GCC Lagrange and Hamilton Equations for Trebuchet
or

“How do we ignore all those constraint forces?”
(Ch. 1-5 of Unit 2 and Unit 3)

Review of Lagrangian equation derivation (Elementary trebuchet) (Mostly Unit 2.)
Coordinate geometry, kinetic energy, and dynamic metric tensor ~Ymn
Force, work, and acceleration
Lagrangian force equation
Canonical momentum and ~mn tensor

Equations of motion and force analysis (Mostly Unit 2.)
Forces: total, genuine, potential, and/or fictitious
Lagrange equation forms
Riemann equation forms
2nd-guessing Riemann? (More like Unit 3.)
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Chapter 1. The Trebuchet: A dream problem for Galileo?
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http://www.uark.edu/rso/modphys/testing/markup/TrebuchetWeb.html

Trebuchet simulator

(a) What Galileo Might
Have Tried to Solve

Fig.2.1.2 Galileo's (supposed) problem
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Review of Lagrangian equation derivation (Elementary trebuchet)

=3 Coordinate geometry, kinetic energy, and dynamic metric tensor ~mn
Basic force, work, and acceleration
Lagrangian force equation
Canonical momentum and ~Ymn tensor
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

geometry of trebuchet
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

geometry of trebuchet simplified somewhat...
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

geometry of trebuchet simplified somewhat...
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

xX=rsinb Xe={SiN¢
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geometry of trebuchet simplified somewhat...
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn
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geometry of trebuchet simplified somewhat...
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn
x=rsind  + (sing

prosaseeees .X:r:rSlne ....... i XKZESlnqb Y =rCoSs 6 — fcosq) _)/ 14 COS¢ 14 Sin¢ d)

Y g ;yeZECOS ¢

X =rsinf+ /sing X —rcosf —rsinf 0

"
})

‘ Ty =rcos0-tcos¢

S S Ir . .
Kinetic energy of driver M Kinetic energy of projectile m T(m)= E[mxz + myz}

T(M):le(2+lMY2
2 2
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn
x=rsind  + (sing

prosaseeees .X:r:rSlne ....... i XKZESlnqb Y =rCoSs 6 — fcosq) _)/ 14 COSQ) 14 Sin¢ d)
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‘ Ty =rcos0-tcos¢

S S Ir . .
Kinetic energy of driver M Kinetic energy of projectile m T(m)= E[mxz + myz}

N 1 X 1 (. .\l —rcos® —rsin@ || —rcos® fcosp | @
T(MY=—MX"+— MY —— . _ -
( ) 9 ) T (m) 5 m( Xy )( . ] ) m( 0 ¢ )[ lcos /sing —rsinf  /sing ()b
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X ZI”SZYZH ‘I‘ S ESlngb X = I”Sin9+€Sin¢
xr_rSln(g X¢=LS1n¢ y=rcos6—/cosp

....................................................
P/ [y '

Y g ;yeZECOS ¢

‘ Ty =rcos0-tcos¢

Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn
[ y (cos¢  Ising ¢

x) —rcosf —rsinf 0

1
Kinetic energy of projectile m T(m)= E[mxz + myz}

Kinetic energy of driver M

1 oo 1o 1 1 . —rcos® —rsin® || -rcos6 (lcos¢ | 6
T(M)==MX"+—=MY T(m)=— - =— ' _
( ) 7 7 (m) 2m( X Yy )( y 2m( 0 ¢ ) fc(is¢ fsinqj —7sinf fSil’l(P (p

P MR+ mr? - - )
—— MR26? TotalKE:TzT(M)+T(m)=l( 6 ¢ + mr mr{cos(6 — @) ( 9 j

! 2 _ —mrlcos(60—0) mt? ¢

1r v 2 2142 S 2.2
Total KE =T = | (MR +mr?)0 = 2mrtcos(6 - ) 69-+ mt’) }
T:%_MX2+MY2+mx2+my2}
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

=7si —+ ] : : : : :
X I”Sl.ng > ESlltlgb x=rsmn6+Ising X —rcos —rsin6 6
.............. .X:r_rSln' XK_ESlnqb y= rcosf — fcosq) _)/ KCOSQ) KSin¢ d)
01\¢ Vi=LCOS¢
ox ax | Raw Jacobian
i d0  dp
_ dx ay ady RcosO 0
‘ Ty =rcost-Lcose dar |_| % 3 |[ a0 )_| Rsino 0 d6
dx dx  dx do | | —rcos@ lcos¢ do
dy 2 I —rsingd  /sing
dy 9y
0
S S Ir . :
Kinetic energy of driver M Kinetic energy of projectile m T(m)= E[mxz + myz}
1 . 1. . B o 3 :
T(M):_WZ = MY? T(m):lm( i ) x :lm( 0 ¢ ) rcos6 r§1n9 FC?SQ fc?sqb 0
2 2 2 ¥y 2 lcosp  [sing —rsin@  /sin¢ ¢
.y . R*+mr*  —mrfcos(6— )
=— MR*6* Total KE =T = T(M)+T(m) = l( 6 ¢ ) " mrtcos(9=9) | 6
! 2 _ —mrlcos(60—0) mt? ¢
Total KE =T = %_(MR2 + mr2)92 —2mrlcos(6—¢) 0 + mfzq')z}
T:%_mf2 + MY? + mi? +my2}
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Coordinate geometry, kinetic energy, and dynamic metric tensor Ymn

x =rsint

+  ising

X =rsinf+ /sing X —rcosf —rsinf 0

xX=rsinb Xe={SiN¢

....................................................

y=rcost—Lcose y lcosp  [Ising 0

yr=reost) A ox 83_?; Raw Jacobian
— ' : o dx Yy JY Rcos6 0
X=-Rsint hg ‘ Ty =rcosf-tcose ay | | 9 a | a0 )\ | Rsn6 0 do
7 de || 9x  ox do | | —rcos® flcosd do
dy o dp —rsinf@  Ising
dy dy
)

Kinetic energy of driver M

1
Kinetic energy of projectile m T(m)= E[mxz + myz}

1 o2 1 o 1 ] 1 (. .\ —rcosé —rsin® || —rcos® fcosp | 6
T(M)==MX"+—=-MY T(m)=— cy = :
(M) 7 5 () 2m( Xy )( ; 2m( 0 ¢ ) lcosd  Ising _rsin® (sing é
1 Y2, 2 _ :
=2 VR26> TotalKE=T=T(M)+T(m)=l( o ¢ R” +mr mrlcos(6 — @) [ 9 )zlymnqmqn
2 l 2 | —mrlcos(6—¢) me* ¢ 2
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Dynamic metric tensor ~Ymn ynamic metric tensor ~mn in GCC 0 and ¢

in raw Cartesian X,Y and x,y
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Review of Lagrangian equation derivation (Elementary trebuchet)
Coordinate geometry, kinetic energy, and dynamic metric tensor ~Ymn
=P Bc1sic force, work, and acceleration
Lagrangian force equation
Canonical momentum and ~Ymn tensor
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columns: av || @ @ [ a6 ): Rsind 0 [ d6 ]
N dx Jdx dx do —rcos@  (cos¢ do
dW = FX dX = MXdX dy 0 dp —rsinf  /sing

+F, dY  +MYdy

+F dx + mx dx

+F, dy + my dy
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Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + mydy

Write work-sums in columnsj'(( Usingag(}CC dO and d¢ in Jacobian)

d 70,4

. dX

dW= F, dX = MXdX = F,—dO0+F,—dp = MX—dO+MX—d
+F, dY  +MYdYy +FY8—Yd9+FY8—Yd¢ +MY(9—Yd9+MY‘9—Yd¢
L, O L) o
VF dx +mide +F25d0 +R %5 d0  mi 2 a0+ mi O do
90 By 90 By
. dy dy . dy . dy
+F d + d +F —dO +F —d + — db + —d
L dy my dy ' 30 ya¢¢ my mya(qu

dXx
dy
dx

Raw Jacobian

RcosO 0
do | | Rsin6 0 do
do —rcosO  (cos® do

Ising

—rsinf
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Force, Work, and Acceleration

dW = F, dX ¥ F, dY+ F. dx + F, dy o0 ox | Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC d0 and do in Jacobian) | ¥ || % & [ 49 ): Rsing 0 [ 49 ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dW: FX dX - ZWXdX = FX—6d9+FX—¢d¢ - MXa—9d9+MXa—¢d¢ dy para) aq) —rsin® ﬁsin(p
+F, dY  +MYdYy +FY8—Yd9+FY8—Yd¢ +MY(9—Yd9+MY‘9—Yd¢
90 0 90 By,
VF dx +mide +F25d0 +R %5 d0  mi 2 a0+ mi O do
20 00 26 00
. dy dy . dy . dy
+F d + my d + F —=dO0 +F — d +my — db +my — d
L dy my dy ' 30 ya¢¢ my mya(qu

Assuming variables 0 and ¢ are independent...
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Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + mydy dx
Write work-sums in columng;{( UsingaGCC db ancg do in Jagobian) o
dW= F,dX = MXdX = FX—d0+FX—Xd¢ = MX—Xd9+MX—Xd¢ dy

0 0 26 00
y Y Y . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢
+F, dy + my dy +Fy%d9 +Fyg—;d(/) +my%d9+myg—qy)d¢
Assuming variables 0 and ¢ are independent...
Set: dfi=1 do=0
FX8_X — % B_X
d0 d0
Y . dY
+F,=—  +MYZ—
" 00 90
0x 0x
+ F — +mxX —
" 06 0
dy dy
+ F — +my —
" 90 "9

Raw Jacobian

RcosO 0
do | | Rsin6 0 do
do —rcosO  (cos® do

Ising

—rsinf

Tuesday, October 23, 2012

18



Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy
= MXdX + MY dY + midx + mydy ax | | oY

Write work-sums in columnsj'(( Using GCC d0 and do in Jacobian) | 4 |-| %
J X X .0X dx ox

= F,dX = MXdX = F,—do+F,—dp = MX—do+MX— %
dW = F, d d (5o 0+ Fy ¢d¢ — 40+ 8¢d¢ & %
+F, dY  +MYdYy +FY8—Yd9+FY8—Yd¢ +MY(9—Yd9+MY‘9—Yd¢
0 0 20 0
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)‘ég—;d¢
) dy dy dy Ly
+F, dy + my dy +Fy&9d9 +Fy8¢ do +my89 do + my % do
Assuming variables 0 and ¢ are independent...
Set: do=1 dy=0 Set: d0=0 do=1
FX8_X — B_X FX&)—X — MXé)_X
90 90 op op
Y . dY y
+F,=—  +MYV = +FY8—Y Y sad
6 96 op op
ox . 0x . 0
+FZ tmE = d Tl
X 89 mx 89 +F;c ad) + mx ad)
dy . dy 0 J
+F ==  +mj—= Y 5 2
" 90 " 96 +Fya—¢ o

Raw Jacobian

Rcosf 0
do | | Rsin6 0 do
do —rcosO  (cos® do

Ising

—rsinf

Tuesday, October 23, 2012
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Force, Work, and Acceleration

|

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf %_;( Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC d0 and do in Jacobian) | @ || % % | d6 | | Rsind 0 [ 49
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—6d0+FX—¢d¢ = MX8—9d9+MX8—q)d¢ dy 0 _rsin@  fsing
y Y Y . dY . dY
+F, dY + MY dY FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx Fx%cle +Ecg—;d¢ +mjé%d0+m)‘ég—;d¢
+F, dy + my dy Fy%a’e +Fy3—;d¢ +my%d9+myg—;d¢
(OX _d(  0X)_doX
d0 dt\ 0 dt d0
Lagrange .
trickery: (using —(XU )= XU + XU)
Set: do=1 dy=0 Set: dO=0 do=1
FX8_X — ¥ B_X FX&)—X — MXé)_X
90 90 op P
Y . dY )
+F,— 4+ MY— +FY8—Y Y sad
90 96 9 P
ox . dx 0 d
+ F — +mxX — ad Tl
dy . dy 0 J
+ F — +my — g9 v 2
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Force, Work, and Acceleration

|

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf %_;( Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC db) and d¢ in Jacobian) | ¥ |-| % % | 40 |_| Rsin0 0 [ df
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dW= F, dX = MXdX = FX—6d0+FX—¢d¢ = MX8—9d9+MXa—¢d¢ dy % % reind  fsing
y Y Y . dY . dY
+F, dY + MY dY +FY—9d9+FYa—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢
. dy dy . 0y . dy
F d d F—=do +F —d — do —d
+F, dy + my dy + Y 30 +y8¢ ) +my89 +m 2 )
oX d(i.ox\ .dox d .0X) oX
=== |- X —= =—| X— |- X—
d0 dt(i d0 ) dt 90 dt( i__@_t?__)_ _______ d0
Lagrange A
) . X dX
trickery: (using —(XU )= XU + XU) by lemma I : %9
STEP STEP """~ 7 eIt
A B -and lemma 2 : B_X:ia_X
... Og. dt dq.
Set: di=1 dos=0 Set: d0=0 do=1
. X . 0X
FX8_X — WB_X FX8_ — MXé)_
a0 d0 o) P
Y . dY y
+F,—  +MYZ— +FY8—Y Y sad
90 9 2 P
0x o0x 0 0
F— +mX — ox . 0X
8)7 . é’y a a
+ F — +my — g9 v 2
" d6 d0 " o0 ny J0
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Force, Work, and Acceleration

|

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf %_;( Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC db) and do in Jacobian) | 4 || % % [ 40 ): Rsin 0 [ df
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dW = FX dX = MXdX = FX—6d0+FX—¢d¢ = MXa—9d9+MX8—¢d¢ dy 0 I _rsing  fsing
’ Y Y . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)'c’g—;d¢
+F, dy + my dy +Fy%d9 +Fyg—;d¢ +my%d9+myg—;d¢
LOX _d X&_X _Xig_X :i(;(ﬂj_)gﬂ J 5’()'(2/2) 8()'(2/2)
0 dt\ IO dt d0 dt\  do d0 =—|—— |-
Lagrange ) v ax dt| 90 90
trickery: (using —(XU )= XU + XU) by lemma I: ——=—
STEP dt STEP o STEP 8(U2 / 2) U
A B and lemma 2 : 9X _doX (using J N UB—)
" 9q dt Iq 1 1
Set: di=1 dos=0 Set: d0=0 do=1
FX8_X — ¥ B_X FX&)—X — MXé)_X
do do 20) 20)
7)4 . dY y
+F, — + MY — +FY&—Y +MY8—Y
90 0 2 9
o0x dx 0 0
+ F — +mi — ox . 0X
8)7 . é’y a a
+ F — +my — g9 v 2
" d6 d0 "0 ny o6
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Force, Work, and Acceleration
dW=F, dX+ F, dY+ F_dx+ F_dy

= MXdX + MY dY + midx + mydy

Write work-sums in columngj'(( Using GCC dO and d¢ in Jacobian)

@)

Raw Jacobian

. 0X .. 0 —rcosf  lcos¢
dW= F,dX = MXdX = FX—6d0+FX—¢d¢ MX ——d6 + MX ——d¢
+F, dY  +MYdYy +FY8—gd9+FY8—;d¢ +MY—9d9+MY—¢d¢
+F_ dx + mX dx +F@d9 +F@d¢ + mX — dO + mxX — d¢
* " 00 " ¢ 0 0
+F d + my d +Fﬂd9+F@d¢ +m"Qd9+m — do
y dy y dy ' 30 "9 Y > y 0
OX _d[ ydX) doX a[ a2 2)) a2
0 dt\ 08 dt 00 =—| = |-
Lagrange ) v ax dt| 90
trickery: (using —(XU )= XU + XU) by lemma I: ——=——
STEP di o a(Uz / 2) U
A B and lemma 2 : 9X _doX (using 0 :U8—)
" 9q dt Iq 1 1
Set: dbi=1 Cl’(b:O 8sz &sz Set: dO=0 dgb:] 3m2 MX?
F 3_X — MX&—X — d 2 2 F,— d 2
* 96 00 ~ di 9 % dt dp
MY>  _MY> MY®
J J g9
+FY&_Y _|_MY&_Y _|_d 2 — 2 +MY— d 82
do do dt 00 d0 t dp
Mi*  _Mi? M’
+F% +m)'éa—x +d& 2 —a 2 +omx == d8 2
* 00 00 dt 96 L, dt  Jp
M.2 M.2 M.z
+F8y + ; 0 +da2y aZy +F + my dazy
" 96 Y90 dii 96 99 a9
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf %_;( Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC d0 and do in Jacobian) | ¥ || % & [ 49 ): Rsing 0 [ 49 }
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = F, dX = MXdX = FX—6d0+FX—¢d¢ = MXa—9d9+MX8—¢d¢ dy 0 I _rsing  fsing
y Y 224 . dY . dY
+F, dY + MY dY +Fy0~,—9d9+Fy—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)'c’g—;d¢
+F, dy + my dy +Fy%d9 +Fyg—;d¢ +my%d9+myg—;d¢
STEP
D Add up first and last columns for each variable 0 and o
Lagrange
trickery:
Set: di=1 Cl’(b:O MX? MX? Set: di=0 dgb:] 8]\4)'(2 8A4X2
P OX X 4?5 0 X ux?X 4% 7
X 90 20— dt 9 90 9 93 at dp 9P
MY? MY? MY? MY?
J J oY . dY d? J
+FY&_Y _|_MY&_Y + d 2 — 2 +FY8_ +MY8_ p 82 — 82
d0 0 dt do 0 ¢ t do 0
Mx*  Mx Mi® Mx
dx dx dé)z 82 ox L ox daz 5’2
+ F — + mX — + = — +F, — Tmy —— -
96 90 dt 90 90 op op dr dp  Ip
My* My’ My* My’
+Fﬂ +mj}ﬂ +d 2 2 +Fy—y +mjﬁ—y 2 __ 2
' 96 90 dt 90 90 o o dt 9o o0
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf %_;( Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC d0 and do in Jacobian) | ¥ || % & [ 49 ): Rsing 0 [ 49 ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—0d0+FX—¢d¢ = MXa—9d9+MX8—¢d¢ dy a0 I —rsin®  Ising
y Y 224 . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)‘ég—;d¢
+F, dy + my dy +Fy%d9 +Fy3—;d¢ +my%d9+myg—;d¢
STEP 2 72 .2 )
, MX* MY’ Mi® M
D Add up first and last columns for each variable 0 and o for: T = Sttt 2y
Lagrange —
: Lt F dX B Y P dx P dy
fl”'leef‘y et . Xa_9+ Ya—9+ xa—e + y3_9
- doJr oJr
------------------- =F, = ——
drdo  d0
Set di=1 d(b:O MX2 MX2 Set: dO=0 dgb:] 8]\4)'(2 8A4X2
Fa_X _ MX&—X _ d8 2 _& 2 FXa—X = 3_X - d 2 _ 2
% 96, 06 i di 9 99 o o dt o I
- i MY>  _MY> MY®  MY®
oY a9 J oY LY a? J
00 d i dr 90 d0 0 t oo 0
- o MEE MK Mz M
Ox _Jx gd32 5’2 ox . ox daz 32
+ Fi— +mi — + -— — +F— TIMX —— T
00 | 0  idt I 99 op op dr dp  Io
L MY MY My* My’
+F§Q' +my@ 42 2 +Fy—y +my 2L 2 __ 2
"1 0o do . dt d0 d0 o0 P dr  dp 20)

Tuesday, October 23, 2012

25



Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf %_;( Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC dO and do in Jacobian) | & || % % [ a9 ): Rsin 0 [ 46 ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—0d0+FX—¢d¢ = MXa—9d9+MX8—¢d¢ dy 20  Jp —rsin®  Ising
y Y 224 . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)‘ég—;d¢
+F, dy + my dy +Fy%d9 +Fy3—;d¢ +my%d9+myg—;d¢
STEP 2 ) .2 -2
, MX* MY® Mi* M
D Add up first and last columns for each variable 0 and s for: T = Sttt 2y
Lagrange X Y _dx _dy — / t.F¢9_X+F Y o ox . dy
trlcker)/ LetIFXa—G-i-FYa—Q-FF;a—Q +F;,3—9 el . I'y 8(1) Y &(p x a¢ ya(p
dor orT T i g9r er
"""""""""" =F9 = —— ' =F =————
drdo 90 ... , Didtdo 99
Set di=1 d¢:0 MX2 MX? Set: d@:@ dgb:] 8A4X2 8A4X2
F&’_X — MX&’_X _: d o 2 o 2 an_X = 9X = d 2 2
%96, 00 i dt 96 Py 0P d i dt Ip 9
L i MY? _MY? L i MY?* MY’
£% o Z v gy d?, f
+FYE&—Y§ +MY(9—Y + d_ 2 2 +FY-8_ +MY8_ =+d 82' - az
00 b i d 90 d0 09 o idr o) 0
- ME MK - Mi® MK
dx . o0x da 0 J 0 dx . ox da 0 J 2
+ Fi— +mi — + — thi— 1 +mX— . —
J0 0  idt O I 99 op  dt dp P
- MY MY L i My My
o . 40 0 Iy | 9 g 0 0
+F§Q' +my@ 42 2 +Fy§—y tmy 2L 2 __ 2
%90 00  idt 90 90 00 o L dt 9o o0
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Review of Lagrangian equation derivation (Elementary trebuchet)
Coordinate geometry, kinetic energy, and dynamic metric tensor ~Ymn
Basic force, work, and acceleration

=P/ o grangian force equation
Canonical momentum and ~Ymn tensor
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Force, Work, and Acceleration

dW=F, dX+ F, d¥+ F. dx+ F. dy 20 o Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC d0 and do in Jacobian) | ¥ || % & [ 49 ): Rsing 0 [ 49 ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—6d0+FX—¢d¢ = MX8—9d9+MX8—¢d¢ dy 0 _rsin@  fsing
y Y 224 . dY . dY
F, dY MY dy F,=—d6+F,—d MY Z—d6+ MY ~—d
+ Iy, + + Iy, 20 + Iy ¢ (I) + 20 + 5’¢ ¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mjé%d0+m)‘ég—;d¢
. dy dy . dy . dy
+F, dy + my dy +Fy£d9 +Fy8_¢d¢ +my£d9+mya—¢d¢
STEP 2 72 .2 )
, MX* MY® Mi* M
D Add up first and last columns for each variable 0 and s for: T = Sttt 2y
Lagrange L OX Y 9x 0y — Let.F¢9_X+F W o pOx g
trickery: | " ix gt ot Thog Y00 a0 tap g
. daT T doT T
=Fé:——,—— EF;):——_——
dt 90 30 dt dp g

Completes derivation of Lagrange covariant-force equation for each GCC variable 0 and ¢ .

FyRcosO+ F,Rsin6 — F rcost) — Frsinf Fy-0+F, -0+ F.{cos¢ + F /sing
_p_daT o _p_dor_or
Y drde 96 Y drdp A
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_gf g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC d0 and do in Jacobian) | ¥ || % & [ 49 ): Rsing 0 [ 49 ]
B _ .. B 0 0X _ .0X .0X dx dx  dx do —rcos  lcos¢ do
dw = FX dX = MXdX = FX—6d0+FX—¢d¢ = MXa—9d9+MXa—¢d¢ dy a0 I —rsin®  Ising
y Y 224 . dY . dY
+F, dY + MY dY +FY—9d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mx§—;d¢
. dy dy . dy . dy
+F, dy + my dy +Fy£d9 +Fy8_¢d¢ +my£d9+mya—¢d¢
STEP 2 72 .2 )
, MX* MY’ Mi® M
D Add up first and last columns for each variable 0 and s for: T = Sttt 2y
Lagrange OX  _9Y  _dx . _Jdy T pX L ax L dy
: .| Let:F,=—+F, —+F Z= +F == Let :Fy——+ b —+F ——+F
trickery. 90 "0 a0 e TR Y
d oT JT d OT OT
dt 96 90 dt 96 9o

Add Fy gravity given
(Fx=0, Fy=-Mg)
(F:=0, Fy=-mg)

These are competing torques on main beam R
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_g g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC d0 and do in Jacobian) | ¥ || % & [ 49 ): Rsing 0 [ 49 ]
. 0 0X .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—9d0+FX—¢d¢ = MX8—9d9+MX8—¢d¢ dy 0 _rsin@  fsing
y Y 224 . dY . dY
F, dY MY dy F,=—d6+F,—d MY Z—d6+ MY ~—d
+F, + tE— +Y¢¢ tMY —-do+ 5’¢¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢
. dy dy . dy . dy
+F, dy + my dy +Fy%d9 +Fy8_¢d¢ +my%d9+mya—¢d¢
STEP 2 72 .2 )
, MX* MY® Mi* M
D Add up first and last columns for each variable 0 and s for: T = Sttt 2y
Lagrange L OX Y 9x 0y — Let.F¢9_X+F W o pOx g
trickery: | " ix gt ot Thog Y00 a0 tap g
. daT T doT oT
=F=—l_-2" =F="2"-7
dt 96 90 dt 96 9o

FyRcosO +F,Rsinf — F rcos6 — Frsin6 F,-0+F,-0+F./{cos¢ + FyESln(P
_p_ddr 5’_T _ . _doT JT i
Y drdo 98 T4 b ap
Add Fy gravity given =f Add F, gravity given

Fyv=0. Fy=-M (Fx=0, Fy=-Mg)
(0, Ly =-Mg) (F.=0, F,=-mg)

(Fr=0, F,=-mg) . : :
; aeAmTTTmmmmmmmseeees : d oT JT .
d oT OJT 7777777 et s : F=——F——=—mglsing

Fy= 55~ 5 = MeRsind + mgrsind. - I S
These are competing torques on main beam R... ... and a torque on throwing lever {
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Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_g g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC db) and do in Jacobian) | 4 || % % [ 46 ): Rsin 0 [ df ]
B 3 . B 0 0X _ .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—9d0+FX—¢d¢ = MX8—9d9+MXa—¢d¢ dy 20  Jp —rsin®  (sing
. Y Y . dY . dY
+F, dY + MY dY +FY—0d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢
) dy dy . JY . dy
+F, dy + my dy +Fy%d9 +Fy8_¢d¢ +my%d9+mya—¢d¢
STEP 2 ) .2 -2
, MX* MY® Mi* M
D Add up first and last columns for each variable 0 and ¢ for: T=-—"—+——+——+ 2y
Lagrange OX oY ox . dy T Vox oy ox . dy
: .| Let:F,=—+F, —+F Z= +F == Let :Fy——+ b —+F ——+F
trickery. 90 a0 a0 e d "I T
d dT 0T d 0T JT
EFQ:——,—— EF;):——_——
dt 96 90 dt 96 9o

_podar_or _podr ot
Y dt 9o 96 Y dtdp 9
Add Fy gravity given | =f Add F, gravity given
(Fx=0,Fy=-Mg) | | popq (1;)(_—(3) : 15 r=-Mg)
(FX :0 , Fy :_mg) e /x, : ( Xd_gT; a)}—'mg) :
doT oT e TN E F,=—"—Z—=—mglsing |
27 77 i : Q: Are there : St D) S 17 S = St S
Fo dt 060 90 MgRsm0+mgr S-m-g-: +sign errors here? dt 8¢8¢ _______
These are competing torques on main beam R... ... and a torque on throwing lever {

Tuesday, October 23, 2012 31



Force, Work, and Acceleration

dW=F, dX+ F, dY+ F. dx+ F. dy %_g g_;f Raw Jacobian
= MXdX + MY dY + m¥dx + mjdy ax ) | oy ar Reosd 0
Write work-sums in columnsj'(( Using GCC db) and do in Jacobian) | 4 || % % [ 46 ): Rsin 0 [ df ]
B 3 . B 0 0X _ .0X .0X dx dx  dx do —rcos@  (cos¢ do
dw = FX dX = MXdX = FX—9d0+FX—¢d¢ = MX8—9d9+MXa—¢d¢ dy 20  Jp —rsin®  (sing
. Y Y . dY . dY
+F, dY + MY dY +FY—0d9+FY—¢d¢ +MY£d9+MYa—¢d¢
+F dx + mX dx +Fx%d9 +Ecg—;d¢ +mx%d9+mxg—;d¢
) dy dy . JY . dy
+F, dy + my dy +Fy%d9 +Fy8_¢d¢ +my%d9+mya—¢d¢
STEP 2 ) .2 -2
, MX* MY® Mi* M
D Add up first and last columns for each variable 0 and ¢ for: T=-—"—+——+——+ 2y
Lagrange OX oY ox . dy T Vox oy ox . dy
: .| Let:F,=—+F, —+F Z= +F == Let :Fy——+ b —+F ——+F
trickery. 90 a0 a0 e d "I T
d dT 0T d 0T JT
EFQ:——,—— EF;):——_——
dt 96 90 dt 96 9o

FyRcosO +F,Rsinf — F rcos6 — Frsin6 F,-0+F,-0+F./{cos¢ + FyESln(P
_p_ddr 5’_T _ . _doT JT i
Y drdo 98 T4 b ap
Add Fy gravity given =f Add F, gravity given

(Fx=0, Fy=-Mg)

Fy=0, Fy=-M
(Fx r—-Me) (F.=0, F,=-mg)

(F:=0, Fy=-mg)

L i doT IT ke
doT oT 7~ e o QuAre there : F,=————=—mglsing
F@ ————— :i—MgRSIHG-l‘ mgr sin@ : + sign errors here? ; dt 8¢ 8¢ """""""""""""
di 00 00 e i B A
: No. Beam in —@ position.
These are competing torques on main beam R... ... and a torque on throwing lever {
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Review of Lagrangian equation derivation (Elementary trebuchet)
Coordinate geometry, kinetic energy, and dynamic metric tensor ~Ymn
Basic force, work, and acceleration
Lagrangian force equation

- Canonical momentum and ~Ymn tensor
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Canonical momentum and ~Ymn tensor

: oT : :
Standard formulation of pn = % The vymn tensor/matrix formulation
Total KE=T =T(M)+T(m) Total KE=T =T(M)+T(m)
- 1[( MR + mr)62 = 2mrl cos(6 — 0) 60 + m€2¢52} _ 1( 0 ) Too Too || 6| 1w
2 i mn
2 Yoo 7V 0 ) 2
(p’e ¢’¢

where: Yoo Vo | MR* +mr®  —mrlcos(6 —0)
Y LEASOFLS |y o0 Vg —mrlcos(6 - ) me>
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Canonical momentum and ~Ymn tensor

oT : :
Standard formulation of pn = Py The vymn tensor/matrix formulation
Total KE=T =T(M)+T(m) Total KE=T =T(M)+T(m)
] . . . -
= 5[( MR? + mr?)0? = 2mrlcos(6 — ) ¢ + mzzqﬂ _ %( 6 ¢ ) To.6 Vo [ 0 ): % o
Yoo Vo0 ¢
a9 where: Yoo Vo0 B MR? + mr? —mrlcos(6— )
Dy = 5 80( (MR2 + mr )(92 — mrlcos(0 —§) 0+ — mfqu ) Ymn tensor is Yoo Yoo a _mrlcos(6 — o) .
= (MR? + mr*)0 — mrigcos(6 — )
Py = gg a?/)( ( MR? + mr*)6?* — mrtcos(6 — ¢) 6+ — m€2¢ ]

— mfz(p — mrl6cos(6— o)
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Canonical momentum and ~Ymn tensor
oT

Standard formulation of pn = Py The vymn tensor/matrix formulation
Total KE=T =T(M)+T(m) Total KE=T =T(M)+T(m)
:l[(MR2+mr2)92—2mrfcos(e—¢) 9¢+m€2¢2J ( 0 ) Too Too || 6| 1w
2 2 ¢ 2 mn
Yoo Vo0
T3 where: Yoo Vo0 B MR? + mr? —mrlcos(6— )
Dy = 5 80( (MR2+mr )Oz—mrﬁcos(é? 0) 00+ — mfqu ) Ymn tensor is Yoo Yoo a _mrlcos(6 — o) .
= (MR? + mr?)0 — mridcos(6 — o) ( Momentum ~Yms-matrix theorem: (proofon next page) )
ofT 9 ) 2 2 oT
MR 0° — mr!t 0—0)6 14 el
Py= a¢ 8(/)( ( + mr ) mrlcos(6—¢) ¢+ me=¢ ] Py | 30 ) Yo.o Yoo 0 " -
2 | or | é it V50 = Vg, (Symmetry)
= ml*$p— mrl0cos(6— @) Py 5 To.0 V.0
¢
B MR* +mr*  —mrlcos(6—¢) ( 0 J
—mrlcos(0 —¢) mt* 0

J
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Canonical momentum and ~Ymn tensor

BT

-m

Standard formulation of pm =
Total KE=T =T(M)+T(m)

= %[(MRz +mr?)6?% = 2mrlcos(6 — ¢) 6 + mezqﬂ

of 9
36 90
= (MR? + mr*)0 — mrigcos(6 — )
of 0
% g\ 2
= m£2¢ — mrlOcos(6—¢)

Dy = ( (MR? + mr*)6* — mrlcos(6 — ¢) 6+ — mfqu j

Py = ( ( MR? + mr*)6?* — mrtcos(6 — ¢) 6+ — m£2¢]

The vymn tensor/matrix formulation

Total KE=T =T(M)+T(m)

Yoo Voo || 6 | 1 .,
Ao of 2 [ s
Yoo Vo

MR? + mr? —mrlcos(6 —0)
—mrlcos(6 — ) mt?

where: Yoo Vo9

Ymn LENSOY 1S

Vo0 Voo

( Momentum ~Yms-matrix theorem: (proofon next page) )

oT

Po | | 96 | | Yoo Yoy |[ 6 " B
=l o7 |7 : if: V50 =704 (symmetry)
Py il Yoo Yoo N9

o9

B MR* +mr*  —mrlcos(6—¢) ( 0 ]
—mrlcos(0 —¢) mt* ¢
- y,
( Momentum Ymn-tensor theorem. (proof here)
% Pm = Ymn 4
. oT | U
proof: Given:p, = aq—m where: T = Eyjkqqu
J 1 1 9g’ 1ot
Then: p, :a—mﬂf"q 4" =—7]k$q 5V pd’ 3"
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Canonical momentum and ~Ymn tensor

BT

-m

Standard formulation of pm =
Total KE=T =T(M)+T(m)

= %[(MRz +mr?)6?% = 2mrlcos(6 — ¢) 6 + mezqﬂ

of 9
36 90
= (MR? + mr*)0 — mrigcos(6 — )
of 0
% g\ 2
= m£2¢ — mrlOcos(6—¢)

Dy = ( (MR? + mr*)6* — mrlcos(6 — ¢) 6+ — mfqu j

Py = ( ( MR? + mr*)6?* — mrtcos(6 — ¢) 6+ — m£2¢]

The vymn tensor/matrix formulation

Total KE=T =T(M)+T(m)

Yoo Voo || 6 | 1 .,
Ao of 2 [ s
Yoo Vo

MR? + mr? —mrlcos(6 —0)
—mrlcos(6 — ) mt?

where: Yoo Vo9

Ymn LENSOY 1S

Vo0 Voo

( Momentum ~Yms-matrix theorem: (proofon next page) )

oT

Po | | 96 | | Yoo Yoy |[ 6 " B
=l o7 |7 : if: V50 =704 (symmetry)
Py il Yoo Yoo N9

o9

_ MR* +mr*  —mrlcos(6 —o) ( o ]
—mr{cos(6 —¢) mb? ¢

- J
( Momentum Ymn-tensor theorem. (proof here)

\_ Pm = Ymn qn

JoT 1
proof: Given:p aq—’” Where: Tzayjkq]qk
J 1 1 96 1 a
e _a—_yﬂfg i —yjkﬁq 27 ud aqm

| .
:Eyjk&;q +— yjkqjék
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Canonical momentum and ~Ymn tensor

oT : :
Standard formulation of pn = Yo The vymn tensor/matrix formulation
Total KE=T =T(M)+T(m) Total KE=T =T(M)+T(m)
:l[(MR2+mr2)92—2mrfcos(e—¢) 9¢+m€2¢2J ( 0 ) Yoo Yoo [ 0 ):ly g
2 2 2 mn
Yoo Vo0 ¢
T3 where: I ERLY B MR? + mr? —mrlcos(6— )
Dy = 5 80( (MR2+mr )Oz—mrﬁcos(é? 0) 00+ — mfqu j Ymn tensor is Yoo Yoo a _mrlcos(6 — o) .
= (MR? + mr?)0 — mridcos(6 — o) ( Momentum ~Yms-matrix theorem: (proofon next page) )
aT 8 2 2 2 ] aT
MR* + 0° — mrlcos(6 — @) 6+ —ml il
Py a(/)(( Y0 = mrteos(9-9) 66+ me*g ) 136 | (70e 100l 0) .
2 = oar T ) if: 7,9 =7, (Symmetry)
= ml*$p— mrl0cos(6— @) Py =z Vo0 Vo0
¢

B [ MR? + mr? —mrlcos(6 —¢) ]

0

—mr{cos(6 —¢) mb?
> J
( Momentum Ymn-tensor theorem. (proof here)
\_ Pm = Ymn qn
or 1
proof: Given:p, = aq—’” where: T = EVJkCI]qk
Then : J 1 1 9¢’ 1 aq

Py ——_V ‘]q _7’ —C] _7’ q’
a Jk ]kaq Jk a -m

=57jk5,£ﬂ +— ijqjé _mGq +57jmq]
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Canonical momentum and ~Ymn tensor

oT : :
Standard formulation of pn = Yo The vymn tensor/matrix formulation
Total KE=T =T(M)+T(m) Total KE=T =T(M)+T(m)
1 . . . :
:—[(MRz+mr2)92—2mr€cos(0—(b)9¢+m€2¢2} ( 0 ) Yoo Yoy [ 0 ):ly g
2 2 ¢ 2 mn
Yoo Vo
a9 where: I ERLY B MR? + mr? —mrlcos(6— )
Dy = 5 80( (MR2+mr )Oz—mrﬁcos(é? 0) 00+ — mfqu j Ymn tensor is Yoo Yoo a _mrlcos(6 — o) .
= (MR? + mr?)0 — mridcos(6 — o) ( Momentum ~Yms-matrix theorem: (proofon next page) )
Jd7 _ d 2 2 2 ] oT
MR* + mr=)0* — mrlcos(6 —¢) 06 + — mf il
Po=235 a(/)( ( %) (6—9) 60 ¢ 2o =5 Yoo Yoo | 6) . )
, = o7 = : if: Yo.0 = Vo (symmetry)
= ml*$p— mrl0cos(6— @) Py 5 To.0 V.0 ¢
¢
B MR* +mr*  —mrlcos(6—¢) ( 0 ]
—mr{cos(0 — @) mé* ¢
. y,
(" Momentum Ymn-1€NSOr theorem: (proof here)
% Pm — Ymn q”
T N U
proof: Given:p, = aq—’“ where: T_Eyjkqjq
. 01 i1 dg’ 1 aq
Then : pm _a_mzyjkqjq _Eyjka s _y]kq a .m

VNN DU PV Y S

1 s
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Momentum Ymn-matrix theorem: (proof)

oT

Py _ 6
Py oT

E

N | —

N | —

N | —

0

0

99
(10 )
(0 1)

Yoo Vo0
Yo.0 V.0

Yoo Voo (
Yoo V9.0

MR? + mr2

—mrlcos(6 — )

£( 6 ¢ ).'}/.

_( 6 o ).y.

|

0
¢

+( 6 ¢ ).'y.

+( 6 ¢ )-]/-

0 )+l Vo0 Yo.0
P ) 2 Yoo Tos
: J if: Yo.0 = Yo.0 (symmetry)

—mr{cos(6 — ) [
mé?

+( 0 QS)-y-a

+( 0 ¢ )}/a%

o9

k

)

<. O S .

] OED
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Equations of motion and force analysis (Mostly Unit 2.)
= [‘orces. total, genuine, potential, and/or fictitious
Lagrange equation forms
Riemann equation forms
2nd-guessing Riemann? (More like Unit 3.)
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Forces: total, genuine, potential, and/or fictitious

Coriolis Force ~ éd).
o /

r | ConstrainNFotce

Constraintt Force

Centrifugal ’A

A\ .
Force Centrifugal Force
2 2
~ 0 UPPOFt amns o 0
Steadymg Force Gravitational Force
Gravitational Force ~mg
~ Mg
Acceleration Applied Constraint
and ‘Real’ 'Internal’
'Fictitious' Forces: Forces:
. Gravity Stresses
Forces. Stimuli Support...

Cfnot:ll.'jng FriCTn... g)o not cozt)ribute.
. dJdT dT v |
Dy = —+F,+0

dt 90 96

d 0T OT
) = — = FFE +0
e P T a0 00 T

(modified)

Lagrange Force equations
(derived on p. 26)
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Forces: total, genuine, potential, and/or fictitious

Constraintt Force

Centrifugal ’A

Force ) Centrifugal Force
2 02
~0 Upport and ~0
Steadying Foree Gravitational Force
Gravitational Force ~mg .
Y For conservative forces
~ Mg
Acceleration Applied Constraint |, }ore- F, = _oV and: B_V _

and Real’ 'Internal’ 00 00

'Fictitious' Forces: Forces: F oV q %1%

. Gravity Stresses =——— and. —-

pq):

Fig. 2.5.2
(modified)

Coriolis Force ~ éd).

2

r | ConstrainNFotce

Coriolis Frictipn...
Centrz:%gal I

d oT JdT

4T T
dt 00 99

Lagrange Force equations
(derived on p. 26)

¢

‘ =—+F +0
Po= a1 96 ~ 90

FF +0

(Do not contribute.
Do no work.)

_JL . dL
o =96 90

dL . dL

Py =31
* 99 00

Lagrange Potential equations

L=1-V

Po = =+

Py ==

0

=0

44
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Equations of motion and force analysis (Mostly Unit 2.)
Forces: total, genuine, potential, and/or fictitious
= | qorange equation force analysis
Riemann equation force analysis
2nd-guessing Riemann? (More like Unit 3.)
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d T oT . OJT _

Lagrange equation force analysis -~ -——"=p,~==F,
Dot means total differentiation 7 94 q
Everything that can move contributes. (Very easy to miss a term!)

P, = %pez %((MR2 +mr’ )0 — mrf(ﬁCOS(Q — q))) [M,R,m,7, and ¢ are (thankfully) zero]

= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)

= (MR + mr* )6 — mr(§ cos(6 — §) + mr(6¢ sin(6 — ) — mrL¢” sin(6 — )

, _d d
p(P_Ep(p_E

= mézq')' — mrlo cos(0 — @)+ mrl 6?(6? — 45) si(6 — o)
— mgz(b' — mrlBcos(0 — @) — mrlO¢ sin(6 — @)+ mrl 6* sin(6 — )

( 0*¢— mrl6cos(6 — ¢))
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. . d JdT T T
Lagrange equation force analysis - ;,M —j —=p, —g—u =F,
Dot means total differentiation 7 94 q
Everything that can move contributes. (Very easy to miss a term!)
P, = %pez %((MR2 +mr’ )9 — mrf(ﬁCOS(Q — ¢)) [M,R,m,7, and ¢ are (thankfully) zero]

= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)

= (MR + mr* )6 — mr(§ cos(6 — §) + mr(6¢ sin(6 — ) — mrL¢” sin(6 — )

, _d d
p(P_Ep(p_E

= m€2¢5 — mrlo cos(0 — @)+ mrl 9(9 — 45) si(6 — o)
— mgz(b' — mrlOcos(0 — @) — mrlO¢ sin(6 — )+ mrl6? sin(6 — )

( 0*¢— mrl6cos(6 — qb))

Set equal to real (gravity) force F, plus fictitious force OT/Oq" terms

po=F, +§_g:F9 +%(%(MR2 +mr2)92 +%m€2q52 — mr€9¢cos(9—¢))
=Fy+mr/l 0¢ sin(6 — @)

pr: F(P +8&—;= F(P +O%L%(MR2 + mr2)92 +%m€2q52 — mrﬁéécos(@—qb)j

= F, —mr( 0¢ sin(6 — ¢)
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. . d JdT T T
Lagrange equation force analysis - ;,M —5 —=p, —j—u =F,
Dot means total differentiation 7 94 q
Everything that can move contributes. (Very easy to miss a term!)
P, = %pgz %((MR2 +mr’ )9 — mrf(ﬁCOS(Q — ¢)) [M,R,m,7, and ¢ are (thankfully) zero]

= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)

= (MR + mr* )6 — mr(§ cos(6 — §) + mr(6¢ sin(6 — ) — mrL¢” sin(6 — )

4 d
p(p—Ep(p_E

= m€2¢5 — mrlo cos(0 — @)+ mrl 9(9 — 45) si(6 — o)
— mgzq')' — mrlOcos(0 — @) — mrlO¢ sin(6 — )+ mrl6? sin(6 — )

( fng — mrl6cos(6 — qb))

Set equal to real (gravity) force F, plus fictitious force OT/Oq" terms

py=F, +g—g= F, +%(%(MR2 + mrz)é2 +%m€2q52 — mrﬁ@ﬁ)cos(@—Q))]
= F, + mrl0¢ sin(0 — ¢)

Py= F(P +8&—§;= F(P +5%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)]

= F, —mr( 0¢ sin(6 — ¢)

gravity forces F,, from p.30
F, =—MgRsin0+ mgrsin0

Fy=—mglsing
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. . d JdT T T
Lagrange equation force analysis - ;,M —j —=p, —g—u =F,
Dot means total differentiation 7 94 q
Everything that can move contributes. (Very easy to miss a term!)
P, = %pez %((MR2 +mr’ )9 — mrf(ﬁCOS(Q — ¢)) [M,R,m,7, and ¢ are (thankfully) zero]

= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)
= ((MR® +mr* )6 — mrt ¢ cos(6 — ¢) + mr0 sin(6 — )~ mrl§* sin(6 = 9) = Fy+mri0f sin(6 - ).

4 d
p(p—Ep(p_E

= m€2¢5 — mrlBcos(0 — @)+ mrl6(6 —¢)sin(6 — ) .
= m%) — mrtcos(0 —9) — mrt09 sin(0 — 9) + mrt6?sin(@—9) = F, ~mr(6sin(0—9)f--

( fzgf) — mrl6cos(6 — qb))

Set equal to real (gravity) force F, plus fictitious force OT/Oq" terms

py=F, +§—g= F, +%(%(MR2 + mrz)é2 +%m€2q52 — mrﬁéQScos(@—Q))) -
=F,+ mrl0¢ sin(6 — ¢)

Py= F(P +8&—§;= F(P +O%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)j

= F, —mr{6¢ sin(6 - ¢)

gravity forces F,, from p.30
F, =—MgRsin0+ mgrsin0

Fy=—mglsing
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. . d JdT T T
Lagrange equation force analysis - j,u —j —=p, —j—u =F,
Dot means total differentiation 7 94 q
Everything that can move contributes. (Very easy to miss a term!)
P, = %pez %((MR2 +mr’ )9 — mrf(ﬁCOS(Q — ¢)) [M,R,m,7, and ¢ are (thankfully) zero]

= (MR2 +mr’ )é — mrl$cos(6 — )+ mrld(0—@)sin(0 — @)
= (MR + mr* )6 — mr(§ cos(6 — 9) + mrtig-sin@=0) — mr(¢’ sin(0 —¢) = F, EmrtO¢-sin(@=0) -

4 d
p(p—Ep(p_E

= ml*¢ — mrl6cos(6 — @)+ mrl6(6 — §)sin(6 — ¢) :
= ml?¢ — mrl6cos(0 — ) — mitBp-sin(E=0) + mri0°sin(0 — ) = F, ~mrtosin(@=0){

( fch) — mrl6cos(6 — qb))

Set equal to real (gravity) force F, plus fictitious force OT/Oq" terms

py=F, +g—g= F, +%(%(MR2 + mrz)é2 +%m€2q52 — mrféQSCOS(Q—Q))) -
=F,+ mrl0¢ sin(6 — ¢)

Py= F(P +8&—§;= F(P +O%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)j

= F, —mr{6¢ sin(6 - ¢)

gravity forces F,, from p.30
F, =—MgRsin0+ mgrsin0

Fy=—mglsing
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d T oT . OJT _

Lagrange equation force analysis -~ -——"=p,~==F,
Dot means total differentiation 9 1 1
Everything that can move contributes. (Very easy to miss a term!)

. d d ) 2\ : o -

Dy = Epg— E((MR + mr )9 —mrlpcos(6 — ¢)) [M ,R,m,r, and / are (thankfully) zero]
= (MR + mr* )0 — mr(¢ cos(0 — §)+ mri¢(6 — §)sin(6 — ¢)
= (MR2 +mr® )é —mrl¢cos(0 —¢)— mrld*sin(6 — o) =F,

o d_d( . .

Py = Ep(p— E( 0°¢p— mré@cos(@—gﬁ))
= ml*¢ — mrl6cos(6 — d)+ mrl6(6 — §)sin(6 — 9)
= mfz(ﬁ — mrlBcos(6 — )+ mrl6? sin(6 —¢) =F,

Set equal to real (gravity) force F, plus fictitious force OT/Oq" terms

py=F, +g—g=F9 +%(%(MR2 +mr2)92 +%m€2q52 — mrKQQSCOS(H—q)))

=Fy+mrl O SIN(O — (1) | ---rvmmemmeememmeem e

Py= F(P +8&—§;= F(P +O%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)j

= F, — 70O SIN(6 = ) | -eeeeemoemeeeeee e

¢

gravity forces F,, from p.30
F, =—MgRsin0+ mgrsin0

Fy=—mglsing
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d T oT . OJT _

Lagrange equation force analysis -~ -——"=p,~==F,
Dot means total differentiation 1 1 &
Everything that can move contributes. (Very easy to miss a term!)
. d d - : L .
P, = Epaz E((MRZ +mr’ )9 —mrlpcos(6 — ¢)) [M ,R,m,7, and ¢ are (thankfully) zero]
= (MR + mr* )0 — mr(¢ cos(0 — §)+ mri¢(6 — §)sin(6 — ¢)
= (MR2 +mr’ )é —mrl¢cos(0 —d)—mrlo* sin(6 — ) = F, =—MgRsin0 + mgrsin® |-
d d 5 .
), =—p, = —|ml p—mri0cos(6— )
Py i Py i ( ¢ (0-0)
= ml*¢ — mrl6cos(6 — d)+ mrl(6 — §)sin(6 — 9) ,
= m(z(ﬁ — mrlHcos(6 —¢)+ mrl6? sin(6 —¢) = Fy=—mglsing |- i

Set equal to real (gravity) force F, plus fictitious force OT/Oq" terms

py=Fy +g—g= F, +%(%(MR2 + mrz)é2 +%m€2q52 — mrKQQSCOS(H—q)))
=Fy+mrl 0¢ sin(6 — @)

p¢= F(P +8&—§;= F(P +O%L%(MR2 + mrz)éz +%m€2(b2 — mrﬁéécos(@—qb)j

= F, —mr( 0¢ sin(6 — ¢)

gravity forces F,, from p.30 -
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Lagrange equation force analysis

dt 04" 9"

d oT JT .

or _ .

"o "

D= (MR2 + mr’ )é —mrldcos(0 — @) — mrld* sin(6 — @)

= F, =—MgRsin0 + mgrsin0

py=| ml*¢ —mriGcos(6 —¢)+mrl6sin(6 —¢)

= F(p =—mg/lsing

Tuesday, October 23, 2012
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Equations of motion and force analysis (Mostly Unit 2.)
Forces: total, genuine, potential, and/or fictitious
Lagrange equation force analysis

> Ricmann equation force analysis
2nd-guessing Riemann? (More like Unit 3.)
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Lagrange equation force analysis

dt 04" 9"

d oT JT .

or _ .

"o "

D= (MR2 + mr’ )é —mrldcos(0 — @) — mrld* sin(6 — @)

= F, =—MgRsin0 + mgrsin0

py=| ml*¢ —mriGcos(6 —¢)+mrl6sin(6 —¢)

= F(p =—mg/lsing
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d oT T . JT _

Riemann equation force analysis

———=p,———=F

Y Y O
Dy= (MR2 +mr’ )é — mrfécos(@ —0)— mr€¢2 sin(6 — ¢) = F, =—MgRsin0 + mgrsin6
Py~ ml*¢  —mrl6cos(6 — )+ mrl6?sin(6 — ) = F, =—mglsing

In matrix form.

Py | (MR2 + mrz) —mr/cos(6 — o) o B mrl¢” sin(6 — @) ~
Py —mrlcos(6 — ) me 0 —mr(6” sin(6 — ¢)

Fy
Fy

Tuesday, October 23, 2012



d oT JT . dT _

Riemann equation force analysis

———=p,———=F

Y Y O
Dy= (MR2 +mr’ )é — mrﬁécos(@ —0)— mréqﬁz sin(6 — ¢) = F, =—MgRsin0 + mgrsin6
Py~ ml*¢  —mrl6cos(6 — )+ mrl6?sin(6 — ) = F, =—mglsing

In matrix form.
Pe | (MR>+mr*)  —mrlcos(®©—¢) | é | mrtd?sino-9) | [ F
Py —mrlcos(6 — ) me 0 —mr(6” sin(6 — ¢) F,

This uses the[ Yoo Vo0 ]:£ MR*>+mr*  —mrlcos(6—0¢) ] ( —MgRsin 6+ mgrsin6 ]

Ymn LENSOY . _ _ 2 )
Vo0 Vo0 mr{cos(6—0) m/ —mgf Sll’l¢

Tuesday, October 23, 2012 57



d T oT . OJT _

Riemann equation force analysis

———=p,———=F

Y Y O
Dy= (MR2 +mr’ )é — mréécos(@ —0)— mréqﬁz sin(6 — ¢) = F, =—MgRsin0 + mgrsin6
Py~ ml*¢  —mrl6cos(6 — )+ mrl6?sin(6 — ) = F, =—mglsing

In matrix form.
Pe | (MR>+mr*)  —mrlcos(®©—¢) | é | mrtd?sino-9) | [ F
Py —mrlcos(6 — ) me 0 —mr(6” sin(6 — ¢) F,

This uses the | Yoo Yoo | | MR*+mr*  —mrlcos(6—9) —MgRsin 6+ mgrsin6
Ymn LENSOY . Yoo Vo0 —mrlcos(6 — o) mt? =

Po | | Yoo Voo |[ 6 | | Fytmrig’sin(6-¢)
pq) }/¢’Q }/(D,(P ¢ F;Z) — ml’féz Sin(9 — ¢)
Need to invert the Ymn-matrix...

Tuesday, October 23, 2012
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Riemann equation force analysis <97 T _, 9T _p

dt 9g"  dg" " ag" "
Po= (MR2 +mr’ )é —mrldcos(6 —@)—mrl)* sin(6 — @) = F, =—MgRsin0 + mgrsin6
p¢= m€2¢5 —mrlOcos(6—¢)+ mrl6? sin(6 —¢) = F, =—mglsing

In matrix form.
Pe | (MR>+mr*)  —mrlcos®©—¢) | é | mrtd?sino-9) | [ F
Py —mrlcos(6 — ) me 0 —mr(6” sin(6 — ¢) F,

This uses the | Yoo Yoo | | MR*+mr*  —mrlcos(6—9) —MgRsin6 + mgrsin 6

Po | | Yoo Voo |[ 6 | | Fy+mrig®sin(6—¢)
p(p }/¢’9 Y¢’¢ ¢ F;I) — ml"féz Sin(Q — ¢)

Need to invert the Ymn-matrix...

—mg/lsingQ
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: . . d JdT JT dT
Riemann equation force analysis - =p,——=F
q f y At aqll aqu p.u é’q“ M

Po=|(MR* + mr* )0 — mr(§ cos(6 — §) — mr(¢” sin(6 — ¢)

=F, =—MgRsin0 + mgrsin6

Py~ m€2¢ — mrlOcos(6 — )+ mrl6? sin(6 —¢)

In matrix form.
Py | (MR2 + mrz) —mrlcos(6— o) o B mrl¢” sin(6 — @) ~
2 —mr{cos(6 —¢) me’ 0 —mr(6sin(6 — 0)

This uses the [ Yoo Vo, ]_{ MR*+mr*  —mrlcos(0—¢) ]

= F(p =—mg/lsing@

Fy
Fy

—MgRsin6 + mgrsin0
Ymn tensor : Yoo Yoo —mrlcos(6— ) iy =[ —mgf sinq) )
[ p, ]_[ Yoo oo ]( g ] [ B+ mrtd*sin@-0)
P, B Yoo Voo o | Fy - mr(6° sin(6 — ¢)
me’ mr{cos(6—0)
Need to invert the Ymn-matrix... Yoo Yoo h [ mrlcos(8—¢)  MR*>+mr’ ]
[ Yoo Yos ] = mfz[MR2+mr2 Sin2(9—(b)] < “Super}gnertian
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; . . T T T Vo v
Riemann equation force analysis j;aa-“ —5 —=p, —%:Fu becomes 7" P, =i"--
q q q

Po= (MR2 +mr’ )é —mrldcos(6 —@)—mrl)* sin(6 — @) = F, =—MgRsin0 + mgrsin6

Py~ ml*p  —mrl6cos(6 — )+ mrl6* sin(6 — ¢)

In matrix form.
Py | (MR2 + mrz) —mrlcos(6— o) o B mrl¢” sin(6 — @) ~
2 —mr{cos(6 —¢) me’ 0 —mr(6sin(6 — 0)

This uses the [ Yoo Vo, ]_{ MR*+mr*  —mrlcos(0—¢) ]

= F(p =—mg/{sin@

Fy
Fy

| —MgRsin6 + mgrsin0
Ymn tENSOY . Yoo Vo —mrlcos(6 — ) . = _mgg Sin¢
Po | | Yoo Voo |[ 6 | | Fy+mrig®sin(6—¢)
P, Yoo Voo || O F, — mrt6”sin(6 - ¢)
me’ mr{cos(6— )
Need to invert the Ymn-matrix... Yoo Yoo _ [ mrlcos(—¢)  MR®+mr’ ]
... and Clpply it... Yoo Vos - mfz[MRz - Sinz(Q—(b)] < Super}ﬁnertza
—1 —T . .
Yoo Yoo Po 2 Yoo Yoo F, + mrl¢®sin(6 —¢) Riemann
: =l - | = . equation
Voo Voo Py ¢ Yoo Yoo Fy—mr(6~sin(0 - ¢) form
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. ’ ; T T BT Ve eV
Riemann equation force analysis j;aa-“ —5 7= b5 =F, becomes 7" P, =i"--
q q

Po= (MR2 +mr’ )é —mrldcos(6 —@)—mrl)* sin(6 — @) = F, =—MgRsin0 + mgrsin6

Py~ m€2¢ — mrlOcos(6 — )+ mrl6? sin(6 — @)

In matrix form.
Py | (MR2 + mrz) —mrlcos(6— o) o B mrl¢” sin(6 — @) ~
2 —mr{cos(6 —¢) ml’ 0 —mr(6sin(6 — 0)

This uses the [ Yoo Vo, ]_{ MR*+mr*  —mrlcos(0—¢) ]

= F(p =—mg/lsing@

Fy
Fy

—MgRsin6 + mgrsin0
Tmn LERSOF |y 0 Voo —mrlcos(6 — @) me* =[ _mglsing )
[ b, ]_[ Yoo Yos ]( : ] [ B+ mrtg?sin@-¢)
P, B Yoo Voo o | F; — mr(6”sin(6 — ¢)
me’ mr{cos(6—0)
Need to invert the Ymn-matrix... Yoo Yoo h [ mrlcos(—¢)  MR®+mr’ ]
[ Yoo Yoo ] T P MR+t sin® (0 ¢) | e—— L

-1 —T ) .
Yoo Yoo Po 2 Yoo Yoo F, + mrl¢®sin(6 —¢) Riemann
: =l - | = . equation
Voo Voo Py ¢ Yoo Voo Fy—mrt0~sin(6 — ) form

Gravity-free case:

Fy=0=F, ( 4 N
] 9 || oo Tee O |mresin@- o)
¢ }/¢,9 7/¢,¢ _92
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: : . dJdT 9T . OT Wy

Riemann equation force analysis il Sl becomes 7" p.=q"--
Dy= (MR2 +mr’ )é —mrldcos(6 —@)—mrl)* sin(6 — @) = F, =—MgRsin 6 + mgrsin 0
py=| ml*¢ —mriGcos(6 —¢)+mrl6sin(6 —¢) = F, = —mglsing

In matrix form.

(MR* +mr?)

Gravity-free case:

—mrlcos(0—¢) | 6 mrl¢’sin(6—¢) | | K
Py —mrlcos(6 — ) mi’ 0 —mr(6” sin(6 — ¢) F,
This uses the | Vo0 Vo _ MR*>+mr*  —mrlcos(6—0¢) — MgRsin0 + mgrsin®
Ymn tensor : Yoo Yoo —mrlcos(6— ) . = _mgg Sin¢
Po | | Yoo Voo |[ 6 | | Fy+mrig®sin(6—¢)
p(p }/¢’9 Y¢’¢ ¢ F;I) — ml"féz Sin(Q — ¢) ,
m/l mrf cos(60 —¢)
Need to invert the Ymn-matrix... Yoo Yoo _ [ mrlcos(0—¢)  MR>+mr’ ] |
Yoo Yoo — -y [MRZ + mr? sin? 6 — ¢)] < Super}énertza
- - ; . .
Yoo Yoo Py 0 Yoo Yoo F, + mrl¢®sin(6 —¢) Riemann
: =l - | = . equation
Yoo Yoo Py 0) Yoo Yoo F, —mr(6”sin(6 — ) form

p
;

Yoo
Voo

Yo
Voo

qsz
—6?

me*

Fy=0=F, [
IS

() e

Tuesday, October 23, 2012
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mr{cos(6 — )
MR* + mr*

¢')2
—6?

|

] mr{sin(0 — @)
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Equations of motion and force analysis (Mostly Unit 2.)
Forces: total, genuine, potential, and/or fictitious
Lagrange equation force analysis
Riemann equation force analysis

2 1d-guessing Riemann? (More like Unit 3.)
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Riemann equation force analysis

d JdT T

dt 9" 9q"

=p,

T

F

U

Yoo

1
,}/6,9 p@ .
Voo Voo Py

4
;

i

Yoo
Vo0

Yoo
Voo

]l

E, + mr(¢®sin(0 —¢)
Fy—mrt 6% sin(6 — 0)

Riemann
equation

form

ravity-free case:

F9:02F¢ 0 Yoo
T A P
¢ Yoo
T
Let :(0—0¢)= Y

Yoo
Yoo

o))
)

Yoo
Voo

Yoo
Voo

_qsz
02

I

Trying to 2nd-guess Riemann results

L 7/
/

ml@?=IF1¢ N(r2+52)\?|\

14

—_— —

¢_ , ]mrf sin(6 — ¢)=[

me*
mrl cos(6 — @)

mrf cos(60 —¢)
MR? + mr*

I,= mﬁ[MR2 +mr2] and let: w=60=¢

_(Z')z
02

4

mb? 0

me? 0
0 MR* + mr?

MR?* + mr*

]m_(

me’ [MR2 + mrz]

|

I

—mrlo?

mrlm?

2
—Q
, mr/
()]

):

([’2
—H?

|

—mrlw®

MR* + mr?
w’r//

_0=¢ 0="T 4=
Fig.2.5.1 Centrifugal force for a particular state of motion ( ©@=9=0, 0==, ¢=0 )

becomes v p,=d" -

] mr/{sin(6 — ¢
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Riemann equation force analysis

d JdT T

dt 9" 9q"

=p,

T

F

U

-1
Yoo 7Yoo Do B
Voo Voo Py

4
;

_ Yoo 7Yoo
Yoo Voo

]l

E, + mr(¢®sin(0 —¢)
Fy—mrt 6% sin(6 — 0)

Riemann
equation

form

ravity-free case:

Fy=0=F, g Yoo
Il . | =l
¢ Yoo

Let:(@—(b):—%

. ,
I A PRI
¢ Voo

0 _ Yoo 7Yoo
0 Yoo Yoo

Yos J ( (]). ]mrfsin(@—q))z[
Iy -6?

mi?
mr{cos(6 — @)

S0: IS=m€2[MR2+mr2] andlet: @=0=¢

-1
14 —0° 2
0.9 (Z> = ml 0
Voo 0° 0 MR+ mr’

me? 0
0 MR* + mr?

[}

Irying to 2nd-guess Riemann results
The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).

L 7/
/

mlw?=IF( N(r2+52)\?\

14

L/0= rA(r2+1?)

—_— —

me’ [MR2 + mrz]

|

|

—mrlo?
mrlm?

):

\

—mrlw®

MR* + mr?
w’r//

_0=¢ 0="T 4=
Fig.2.5.1 Centrifugal force for a particular state of motion ( ©@=9=0, 0==, ¢=0 )

¢2

mr{cos(6 — @) )
MR* + mr” _6?

\

becomes v p,=d" -

] mr/{sin(6 — ¢
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becomes v p,=d" -

. . - d r . JT _
Riemann equatzonfarce dl’ldlySlS & 9d"  9g" =pu—@—Fu
_1 _1 .
Yoo Ve Po j Yoo Yoo F, +mrl¢’ sin(6 — o) Riemann
: = - | T - equation
Voo Voo Py Yoo Voo Fy—mr(6”sin(6 —9) form

ravity-free case:

Fo=0=F o Yoo
Il . | =l ’
¢ Yoo
T
Let (9—¢)— —5
I, 9 -1, Yoo
¢ Voo

Yoo
Voo

1)

Yoo
Voo

—H?

-
Y )2 0? 14 0 —
e O |mresine-9=| " rteosv=9)
Voo —6? mrlcos(0—¢) MR’ +mr’
SO: I;=ml*| MR* +mr® | andlet: @=0=¢
-
Y —h? 2 2
v (Z> mr{= mt 0 O e
iy 0> 0 MR*+mr’ ®°
r me* 0 )
—(ZSZ f O MR2 + ml’2 _mrng _nzrfw >
mrr= =
92 mfz[MR2+mr2] mrl o> MR2+mr
\ wrll

Irying to 2nd-guess Riemann results
The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).

This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

L 7/
/

mlo?=IF\( /\/(r2+€2)l |

L/t=rN@?+02)

Centrifugal Force
[Fl= ma?N (@2 +02)

mfz(ﬁ = FL=mo’Nr* +(°

or: @zFL/m(zza)zr/é

rt

Nr? + 02

_0=¢ 0="T 4=
Fig.2.5.1 Centrifugal force for a particular state of motion ( ©@=9=0, 0==, ¢=0 )

? ] mr/lsin(6 — ¢

\

= ma)zrf
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Irying to 2nd-guess Riemann results (contd.)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).
This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

R A\ mfz(ﬁ = FL=mo*Nr* +1* L = mw*r!
G - L/0=rN@?+02) V% + 0
~ /T

~ L/// , or: ¢=FL/ml*=w*r//
h . 2
TN Centrifugal Force 2nd-guessing [ § ) —n;trfa) :
mlw?=IFI/ /\/(r2+€2)l | IFl= moN(r2+(2) Riemann: i | MR2+/an
Or
Fig.2.5.1 Centrifugal force for a particular state of motion ( w=6=¢, 6=—, =0 )

2
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Irying to 2nd-guess Riemann results (contd.)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).

This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

R A\ mleﬁ = FL=mo*Nr* +1* L = mw*r!
G - L/0=rN@F?+02) V% + 0
~ /T

/ L 2 _ 2
\\\ L// / or: ¢0=FL/ml"=wr//t
h . 2
A Centrifugal Force 2nd-guessing [ § ) —n;trfa) :
mlo’=IFI/¢ N(r2+22)ll IFl= ma?N (2 +(?) Riemann: il MR2+/an
o’r

Fig.2.5.1 Centrifugal force for a particular state of motion ( w=60=9¢, Ozg, o=0 )

It may seem paradoxical that the f-coordinate for main r-arm feels any torque or acceleration at all.
Indeed, if the device is rigid there can be none since the centrifugal force has no moment;
(Its line of action hits the f-axis of the R-arm. )
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Irying to 2nd-guess Riemann results (contd.)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).

This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

R A\ mleﬁ = FL=mo*Nr* +1* L = mw*r!
G - L/0=rN@F?+02) V% + 0
~ /T

/ L 2 _ 2
\\\ L// / or: ¢0=FL/ml"=wr//t
h . _ 2
A Centrifugal Force 2nd-guessing [ § ) n;lrfa) :
mlo’=IFI/¢ /\/(r2+€2)ll IFl= ma?N (2 +(?) Riemann: il MR2+/an
o’r

Fig.2.5.1 Centrifugal force for a particular state of motion ( w=60=9¢, Ozg, o=0 )

It may seem paradoxical that the f-coordinate for main r-arm feels any torque or acceleration at all.
Indeed, if the device 1s rigid there can be none since the centrifugal force has no moment;
(Its line of action hits the f-axis of the R-arm. )

However, this device 1sn't rigid. The /-leg pivot is frictionless and can only transmit a component
m-£®? of force along /.
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Irying to 2nd-guess Riemann results (contd.)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).

This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

R A\ mleﬁ = FL=mo*Nr* +1* L = mw*r!
G - L/0=rN@F?+02) V% + 0
~ /T

/ L 2 _ 2
\\\ L// / or: ¢0=FL/ml"=wr//t
h . _ 2
A Centrifugal Force 2nd-guessing [ § ) n;lrfa) :
mlo’=IFI/¢ /\/(r2+€2)ll IFl= ma?N(#2+¢?) Riemann: il MR2+/an
o’r

Fig.2.5.1 Centrifugal force for a particular state of motion ( w=60=9¢, Ozg, o=0 )

It may seem paradoxical that the f-coordinate for main r-arm feels any torque or acceleration at all.
Indeed, 1f the device 1s rigid there can be none since the centrifugal force has no moment;
(Its line of action hits the f-axis of the R-arm. )

However, this device 1sn't rigid. The /-leg pivot is frictionless and can only transmit a component
m-£®? of force along /.

This causes a negative torque -mr{ ®? on the big r-arm.

It reduces f-angular momentum to exactly cancel the rate of increase in ¢-momentum.

(MR2 + mr? )é = —mw’r!
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Irying to 2nd-guess Riemann results (contd.)

The ¢—torque on mass m on leg ¢ due to centrifugal force is force times moment arm L=r-¢/N(r2+ (2).
This is the rate of change of ¢p-angular momentum around the pivot at the top of /.

R A\ mfzfﬁ = FL = mw*\r? + (? rt = mw’r!
G - L/0=rN@F?+02) V% + 0
~ r

/ L 2 _ 2
\\\ L// / or: ¢0=FL/ml"=wr//t
h . _ 2
A Centrifugal Force 2nd-guessing [ § ) n;lrfa) :
mlo’=IFI/¢ /\/(r2+€2)ll IFl= ma?N(#2+¢?) Riemann: il MR2+/n;r
o’r

Fig.2.5.1 Centrifugal force for a particular state of motion ( w=60=9¢, Ozg, o=0 )

It may seem paradoxical that the f-coordinate for main r-arm feels any torque or acceleration at all.
Indeed, 1f the device 1s rigid there can be none since the centrifugal force has no moment;
(Its line of action hits the f-axis of the R-arm. )

However, this device 1sn't rigid. The /-leg pivot is frictionless and can only transmit a component
m-£®? of force along /.

This causes a negative torque -mr{ ®? on the big r-arm.

It reduces f-angular momentum to exactly cancel the rate of increase in ¢-momentum.

(MR2 + mr? )é = —mw*r!
Note the time derivative of total momentum 1s zero 1f outside torques are zero.(twirling skater analogy)

Po+ by =0, if F,=0=F,
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