Introducing GCC Lagrangian a la Trebuchet Dynamics

(Ch. 1-3 of Unit 2 and Unit 3)

The trebuchet (or ingenium) and its cultural relevancy (3000 BCE to 21st See Sci. Am. 273, 66 (July 1995))
The medieval ingenium (9th to 14th century) and modern re-enactments
Human kinesthetics and sports kinesiology

Cartesian to GCC transformations (Mostly Unit 2.)
Jacobian relations
Kinetic energy calculation

Dynamic metric tensor ~Ymn

Geometric and topological properties of GCC transformations (Mostly Unit 3.)
Multivalued functionality and connections
Covariant and contravariant relations
Metric tensors
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Chapter 1. The Trebuchet: A dream problem for Galileo?

Fig.2.1.1 An elementary ground-fixed trebuchet
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Trebuchet simulator
http://www.uark.edu/rso/modphys/testing/markup/TrebuchetWeb.html
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Trebuchet simulator
http://www.uark.edu/rso/modphys/testing/markup/TrebuchetWeb.html

(a) What Galileo Might
Have Tried to Solve

] \ (Simple pendulum dynamics)
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Fig.2.1.2 Galileo's (supposed fictitious) problem
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http://www.uark.edu/rso/modphys/testing/markup/TrebuchetWeb.html

Trebuchet simulator

(a) What Galileo Might
Have Tried to Solve
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Trebuchet simulator

(a) What Galileo Might
Have Tried to Solve

Fig.2.1.2 Galileo's (supposed) problem
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The trebuchet (or ingenium) and its cultural relevancy (3000 BCE to 21st See Sci. Am. 273, 66 (July 1995))
The medieval ingenium (9th to 14th century) and modern re-enactments
Human kinesthetics and sports kinesiology
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(a) Early Human Agriculture and Infrastructure Building
14Y;

Throwing Slinging
Splitting <>

Chopping

N
Bull whip
crackers v
Hammering

Reaping
P \ Fig. 2.1.3 Trebuchet-like motion of humans.
\ (a) Early wortk.

Cultivating and Digging
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(a) Early Human Agriculture and Infrastructure Building
14Y;

Throwing Slinging
Splitting <>
Chopping
< Cultivating and Digging
>
Bull whip
crackers v
Hammering

Reaping

\ Fig. 2.1.3 Trebuchet-like motion of humans.
\ (a) Early work. (b) Later recreational kinesthetics.

(b) Later Human Recreational Activity

Lacrosse
Batting
Golf
Cultivating and Digging
Baseball & <
Football \
Tennis rally \
/ Tennis serve
1
Water skiing <

fass)
H\

N
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Cartesian to GCC transformations
=) Jacobian relations
Kinetic energy calculation

Dynamic metric tensor “Ymn
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Coordinates of mass M (Driving weight): Coordinates of mass m (Payload or projectile):

—

Fig. 2.2.1 Cartesian coordinates related to trebuchet angles 0 and .
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Coordinates of mass M (Driving weight):

Cartesian
Y coordinate
Axis

Cartesian
X coordinate
Axis

Fig. 2.2.1 Cartesian coordinates related to trebuchet angles 0 and .

Coordinates of mass m (Payload or projectile):
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Coordinates of mass M (Driving weight):

Cartesian
Y coordinate
Axis

Cartesian
X coordinate
Axis

Fig. 2.2.1 Cartesian coordinates related to trebuchet angles 0 and .
Fig. 2.2.2 Singular positions of the trebuchet

0 : @
0=0,0=0)
or 0=0,0=m12)
(X=0,Y="-R) or
and (X=0,Y=-R)
(x=0,y=r-1) (0 =-m2,0=-12) and
(X:-RorYZO) ()C: E,y:r)
* and
(x=r-0,y=0)
A

\U

c -

Coordinates of mass m (Payload or projectile):
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Coordinates of mass M (Driving weight):

X= Rsin0

Y=-RcosH6 .
Cartesian
Y coordinate
Axis

‘ ./R 0¥ Y=-RcosH
A

Cartesian
X coordinate
Axis

Fig. 2.2.1 Cartesian coordinates related to trebuchet angles 0 and .
Fig. 2.2.2 Singular positions of the trebuchet

0 : @
06=0,0=0)
or 0=0,0=m12)
(X=0,Y=-R) or
and (X=0,Y=-R)
(x=0,y=r-1) (0=-7/2,0=-m/2) and
(X:-RorYZO) ()C: E,y:r)
i and
(x=r-0,y=0)

\U

Coordinates of mass m (Payload or projectile):
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Coordinates of mass M (Driving weight):
X= Rsin© yo =- cosd

Y=-Rcos6 .
Cartesian

yp= rcosf

4
4
4
4

‘ ./R —QYY=-R¢cosb
A .

Y coordindte —¢ Xp=-T s’”,é
V ’
Axis K N
/' ,

Cartesian
X coordinate

Axis

Fig. 2.2.1 Cartesian coordinates related to trebuchet angles 0 and .

Fig. 2.2.2 Singular positions of the trebuchet

N
(0=0,0=0)
or
(X=0,Y=-R)
and
(x=0,y=r-1) (0=-m2,0=-1/2)
or
(X=-R,Y=0)
i and
(x=r-0,y=0)
A

e /é\\ ‘c >

-@

0=0,0=m2)
or
(X=0,Y=-R)
and

(x=1>l,y=r)

Coordinates of mass m (Payload or projectile):
X=xrtx;=-rsin® +Lsind
y=yr+ye= rcos0-~{cosd

Thursday, October 18, 2012
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Coordinates of mass M (Driving weight):
X= Rsin6
Y=-Rcos 0

yo=-leoso| 1

Fig. 2.2.1 Cartesian coordinates related to trebuchet angles 0 and .

Fig. 2.2.2 Singular positions of the trebuchet

0 : @
0=0,0=0)
or 0=0,0=m12)
(X=0,Y=-R) or
and (X=0,Y=-R)
(x=0,y=r-1) (0=-7/2,0=-m/2) and
(X:-RorYZO) ()C: E,y:r)
é and
(x=r-0,y=0)
A

\U

yp= rcos9

Coordinates of mass m (Payload or projectile):

X=xrtx;=-rsin® +Lsind

y=yr+ye= rcos0-~{cosd
st differential relations:

0X 0X 0x 0x

dX =——do0+—d dx=—d0+—d
d0 20 ¢ d0 o ¢
Y Y dy dy

dY =—dO0+—d dy=—d0+—d
500 gy W=yt g0

Thursday, October 18, 2012

15



Coordinates of mass M (Driving weight):
X= Rsin6
Y=-Rcos 0

ygz-fcosd) /r

A

Fig. 2.2.1 Cartesian coordinates related to trebuchet angles 0 and .

Fig. 2.2.2 Singular positions of the trebuchet

N

0=0,0=0)
or
(X=0,Y=-R)
and

0 =-72,0=-72)
or
(X=-R,Y=0)

é and

(x=r-0,y=0)
A

(x=0,y=r-1)

\U

4 _(l) Xp=-rsin®
’ ’
4
’
’
’
!
’
’
4

° ®

0=0,0=m2)
or
(X=0,Y=-R)
and

(x=1>l,y=r)

Coordinates of mass m (Payload or projectile):
X=xrtx;=-rsin® +Lsind
y=yr+ye= rcos0-~{cosd

st differential relations:

o0X X ox ox
ax=2200+%2 00, ax=2"a0+%%4
0 0T 95 0 BTt 5,90
Y Y dy dy
av="La0+% 5.  ay=2Yao+2Lay.
TR TS G Al LT

dX = Rcos6O /dO +0,

dxz—r0059/d9+€cos¢ do
dY = Rsm6”db+0,

dO+ (sing” d¢o

cR(X,Y)=X2+Y2=R2=const.

dy =—rsinf

Constraint relations. ¢,(x,,y,)=x; +yf = %= const.

_ 2 2_.2_ .
C, (X,A,y,ﬂ) =x, +Yy. =r"=const.

Thursday, October 18, 2012
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Coordinates of mass M (Driving weight):
X= Rsin6 yo =- KCOS(I) r
Y=-Rcos 0

R —QYY=-R¢cosb ':'
X= R sin K :

A\

1
1
1
' 4
1
1
1

Fig. 2.2.1 Cartesian coordinates related to trebuchet angles 0 and .

Fig. 2.2.2 Singular positions of the trebuchet

0 o -®
06=0,0=0)
or 0=0,0=m12)
(X=0,Y=-R) or
and (X=0,Y=-R)
(x=0,y=r-1) (0=-m2,¢=-12) and
(X:-RorYZO) ()C: E,y:r)
‘ and
(x=r-0,y=0)

A

\U

yp= rcos9

Coordinates of mass m (Payload or projectile):
X=xrtx;=-rsin® +Lsind

y=yr+ye= rcos0-~{cosd
st differential relations:

0X 0X 0x 0x

dX =——do0+—d dx=—d0+—d
d0 20 ¢ d0 o ¢
Y Y dy dy

dY =—dO0+—d dy=—d0+—d
T A TR T

dX = Rcos6O /dO +0,

dxz—r0059/d9+€cos¢ do
dY = Rsm6”db+0,

dO+ (sing” d¢o

cR(X,Y)=X2+Y2=R2=const.

dy =—rsinf

Constraint relations: = (2 = const.

2 2
Cg(xgaJ’g) =x,tYy,

2, .2_ 2
C, (xrayr) =X +y, =r"=const.

X dX

% o | Raw Jacobian form
dx Y JY Rcos0 0
dy | _ d0 P d6 | | Rsmn6 0 do
de | dx  ox [ do ]_ —rcos@ [cos¢ [ d¢ J
dy 0  Jp —rsin®  /sing

dy dy

)

Thursday, October 18, 2012
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Coordinates of mass M (Driving weight):

X= Rsin6 yo =- KCOS(I)

Y=-Rcos 6

Fig. 2.2.1 Cartesian coordinates related to trebuchet angles 0 and .

Fig. 2.2.2 Singular positions of the trebuchet

N
(0=0,0=0)
or
(X=0,Y=-R)
and
(x=0,y=r-1) (0=-m2,0=-1/2)
or
(X=-R,Y=0)
‘ and
(x=r-0,y=0)
A

\U

0=0,0=m2)
or
(X=0,Y=-R)
and

(x=1>l,y=r)

Coordinates of mass m (Payload or projectile):

X=xrtx;=-rsin® +Lsind
yp= rcos9

y=yr+ye= rcos0-~{cosd
st differential relationS'

0X 0x 0x

dX =——dO + d dx=—d0+—d
do (]) ¢ d0 o %
Y dy dy

dY =—do+ d dy=—d0+—d
29 ¢ =y do Ao

dX = Rcos6O /dO +0,

dxz—r0059/d9+€cos¢ do
dY = Rsm6”db+0,

dO+ (sing” d¢o

cR(X,Y)=X2+Y2=R2=const.

dy =—rsin6

Constraint relations: = (2 = const.

2, .2_ 2
C, (X,A,yr) =X +y, =r"=const.

2 2
Cg(xgaJ’g) =x,tYy,

Raw Jacobian form
dX Rcos@ 0
dy | a6 | | Rsin@ 0 do
dx | [ do ]_ —-rcos® (cos¢ [ do J
dy —rsin@  /sing

Finding a reduced Jacobian form
Rcos@ 0

6 = Rcos6 0 6 FAILS since: det =0
do Rsinf 0 do Rsin 0

FAILS! (Always singular)

Thursday, October 18, 2012
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Coordinates of mass M (Driving weight):
X= Rsin6
Y=-Rcos 0

yo=-leoso| 1

yp= rcos9

Coordinates of mass m (Payload or projectile):
X=xrtx;=-rsin® +Lsind

y=yr+ye= rcos0-~{cosd
st differential relationS'

0X 0x 0x

dX =——dO + d dx=—d0+—d
do (]) ¢ d0 o %
Y dy dy

dY =—do+ d dy=—d0+—d
29 ¢ =y do Ao

dX = Rcos6O /dO +0,

dxz—r0059/d9+€cos¢ do
dY = Rsm6”db+0,

dO+ (sing” d¢o

cR(X,Y)=X2+Y2=R2=const.

dy =—rsin6

Constraint relations: ¢ (x,,y,)=x>+y* = (* = const.
_2, 22
C, (X,A,y,ﬂ) =x, +Yy. =r"=const.

Raw Jacobian form
dx Rcos@ 0
av |_ 6 |_| Rsn6 0 do
dx do —rcos®  fcos¢ do
d _ . .
Fig. 2.2.1 Cartesian coordinates related to trebuchet angles © and ¢. * rsing - fsing
Fig. 2.2.2 Singular positions of the trebuchet o .
_ ° Finding a reduced Jacobian form
A (o) [
©=0,0=0) dx |_|| 90 9 do _[ Rcos6 0 ] d0 | EALLS since: det| R€0s€ 0 |_
o’r 0=0,0=m2) dY Y Iy || d¢ Rsin® 0 do - Rsin® 0
(X: 0 , Y= -R) or 00 (7(/)
and (X=0,Y=-R)
(x=0,y=r-1) (0=-7/2,0=-m/2) and
(positions where y_ g’ y_g), (x=ly=r) ( dax |_ do |_[ -reos6 fcosp | d6
‘ reduced J and dy d¢ —rsin@  /sing d¢
. (x=r-0,y=0)
OK: det| /€088 feos? | — rlsin(6 @)

1S Singu
O/\ é /é\\ ‘c >

—rsin@  /sing

SUCCESS! (Usually non-singular)

Thursday, October 18, 2012
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Cartesian to GCC transformations
Jacobian relations
= Kinetic energy calculation

Dynamic metric tensor “Ymn

Thursday, October 18, 2012
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Coordinates of mass M (Driving weight):
X= Rsin©

Y =-R cos 0 yp=-Feosd

Kinetic energy of driver M

T(M):le(2+lMY2
2 2

' 1 o d0  d d0 d j

, =—m(9¢) ? 0 9

2 9y 9y || 9y dy ¢
90 P 90

Coordinates of mass m (Payload or projectile):
X=xrtx;=-rsin® +Lsind

yp= rcos9

y=yr+ye= rcos0-~{cosd
st differential relations:

o0X X ox ox
ax=2200+%2 00, ax=2"a0+%%4
0 0T 95 0 BTt 5,90
Y Y dy dy
av="La0+% 5.  ay=2Yao+2Lay.
TR TS G Al LT

dX = Rcos6O /dO +0,

dxz—r0059/d9+€cos¢ do
dY = Rsm6”do+0,

dy =—rsin@” do+ (sing" do

GCC Velocity relations.: l
!
X =RCosO 6+0, X=-rcosf O+/lcosp ¢

Y = Rsinf 6+0,

y=-rsin@ 6O+ /sing ¢
Kinetic energy of projectile m

|

Thursday, October 18, 2012



Coordinates of mass M (Driving weight):

|
1
1
1
1
1
1
1
1
1
1

\

-0

Thursday, October 18, 2012

T

' o 26 0 26 0 )

)_C =lm( 0 ¢ ) ? 0 9

Kinetic energy of driver M Y 2 dy dy dy dy ¢

: : 20 0 20 0

T(M)=1MX2+1MY2 ’ ’ .
2 2 _m( 0 ¢) —rcos® —rsind || -rcos® fcosp |[ 6
=%M(Rcost9 9)2+%M(Rsin6 9)2 tecosp  Lsing —rsing  Lsing ) 9

Coordinates of mass m (Payload or projectile):
X= Rsin® x=xrt+tx;=-rsin0+Lsin o
Y = R cos 6 yg:-fcos(l)/r yp= rcos9 y=yr+y= rcos6-Lcoso
p ¢ 3 st differential relations:
- Xp=-rsin
‘ ! 0X 0X 0x 0x
/ / dX =—dOo0+—d dx=—dO0+—d
; I‘/ 90 2 0 900" 95 40
; Y Y dy dy
N dY =—dO0+—d dy=—"d0+—d
Q“/R 0y ¥=- Rm‘ 0 4 o % Y0 a0 $
X= R sin ;! N
5 dX = Rcos6 /dO+0, dx =—rcos0[dO+(cosp|do
dY = Rsin0” d6 +0, dy =—rsm0"” do+/sm¢” do

GCC Velocity relations.:

|

X =Rcosh 6+0,
Y = Rsinf 6+0,

l

Xx=-rcos O+/lcos¢ ¢
y=-rsin@ 6O+ /sing ¢

|

Kinetic energy of projectile m

22



Coordinates of mass M (Driving weight):
X= Rsin©

Y=-Rcos©

yp =-L cosd

Rcu'sH

Q(R 0y Y=-
X= R sin

|
1
1
1
1
1
1
1
1
1
1

|
|
—~_

Kinetic energy of driver M
1 1

\

-0

Thursday, October 18, 2012

T(M)=—MX*+=MY?
2 2
1 . 1 . .
=—M(Rcost9 9)2 +—M(Rsm6 9)2
2 2
1 yr2?
2

3

yp= rcos9

La(o o) 2 %&_"5(9:]

Coordinates of mass m (Payload or projectile):
X=xrtx;=-rsin® +Lsind

y=yr+ye= rcos0-~{cosd
st differential relations:
0X 0X 0x 0x
dX =—dO0+——d dx=—d0+—d
do 20 ¢ d0 20, %
Y Y

dy dy
ay=2La0+%L 4 dy=22a0+22 4
AT G A T LT g

dX = Rcosf /dO+0, dxz—r0059/d9+€cos¢ do

dY = Rsin0” d6 +0, dy =—rsm0"” do+/sm¢” do
GCC Velocity relations.: l

Y |
X =RCosO 6+0, X=-rcosf O+/lcosp ¢

Y=Rsinf 6+0,  y=-rsin@ 6O+ /sing ¢

Kinetic energy of projectile m l /
T

@é’_x Jdx OJx

dy dy dy dy
6 I 6 I

—rsinf —rcosf  lcosg 0
Ising —rsinf  /sing ¢

¢

—rcosf
lcos

r?cos® 0 +r*sin? 0 —rfcosBcos®—rlsinfsing }( 0

—(rcos@cosO —rlsinOsmgo (*cos® ¢+ (*sin® ¢ 0

23



Coordinates of mass M (Driving weight):
X= Rsin©
Y=-RcosH

yp =-L cosd

yp= rcos9

Coordinates of mass m (Payload or projectile):

X=xrtx;=-rsin® +Lsind
y=yr+ye= rcos0-~{cosd

st differential relations:

ox dx

PR

dy—a—yd9+a—yd¢.

0X 0X

dX =—dO0+——d dx=—dO0+—d
Y Y

dY =—do+—d
99" " 39 40"

dX = Rcos6O /dO +0,

dY = Rsin6” d6 +0, dy =—rsinf

GCC Velocity relations.: l
v

X =Rcosh 6+0, x=—rcosf 6

Y = Rsinf 6+0, y=—rsinf 0

Kinetic energy of projectile m

00

op

dx = —rcos@/d9+€cos¢ do

dO+ (sm@p” do

+/lcos¢ ¢
+/sing ¢

|

;]

):c :lm( 6 ¢ ) d0  dp d0  dp
Kinetic energy of driver M Y 2 dy dy dy dy
: : d0 o do 0
T(M):lMX2+lMY2 o 0
2 2 C —rcosf —rsinf —rcosf  fcoso
1 2 1 a2 =—m( 6 ¢ ) / /s . .
=5M(Rcost9 9) +§M(Rsm6 9) cosg s —rsin@  [sing
:lMRzéz :lm( p o )/rzcos29+rzsin29
2 2 —Llrcos¢cosf —r/lsinOsi

Total kinetic energy of M and m

TotalKEszT(M)+T(m)=%( 6 ¢ )

—mrlcos(0—0)

MR2 + mr2

—mrlcos(0— )

me?

6.1
o | 2

)

—rfcosfcosp—rlsinfsing

% cos® O+ ¢ sin? Y

J [(MRz +mr?)0? = 2mrlcos(6 — ¢) 0 + mﬁqsz}

I:

Thursday, October 18, 2012
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Cartesian to GCC transformations
Jacobian relations
Kinetic energy calculation

— Dynamic metric tensor Ymn

Thursday, October 18, 2012
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Kinetic energy of driver M Kinetic energy of projectilem | dx dx dx dx
1 s 1 5 L N\ x| 1 . oy 9 b b I | 6
T(M)=—=—MX"+—-MY T(m)=—m| x . |==m| 0O :
W= 2(y)[y)2(¢)a_ya_y o oy | 9
| A0  dp d0  dp
242 .
=5MR 7] :lm( 5 ) ) —rcos6 —rsinf —rcostl  [Lcos¢ 0
lcosg  Ising —rsinf  /sing )
1 . r?cos® 0+ r?sin® 6 —r{cosBcos®—rlsinfsing 6
:Em( 0 ¢ ) 2, 2.2 :
¢+ L7 sin” ¢ ¢

Total kinetic energy of M and m /

| A MR* +mr*  —mrlcos(6—0) ) 1
TotalKEszT(M)+T(m):§( 6 ¢ ) =5

[

(MR? + mr®)6? = 2mrecos(6 — ) 66 + mﬁqﬂ
—mrlcos(6 — ) me*

Dynamic metric tensor “Ymn
To.0 Yo
Y0 o0

Thursday, October 18, 2012 26



Kinetic energy of driver M Kinetic energy of projectilem | dx Jx dx dx
1 s 1 5 1 o) X 1 o 9 9P 9  Ip 0
T(M) 2]\4)( +2MY (m) 2m(x y) B 2’”( ‘P) dy dy dy Ay é
| d0  Jp d0  Jp
242
=§MR 6 :—m( 0 4 ) —rcosf —rsin6 —rcosf [cos¢ 6
¢ fcos¢  Ising —rsinf  /sin¢ 0
2 .2 2.2 o :
1 . r-cos“0+r-sin“ 0 —r{cosBcos®—rlsinfsing 6
—m( 0 ¢ .
i ¢
Total kinetic energy of M and m /

MR? + mr2

TotalKE:T:T(M)+T(m):%( 0 (p)[ reos(0—0)
—mreCcoS(U —

Dynamic metric tensor Ymn = Z m(1) ax () ox’ (.U)
mass |1 aq aq
}/9,9 V0,¢ a ( ) a ( )
r r
’)/(P,O y¢,¢ = Z m(u) {;f ° a ,l’«f
mass [ q

= Y m(WE, (1)K,

mass |1

1

1 R

KE = Y, —m(ui' (i’ (u)y= Y,
mass [ 2 mass [ 2
zi/mnq q

(L)

Ox’(11) x’
x(u) x(u) i"d’

—m(L)

Thursday, October 18, 2012
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Kinetic energy of driver M Kinetic energy of projectilem | dx dx dx dx
1 s 1 5 1L N x ] 1 . .y 90 b 6 dp 0
IT'(M)==—MX"+=-MY I'(m)=—m| % . |=5zml 6 :
D= 2(y)y)2(¢)a_ya_y o oy |9
| 20  d 20  dp
242
=5MR 7] :—m( 5 ) ) —rcos6 —rsinf —rcostl  [Lcos¢ 6
fcos¢p  [sing —rsinf  /sing )
2 2 2.2 L
1 . r-cos“0+r-sin“ 0 —r{cosBcos®—rlsinfsing 6
~1n( 6 ¢) ¥
2 / 24 12 sin2 ¢ ¢
Total kinetic energy of M and m /
o MR* +mr*  —mrlcos(6 - ) . . .
Total KE=T =T(M)+T(m)=>( 6 § ) tmrs o mmrlcos®©-0) 6 }:l[u\mz+mr2)e2-zmrzcos(e-@emmzngz}
2 —mrlcos(6 — ) me* 2

Dynamic metric tensor ~mn
| Special cases (rigid rotation)
T = E[MRza)z + m(r — f)zwz} for: 6=¢=w and (6 —¢)=0

4
¢7¢ Y - )

(0-9)=0

Yo.0 Vo0

V0.0

(J is Singular)

Thursday, October 18, 2012 28



Kinetic energy of driver M Kinetic energy of projectilem | dx dx dx dx
1 s 1 5 L N\ x| 1 . oy 9 b b I | 6
IT'(M)==—MX"+=-MY T(m)=—m| x _|==m| 0 :
W= 2(y)[y)2(¢)a_ya_y o oy | 9
| 20  d 20  dp
_ 242 :
—E MR~6 :lm( 6 ¢ ) —rcosf —rsinf —rcost  (cos¢ 0
lcosg  Ising —rsinf  /sing )
2 2 2.2 L
1 . r-cos“0+r-sin“ 0 —r{cosBcos®—rlsinfsing 6
2 2 O+ ¢? sin* 1) ¢
Total kinetic energy of M and m /
. MR* +mr*  —mricos(6— ) . . .
Total KE=T =T(M)+T(m)=>( 6 § ) tmrs o mmrlcos®©-0) 6 }: l[<MR2 +mr?)0? ~2mrtcos(0—9) 09+ mi%? |
2 —mrlcos(6 — ) me* 2
Dynamic metric tensor “Ymn
y y | Special cases (rigid rotation)
9.0 709 T = E[MRza)z + m(r — f)zwz} for: 6=¢=w and (6 —¢)=0
14 14
0.0 19.0 e D) (J is Singular)

(0-9)=0

O

(J is Orthogonal)
(9 —O)cm/2

2 + 17y

-~
~
-~
-~
~
‘6
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Kinetic energy of driver M Kinetic energy of projectilem | dx dx dx dx
1 s 1 5 L N\ x| 1 . oy 9 b b I | 6
IT'(M)==—MX"+=-MY T(m)=—m| x _|==m| 0 :
W= 2(y)(yJ2(¢)a_ya_y o oy | 9
| 20  d 20  dp
_ 242 :
—E MR~6 :lm( 6 ¢ ) —rcosf —rsinf —rcost  (cos¢ 0
lcosg  Ising —rsinf  /sing )
2 2 2.2 L
1 . r-cos“0+r-sin“ 0 —r{cosBcos®—rlsinfsing 6
2 2 O+ ¢? sin* 1) ¢
Total kinetic energy of M and m /
. MR* +mr*  —mricos(6— ) . . .
Total KE=T =T(M)+T(m)=>( 6 § ) tmrs o mmrlcos®©-0) 6 }: l[<MR2 +mr?)0? ~2mrtcos(0—9) 09+ mi%? |
2 —mrlcos(6 — ) me* 2
Dynamic metric tensor “Ymn
y y | Special cases (rigid rotation)
9.0 709 T = E[MRza)z + m(r — f)zwz} for: 6=¢=w and (6 —¢)=0
14 14
0.0 19.0 e D) (J is Singular)

(0-9)=0

o (J is Orthogonal)
(9 —o)cm/2
(rz+€z~5\\
1 2 2 ) _ -_‘-_ N
I'=—| MR°o"+m(r+ /() w* | for: 0=¢=w and (0 —-¢)=r
2
A r+/

---------------------------- ==l

(6 W/ (J is Singular)
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Kinetic energy of driver M Kinetic energy of projectilem | dx dx Jx  dx
20  Jp 20  Jp 0

dy dy dy dy ( j

R 6 o

T(M):%MJ'(2+%MY2 T(m)=%m( X y') i =%m( 6 qs) ;

=5MR 6 —lm( 5 ) ) —rcos6 —rsinf —rcostl  [Lcos¢ 0
lcos¢p  [fsing —rsinf  /sing )
2 2 2.2 S
1 . r-cos“0+r-sin“ 0 —r{cosBcos®—rlsinfsing 6
_ Em( 6 ¢ ) / L ;
¢+ L7 sin” ¢
Total kinetic energy of M and m /
o MR* +mr*  —mrlcos(6 - ) . . .
Total KE=T =T(M)+T(m)=~( 6 ¢ et —mrteos©=0) 0|\ 1102 L2362 — 2mrtcos(8—0) 66 mi2d
2 2 2
—mrlcos(6 — ) ml ¢
Dynamic metric tensor “Ymn
v v | Special cases (rigid rotation)
0.0 0.9 T = E[MRza)z + m(r—f)za)z} for: 9=q3=a) and (6 —¢)=0
Yoo 7V
- ¢4 S (J is Singular)

(0-9)=0

(a) When (0,9) coordinates  (b) When (0,0) coordinates

are are .
T= %[MRQCO2 + m(r2 + Kz)a)z} for: 6=¢=w and (6 —¢)=m/2

O

(J is Orthogonal)

MR*@* + m(r + 6)2(1)2} for: O=¢=w and (0 —¢)=n

N eﬁ__{”_fr_f .......... ~9

(6 W/ (J is Singular)

not 1
o%gonal T= 5

Fig. 2.3.1 Examples of (0,0) intersections (a) othogonal (special case), (b) non-orthogonal (typical).

7
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Geometric and topological properties of GCC transformations (Mostly Unit 3.)
=y Multivalued functionality and connections
Covariant and contravariant relations
Metric tensors
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Trebuchet Cartesian projectile coordinates are double-valued

Fig. 2.2.3 Trebuchet configurations with the same coordinates x and y of projectile m.
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Trebuchet Cartesian projectile coordinates are double-valued...(Belong to 2 distinct manifolds)

Fig. 2.2.3 Trebuchet configurations with the same coordinates x and y of projectile m.

So, for example, are polar coordinates ... (for each angle there are two r-values)

Fig. 3.1.4 Polar coordinates and possible embedding space on conical surface.
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Fig. 3.1.2 Trebuchet torus.

(a) (¢1=6, ¢°=0 ) coordinate lines. (b)Trebuchet position map and equators.

Q2= = -145¢ : . ql=06=-60°

Fig. 3.1.1b (¢ =0, g2=¢ )Coordinate manifold for trebuchet (Right handed sheet.)
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8

0—-0 diréction
(6+d=const.)

Fig. 3.1.2 Trebuchet torus.
(a) (¢1=6, g2=0 ) coordinate lines.(b) Trebuchet position map and equators.

Fig. 3.2.2 Example of covariant unitary vectors and their tangent space.

Fig. 3.1.3 "Flattened" (g1 =0, g2=0 ) coordinate manifold for trebuchet
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Geometric and topological properties of GCC transformations (Mostly Unit 3.)
Multivalued functionality and connections
= Covariant and contravariant relations
Metric tensors
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Kajobian transfomation matrix versus Jacobian transformation matrix

6qm — 8£Cj .

ox’ dq"
aql aql . 0 El E2
or o |F | L 2| |tme Theme) B oa' 0a | |0z oz | |y g
JAPRa _ ox 0y _ | rsin@ —rcos6 E’ ¢ 0> | o0 o9 | 0 ¢
_ql ‘12 | E? 99 rlsin(0 — ¢) 92 9 ooy oy || T § {lcosd
8:1: 856 S dv dy o o a0 rsing - fsing

Contravariant vectors E™ versus | Covariant vectors E,
E! — ( gsin¢ —KCOS¢ ) / rlsin(6 — ¢) E — —7rcost E — ﬁCOSgb

. 7 .
’ —rsinf ’ ¢sin ¢

E’ Z( rsinf —rcosf )/””fsm(e—‘?)

Fig. 3.2.3 Example of contravariant unitary vectors and their normal space. Fig. 3.2.2 Example of covariant unitary vectors and their tangent space.
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Contravariant vectors E™ versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

U=U"E_=U E'=U"E_=U_E" V=V"E_=V E"=V"E_=V_E"

where the Um, Vm, .. are contravariant components and the Un , Vn,..are covariant components

U" =UE™, V" =V.E™, and U" =U-E™, /" =V.E™,, U =UE_, V,=V-E_, and U_=U-E_, etc

Normal space (Contravariant) Tangent space (Covariant)

\/g 00 Fig. 3.3.2
Contravariant vector geometry
in a normal space ( EYE0 ),

‘ ]

Fig. 3.3.1
Covariant vector geometry
in a tangent space ( Eg,Eg ).
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Contravariant vectors E™ versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

_ _ _Fmy _ 77 on _ _ n_ 5my _ i on
U—UmEm—UnE"—UmEm—UﬁE V—VmEm—VnE—VmEm—VﬁE
where the Um, Vm, .. are contravariant components and the Un , Vn,..are covariant components

U" =UE™, V" =V.E™, and U" =U-E™, /" =V.E™,, U =UE_, V,=V-E_, and U_=U-E_, etc

Normal space (Contravariant) Tangent space (Covariant)

\/g 00 Fig. 3.3.2
Contravariant vector geometry
in a normal space .
]

Fig. 3.3.1
Covariant vector geometry
in a tangent space ( Eg,Eg ).

. 1 2 . . .
Contravariant vector E"™ for frame {q .q ,--_-}1s_wr1tten in terms of
o 1" =2
new vectors E” for a new "barred" frame {61 N7
sing a “‘chain-saw-sum rule”....

m m m N—=m
_997 99" _99" 99" | fpm

_ _99"
or ar gg™ or ag"™

E™ E™
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Contravariant vectors E™ versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

U=U’"Em=UnE“=UmEIﬁ=UﬁEIl V=VmEm=VnE“=V"/’Em=VﬁEn
where the Um, Vm, .. are contravariant components and the Un , Vn,..are covariant components

U" =UE™, V" =V.E™, and U" =U-E™, /" =V.E™,, U =UE_, V,=V-E_, and U_=U-E_, etc

Normal space (Contravariant) Tangent space (Covariant)

\/g 00 Fig. 3.3.2
Contravariant vector geometry
in a normal space .
]

Fig. 3.3.1
Covariant vector geometry
in a tangent space ( Eg,Eg ).

. 1 2 . . .
Contravariant vector E" for frame {61 .q ,--_-}1s_wr1tten in terms of
new vectors E” for a new "barred" frame {6 SRR

sing a “chain-saw-sum rule” ... ...and the same for covariant vectorsE_ and E_
_ —m —m
E™ = dq” = 9q” = dq” 97" or: [E™ = MEE’ E,= al;n ~ O m ox - aqm a—rn‘a > o B, = aqm _171
or ar gg™ or ’ ag"™ dg"  dq dq" 9q dq

Thursday, October 18, 2012 41



Contravariant vectors E™ versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

U=U’"Em=UnE“=UmEIﬁ=UﬁEIl V=VmEm=VnE“=V"/’Em=VﬁEn
where the Um, Vm, .. are contravariant components and the Un , Vn,..are covariant components

U" =UE™, V" =V.E™, and U" =U-E™, /" =V.E™,, U =UE_, V,=V-E_, and U_=U-E_, etc

Normal space (Contravariant) Tangent space (Covariant)

\/g 00 Fig. 3.3.2
Contravariant vector geometry
in a normal space .
]

Fig. 3.3.1
Covariant vector geometry
in a tangent space ( Eg,Eg ).

. 1 2 . . .
Contravariant vector E" for frame {61 .q ,--_-}1s_wr1tten in terms of
new vectors E” for a new "barred" frame {6 SRR

sing a “chain-saw-sum rule” ... ...and the same for covariant vectorsE_ and E_
_ —m —m
— aqm _ aqm _ aqm agm or [EM MEE | | Em — al;n =— or _ aqm a_rn_q . or: Em — aqm _Iﬁ
or or aan—a o aq—n_fz 1mphes:aqm - aq aq aq aq aq
=" implies: 77
dq y =4y
g™

Thursday, October 18, 2012 42



Contravariant vectors E™ versus Covariant vectors E,
Any vector U, V,... 1s expressed using either set from any viewpoint, coordinate system, or frame,

U=U’"Em=UnE“=UmEIﬁ=UﬁEIl V=VmEm=VnE“=V"/’Em=VﬁEn
where the Um, Vm, .. are contravariant components and the Un , Vn,..are covariant components

U" =UE™, V" =V.E™, and U" =U-E™, /" =V.E™,, U =UE_, V,=V-E_, and U_=U-E_, etc

Normal space (Contravariant) Tangent space (Covariant)

\/g 00 Fig. 3.3.2
Contravariant vector geometry
in a normal space .
]

Fig. 3.3.1
Covariant vector geometry
in a tangent space ( Eg,Eg ).

. 1 2 . . .
Contravariant vector E" for frame {61 .q ,--_-}1s_wr1tten in terms of
new vectors E” for a new "barred" frame {6 SRR

sing a “chain-saw-sum rule” ... ...and the same for covariant vectorsE_ and E_
_ i —n
Em = aqm = aqm = aqm agm or. Em = —aqm EIYI . . Em = al;n - m ar - aqm a_rn_a » OF: Em - aq—m_ITI
or or gg™ or og" 1mlr/>}wle:s:3im . dg""  dq dq™ dg dq
Dirac notation equivalents: J9q" Dirac notation equivalents:
(m|=(m|-1=(m|- Y |m)(m| =Y (mlm)(in| implies: (n¥)= 3 il (i w) |my=1:|m)="|m){m||m)="Y (m|m)|in)

m m
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Geometric and topological properties of GCC transformations (Mostly Unit 3.)
Multivalued functionality and connections
Covariant and contravariant relations

P | [c17iC 1CNSOTS
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Metric tensor g covariant (and contravariant) metric components gmn (and gmn )

gmn :Em .En :gnm ? gmn :Em 'En:gnm )
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Metric tensor g covariant (and contravariant) metric components gmn (and gmn )
_ _ mn _ n__nm
gmf_Em.En_&m’ g =Lk ek =g '

"Mixed" covariant-contravariant metric components

l itm=n

- Caution: O, is &, and not 8" in GCC.
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Metric tensor g covariant (and contravariant) metric components gmn (and gmn )
_ _ mn _ ypm n__nm
gﬁn_]%n.En_gﬁn’ g =Lk ek =g '

"Mixed" covariant-contravariant metric components

0 iftm#n

gn=E, oE" =g =E eE"=5 =1 " "7
1 ftm=n

m Caution: O, is &, and not 5”1" in GCC.

Metric coefficients express covariant unitary vectors in terms of contras and vice-versa

Em — gmnEn , Em — gmnE

n .
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Metric tensor g covariant (and contravariant) metric components gmn (and gmn )
_ _ mn _ ypm n__nm
gﬁn_]%n.En_gﬁn’ g =Lk ek =g '

"Mixed" covariant-contravariant metric components

0 iftm#n

gn=E, oE" =g =E eE"=5 =1 " "7
1 ftm=n

m Caution: O, is &, and not 5”1" in GCC.

Metric coefficients express covariant unitary vectors in terms of contras and vice-versa

Em — gmnEn , Em — gmnE

Co-and-Contra vector and tensor components are related by g-transformation. (So are g’s themselves.)

n .

’

. n m _ _mn mm’ _  _mn_m'n’
V., =g,V , Vi =gV , I =g7g "V _,, et
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Metric tensor g covariant (and contravariant) metric components gmn (and gmn )
_ _ mn _ ypm n__nm
gmn_Em.En Eum > 8 =Lk ek =g '

"Mixed" covariant-contravariant metric components

0 iftm#n

. Caution: O, is &umandnot &™ in GCC.
1 if:m=n &

m

g’ =E_eE" =gzq:Em0En=5,’;={

Metric coefficients express covariant unitary vectors in terms of contras and vice-versa

Em — gmnEn , Em — gmnE

Co-and-Contra vector and tensor components are related by g-transformation. (So are g’s themselves.)

n .

’

. n m _ _mn mm’ _  _mn_m'n’
V., =g,V , Vi =gV , I =g7g "V _,, et

Diagonal square roots \/gmm are the lengths of the covariant unitary vectors. |[E_ |= \/Em oE = / g,
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tangent space area spanned by VIE] and V2E)

Area(VlE ,V2E2) =V'V2E, xEy|= V72 [(E, XE, ) (E, xE,)

Area(VlEl,VzEz) =12 (E, oE,)(E, o, )~ (E, o E,)(E, *E,)

. () 14,2 811 812
=V \/gngzz — 81281, =VV 7, [det
821 &
3D Jacobian determinant J-columns are E1, E2 and E3.
o' ozt Or'
dq" 9¢* 8¢’
2 2 2
Volume(VlEl,V2E2,V3E3) S vl Ve Ve ‘E1 <E, o E | = V'V*V* det oz~ Oz~ O
d¢' 9¢ O¢
oz® 0x° 0z’
8(]1 8(]2 aq3
ox' 0z 0x° ort o' O
dq¢" 0q ¢ aq¢" 0¢° 0¢°
gll gl? 913 1 9 3 ) ) )
oxr Ox° Oz ox” 0z Ox .
9o 9o Y3 |~ 2 2 > | ® ; > - |=J eJ
¢ 90q° Oq ¢ 0q¢° Oq
931 Y93 Y3y o 9 o7 9 ot o
d¢’ 9¢" 9q¢’ d¢" ¢ 9’

Determinant product (det|4| det|B| = det|A*B|) and symmetry (det|A1| = det|4|) gives

Volume(V'E,,V*E,,V'E, | = V'V*V" det|J| = V'V*V* |det|g|
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