Electromagnetic Lagrangian and charge-field mechanics
(Ch. 2.8 of Unit 2)

Charge mechanics in electromagnetic fields

Vector analysis for particle-in-(A,®)-potential
Lagrangian for particle-in-(A,®)-potential
Hamiltonian for particle-in-(A,®)-potential

Crossed E and B field mechanics

Classical Hall-effect and cyclotron orbits
Vector theory vs. complex variable theory

Mechanical analog of cyclotron and FBI rule
Cycloid geometry and flying sticks
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Charge mechanics in electromagnetic fields
=y Vector analysis for particle-in-(A,®)-potential
Lagrangian for particle-in-(A,®)-potential
Hamiltonian for particle-in-(A,®)-potential
Canonical momentum in (A,P) potential

Hamiltonian formulation
Hamilton's equations
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610"Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA

m?zF:e{—V(D—aa—A+v><(V><A)}
Doing a double-cross % t

eir-Tensor analysis of vx(VxA) [vX(VxA)] =ggv;(VxA),

+1 for even permutaion of i< j<k

N\

E.q =

ijk O ifany of i,j,k are equal

—1 for odd permutaion of i< j<k
Ejk = Eipg= Eyj=1

= —€jik = ~€jki = ~Ekji
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA

m?zF:e{—V(D—aa—A+v><(V><A)}
Doing a double-cross % t

eix-Tensor analysis of vx(V xA) [vx(Vx A)]k =gV (VX A)J.

+1 for even permutaion of i< j<k = &V (8abj (aa Ab))

.

E.q =

ijk O ifany of i,j,k are equal

—1 for odd permutaion of i< j<k
Ejk = Eipg= Eyj=1

= —€jik = ~€jki = ~Ekji

Friday, November 2, 2012 4



Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B
m; =F=¢e(E+vXB) scalar potential field ®=®(r,t)
! vector potential field A=A(r,t)
d oA
m—szze{—V(I)——+v><(V><A)}
dt ot

Doing a double-cross

eji-Tensor analysis of vxX(V xA) [vx(VxA)], =g,v;(VxA),

+1 for even permutaion of i< j<k

.

E.q =

ijk O ifany of i,j,k are equal

—1 for odd permutaion of i< j<k
Ejk = Eipg= Eyj=1

= —€jik = ~€jki = ~Ekji

Skijvi (gabj (aa Ab ))

€€ vi(944)

abj

= (810 — 610:0)Vi (04 Ap)

0A
E=-Vb-—
ot

Applying Levi-Civita €-identity:

Eij€abj = 01aOib — Okp0ig
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA

d oA
mE —F=¢ —V(I)——+V><(V><A)
dt ot

Doing a double-cross
eje-Tensor analysis of vx(V xA)  [vX(VxA)] =g (Vx A);

( +1 for even permutaion of i< j<k = ELijVi (gabj (aa Ay, )) Applying Levi-Civita e-identity:
gix =1 0 1fanyof i,j,k are equal = Eyifay v, (aa Ab) Erii€abj = OkaOib — OpOiq
\ —1 for odd permutaion of i< j<k = (8,8, —8,,8. )V, ( 9, Ab)
Ep = Exj= &=l =01a0isVi (04 Ap) = 0159aVi (94 Ap )

= —€jik = ~€jki = ~Ekji
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA
d 0A
md—V:F:€|:—V(D—a—+VX(VXA):|
Doing a double-cross % t

ijk-Tensor analysis of vx(V xA) [ vx(VX A):|k =&,V (VX A)J.

| +1 for even permutaion of i< j<k = EijVi (gabj (aa Ap )) Applying Levi-Civita e-identity:
g =1 0 ifanyof i,j,k are equal = &€ v;(0,4p) Erii€abj = OkaOib — OpOiq
\ —1 for odd permutaion of i< j<k = (8,81 — 8,0, )v, ( J, Ab)
Ejk = Epj = Ej=1 =0,,0Vi (aaAb)_ 0110iqVi (aaAb)
=—Eix = —E€jk; = —Ejj = vb(akAb) _Va(aaAk)
= (9 Ap ) vy —va(944¢)
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA
d 0A
md—V:F:€|:—V(D—a—+VX(VXA):|
Doing a double-cross % t

eji-Tensor analysis of vx(V xA)  [vx(VxA)] =g (Vx A);

| +1 for even permutaion of i < j <k = &LV (Sabj (044 )) Applying Levi-Civita e-identity:
Eijk =1 0 1ifany of i,j,k are equal _ €1ii€abi v, (aa Ab) Erii€abj = 01,0 — 01,0:,
\ —1 for odd permutaion of i< j<k = (8,8, — 8,18, )V, ( 9, Ab)
Eijk = &g = €y =1 =010 Vi (00 Ay )~ 615014V (9445 )
=—E€jix = —€j; = & = vy (0, Ap) —v,(9,4;)
= (9,4 ) ~v4(9,4)

ak(Abvb ) N (akvb )Ab —Va (aaAk)
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA
d 0A
md—V—F—€|:—V(I)—a—+VX(VXA):|
Doing a double-cross % t

e;ir-Tensor analysis of vx(V xA) [vx(Vx A):Ik =&,V (VX A) .

+1 for even permutaion of i< j <k = ELijVi ( Eabj (a Ay )) Applying Levi-Civita e-identity:

Eijic = =040 — 0104y

ijk

.

0 1ifany of i,j,k are equal

€rij€abj (8 Ay

) gkijgabj
—1 for odd permutaion of i< j<k = (8,40 — 0110:0)Vi (9, Ap)
! — \WYWkaVib — YibYia b
Ej = Eij= Epj=1 =81a0ivi(9aAp) = 8138iavi (9a4p)
= ~Ejik = € jli = ~Ek;i = Vb (akAb) ~Va (a Ak)
= (akAb)Vb _Va(aaAk) :(VA).V_V.VA

- ak(Abe)—(aka)Ab —Va(aaAk) — V(A.V)—(VV).A—V.VA

Converting back to Gibbs’s bold notation involves tensors like VA and V.
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA

m?zF:e{—V(D—aa—A+v><(V><A)}
Doing a double-cross % t

e;ir-Tensor analysis of vx(V xA) [vx(Vx A):Ik =&,V (VX A)j

" 41 for even permutaion of i< j<k = &ELijVi (Sabj (aa Ay )) Applying Levi-Civita e-identity:
Eijk = 0 1ifany of i,j,k are equal _ €1ii€abi v, (aa Ab) Erii€abj = 01,0 — 010,
\ —1 for odd permutaion of i< j<k = (8,8, — 8,18, )V, ( 9, Ab)
G = Eiy = Euyj =1 =0a05V; (94 Ap ) = 85010V (00 Ap)
= =€ = —€ji; = —Eji = v, (9, 4,) —v,(9,4;)
= (9, A )V, —v,(044;) =(VA)ev-v-VA

- ak(Abe)—(aka)Ab —Va(aaAk) — V(A.V)— (VV)’A—V VA
Converting back to Gibbs’s bold notation involves tensors like VA and V.

Newtonian mechanics has no explicit dependence of position r and velocity v. :
\/

r-partial derivative of v (or vice-versa) is 1dentically zero. ov! =0 iff : Vv= =0
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Vector analysis for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA
d 0A
md—V:F:€|:—V(D—a—+VX(VXA):|
Doing a double-cross % t

e;ir-Tensor analysis of vx(V xA) [vx(Vx A):Ik =&,V (VX A)j

+1 for even permutaion of i< j<k = €LY (gabj (004 )) Applying Levi-Civita e-identity:

Ej =1 0 ifanyof i,j.k are equal = Eytay  vi(9.4p) Ekij€abj = OkaOib — Op0iq
—1 for odd permutaion of i< j<k = (5,8, — 8,10, )v-(a Ab)
~ a=l a l a
Cje= Eig= =1 =81,03v1 (04 4 )~ 8150107 (34 4y )
=—E€jix =—E€jji = —Eji - vy (9, Ap) —v,(9,4;)
= (akAb)Vb —Va(aaAk) :(VA)°V_V'VA

- ak(Abe)—(aka)Ab —Va(aaAk) — V(A.V)— (VV)’A—V VA
Converting back to Gibbs’s bold notation involves tensors like VA and V.

Newtonian mechanics has no explicit dependence of position r and velocity v. :
\/

r-partial derivative of v (or vice-versa) 1s 1dentically zero. v/ =0 iff: Vv= P 0

vX(VxA)=V(Aev)— 0 —v+.VA  for particle mechanics
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Summary of Vector analysis for particle-in-(A,P)-potential

Tensor index notation helps to distinguish (V A)-v, v-(V A), and V(Aev) = (VA)ev + (Vv)eA

JA;
[(VA)- v]k_BTV [ve(VA) ] =, % [VA+v)] =[(VA)ev+(VV)-A]
J

—(0,A;)v; ~(v,9,4) 9 ( Ay, ) =015 ) A—(01 v ) A,
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Charge mechanics in electromagnetic fields

Vector analysis for particle-in-(A,®)-potential
= [.agrangian for particle-in-(A,®)-potential
Hamiltonian for particle-in-(A,®)-potential
Canonical momentum in (A,P) potential

Hamiltonian formulation
Hamilton's equations

Friday, November 2, 2012
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

v Electric field E and magnetic field B E=_Vd_ JA
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA

d | A
mE —F=¢ —V(I)—a—+v><(V><A)
dt i ot
d | 0A
m—=F=e|-VO-=+V(ve A)— (ve V)A
dt i ot

vX(VxA)=V(Aev)— 0 —v+.VA  for particle mechanics
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e. e=-1.60217610""Coulombs

Electric field E and magnetic field B E=_Vd_ JA
dv
m; =F=e(E+vXB) scalar potential field ®=®(r,t) ot
! vector potential field A=A(r,t) B=VXxA
d | 0A
m —F=e¢ —V(ID——+V><(V><A)
dt i ot
y oA
M —F=e| -VO-22 L V(ve A)—(ve V)A
dt i ot N
Chain rule expansion of vector potential total z-derivative: 94 _ JA 5 JA P+ JA 3 JA _ JA +(veV)A

0z Jt | ot
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e.  e=-1.60217610""Coulombs

J Electric field E and magnetic field B E=_Vd_ JA
\%
m; =F=¢e(E+vXB) scalar potential field ®=D(r,t) ot
¢ vector potential field A=A(r,t) B=VXxA
d | 0A
m—V=F:e —V(ID——+V><(V><A)
dt i ot
y oA
md—szze VoS V(ve A)- (VOV)A}
4
Chain rule expansion of vector potential totaltderlvatlvedA_ -é;&; :a-‘-& y LA +8A: JA +H(veV)A
dt  Jdx  dy 0z t 0 o
m% _ {—V@W(v- A)—aa—A—(VOV)A}
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e.  e=-1.60217610""Coulombs

J Electric field E and magnetic field B E=_Vd_ JA
\%
m; =F=e(E+VvXB) scalar potential field ®=D(r,1) ot
! vector potential field A=A(r,t) B=VXxA
d | 0A
m —F=e¢ —V(I)——+V><(V><A):|
dt i ot
y A
md—szze VoS V(ve A)- (VOV)A}
5
Chain rule expansion of vector potential totaltdenvatlvedA_ -é;&; :a-‘-& y LA +8A: JA +(veV)A
dt....dx  dy 0z t [

-
~ .
-
-~
-
-
-~ -
~ -
-~ -
-
-

-
>
-
-
-
-
________
- -
- -
- —
-~ _—
e g

dv BA ] dA
—=¢| -VOD oeA)———(veV)A |ze| -V(®P-veA)——
mdt e{ VO +V(veA) 2y (v V) } e{ V(®-veA) dt}
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e.  e=-1.60217610""Coulombs

J Electric field E and magnetic field B E=_Vd_ JA
\%
m; =F=e(E+VvXB) scalar potential field ®=D(r,1) ot
! vector potential field A=A(r,t) B=VXxA
dv | 0A
m—=F=e —V(ID——+V><(V><A)
dt i ot
dv | oA _
m—=F=e —V(I)——+V(VOA) (V‘V)A
dt i ot
Chain rule expansion of vector potential total t derlvatlve dA _JA i JIA P+ JA s4 JA _JA +(veV)A
dt...._.d X 0y 0z £ Of
m% = e{—V(D +V(ve A) — aa—A —(ve V)A} = e{—V(CD j’.A) —Ci,—?}
w a1 d al I d\\& .............. . dA
MY e a Y T (€ eeA) V@ veer) Gy (e@-vee]==
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e.  e=-1.60217610""Coulombs

Electric field E and magnetic field B E=_Vd_ JA
dv J
m; =F=e(E+vXB) scalar potential field ®=D(r,t) t
! vector potential field A=A(r,t) B=VXxA
d | 0A
mE —F=¢ —V(ID——+V><(V><A)
dt i ot
y A
m —F=¢ VoS V(ve A)- (v-V)A
dt i ot
Chain rule expansion of vector potential total L derlvatlve dA _JA i JIA P+ JA s4 JA _JA +(veV)A
x,| dt-..dx  dy 0z t [

-
P
-
-
-
-
........
- -
- - -
-~ >
- —‘
-

mﬂ—e{ V(I)+V(V0A)—%—(VOV)A:|—e|:—V((I) VOA)—d—A}

at S dt
P 4 9 g g e A
E EEEVHV.V dt aV mvey= tav(ecb VOQA) V(eq) V'@A)\\ Ea—v(eq)—v QA)——GE
d 9 2(1 8(1 ]
mvev—(ed—vecA mvov— ed—veecA vev =0
dt av( ( )j 81'[2 ( )] or\ 2"
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e.  e=-1.60217610""Coulombs

Electric field E and magnetic field B E=_Vd_ JA
dv J
m; =F=e(E+vXB) scalar potential field ®=D(r,t) t
! vector potential field A=A(r,t) B=VXxA
d | 0A
mE —F=¢ —V(ID——+V><(V><A)
dt i ot
y A
m —F=¢ VoS V(ve A)- (v-V)A
dt i ot
Chain rule expansion of vector potential total L derlvatlve dA _JA i JIA P+ JA s4 JA _JA +(veV)A
e dt.....ox  dy 0z 4 [

- -
~-a P
- -

-
-~ -
-~ -
_____
______
~ - -
-~ -
-~
~ - -’
e

mﬁ = e|:—V(I)+V(V01;)—aa—A—(VOV)A:|— e{—V(CD VOA)—d—A}

L A N dr
dv_d 01T d 91 d oo e e gy, T JA
— = ° _— - — — e —-—VvVeeA|=—e——
T darova dgove dtav(eq) V.eA) V(eq) V°€A) dtav(e veeA) “di
d o a(1 T d (1 ]
mvev—(ed—vecA mvev—(ed—vecA mvev |=0
dtav( ( )j ar[z - )j or
— _ NG - _
d BL B B_L
dt av or
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Lagrangian for particle-in-(A,®)-potential

electronic charge:

So-called pondermotive form for Newton's F'=ma equation for a mass m of charge e.  e=-1.60217610""Coulombs

Electric field E and magnetic field B E=_Vd_ JA
dv J
m; =F=e(E+VvXB) scalar potential field ®=D(r,1) t
! vector potential field A=A(r,t) B=VXxA
d | 0A
mE —F=¢ —V(ID——+V><(V><A)
dt i ot
y A
m —F=¢ VoS V(ve A)- (VOV)A}
dt i ot
Chain rule expansion of vector potential total L derlvatlve dA _JA i JIA P+ JA s4 JA _JA +(veV)A
e dt...._.d X 0y 0z t [

-.
=
-
-
-
.-
~ -
il 4 -
- R
~ - -
- —
- Y%
-

mﬁ = e{—V(I>+V(V01;)—%—A—(VOV)A}— e{—V(CD VOA)—d—A}

B T Pt d
Ldv_d 9 T d 91 d oo e e gy, T JA
— —_— ® _— _— —_— (I)— ® A =—e—
me =y e v mvey = dtav(eq) VoeA) V(e(I) V0€A) dtav(e veeA) e
d 9 o1 e T
mvev—(ed—vecA mvev—(e®—vecA Jd (1 _
dt BV( ( )] ar[z ( )) g[gmvovj—O
— _ — —— _
d oL B JdL
dt v or
Lagrangian has a linear Veloc:lty1 term eveA in addition to the usual quadratic KE=mv*/2.

L=L(r,v,0)=—mvev- (e@(r,t)— v e eA(r,1))
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Charge mechanics in electromagnetic fields

Vector analysis for particle-in-(A,®)-potential
Lagrangian for particle-in-(A,®)-potential
Hamiltonian for particle-in-(A,®)-potential
= Canonical momentum in (A,®) potential

Hamiltonian formulation
Hamilton's equations

Friday, November 2, 2012
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Hamiltonian for particle-in-(A,®)-potential
Lagrangian has a linear velocity term eveA in addition to the usual quadratic KE=mV?/2.
L=L(r,v,t)= %mv o v—(ed(r,t)— veeA(r,t))

Canonical momentum in (A, P) potential
Canonical momentum i1s defined by L’s v-derivative

— 35 _ E)av (lmv'V_(eq)(raf)—"'eA(r’t)))

P 2

p = mv +eA(r,t)

Friday, November 2, 2012
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Hamiltonian for particle-in-(A,®)-potential
Lagrangian has a linear velocity term eveA in addition to the usual quadratic KE=mV?/2.
L=L(r,v,t)= %mv o v—(ed(r,t)— veeA(r,t))

Canonical momentum in (A, P) potential

Canonical momentum i1s defined by L’s v-derivative

]
p= oL = 0 (lmvo V—(e(I)(r,t)— ve eA(r,t))] = i(—mvo V- e(ID(r,t)j
ov  ov\ 2 dv |\ 2 For A(r,t)=0
p = mv + eA(r,?) = my For A(r,) =0

Friday, November 2, 2012
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Hamiltonian for particle-in-(A,®)-potential
Lagrangian has a linear velocity term eveA in addition to the usual quadratic KE=mV?/2.
L=L(r,v,t)= %mv o v—(ed(r,t)— veeA(r,t))

Canonical momentum in (A, P) potential

Canonical momentum i1s defined by L’s v-derivative

1
p= oL = 0 (lmvoV—(e(D(r,t)—VoeA(r,t))]=i(—mvov—e(b(r,t)j
ov  dvi 2 ov\ 2 For A(t) =0
p = mv +eA(r,t) = mv For A(r,t)=0

Lagrangian 1s usual form L= T'- IV with electric (scalar) potential V=®(r,?)
if magnetic (vector) potential A=A(r,?) 1s zero everywhere.
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Hamiltonian for particle-in-(A,®)-potential
Lagrangian has a linear velocity term eveA in addition to the usual quadratic KE=mV?/2.
L=L(r,v,t)= %mv o v—(ed(r,t)— veeA(r,t))

Canonical momentum in (A, P) potential

Canonical momentum i1s defined by L’s v-derivative

L 1 1
p= 0 = 0 (—mvoV—(e(I)(r,t)—VoeA(r,t))]:i(—mVOV—e(I)(r,t)j
ov  dv\ 2 ov\ 2 For () =0
p = mv +eA(r,t) = mv For A(r,t)=0

Lagrangian 1s usual form L= T'- IV with electric (scalar) potential V=®(r,?)
if magnetic (vector) potential A=A(r,?) 1s zero everywhere.

Then canonical momentum is usual form: p = mv (For A(ryt)=0)
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Hamiltonian for particle-in-(A,®)-potential
Lagrangian has a linear velocity term eveA in addition to the usual quadratic KE=mV?/2.
L=L(r,v,t)= %mv o v—(ed(r,t)— veeA(r,t))

Canonical momentum in (A, P) potential

Canonical momentum i1s defined by L’s v-derivative

L 1 1
p= 0 = 0 (—mvoV—(e(I)(r,t)—VoeA(r,t))]:i(—mVOV—e(I)(r,t)j
ov  dv\ 2 ov\ 2 For () =0
p = mv +eA(r,t) = mv For A(r,t)=0

Lagrangian 1s usual form L= T'- IV with electric (scalar) potential V=®(r,?)
if magnetic (vector) potential A=A(r,?) 1s zero everywhere.

Then canonical momentum is usual form: p = mv (For A(ryt)=0)

Otherwise vector potential term -v.eA leads to an extraordinary canonical momentum: p =mv-+eA(r,t).
Particle momentum mv 1s not canonical, but related to canonical p as follows: mv=p - eA(r,t)
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Charge mechanics in electromagnetic fields

Vector analysis for particle-in-(A,®)-potential

Lagrangian for particle-in-(A,®)-potential

Hamiltonian for particle-in-(A,®)-potential
Canonical momentum in (A,P) potential

- Flamiltonian formulation
Hamilton's equations
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Hamiltonian for charged particle in fields

The Hamiltonian function of the Legendre-Poincare form is the following.

H = Eq”pu —~L=vep—-L= VO(mV+eA(r,t))—(%mV0V—(e(I)(r,t)—V‘eA(l‘,f)))
u
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Hamiltonian for charged particle in fields

The Hamiltonian function of the Legendre-Poincare form is the following.

H = zq‘“pu —L=vep—L=ve (mv+eA(r,t))— (%mvo V— (e(D(r,t)— V'eA(l’,I))]

1
H = Emv oV + €(I)(l',t) ( Only correct

numierically!
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Hamiltonian for charged particle in fields

The Hamiltonian function of the Legendre-Poincare form is the following.

H = Zq’“pﬂ —L=vep—L-= VO(mv+eA(r,t))— (%mvt V— (efl)(r,t)— V'BA(I'J))]
U

1
H = Emv oV + €(I)(l',t) ( Only correct

numierically!

Vector potential A seems to cancel out completely, leaving a familiar H=T7T+V with only scalar V=e® .
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Hamiltonian for charged particle in fields

The Hamiltonian function of the Legendre-Poincare form is the following.

H = Zq’“pﬂ —L=vep—L-= VO(mv+eA(r,t))— (%mvt V— (efl)(r,t)— V'BA(I'J))]
U

1
H = Emv oV + €(I)(l',t) ( Only correct

numierically!

Vector potential A seems to cancel out completely, leaving a familiar H=T7T+V with only scalar V=e® .

But Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).
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Hamiltonian for charged particle in fields

The Hamiltonian function of the Legendre-Poincare form is the following.

H = zq‘“pu —L=vep—L=ve (mv+eA(r,t))— (%mvo V— (e(D(r,t)— V'eA(l’,I))]

1
H = Emv oV + €(I)(l',t) ( Only correct

numierically!

Vector potential A seems to cancel out completely, leaving a familiar H=T7T+V with only scalar V=e® .

But Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

1

H=—
2m

(p — eA(r,t)) o (p — eA(r,t)) +e®d(r,t)  ( Comectiomaly )

and numerically

Friday, November 2, 2012

33



Hamiltonian for charged particle in fields

The Hamiltonian function of the Legendre-Poincare form is the following.

H = zq‘“pu —L=vep—L=ve (mv+eA(r,t))— (%mvo V— (e(D(r,t)— V'eA(l’,t))]

numierically!

1
H = Emv oV + e(I)(r,t) ( Only correct

Vector potential A seems to cancel out completely, leaving a familiar /=7+V with only scalar V'=e® .

But Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

H = L(p—eA(r,t))o(p—eA(r,t))+e(I)(r,t) ( Correct formally )

and numerically
2m

2

pep e e
H= — o A+Aep|+—Ae0 A+ edD(r,t
2m 2m(p p) 2m ed(r, 1)
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Charge mechanics in electromagnetic fields

Vector analysis for particle-in-(A,®)-potential

Lagrangian for particle-in-(A,®)-potential

Hamiltonian for particle-in-(A,®)-potential
Canonical momentum in (A,P) potential

Hamiltonian formulation
- [Jamilton’s equations
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Hamiltonian for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

and numencally

H = ﬁ(p — eA(r,t)) ° (p — eA(r,t)) + e®(1,1?) Correct formally

2
pPep e e
H = - cA+Aep)+—AeA+ed(r,t
2m Zm(p p) 2m ( )
: - 0H p—eA(r,t
Hamilton's v equation: ~ v=k=2-=P"° (ry 1)

op m
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

1
H=——(p-eAm,n)e(p—eAmn)+ed(r,n (Gt )
2
pep e €
H: . .A+A. _|__AOA+€(I)l',t
2m  2m (p p) 2m 0

Friday, November 2, 2012

37



Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,?).

A

H= ﬁ(p —eA(r,1)) o (p—eA(r,n)) +e®@(r,t)  ( Sopetiomaly )

and numerically

2

pep e e
H = — o A+Aep|+—AeA+edD(r,t
2m Zm(p p) 2m (1, 1)

: - 0H p—eA(r,t
Hamilton's v equation: vojp=2L_P~¢€ (r,0)

o (Just copies particle velocity relation.)
m
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

A
1
H = %(p — eA(r,t)) o (p — eA(r,t)) + e®D(1,1) Conrect formally
2
pep e e
H = — o A+Aep|+—AeA+edD(r,t
2m  2m (p p) 2m (1)
: : oH A(r, ¢ . . . :
Hamilton's v equation: V=F= 5 _ P A (Just copies particle velocity relation.)
m
. __oH _ d (pu_eAu)(pu_eAu)_ 9P
Hamilton's ap/ equation: Pa = "3 X, 9 X, 2m 3 X,

(In index notation.)
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

A
1
H = %(p — eA(r,t)) o (p — eA(r,t)) + e®D(1,1) Conrect formally
2
pep e e
H = — o A+Aep|+—AeA+edD(r,t
2m  2m (p p) 2m (1)
: : oH A(r,t . . . :
Hamilton's v equation: V=F= 5 _ P A (Just copies particle velocity relation.)
m
_on o (med)pumed) oo
Hamilton's dp/dr equation: Pa = ox, B ox, 2m © ox,
(In index notation.)
+eA = ) =mv +eA _+(p'u_eA'u)eaA‘u _ea;i)
mvTe (l’»f)—P P, a a m axa axa
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

A
1
H = ——(p—eA(r,n) s (p—eAr,n)+ed(r,) (sl
2
pep e e
H = — o A+Aep|+—AeA+edD(r,t
2m  2m (p p) 2m (1)
: : oH A(r,t . . . .
Hamilton's v equation: V=F= 5 _ P A (Just copies particle velocity relation.) A
m
oo (med)pmed) e E=Ve-
Hamilton's dp/: equation: ©4~ g% ox 2m Ox
. . a a a od 0d4
(In index notation.) E =— ——4
L (pu _eAu) 04, oD ox‘ ot
mv+eA(r,)=p - p,=mv, ted, =+ eos T Tl T IO 94
I 9% *a -—=—4+E,
04, 04 ox” .9
- . y . ,' a | T
pa_mva_l_eAa =€ ‘u ax + 8t+Ea _____________
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

A
1
H = %(p — eA(r,t)) o (p — eA(r,t)) + e®D(1,1) Conrect formally
2
pep e e
H = — o A+Aep|+—AeA+edD(r,t
2m  2m (p p) 2m (1)
: : oH A(r,t . . . :
Hamilton's v equation: V=F= 5 _ P A (Just copies particle velocity relation.) 5
m A
__OH _ d (pu_eAu)(pu_eAu)_ el E=-Vo-—=-
Hamilton's ap/dr equation: Pa = ox  Ox 2m eax
. . a a a ob J4
(In index notation.) E =— ——4
A(r,) , =mv, +ed +(pu_eA ) aAu 0P . ax? o
mvteA(r,y)=p-- p,=mv ted = —eo e y
a a a a.'xa B L) _ 0 a“.F
Yy x4 Ot ¢
. . y a | T
pa_mva_l_eAa _ 6( ,U ax + ot +Ea) """"""""" 0A dA
___________________ y = —(veV)A
p =mv +ed —e£ +A -V aA“L—E] ................ 94, A ¥ 94,
a a a ‘LL a U a — % :
ax axﬂ Jaa 4y uaxﬂé
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

A
1
H =——(p—eAr,n) e (p—eAwr,n)+e®n (Gl
2
pep e ¢
H = — o A+Aep|+—AeA+edD(r,t
2m  2m (p p) 2m (1)
: : oH A(r, ¢ . . . .
Hamilton's v equation: V=F= o _ P A (Just copies particle velocity relation.) 5
m A
__9H _ (pu_eAu)(pu_eA#)_ 9@ E=-Ve-or
Hamilton's ap/dr equation: Pa = ox Ox 2m eax
: : a a a ob J4
(In index notation.) E = a
| o (pu—eA ) aAu 0D dx? ot
mv+eA(r,t)=p- p=mv, +ed, =+ o, S0P _9d4, , .
@ Ot ... ¢
) =mv +ed = +8A“ +E ax ———————————
p,=myv,ted, =¢ ,u ax ot ..--- g - J0A dA
........... =——(veV)A
______________ ot dt
AT :
p =mv +eA —e( vV F +Aa_vua “§+Ea] aAa: Yy aAa§
x ........... ,_x_,u at a U H ax#
. . gAa E
= g o,
a
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

A
1
H = %(p — eA(r,t)) o (p — eA(r,t)) + e®D(1,1) Conrect formally
2
pep ¢ e
H = — o A+Aep|+—AeA+edD(r,t
2m  2m (p p) 2m (51)
: : oH A(r,t . . . :
Hamilton's v equation: ver=2r=P"° (1,7) Just copies particle velocity relation.)
q Ip - ples p Y A
) (pu_eAu)(pu_eAu)_ 20 E=-Vo-—-
Hamilton's 4p/dr equation: Pa = dx  Ox 2m eax
. : a a a obd 0J4
(In index notation.) E =— ——4
| | . (pu — eAu) aAu 0D x4 Ot
mvteA(r,t)=p - p,=mv +ed =+ e Tl T I 04
N N a a — = 4 +Ea
4 ":' aA aA axa ______ _a_t -----
. . y . ' ‘u a | T
p,=mv +ed, —e\ Vi —axa + at+Ea) _________ IA dA eTA
T ot  dt
/ (-~ N S
) =mv +ed =e| v aﬁ#ﬁ —v aA‘Z§+E ..... a4, . 94,
pP,=mv, a . a1 Yy - Ta =4 =>v 4.
K P bl or Y w M,
_ aA‘u a'Aa E )
my_ =el v, o -V, axu+ a)
a
mv :e( VX(VXA) +E |J=e(vXB+E) B=VXxA
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Hamilton s equations for charged particle in fields

Hamiltonian 1s explicit function of momentum p. Must replace velocity v using mv=p - eA(r,1).

A
1
H = %(p — eA(r,t)) o (p — eA(r,t)) + e®D(1,1) Conrect formally
2
pep e e
H = — o A+Aep|+—AeA+edD(r,t
2m  2m (p p) 2m e®r1)
: : H A(r,t : : : :
Hamilton's v equation: V=F= O _p=eAlr!) (Just copies particle velocity relation.)
op m 0A
__B_H o 9 (pu—eAu)(pu—eAu)_ a;q) E——V(I)—E
Hamilton's 4p/dr equation: Pa="50 T ox 2m ‘o
, , a a a obd 0J4
(In index notation.) E =— ——4
. (Pu - eAu) 04, Y0 ox¢ ot
mvteA(r,t)=p - p,=mv +ed =+ e Tl T I 04
v/ a a — = a4+ F
( ',", aA aA axa_ ______ _a_Z-L ----- .
. . y . u a .~ | e
p,i=mv, ted =el v, == + tE, | T
\ axa at '''''''''''''''' JA = dA —(veV)A
) 54 — N Jot  dt
pa:mva+eﬁa =e V'u K +§Aa_v‘u aAa + Ea] ....... 8Aa =.A ~Sv aAa
\ ox, S ax,u a4 L H 8xy |
9 A i 4 Y
..and now mo = v o, 9 p
¢ Hoox H ox ¢
a u )
we come back mv =e( VX(VXA) +E |J=e(vXB+E) B=VXxA
full circle... vX(VXA)= V-(VA) — (V-V)A for particle mechanics
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Crossed E and B field mechanics

A constant E field has a scalar potential field @ with constant gradient.

®d(r)=—-Eer, —VO(r)= V(—E ° r) = E = const.
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Crossed E and B field mechanics

A constant E field has a scalar potential field @ with constant gradient.
®d(r)=—-Eer, —VO(r)= V(—E ° r) =E=const.

A constant B field has a vector potential field A that resemblesA
a disc spinning counter-clockwise around the B axis.

A(r):%er, VxA(r)=Vx(%erj:B:c0nst.
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Crossed E and B field mechanics

A constant E field has a scalar potential field @ with constant gradient.

(I)(l') =—Fe r, — V(I)(l‘) = V(—E o l‘) = E = const. y (rigid rotor field) +, I
O, ® \ : I N I kuniform
A constant B field has a vector potential field A that resembles "’f"" l l TU T fanstation
: . : . A B 0@) A =BXr T E ™" field)
a disc spinning counter-clockwise around the B axis. l i ONORORE > - H=Jr
1 1 ° IR
A(r):EBXr, VxA(r)=VX(EBer:B:c0nst. - A T
Righthand Rule O
Newtonian electromagnetic equations of motion: ™V = e(E+vXB) B .
e e e
v=—E+vxX—B (B g
m m F=gvxB=1xB
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Crossed E and B field mechanics

A constant E field has a scalar potential field @ with constant gradient.
®d(r)=—-Eer, —VO(r)= V(—Eor):E = const.

A constant B field has a vector potential field A that resemblesA
a disc spinning counter-clockwise around the B axis.

A(r):%er, VxA(r)=Vx(%erj:B:c0nst.

Y |

Newtonian electromagnetic equations of motion: 7V =e(E+vXB)

V=£E+VX£B=8+VX£BéZ
m m m
=*F g = B=°B
X mXx y my m-z
Shorthand Labeling
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Crossed E and B field mechanics

Classical Hall-effect and cyclotron orbits
=y Vector theory vs. complex variable theory
Mechanical analog of cyclotron and FBI rule
Cycloid geometry and flying sticks
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Crossed E and B field mechanics

A constant E field has a scalar potential field @ with constant gradient.
®d(r)=—-Eer, —VO(r)= V(—Eor):E = const.

A constant B field has a vector potential field A that resemblesA
a disc spinning counter-clockwise around the B axis.

1 1
A(r):EBXr, VxA(r)=VX(5BXr):B:const.
Newtonian electromagnetic equations of motion: 7V =e(E+vXB)
e e e .
o . v=—E+vX—B=€+vX—RBe,
G1bb’s notation: m m m
\% = € + \% xXBe _e _e _e
o ) A ) ) N € =mblx gy “my B_mBZ
vetve =¢get+ee +(ve+ve )xse, Shorthand Labeling
=£.e +€e — Bvxey+vaeX where: ¢_xe =—€_ and: e xe, = e,
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Crossed E and B field mechanics

A constant E field has a scalar potential field @ with constant gradient.
®d(r)=—-Eer, —VO(r)= V(—Eor):E = const.

A constant B field has a vector potential field A that resemblesA
a disc spinning counter-clockwise around the B axis.

A(r):%er, VxA(r)=Vx(%erj:B:const.

Newtonian electromagnetic equations of motion: 7V =e(E+vXB)

e e e .
v:—E+V><—B:8+V><—BeZ

G1bb’s notation: m m m
1 — e e e e
\4 = € + \4 xXBe, e =¢ e =¢ B=¢RB
R . R R R R R X m X y m 'y m Zz
vetve =¢get+ee +(ve+ve )xse, Shorthand Labeling
=£.e +€e — Bvxey+vaeX where: ¢_xe =—€_ and: e xe, = e,

Complex variable velocity: v=vy+iv, and electric field: c=cx+ie,
vV+iv. =€ +ie — iBv. +Bv_=¢ +ie_— iB(v_+iv)
x 'y TSy X y x0Ty x 'y

v = & —  iBv with replacements : € —1  and: éy% i=~-1
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Crossed E and B field mechanics

A constant E field has a scalar potential field @ with constant gradient.
®d(r)=—-Eer, —VO(r)= V(—Eor):E = const.

A constant B field has a vector potential field A that resemblesA
a disc spinning counter-clockwise around the B axis.

1 1
A(r):EBXr, VxA(r)=VX(5Ber:B:const.
Newtonian electromagnetic equations of motion: 7V =e(E+vXB)
e e e .
o . v=—E+vX—B=€+vX—RBe,
G1bb’s notation: m m m
\% = € + \% xXBe _e _e _e
o ) A ) ) h € =mblx gy “my B_mBZ
vetve =¢get+ee +(ve+ve )xse, Shorthand Labeling
=£.e +€e — Bvxey+vaeX where: ¢_xe =—€_ and: e xe, = e,

Complex variable velocity: v=vy+iv, and electric field: c=cx+ie,
vV+iv. =€ +ie — iBv. +Bv_=¢ +ie_— iB(v_+iv)
x 'y TSy X y x0Ty x 'y

v = & —  iBv with replacements : € —1  and: éy% i=~-1
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Crossed E and B field mechanics (Solution by complex variables)

e e e A ri,i rotor ie | | | | | | | I
v=—E+vXx—B=¢g+vx—Bé, 1 N N R A I I I I |
\ 1 1 1 1 11 (uniform Fig. 2.4.1.
m m m & f"" 0 i i T pectr
e =E, e,=2E, B=tB | [ASERYY)te |zl
Shorthand Labeling — —————x
Complex variable velocity: v=vx+iv, and electric field: e=c,+ic,
v+ i\'/y =€ + igy — iBv_+ va =€ + z‘ey — iB(v_+ ivy)
v = & —  iBv with replacements : € —1  and: éy% i=+v-1
A velocity transformation V(#)=v(t)+ [ cancels constant e-field to give an equation: V=(const W
V(@)y=v(t)+p=e—-iBv=¢e—-iB(V(t)- p)=—iBV(¢t): where: 3= 3=z
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Crossed E and B field mechanics (Solution by complex variables)

. _ € € _ € LA (rigid rotor field) 4, | ! 11111
v=—E+vX—B=€+vX—RBe, Y\ & o,o'o\o | o Figaas
m m m o’f)\o Q) i —_ Nectf)lrt_
e =k, e,=tE, B=tB | PURESIYine | Eoril
X m-X y my m-z E\g‘g‘gjg 2 T O=Er
Shorthand Labeling — —————x
Complex variable velocity: v=vx+iv, and electric field: e=c,+ic,
v+ i\'zy =€ + iey — iBv_+ va =€ + iey — iB(v_+ ivy)
v = & —  iBv with replacements : € —1  and: éy% i=+v-1
A velocity transformation V(#)=v(t)+ [ cancels constant e-field to give an equation: V=(const W
e - - S i
V(@)y=v(t)+p=e—-iBv=¢e—-iB(V(t)- p)=—iBV(¢t): where: 3= 3=z
' et ' l

An exponential V(t)=e5 V() solution results: e# is a clockwise 2D rotation.
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Crossed E and B field mechanics (Solution by complex variables)

. _ € € _ € LA (rigid rotor field) 4, | ! 11111
v=—E+vX—B=€+vX—RBe, y 5 oas Vs o 5ig 241
m m m ® f)\o © i - pectar .
e =k, e,=tE, B=tB | PURESIYine | Eoril
X mex y m"y mz E‘&?‘?’? 2 |ITTTT ®=-E-r
Shorthand Labeling X —————x
Complex variable velocity: v=vx+iv, and electric field: e=c,+ic,
v+ i\'/y =€ + igy — iBv_+ va =€ + z‘ey — iB(v_+ ivy)
v = & —  iBv with replacements : € —1  and: éy% i=+v-1
A velocity transformation V(#)=v(t)+ [ cancels constant e-field to give an equation: V=(const W
V(@)y=v(t)+p=e—-iBv=¢e—-iB(V(t)- p)=—iBV(¢t): where: 3= 3=z
e e ' )

An exponential V(t)=e5 V() solution results: e# is a clockwise 2D rotation.

v(t)+B=V(t)=e FV(0)=e " ((0)+J)
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Crossed E and B field mechanics (Solution by complex variables)

: € € € A rigid rotor fie S

V:_E+VX_B:8+VX_BeZ Y © O'O'O | fld)y i : : : : : : 1(llniform Fig. 2.4.1
m m m o’wo ‘O\ i i 1 | | | | | | \}VeCtor . g o

e, =E,  e,=iE,  B=iB | (MRS e | ZEori
R N2/ e
Shorthand Labeling — —————x
Complex variable velocity: v=vx+iv, and electric field: e=c,+ic,
vty =€ tiE — iBv_+ va =€ tie iB(v_+ zvy)
v = & —  iBv with replacements : € —1  and: éy% i=+v-1

.................................................

An exponential V(t)=e5 V() solution results: e# is a clockwise 2D rotation.

vO+B=V(t)=e""V(0)=e'(0)+B) or:  w(e)=e T N0)+B)-B=e"""(W0) +,%) - l%
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Crossed E and B field mechanics (Solution by complex variables)

. e e e A ri ,i rotor ‘ie | | | | | | | |
V=—E+vX—B=g+vX—B¢, Vigeeme | T v e
m m m & f:\o 9 i T dector :
o e g B=tp | MAGERI It | e
X m7x y o my Tmz i\"“j 2 - " ®=E-r
: QOO O® RN
Shorthand Labeling — —————x
Complex variable velocity: v=vx+iv, and electric field: e=c,+ic,
v+ i\'/y =€ + iey — iBv_+ va =€ + z‘gy — iB(v_+ ivy)
v = & —  iBv with replacements : € —1  and: éy% i=+v-1
A velocity transformation V(t)=v(t)+[ cancels constant e-field to give an equation: V=(const )V
e . e pE
V()=v(t)+p=v(t)=€e—iBv=e—iB(V(t)-B)=—iBV(¢t)  where::[3= 55
L " ' 1

An exponential V(t)=e5 V() solution results: e# is a clockwise 2D rotation.
E

vO+B=V(t)=e""V(0)=e'(0)+B) or:  w(e)=e T N0)+B)-B=e"""(W0) +,%) i

Expanding e8!, v=v,t+iv,, and e=e,tiey reveals x (Real) and y (Imaginary) components

E E
Y Y
[Vx(t) ]z[ cos Bt sinB-tj v (0)—— | B
v (1) —sin Bt cos Bt £ €
4 v (0)+—= -
Y B B
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Crossed E and B field mechanics (Solution by complex variables)

An exponential V(t)=e5 V() solution results: e# is a clockwise 2D rotation.

_iB. —iB. —iB- _iB. E E
vt =V()=e V()= W0)+B) o v(t)=e P (N0)+B)-Pf=e ’Bt(v(0)+iE)— i
Expanding e3, v=v,+iv,, and e=ex+ic, reveals x (Real) and y (Imaginary) components

£
y
v, (1) cos Bt sin Bt v, (0) - B
= ) +
vy(t) —sin Bt cos Bt €

“x _
vy(O) + 3

o UU|\<m

w|><

Integrating v(¢) yields complex coordinate g=x+iy affected by both &, and &,

. e e _ € ~ (rigid rotor field) A
v=—E+vX—B=€+vX—RBe, y 5 oas Vs o Fig 241
m m m ® f)\o ® i - " pectar .
e,=CE, e,=tE, B=tB, | [WEEEIYIhe | TEri
X mx y my m-z ﬁ‘m‘g’g 2 T ®@=-E-r
Shorthand Labeling X —————x
Complex variable velocity: v=vx+iv, and electric field: e=c,+ic,
v+ i\'/y =€ + igy — iBv_+ va =€ + z‘ey — iB(v_+ ivy)
v = & —  iBv with replacements : € —1  and: éy% i=+v-1
A velocity transformation V(#)=v(t)+ (3 cancels constant e-field to give an equation: V=(00nst )V
o . e pE
V(@)=v()+P=v(t)=e—iBv=€e—iB(V(t)— B)=—iBV(t)  where:: 3= 55
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Crossed E and B field mechanics (Solution by complex variables)

An exponential V(t)=e5 V() solution results: e# is a clockwise 2D rotation.

_iB. —iB. —iB- _iB. E E
vt =V()=e V()= W0)+B) o v(t)=e P (N0)+B)-Pf=e ’Bt(v(0)+iE)— i
Expanding e8!, v=v,t+iv,, and e=e,tiey reveals x (Real) and y (Imaginary) components

£
y
v, (1) cos Bt sin Bt v, (0) - B
= ) +
vy(t) —sin Bt cos Bt €

“x _
vy(O) + 3

o UU|\<m

w|><

Integrating v(¢) yields complex coordinate g=x+iy affected by both &, and &,

—iBt
q(1) = [v(t)dt=

e
—iB

(W0) +i%) — i% -t+ Const. where: Const.= g(0)— (‘:(ZOB) — Bgz )

. € € e A rigid rotor fie S .
v=—E+vx—B=g+vx—Be, Vigeeme | T v e
m m m o’ %)\o ® i TP ector :
o e g B=tp | MAGERI It | e
X mx y my T mz E)OO,O 2 T @=-E-r
: OROMOOO R
Shorthand Labeling X —————x
Complex variable velocity: v=vx+iv, and electric field: e=c,+ic,
v+ i\'/y =€ + iey — iBv_+ va =€ + z‘gy — iB(v_+ ivy)
v = & —  iBv with replacements : € —1  and: éy% i=+v-1
A velocity transformation V(#)=v(t)+ (3 cancels constant e-field to give an equation: V=(00nst )V
o . e pE
V(@)=v()+P=v(t)=e—iBv=€e—iB(V(t)— B)=—iBV(t)  where:: 3= 55
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Crossed E and B field mechanics (Solution by complex variables)

: € € € A rigid rotor fie S
v=—E+vX—B=¢£+vX—Be, Y | ey g |
\ \\\\\\\ (uniform Fig. 2.4.1.
m m m o’f)\o Q! i i }_:_:_:_:_"” K/ect(ir _
e, =E,  e,=iE,  B=iB | (MRS e | ZEori
X m-x y my T mTz ﬁ‘ggg,g > EEREEK ®=E-r
Shorthand Labellng X — X

Complex variable velocity: v=vx+iv, and electric field: e=c,+ic,

vty =€ tiE — iBv_+ va =€ tie iB(v_+ zvy)

An exponential V(t)=e5 V() solution results: e# is a clockwise 2D rotation.

_iB. —iB. —iB- _iB. E E
vt =V()=e V()= W0)+B) o v(t)=e P (N0)+B)-Pf=e lBt(v(O)+iE)— i~
Expanding e8!, v=v,t+iv,, and e=e,tiey reveals x (Real) and y (Imaginary) components

£
y
v, (1) cos Bt sin Bt v, (0) - B
= ) +
vy(t) —sin Bt cos Bt €

“x _
vy(O) + 3

o UU|\<m

w|><

Integrating v(¢) yields complex coordinate g=x+iy affected by both &, and &,

—iB-t
q(t)=[v(t)dt=

e
—iB

(W(0) +i%) — i% -t+ Const. where: Const.= g(0)— (‘:(zol; — ;2 )

x(t)+iy(¢) =e_iB't(i V(B?) — Bgz )— i% 1+ x(0)+iy(0)—i V(B?) + ;2

% = £ —  iBv with replacements : € —1  and: éy% = \/——1
A velocity transformation V(#)=v(t)+ (3 cancels constant e-field to give an equation: V=(00nSt )V
V(=90 +B=0(1) = e~ iBv=e—iB(V (1)~ B)=—iBV (1)  where: f=——=i"
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Crossed E and B field mechanics (Solution by complex variables)

VU) W(0)+f=e—iBv=e—iB(V (1)~ ﬁ)——zBV(t) where : f=——=i"

An exponential V(t)=e*#V(0) solution results: e is a clockwise 2D rotation.
OB =V (D)= P10 =P M0 +h) o v=e PO +h)f=¢ P (0) i

Expanding e 5!, v=vy,t+iv,, and e=ex+ic, reveals x (Real) and y (Imaginary) components

y
v, (1) cos Bt sin Bt v, (0) - B
= . +
Vy(f) —sin Bt cos Bt €

Integrating v(¢) yields complex coordinate g=x+iy affected by both &, and &,.

—th

q(t)= fv(t) dt— (V(O) +1 ) z— t+ Const. where: Const.= q(0)— (V(O) £ )
B B?
x(t)+iy(t) =e_iB't(i v(;)) - Bgz )— i; 1+ x(0)+iy(0)—1i V(]g) + ;2

E

)iz

™M w|\<m

%|><
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Crossed E and B field mechanics (Solution by complex variables)

V(t) Wi)+f=e—iBv=e—iB(V(t)- ﬁ)——zBV(t) where : f=——=i—

An exponential V(t)=e*#V(0) solution results: e is a clockwise 2D rotation.
OB =V (D)= P10 =P M0 +h) o v=e PO +h)f=¢ P (0) i

Expanding e 5!, v=vy,t+iv,, and e=ex+ic, reveals x (Real) and y (Imaginary) components

y
v, (1) cos Bt sin Bt v, (0) - B
= . +
Vy(f) —sin Bt cos Bt €

Integrating v(¢) yields complex coordinate g=x+iy affected by both &, and &,.
—th
v(O) €

g(t)=] v(t)dt— (v(0)+l ) ZE t+ Const. where: Const.= g(0) = (= Bz)
N —iBt W0) ¢ € ooy M0) €
x(H)+iy(t) = e (i 7 B2) ZB t +x(0)+iy(0)—i 7 + s
0 g e nO) e,
x(t) | | cosBt sinBt B B2 N Eyt s *(0)+ B 32
y(1) | —sinBt cosBt v.(0) ¢, KN t (0)_1/ (()) g,
B pB? B B2

E

)iz

™M w|\<m

w|><
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Crossed E and B field mechanics (Solution by complex variables)

V(t) Wi)+f=e—iBv=e—iB(V(t)- ﬁ)——zBV(t) where : f=——=i—

An exponential V(t)=e*#V(0) solution results: e is a clockwise 2D rotation.
E

V() +B=V()=e PV0)=e ' (W0)+B) or:  v(t)=e P W0)+B)—B = F(N0) +l%) —i

Expanding e 5!, v=vy,t+iv,, and e=ex+ic, reveals x (Real) and y (Imaginary) components

€ €
v | [ cosBt sinBt v, (0) - % N Ey
v, (0) | —sinB¢ cosBt € €
v, (O)+Ef —;f
Integrating v(¢) yields complex coordinate g=x+iy affected by both &, and &,.
—th
q(t)= _[v(t)dt— (V(O) +1 ) z— t+ Const. where: Const.= q(0)— (V(O) ¢ ) A
B B? Righthand Rule ]-"' [ -~
. F=gvxB=IxB . |
x(0)+iv(t) = ¢ B GOy B 00—t E T
BB B B B ‘B
v O v O o J_':v_, '
| v0) & (0)4 ,(0) L& e
[ x(t) ]_{ cosBt sinB-t J B  B? N B 32 ‘F Dol L)
y(1) —sin Bt cos Bt v (0) € v (()) g, R
e y(0)——= > x(f)
B B B -
y(t)
- ~ , E
s cos Bt sin Bt Y
/ : B
/ \ e ( —sin Bt cos Bt ){ 0 }
// &Vdr‘ft
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Crossed E and B field mechanics

Classical Hall-effect and cyclotron orbits
Vector theory vs. complex variable theory

w=-\[cchanical analog of cyclotron and FBI rule
Cycloid geometry and flying sticks
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-w(z7) X R) equals
table surface velocity {2 xr(?) at its contact point

(1)
FXR=/ o

F=m v(1)

Turntable turning at constant angular velocity £ =Qz .
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

Torque-and-F=ma
equations of motion:

[o()=F(f)xR
=mv()XR
=mv(t)X ZR
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .
No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

Torque-and-F=ma
equations of motion:

[o()=F(f)xR
=mv()XR
=mv(t)X ZR

Friday, November 2, 2012



Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-w(z7) X R) equals
table surface velocity {2 xr(?) at its contact point

Turntable turning at constant angular velocity £ =Qz .

Equations of Motion.

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

vi)=QXr(t)+o()XR =Qxr(t)+w0(t)XzZR

Torque-and-F=ma
equations of motion:

[o()=F(f)xR
=mv()XR
=mv(t)X ZR
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-w(z7) X R) equals
table surface velocity {2 xr(?) at its contact point

Turntable turning at constant angular velocity £ =Qz .

Equations of Motion.

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

vi)=QXr@)+o()XR =Qxr@)+w()xzR Do time-derivative

Torque-and-F=ma
equations of motion:

[o()=F(f)xR
=mv()XR
=mv(t)X ZR

v(iH) = QXr(1)+®()XzZR=QXv(t)+ ®(t) X ZR
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

_______ No-slipping: v(1)-(1) xR =Qxr(1) (where: R=RZ and 2 =QZ are constant.)
V(t) =Q X r(t) + 0)(t) xR =Qxr()+ 0)(t) xzZR Do time-derivative
Torque-and-F=ma
equations of motion:

-
-
-~
-
-
-
-

Io()=F()xR v(t)=QXr(t) + (o(t) X ZR use: ()=
=mv(f)XR

mv (1) X ZR

=mv(t)X ZR
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

V(t) =Q X r(t) + (o(t) xR =Qxr()+ (o(t) xzZR Do time-derivative
Torque-and-F=ma
equations of motion:

-
-
L.
-
-
-
-

Io()=F@#)xR V()= Qxr(t) + (o(t) X ZR use: ()=
=mv(OXR. T
= mv(t)X ZR =QXv()+

X ZR use: (BXxC)xA=(A+B)C-(A-C)B
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

V(t) =Q X r(t) + (o(t) xR =Qxr()+ (o(t) xzZR Do time-derivative
Torque-and-F=ma
equations of motion:

-
-
L.
-
-
-
-

[o()=F@#)xR v(r)=QXr(t) + (o(t) X 7R use: ()= mv(t)X ZR
—mv(OXR T
ZMV(I)XQR :QXV(Z‘)_FmV(t;XZRXiR usc. (BXC)XA:(AOB)C—(A.C)B
2
=QXv(t)+ my(1)+2R . ZR — mi v(?)
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o)
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

V(t) =Q X r(t) + (D(t) xR =Qxr()+ (D(t) xzZR Do time-derivative
Torque-and-F=ma
equations of motion:

Io(@)=F@F)xR v(t)=QXr(t) + (O(t) ><2R use: @)= mv(t;x 2k
=mv(O)XRo._ iy iR
=mv(t)X ZR =QXv(t)+ I X ZR use: (BxC)xA=(A+B)C-(A-C)B
2
=QXxv()+ MO AR i mf V(1)
2
=Qxv(@)+ 0 — mf v(t)
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-m(z7) X R) equals Equations of Motion:
table surface velocity {2 xr(?) at its contact point

rotation Torque=F XR = I®
FXR=/ o)
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

V(t) =Q X r(t) + (D(t) xR =Qxr()+ (D(t) xzZR Do time-derivative
Torque-and-F=ma
equations of motion:

[o()=F®)xR v(t)=QXr(t) + (o(t) ><2R use: —m@g):mv(t;sz
—mv(OXR T
1)XZR ",
= mv(1)XZR :va(t)erv(;xz X ZR use: (BxC)xA=(A+-B)C-(A-C)B
2
=QXVv(t)+ my(1)+2R . ZR — mf v(?)
2
=Qxv()+ 0 _mf v(?)
2
( mR )V(t):ﬂxv(t) or: V(t)= Q _v(t)
4 mR
1+ F
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Mechanical analog of cyclotron and FBI rule

Velocity vector of the ball contact point (v(7)-w(z7) X R) equals
table surface velocity {2 xr(?) at its contact point

Equations of Motion.

rotation Torque=F XR = I®
FXR=/ o
F=m v(1)

—

d translation Force=F = mv

Turntable turning at constant angular velocity £ =Qz .

No-slipping: v(t)-0(t) xR =Qxr(t) (where: R=RZ and Q =QZ are constant.)

V(t) =Q X r(t) + (o(t) XR =Qxr()+ (o(t) xZR Do time-derivative

Torque-and-F=ma
equations of motion:

R N , R
Io(1)=F@#)xR V()= QXr(t) + (o(t) X ZR use: @)= mV(l‘;Xz
=mv(O)XR_ X aR—
=mv(t)XZR =QXVv(1)+ I R use: (BxC)xXA=(A+B)C—(A-C)B
p)
=QXVv(t)+ my(1)+2R . ZR — mi v(?)
Il 1
mR*
={xvin+ U a )4 V() F=B Xxv mechanical analog:
mR*
v(1)=QX V(1 | v(t) = < V(¢
( 7 jV( ) V(1) or : | v(t) " v(?)
/
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Crossed E and B field mechanics

Classical Hall-effect and cyclotron orbits
Vector theory vs. complex variable theory
Mechanical analog of cyclotron and FBI rule

= Cycloid geometry and flying sticks
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

A

g
14 ﬂ

_>T II1=linear momentum ———

ang!
h ITh = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

(YN Y

g
14 ﬂ

_>I T IT= linear momentum ——
ang!
h ITh = angular momentum about @ )

i

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

| ®
O O

p =SN\\WV/7Z O

W,
/,\

A

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
= hI1/1 (=3hI1/(M ¢?)for stick)

A

<X‘rP¢i

1,

N arT [1=linear momentum ——
h ITh = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

.‘/\\l

NN
U
N

A

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation

just cancels translational speed Vcenser 0f stick.

(YN Y

g
14 ﬂ

_>T II1=linear momentum ———

ang!
h ITh = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

Ny S 8=
c N Q\A\ :-’ 7"7 \'J gﬁ ‘/")\7““ '_’\ﬁ‘\*ﬂ
L2 "“:"\\{
N ,,17’ \\\

A

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation
just cancels translational speed Vcenser 0f stick.

I1 /M:VCenter =|p(D|=th/] Ol"p:]/(Mh)

(YN Y

g
14 ﬂ

_>T II1=linear momentum ———

ang!
h ITh = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

3\

AN Q\A\‘ (] l’kf"\(-‘\\‘\ﬁ‘\*ﬂ

I JA\W
A\

¢

/74

A

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give 1t some linear momentum I1
and some angular momentum A = /-1

Resulting angular velocity ® about the center

1s angular momentum A divided by
moment of inertia / = M ¢?/3 of the stick.

w=A/I (=3A /M ¢?) for stick)
=hll/1 (=3hI1/(M ¢?)for stick)

One point P, or center of percussion (CoP), 1s
on the wheel where speed pw due to rotation
just cancels translational speed Vcenser 0f stick.

I1 /M:VCenter =|p(D|=th/] Ol"p:]/(Mh)

P follows a normal cycloid made by a circle

(YN Y

g
14 ﬂ

_>T II=linear momentum ———

ang!
h ITh = angular momentum about @ )

P Imaginary wheel of radius P rolls on imaginary road

that intersects the Center of Percussion P

\ B

X5
SNl
A\

,\,‘),‘ =

>0

\

of radius p=I/(Mh) rolling on an imaginary road

thru point P in direction of I1.

A

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.
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If you hammer a stick at a point /2 meters from its center

you give it some linear momentum [1 AT\ﬂ?—b I= linear momentum —>

7. bang! T
and some angular momentum A = /-1 ) ! TTh = angular momentum about @ )
Resulting angular velocity @ about the center oo i
: . A
1S angular momentum A divided by p Imaginary wheel of radius P rolls on imaginary road
moment of inertia [ = M 62/ 3 of the stick. that intersects the Center of Percussion P

/ P
ju— ju— 2 1
w=A/I (=3A/Ml¢) for stick) v

= W1 /1 (=3KT1/(M £2)for stick)

One point P, or center of percussion (COP?, 1S ~§ \,\‘\‘\“\\\/\\l

on the wheel where speed pw due to rotation = \‘I—.;ﬁ\'v/;/@i&:‘-«. "“\l&l{\Tr

just cancels translational speed Vcener of stick. \W NS
0\ LN

I1 /M:VCenter =|p(D|=th/] Ol"p:]/(Mh)

Z -

Fig. 2.4.1 Cycloidic paths due to hitting a stationary stick.

P follows a normal cycloid made by a circle
of radius p=I/(Mh) rolling on an imaginary road
thru point P in direction of I1.

The percussion radius p = /31 is of the CoP point
that has no velocity just after hammer hits at /.
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Fig. 2.8.2 Trajectories of unit charge and mass in magnetic and electric fields (E=1/2, B=1)

Fig.2.8.3 Rolling railroad wheel and rim analogy for cyclotron orbits
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.

dVeﬁ 2vreff
(p) =0, with: d V2
dp dp
Pstable Pstable

>0.

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

1 2d* VY
Veff (P) - Veff (pstable) +0+ E(p B pstable) d 2
Pstable
An effective "spring constant” at the stable point giving approximate frequency of oscillation.
keﬁ" _ d2V€ﬁ| . - keﬁr - \/l d2Veff
d2 pstabloe_Vm_I”l”la’2
P Pstable P Pstable

Small oscillation orbits are closed if and only if the ratio of the two 1s a rational (fractional) number.
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stable _ __Tstable _ _ _P o Orbit is closed-periodic
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Separation of GCC Equations: Effective Potentials

Small radial oscillations
- Cycloid vs Pendulum

Friday, November 2, 2012

89



<
)

time = 174.180 -
O =+1.384
o = +1.000
E =+1.999

TTTTTTTTT
»
W
T

NAN

AR BARAAD
H '_"u‘_.

-
-
-
-
-
-
-
-
—

-2.5
- \
L
- q -
\ - =
\ - -
\ o -
—- -
\\ - — -
\

I'1T1
—

LRAARAAAR AL
| R |

-3.5

LB BLA B )
.
o u—

ARARE RARAS

[4 -3.5 -3 -2.5 -2 \:‘i“;s-—x'l -0.5

11111111111111111111111111111_‘1"1“11—1_11.1 [

4 -2

- -

Friday, November 2, 2012 90



time = 53.940
© =-0.381
dO/dt = -1.933

E = +0.940 / :
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