (©) = tmcet 1 - J
' -

(spinor-j=1/2) (vector-j=1)



Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#® over allowed m-quanta m={-j, j+1,..., j-1, j}.

. / e“ie . . \
12 1/2 ( e " o) 1 1
x " (®)=traceD " (©)=trace . x (®)=traceD (®)=trace 1 -
(spinor-j=1/2) L ' e ) (vector-j=1) L i
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
o .
X1/2(®) = e_l 2 t+e? = ZCOS% (spinor-j=1/2)
30 30

_l—

X3/2(®)=e 2 4. 36

l—
+e 2 =2co0s—+2cos—

50 50
i N 3
X @)=e 24 te2 =200$%+2008—®+2008E



Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e#® over allowed m-quanta m={-j, j+1,..., j-1, j}.

—if
, , / o072 . \ 1 1 / e : : \
Xl/ ()= traceD" (O) = tmcek o ) x (O) =traceD (O) = tmcet : 1 . J
' . e

(spinor-j=1/2) (vector-j=1)

Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
® ®
—i— = ®

x?(©@)=¢ 2+e?2 =2Cc0s— (spinor-j=1/2) %0 (@) = Y ~1
2 (scalar-j=0)
30 30
—i—- I~ O 30 : :

2 (©)=¢ "2 4 4e 2 =2c05—+2c0s— (@)= +1+6© =1+2c0sO

o o 2 2 (vector-j=1)

52 — = S 30 50 2 ~i20 i20

x'“(O)=e % +.. +e ? =ZCOSE+20087+20087 x (O)=e +.°7 =142cos® +2c0s20

(tensor-j=2)



Finally! Symmetry groups that are not just Cy The CPT subgroup of Lorentz Group
The “4-Group(s)” Dzand C>,

Spectral decomposition of D>
Some D> modes
Outer product properties and the Crystal-Point Symmetry Group Zoo sin(7(2j+1)in)

Polygonal geometry of U(2)DCn character spectral function X’ 2m/n)=

» Algebra * sin(z/n)

Geometry



Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e#® over allowed m-quanta m={-j, j+1,..., j-1, j}.

( 0/2 \ / e -
e :
x"*(©) =traceD"* (©) = trace o ¥ (©) = traceD'(©) = trace -1 -
(spinor-j=1/2) ) (vector-j=1) . e
J(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
X o s p i)
Xl/z (©) = e 2ol = ZCOS9 (spinor-j=1/2) XO C) P ~1
2 (scalar-j=0)
30 30
2 (©)=¢ 24 e 2 =20039+2005ﬁ (@)= +1+6© =1+2c0sO
o o 2 2 (vector-j=1)
X5/2(®)=e_17+... +el7 =200$%+2008?+2008? X2(®)=e_i2®+...ei2® =1+2cos® +2cos20

' . (tensor-j=2)
Y(©) i1s a geometric series withratio €'© between each successive term.

xj((**)) = TraceD(j)(@)) =70 4 o OUD | 70U | 4 ot 00D o+ 00D o)



Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e#® over allowed m-quanta m={-j, j+1,..., j-1, j}.

[ -ior \ / e’ -
e :
x"*(©) =traceD"* (©) = trace o ¥ (©) = traceD'(©) = trace -1 -
(spinor-j=1/2) ) (vector-j=1) . . e
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e 0
x"*(©)=e 2 462 = ZCOS9 (spinor-j=1/2) %0 (@) = Y ~1
2 (scalar-j=0)
30 30
2 (©)=¢ 24 4e 2 =20059+2005ﬁ (@)= +1+6© =1+2c0sO
o o 2 2 (vector-j=1)
52 i i S 30 50 2 20 . 20
x'“(O)=e % +.. +e ? =ZCOSE+20087+20087 x (O)=e +.°7 =142cos® +2c0s20

' . (tensor-j=2)
Y(©) i1s a geometric series withratio €'© between each successive term.

Xj(®) = TraceD(j)((H)) =0 4 o OUD | omOU=2) | 4 ot1OU=2)  HOU=D | o0

X] (@)e—z@) _ e—z@(]+1) + e—z®] + e—z@(]—l) + e—z@(]—Z) I e+z®(]—2) + e+z®(]—1)



Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e#® over allowed m-quanta m={-j, j+1,..., j-1, j}.

[ -ior \ / e’ -
e :
x"*(©) =traceD"* (©) = trace o ¥ (©) = traceD'(©) = trace -1 -
(spinor-j=1/2) ) (vector-j=1) . e
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e 0
x"*(©)=e 2 462 = ZCOS9 (spinor-j=1/2) %0 (@) = Y ~1
2 (scalar-j=0)
30 30
2 (©)=¢ 24 4e 2 =20039+2005ﬁ (@)= +1+6© =1+2c0sO
o o 2 2 (vector-j=1)
52 i i S 30 50 2 20 . 20
x'“(O)=e % +.. +e ? =2COSE+20087+20087 x (O)=e +.°7 =142cos® +2c0s20

' . (tensor-j=2)
Y(©) i1s a geometric series withratio €'© between each successive term.

% (©) = TraceDV)(©) = ¢~/ 4 (10U | (=0G-D) |
2 (@)@ = ¢ 1OUH 4 =i i 0~ ; Oy +O(j-1)

j-1) +i10j

+ €

Subtracting gives:
X] (@)(1 _ e—z®) _ _e—l@(]+1) + e+l@]



Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e#® over allowed m-quanta m={-j, j+1,..., j-1, j}.

_if
" , / o072 . \ 1 1 / e : : \
5 / ()= traceD" (O®) = tracek oo ) ¥ (®) = traceD (©) = tmcet 1 - J
' -

(spinor-j=1/2) (vector-j=1)

Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
® S
—i— = ®

x?(©@)=¢ 2+e?2 =2Cc0s— (spinor-j=1/2) %0 (@) = Y ~1
2 (scalar-j=0)
30 30
—i—- I~ O 30 : :

2 (©)=¢ "2 4 4e 2 =2c05—+2c0s— (@)= +1+6© =1+2c0sO

o o 2 2 (vector-j=1)

52 — = S 30 50 2 ~i20 i20

x'“(O)=e % +.. +e ? =2COSE+20087+20087 x (O)=e +.°7 =142cos® +2c0s20

' . (tensor-j=2)
Y(©) i1s a geometric series withratio €'© between each successive term.

%/ (©) = TraceDV)(©) = ~OUD) 4 o=i0GD)
2 (@)@ = ¢ 1OUH 4 =i i 0~ ; Oy +i0(j-1)

j-1) +i10j

+ €

. L . . oo o]
Subtracting/dividing gives }/(©) formula.  ,;0i  _jg(jsry  tOU+)  -iO(+)
- e —e

@) < & _ —
x(©)= | _ oi® B 0 0 B e
— e +1— -1 S

e 2 —¢ 2 S11 5

1
sINnO(j+—
(J 2)




Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e#® over allowed m-quanta m={-j, j+1,..., j-1, j}.

_if
" , / o072 . \ 1 1 / e : : \
5 / ()= traceD" (O®) = tracek oo ) ¥ (®) = traceD (©) = tmcet 1 - J
' -

(spinor-j=1/2) (vector-j=1)

Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
® S
—i— = ®

x?(©@)=¢ 2+e?2 =2Cc0s— (spinor-j=1/2) %0 (@) = Y ~1
2 (scalar-j=0)
30 30
—i—- I~ O 30 : :

2 (©)=¢ "2 4 4e 2 =2c05—+2c0s— (@)= +1+6© =1+2c0sO

o o 2 2 (vector-j=1)

52 — = S 30 50 2 ~i20 i20

x'“(O)=e % +.. +e ? =2COSE+20087+20087 x (O)=e +.°7 =142cos® +2c0s20

' . (tensor-j=2)
Y(©) i1s a geometric series withratio €'© between each successive term.

% (©) = TraceDV) (@) = 79 4 (710U | =00-2) |

X](@)e—l@ — e—l@(]+1)

j-1) +i10j

+ €

Fe +10(j-1)

Subtracting/dividing gives »/(O) formula. 0] _ -i0(j+]) e+i®(j+%) B e—i®(j+%) SinO(j + %)
x'(©)= _i® B e ) B
e 2 -e 2
- g 7T mt! A
For €, angle ©=27/n this y’ has sin—(2j+1) sin— Character Spectral Function
L j 2T n n —9;
a lot of geometric significance. X' (—)= - = - where: F=2j+1
" Sin — Sin— is U(2) irrep dimension
\_ n n Y,




Finally! Symmetry groups that are not just Cy The CPT subgroup of Lorentz Group
The “4-Group(s)” Dzand C>,

Spectral decomposition of D>
Some D> modes
Outer product properties and the Crystal-Point Symmetry Group Zoo sin(7(2j+1)in)

Polygonal geometry of U(2)DCn character spectral function X’ 2m/n)=
[gebra

4 Geometry

sin(st/n)




Polygonal geometry o U(Z)DCN character spectral function

-

J

LT, 1A Character Spectral Function)
sin—(2j+1) sin—— C
(27 here: '=2j+I
i ()= 1 _ n where: '=2j
n sin — sin > is U(2) irrep dimension
g n

\th < ]/Silfl% .
()" n-gon segments | ; ;
. . U . 7T | _ |
o (/) =sin(C)sin® n=12 (-4 ,
€]= 2j+1 Sm(ﬁfj)/smﬁ

L on/s)=1

12 on/5)=1.618...

=(1+N3)/2=

L on7)=1
12

' (21/7)=1.802...

! (on/7)=2.247..
3/2

¥ (2n/7)=2.247...

n
2 2n/12)=1.932...

! on/12)=2.732..

> (20/12)=3.346...

2 (2n/12)=3.732...

5> (2n/12)=3.864...

> (2n/12)=3.732...
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Polygonal geometry of U )/Z/) Cn character spectral function

(" LT, 1A Character Spectral Function)
. sin—(2j+1) sin—— iy
! (E5) = —1 _ n where: £'=2j+1
n sin — sin > is U(2) irrep dimension
\_ n J
’(942 » 1/sint >
()" n-gon segments | ; ;
. . AU . | \
XJ(Zn/n)zsm(nf])/Sm% n=1712 (=4
| : g, :
€]= 21 Sm(ﬁfj )/Sln%

L on/s)=1
172

x''“(2n/5)=1.618...

=(1+N3)/2=

L on7)=1
12

' (21/7)=1.802...

! (on/7)=2.247..
3/2

¥ (2n/7)=2.247...

n
2 2n/12)=1.932...

! on/12)=2.732..

> (20/12)=3.346...

2 (2n/12)=3.732...

5> (2n/12)=3.864...

> (2n/12)=3.732...




Polygonal geometry of U(2)DCy character spectral function

()" n-gon segments
Xj ( 71 /n) — sin( %Z] )/sin %

J
_ 0=1,2,
n. = | | 1/ z‘an%“
S A C I
) n

0 —_ &b
N K on/7)=1 . 0=5
LPoms)=1618. A CQ7=1802. % (W12)=1.932.
/
=(1+N5)2= 3! on/7)=2.247... X (2n/12)=2.732..

3/2 3/2

' (2m/7)=2.247...

'  (2m/12)=3.346...

n=12 1=

4 LT 1A Character Spectral Function)
. sin—(2j+1) sin—— .
I (ZEy = 1 _ n where: V'=2j+1
n sin”™ sin™ is U(2) irrep dimension
\_ n n
- 1/sin % .

2 (2n/12)=3.732...

> (2m/12)=3.864...

> (2n/12)=3.732...



Polygonal geometry of U(2)DCy character spectral function

4 sin”" 2i+1) sin JI_W Character Spectral Function)
Xj(zﬂ) ___n / _ n where: V'=2j+1
n sin”* sin > is U(2) irrep dimension
\_ n n

J

Integer j for n=12

W on/12)=2.732.

J 5
(=7 Yowizy=3732.  J=3
j 2 .
V=5 lowiz=3732.  J=2
v oni12)=2.732..  j=I
yon/12)=1 _—j=0




Polygonal geometry of U(2)DCy character spectral function

-

-

7
Sin£(2j+ 1) sin%
n n

Character Spectral Function)
where: V' =2j+1
is U(2) irrep dimension

2 &)=
n

JT

. JU
S1In —

Sin —
n

J

Integer j for n=12

W (on/12)=2.732.

J 5
(=7 Yowizy=3732.  J=3
j 2 .
V=5 lowiz=3732.  J=2
v oni12)=2.732..  j=I
yon/12)=1 _—j=0

1/2-Integer j for n=12
gp

W (2r/12)=1.932..
7=7/2 5" (2m/12)=3.346.. €]= 8

J

5

J=3/2 32 0on/12)=3.864..

/=6

P4

J
2 on12)=3.346.. (=4

12 om/12)=1.932.. [jzz/

\/

j=3/2



