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Lecture 11 22117

Representations of cyclic groups C3 C Cs D (>

(Quantum Theory for Computer Age - Ch. 6-9 of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 3-7 of Ch. 2 )

Review of C> spectral resolution for 2D oscillator (Lecture 6 : p. 11, p. 17,and p. 11)

Cs g'g-product-table and basic group representation theory
Cs H-and-rP-matrix representations and conjugation symmetry

Cs Spectral resolution: 3" roots of unity and ortho-completeness relations
Cs character table and modular labeling

Ortho-completeness inversion for operators and states

Comparing wave function operator algebra to bra-ket algebra
Modular quantum number arithmetic

Cs-group jargon and structure of various tables

Cs Eigenvalues and wave dispersion functions

Standing waves vs Moving waves
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» Review of C2 spectral resolution for 2D oscillator Lecture 6

Cs g'g-product-table and basic group representation theory
Cs H-and-rP-matrix representations and conjugation symmetry



C> Symmetric two-dimensional harmonic oscillators (2DHO)

2D HO “binary” bases and coord. {xo,x1} 2D HO Matrix operator equations
(a) unit base state (b) unit base state [ k+k, -k,
0)=)=12) = 1)=)=+1)- R B v v (A
o 0 L Xy J —kp Ktk L X J
| mirror M M
reflection = / \/ \
x - =
T ! X1 _ | R Ke W% More conventional
L Ky Ky JL X2 J coordinate notation
%) = - K %) oxs)— {ox)
C: (Bilateral op reflection) symmetry conditions: ~ K-matrix is made of its symmetry operators in
K. ,=K=K,,and: K\, =k=K, =k, (Let: M=1) ,
group C> ={1,0z} with product table:C2 1 o,
/K11K12\/Kk\ /10\ (0 1)
ek )7 o ) o) e
K, K, kK 0 1 10
oplo, 1

K= Ka + k@,
Symmetry product table gives Co group representations in group basis{|0)=1(0)=1) , |1)=03|0)=|cs)}

C (i) <1|1|OB>] (1 0) [ (toy[1) {1oy]oy) ]J 0 1)

L<oB\1|1> o1,y | Lo ) (o4]os|1) (o5]oslas) | L1 0

Review of C> spectral resolution for 2D oscillator Lecture 6 p.11



C> Symmetric two-dimensional harmonic oscillators (2DHO)

(a) unit base State\ (b) unit base State\ ( ke + k ~k,, \
0)=h)=12) =| D=b)=-1)= [ 5 |- VoM [ J ]
Fuup | mﬂm m Xy k12 ky + ki X2
kztxl_> ki, ™ k; , M%Ll_y k; v
x;=1 - X7 K, K, \( X
L ol

X)=
0000000
mm oy Uh ulum ‘X> = > x1,x2}
X0~

Review of C2 spectral resolution jor Zl) oscillator Lecture 6 p.1/

K=K=K,amdK, =k=K,=-k, (Let M=1) -
group C> ={1,05} with product table: o1 o,
/KnKlz\/Kk\ (1 0) (
S b I el A Y s
21 B2
op|lo, 1
= KAa + kG

Symmetry product table gives Co group representations in group basis{|0)=1|0)=1) , |1)=05/0)=|cs)}

[ (11f1)  (1ft]o,) ]=/1 0 ) [ (1o, 1)  (1]oyloy) j=/ 0 1)

, P*-projectors:
@lt1) (oultfon) ) Lot ) oot (oo )L 0 o

(1 1)
Minimal equation of o5 is: o5 2=1 pr_1%9; =L 2 2 J
. . 1 1
or: 052—1=0=(cs—1)(05+1) Spectral decomposition of Cz(o5) into {P1,P~} 2 5 3
+ _
with eigenvalues: 1=F+P pt_1-9; ={ 7 2 |
(Y (08) =+, x (00 = — 1] o, =P P 5 L 1o J



C> Symmetric 2DHQO eigensolutions

B B -matrix is made of its symmetry operators
K Kd k6 e de of its sy v o
K( Lo \—klz( vl \=( ek, ko in group C>=1{1,0z} with product table:
k()l) LIOJ L ki, k1+k12) . (1 1) /f\
. 4+ p— . . + +0 2 2 N2 1 1
C2(o5) spectrally decgmposed into {PT,P~}projectors: p*= ; b =L o J= % ®( N ) =[+)(+|
1 =P +P 22 ) A2
N LR R, '/— g -_-1_: \- - - - - = factored projectors
Op =:P - P _ 1-0, ( 3 ‘%\ N5 1 -1
‘ ' of o . : : F= L T N A Rt ®( V2 2 )=|_><_|
Eigenvalues.of o5 : | 5 = 2 ) B ] N
X)) =+l x"(0n) =~ 1 . Diagbnalizing transformatipn (D-ffan) of K-matrix:
Eigenvalues of K=K*1 - ki op: (\é A i\/ k+k,  —k, \{.\é: \é\' (& 0 )
e'(K)=K—ki2, e (K)=K+k2 B L _ J REINE =L J
e s { ffJ et g fJ v
1 (D-tran)
Even mode |+)=|0,) = ( 71M2 C, mode phase character tables { L 1)
2 2 . o NZEE
p 1S position A
_ p=0 _p=I L NI J
- ki, m= 1 1 / (al+) (x]-) \
: porm| {ss) ()

Xp=IN2 X/ =IN2
Odd mode |-)=|1,) = | 5

own 1nverse
in this case!)

1 @@1/\/2 (D-tran is its

m=1 |1
2

m is wave-number
or “momentum”

Review of C2 spectral resolution for 2D oscillator Lecture 6 p.33



» Cs gig-product-table and basic group representation theory
Cs; H-and-rP-matrix representations and conjugation symmetry



Cs gTe-product-table and basic group representation theory

C; [r'=1 rlar™ rar” Cs gfg-product-table
r’=1| 1 r' r’ Pairs each operator g in the 15t row
2ot g2 1 rl with its inverse gf=g! in the 15 column
d_2| a2 ; so all unit 1=g'g elements lic on diagonal.




Cs gTe-product-table and basic group representation theory

C; [r'=1 rlar™ rar” Cs gfg-product-table
r’=1| 1 r' r’ Pairs each operator g in the 15 row
2ot g2 1 rl with its inverse g'=g-! in the 15 column
d_ 2| ; so all unit 1=g-'g elements lic on diagonal.

A Cs H-matrix is then constructed directly from the gig-table and so is each rP-matrix representation.

(% nn)Y (1 00) (010) (00 1)
H=|n n n |=n| 01 0 |+ 0 0 1 (+n»| 1 0 O
0 0 1 1 0 0 01 0

n n n

=151 +r1-r1 +r2-r2



Cs gTg-product-table and basic group representation theory

C; [r'=1 rlar™ rar” Cs gfg-product-table
r’=1| 1 r' r’ Pairs each operator g in the 15 row
2ol | g2 1 rl with its inverse gf=g! in the 15 column
d_2| a2 ; so all unit 1=g'g elements lic on diagonal.

A C3 H-matrix is then constructed directly from the g'g-table and so is each ¥?-matrix representation.

[ nond (1 o00) (010) (00 1)
H=| n n n |=n| 0 1 0 |+r] 0 0 1 [+n| 1 0 0
R T 0 0 1 1 0 0 01 0
=151 +r1-r1 +r2-r2
H-matrix coupling constants {rg, 1, r2} o, .
relate to particular operators o rl, r?} YY&W\ e DA A;!YP oint
that transmit a particular force or current. A 4 p=1 mod 3
Point
p:2 mod 3
equilibrium
zero-State
X=X ,=x,=0

Point 0]
O EUER



Cs gTg-product-table and basic group representation theory

C; [r'=1 rlar™ rar” Cs gfg-product-table
r’=1| 1 r' r’ Pairs each operator g in the 15 row
2ol | g2 1 rl with its inverse gt=g! in the 1% column
d_2| a2 ; so all unit 1=g'g elements lic on diagonal.

A C3 H-matrix is then constructed directly from the g'g-table and so is each ¥?-matrix representation.

[ non) (1 00) (010} (00 1) Constants 7 that are grayed-out
H=| n n n =’”0L 0 1 0 J+”1L 0 0 1 JHZL 100 J may change values
non n 0 01 100 O 1.0 if C3 symmetry
] ) 1s broken
=151 +1°r +7 T

H-matrix coupling constants  {ro, 1, r2}
relate to particular operators {r9, rl, r?}
that transmit a particular force or current.

equilibrium
zero-state




Cs gTg-product-table and basic group representation theory

C; [r'=1 rlar™ rar” Cs gfg-product-table
r’=1| 1 r' r’ Pairs each operator g in the 15 row
2ol | g2 1 rl with its inverse gt=g! in the 1% column
d_2| a2 ; so all unit 1=g'g elements lic on diagonal.

(01 0) (00 1) Constants 7 that are grayed-out
0 0 1 JHZL 1 0 0 J may change values
1 00 0 10 if C3 symmetry
1 ) 1s broken

that transmit a partrgular force or current. p=1 mod 3
4 Conjugation symmetry )
However, no matter how C3 1s broken, o
a Hermitian-symmetric Hamiltonian eq uilibrium
\( H'=H ) requires that ¥y =7, and 1, =¥, ) ~ero-state
X=X ,=x,=0




Cs gTg-product-table and basic group representation theory

G, =1 r'=r? r?=r’!
=1 1 r! r’
r’=r!| r? 1 r!
rl=r? r! r’ 1

Cs g'g-product-table
Pairs each operator g in the 15 row
with its inverse gt=g! in the 1% column
so all unit 1=g-'g elements lic on diagonal.

A C3 H-matrix is then constructed directly from the g'g-table and so is each ¥?-matrix representation.

0,.--11..--12 ) (1 0 0 ) [0 1 0) [0 0 1) Constants 7y that are grayed-out
H=| » ”’”0, i l=ml o1 0l+nl 0 0 1 ]+n] 1 0 0 may change values
X 0 0 1 1 00 01 0 if €3 symmetry
n n pe ]I:/ is broken , p;
1 2 RV y v Af ""Yp:]. mod 3
=151 +1°r +7 T

H-matrix coupling constants  {ro, 1, r2} equilibrium
relate to particulanoperators {r9, rl, r?} zero-state
that transmit a partrgular force or current. Xg=x;=x,=0
Conjugation symmetry ] , J Point |
Hermitian Hamiltonian (H ,=H,;) requires ¥y=r,and 1, =7, . ir(;i p=0 mod 3 \8 |

(p=1) unit base state |, (p=2) unit base state

[1)=r'|0)=r"|0

(p=0) unit base state
0)=r0)

1

Cs operators {r% r!, r?} 0

also label unit 0
base states:
O>: 1'0 O> x1=1 xz_
el
b= r2 0 -120°=240°
2>: r O> Unit displacement r Oltatl(j;@
modulo-3 * of mass point-0 I r'=r
from equilibrium




» C3 Spectral resolution: 3™ roots of unity and ortho-completeness relations
Cs character table and modular labeling



Cs Spectral resolution: 3™ roots of unity

We can spectrally resolve H if we resolve r since H 1s a combination of powers r”.

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3'? roots of unity x m=e""3=1),,.



Cs Spectral resolution: 3™ roots of unity

We can spectrally resolve H if we resolve r since H 1s a combination of powers r”.
r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3'? roots of unity x m=e""3=1),,.

Complex numbers z make it easy to find cube roots of z =1=¢?™", (Answer: z/3 =g?mim/3)



Cs Spectral resolution: 3 roots of unity “Chi"(x) refers to

characters or
We can spectrally resolve H if we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3'? roots of unity x m=e""3=1),,.

Complex numbers z make it easy to find cube roots of z =1=¢?™", (Answer: z/3 =g?mim/3)

1=r3 implies : () = r’-1= (r = %o =, 1)(x = ,1) where : x,, = o ME_



Cs Spectral resolution: 3 roots of unity “Chi"(x) refers to

characters or
We can spectrally resolve H if we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3'? roots of unity x m=e""3=1),,.




Cs Spectral resolution: 3 roots of unity “Chi"(x) refers to

characters or
We can spectrally resolve H if we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3'? roots of unity x m=e""3=1),,.

We know there is an idempotent projector P such that r-P™=y,,P™ for each eigenvalue ym of r,



Cs Spectral resolution: 3 roots of unity “Chi"(x) refers to

characters or
We can spectrally resolve H if we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3'? roots of unity x m=e""3=1),,.

We know there is an idempotent projector P such that r-P™=y,,P™ for each eigenvalue ym of r,

They must be orthonormal @"™P)=¢ mnP(’")) and sum to unit 1 by a completeness relation:



Cs Spectral resolution: 3 roots of unity “Chi"(x) refers to

characters or
We can spectrally resolve H if we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3'? roots of unity x m=e""3=1),,.

We know there is an idempotent projector P such that r-P™=y,,P™ for each eigenvalue ym of r,

They must be orthonormal (P(m)P(”)=5mnP(m)) and sum to unit 1 by a completeness relation:

r-P=y,P™ Ortho-Completeness 1 = PO + P + P



Cs Spectral resolution: 3 roots of unity “Chi”(x) refers to

characters or
We can spectrally resolve H if we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3'? roots of unity x m=e""3=1),,.

Complex numbers z make it easy to find cube roots of z =1=e?"". (Answer: z/3 =2mm/3) (5 =031
1=r> implies: 0=r>—-1=(r- Yo = 5, 1)(x = 3, 1) where : ¥, = o ME_

We know there is an idempotent projector P such that r-P™=y,,P™ for each eigenvalue ym of r,
They must be orthonormal (P(’")P(”)=(SmnP(m)) and sum to unit 1 by a completeness relation:
r-P=y,P™ Ortho-Completeness 1 = P© + P + P

r’-Spectral-Decomp. r'= o PO+ y; PU+ > P@



Cs Spectral resolution: 3 roots of unity “Chi”(x) refers to

characters or
We can spectrally resolve H if we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3'? roots of unity x m=e""3=1),,.

Complex numbers z make it easy to find cube roots of z =1=e?"". (Answer: z/3 =2mm/3) (5 =031
1=r> implies: 0=r>—-1=(r- Yo = 5, 1)(x = 3, 1) where : ¥, = o ME_

We know there is an idempotent projector P such that r-P™=y,,P™ for each eigenvalue ym of r,
They must be orthonormal (P(’")P(”)=(SmnP(m)) and sum to unit 1 by a completeness relation:
r-P=y,P™ Ortho-Completeness 1 = P© + P + P
r’-Spectral-Decomp. r'= o PO+ y; PU+ > P@

r’-Spectral-Decomp. v’ = (x0)’ PV + (1)’ PV + (x2)’ P



C3 Spectral resolution: 3™ roots of unity and ortho-completeness relations

» Cs character table and modular labeling



Cs Spectral resolution: 3 roots of unity “Chi”(x) refers to

characters or
We can spectrally resolve H if we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3'? roots of unity x m=e""3=1),,.

Complex numbers z make it easy to find cube roots of z =1=e?"". (Answer: z/3 =2mm/3) (5 =031
1=r> implies: 0=r>—-1=(r- Yo = 5, 1)(x = 3, 1) where : ¥, = o ME_

We know there is an idempotent projector P such that r-P™=y,,P™ for each eigenvalue ym of r,
They must be orthonormal (P(’")P(”)=(SmnP(m)) and sum to unit 1 by a completeness relation:
r-P=y,P™ Ortho-Completeness 1 = P© + P + P

yo=el=1, ;=e27/3 ~,=e"/5  rl-Spectral-Decomp. r'= o PV + y; PO+ >, PP

(xo)’=1, (x1)’=x2 (x2F=x1 r-Spectral-Decomp. 1’ = (x0)" PV + (x1)’ PV + (x2)’ P
+i12n/3

. +i()
0=1=e

Real axis



Cs Spectral resolution: 3 roots of unity “Chi”(x) refers to

characters or
We can spectrally resolve H if we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3'? roots of unity x m=e""3=1),,.

Complex numbers z make it easy to find cube roots of z =1=e?"". (Answer: z/3 =2mm/3) (5 =031
1=r> implies: 0=r>—-1=(r- Yo = 5, 1)(x = 3, 1) where : ¥, = o ME_

We know there is an idempotent projector P such that r-P™=y,,P™ for each eigenvalue ym of r,
They must be orthonormal (P(m)P(”)=5mnP(m)) and sum to unit 1 by a completeness relation:
r-PW=y,,P™ Ortho-Completeness 1 = P@ + P + P
yo=el=1, ;=e27/3 ~,=e"/5  rl-Spectral-Decomp. r'= o PV + y; PO+ >, PP
oy’ =1, (x1)’=x2 (2)’=x1.  r-Spectral-Decomp. v = (x0)" PV + (x1) PV + (2)” P

+i2n/3
Xr= \ C,; mode phase character table

. +i0 p=0 p=1 p=2
0=1=e

Real axis m:03 Xo():l XO]: 1 X02: 1
wave-number B ] _1 203 B i2m/3
= m= M=L KT KT KT
2 “momentum’
i2n/3 -121/3

m:23 Yoo=Llnp=e e




Cs Spectral resolution: 3 roots of unity “Chi”(x) refers to

characters or
We can spectrally resolve H if we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3'? roots of unity x m=e""3=1),,.

Complex numbers z make it easy to find cube roots of z =1=e?"". (Answer: z/3 =2mm/3) (5 =031
1=r’ implies : 0 = r’-1=(r- Yo = 5, 1)(x = 3, 1) where : ¥, = o ME_

We know there is an idempotent projector P such that r-P™=y,,P™ for each eigenvalue ym of r,
They must be orthonormal (P(m)P(”)=5mnP(m)) and sum to unit 1 by a completeness relation:
r-PW=y,PM™ Ortho-Completeness 1 = P© + P + P

yo=el=1, ;=e27/3 ~,=e"/5  rl-Spectral-Decomp. r'= o PV + y; PO+ >, PP

oy’ =1, (x1)’=x2 (2)’=x1.  r-Spectral-Decomp. v = (x0)" PV + (x1) PV + (2)” P
+i27/3

+io  C; mode phase character table

*—1=e Wavelt App
g{ealaxis pZO p:] p:2 MolVibes
m=03 XOOZI K= 1 K= 1 C; character conjugate
— imp27 /8
wave-number ] _1 _ -i2n/3 _ 2/3 X%p_elmp /
m= m==r (Xipp=+t X =¢  X;o=FC

3 is wave function

i ¥ _ ik -
m:2 XZO: 1 XZJ —o 23‘5/3)(22:6 21/3 wm(rp) el_m l/'p
: J3

“momentum’”
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Cs Spectral resolution: 3 roots of unity “Chi”(x) refers to

characters or
We can spectrally resolve H if we resolve r since H 1s a combination of powers r?. |characteristic roots

r- symmetry implies cubic r3=1, or r3-1=0 resolved by three 3'? roots of unity x m=e""3=1),,.

Complex numbers z make it easy to find cube roots of z =1=e?"". (Answer: z/3 =2mm/3) (5 =031
. 2 ‘i12§n *

: : —im> . xXi=e =y
1=r° implies : () = ro-1= (r—xoD(@ - D(r—-x,1) where: x, =e i - 1 e 1
Xo=e =1,

We know there is an idempotent projector P such that r-P™=y,,P™ for each eigenvalue ym of r,
They must be orthonormal (P(’")P(”)=5mnP(m)) and sum to unit 1 by a completeness relation:
r-P=y,P™ Ortho-Completeness 1 = P© + P + P

yo=el=1, ;=e27/3 ~,=e"/5  rl-Spectral-Decomp. r'= o PV + y; PO+ >, PP

oy’ =1, (x1)’=x2 (2)’=x1.  r-Spectral-Decomp. v = (x0)" PV + (x1) PV + (2)” P
+i27/3

Real|axis
.10 C; mode phase character table p_is position Wavelt App
0
Real axis pZO p:] p:2 pZO p:] p:2 MolVibes

m=0) X()O:j_ X = 1 K= ] @@@ C3 character conjugate
3 — Himp 2T /3
wave-number ] K o3 23 o X";np—elmp T/
oom= N IO T S E | is wave function
momentum i210/3 -i2m0/3 w ik, r
_ _ _ _ =e"'m
IN3 \/g



http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html

» Ortho-completeness inversion for operators and states
Comparing wave function operator algebra to bra-ket algebra
Modular quantum number arithmetic
Cs-group jargon and structure of various tables



Given unitary Ortho-Completeness operator relations:
PO + P + Pl =1 = PO + P + P2

yo PO + yviPO + v, PO =yl= 1 PO+ ei2n/3P) + gi2n/3P2)

(x0)’P©@ +(x1)’PD + (2’ PP =p2= 1 PO+ ¢27/3P() + ¢i27/5P(2)



Given unitary Ortho-Completeness operator relations:

PO + P + PD =1 =

PO + P + P2

Yo PO+ ;PO + , PO=yl= 1 PO+ ei2t/IP0) 4 gi2n/3P(2)

(x0)’PO +(x1)’PD + (x2)’ PP =r? =

1 PO+ e 2n/3P(l) + o-i2n/3P(2)

or ket relations: (zo [1)= |r"))
GID=10s)+ [+ ]23) ]
\/gl r]>:‘03>_|_e—i27r/3 ’ 13>_|_ei27r/3 |23>

P05+ L7 [23),




Given unitary Ortho-Completeness operator relations:
PO + P + Pl =1= PO + P + P>

Yo PO+ ;PO + , PO=yl= 1 PO+ ei2t/IP0) 4 gi2n/3P(2)

(x0)P@ +(x )PV + (x2)’ PP =r2= 1 PO+ ei2n/3P1) 4 ei2n/3P(2)
Inverting O-C 1s easy: just t-conjugate!

or ket relations: (7o |1)= |r")
GID= 105+ )+ [23))
\/gl r]>:‘03>_|_e—i27r/3 ’ 13>_|_ei27r/3 |23>

P05+ L7 [23),




Given unitary Ortho-Completeness operator relations:
PO + P + Pl=1= PO + P + P>

Yo PO+ ;PO + , PO=yl= 1 PO+ ei2t/IP0) 4 gi2n/3P(2)

(x0)’P© +(x1)’PD + (x2)) PO =r’= 1 PO+ e27/IP(1) + i27/7P(2)
[nverting O-C 1s easy: just T-conjugate! (and norm by %)

or ket relations: (7o |1)= |r")
GID= 105+ )+ [23))
\/gl r]>:‘03>_|_e—i27r/3 ’ 13>_|_ei27r/3 |23>

P05+ L7 [23),




Given unitary Ortho-Completeness operator relations: or ket relations: (fo |1)= |r)
PO+ PO +  PU=1= PO+ P + PO (L= [033+ (1) +  [23))

Yo PO + v PO + y; PO=yl= 1 PO+ ei2n/3P0)+ gi2n/3PQ) \/5| r]>:‘03>_|_e—i27r/3’13>_|_ei277/3|23>

(x0)" PO +(x1)’PD + (2 PO =12 = 1 PO+ ei27/5P) + ¢i2n/SPA| 5] p?)=|05)+e27/3 | 15)+e727/3 |23) |
Inverting O-C 1s easy: just T-conjugate! (and norm by %)

P(O)=l(r0+ r'+ r2)=3l(1+ r'+ r’)

ph_1 o231, —idnl3 2)

(r +X1r +X2r) 3(1+

p2)_ 1(r +X21’ +X11‘ )=§(l+ omi27/3 1 +i2w)3 2)



Given unitary Ortho-Completeness operator relations: or ket relations: (fo |1)= |r'))
PO+ PO +  PU=1= PO+ P+ PO (L= 10:)+ [+ [23))

X0 PO + Y1 P + X2 P2 =y¢/ = 1 PO+ e—i27r/31)(]) 1 ei27r/31)(2) \/gl r]>:‘03>_|_e—i27r/3 ’ 13>_|_ei277/3 |23

\/

(x0)’ PO +(x1)’PU + (x2 PO =1 = 1 PO+ e27/3PW) + ¢i27/3 P | 3] ¥2)=|03)+ei27/3 | 15)+e727/% |23
[nverting O-C 1s easy: just T-conjugate! (and norm by %)

C/

O 1(r + it r) 3(1+ r'+ r2)
ph_L

V3

‘ro> poti2ml3 r1> o123 r2>

(r _|_X1r _|_X2r ) 3(1_|_ +12.717/3 1 —12.71’/3 2)
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Comparing wave function operator algebra to bra-ket algebra
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Comparing wave function operator algebra to bra-ket algebra
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ik Cs Lattice position vector
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\/3_ Wavevector
. km=27m /3L=27 /\m
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Comparing wave function operator algebra to bra-ket algebra
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NEY =27 /km=8L /m
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Action of r” on m-ket I(m)) =lk,) is inverse to action on coordinate bra (x_I=(g|.
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Modular quantum number arithmetic Xi=
+i0)
g=1=e

Real axis

Two distinct types of modular “quantum” numbers.
p=0.1,0r 2 1s power p of operator r” labeling oscillator position point p
m=0,1,or 2 that 1s the mode momentum m of waves
m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

NS
Xr=FC



+i27/3

Modular quantum number arithmetic T
\ X;=1=e+10
Real axis
Two distinct types of modular “quantum” numbers: /
~i2n/3

p=0.1,0r 2 1s power p of operator r” labeling oscillator position point p
m=0,1,or 2 that 1s the mode momentum m of waves
m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

*_
Xr=FC

For eXample, for m:2 andp:Z the number (pm)[):(ein”l27t/3)p IS eimp'Zﬂ/3: ei4'27l’/3: eil’Z?l’/3 ei3'27l'/3: eiZ?T/S:p].

That is, (2-times-2)mod 3 1s not 4 but / (4 mod 3=1), the remainder of 4 divided by 3.
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Modular quantum number arithmetic T
\ X;=1=e+10
Real axis
Two distinct types of modular “quantum” numbers: /
~i2n/3

p=0.1,0r 2 1s power p of operator r” labeling oscillator position point p
m=0,1,or 2 that 1s the mode momentum m of waves
m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

*_
Xr=FC

For eXample, for m:2 andp:Z the number (pm)p:(eim27r/3)p IS eimp'Zﬂ/3: ei4'27l’/3: eil’Z?l’/3 ei3'27l'/3: ei27t/3:p].

That is, (2-times-2) mod 3 1s not 4 but / (4 mod 3=1), the remainder of 4 divided by 3.

Thus, (p2)’=p;. Also, 5 mod 3=2 so (p:)’=p2, and 6 mod 3=0 so (p:)*=po.
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Modular quantum number arithmetic T
\ X;=1=e+10
Real axis
Two distinct types of modular “quantum” numbers: /
~i2n/3

p=0.1,0r 2 1s power p of operator r” labeling oscillator position point p
m=0,1,or 2 that 1s the mode momentum m of waves
m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

*_
Xr=FC

For eXample, for m:2 andp:Z the number (pm)/):(el'mzﬂ/j’)p IS eimen/S: ei4'27l’/3: eil'Z?l’/3 ei3'27l'/3: ei27l'/3:p].

That is, (2-times-2) mod 3 1s not 4 but / (4 mod 3=1), the remainder of 4 divided by 3.

Thus, (p2)’=p;. Also, 5 mod 3=2 so (p:)’=p2, and 6 mod 3=0 so (p:)*=po.

Other examples: -/ mod 3=2 [(p:)'=(p-1)'=p:] and -2 mod 3=1.
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Modular quantum number arithmetic T
\ rimi=e
Real axis
Two distinct types of modular “quantum” numbers: /
1S of operator r” labeling oscillator X*:e-i2ﬂ/3
2

m=0,1,or 2 that 1s the mode momentum m of waves
m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

For eXample, for m:2 and :2 the number (pm) :(eim27r/3) 1S eim '271'/3: ei4'27l’/3: eil'Z?l’/3 ei3'27l'/3: ei27l'/3:p].

That is, (2-times-2) mod 3 1s not 4 but / (4 mod 3=1), the remainder of 4 divided by 3.

Thus, (p2)’=p;. Also, 5 mod 3=2 so (p:)’=p2, and 6 mod 3=0 so (p:)*=po.

Other examples: -/ mod 3=2 [(p:)'=(p-1)'=p:] and -2 mod 3=1.

Imagine going around ring reading off address points p=... 0, 1, 2, 0, 1, 2, 0, 1, 2, 0, 1, 2,....
..for regular integer points ...-3,-2,-1, 0, I, 2, 3, 4, 5, 6, 7, 6,....
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Modular quantum number arithmetic T
\ rimi=e
Real axis
Two distinct types of modular “quantum” numbers: /
1S of operator r” labeling oscillator X*:e-i2ﬂ/3
2

m=0,1,or 2 that 1s the mode momentum m of waves
m or p obey modular arithmetic so sums or products =0,1,or 2 (integers-modulo-3)

For eXample, for m:2 and :2 the number (pm) :(eim27r/3) 1S eim '271'/3: ei4'27l’/3: eil'Z?t/3 ei3'27l'/3: ei27l'/3:p].

That is, (2-times-2) mod 3 1s not 4 but / (4 mod 3=1), the remainder of 4 divided by 3.

Thus, (p2)’=p;. Also, 5 mod 3=2 so (p:)’=p2, and 6 mod 3=0 so (p:)*=po.

Other examples: -/ mod 3=2 [(p:)'=(p-1)'=p:] and -2 mod 3=1.

Imagine going around ring reading off address points p=... 0, 1, 2, 0, 1, 2, 0, 1, 2, 0, 1, 2,....
..for regular integer points ...-3,-2,-1, 0, I, 2, 3, 4, 5, 6, 7, 6,....

(pm)p:(eimZE/S)p — eimp-27r/3:pmp — ei(mp mod 3)27[/3:pmp mod 3
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Cs-group jargon and structure of various tables

r r
2 1 !
! r2 1
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o—1=e r =r
Real axis
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X;:e Xo X3
X=X
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Cs-group jargon and structure of various tables

r r
2 1 !
: r2 1

S Cs-group {r?, r!, r’}-table O_ 1
L7t . .
X?: \ Obeyed bY{XOZI, XI= 6—127T/3, Y= e+127r/3} 2
\ o, ti0 o
7~—l=e r =r
Real axis
Set {xo0, X1, X2} is an Cs
X;:e'l2ﬂ/3 irreducible representation Xo=1=x;
(irrep) of Cs Xo=x"
{D(r%)=x0, Dx))=x1, D(r’) =)} =




Cs-group jargon and structure of various tables

(O r'=1 r'=r” r’=r"!
+i2/3 Cs-group {r’, r!, r’}-table r'=1| 1 r r’
L7t . .
x> . obeyed by{xo=1, x/= e-12/9, X2= e+12ﬂ/3} ri=r~' | r’ 1 r
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;=1=e r'=r~| r r’ 1
Real axis ) _1
Set {0, x1, X2} is an G Xo=l Xi=x" X=X
X;:e'lh/ 3 irreducible representation Xo=l=x31 Xo X %
(irrep) of C3 n=x | % X0 X
0)— 1)— 2)—
{D(’)=x0, D(r')=x1, D(r°)=x2} n=x | x X X0

In fact, all three irreps {D), D), D@} listed in character table obey Cs-group table
0 1 2 g= r r r

g= |r r r ~
D 11 1
DY) | xi” X" X _ ®) oni i

D(l)(g) XE)D XEI) X(21) D(l)(g) 1 e_T e 3
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Cs-group jargon and structure of various tables

. +i2n/3
X

*

Real axis

Cs-group {r’ r!, r’}-table
obeyed by {xo=1, x /= e-27/3 = e+27/5}

+i0)

Set {x0, X1, X2} is an

irreducible representation
(irrep) of Cs

{D(r%)=x0, D(r))=x1, D(r?)=x2}

(O r'=1 r'=r~’
r'=1 1 r
r=r'| r’ 1
ler2 | ¢! 2

In fact, all three irreps {D), D), D@} listed in character table obey Cs-group table

0

1

2

g:

g= |r r r
DY) | x)" x” X
DV (@) | x x” K
D(Z)(g) XE)Z) sz) X(22)

D" (g)
D" (g)

D" (g)

The identity irrep
DO={1,1,1}

obeys any group table.



Cs-group jargon and structure of various tables

(O r'=1 r'=r~ =r"
+i2/3 Cs-group {r’, r!, r’}-table r'=1| 1 r r’
L7t . .
x> obeyed by{xo=1, x/= e-12/9, X2~ e+12ﬂ/3} ri=r~' | r’ 1 r
. Ti0 T 2
=1=c r =r r r 1
Real axis 5 B
Set {0, x1, X2} is an G Xo=l Xi=x" X=X
X;:e"h/ 3 irreducible representation Xo=l=x31 Xo X %
(irrep) of C3 n=x | % X0 X
{D(ro) =x0, D(r)=x1, D(I‘Z):X2} n=x | x X X0
In fact, all three irreps {D), D), D@} listed in character table obey Cs-group table
S g= |[r' r r The identity irrep
DY) | 1 ) ) DO={11,1}
DY) | xy" X" % ; b tabl
o X X i aw | ODEYSany group table.
DY) | x" %" ¥ DU | 1 et e
(2) 2) _.(2) (2 27 25
DY@ | x; X x D(2)(g) 1 e 3 e 3

[rrep D@={1, e+27/7 e-i27/5\ i5 a conjugate irrep to DWW={1, e-27/9  e+i27/5

D(2): D(l)*
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» C3 Eigenvalues and wave dispersion functions
Standing waves vs Moving waves



Eigenvalues and wave dispersion functions

0 1 2 iO(m)gn il(m)gn i2(m)2ﬂ:
<m|H| m>=<m|r0r +1Y +7F ‘m>=roe 3 +7€ 3 +r,e 3



Eigenvalues and wave dispersion functions

R 0m2T  il(m)e" i2(m)2"
<m|H| m>=<m|r0r +1T 47X ‘m>=roe 3 +7/€ 3 +r,e 3

2 2m_2mo

iO(m)3 "3 3
(Here we assume ri=r>=7r) =1,e +r(e te )

(all-real)



Eigenvalues and wave dispersion functions
0 1 2 io(m)gn il(m)zﬂ iz(m)zﬂ
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i0(m)2 j2mr _2mm r 2 (f =0
(Here we assume v =r2=r1) =roeo( 3 +r(e 3 e 3 )=rn +2rcos(*F) = i+ (form=0)

(all-real) rn,—r (form==l)




Eigenvalues and wave dispersion functions

| 0m2T  il(m)2" iz(m)%”

_ 0 2 ) = 3 3

Z.O(m)gyr 2mx _2mx

l —
(Here we assumeri=r2=1r) —re 3 4r(e 3 +e 3 )=r0+2rcos(2’%”)=<
(all-real)
Quantum H-values:
/ 7‘0 r r \ ! 1
l-2n_11r ( > ot i2n_m'
A e 3 =1y +2rcos( 3)) e 3
roron e_l‘z’%m e_ -2n§m

r 1, +2r (form=0)

ny—r (form==1)



Ligenvalues and wave dispersion functions - Moving waves
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Quantum H-values: -
1 1

( 7‘0 r r \
l-2n_1ﬂ 2 i i2n_m'
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e 3 e 3

p=0 p=1 p=2 C; moving waves Quantum H-dispersion  geometry

TN Oy 2rc0s2

4+ ]3 | et p-2mif3 2\ 3
: I Pt -
right-hand moving wave 7 )% |
\ \
_]3 ] e-2ni/3  p+2mi/3 ; ;
lefi-hand moving wave | |
\ \

0,0 + 1 I T/T)/T)N3H

scalar standing wave \ norm.”" m=0
p_Is position p=0 p=1 p=2 IN3
Wavelt App

MolVibes
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Ligenvalues and wave dispersion functions - Moving waves
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(Here we assume ri=r>=7r) =re 3 +r(e 3 +e 3 )=r+ 2rcos(2”%”) = J
(all-real) rn,—r (form==l)
Quantum H-values: -
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ron r e 3 =1 +2I”COS( 3 )) e 3
roron e_ 2’%1” e_ -2n§m

p=0 p=1 p=2 C; moving waves Quantum H-dispersion  geometry

T Oyl 2rcos2

4+ ]3 | et p-2mif3 2\ 3
. . -
right-hand moving wave 7 )% |
\ . L \
—] 5 ] e-2mi3  p+2mi/3 | with:ry=-2r |
left-hand moving wave | nd: r<0 |
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O, 1 1 1 T/T)/T) B N

scalar standing wave \
p_ LS position pZO p:] p:2 IN3 This 1s an

exciton-like
dispersion function
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wy(m) ~2ro("3 )
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Ligenvalues and wave dispersion functions - Moving waves

1 0mF imET 2(m)E”
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Quantum H-values: Classical K-values:
1 1
1 1
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p=0 p=1 p=2 C; moving waves Quantum H-dispersion  geometry
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right-hand moving wave 7 )% |
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Ligenvalues and wave dispersion functions - Moving waves

: 27 : 27 : 271
i0(m)z il(m)z i2(m)z
<m| H‘ m> = <m| rOrO+r1r1 +r2r2‘m> =re 3 +re 3 +re 3
; 21 2mrm 2mrm ( 2 (f — 0)
o i0(m)2 . _ v, +2r (for m
(Here we assume ri=r2=r) =re 3 +r(e 3 +e 3 )=r1+ 2rcos(2”%”) ="
(all-real) . rn,—r (form==l)
Quantum H-values: Classical K-values:
1 . 1
1 1 _
(7 7)) o P ([ K -k -k ) 2ma K elgenvalue.z.. 2ma
oo || €3 =(r0 +2rcos(2"§”)) J 3 k K k|| e =(K—2kCOS( ”%”)) ¢ 3
rooroon _;2mm _;2mm -k -k K _;2mr | needs Square-Root _;j2mm
e 3 e 3 e 3 3
to be a frequency
p=0 p=1 p=2 C; moving waves Quantum H-dispersion  geometry
TN 0=+ 2rc0s2MY
+ ] 3 ]  etmi3  p-2mi/3 1 3\ 7
right-hand moving wave 7 )% |
— ] 3 ] e—Zm'/j'. e+2m’/3 7 with:r)=-2r
left-hand moving wave | nd: r<0 |
\ \
0, 1+ 1 1 R . NN
3 . m=—1 m=0 m=+1
scalar standing wave \ norm:
D 1S position pZO p:] p:2 IN3 This 1s an
exciton-like
dispersion function
wy(m) = ro(1-cos ")
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wy(m) ~2ro("3 )?
Wavelt App

MolVibes


http://www.uark.edu/ua/modphys/markup/WaveItWeb.html
http://www.uark.edu/ua/modphys/markup/MolVibesWeb.html

Ligenvalues and wave dispersion functions - Moving waves

1 0mF imET 2(m)E”

_ 0 2 ) = 3 3

: 27 2mm 2mrm ( 27 (fi =()
0(m)z L v, +2r (for m=0)
(Here we assume ri=r2=r) =r0el (m)3 +V(€l 3 4o 3 )=r0+2rcos(2’%”)=< 0
(all-real) . rn,—r (form==l)
Quantum H-values: Classical K-values:
1 : 1
1 1 K-eigenvalue...
(7 7)) P Py ( K -k -k) 2ma g - 2m
ST | B R I A IO CL ) k K k|| €3 =(K—2kCOS( i )) e 3
rooron —i2mm _i2mm -k -k K _i2mm | needs Square-Root |  _j2mm
e 3 e 3 e 3 3

to be a frequency
p=0 p=I p=2 C; moving waves Quantum H-dispersion  geometry  Classical K-dispersion

TN 0=+ 2rcos2mY
4+ ]3 | et p-2mif3 — 1N\ 3
: . .
right-hand moving wave 7 )% |
\ . L \
—] 5 ] e-2mi3  p+2mi/3 | with:ry=-2r |
left-hand moving wave | nd: r<0 |
\ \

0, 1 1 I T/T)/TD B NN

scalar standing wave \

norm.:
D15 position p=0 p=1 p=2 IN3 This is an This is a
exciton-like phonon-like
dispersion function dispersion function
wy(m) = ro(1-cos ") wic(m)=v/ 2k—2kcos2%r
=2Vk sin s
m _
wy(m) ~2ro("3 ) Wk (M) ~2\/k(%)1
Wavelt App wy(m) 1s quadratic for low m wy(m) 1s linear for low m
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Cs Eigenvalues and wave dispersion functions
» Standing waves vs Moving waves



Ligenvalues and wave dzsperswn functwns Standing waves

lO(m)— zl(m)— z2(m)—
<m|H‘ m> = <m|r0r +r1r1+r2r2‘m> =re 3 +re 3 +re
2 2mar 2 ms r 27 (fi =()
o i0(m)= i Sy v, +2r (for m=0)
(Here we assume ri=r2=1r) —re 3 4r(e 3 +e 3 )=r+ 2,/(;05(2’%”) I
(all-real) . rn,—r (form==l)
Quantum H-values: Classical K-values:
1 1
1 1
(rn ) o —_— K &k k) ;2m 5 it j2mm
oo || €3 (r0+2rcos(2"§”)) J 3 L k K -k J ¢ 3 =(K—2kCOS( " )) ¢ 3
2m, 2m 2mrw 2mm
rrn e—l §” 8_ §ﬂ ko -k K 6_ 1%1 e_l 3

Standing waves possible if H is all-real (No curly C-stuff allowed!)




Ligenvalues and wave dzspersmn functzans Standing waves

zO(m)— zl(m)— z2(m)—
<m|H‘ m> = <m|r0r +r1r1+r2r2‘m> =re 3 +re 3 +re
27 2mar 2 myw 27 (fi =())
o i0(m)2 _j2m. v, +2r (for m
(Here we assume ri=r2=1r) —re 3 4r(e 3 +e 3 )=r+ 2rcos(2’%”) I
(all-real) . rn,—r (form==l)
Quantum H-values: Classical K-values:
(1 ) [ 1
( rnoror \ .21mn .21mn K -k -k )\ 2ma , 2m
roon T ¢ 3 (r0+2rcos(2”§”)) e 3 -k K -k e 3 =(K—2kCOS( n%”)) e 3
rooroon _;j2mm _;2mm K, -k K _2mm _j2m
e e 3 e 3 e 3

Standing waves possible if H is all-real (No curly C-stuff allowed!)

Moving eigenwave

Standing eigenwaves

H - eigenfrequencies

K - eigenfrequencies
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O +i27/3 : i\/g \/EL | J =hh—r
e

w3 = vy +2r

2kcos(+2§’m )

Yk - \
=, /ko +k
neracy (cos(+x)=cos(-x))

\/ko - 2kcos(_2§’m)

)




Eigenvalues and wave dispersion functions - Standing waves

(Possible if H is all-real)
=0 p=1 p=2  C;standing waves  Quantum H-dispersion  geometry  Classical K-dispersion

/'\
cs[2N6 -176 -16 @/\ v

cosine standing wave

s 0 1N2 -1N2 ND//
Sine standing wave
04 1~3 1A3 A3 |I(H) Q (A1
|

scalar standing wave

Radial standing waves (all-real)
(13, 143, 143)

(26, -1N6, -1N6) (0 +1N2,-1A2)

Wavelt App
MolVibes
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Eigenvalues and wave dispersion functions - Standing waves

(Possible if H is all-real)
p=0 p=1 p=2  Cystanding waves  Quantum H-dispersion  geometry  Classical K-dispersion

N\ =r+2rcos2MTy
c,2N6 -1/6 -1/\/6®/\ Nz N isr 4

cosine standing wave

s 0 1A2 -1A2 ND/ /
sine standing wave / } 1

0413 173 143 || (1) Q (1) I\m(f =1

scalar standing wave

Radial standing waves (all-real)
(13, 143, 143)

(26, -1N6, -1N6)

o (0 F1IN2,-1A2)

v

Angular standing waves (all-real)
(1A3, 143, 1A3) (26, -176, -1/V6) (0 +1A2,-112)
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