Group Theory in Quantum Mechanics
Lecture 12 2015
Symmetry and Dynamics of Cycyclic systems

(Geometry of U(2) characters - Ch. 6-9 of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 3-7 of Ch. 2 )

Cs Spectral resolution: 6" roots of unity and higher
Complete sets of coupling parameters and Fourier dispersion
Gauge shifts due to complex coupling

Introduction to wave dynamics of phase, mean phase, and group velocity
Expo-Cosine identity
Relating space-time and per-space-time
Wave coordinates
Pulse-waves (PW) vs Continuous -waves (CW)
Wave coordinates for Linear Dispersion
Wave coordinates for Bohr-Schrodinger Dispersion
Einstein-Lorentz-Minkowski laser coordinates
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Cs Spectral resolution: 6" roots of unity and higher
Complete sets of coupling parameters and Fourier dispersion
Gauge shifts due to complex coupling
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15t Step in Abelian symmetry analysis

: : : gg’
Expand C, symmetric H matrix using C, group table( form)
g7‘
Ce | 1 r5 r4 r3 r2 r
1 1 r5 r4 r3 r2 r
_ ] 5 .4 3 2
H=rpx/+r ' +rp’+. . +r, r'=Xrr* SR
r2 r2 r 1 r5 r4 r3
4 r3 r3 r2 r 1 r5 r4
4 4 3 2 5
r r r r r 1 r
r5 r5 r4 r3 r2 r 1
0 1 2 3 4
H =K +FT ey 9 L nr +ET
e 4 5 T N 1 1 1. .
7"1 r() 1”5 1”3 "2 1 . .. 1 . . . . 0 . . . . . .1 .
s o s r3r"1" B N A , . A
; = + + + + +
A A 0 . 1. | T L] N T 3 13 o1
3 7‘2 I"l I"O 7/'5 | .1 . A S I
r, rorononl o | o1 1

C, group table gives r-matrices,...

(known as a regular representation of the group )
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15t Step in Abelian symmetry analysis -
Expand C; symmetric H matrix using C, group table( form)

g7‘
Ce | 1 r5 r4 r3 r2 r
1 1 r5 r4 r3 r2 r
— 0 1 2 n-1 — k S 43 2
H=rxy"+r r'trr+..+tr r*=2rr O
0 1 2 n-1 q 2| .2 5 4 3
r r r 1 r r r
4 r3 r3 r2 r 1 r5 r4
4 4 3 2 5
r r r r r 1 r
r5 r5 r4 r: r2 r 1
0 1 2 3 4
H =Rr +FT v +BT o +ET
" ’s I3 h T U 1 1. 1 ..
IR B 1. | [ I 1 : 1.
r, v, r, 7t r. o1 . A 1 . . . . . o1
. =0 +1 +2 +3 + +5
o, hOF T : 1. A . S 1 . . 1
]/'3 rz rl rO ]/'5 A | 1 A | 1 A | 1 o1 1 . 1 ..
’/‘ I/' " ’/' ’/‘ ..... . . . . . . .
5 3 2 1 Yo %

C 6 group table g ives r-matr ices, .e.  Put “1” wherever 1|'3 appears in product-table

(known as a regular representation of the group )
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15t Step in Abelian symmetry analysis
Expand C; symmetric H matrix using C, group table( form)

g7‘
Ce | 1 o r2 r
1 1 r5 r4 r3 r2 r
H=r x'+r ri+r y’+..+r r*'=Xrr* SR
0 1 2 n-1 q 2| .2 5 .4 3
r r r 1 r r r
g r3 r3 r2 r 1 r5 r4
4 4 3 2 5
r r rr r 1 r
Pl r3 r2 r 1
0 1 2 3 4
H =Rr +FT v +BT I +ET
" ’s i h 4 T W 1 1 . I S 1
H T s B 1 | T I PR 1 1 . ] 1
r n ryr F 1 . 1 . . 1 . . | T A
2 1 0 5 3_r v r v v
A A -0 1 R A2 | R L I L 1
r3 r, N rO r5 | 1 1 1 . O 1
I/' ]2 ’/'1 ..... 1 1 1 . . . 1 . . 0 . 1
C6 group table gives r-matrzces,... C6-allowed H-matrices...
0 1)=1|°
. 1)= 1|r) Nearest neighbor coupling | ) ) ALL neighbor coupling
5\ -5 |10
I)=r |I')/\ th=r/|r") :0 :5 ) g " ' 3 h N
10 s " 574 73N
I”] rO r5 /"2 7'1 I"O 7”5 7’3
I"] }"0 7/'5 7/'3 /"7 I"l I"O I"5
7'1 }"0 7’5 I’;’ l’7 I"l l"O 7"5
rl r() 1/'5 I”; l’2 I"l I"O

~ rs
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(a) 1" Neighbor C,

.« FH, o -
S
L™

=H1 -1 -7t

n BN w (\S) ~ S

C, group table gives r-matrices,..

[1)=1]r%
E— )%\,,1 Nearest neighbor coupling
irh)=r’|rY) OIE i
N Ts
T s
1% s
T s
I"l 7,

0
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(a) 1" Neighbor C,

Conjugation symmetry

)

HEO—2 1 —p! —p ! .. : . 5 . * o
0 1 2 3 4 5], Hermitian Hamiltonian M ,=H,;) requires #,=r,and ;=71 .
2r —-r - : - =r| 0
-r 2r -—-r - : : 1
-r 2r -r 2
—-r 2r -r 3
—-r 2r —-r| 4
—-r —-r 2r| 5
Elementary Bloch model
1 . Fre(rey assumes both are real
1, equals conjugate of r.: ( r,=r;) (r=-r=r")
C, group table gives r-matrices,..
| 1)=1 |1‘0) Elementary - Bloch - Model : Nearest neighbor coupling:
|r5):r5|r0)%\rl HBI(6)=r01+r1rl+r5r5 =2r1—rr' +—rr
|I'1):l']|1'0) o - ..y O 1 2 3 4 S5 |p
0 5 1
P 2r —-r - : - =r| 0
1 0 5
\ e e —-r 2r -r . . 1
. _1 0 I 2r —-r - -2
\/ T - - =r 2r =r - |3
B BN . . - —-r 2r -r| 4
I -r -+ - —=r 2r| 5

Friday, February 20, 2015



(a) 1" Neighbor C, (b) 2" Neighbor C,

@
® ‘@
& g
@\r (&f@*

i Conjugation symmetry

%@ r=r*=r
HB3©=21 —pr' —pr”! HB2(6):H21—sr2 —sr”

o 1 2 3 4 5|p o 1 2 3 4 5 |p
N —p . : . —rl o0 H, - —-s - = 0
—-r 2r -r 1 H, —S —s | 1

—r 2r -r 2 —s H, —g 2

—-r 2r -r 3 _g H, 5| 3

—r 2r -r| 4 g g H, 4

-r - : - —=r 2r| 5 g g H,| s

1, equals conjugate of r.: (r,=r. =-r)

C, group table gives r-matrices,...,

[D=10r%)

SSSILY2 Y

2" Nearest neighbor coupling:

HBI(6)=r01 Frr 4 /‘4r4
[rhy=r'[r")

\ . l"o . 1‘4

T~ '?;."f?

(=1, =
and all C(allowed H-matrices...

|1) 1jr%)

\_

(ij:.ij) . .
requires’y =¥y and 7, =7, .

/ Y

-S) We assume both are real

All —neighbor coupling:

HA(6)—r 1+rr +r +r3r +/4r +r

Friday, February 20, 2015



(a) 1" Neighbor C,

HBI(6):2r1 —rr —pr!

O 1 2 3 4 5 |p
2r —r —r| O
—-r 2r -r 1

—r 2r -r 2

—-r 2r -r 3

—-r 2r —-r| 4

—r : —r 2r| 5

Neighbor C

5 S @

1, equals conjugate of r.: (r,=r. =-r)

C
e =11

|r5>=r5|r°>% \

~

group table gives r-matrices,...,

Nearest
[th)=r'|r")

g

0’5

® '
H32(6)=H21 —Sr° —sr ° =115
o 172 3 4 51 p o 1 2 3 4 S5 |p
H, —S -s | | H; —l 1
—s H, —s 2 H; ~t | 2
—s H, —s | 3 —l H, 3
—s —s H, 4 —l H, 4
—s —s H,| 5 —1 Hy | 5
%
(r=r, =-5) (r,=r, =1) must be real
and all C(allowed H-matrices...
1)=1[r%
neighbor coupling | ) | ALL neighbor coupling
o ' 3 g
Ty T " s
nory T T s h 3
7 s % T s
T s 3 T 5
7o s 3 h R

(c) 3" Neighbor C
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2nd Step

H diagonalized by spectral resolution of r, r,...,r’=
All =7 satisfy x’=1 and us¢ 6"-roots-of-1 |for eigenvalues '
v, ::zegm r Dm(r ) qg—.?mm.fﬁ =y m_wfm*
I;u:f - I Bm(ﬂ})qi’ =2 mim-p ﬁ_IJm:%}m* , I;!J,‘r
’fJ_ I_ p=power (exponent) Vi \ /
'J'-"'Jf _'J'-"': - i_ =1
i 6 or position point '#'f

'#} 'P"; 'J'f; ‘=e _ X
rGroupS “know” their roots and will "m_’;””’“ : ”f !
tell you them if you ask nicely! o
You efficiently get:
*invariant projectors
irreducible projectors
irreducible representations (irreps)
*H eigenvalues
*H eigenvectors
o T matrices
edispersion functions

e "y
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21d Step (contd.)

H diagonalized by spectral resolution of r, r’

top-row tlip
not needed...

All =7 satisfy x’=1 and us¢ 6"-roots-of-1 |for eigenvalues . P(m) = Pt
Iy . vina] CNCIRUINE
wn:j Dm(?')zﬂ 2 im0 :Ifm:lryjm 6 r:: EWP P P P P
w::J':eZm'ﬁ | Bm(r” ) —p 2 Tim-p/6 qflm:%}m* " 14 Pm ’ P(U ’
W—*iz"”-"j_‘e‘rm ‘ p=power (exponent) \ / ) e 'P(-v: _
Wi=vs =1 or position point 1l ;j e w0
v =y, =y tme m = momentum =1 4 -Iﬁ-
v =5t =y e or wave-number ! 5 b i
i W_a P( 4 i ) PG'J
0 (U] (1) (2) 3 O p D (3)
I';J _JL}; JL};] - XFEP - x]” P - IFL‘P . XFSP
(x - S T S (o (o (. .
: x;-,.l : : O o S o . .
| Ifx’* N % DU % HEN = % SN %) I ) B &7 | |
. ,‘” Jti} :‘1 o Y B Y I Y N R : 1 : :
| x) N \ oo o o \ :
' )
Projectors v are eigenvalue “placeholders "having
orthogonal—idemgfotent products, eigenzequations,
P(m)P(n)=6mnP{m) r’ P(n)= xf HP{HJ
and one completeness rule: pO+p)+P+..4PO)=1 )
11
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21d Step (contd.)

H diagonalized by“fectml resolution of r, °,...,r°

top-row flip
not needed...

All x=r" satisfy x’=1 and 6™-roots-of-1 |for eigenvalues P = Pt
ool (U 3 4
,—27im/6 e "E PP P P P P
'P';Hz D%(r)=e T :xfm_wfm ’ ] Prfy
| 27i6 ) | ——2 T p/6 My M* T
v, 82; o D"(r’)=e 2 = v\ VI Pl. B’ .
Wi = W:-! —€ p=power (exponent ! ) 7 e
W=y = | or position point . Vi ;j e p¥
w*’—w;’—wﬁ——e'*’“’r m = momenium W, /\w;’ﬂ » -P””‘
o276 S , : P -
e e or wave-number EERNVE e e
p (ﬂ] (] 2 ) 3.0 4 D 5 0
r _%,' P -2, P < X, P “X°P < X, P <X, P
ij,ﬂ' ' ] T e T e T .
: l}l e e I I O
B PN =7 NEDORIN =2 NN 7 RO 5 MR 7 M 7 O
Inverse C s spectral resolunon m-wave qxl il ") =et2mm D6 i
m
6P = Yt Yy " +y " Wl Yy
position p {or power of ¥') r
p=0 1 2 3 4 5 r
m=0) '1"-"'”” '1"-"'_;” w}u '1"-"'_;” '1"-"';” %H
- Do d e d wd wr ! uel
= m=1 |y, oyt oy
§| 2 vl v v v v
2l m=3 ) v v v S
E m=d4 %4 w«!_-,f l,rf_ﬁ ij l,rf,*r %4
m=5 v v v v
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= W o o= O

A\

>
Wavelt App >\5:27T/k5:5L/5

C ¢ character

— ,-imp27 /6
me_ezmp T/

is wave function conjugate

wjﬁﬂ( Vp) — e;impZW /6

6 (with norm \6)

-

4 N
Cs Plane wave function

Ym(7p)=€"m"
J6

— pimp2m /6

3

J

Cs Lattice position vector

rp=Lp

Wavevector
km=27m /6L=27 /N

Wavelength
=27 /km=06L /m
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html

Backwards phasors Reall axis

for
conjugate waves
(turn counter-clockwise)

C
0
x?((%) Y LR S S °
m=0, | 1 | 1 | | 1 6
1 1 e e -1 & ¢
2, 1 e e 1 & €2 _26
=3 1 -1 1 -1 1 -l _3
4.,=-2, 1 g2 e 1 ¢ & 6
5¢=—1¢ 1 e e -1 & & 46
gzeﬂm6
J6
Wavelt App
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html

00

60° 120° 180°-120°-60°

Q 1 1 1 | 1 1
3 & e -1 & ¢
N 1 e g2 1 & g
0 | —1 I -1 1 —1
* 1 g2 ¥ 1 &2 &
3 1 e & -1 & ¢
What you'll get
if you look up
Cs characters in library
Wavelt App
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
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Wavelt App
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html

Wavelt App
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html

C4

Cw Lattice “

. 0,/§
Pt LOC00TECCCE000000%99933000
=L 2. 00000293000 CCO0N2II0
LOGEO02990GEC02IV0GEC029Y
Wavevector 4. @ \60”0 TQO290T CO290 09 B
=2/ OGOV COIOVCNIVGECNIV NI
=2m/NL . PCOIOCOIOCOIVECOIVECNIVECOD
LOCAHIZO0I0CIOENIVOI0ENIGOD
avelength 3 YO OCDVC20C20C20020020¢0%
w2/ o D GOOCIVCICOIEIVCICOOED
N/m 10,909 CI000CITNOOIECIV00CITO

11,
12,
13
N 14,
Cn Plane wave 15,
function 16,

1 ‘ﬂt’ &“M“”ﬂ‘ﬁ \1 “

|

W\’ cae»mw«a es&»m
DEICVO0OIEIN0ONTICV00IEID
DEVVGEICOPIEVVTEIC0IEVN0EIC
02¢0%9¢ &“ﬂ“ﬂ“‘“ﬂ”ﬂ“

I T TR

Um (xp) 172
=elk 122 |
JF 2,
—pimp2r/N | 2L ”ﬂﬁwﬁﬂﬁ@ﬂﬁmaﬂ@ UL
N 22, PPV OCEGOOIDIPNODOE 0
N ) 2000099999900 00000CEH G0
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Cy Lattice

pOSit_ion i:l.',;":‘:"r‘ rrrrr e r"r”'??r"‘r"'?:.r"r"'r"?'f"r'r‘?‘f'r"r"“ Kl Ml i N AL A i il il F?"?‘r"r’??‘r"r"?'":"

T T T 4 oo 000 e o0 e o9 CO090

vector § .:ssss:sssssmsz:E%sz::==s==sssséz::szzz==ssss:==ssz53255§zssssss :

rp=Lp B8isssstnssees.sossstteess ssstesessss. sessesnsses. dascsssites sessenss

N=7)  Iushfsstiscttianinntiinnitnnsiintsiie

Wavevector - BB L S R R S R R L T R T T i

' ::::...... 0000 1000 V0000 000 O 000 V000 V000 V000 T 000 00000000

kn=27/ O 3egesssesesasssste. Sotssstessssssssenssses sonissstsssttsstiseettats

=27m /NL & 338sssssesssesssessssssssssessesssssssestsassisessassssassesssessastess

P 1l g s T e T T Rt

transformatior. E5’5E:EEEEIiEEE‘:E::‘EEEEE:EEE:EE‘:EEE‘EE:ZEEE:EEE:’:EE:’EZEEE§§§§.§§ :
o w00 0000 0000 000000000000V V0O0OSISVOOOO 0000 9000 0000 000 o0

A =2 [l ERLL LB S s T

000000 0 & ¢

=NL /m g1 R MR U T I R R R R BT

R T M T T T S e M L R T

B L T R L R T IR T I R 10

\ R R I g MR R R R T R

Cw Plane wave B T e T e e 1 1 s

function 33228 seseseessssssoasssssesssssstessss, Sossesssssssassasssassssssss

0 ss et sssettnots . Sensssetsatsssses. osseseasssssstss s tsssstaatss

W (x ) §esosssettsLstnsossssstssstocasssassstsscssessssstsecttssssssttectess
e B onsssesetssstesestsssses setsiasessssesssss asssssssasecesss.oss
=ik R R R T R TR I R ML ST INR
338855, 222800 cse02gsaesssdgsnseeslenets, de0cs assgescassssncotsses

VN R T R TR e S IR L M 1T

§3333820002, 23822000 80002Lc000ss0ed2200s 230000000000 de0008800000 1

; 000000000006 OO 000000000000000000000 0000000000000 OO D

:elmp27T/N 0000000000 00000000000 - 0IIIOI - - - - 5

-....................................................... 000000

N

- J
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'*Your)=T|'¥n)

Cs Beam analyzer used in Unit 3 Ch. 8 thru Ch. 9

Your.- STATE . ANALYZER ¥\Nn- STATE
MEASUREMENT ) 0 cH f(‘-)f;’: A{%f PREPARATION
Farticle 1)=r |0) / D=r |0) Particle Y\-State
Analyzer-Counter - B _Fi
0) 2)=r2 |0) Analyzer-Filter
3)=r3|0)
|1> |5> 4>=I‘4 O>
5)=r> |0)

[4) M
) YN

13)

QOTforCA Fig. 8.1.1
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Cs Spectral resolution: 6" roots of unity and higher
» Complete sets of coupling parameters and Fourier dispersion
Gauge shifts due to complex coupling

Friday, February 20, 2015
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314 Step Display all eigensolutions of all possible C, symmetric real H

n—1 n—1 n—1 n—1 n—1
H = Z ’l"pl‘p - Z Tp Z X;nP(m) — Z w(m)P(m) where : w(m) — Z 'rpX;;n — w(k;m) a)ispersionfuncﬁons)
p=0 p=0 m=0 m=0 p=0
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314 Step Display all eigensolutions of all possible C ; symmetric real H

n—1 n—1
H = Z Tprp - Z Tp Z XmP('m) — Z w(m)P(m) where : w(m) _ Z 'rpX;)n — w(km) mispersionfuncﬁons)
m= m=0 p= 0
Elementary eigenvalues of HB1(6)

oA p=0 1 2 3 4 5
Bloch Model sigir| F
H= H11 -rr-rr!

H1 -r - - .« -r\o
e B =2 -rH, -r
@ = oublet ‘I 1 wBl(n)(km)
@ - rH, r - -

« -rH, -r
CHgl - - - rHyr
oublet \_r . . . _r H1
| _Os)

singlet

1, equals conjugate of r.: (r,=r. =-r)

=roxo +71X1 +r-1x"1
= Hy — 2r cos(2mm /6)

2
3
4
b
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314 Step Display all eigensolutions of all possible C, symmetric real H

H=) rrf=) rp, Y xpP™ => w™P™ where: w™ = "r,x* = w(km) (Dispersion functions)
p=0 p=0 m=0 m=0 p=0
Elementary eigenvalues of HB1()
o p=0 3 4 5
Bloch Model pH _1 2 Ny
H=H1-rr-m! / 1Hr . . r\
-rH, -r - - . J B1(n)
o %o R S

2
tH, or - [T roxo +rix1 +7r-1x"1
= H, —2r cos(2mm/6)

« « « -rH, -r
1
} V vV ouble 4
°. .8 CREY
A eigenvalues of HB2(6)
2"¢ Neighbor p=0 I 2 3 4 5
coupling D ) 2 0«1 {H. - -5 - -5 . \o0
H=H,1-5r?-sr? 6 6 / 0_0("72 B2(n) 1,
]6 oublet |doublet . H2 . -S — Ji w ( m)
s - H, - -s « |,=roxo +7r2x2" +r-2x’s
T - s - H, - -s [, = Hy—2scos(4mm/6)
21’2:25':21”_2 D H -§S - -S§ - H2 .
H 4
. —S . —S .
0.X/35 O/ 3 K 2}5
singlet singlet
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314 Step Display all eigensolutions of all possible C, symmetric real H

n—1 n—1 n—1 n—1 n—1
H=) rrf=) rp, Y xpP™ => w™P™ where: w™ = "r,x* = w(km) (Dispersion functions)
p=0 p=0 m=0 m=0 p=0
Elementary eigenvalues of HB1()
Bloch Model pT—IO 1 2 3 4 5 0
H=H1-rr-m! / L e _r\
-rH, -r - - -« | B1
(n)
o %o R S
-r H1 -r - =roXo +TiX1 +7T-1X"11

T H, -r ‘= H, - 2r cos(2mm /6)

} ouble .r - . r H 4
N e s
. B2(6)
. cicenvalues of H
pnd Neighbor gpzo ] 2f 3 4 5
coupling 2 2 +2 =14 [ H 0
. o . =§ - =S .
H=H,1-sr2-sr2 6 6 / 0_0("72 B2(n) 1,
]6 oublet |doublet H2 -S - 1 w ( m)
s - H, - -s « |,=roxo +7r2x2" +r-2x’s
T -5 - H, - -s |, = Hy—2scos(4mm/6)
21’2:25':21”_7 D . -§S - -S§ - H -
; . 2 N
. —S . —S .
06 36 sigggt .\ii’/ff K 2} g
L 3 eigenvalues of HB3©)
3" Ne.lghbor 1, 07 3=l ]p=0 1 2 3 4 5
coupling 0 T il [ H. &« <t . .\ 0
H=H,1 -t} - ir3 TESTEST h " 3
‘ i : . H3 - . -t 1 wB3(”)(km)
Hy - - -t |2 = ToXo +T3x3 +r-3xs
T -t - - H3 - 3 =H3—-2t(—1)™)
21 . :21121‘7} A & - —t . . H 3 . y
singlet doublet . ] _t ] ] H
24 +24 O iz_6 3515
6 _?/ i m=0 +/ hyy) +3
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Complete sets of Cs coupling parameters and Fourier dispersion

_'2 M s 2 ﬂ_ )
p=0 p=0 p=0 p=0

Cs Bloch H SB®) eigenvalues are Fourier series

Friday, February 20, 2015
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Complete sets of Cs coupling parameters and Fourier dispersion

—iop™l —z(27rmp )
wm(HGB(N))=<m| Y rpl.p|m>= S 7, (m|r”|m)= Y re N — 2 ‘ ‘ Setting gauge

p=0 p=0 p=0 to zero (qbp —O)
Real Cs Bloch H SB®) eigenvalues are Fourier series with 4 (for N =6) Fourier parameters

{ro=H, ri=r=rg,ro=s=r2 r;=t=r;3}
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Complete sets of Cs coupling parameters and Fourier dispersion

GB(N) p p _’2”7 _’(Z”mp %) Setting gauge
0P ={n] 3 relm)= X r (e’ |m)= L rie N = B
p=0 p=0 p=0 to zero (qbp :O)
Real Cs Bloch H SB®) eigenvalues are Fourier series with 4 (for N =6) Fourier parameters
{ro=H, v =r=rg,ro=s=ro r;=t=rj3}

. om-l o om-l .om-2 . om2 . om-3

GB(6) in—  —im— in—  —im— imT— y
)=rptr(e 3 +e ) +r( P +e ) +r(e ) (forreal:ir,=r,=r))

®,,(H =T,

real
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Complete sets of Cs coupling parameters and Fourier dispersion

—iog L —z(27rmp —$)
B :
w, (HPM)=(n| ¥ el lmy= 3 1, (m|t’|m)= X re N = 2 ‘ ‘ »? Setting gauge
p=0 p=0 p=0 to zero (qbp :O)
Real Cs Bloch H 6B®) eigenvalues are Fourier series with 4 (for N =6) Fourier parameters
{ro=H, v/ =r=rg,r=s=ro r;=t=rs;}
. m-l . m-l . m?2 . m?2 . m-3
in—  —in— inT—  —im— imT— N

0, HBOY = 11 3 +e 3) +n( 3 +e 3) +nr 3) (forreal: r,=r_, =r,))

1 2
=H + 2rcos7rmT + 2scos7rmT + t(=D"
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Complete sets of Cs coupling parameters and Fourier dispersion

_iog—L _i(2 mp
wm(HGB(N))_<m| ) ,,pl.p|m>_ ) ,,p<m|l.p|m>_ S e TN v ‘r ‘e 127 7%) Setting gauge

p=0 p=0 p=0 p=0 to zero (pr _O)
Real Cs Bloch H 6B eigenvalues are Fourier series with 4 (for N=6) Fourier parameters
{ro=H, v =r=rg,ro=s=ro r;=t=rj3}

. m-l . m-l . m2 . m2 . m3
GB(6) 171'7 —lﬂ'? ZET —lﬂ:T 177:7 *
o, H.,; )=r+r(e +e ) +nr(e +e ) +ri(e ) (forreal:r,=r_, =r,)
m- 1 m-2
=H + 2r COSET +  2s COSET + t(=D"

giving 4 wm-levels:

Wy =H+ 2r+ 2s+t

Wy =H+ r— s—t

Wy =H—- r— s+t
Ww; =H-2r+2s—t
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Complete sets of Cs coupling parameters and Fourier dispersion

m-p
—1(27T —0,)
0, (HPM)=(m| 3 rx"|m)= "% r,(m|e’|m)= % re =~ N = T |r|e " Setting gauge
p=0 p=0 p=0 p=0 to zero (pr _O)
Real Cs Bloch H SB®) eigenvalues are Fourier series with 4 (for N=6) Fourier parameters
{ro=H, v/ =r=rg,r=s=ro r;=t=rs;}

. m-l . m-l . m2 . m2 . m3
GB(6) 171'7 —lﬂ'? lﬂ'T _lﬂ:T 177:7 *
o, H.,; )=r+r(e +e ) +nr(e +e ) +ri(e ) (forreal:r,=r_, =r,)
m- 1 m-2
=H + 2r cosnT +  2s COSET + t(=D"

giving 4 wm-levels:

...In terms of 4 solvable 7,-parameters:
Wy =H+ 2r+ 2s+t

:%(a)0+ 0 + 0, + 03)
wil :H+ r— s—1t

_1
w, = | r =@+ 0 - 0 — 03)
wiz =—H—- r— s+t " =1

1
s = (Wg— w; — W) + @3)
Ww; =H-2r+2s—t

5 :% (@0—20)1 +2602— 0)3)

.
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Complete sets of Cs coupling parameters and Fourier dispersion

—iogtl —i(2 mp
wm(HGB(N))_<m| ) ,,pl.p|m>_ ) rp<m|rp|m>— S e TN v ‘r ‘e 127 7%) Setting gauge

p=0 p=0 p=0 p=0 to zero (pr —O)
Real Cs Bloch H SB®) eigenvalues are Fourier series with 4 (for N=6) Fourier parameters
{ro=H, v =r=rg,ro=s=ro r;=t=rj3}

. m-l . m-l . m2 . m2 . m3
GB(6) 171'7 —lﬂ'? lﬂ'T _lﬂ:T 177:7 *
o, H.,; )=r+r(e +e ) +nr(e +e ) +ri(e ) (forreal:r,=r_, =r,)
m- 1 m-2
=H + 2r cosnT +  2s COSET + t(=D"

giving 4 wm-levels:

...In terms of 4 solvable 7,-parameters:
Wy =H+ 2r+ 2s+t

:%(a)0+ 0 + 0, + 03)
wil :H+ r— s—1t

_1
w, = | r =@+ 0 - 0 — 03)
wiz =—H—- r— s+t " =1

1
s = (Wg— w; — W) + @3)
Ww; =H-2r+2s—t

5 :% (@0—20)1 +2602— 0)3)

.

General Bloch H ©B® eigenvalues are Fourier series with six (for N=6) Fourier parameters
{ro=H, r/=re®l, r,=rei®l r>=se® ro=sei?’ r;=t=r;)}
Nonzero gauge ¢, ,

1 2 .
a,, (HcomplexGZB(6)) =H+2r cos(ﬂ:mT—q)l) +2s cos(ﬂ:mT—q)zj + t(-=1)"™  orcomplex: r,=r,
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Cs Spectral resolution: 6" roots of unity and higher
Complete sets of coupling parameters and Fourier dispersion

» Gauge shifts due to complex coupling

Friday, February 20, 2015
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Complex sets of Cs coupling parameters and gauge shifts

m-p
_ian P -i(21= "9,)

a)m(HGB(N))—<m| > rprp|m>— D rp<m|rp|m>— Y re N =3 ‘rp‘e
p=0 p=0 p=0 p=0

Complex Bloch matrix H 9B®) eigenvalues are Fourier series with 6 (for N=6) Fourier parameters

in m-1 in m-1 in_m-Z in m-2 iﬂm 3
o g e gt i y
Wy, (Hc(';ozn?p(lgzc) =m+ne S +rje 3 tne S t+rne O +me or complex: r_, =r,.
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Complex sets of Cs coupling parameters and gauge shifts

m-p
—iog L —-12r—-
Q=0

a)m(HGB(N))—<m| > rprp|m>— D rp<m|rp|m>— Y re N =3 ‘rp‘e
p=0 p=0 p=0 p=0

Complex Bloch matrix H 9B®) eigenvalues are Fourier series with 6 (for N=6) Fourier parameters

{ro=H, r Zl’ei(bf, V. =re'i¢1, Vo :SeiW, 7’-2:S8'i¢2, ri=t =r.;} Nonzero gauge ¢, ,
i ! in ] inm'z in 2 in -

ml g™t m2 g™ m-3 )

w,, (Hfozlfp(la) =r+ne 3 +re 3 +re 3 +roe 3 +re 3 or complex: r_ , =r,,.

©,,(Hern'ior) = H + 2mos(7zT —¢1) +2s cos(yzT —q)zj +or(=1)" or complex: 7, ="
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Complex sets of Cs coupling parameters and gauge ShlﬁS
—z(27r "¢ )

—i2r—=
0, (HOPNY = (| 3 7 x"|m)= 3 7, (m|c’|m)= % re "N _y e
p=0 p=0 p=0 p=0

Complex Bloch matrix H9B® eigenvalues are Fourier series with 6 (for N=6) Fourier parameters

{ro=H, r =F€i¢1, V. =re'i¢1, Vo :S€i¢9, 7’-2:S8'i¢2, ri=t =r.;} Nonzero gauge ¢, ,
i ! in ] inm'z in 2 in -

ml g™t m2 g™ m-3 )

(Hfozlfp(la) =r+ne 3 +re 3 +re 3 +roe 3 +re 3 or complex: r_ , =r,,.

©,,(Hern'ior) = H + 2mos(7zT —(pl) +2s cos(yzT —q)zj +or(=1)" or complex: 7, ="

giving 6 wm-levels:

a)o = I’O + 7"1 + I’_l + 7'2+ r_2 + r3

IT -ITT 121 -i21

W, =r+rne3+r_e3+re 3 +re 3 —r,

—177: m' -I2T l27t

W_; =1+re 34 le3+r2e 3 +r e 3 —r,

127 -i21 I -iTT

W, =r+tre 3 +re 3 —re3-r,e3+r,

-2 127 -iTT I

W_,=r+tre 3 +re 3 —re3—-r,e’3+r,

603 = ro— I’l —r_] + }"2 + I’_2 —I’3
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Complex sets of Cs coupling parameters and gauge ShlﬁS
—z(27r "¢ )

—i2r—=
0, (HOPNY = (| 3 7 x"|m)= 3 7, (m|c’|m)= % re "N _y e
p=0 p=0 p=0 p=0

Complex Bloch matrix H9B® eigenvalues are Fourier series with 6 (for N=6) Fourier parameters

{ro=H, ri=re®l, r;=rei®l, r>=sel?’, ro=sei?’, ri=t=r;} Nonzero gauge ¢,
mml Iz ] inm'z In 2 in -
GZB(6) y _ 3 T3 3 T3 3 c
@, (H ompiex ) =10 T 1€ +r_e +re +r e + e or complex: r_, =r,.
GZB(6) m-1 m-2 m o
@, (M oppiex) = H + 2rcos(ﬂT—¢1 +2scos nT—q)z + 1(-1) or complex:r_, =r,
giving 6 wm-levels: ...In terms of 6 solvable r,-parameters:
a)o = I’O + 7"1 + I’_l + 7'2 -+ r_2 + r3
In -iTT 12T -1 (
3 03, 3 3 ="
w+1 = ro‘l‘ 7"16 +r_1€ +r2€ +r_2€ —I’3 0
-im in -i27 i’m n=
I a)l—r0+rle3+r e3+rze 3 +r 263—r3 . o =" Left as an
m i ion i i b r, =7 exercise...
W, =r+tre 3 +re 3 —re3-r,e3+r, P, =9
12T 121 -iTT In
— — ry = )
W_,=r+tre 3 +re 3 —re3—-r,e’3+r, N
603 = rO — I’l —r_] + I’2 + I’_2 —7"3

.

Geometric solution shown next...
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3rd Step (contd.)
...ezgensolutzons for all possible C Symmetrzc complex H

n
H — Z rpr? = 5‘ - 5« X™P™) = Z WP where : w™ = 3 1™ = wkm) ) (Dispersion function)
m=0 p=0
: B1
Elementary 3, 3, eigenvalues of H (6)
fffffffffff | “6lp=0 1 2 3
Bloch Model ] . ;
H=H 1 -rr-mr! - +2, HI p S 8
s 9 . A ' | doublet r] H] r_] - - Bl(n)
@‘@%@%@ N A TR P "
A 4 D I . - rH T, - =ToXo t7TiX1 +7T-1X-1
% % N 3=H1—2rcos(27rm/6)
@ r @ I I | doubler 177171 [ 4
) T
@ Os ’

Nearest neighbor coupling
o T g

7 T

S

noTy I

I”ll"o I

ry I"1 I"O

r
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3rd Step (contd.)
...ezgensolutzons for all possible C; symmetric complex H

n

H — Z rpr? = 5‘ - 5« X™P™) = Z WP where : w™ = 3 1™ = wkm) ) (Dispersion function)
m=0 p=0
: B1(6)
Elementary 35 7 3] ezg:e(;q va]luezs 0f3H i
Bloch Model e 7 )
H=H1-mr-m! - 2 (2 Tt r]\
77777 B Si iy~ ! ‘ | doublet r.H, r . - . 1
@ JRETRAY B1(n)
w
@ ‘@ SR R L
,,,,,,,, e e o H op . =ToXo TTiX1 TT-1X_1
%r % 17 3
+] = Hy — 2r cos(2mm /6)
@ " @ I~_ T T 775[014[)/5 T H] "1 4
@ - ) ]/'_] - - ]/1 H]/ S
,,,,,,,,,,,,,,, ,,__15){
Nearest neighbor coupling — For Hermitian HB'©=(HB!©)t
';0 :1 ) g complex components
1 r(l) r-ol r, rlz—reiq’ imply
HB1(O0)= .
% = conjugate components
gl rO 1 },-* =y :_re'iq)
r N 1 -1
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3rd Step (contd.)
...ezgensolutzons for all possible C Symmetrzc complex H

n—1 n—1 n—1 n 1
H=Y rp? =31, xrpm — E WP where : w™ = 3 1™ = w(kim) ) (Dispersion function)

p=0 p=0 m=0 m=0 p=0

5 eigenvalues of HB1©)
—O0lp=0 I 2 3 4 5

/H] ]/'_] . . . ]/']\0
r]H] V_] - - - 1
r]H] r 5 - . .
Hor, - =7ToXo tTixX1 tT-1X_1
1" 3
= H{ — 2r cos(2mm /6

) . . . ]/']H] ]/'_] y 1 ( /)

]/'_]. . . ]/‘IH]/5

a 7singlet‘

Elementary 3,

Bloch Model
H=H1-rr-rr!

@‘@@%@

o B

®. @ I i
@

wBl(n) (km)

Nearest neighbor couplin s BI(6)—/gB1(6)) T
g ping  For Hermitian H (HB1©) wB1(6)(km) = rox"y+  rix", o™

’;) :l ) g complex components
-1 . . . . . .
HB!(6)= | r(1) IRA! I”zz—l’elq’ imply — ro — re’d)e’”m/é - re-zd>e-127rm/6
- T M conjugate components
Lo JUg P = 19 =2rcos(2mm/6 +0o)
I A 1 "-1

I 0
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3rd Step (contd.)

n

...ezgensolutzons for all possible C; symmetric complex H

H — Z rpr? = 5‘ - 5« X™P™) = Z WMPM  where : w™ =3 1™ = w(k ) (Dispersion function)
m=0 p=0
. B1(6)
Elle ety 5, 3B H4 5
Bloch Model S H 0
H=H11-rr-rr'1 126 1 g I"]\
7777777777 doublet 7/' H V " " 1
@ [T Bi(n)
w m)
@ @ (R DA
%r roH, T = ToXo" T TXT + X
% PN - H o = Hy — 2r cos(2rm/6)
®. .® | |,
> ] doublet r . ’/- H
@ Os ! s
,,,,,,,,,,,,,,, 4
Nearest neighbor coupling — For Hermitian HB'©=(HB!©)t
B1(6) — m m + m
oot ' complex components W= (Km) = To X" FIXT F1 X1
- 1 V(l) ’”01 , ,,]:_,,eiq> imply — ry — reid>ei27rm/6 — re-id>e-i27rm/6
H>= rooror 3
- conjugate components
R e eony = 1y - 2rcos(2rm/6 +0o)
r* =r =—re
I N 1 1
- 3 6 HZB(6) eigenvalues
;\'inglel shift
ﬂ _6\ 0, Zeeman splitting
r
split double — @J
T @@
A (a))gr
N
plit doublet \_ r @
B VA R P L
Os
+26 36 glet shift
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3rd Step (contd.)

ezgensolutzons for all possible C Symmetrzc complex H

H — Z rpr? = Z "o Z XTPm) = Z WMPM™  where : W™ — Z rpX T = w(k ) (Dispersion function)

p=0

In this C-Type situation m-eigenstates
are required to be moving waves e"*np

s HZB(O) eigenvalues

5_vmglet Shift
6 (D

Zeeman splitting

er
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Simulating Complex Systems With Simpler Ones

H
Discrete Rotor Waves
) H; Bohr-Rotors Made of Quantum Dots
H] :3
1]

=4

HoHy HyH3z HyHy

Hli HOHI H2H3 HZ

HyHyHogHy Hy H3

Hz HyHy HyHy )

HyH3HyHy HogHy
HyHyHzHyHy Hy
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Simulating Complex Systems With Simpler Ones

H]
Discrete Rotor Waves
) H; Bohr-Rotors Made of Quantum Dots

Hj :3 HoHyH; 0 Hy Hy
H]HOHIH] 0 Hy
o L2 | HyH HyH H) 0
I OHIH]HOH]H]
H; 0 Hy Hy Ho H
N=6 \1 1] 1)

1
HyHyp 0 HIHIHO/
Hexagonal becomes Octahedral

HoHy HyHz H) Hy = s
HI HyHjy HyH3 H> __'_______:_ Iy 1
HyHyHoHy H>H3 ////,/,,4’/”/’“ 2:1 splitting
H3H>yHyHogHjp H> 2H

Ag
H2H3H2H1H0H1 ___________
HyHyHz HyHy Hy
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Introduction to wave dynamics of phase, mean phase, and group velocity
Expo-Cosine identity
Relating space-time and per-space-time

Wave coordinates

Pulse-waves (PW) vs Continuous -waves (CW)

Friday, February 20, 2015
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Interfering Plane Waves: The Expo-Cosine Identity
Y=cia —l—ezb _ei(a+b)/2 (el(a -b)/2 +o-i(a- b)/2)

f_,,_f--f"" INSIDE Phase A
- _— Anatomy of a 2-State Wavefunction 2 coS (a- )
..f'ﬁ- Y—pltl pib —pifath): 2eosfa-h) 2
= _ 2 OUTSIDE Group
Real Part —__ | . e j
Re'= [WY|cosfa+b) Tra {1 ( .sf ; Envelope or
- _ SN, 1
and 5*{'“ Modulus
Wave “SKIN"z | |- i.?m?{L:I)

. is PROBABILITY wave fﬂrclassmal “stuff” |¥|=v ¥*¥

a- b SHIN
—|'¥

Friday, February 20, 2015



Fundamental wave dynamics based on Euler Expo-cosine Identity
(el 1 ¢ib)2 = oi(@tD)/2(pi(a-b)/2 o i(a-b)/2)y = Gi(@HD)2 o cos(a-b)s
a=kx-0t  b=kx-m,t

Balanced (50-50) plane wave combination.
Y50,-50,60) = (129 ,(x,0) + (172)Y,(x.1)

(1/2)el(kr-01b) + (1/2)el(kax-020) = ¢ilkpX-Opl) « cos(kgr-0qt)

Interfering Plane Waves: The Expo-Cosine Identity
Y=cia +eib =ci(a+tbh)/2 (ei(a-b)/2+¢-i(a-b)/2)

_— INSIDE Phase IR b
.--'d_ﬂ—-- —
ﬁf’f Anatomy of a 2-State Wavefunction 2 COS (a— )
e Wil il fath) 2 Jeosfa-h) 2
‘l_.-f’" - , —
; 2 QUTSIDE Group

Real Part —__ .
Re'W = [Wlcosia+b) T {h

-

a-b '
\/

Envelope or
Modulus

: Wave “SKIN"x || =x2cosig-b)
3 7
.| ¢ is PROBABILITY wave for classical “stuff’ |“wP‘|=‘-.II Py

and

'

48

Friday, February 20, 2015



Fundamental wave dynamics based on Euler Expo-cosine Identity
(el 1 ¢ib)2 = oi(@tD)/2(pi(a-b)/2 o i(a-b)/2)y = Gi(@HD)2 o cos(a-b)s

a=kx-o,f b= kx-0,t WOp=(0+ 0))2  We=(w)- 0))/2
kp=(kj+ k)2 ko=(k]- k)2
Balanced (50-50) plane wave combination: Overall or Relative or
Mean phase Group phase

¥Y50;-50,(60) = (172)W), (1) + (172)Wj,(x1) v
(1/2)el(kr-01b) + (1/2)el(kax-020) = cilkpk-®pl) « cos(kgr-0qt)

Interfering Plane Waves: The Expo-Cosine Identity
Y=cia +eib =ci(a+tbh)/2 (ei(a-b)/2+¢-i(a-b)/2)

_— INSIDE Phase IR b
.--'d_ﬂ—-- —
ﬁf’f Anatomy of a 2-State Wavefunction 2 COS (a— )
e Wil il fath) 2 Jeosfa-h) 2
‘l_.-f’" - , —
; 2 QUTSIDE Group

Real Part —__ .
Re'W = [Wlcosia+b) T {h

-

a-b '
\/

Envelope or
Modulus

: Wave “SKIN"x || =x2cosig-b)
3 7
.| ¢ is PROBABILITY wave for classical “stuff’ |“wP‘|=‘-.II Py

and

'

49
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Fundamental wave dynamics based on Euler Expo-cosine Identity
(eia 4 eib)/Z — ei(a+b)/2(ei(a—b)/2+e—i(a—b)/2)/2 — opllath)/2 . cos(a-b)/2

a=kx-o,f b= kx-0,t WOp=(0+ 0))2  We=(w)- 0))/2
kp=(kj+ k)2 ko=(k]- k)2
Balanced (50-50) plane wave combination: Overall or Relative or
Mean phase Group phase

¥Y50;-50,(60) = (172)W), (1) + (172)Wj,(x1) v
(1/2)el(kr-01b) + (1/2)el(kax-020) = cilkpk-®pl) « cos(kgr-0qt)

15T plane 2nd plane Phase or Group or

phase phase Carrier Envelope

velocity velocity velocity velocity
Q)] Oy, W, 07T 0) W ;- 0)
Vi=-— 2= = V,=73+= Vo=72=—"—7=
1 kj ko P ky kjtk & kg kj-kp

Define K-vectors in per-spacetime
K] :((DI g k]) K2 :(0)2’ k?) Kphase :(0)]9, kp) Kgmup :((Dg’ kg)
=(K; +K»)/2 =(K; -K»)/2

50
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Fundamental wave dynamics based on Euler Expo-cosine Identity
(eia 4 eib)/Z — ei(a+b)/2(ei(a—b)/2+e—i(a—b)/2)/2 — opllath)/2 . cos(a-b)/2

a=kx-o,f b= kx-0,t WOp=(0+ 0))2  We=(w)- 0))/2
kp=(kj+ k)2 ko=(k]- k)2
Balanced (50-50) plane wave combination: Overall or Relative or
Mean phase Group phase

¥Y50;-50,(60) = (172)W), (1) + (172)Wj,(x1) v
(1/2)el(kr-01b) + (1/2)el(kax-020) = cilkpk-®pl) « cos(kgr-0qt)

15T plane 2nd plane Phase or Group or

phase phase Carrier Envelope

velocity velocity velocity velocity
Q)] Oy, W, 07T 0) W ;- 0)
Vi=-— 2= = V,=73+= Vo=72=—"—7=
1 kj ko P ky kjtk & kg kj-kp

Define K-vectors in per-spacetime
K] :((DI g k]) K2 :(0)2’ k?) Kphase :(0)]9, kp) Kgmup :((Dg’ kg)
=(K; +K»)/2 =(K; -K»)/2

w(k)

non-typical | —
dispersion '
function

ki
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Fundamental wave dynamics based on Euler Expo-cosine Identity
(eld + eib)/Z — ei(a+b)/2(ei(a—b)/2+e—i(a—b)/2)/2 — opllath)/2 . cos(a-b)/2

a=kx-o,f b= kx-0,t WOp=(0+ 0))2  We=(w)- 0))/2
kp=(kj+ k)2 ko=(k]- k)2
Balanced (50-50) plane wave combination: Overall or Relative or
Mean phase Group phase

¥Y50;-50,(60) = (172)W), (1) + (172)Wj,(x1) v
(1/2)el(kr-01b) + (1/2)el(kax-020) = cilkpk-®pl) « cos(kgr-0qt)

15t plane 2nd plane Phase or Group or

phase phase Carrier Envelope

velocity velocity velocity velocity
Q)] Oy, W, 07T 0) W ;- 0)
Vi=-— 2= = V,=73+= Vo=72=—"—7=
1 kj ko P ky kjtk & kg kj-kp

Define K-vectors in per-spacetime
K] :((DI g k]) K2 :(0)2’ k?) Kphase :(mp’ kp) Kgmup :((Dg’ kg)
=(K; +K»)/2 =(K; -K»)/2

non-typical
dispersion
function

52
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Fundamental wave dynamics based on Euler Expo-cosine Identity
(eia 4 eib)/Z — ei(a+b)/2(ei(a—b)/2+e—i(a—b)/2)/2 — opllath)/2 . cos(a-b)/2

a=kp-0t b= kx-,t ©,=(07+ ©2)/2  Ox=(0]- ®)/2
kp=(k1+ k»)/2 ng(k]— ky)/2
Overall or Relative or

Balanced (50-50) plane wave combination.
Y50,-50,60) = (129 ,(x,0) + (172)Y,(x.1) Mean phase Gmui phase

(1/2)el(kr-01b) + (1/2)el(kax-020) = cilkpk-®pl) « cos(kgr-0qt)

15T plane 2nd plane Phase or Group or

phase phase Carrier Envelope

velocity velocity velocity velocity
Q)] Oy, W, 07T 0) W ;- 0)
Vi=-— 2= = V,=73+= Vo=72=—"—""->=
kj ko P ky kjtk & kg kj-kp

Define K-vectors in per-spacetime
K] :((DI g k]) K2 :(0)2’ k?) Kphase :(0)]9, kp) Kgmup :((Dg’ kg)
=(K; +K»)/2 =(K; -K»)/2

non-typical
dispersion
function

53
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Fundamental wave dynamics based on Euler Expo-cosine Identity
(el 1 ¢ib)2 = oi(@tD)/2(pi(a-b)/2 o i(a-b)/2)y = Gi(@HD)2 o cos(a-b)s

a=kp-0t b= kx-,t ©,=(07+ ©2)/2  Ox=(0]- ®)/2
kp=(k1+ k»)/2 ng(k]— ky)/2
Overall or Relative or

Balanced (50-50) plane wave combination.
Y50,-50,60) = (129 ,(x,0) + (172)Y,(x.1) Mean phase Gmui phase

(1/2)el(kr-01b) + (1/2)el(kax-020) = cilkpk-®pl) « cos(kgr-0qt)

15T plane 2nd plane Phase or Group or

phase phase Carrier Envelope

velocity velocity velocity velocity
Q)] Oy, W, 07T 0) W ;- 0)
Vi=-— 2= = V,=73+= Vo=72=—"—""->=
kj ko P ky kjtk & kg kj-kp

Define K-vectors in per-spacetime
K] :((DI g k]) K2 :(0)2’ k?) Kphase :(0)]9, kp) Kgmup :((Dg’ kg)
=(K; +K»)/2 =(K; -K»)/2

non-typical
dispersion
function
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Fundamental wave dynamics based on Euler Expo-cosine Identity
(eld + eib)/Z — ei(a+b)/2(ei(a—b)/2+e—i(a—b)/2)/2 — opllath)/2 . cos(a-b)/2

a=kp-0t b= kx-,t ©,=(07+ ©2)/2  Ox=(0]- ®)/2
kp=(k1+ k»)/2 ng(k]— ky)/2
Overall or Relative or

Balanced (50-50) plane wave combination.
Y50,-50,60) = (129 ,(x,0) + (172)Y,(x.1) Mean phase Gmui phase

(1/2)el(kr-01b) + (1/2)el(kax-020) = cilkpk-®pl) « cos(kgr-0qt)

15t plane 2nd plane Phase or Group or

phase phase Carrier Envelope

velocity velocity velocity velocity
Q)] Oy, W, 07T 0) W ;- 0)
Vi=-— 2= = V,=73+= Vo=72=—"—""->=
kj ko P ky kjtk & kg kj-kp

Define K-vectors in per-spacetime
K] :((DI g k]) K2 :(0)2’ k?) Kphase :(mp’ kp) Kgmup :((Dg’ kg)
=(K; +K»)/2 =(K; -K»)/2

non-typical
dispersion
function
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Archetypical Examples of Dispersion Functions

(a) Constant dispersion (b) Linear dispersion

-0y, - 0,
n n
‘C““Q‘._'““““ .. : ..
» () — @
—0.5 e —0.5 e
- o - ®
: [ ] : (J
W duauad SeaR AL SR A d LA AARREE
ky,=m kj ky,=m kj
Applications:
Uncoupled Weakly coupled pendu-
pendulums lums (No gravity)

Movie marquis
Xmas lights

Light in vacuum (Exactly)
Sound (Approximately)

(c) Quadratic dispersion
C 0,

LI L
!

(

[~
—o
0
—
L,
|| ==

~6-5-4-3-2-1
[

)
S
oy

Weakly coupled pendu- Strongly coupled pendu-
lums (No gravity)

lums (With gravity)

(d) Phonon dispersion
- 0y,

~

~6-5-4-3-2-
LIT LTIl T]

Light in fiber (Approx) Acoustic mode in solids

Non-relativistic
Schrodinger matter wave

Reading Wave Velocity From Dispersion Function by (k,w) Vectors

(e) Exciton dispersion
- oy,

~

S
(%

ERARaaad SR SRR RN
ky,=mkj
Strongly coupled pendu-

lums (With gravity)

Optical mode in solids
Relativistic matter
(If exact hyperbola)

slope
(©_5+w_p)/(k_5+k_5)
is
52

slope

(0_5-0_p)/(k_5-k_»)
is

(-3,-2)- group velocity

*(Dm

(8,3)-mean phase velocity
|

slope (w7/k‘y
is (7)- phase ve‘locity
|

2345678 _
| ke =mkg

Y
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Reading Wave Velocity From Dispersion Function by (k,w) Vectors
slope ‘ slope (Dm

(©_5-0_2)/(k_s-k_5)\\  (©-5T0)/(k_57k )
LS
(-3,-2)- group velocity

LS
(-5,-2)-

mean phase velocity

slope
|
T (wg-03)/(kg-k3)
| is (8,3)- group velocity

. slope

(0)8+(D3)/(k8+k3)
is (8,3)-mean phase velocity
|

slope ((dl_ g'k.g)
is (-8)-phase velocity

slope (0)7//('7)

TP

is (7)- phase vellocily
|

345678

> 1 Tk mmokg
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Introduction to wave dynamics of phase, mean phase, and group velocity
Expo-Cosine identity
Relating space-time and per-space-time

Wave coordinates

Pulse-waves (PW) vs Continuous -waves (CW)
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M-AaxLs Relat lng foaxis

(k,®) pen-spacetime K to (x,t) Spacetime
Phase, (k| Group

P=K.=|-|G= [
LI Ko €

p
_ __?________-?rm O)g

p g k_axiS X'a.XZS

K,=(K/+K»)2 K;=K, 1K,
Kg =(K]_K2)/2 KZ =K. -K Op=(0;+ ©2)/2  We=(00]- ))/2

P g ky=(k+ k)2 kg=(k}-kp)/2
Find tracks in space-time of a Overall or Relative or
balanced (50-50) plane wave combination.: Mean phase Group phase

¥50,-50,068) =1/2¢l(KiX-011) 1 1/2¢1(kx-028) = ikpx-Opt) o cos(kgr-mg1
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M-AaxLs Relatlng

J | t-axis / ,
(k,®) per-spacetime K to (x, @a%ﬁe—%

Phase| [k \ Group A 7

P=K, = = 1) 7 A 7
P Ky ¢ A LA
ook k-axis 5/

/ // X-axis |

Wy =(0;+ W)/2  We=(W]- 0))/2
kpy=(k+ kp)/2 ko=(kj-k2)/2

Find tracks in space-time of a Overall or Relative or
balanced (50-50) plane wave combination.: Mean phase Group phase

¥50,-50,068) =126/ (k-010) + 1/2i(kz0-02) = l(kpX-0pl) o cos(kor-0gt)

Re[‘{’501_502(x,t)]= = cos(kpx-oypt) * cos(kgx—mgt)=0
Real part has ZEROS that make: (x, 0 Spacetzme-lattzce
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_ —an T
kpx mpt n /2

| r P /s lattice point equations for:
x-0 t=n T n =+1,+2... and n =+1,+2...
g g g P s
A A
Re[V¥ 50 ]_502(x,t)]= = cos(kpx-mpt) ° cos(kgx—oogt)=0

Real part has ZEROS that make: (x, 0 CW Spacetime-lattlce
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Relatzng

MW-axis | Mid / |
(k,®) per-spacetime K to (x, z?{pac %e—latt%/
Phase (kp\ Gr 0"? \ //
P=K, = = k / / %
A U e | A
1A D8 | A
f O, g / /
bk k-axis / / //X'CWS
k-t =n, 72 /
lattice point equations for:
/ k X-(D [ n 7T/2 p—i] +2... andn =+] +2...
k, -o)\(x ()
kp (Dp 18 |2
AV \g)
Re[‘P50]_502(x,t)]= = cosS(kpx-0pt) * cos(kgx gt)

Real part has ZEROS that make: (x t) CWw Spacetzme-lattzce

Friday, February 20, 2015



S Relating

P > ,
(k,®) per-spacetime K to (x, z??pacg‘suﬁe-latt%/
Phase| [k Group /?/ A
P=K,= o | C= [k, Z / P
A K2 T, A | A

k-axis ) / / //X'CWS
k-t =n, 72 /

lattice point equations for:
/ k X-(D [ n 7T/2 p—il +2... andn =+] +2...

ko, -0\ [n) ) [, o) (N ()
— 7T/2 — p T/ =_p g e P
\ I\ \ ) \/ \ )\ ) \ ") ")
inverted ” det ‘KgXKp‘ det |Kngp 2/
Re[‘P50]_502(x,t)]= = cosS(kpx-0pt) * cos(kgx gt)

Real part has ZEROS that make: (x t) CWw Spacetzme-lattzce
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Relating

MW-axis
(k,®) per-spacetime K to (i,
Phase (kp\ Grou? \
P=K, = = [k
I Ky £
/228 o, ,
I k-axis M "‘I’ “Xlax /~ Iz
k-0t=n"2 | .
lattice point equations for:
/ k x-(D [ n 7T/2 n,=+l,£2... and w,=+/,+2
k, -o)\(x () o () \
PP P x\: s (D; 611)7/2_ Ve N ((Dp
kg -0 [ ] |7 |k, k|| Tk, [T k
\ J\) \ % VEAEEI L¢) P
inverted det ‘Kngp‘ a’et‘Kngp 2/
Re[‘P50]_502(x,t)]= = cosS(kpx-0pt) * cos(kgx gt)

Real part has ZEROS that make:

(x,t) C Wspacetzme—lattzce
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Introduction to wave dynamics of phase, mean phase, and group velocity
Expo-Cosine identity
Relating space-time and per-space-time

Wave coordinates

Pulse-waves (PW) vs Continuous -waves (CW)
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M-AaxLs Relal‘mg

(k,®) per-spacetime K to
Phase| [k \ Group

P
%-—-—,&mp) K, °
[ (Y

while primitive K 7 and K2 make: (x,l) P Wspacetime—lattice
K, =(K+K)2 K;=K,tK

P 8
Kg =(K;-K»)/72 Ky :Kp-Kg

Find tracks in space-time of a
balanced (50-50) plane wave combination:

¥50,-50,068) =1/2¢l(KX=011) 1 1261(k-020) = i(kpx-Opt) o cos(kgr-mq1

Re[Y 50 1- 502(x,t)]= = cos(kpx-mpt) * cos(kgx-(:)gt)ZO
Real part has ZEROS that make: ( X, l) CW Spacetzme—lattzce
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Phase

P=K, =

O

while primitive K 7 and K2 make: (x,l) P Wspacetime—lattice
K, =(K+K)2 K;=K,tK

P 8
Kg =(K;-K»)/72 Ky :Kp-Kg

Find tracks in space-time of a
balanced (50-50) plane wave combination:

¥50,-50,068) =1/2¢l(KX=011) 1 1261(k-020) = i(kpx-Opt) o cos(kgr-mq1

Re[Y¥ 50 7-50 2(x,t)] = = cos(kpx-opt) * cos(kgx—(ngt)=0
Real part has ZEROS that make: ( X, 0 CW Spacetzme-lattzce
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Introduction to wave dynamics of phase, mean phase, and group velocity
Expo-Cosine identity
Relating space-time and per-space-time
Wave coordinates
Pulse-waves (PW) vs Continuous -waves (CW)
» Wave coordinates for Linear Dispersion
Wave coordinates for Bohr-Schrodinger Dispersion
Einstein-Lorentz-Minkowski laser coordinates
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Wave coordinates for Linear Dispersion

Interfering Plane Waves: The Expo-Cosine Identity
Y=cia +eib ng( a+tb)/ g (ef( a-b)/2+e-i(a-b)/2)

—

—

o
‘-

Real Part —__ | .
ReW= |Wicos(a+b] Ty

3 :

arnd
a—b

f'f- INSIDE Phase

_ |
— -
Anatomy of a 2-State Wavefunction 2 COS (a b)
L LB .L,.'n"'* L.I"H nll }[.‘,Jﬁ.r’hr;lf.rj 2
2 O UTSIDE Group

) Envelope ar
) f Modulus
A\V/AN Wave “SKIN"z |¥|==2cos(a-b)
= =" *'J I
1 | . is PROBABILITY wave for classical “stuff” |*|=v ‘¥*'¥
Linear Dispersion
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Wave coordinates for Linear Dispersion

Interfering Plane Waves: The Expo-Cosine Identity
Y=cia +eib =¢i(atb)/2 (ei(a-b)/2+e-1(a-b)/2)

- T
_— INSIDE Phase

2(::;;? ﬂz'b)

O UTSIDE Group

_— - Anatomy of a 2-State Wavefunction
H,ﬂ"" - Wit 4gib —pifa+h)2 E'c'u.ﬁﬁil"?j
Real Part —__ |
Re¥ = |WP|cosia+ bl L HY > i
2 ‘SHIN"‘ ﬂ
and _ Y 4 L
ImY¥ = |W¥|sinfg=b) ‘ SP{IN .
' —[*¥] 4
1 HPHI phdSE‘S LGear Dzsperszon
a= kax oF b= kbx-mbt
Iﬂbnse 3rdpgse
vector vector
ck c
K= || Kg=| ©
. Q) K3 G
— .lr =(1) (-I) ugd DEE-‘E"|
ay b /

“1st base"

Envelope ar
Modulus

Wave “SKIN" || =+2casig-b)

] ]
. is PROBABILITY wave for clasSical “stuff” |‘¥|=v ¥*¥

| .
>-Difference

G_l_

Group vector

Ekﬂ_ﬂkb
mﬂ_ mb

2 , —wy ()

( Here: {ﬂﬂ=ﬂ1=ﬂ]b J
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Zeros of head-on CW sum gives (x,ct)-grid

“Ist Base” laser “3rd Base” laser

Right-moving wave el(kx-ot) Left-moving wave el(-kx-o1) Cw Spacetime
GO0THz laser — ST — O00THz laser Sltﬂﬂdfﬂg X versus Cl
(green) Re reen) Wave CW square grid

Rest Frame Coherent Wave paths
(Cartesian grid)

fime of
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Zeros of head-on CW sum gives (x,ct)-grid

“Ist Base” laser “3rd Base” laser

Right-moving wave el(kx-ot) Left-moving wave el(-kx-o1) Cw Spacetime
GO0THz laser — ST — O00THz laser Sltﬂﬂdfﬂg X versus Cl
(green) Re reen) Wave CW square grid

Rest Frame Coherent Wave paths
(Cartesian grid)

fime of

Per-Spacetime

(D) versus C k
“Baseball” Diqmond

Find zeros by factoring sum: Laser 47 1200THz

( kx-o1) -kx-ot)

. . ) o \"'3rd Basg st Base”” !
—pi(a+b)/2 (el(a-b)/Z + e-z(a-b)/Z )
\— -+ I / K .
Phase factor: Group factor:
n | PHASE vector GROUP vector
expl(a b):e—l(!)l 200S (a;b) =2 cos (I\'X) P:(K_}-{-K ‘_)2 (;=(K_)-K (_)2
2 2 | Laser

per-space
ck-axis
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Wave coordinates for Linear Dispersion

4 Time [~ N N
1 / CW Laser
600 THz

| CW Laser
600 THz
(a) CW squares .

I femtosecond 1.Ofs
LOfs=101s -

_ Space
I micron

1.0 um-=10-"°meter
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Wave coordinates for Linear Dispersion

CW Laser
600 THz

(a) CW squares .

[ femtosecond
1.0 fs=10-1s

! micron
1.0 um=10"meter

1.0 fs_|

PW laser

)

ﬁ,ﬁ?

b

ool -

(b) PW diamonds

Time [~

cl -

Time

CW Laser
600 THz

E
+
-
&
e

;;' Pl[ﬂ]n r..'rL}l

L.fn‘t

Spﬂcﬁ\ | i

“patooey!.”

{ € vs Ll'rl]l
,*’J RP (cf vs X)

hs
"
"
.

PW laser

Space

X
I
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Introduction to wave dynamics of phase, mean phase, and group velocity
Expo-Cosine identity
Relating space-time and per-space-time
Wave coordinates
Pulse-waves (PW) vs Continuous -waves (CW)
Wave coordinates for Linear Dispersion
Wave coordinates for Bohr-Schrodinger Dispersion
Einstein-Lorentz-Minkowski laser coordinates
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Wave coordinates for Bohr Dispersion w =k*/4

Per-spacetime (o,k)

Wavevector k

1 4
Frequency o

d =04k,
=(4.4)

Suppose we are
given two

“mystery’ sources”

! Bohr-Schrodinger
“matter-waves”’
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Wave coordinates for Bohr Dispersion w =k*/4
Per-spacetime (o,k)

Wavevector k

K,

Kphase

=(K,+K,)/2

1 4
Frequency o

\Kzz( W5,k

d =04k,
=(4.4)

Suppose we are
given two

“mystery’ sources”

! Bohr-Schrodinger
“matter-waves”’
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Wave coordinates for Bohr Dispersion w =k*/4
Per-spacetime (o,k)

Wavevector k

K group

=(KK,)/?

K,

Kphase

=(K,+K,)/2

1 4
Frequency o

d =04k,
=(4.4)

Suppose we are
given two

“mystery’ sources”

! Bohr-Schrodinger
“matter-waves”’
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Wave coordinates for Bohr Dispersion w =k*/4
Per-spacetime (o,k)

Wavevector k
o K

e group 7l

=(KK,)/?

K,

/I(/phase

=(K,+K,)/2

17 4
Frequency o

4= (W0yky)
=(4.4)
Suppose we are
given two

“mystery’ sources”

Continuous Wave

or |
T - .
Coherent Wave ?ﬁhr Schmdlng,’er
: matter-waves
lattice
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Wave coordinates for Bohr Dispersion w =k*/4

Spacetime (x,t)

Wave phase
zero-paths  ,

Wave phase vectors
a4 <

/

Continuous Wave
or
Coherent Wave
lattice

/ /

/ V4
"OUpy vecyors. Y
/

1 K group 1

Per-spacetime (o,k)

4 / ’
Wavevector k /

K,

/I(/phase

=(K,+K,)/2

4
Frequency o

=04k,
=(4. 4)
Suppose we are
given two

“mystery’ sources”

" Bohr-Schrodinger
“matter-waves”’
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Wave coordinates for Bohr Dispersion w =k*/4

Spacetime (x,) Per-spacetime (w,k)
Wave phase Wave phase vectors A
4 /4 /4 4 < ,' 7
zero-paths  , ; , S ) ) /
- v | Wavevector k,
Time t . Y aye g nozipz Veclors - » 5
| | d Kerorp /|| k*/4

=K, K,)/2 | /

/
4 Kj/

K;hase

=K K )2

PW
lattice
Pulse Wave
, or
Suppose we are “Particle-like”
Reroup 77 1. /' given two Wavepacket
Continuous Wave : “mystery’” sources” lattice
or ,
Coherent Wave " Bohr-Schrodinger
lattice “matter-waves”’
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Wave coordinates for Bohr Dispersion w =k*/4

Spacetime (x,1) Per-spacetime (o,k)
Wave phase Wave phase vectors A
z p 4 /4 /4 4 ( /' //
ero-paths  , L/ , , S ) ] )
/ | Wavevector k,
Time t ayt group Veclors ]

/ 7
d 1 K group ! /

/ /

=(KK,)/?|

/
77K,

K;hase

=K K )2

PW
lattice

Suppose we are
/ given two
“mystery’ sources”

7
7 /
7
K T

gVOMp//// /s
s

Continuous Wave

or |
T - .
Coherent Wave f??hr Schrodlng?r
: matter-waves
lattice

Pulse Wave
or
“Particle-like”
Wavepacket
lattice
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Wave coordinates for Bohr Dispersion w =k*/4

' Per-spacetime (o,k ® )
SUppOS e we dre Wsp,a%géig%fe,ze{f’fzs/ « ¢ A p 4Wave phase vectgr?s ( ’ ) V= k—j V, k2
given wo B / / A Wavevector K 4 _ e yy
“ 7L ” Tlme ! %ve roup vectors il B 7 _]' 0 p— 2
mystery’ sources § %
0 =k? W ,+0,
_ Kgroup Kphase: (K4+K2)/2 =< k4+k4> /2
\‘I\(Z__((DZ’kQ) =(K,K)/2 :<0)p>: )i C+1 _ 2. >
L2 ¢ k,)  2\a+2/) \3.0

Kphase % _ 0)4+(D2 _ 2.5: 0.83

3 K,=(0,ky =(K,+K)/2|, phase™ [ +k, 3.0

=(4,4)

7 W,
o B [0
(K K)2=\ )2

TShrodinger matter waves

K group

{5l
. \k/ 2\a-2/"\1.0
Wave(“coherent”)Lattice ¢ 42
) ] s B B B
Bases: K,,,,,, and K ., ////Q // // phase” kk, 710
- = = =4/ 4 / / .

kp-@pt =my =Ny 22 (Ny=£[£3..) B'ulse(“particle”)Lattlce(Bases.' K, and K )
X o np - ///
t _ng e

=1.5

The paths of packets or Newtonian “corpuscles’
/' shot at speeds V, and V , and rates w, and o,

Wc/z'\//e( “coherent”)Lattice(Bases: Kooy and K. )

/' The wave-interference-zero paths given

"W W, (np) g Wp)” K-vectors (0,,k,) and (0 k,) .
x| ke K J\ng] To\k) TR, My
t | i - P - D Kgroup +5Kphase

©, g'(’)gkp 0 g'(’)gkp
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Introduction to wave dynamics of phase, mean phase, and group velocity
Expo-Cosine identity
Relating space-time and per-space-time
Wave coordinates
Pulse-waves (PW) vs Continuous -waves (CW)
» (Back to) Wave coordinates for Linear Dispersion
Wave coordinates for Bohr-Schrodinger Dispersion
Einstein-Lorentz-Minkowski laser coordinates
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(Back to) Wave coordinates for Linear Dispersion

For co-propagating laser * sources...
...the wave-coordinate lattice collapses to lines.. *simple linear

\K >=(W,,k),) w=ck dispersion

Infrared laser

N =(2c, 2)

Replaced by:
K, =,k
Krypton laser 4 :((42 ;lj
(a) Spacetime (x,t) (b), Per-spacetime (o,k)
Wave zero-paths all the same speed ¢
A 1 gl 4 4 44
s /// A d /// . Kgmup K
// / / / =(K4_K2)/2 4
Y
~ S K 5 Kphase
S § =(K+K,)/2
= S
S
~
“ Frequency ®

Space x

But, for counter-propagating laser sources...
...the wave coordinate lattice is the Lorentz-Einstein-Minkowski frame!!
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Introduction to wave dynamics of phase, mean phase, and group velocity
Expo-Cosine identity
Relating space-time and per-space-time
Wave coordinates
Pulse-waves (PW) vs Continuous -waves (CW)
Wave coordinates for Linear Dispersion
Wave coordinates for Bohr-Schrodinger Dispersion
Einstein-Lorentz-Minkowski laser coordinates
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(Back to) Wave coordinates for Linear Dispersion
u=0 space-time coordinates

(a) Laser “Baseball Diamond” (c) Laser Coherent Wave (CW) paths
00T o00Th= (Space-time Cartesian grid)
Lefi-to-Right Right-to-Left
Beam . Beam
— > per-time <— i
k=K D=2tV =k time ct Abs|\Y|
20 \
2nd basd_] £
3rd base P ® st base
AN i1 |1
2 4 F space x
per-space
0T =me [ N N
(b) Laser group and phase wavevectors (d) Laser Pulse Wave (PW) Paths
(Per-space-time Cartesian lattice) (Space-time Diamond grid)
Group
G=
K, =[ (‘) Jw
\ p O)
20
K
g|o K.
K K -
3
Phase P /
P= =%,
D~ i ck B

u=0 space-time pulse waves

CMwith a BANG! Fig. 8.2.1
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Doppler shifted by factor of 2

(Back to) Wave coordinates for Linear Dispersion
Gives u=3c/5 Einstein-Lorentz-Minkowski coordinates
(c) (u=3c/5)-Boosted CW paths

u=0 space-time coordinates
(a) Laser “Basebaliitmond” (c) Laser Coherent Wave (CW) paths (a) Boosted Laser ‘.‘Baseball Diamond” - . pa
o007z 600Ths (Space-time Cartesian grid) Iz(ollf)’TehiZ’-space-tlme rectangle) . | (Space-time Mz.nkowskz grid)
Left-to-Right Right-to-Left . time time
Beam . Beam Left-to-Right Right-to-Left Ct’ (e]/
- per-time =k, _ Beam per-time éﬁeam
=k BTV time ct Abs|¥| Wy 2 ooy K,
20 \ g .
2nd basd_] £ \ 20
3rd base ® st base RI=KI <
0 £ m ‘ 1 P
space x ‘
U per-space PR
o ch=2TC - L'=K 3 per-space c
A ck’=2mc ¥
(b) Laser group and phase waveveciors (d) Laser Pulse Wave (PW) Paths (b) Boosted group and phase wavevector.
Per-space-time Cartesian lattice -ti 1 1
( P / (Space-time Diamond grid) (Per-space-time Minkowski lattic
/// (d) Boosted PW Paths
7 (Rectangular grid)

Group
G= o
K, =[1Jw Group
\0, k. S
® G’ =[ ;g] _ [4](»
20 g %Z
20
Kg ®
K ¢

u=0 space-time pulse waves
u=23c/5 space-time pulse waves

CMwith a BANG! Fig. 8.2.1 CMwith a BANG! Fig. 8.2.2
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RN A A—— =

Fixed

CW Argon laser

Fixed

CW Argon lasern
\ /\—> S

\
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Phase lines may not show up in Magnitude ( ) orProbability ( ) plots.

Unbiased Y=y _; + v,

/ Only the group wave
paths appear

The “inside phase” ell]
gets killed in (

Re LIj(x',t') because ( ell])*= eil]
and ( elll)™s eil]= |

Phase structure begins to show up if ground-state (k=0) component is added.

DC biased d=y, + ¥

Group and phase
paths begin to

)

Friday, February 20, 2015

89



Each counter-propagating pair of beams makes a wave-interference-lattice.
“Packets” or pulses made by adding more pairs. Finally, pulse lattice apppears.

(a) 1-Fourier Component Continuous Wave (CW Stationary Slt(ate)

— —e—

————————

@
(b) (0 to 1)-Fourier Component Train of T-Wide-Pulses (Beai&v) 0
S plus: k= +1 ck
equals:
ﬁ__L"— At= =T ;;::-_.ﬂﬁ; R e
roeeeieasse st eetnmnasssssennessssreec e gpqee X or time ¢t o
(c) (0 to 2)-Fourier Component Train of 1/2-T- Wlde-Pulses I )
_————— plust  x=x1 P A o
— plusT
— — PUS: =42
~————— ey, —
?A‘Atﬂ[;?\‘ . equals: ck
\ o ...... A e e e
e o S, space x or time ct
(d) (0 to 3)-Fourier Component Train of 1/3-1-Wide-Pulses e 0 " .
— —_plust g 'A‘
— ()
— . plusc— _ > | Rd b,
S~ ~—plus: '
e /\ e ot k=43
/ \// \’/ "~
4 At=1/3 . equals:
m / £ /‘—N / ck
= “\q:.r N o
m%“’mmw“‘yf kﬁ‘%‘w
(e) (0 to 11)-Fourier Component Train of 1/11-1-Wide-Pulse 0 Time ct 7"« //\\\
: +1 // \\ // N ] )
—_— — k=12 7 AN . AN t S
—_— — \7’__" =$2 // \\ /// (‘N\\\ l'k )
=< —r - o —>=K=* 7/ N
o~ S T~ P =5 ’ AN -
. - —— . « ewton-like
‘)._{/ ,\,r < 7{,..( =$g N Re N ’ /
ST N = N ot R patooey.
N Sl N IS >k=+10 N y N
s S ~7 A ‘Av‘ =11 g1 |
ancrC i O T T A

/‘\ -- T TL L L p i B LA e \\ // \\\)\//// patOOey./
\ " . patooey!

Friday, February 20, 2015 90



Introduction to Cn beat dynamics and “Revivals” due to Bohr-dispersion
» wo-Square well PE versus Bohr rotor
SinNx/x wavepackets bandwidth and uncertainty
SinNx/x revivals
Gaussian wave-packet bandwidth and uncertainty
Gaussian revivals
Farey-Sums and Ford-products
Phase dynamics
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o-Square well PE versus Bohr rotor

(a) Infinite Square Well (b) Bohr Rotor
LE2W
W——> W-

owo-well zero+point
energ

o=n ¢

Fig. 12.2.6 Comparison of eigensolutions for

(a) Infinite square well, and (b) Bohr rotor.

m=0, £1, £2, £3,...are momentum quanta
in wavevector formula: k,=27mm /L

(on=m  if- L=27)
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O()—Squa]/‘e Well PE versis BOh]/' rotor Fig. 12.2.6 Comparison of eigensolutions for

(a) Infinite Square Well (b) Bohr Rotor (a) Infinite square well, and (b) Bohr rotor.

LE2W

m=0, £1, £2, £3,...are momentum quanta
W—> W in wavevector formula: k,=27mm /L

(om=m  if- L=27)

En= (hikn)?/2M = m?[h?/2ML?]
=m? hv; = m? ho;

owo-well zero+point
energ

o=n o
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O()—Squa]/‘e Well PE versis BOh]/' rotor Fig. 12.2.6 Comparison of eigensolutions for

(a) Infinite Square Well (b) Bohr Rotor (a) Infinite square well, and (b) Bohr rotor.

LE2W

W—> W- in wavevector formula: k,=27mm /L
(km=m if: L=2m)

En= (hikn)?/2M = m?[h?/2ML?]
=m? hv; = m? ho;

fundamental Bohr /—frequency
W; =27V,

lowest transition (beat) frequency
V7 :(E1—E())/h (Eois defined as zero)

oo-well zerc))ipoint

o=n ¢

m=0, £1, £2, £3,...are momentum quanta
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Introduction to Cn beat dynamics and “Revivals” due to Bohr-dispersion
wo-Square well PE versus Bohr rotor
» SinNx/x wavepackets bandwidth and uncertainty
SinNx/x explosion and revivals
Gaussian wave-packet bandwidth and uncertainty
Gaussian revivals
Farey-Sums and Ford-products
Phase dynamics
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o-Square well PE versus Bohr rotor

n=3 3%¢,

n=2 2%,

n=1 1281

HII|IIIII|I_I!II|IIIII:_!__.III|IIIIII__!__lIII|IIIII_LIII|

_
(-

0.0

_
(-

_
(-

2nd transition
energy Sg

1 st transition
("beat") energy 3¢,

h2

$Zero—point energy g,=

SMW?
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o-Square well PE versus Bohr rotor

kW=nr or: k=na/W

(ele Y=y (x)= Asin(k x) = Asm("“j (1-123,..)

n=3 3%¢,

3 A
=)
2 2nd transition
= energy 5S¢,
n=2 27%¢, E.
= I st transition
=10. ("beat") energy 3¢,
Il:1 1281 E— . h2
= Zero-point energy g,=

SMW?
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o-Square well PE versus Bohr rotor

kW=nr or: k=na/W

(x

e Y=y, (x)= Asin(k x) - A(;CV] (1-123,..)

82 - 81 22 — 12 h2 277: ]’l
N ) 2 =30,
h o MW SMW

wbeat = 0)2 -0)1 -

—Y5(x)

Y(x, )=
TRORTNG

Fig. 12.1.2 Exercise in prison. Infinite square well eigensolution combination "sloshes" back and forth.
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SinNx/x wavepackets bandwidth and uncertainty

6(x—a)=(x|a)=1i(xe, (e, a)




SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (sla)=Z1.1{x]e, ),

a> = a, sin knx




SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

a> = ,=14, SInk x

AV.W)
......

0.4 0.6 0.8

Fig. 12.2.2 Ultra-thin prisoner M.

Initial wavepacket combination of 100 energy states.
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

AV.W)
......

0.4 0.6 0.8

Fig. 12.2.2 Ultra-thin prisoner M.

Initial wavepacket combination of 100 energy states.
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

A

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

¥(x)=

2 Nmax .
W % smkna smknx

AV.W)
......

0.4 0.6 0.8

Fig. 12.2.2 Ultra-thin prisoner M.

Initial wavepacket combination of 100 energy states.
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SinNx/x wavepackets bandwidth and uncertainty
6(x—a)=(xla) = Zii(x[e, ) e,

A

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 max
‘P(x) — smk asmkx
W
_ 63 nfl dk&sinkasmkx
""" 0.4 0.6 0.8 7 Ak

Fig. 12.2.2 Ultra-thin prisoner M.

Initial wavepacket combination of 100 energy states.
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x):— >, sink asink x
W n n
n
K
2 "max  An :
e nnad AL ARA o — — | dk—sinka sinkx
dhbid 0.4 0.6 0.8 /8 Ak
K
Fig. 12.2.2 Ultra-thin prisoner M. 2 W "max : :
¢ P =—— | dksinka sinkx
Initial wavepacket combination of 100 energy states. W r 0
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SinNx/x wavepackets bandwidth and uncertainty

3(x-a)=(x]a) = Zri(xle, e,

A

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Nmax .
‘P(x):— > sink asink x
W n n
n
K
2 "max  Ap |
e nnad AL ARA o — — | dk—sinka sinkx
dhidd 0.4 0.6 0.8 /8 Ak
K
Fig. 12.2.2 Ultra-thin prisoner M. 2 W “max : :
¢ P =—— | dksinka sinkx
Initial wavepacket combination of 100 energy states. W n 0

‘P(x)fg nfl dksmkasmkx_l
T 0 T

njl dk(cosk(x — a)— cosk(x + a))
0
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x):— sink _asink x
W N n n
K
2 "max  An :
et AL AR A A —— | dk——sinka sinkx
"""" 0.4 0.6 0.8 /8 Ak
K
Fig. 12.2.2 Ultra-thin prisoner M. _ EZ r?ax dsin ka sin foc
Initial wavepacket combination of 100 energy states. W n 0
2 K max . . ] K max
‘P(x) =— | dksinkasmkx=— | dk(cosk(x— a)— cosk(x+ a))
T 0 T
_sin K (x-a) ~ sin K _ (xta) _sin K (x-a) s

(x-a) rt(x+a)  7w(x-a)
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

A

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x):— > sink asink x
W N n n
K
2 "max  Ap |
et AL AR A A —— | dk——sinka sinkx
"""" 0.4 0.6 0.8 /0 Ak
K
Fig. 12.2.2 Ultra-thin prisoner M. ZEZ r?ax dsin ka sin foc
Initial wavepacket combination of 100 energy states. W n 0
2 Kmax , . 1 K max
LI’(x)s— j dk sin ka sin kx = — j dk(cosk(x a) cosk(x+a))
T T

_ sin KmaX (x-a) - sinK (x+a) _snK_ (x-a)

(x-a) w(x+a) B 77:(x Q)

for: x = a

"Last-in-first-out"” effect. Last Kmax-value dominates and
“inside” K get "smothered" by interference with neighbors.
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SinNx/x wavepackets bandwidth and uncertainty
6(x—a)=(xla) = Zii(x[e, ) e,
A

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Nmax .
‘P(x):— sink asink x
W n n
n
K
2 "max  Ap | :
‘‘‘‘‘‘ _ —— | dk——sinka sinkx
dhbd 0.4 0.6 0.8 /8 Ak
K
Fig. 12.2.2 Ultra-thin prisoner M. 2 W “max : :
¢ P =—— | dksinka sinkx
Initial wavepacket combination of 100 energy states. W n 0

"Last-in-first-out" effect. Last Kmax-value dominates and
“inside” K get "smothered" by interference with neighbors.
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SinNx/x wavepackets bandwidth and uncertainty
6(x—a)=(xla) = Zii(x[e, ) e,
A

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Nmax .
‘P(x):— sink asink x
W N n n
2 Amax An :
_ —— | dk——sinka sinkx
""" 0.4 0.6 0.8 /8 Ak
Fig. 12.2.2 Ultra-thin prisoner M. _ i Z Kr?ax Tk sinka sin for
Initial wavepacket combination of 100 energy states. W n 0
» ( ) smK__(x-a) ¢ W(x) peaks at (x=a) and goes to zero on either side
X)) = or-x=a . .
m(x-a) at (x=a+Ax) with half-width Ax

"Last-in-first-out" effect. Last Kmax-value dominates and
“inside” K get "smothered" by interference with neighbors.
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

A

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x) = e % sSink_a sk x
2 Amax  An
_ —— | dk—nsmka sin kx
""" 0.4 0.6 0.8 W o Ak
Fig. 12.2.2 Ultra-thin prisoner M. _ EZ Kr?ax dsin ka sin foc
Initial wavepacket combination of 100 energy states. W r 0
sin Kmax (x-a) Y(x) peaks at (x=a) and goes to zero on either side
LI’(x) = for: x = a B . .
7(x-a) at (x=a+Ax) with half-width Ax
sim K (Ax)=0 , which implies: (Ax)K _ =*7

max

"Last-in-first-out" effect. Last Kmax-value dominates and
“inside” K get "smothered" by interference with neighbors.
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SinNx/x wavepackets bandwidth and uncertainty
6(x—a)=(xla) = Zii(x[e, ) e,
A

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x):— sink asink x
W N n n
2 Bmax An
_ —— | dk == sin ka sin kx
""" 0.4 0.6 0.8 /8 Ak
- thin pri 2 W Amax
Fig. 12.2.2 Ultra-thin prisoner M. _cm J dk sin ka sin ko
Initial wavepacket combination of 100 energy states. W n 0
smK__(x-a) W(x) peaks at (x=a) and goes to zero on either side
LI’(x) = for:x=a N . .
T(x-a) at (x=a+Ax) with half-width Ax
sin K_ . (Ax)=0 , which implies: (Ax)K_ =*m, or: Ax=x7x/K__

"Last-in-first-out" effect. Last Kmax-value dominates and
“inside” K get "smothered" by interference with neighbors.
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SinNx/x wavepackets bandwidth and uncertainty

3(x- )= (s]a) =231 {x]e, e,

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x):— sink asink x
W n n
n
2 Kmax  Ap | :
T LALTYY Y. — — | dk—sinka sinkx
"""" 0.4 0.6 0.8 W o Ak
Fig. 12.2.2 Ultra-thin prisoner M. _ EZ Kr?ax Tk sinka sin for
Initial wavepacket combination of 100 energy states. W n 0
( ) smK__(x-a) ¢ W(x) peaks at (x=a) and goes to zero on either side
X )= or.- x=dad . .
m(x-a) at (x=a+Ax) with half-width Ax
sin K_ . (Ax)=0 , which implies: (Ax)K_ =*m, or: Ax=x7x/K__

Ax - |Kmax |=Ax - Ak=mn

"Last-in-first-out" effect. Last Kmax-value dominates and
“inside” K get "smothered" by interference with neighbors.
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SinNx/x wavepackets bandwidth and uncertainty

3(x-a)=(x]a) = Z71(x]e, e,

a> = ,=14, SInk x

an = (exla)y= 2/W) sinkna (ko =na/W)

2 Vmax | .
‘P(x):— sink asink x
W n n
n
2 Kmax  Ap | :
T LALTYY Y. — — | dk—sinka sinkx
"""" 0.4 0.6 0.8 W o Ak
Fig. 12.2.2 Ultra-thin prisoner M. _ EZ Kr?ax Tk sinka sin for
Initial wavepacket combination of 100 energy states. W n 0
( ) smK__(x-a) ¢ W(x) peaks at (x=a) and goes to zero on either side
X )= or.- x=dad . .
m(x-a) at (x=a+Ax) with half-width Ax
sin K_ . (Ax)=0 , which implies: (Ax)K_ =*m, or: Ax=x7x/K__

Ax - |Kmax [ =Ax - Ak=m OrT. [Ax Ap=mh=h?2 oo-Well uncertainty relation]

"Last-in-first-out" effect. Last Kmax-value dominates and
“inside” K get "smothered" by interference with neighbors.
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Introduction to Cn beat dynamics and “Revivals” due to Bohr-dispersion
wo-Square well PE versus Bohr rotor
SinNx/x wavepackets bandwidth and uncertainty
» SinNx/x explosion and revivals
Gaussian wave-packet bandwidth and uncertainty
Gaussian revivals
Farey-Sums and Ford-products
Phase dynamics
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Wavepacket explodes!

Time given in units of period T (slowest phasor of ground level).
fundamental zero-point period T1 =1/Vi

t = 0.00047,

t = 0.00087,

t=0.0012r,

t=0.00167,

t = 0.00207,
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Wavepacket explodes!

Time given in units of period T (slowest phasor of ground level).
2w 2rmh

0, &

fundamental zero-point period T =I/V11s 1

h S MW ?

CR2sMW? h

t = 0.00047,

t = 0.00087,

t=0.0012r,

t=0.00167,

t = 0.00207,
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Wavepacket explodes!

Time given in units of period T (slowest phasor of ground level).

fundamental zero-point period T1 =1/V11s 1 = 21 _ 27h
\ Lo g
h 8 MW?
t =0.00047 - —
1 h | 8MW? h
en-level classical velocity:
_do, _1dg,
t = 0.00087, T
_1n di”
CR2M gk

_ W2k, hnw  hn
2M MW 2MW

t=0.0012r,

t=0.00167,

t = 0.00207,
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Wavepacket explodes!

Time given in units of period T (slowest phasor of ground level).

fundamental zero-point period T1 =1/V1 1S T, = 2 _ 2nh
\ w, &
h 8 MW*
t = 0.0004 = =
T W | 8 MW? h
en-level classical velocity:
_ do, :lden
t = 0.00087, "k i
1.7 ak”
h2M dk
_ W2k, hnw  hn
C2M MW 2MW
t= ().0012’51 en-level classical round
trip time Tn(2W)
T (o) = 2W o 2MW 4 MW?
" f hn hn
1 8MW?*
t=0.00167, ==
t = 0.0020t,
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Wavepacket explodes!

Time given in units of period T (slowest phasor of ground level).

fundamental zero-point period T1 =1/V1 1S T, = 2 _ 2nh
\ w, &
h 8 MW*
en-level classical velocity:
_ do, :lden
t = 0.00087, o
ThOM gk
_ W2k, hnw  hn
C2M MW 2MW
t= ().0012’51 en-level classical round
trip time Tn(2W)
7 amy=2W gy 2V _ 4 MW
" f hn hn
1 §MW?>
t =0.00167, ==
en-level 1-way time Tn(W)
T
T W)=T,2w)/2=-L
t = 0.0020t, I»

(=0.00257, for: n=100)
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Wavepacket explodes!

t = 0.00047,
t = 0.00087,
t=0.00127,
t=0.00167,
t=0.00207,

Jundamental zero-point period T1 =I/V118 1, =

Time given in units of period T (slowest phasor of ground level).

2w 2;h

CR2sMW? h

en-level classical velocity:

da)n_lden
n o dk hodk

_ W2k, hnw  hn
2M MW 2MW

en-level classical round
trip time Tn(2W)

2W MW  AMW?
T,QW)="—=2W -
f hn hn
1 S MW 2 T
2n h 2n

en-level 1-way time Tn(W)

T
T W)=T,2w)/2=-L
4n

(=0.00257, for: n=100)

”Last—in-ﬁrst—aut” effect
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Introduction to Cn beat dynamics and “Revivals” due to Bohr-dispersion

wo-Square well PE versus Bohr rotor
SinNx/x wavepackets bandwidth and uncertainty

» SinNx/x explosion and revivals
Gaussian wave-packet bandwidth and uncertainty

Gaussian revivals

Farey-Sums and Ford-products
Phase dynamics
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Wavepacket explodes! (Then revives)

Zero-point period Ti 1s just enough time for "particle" in €x-level to make 2n round trips.
8 ML*

T, =2nT,(2W)=
In time T; ground €;-level particle does 2 round trips,
€2-level particle makes 4 round trips,
e3-level particle makes 6 round trips,..,

At time T1, M undergoes a full revival and "unexplodes" into his original spike at x=0.2W,

Friday, February 20, 2015 123



Wavepacket explodes! (Then revives)

Zero-point period Ti 1s just enough time for "particle" in €x-level to make 2n round trips.
8 ML*

T, =2nT,(2W)=
In time T; ground €;-level particle does 2 round trips,
€2-level particle makes 4 round trips,
e3-level particle makes 6 round trips,..,

At time T1, M undergoes a full revival and "unexplodes" into his original spike at x=0.2W,

t = 1.000071,
=3.01,.., W/L'W\nﬂl 0.4 0.& 0.8
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Wavepacket explodes! (Then revives)

Zero-point period Ti 1s just enough time for "particle" in €x-level to make 2n round trips.
8 ML*

T, =2nT,(2W)=
In time T; ground €;-level particle does 2 round trips,
€2-level particle makes 4 round trips,
e3-level particle makes 6 round trips,..,

At time T1, M undergoes a full revival and "unexplodes" into his original spike at x=0.2W,

But, after only 50 round-trips
M's wave does a partial revival
as 1t makes an upside down-delta
function around x=0.8W.

t =0.50007,
=1.57,_,

t = 1.00007,
=3 'OTbeat
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At fractional times Ti1/n M undergoes a number of fractional revivals

t=1,/3
0.

t=1,/5

e || o Fermmmrsl | L] TN |
0.6 10 n.s

RTTAY

0.4

t=1,/7 E l l
. il Ty .|-|"l. el |.|._.._. ML 1] doia” Rl II..u..
AT E Al W L TR

t=1,/9

Fig. 12.2.5 The "Dance of the deltas." Mini-Revivals for prisoner M's wavepacket envelope function.
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Introduction to Cn beat dynamics and “Revivals” due to Bohr-dispersion
wo-Square well PE versus Bohr rotor
SinNx/x wavepackets bandwidth and uncertainty
SinNx/x explosion and revivals
» Bohr-rotor dynamics
Gaussian wave-packet bandwidth and uncertainty
Gaussian Bohr-rotor revivals
Farey-Sums and Ford-products
Phase dynamics
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Levels

for

Quadratic (Bohr-Rotor) Spectrum

(J)m:Bm2

k
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Levels m = -4

for

Quadratic (Bohr-Rotor) Spectrum
(J)m:Bm2
ky,==+m
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Possible wave velocities

for
Quadratic (Bohr-Rotor) Spectrum
0),/,1:Bm2
ky,=+m
_ Oy Bm?
Vphase— Ty o
=mB
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Possible wave velocities m=-4

for
Quadratic (Bohr-Rotor) Spectrum
ot)szm2
ky,==+m
_ Oy Bm?
Vphase— Efz =0
=mB

m=0, £/, £2, £3,...are momentum quanta
in wavevector formula: k,=2mm/L  (kn=m if: L=27)
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Possible wave velocities m=-4

for
Quadratic (Bohr-Rotor) Spectrum
ot)szm2
ky,==+m
_ Oy Bm?
Vphase— Efz =0
=mB

m=0, £/, £2, £3,...are momentum quanta
in wavevector formula: k,=2mm/L  (kn=m if: L=27)

Em= (hkm)2/2M = m2[h2/2ML2]= m? hv; = m? hay
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Possible wave velocities m=-4

for
Quadratic (Bohr-Rotor) Spectrum
ot)szm2
ky,==+m
_ Oy Bm?
Vphase— Efz =0
=mB

m=0, £/, £2, £3,...are momentum quanta
in wavevector formula: k,=2mm/L  (kn=m if: L=27)

Em= (hkm)2/2M = m2[h2/2ML2]= m? hv; = m? hay

fundamental Bohr /—frequency ®;=2TV;
and lowest transition (beat) frequency Vi =(E1-Eo)/h
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Possible wave velocities

for

Quadratic (Bohr-Rotor) Spectrum
ot)szm2
ky,=+m

v B _BmZ v W0y m2- n2
phase—% =m | 8TOuWPT T k. T m +n
=mB =(m +n)B

B

m=0, £/, £2, £3,...are momentum quanta
in wavevector formula: k,=2mm/L  (kn=m if: L=27)

Em= (hkm)2/2M = m2[h2/2ML2]= m? hv; = m? hay

fundamental Bohr /—frequency ®;=2TV;
and lowest transition (beat) frequency Vi =(E1-Eo)/h
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Possible wave velocities

for

Quadratic (Bohr-Rotor) Spectrum
(J)m:Bm2
ky,=+m

®,,, Bm? _Wy-0p _m2- n2

=_—m__""" =
Vphase Ty m ngup foky, — m +n

B

=mB =(m +n)B

Possible wave velocities

for
Linear (Optical) Spectrum
Wy, =Clmi!
Vphas.*e =+C (co-propagating) Vgroup :.'—"C
i . Verou=\pzn € - i
I N
|Illlillll|lllli III|II7’W’|||||| i|||||||||i|||||
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0 /4 l Coupled Optical
r =0 r @=m o E(1)

even  +45°
¢ 0 99 2
Fourier 2 C -
transformation paris
. states odd -4
matrix 1 O g
2 =8 ‘*
and l()(alg
04—*
dynamics =0 o @
/4 3
revivals
or beats
1/2
34
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Fundamental Beats and 2-Level Transitions: The “Mother of all symmetry” is C)

212

0 1 .
r =0 r G=m G o

even +45°

o 88
CZ

parity
1800 states °0dd -45
A
1 - A
2 =8

3/4

2/3

1/2

localized
S0

1/4 J‘(
revival§ \\\ 45° 1 f 3
or beaty . ,

1/2 1/4

Dm=2.7 D=x=2410
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15 <10 55 0. 5 10 (5=m
(Am=]6$
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110

1111

1M1

113

114

1=
16

e = 1/100

A

——
t = 1/200
m

)l
‘H }H“!illllnAm _Welm=10

: .|:I||I!||||!|HHHHI I ||II||. I
-30-25-20-15-10-5 0 5 10 15 20 2530 35 =m

2Ax = FWeM, f=
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Introduction to Cn beat dynamics and “Revivals” due to Bohr-dispersion
wo-Square well PE versus Bohr rotor

SinNx/x wavepackets bandwidth and uncertainty
SinNx/x explosion and revivals

Bohr-rotor dynamics

» Gaussian wave-packet bandwidth and uncertainty ‘

Gaussian Bohr-rotor revivals

Farey-Sums and Ford-products

Phase dynamics
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

2
LI”(Q),Z‘:O):ZL ozo, e [Am] eimq)

m=—oo
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:
2
N i Complete the square in exponent
| A ime
Y(9,:=0)= . 2 e e to simplify O-angle wavefunction.

m

m=—oo

Friday, February 20, 2015 142



Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

(2] Complete th '
1 o A imo omplete the square in exponent
¥ (9.1=0)= pys 2 e € to simplify O-angle wavefunction.
=—0c0
2 2 2
g el
_ Y . A, 2 2
2T pp=—oo
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

1 —[A—) i Complete the square in exponent
(9.1=0)= pye 2 e e to simplify O-angle wavefunction.
M=—oo
2 2 2
Aol
_1 3, A, 2 2
2T jp=—oco
m A, 2 A 2
] = Tla ! 127
= — 2 e m e 2
2T jp=—oco

Friday, February 20, 2015 144



Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

2
| o —[Aﬂ] 6 Complete the square in exponent

rm
‘P(¢J:0):_2 2 e e to simplify 0-angle wavefunction.

m=—oo
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

2
1 o —[Aﬂ] 6 Complete the square in exponent
rm
‘P(¢J:0):2_ 2 e e to simplify O-angle wavefunction.
m=—oo
2 2 2
g a3
2T jp=—oco
2 2
U G i B )
=— X e ~ " e
2T jp=—oco
2
A
A(Am’¢) _[2’%)]
T

m=0, £1, £2, £3,...are momentum quanta in wavevector formula: k,=2mm/L (kn=m if: L=27)
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

2
1 o —[ﬁ] imo Complete the square in exponent
Y(9,:=0)= . 2 e e to simplify O-angle wavefunction.
N=—oo
2 2 2
Aol
_ 13, A, 2 2
2T jp=—oco
2 2
R o IR E D
=— > e ~ M e
2T jp=—oco
2
A
_ A(Am’¢) e{zmd)]
2z
_[ m Z-Am¢j2 _( k _ZAm¢j2
- A, 2 oo A, 2
A(Am’q)) - m:z_ooe A,,>>1 g L°° dk e

let: K=K 'A"w dk=A dK
Cct. = ] — SO: =
A 2 mn

m

m=0, £1, £2, £3,...are momentum quanta in wavevector formula: k,=2mm/L (kn=m if: L=27)
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

2
1 o —[Aﬂ] 6 Complete the square in exponent
rm
Y(9,:=0)= . 2 e e to simplify O-angle wavefunction.
m=—oo
2 2 2
Aol
_ 13, A, 2 2
2 pp=—oo
2 2
Ao g
_L s, A, 2 o\ 2
27T =—oo Gaussian integral:
2 AT .
A edx||edy= e dxdy
A(A,,.9) —[2’%] \/J \/J I
= e 27 o0 oo d 2
2r = \/j [erraras = Jznjefzi =r
2 2 00 0 2
o 0) Lo, 0]
A(Am’¢) - m:z_ooe A,,>>1 g L°° dk e

let: K= —iBmy sor dk=A dK h}~A = ax & 2 A
et: —A——ZTQb so: dk=A then: ( m,qb)— I e =A ~NT

m

m=0, £1, £2, £3,...are momentum quanta in wavevector formula: k,=2mm/L (kn=m if: L=27)
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

2
| e —[&] o Complete the square in exponent
Y(9,:=0)= . 2 e e to simplify O-angle wavefunction.
M=—oo0
2
2 2 2 A
I imos] By | Am A ‘(—m‘/’]
1o [A] "’( > "’] [ > ‘”] ¥(g.=0)= e\
_Emzz_ooe 2\/;
. It is a Gaussian/distribution, too
1 = _[A
2T p=—oo
2
A
_ A(A,,.9) e—[z’"cf)]
2r
_[ m _ZAmd))z _( k _Z.Amq)}z
A(Am,q)): E e \Bm 2 > [Z dk e Bm 2

oo A,,>>1

let: K== _iBmy so: dk=A dK h}~A = ak KV A Jx
et: —A——ZTQb so: dk=A then: ( m,qb)— I e =A ~NT

m

m=0, £1, £2, £3,...are momentum quanta in wavevector formula: k,=2mm/L (kn=m if: L=27)
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

2
| e —[&] o Complete the square in exponent
‘P(¢J:0):2_ 2 e e to simplify O-angle wavefunction.
M=—oo
2
2 2 2 A
I imos] By | Am A ‘(—m‘/’)
1o [A] "’[ > "’] [2 ‘”] ¥(g.=0)= e\
_Emzz_ e 2\/;
. It is a Gaussian distribution, too
R _[Am 0 :
21 m:z_oo ) a _[Aq)}
, ¥(9,1=0) = \/m— e
A 2N T
a0 A%
= "~ € here: A :i or: AA =2
27 WSS B = 01 295
_[ m _ZAmd)Jz _( k _Z.Amq)}z ;
A(Am’¢):m§_me o A,,>>1 > [ dk e e

let: K== _iBmy so: dk=A dK h}~A = ak KV A Jx
et: —A——ZTQb so: dk=A then: ( m,qb)— I e =A ~NT

m

m=0, £1, £2, £3,...are momentum quanta in wavevector formula: k,=2mm/L (kn=m if: L=27)
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Gaussian wave-packet bandwidth and uncertainty

Suppose we excite a Gaussian combination of Bohr momentum-m plane waves:

2
| e —[Aﬂ] - Complete the square in exponent
rm
Y(9,:=0)= . 2 e e to simplify O-angle wavefunction.
M=—oo0
2
2 2 2 A
M imos] Bmg | [ Am A ‘(—m‘/’)
1o [A] "’( > "’] [ > ‘”] ¥(g.=0)= e\
_Em—z_ e N
. It is a Gaussian distribution, too
R _[Am 0 :
2r m:z_oo ) a {Aq)]
Y(p,i=0)=—" ¢
. NS
) A(A,-9) e{ﬂ] - > \
o where: A¢_A_ or:; A¢Am—2
2 2 mn
3 _[ A’”” _,A2m¢] _( A" _,-A2m¢) Gaussian uncertainty relation
A(AM’¢) - mzz’_ooe " A, >>1 > dke T (Compare to Ax - Ak=mn for oo-Well) D

\_
let: K= —iBmy so: dk=A dK | th }~A = ax & 2 A
et: —A——ZTQb so: dk=A then: ( m,qb)— I e =A ~NT

m=0, £1, £2, £3,...are momentum quanta in wavevector formula: k,=2mm/L (kn=m if: L=27)
En= (hikn)?/2M = m?[W?/2ML?]= m? hv; = m? hw;

fundamental Bohr /—frequency ®;=2mv; and lowest transition (beat) frequency Vi =(E1-Eo)/h
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Introduction to Cn beat dynamics and “Revivals” due to Bohr-dispersion
wo-Square well PE versus Bohr rotor

SinNx/x wavepackets bandwidth and uncertainty
SinNx/x explosion and revivals

Bohr-rotor dynamics
Gaussian wave-packet bandwidth and uncertainty
Gaussian Bohr-rotor revivals ‘

Farey-Sums and Ford-products

Phase dynamics

Friday, February 20, 2015 152



1/1

1/2

1/4

0/1
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1/1

| L*Am= I3

2-1 01 2 m

1/2

0/1
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Tlmert .(l-lrnl'[s of fundamental PGI‘lOd T) (Imagine "Wrap—aroglrry%d" ¢—Coordinate)

1/1 4T -
i o 0 1/4
9/10

4/5
3/4

7/10

3/5

1/

172
C()()rdlnate 0 (unlts of 27[) [Harter; J. Mol. Spec. 210, 166-182 (2001)]
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N-level-system and revival-beat wave dynamics

Zeros(Bpand “particle-packets” have paths
labeled by fraction sequences like: % gy

1/1

(9 orl0-levels (0, +1, +2, 3, #4...., +9, x10, :11..) €XcClted)

—_— |

P |
\
(\O)

3/7
2/5

1/3

2/
1/4
1/5

1/6
1/7

~

’’’’’’’ SSENIN \\ ~ 0
Zeros start here Wave packet starts here Zeros start here T
-1/2 -1/4 0 1/4 12
Coordinate ¢

(units of 2m)
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1/1 /1

718 ‘ T S< \ (‘ 718
T S s¢” e s

-= S <=
s S == 45

3/4 -3/4
e L

/ ~—___ L —/:,
TG TN i

o Q’ _\ = %’ 555555 """""""" ‘» H&: - 5/83/5
4/73 ST — N — ¢ — 47
1/2 1/2
37 3/7

2/5 : ' Q 3/82/5
L i e

2/71 4 1; i% l Ig:»m 21

1/15/6«:; Q ’ > j::>1/61/5
7 1/8 i

0/ J )]

Zeros start here Wave packet starts here Zeros start her
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Introduction to Cn beat dynamics and “Revivals” due to Bohr-dispersion
wo-Square well PE versus Bohr rotor
SinNx/x wavepackets bandwidth and uncertainty
SinNx/x explosion and revivals
Bohr-rotor dynamics
Gaussian wave-packet bandwidth and uncertainty
Gaussian Bohr-rotor revivals

»F arey-Sums and Ford-products ‘

Phase dynamics
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

(units of T1) -
(n,+1)/d,

(n,-1)/d,

2/d,

1/d,

14/d,

]3/d1 nz/dz path slope is ]/a’2
12/d,

n,/d;—

n/d, pathslopeis-1/d,

0 /d; and n./d, path
13/d, fractions
numerator/denominator

2/d,

1/d,
Coordinate ¢

0/1 |

-2 -4 0 14 12 (ynits of 27)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

]/] — 14/d,
Time t ] ] ]3/d1 n./d, path slopeis 1/,
(units of T7) - : IW
] 1/2 -
(n,+1)/d, = ) -ty
I”l]/d]~ 1/2 - (br\ i ‘l/dl
(ng'])/dg nl/d] path slope is ']/dl a

n,/d, and n,/d, path n,/d, and n,/d, path

intersection point 3/d, | intersection time
_dmyngd; | . ;= n;tn,
Ford-Cross Farey-S
(. ) 1/d, 1/d, (Farey-Sum)
0/] | Coordinate ¢

-2 -1/4 0 I/4 12 (units of 2m)

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)] [John Farey, Phil. Mag.(1816)]
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

, 1/1
Time ¢

(units of T7) -
(n +1)/d,

(n,-1)/d,

n,/d, and n,/d, path

intersection point
_dmnynd,

® d,+d,
(Ford-Cross) 1/d,

0/1

2/d,

-1/2

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)]

15/d5 | intersection time

14/d,
13/d,

12/d,

n Z/d 5 path slope is 1/d P

L
e —
Inyd, ny/d, -t

11"
n ]/d : path slope is -1/d ;

n,/d, and n,/d, path

;= n;Tn,
(Farey-Sum)

Coordinate ¢

1/d,

/2" (units of 27)

[John Farey, Phil. Mag.(1816)]
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Unit Real Interval % Farey Sum

"N\
&
— S

o P P2 P A PSS e P PR P
R related to
ol ¥ vector sum
= 18
I and
@ = 16 Ford Circles
gé ) 1/1-circle has
S Sl diameter /
S
S o
T~ R 12
=
Q 41
N O
V=
Qo
<+
= 8
7
<]
<4
13
Sip!
v,=(0,1)
YV Numerator Axis N
-3 2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19
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0 1 - 1
(b ) 1 % Unit Real Interval - Farey Sum
KL NI D I R C N SN U I A N e L
= related to
o] vector sum
= 18
: and
Q — 17
@ = 16 Ford Circles
‘33 . 1/1-circle has
S S i diameter /
3 113 1/2-circle has
53, diameter 1/22=1/4
&
Q 41
N
V=
Q)
<+
= 8
17
<]
<] 4
13 o/
<l /A
v,=(0,1)
=g Numerator Axis N
-3 2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19
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N
2
—
W =
-_ | —

Unit Real Interval % Farey Sum
1.

|
M INEENVURNRTN L1 SR L L N s 2o PP P PR PP D related to
/_— _
1 vector sum
< 18 d
- dn

o :
@ = Ford Circles
&
~
é =1
‘5’ - 1/2-circle has
= diameter //22=1/4
S
§g 1/3-circles have
Q : diameter 1/32=1/9

-

3

&

=3

v=(0,1)
=7 .
V. Numerator Axis N

30020 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19
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T
2
— S

1

o
.
(=i
QL
2 e =
a )
X
PRy
S
~
G |
S o
S 2
S
Q |
~
L =
Q0
<
=
g
.
=
S1h
v,~(0,1)

30020 -]

19

18

17

16

14

Numerator Axis N

Unit Real Interval
S Pe P07 PR PY

I 12 13 14

l6 17 18 19

Farey Sum
related to
vector sum

and
Ford Circles

1/2-circle has
diameter 1/2?=1/4

1/3-circles have
diameter 1/3°=1/9

n/d-circles have
diameter 1/d?
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(Quantim, computer’ simulation
hat makes an &-ly deep "3D-Magic-Eye’/pictiwe
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Introduction to Cn beat dynamics and “Revivals” due to Bohr-dispersion
wo-Square well PE versus Bohr rotor
SinNx/x wavepackets bandwidth and uncertainty
SinNx/x explosion and revivals
Bohr-rotor dynamics
Gaussian wave-packet bandwidth and uncertainty
Gaussian Bohr-rotor revivals
Farey-Sums and Ford-products

»Phase dynamics ‘
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Fundamental Beats and 2-Level Transitions: The “Mother of all symmetry” is C)

212

0 1 .
r =0 r G=m G o

even +45°

o 88
CZ

parity
1800 states °0dd -45
A
1 - A
2 =8

3/4

2/3

1/2

localized
S0

1/4 J‘(
revival§ \\\ 45° 1 f 3
or beaty . ,

1/2 1/4

Dm=2.7 D=x=2410
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(a) C3 Eigenstate Characters

. p=0 / 2

(b)C 4 Ezgenstate C haracters
p =0

m

N

-0,

6006 @

O Q ) ‘%
5 Q)ﬁ i

o0 &) h | /;*x

(d)Cy Revzvals

178

1/4

3/8

2/ 4

5/8

3/ 4

718

p=0 1 2 3

-,

6

6
< 6 i o

QD

Yo
€ela
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Revivals: All excited transitions take turns in a quantum rotor

%’\\\Nk

NS

A C3 “Three-fold Moment”

/_/./ 3-<cloned revival ’pedks
pop up at t=7T/J
(From C3table aheac
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(a) C3 Eigenstate Characters

. p=0 / 2

(b)C 4 Ezgenstate C haracters
p =0

m

N

-0,

6006 @

O Q ) ‘%
5 Q)ﬁ i

o0 &) h | /;*x

(d)Cy Revzvals

178

1/4

3/8

2/ 4

5/8

3/ 4

718

p=0 1 2 3

-,

6

6
< 6 i o

QD

Yo
€ela

Friday, February 20, 2015

172



2 3 4 5 6 7 8 9 10 11 12 13 14

9009 20090 ©
DO @QQQQ@ @Q

OHCCHOVOCY
OCIVNCOO0 90

[ pattern for C5 Bohr system




=5

>Am
|I|I||.

>

10 15 20 25 30 35 40=m

30
0.52

m

i m| = 30
....|I|||HH||I|.... m| -

-40 -35 -30 -25 -20 -15 -10 -5 O

5

t) for t=

Yix,

e

R e .

e

ol e S

Ty

e i ™
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4 5

3

2

1

(b) Cg4 Eigenstate Characters
0

(a) C5 Eigenstate Characters

2

1

6 Revivals

d) C

2

1

(c) C5 Revivals
DL
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Discrete 3-State or Trigonal System
(Tesla’s 3-Phase AC)

C3 Eigenstate Characters

w P=0 1 2

Note 3-phase
sub-symmetry

Simulating Complex Systems With Simpler Ones

(6-Phase AC)

Cg Eigenstate Characters
m, p=0 1 2 3 4 5

0o
m ( )9 Co 9‘. < 0

w..k.-
e

ﬂ r

Discrete 6-State or Hexagonal System

Note
2-phase
AC

Note 2-phase

sub-symmetry
(The “Mother
of all symme-

try” is Cp)
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»Polygonal geometry of U(2)DCy character spectral function
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (¢ =2j+1)-term sum of e™® over allowed m-quanta m={-j, -j+1,..., j-1, j}. / o \
—i0/2
%" (©) = traceD"*(©) = trace| © o X' (©)=traceD'(©)=trace| - 1
(spinor-j=1/2) ‘ l (vector-j=1) u . o0 )
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e™® over allowed m-quanta m={-j, -j+1,..., j-1, j}. / o \
—i0/2
1" (©)=traceD"*(®) = trace ¢ o x'(®)=traceD'(©) = trace S|
(spinor-j=1/2) . (vector-j=1) u . e—i@ )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e ©
1" (©)=e 242 = 2008% (spinor-j=1/2)
30 ;30
1?@)=e 2 +.. +e?2 =2008%+2008?
50 ;50
)(5/2((9)=e i +... 4e ? =ZCOS%+ZCOS?+ZCOS?
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}.

—i0/2

e .

1" (©)=traceD"*(®) = trace o
(spinor-j=1/2) ‘ €

x'(©)=traceD'(©) = trace
(vector-j=1)

Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e 0

Q)

= ZCOSE (spinor-j=1/2)

30
—— 3
+el 2 = 20035+2008—®

50
— 3
+el 2 = 20039+2008—®+2008—5®
2 2 2

%0 (@) _ e—i@-O

1 (©)=eC+1+°

=1
(scalar-j=0)

=1+2cos®
(vector-j=1)

)(2((9) —e 294 029 —142c0sO+2c0s20

(tensor-j=2)
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n
is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}.

—i0/2

e .

1" (©)=traceD"*(®) = trace o
(spinor-j=1/2) ‘ €

x'(©)=traceD'(©) = trace
(vector-j=1)

Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e 0

Q)

= ZCOSE (spinor-j=1/2)

— 3
+el 2 = 20035+2008—®

.50

50
)(5/2(6)=e_17+... Q) 30 50

20
+e 2 =2cos—+2cos—+2cos—
2 2 2

ZO (@) _ e—i@-O

1 (©)=eC+1+°

=1
(scalar-j=0)

=1+2cos®
(vector-j=1)

)(2((9) —e 294 029 —142c0sO+2c0s20

Y(0©) is a geometric series withratio €® between each successive term.

)(j ()= TraceD(j)(@) = ¢ 4 7OUTD 4 pm0U=2) | oHOU=2) | OG- o +iO)

(tensor-j=2)
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. / o \
—i0/2
1" (©)=traceD"*(®) = trace ¢ o x'(®)=traceD'(©) = trace S|
(spinor-j=1/2) ‘ (vector-j=1) U .o )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e .0 .
Zl/z (O©)=e 2 +e 2 = ZCOS9 (spinor-j=1/2) %0 (©)= o100 —1
2 (scalar-j=0)
—i@ zﬁ @) 30 : :
22@)=¢ 2 +.. +e 2 =2cos—+2c0s— 71©@)=¢@+14®° =1+2c0sO
2 2 (vector-j=1)
5/2 -2 = © 30 50 2 20 20
x@)=e 2 +.. +e ? ZZCOSE+20087+20087 X (@)=e"" +..£°7 =14+2c0sO+2c0s20

' . (tensor-j=2)
Y(0©) is a geometric series withratio €® between each successive term.

)(j ()= TraceD(j)(G) = ¢ 4 o OUTD | mOU=2) | 4 oHOUT2) 4 HOGD i)

)(J(G))e_’@ _ 1O | =6 | —iO(=) | —i0(j-2) | +iO(j=2) | +O(j-1)
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. / o \
—i0/2
1" (©)=traceD"*(®) = trace ¢ o x'(®)=traceD'(©) = trace S|
(spinor-j=1/2) ‘ (vector-j=1) U .o )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e .0 .
Zl/z (O©)=e 2 +e 2 = ZCOS9 (spinor-j=1/2) %0 (©)= o100 —1
2 (scalar-j=0)
—iﬁ zﬁ @) 30 : :
22@)=¢ 2 +.. +e 2 =2cos—+2c0s— 71©@)=¢@+14®° =1+2c0sO
2 2 (vector-j=1)
5/2 -2 = © 30 50 2 20 20
x@)=e 2 +.. +e ? :20035+20087+20037 X (@)=e"" +..£°7 =14+2c0sO+2c0s20

' . (tensor-j=2)
Y(0©) is a geometric series withratio €® between each successive term.

)(j(G)) = TraceD(j)(G) = —OUD 4 o702 Dyt
11 (©)e7® = ¢ 1OUTD | 10 ' Q) ey +iO(j—1)
Subtracting gives:

%] (@)(1 . e—z@)) _ _e—l®(]+1) n e-l—l@]
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. [ \
e . .
—i6/2
1" (©)=traceD"*(®) = trace ¢ o x'(®)=traceD'(©) = trace S|
(spinor-j=1/2) ‘ (vector-j=1) U .o )
Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e .0 .
Zl/z (O©)=e 2 +e 2 = ZCOS9 (spinor-j=1/2) %0 (©)= o100 —1
2 (scalar-j=0)
2?@)=e 2 +.. +e?2 :20039+2008£ 71©@)=¢@+14®° =1+2c0sO
50 50 2 2 (vector-j=1)
)(5/2(6)=e_17+... +el7 ZZCOS%+ZCOS?+ZCOS% x2(®):e_i2®+...ei2® =1+2cos®+2cos20

' . (tensor-j=2)
Y(0©) is a geometric series withratio €® between each successive term.

)(j(G)) = TraceD(J)(G) =% 4 o7OUTD 4 ~OU=D Dyt
11 (©)e© = 7O 4 =0 ' Q) +i0O(j-1)
Subtracting/dividing gives x/(0O) forrjnula. O] _ —i0(j+]) e+i®(j+%) _e—iG(j%) sin O( j+%)
(") — — —
£ 1—¢© #2040 . ©
e 2 —e¢ 2 Slnz
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Polygonal geometry of U(2)DCy character spectral function
Trace-character x/(0) of U(2) rotation by C, angle ©=27/n

is an (#=2j+1)-term sum of e#m® over allowed m-quanta m={-j, -j+1, ..., j-1, j}. / o \
—10/2
%" (©) = traceD"*(©) = trace| © o X' (©)=traceD'(©)=trace| - 1
(spinor-j=1/2) ’ l (vectorj=1) . .o )

Y(©) involves a sum of 2cos(m ©/2) for m>0 up to m=j.
e 0

—i— I— ®

— ZCOSE (spinor-j=1/2) %0 (®)= o100 =1

(scalar-j=0)

> 3 . .
te 2 =2008—+2008—® 71©@)=¢@+14®° =1+2c0sO
2 2 (vector-j=1)

) 30 50

o _ 2 o 20, 20 _
+e —20035+20087+20037 X (O)=e +.e77 =1+2cos®+2cos20

' . (tensor-j=2)
Y(0©) is a geometric series withratio €® between each successive term.

)(j(G)) = TraceD(j)(G) = el 4 o OUD 4 ,mOU=2)

P J(©)e™© = 710U+ 4

. S . . o] o] 1
Subtracting/dividing gives x/(0O) formula. O] _ —i0(j+]) e+l®(]+5) _e—zG(J+5) sin O( j+5)
2'(©)= e e o
1-e™ t, T sin ©
e 2_p 2 5
g T mt! h
For C, angle ®=27/n this ¢’ has oy sin=(2j+1) sin— Character Spegtml Function
a lot of geometric significance. X (—)=—=L P 7’; where: F=2j+1
" sin; sin; is U(2) irrep dimension

J
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Polygonal geometry o U(Z)DCN character spectral function

/ 4 J N\
. T, 14 Character Spectral Function
]_|_el@_|_612®_|_el3® / sin—(2j+1) sin——- -
/ . 2r P =Di+
\ S ¥ (EE)=—1 - _ 7’; | whe?”e. 14 ?] 1 |
/ \ \\ -~ '3 ~ n sin - sin ™~ is U(2) irrep dimension
// e ; e % \ n n J
NN [
P X 126) /h

e —
—_
J—

\___A
/2
e,

< 1/sin™ .

()" n-gon segments =l ;
x](ZTC/n)_Sm(nf])/Sm n = ]2 V=4
Z = 2j+1 I/l.— 7 Sin(%fj)/sin%

J
=12,

0 B 0 _ ® _2n /
X' ons)=1 X’ ow7)=1 -~ —
]/2(275/5) 1618 ]/2(27t/7) 1.802... v T(2n/12)=1.932... ¥ (2n/12)=3.732...
~(1N92= 3l o7)=2.247.. wLen/12)=2.732.. 5/2(2n/]2) ~3.864...
3/2(271-/7) 2247 2 on/12)=3.346.. y (2n/12)=3.732...
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Polygonal geometry of U(2)DCy character spectral function

)i ‘I—elg‘l—elZ@—FelS@ // T 4 . 5(2 TR nt! Character Spectral Function)
//\\ N / / ZJ(ZE) _ . n / _ o n where: €i=2j+1
[\ \\ S N ei3 ;/ % n sing sin n is U(2) irrep dimension
]/./ \ \ - s k \ n n )
[ \ ) 4 L
L e Q ). -
/ l‘ — \ / — -
/ N o i
2r=1/sin®=1/sinnt h \\\\f\@/ 2
\th < Sty >
()" n-gon segments | ; |
. . JT . ! \
6]: 2j+1 n=~>7 sin(%fj )/Sin%

i

W oms)=1 ' on7)=1 L e=5
X]/2(ZTC/5):].618... X]/Z(Zn/7):].802... T (2n/12)=1.932... ¥ (2”/12)=3.732...
~(1N92= 3l o7)=2.247.. Loni=2732. ) (2n/12)=3.864...
Romn=2247. X CWI2=3.346.. ¥ (2m/12)=3.732..
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Polygonal geometry of U(2)DCy character spectral function

4 . . 4 Character Spectral Function)
n sin ™ sin ™ is U(2) irrep dimension

N n n y
1 < ]/Sin% >
()" n-gon segments ; ; ;
. T T | _ 1
(2mm)=sin(i )ik n=12 (-4 :
. — 1 . U . TT 1
€]= 241 n = ; Sm(ﬁfj)/smn ;
J l l
=12, : :

Wons)=1 (2= © :7%
2= 1618, 1 (2n7)=1.802.. P n/12)=1.932.. 3 (2n/12)=3.732..
~(192= 5l onn=2.247.. Loni2=2732. 7 on/12)=3.864..
o Pon-22. A (CWID=3.346. L (21/12)=3732..
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Polygonal geometry of U(2)DCy character spectral function

J
sin®(2j+1) sin*.
n

n

. T
SIn —
n

T

Sin —

n

Character Spectral Function)
where: {'=2j+1
is U(2) irrep dimension

J

Integer j for n=12

v on/12)=2.732.

v (om/12)=2.732..

Loni2)=1
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Polygonal geometry of U(2)DCy character spectral function

4 sin T 2i+1) sin ﬂ_fj Character Spectral Function)
%j(zﬂ) __ n / _ n where: V'=2j+1
n sing sin n is U(2) irrep dimension
\_ n J

Integer j for n=12

v on/12)=2.732.

J
(=T ¥ owiz=3732.

v (2m/12)=3.732.

x0(27t/] 2) =1

v (om/12)=2.732..

1/2-Integer j for n=12
/9/\

P (om/12)=1.932...
i=7/2 3/ (2n/12)=3.346.. sz 3

/

J=32 2 0on2)=3.864.. (=6

J
2 om12)=3.346.. (=4

W om/12)=1.932... %

\/

j=3/2
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