2019 CMwBang! site

Class YouTube Channel

Kepler Geometry of IHQ wouopic tarmonic oseinaory Elliptical Orbits

(Ch. 9 and Ch. 11 of Unit 1)
Constructing 2D IHO orbital phasor “clock” dynamics in uniform-body

Constructing 2D IHO orbits using Kepler anomaly plots
Mean-anomaly and eccentric-anomaly geometry
Calculus and vector geometry of IHO orbits

A confusing introduction to Coriolis-centrifugal force geometry (Derived better in Ch. 12)
Some Kepler'’s “laws” for all central (isotropic) force F(r) fields

Angular momentum invariance of IHO: F(r)=-k-r with U(r)=kr?/2 (Derived here)

Angular momentum invariance of Coulomb: F(r)=-GMm/r> with U(r)=-GMm-/r  (Derived in Unit 5)

Total energy E=KE+PE invariance of IHO: F(r)=-kr (Derived here)

Total energy E=KE+PE invariance of Coulomb: F(r)=-GMm/r? (Derived in Unit 5)

Introduction to dual matrix operator contact geometry (based on IHO orbits)

Quadratic form ellipse reQer=1 vs.inverse form ellipse p*Q -*p=1
Duality norm relations (rep=1)

O-Ellipse tangents v/ normal to dual O -'-ellipse position p ( v'*p=0=rep’)
Operator geometric sequences and eigenvectors
Alternative scaling of matrix operator geometry

Vector calculus of tensor operation

Web Links
Q:Where is this headed? A: Lagrangian-Hamiltonian duality

BoxIt simulation: IHO orbits w/Stokes plot
RelaWavity Simulation: IHO orbital time rates of change
RelaWavity Simulation: Exegesis Plot


https://modphys.hosted.uark.edu/markup/BoxItWeb.html
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.125
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/CMwBang_TitlePage_2019.html

This Lecture s Reference Link Listing

Web Resources - front page
UAF Physics UTube channel

Quantum Theory for the Computer Age

Principles of Symmetry, Dynamics, and Spectroscopy

Classical Mechanics with a Bang!

Modern Physics and its Classical Foundations

Lecture #7

Pirelli Site: Phasors animimation

CMwithBang Lecture #6, page=70 (9.10.18)

BoxIt Web Simulations:

Generic/Default

Most Basic A-Type

Basic A-Type w/reference lines

Basic A-Type A-Type with Potential energy
A-Type with Potential energy and Stokes Plot
A-Type w/3 time rates of change

A-Type w/3 time rates of change with Stokes Plot

B-Tvpe (A=1.0. B=-0.05. C=0.0. D=1.0)

RelaWavity Web Elliptical Motion Simulations:

Orbits with b/a=0.125
Orbits with b/a=0.5
Orbits with b/a=0.7
Exegesis with b/a=0.125
Exegesis with b/a=0.5
Exegesis with b/a=0.7
Contact Ellipsometry

Burning a hole in reality—design for a new laser may be powerful enough to pierce space-time

Trampoline mirror may push laser pulse through fabric of the Universe

2017 Group Theory for QM

2018 Adv CM
2018 AMOP
2019 Advanced Mechanics

Achieving Extreme_Light Intensities_using Optically _Curved Relativistic_Plasma_Mirrors_-_Vincenti-prl-2019

A_Soft Matter Computer_for Soft Robots - Garrad-sr-2019

Correlated Insulator_Behaviour_at Half-Filling in_Magic-Angle Graphene Superlattices_-_cao-n-2018



https://modphys.hosted.uark.edu/markup/Harter-SoftWebApps.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/CMwBang_UnitsDetail_2017.html
https://modphys.hosted.uark.edu/markup/PSDSWeb.html
https://modphys.hosted.uark.edu/markup/QTCA_UnitsDetail.html
https://modphys.hosted.uark.edu/markup/MPCF_Info_2012.html
https://modphys.hosted.uark.edu/markup/QTCA_Info_2018.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2019.html
https://modphys.hosted.uark.edu/markup/GTQM_Info_2017.html
https://modphys.hosted.uark.edu/markup/CMwBang_Info_2018.html
https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=70
https://modphys.hosted.uark.edu/markup/BoxItWeb.html
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0&wantBallsNItsPhi2=0&wantBallsNItsPhi2=0&wantPELevels=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=1.0&xInitial=0.707107&yInitial=0.707107&pxInitial=0.353553&pyInitial=-0.353553&wantBoxLines=1&wantPELevels=0&timeMax=30.0&wantStokes=0&wantPhasorsModal=0&wantBallsNItsPhi2=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0&wantBoxLines=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?wantStokes=1
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3&wantPhasorsModal=0&wantStokes=0&wantCosinePlot=0
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?numberOfVAJLines=3
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?&AU2=1.0&BU2=-0.05&CU2=0.0&DU2=1.0
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.5&velocity=0.85
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.7
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,2
https://www.dailykos.com/stories/2019/9/14/1885432/-Burning-a-hole-in-reality-design-for-a-new-laser-may-be-powerful-enough-to-pierce-space-time
https://arstechnica.com/science/2019/09/trampoline-mirror-may-push-laser-pulse-through-fabric-of-the-universe/
https://modphys.hosted.uark.edu/ETC/MISC/Achieving_Extreme_Light_Intensities_using_Optically_Curved_Relativistic_Plasma_Mirrors_-_Vincenti-prl-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/A_Soft_Matter_Computer_for_Soft_Robots_-_Garrad-sr-2019.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Correlated_Insulator_Behaviour_at_Half-Filling_in_Magic-Angle_Graphene_Superlattices_-_cao-n-2018.pdf

Running Reference Link Listing

RelaWavity Web Siz'nulatiOﬁ: Contact Ellipsometrv Velocity Amplification in Collision Experiments Involving Superballs
BoxIt Web Simulation: Elliptical Motion (A-Type) Prior to Lecture #7 MIT OpenCourseWare: High School/Physics/Impulse and Momentum
CMwBang Course: Site Title Page Hubble Site: Supernova - SN 19874

Pirelli Relativity Challenge: Describing Wave Motion With Complex Phasors
UAF Physics UTube channel

Bouncelt Web Animation - Scenarios:

These are hot off the presses. Out in MISC for quick reference. Generic Scenario: 2-Balls dropped no Gravity (7:1) - V vs V Plot (Power=4)
orting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a 1-Ball dropped w/Gravity=0.5 w/Potential Plot: Power=1, Power=4
realization_of Maxwell's_Demon - Kumar-n-2018 7:1 - Vvs V Plot: Power=1
nthetic_three-dimensional mic_structur mbl m m - Barredo-n-2018  3-Ball Stack (10:3:1) w/Newton plot (v vs t) - Power=4
Older ones: 3-Ball Stack (10:3:1) w/Newton plot (v vs t) - Power=1
Wave-particle_duality of C60_molecules - Arndt-1tn-1999 3-Ball Stack (10:3:1) w/Newton plot (v vs t) - Power=1 w/Gaps
tical_Vortex_Knots_-_One_Photon__At_A_Time - Tempone-Wiltshire-Sr-201 4-Ball Stack (27:9:3:1) w/Newton plot (v vs t) - Power=4
Baryon_Deceleration_by_Strong Chromofields in_Ultrarelativistic_, 4-Newton's Balls (1:1:1:1) w/Newtonian plot (v vs t) - Power=4 w/Gaps
Ni u.clear _Collisions - Mishustin-PhysRevC-2007, APS Link & Abstract 6-Ball Totally Inelastic (1:1:1:1:1:1) w/Gaps: Newtonian plot (t vs x), V6 vs V5 plot
qur onic Molecules - Guo-x-2017 5-Ball Totally Inelastic Pile-up w/ 5-Stationary-Balls - Minkowski plot (t vs x1) w/Gaps
Hidden-charm_pentaquark_and_tetraquark_states - Chen-pr-2016 1-Ball Totally Inelastic Pile-up w/ 5-Stationary-Balls - Vx2 vs Vx1 plot w/Gaps
Bounceltlt Web Animation - Scenarios: Bouncelt Dual plots
49:1yvst 49:1 V2 vs V1, 1:500:1 - 1D Gas Model w/ faux restorative force (Cool), mpms=3:1
1:500:1 - 1D Gas (Warm), 1:500:1 - 1D Gas Model (Cool, Zoomed in), vovsviand V2vs Vi, (vi, va)=(1, 0.1), (v, v2)=(1, 0)
Farey Sequence - Wolfram v2vs yiplots: (vi, va)=(1, 0.1), (vi, v2)=(1, 0), (vi, v2)=(1, -1)
Fractions - Ford-AMM-1938 Estrangian plot V2 vs V. (vi, v2)=(0, 1), (vi, v2)=(1, -1)
Monstermash Bounceltlt Animations: mp:my=4:1
1000:1 - V2 vs V1, 1000:1 with t vs x - Minkowski Plot v2vsvl, y2vs vl
Quantum Revivals of Morse Oscillators and Farey-Ford Geometry - Li-Harter-2013 mizmz=100:1, (vi, v2)=(1, 0): V2 vs VI Estrangian plot, y2 vs vl plot

Quantum_Revivals_of Morse_Oscillators _and Farey-Ford Geometry - Li-Harter-cpl-2015 _ .
Quant. Revivals of Morse Oscillators and Farey-Ford Geom. - Harter-Li-CPL-2015 (Publ.) mth g=0and 70:10 IMass ratio . .
Velocity Amplification in Collision Experiments Involving Superballs-Harter-1971 With non zero g, velocity dependent damping and mass ratio of 70:35
Wavelt Web Animation - Scenarios: - - M,=49, Mo=1 with Newtonian time plot
Quantum_Carpet, Quantum_Carpet_ wMBars, M,=49, MZ.:] W.lth, V2 vs Vi plot
Quantum_Carpet_BCar, Quantum_Carpet_BCar wMBars Lxample with friction : . .
Wave Node Dynamics and Revival Symmetry in Quantum Rotors - Harter-JMS-2001 Low force constant with drag displaying d Pass —?hr u, I all—?’ hru, Bounce-Off
Wave Node Dynamics and Revival Symmetry in Quantum Rotors - Harter-jms-2001 (Publ.) ml:m2=3:1 and (v1. v2) = (1. 0) Comparison with Estrangian

X2 paper: Velocity Amplification in Collision Experiments Involving Superballs - Harter, et. al. 1971 (pdf)
Car Collision Web Simulator: https.//modphys.hosted.uark.edu/markup/CMMotionWeb.html

AJP article on superball dynamics Superball Collision Web Simulator: https://modphys.hosted.uark.edu/markup/BounceltWeb.html; with Scenarios: 1007
AAPT Summer Reading List Bouncelt web simulation with g=0 and 70.10 mass ratio
Scitation.org - AIP publications With non zero g, velocity dependent damping and mass ratio of 70:35
HarterSoft Youtube Channel Elastic Collision Dual Panel Space vs Space: Space vs Time (Newton) , Time vs. Space(Minkowski)

Inelastic Collision Dual Panel Space vs Space: Space vs Time (Newton), Time vs. Space(Minkowski)
Matrix Collision Simulator:M1=49, M>=1 V> vs Vi plot <<Under Construction>>

More Advanced QM and classical references at the end of this Lecture



http://www.uark.edu/ua/modphys/markup/RelaWavityWeb.html?plotType=1,2
https://modphys.hosted.uark.edu/markup/BoxItWeb.html?AU2=1.0&BU2=0.0&CU2=0.0&DU2=1.0&xInitial=0.707107&yInitial=0.707107&pxInitial=0.353553&pyInitial=-0.353553&wantBoxLines=1&wantPELevels=0&timeMax=30.0&wantStokes=0&wantPhasorsModal=0&wantBallsNItsPhi2=0
https://modphys.hosted.uark.edu/markup/CMwBang_TitlePage.html
https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/markup/BounceItWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2072
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2073
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2075
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2176
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2177
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2179
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3106
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3107
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4011
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4012
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=4020
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
http://ocw.mit.edu/high-school/physics/exam-prep/systems-of-particles-linear-momentum/impulse-and-momentum/
http://hubblesite.org/newscenter/archive/releases/2007/10/image/a/
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20003
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20005
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20004
https://modphys.hosted.uark.edu/markup/CMMotionWeb.html?scenario=20006
https://modphys.hosted.uark.edu/markup/BounceMatWeb.html
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1007
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=6300
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1009
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1111
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1111
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1112
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1113
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1114
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1124
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1214
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1224
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1016
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1026
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1024
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1015
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1014
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1025
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1009
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=1010
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=2081
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=20810
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=20811
http://mathworld.wolfram.com/FareySequence.html
http://www.cimat.mx/~gil/docencia/2008/elementales/circulos_ford.pdf
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3000
https://modphys.hosted.uark.edu/markup/BounceItWeb.html?scenario=3004
http://www.uark.edu/ua/modphys/pdfs/QTCA_Pdfs/QTCA_PapersNTalks/MorseRevivals5.31.pdf
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Quantum_Revivals_of_Morse_Oscillators_and_Farey-Ford_Geometry_-_Li-Harter-cpl-2015.pdf
http://www.sciencedirect.com/science/article/pii/S0009261415003784
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_wMBars
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_BCar
https://modphys.hosted.uark.edu/markup/WaveItWeb.html?scenario=Quantum_Carpet_BCar_wMBars
http://www.sciencedirect.com/science/article/pii/S0022285201984498
http://www.sciencedirect.com/science/article/pii/S0022285201984498
https://modphys.hosted.uark.edu/pdfs/Journal_Pdfs/Velocity_Amplification_in_Collision_Experiments_Involving_Superballs-Harter-1971.pdf
https://aip-info.org/37VS-QW7L-1462CY2628/cr.aspx?v=1
https://www.scitation.org/
https://www.youtube.com/channel/UC2KBYYdZOfotnkUOTthDjRA
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Sorting_ultracold_atoms_in_a_three-dimensional_optical_lattice_in_a_realization_of_Maxwell%E2%80%99s_demon_-_Kumar-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Synthetic_three-dimensional_atomic_structures_assembled_atom_by_atom_-_Barredo-n-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Wave-particle_duality_of_C60_molecules_-_arndt-ltn-1999.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Optical_Vortex_Knots_-_One_Photon__At_A_Time_-_Tempone-Wiltshire-Sr-2018.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://modphys.hosted.uark.edu/ETC/MISC/Baryon_Deceleration_by_Strong_Chromofields_in_Ultrarelativistic_Nuclear_Collisions_-_mishustin-PhysRevC-2007.pdf
https://journals.aps.org/prc/abstract/10.1103/PhysRevC.76.011603
https://modphys.hosted.uark.edu/ETC/MISC/Hadronic_molecules-_Guo-x-2017.pdf
https://modphys.hosted.uark.edu/ETC/MISC/hidden-charm_pentaquark_and_tetraquark_states-_chen-pr-2016.pdf

—>» [ntroducing 2D IHO orbits and phasor geometry

Phasor “clock” geometry
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v(t)] are
first. They apply

as well to d

[X(O and Vv

given

imensions

[y(t) and vy%=v(t)] and

[z(t) and v:

v(t)] in the

ideal isotropic case.




Isotropic Harmonic Oscillator phase dynamics in uniform-body

(@) (b)
Unit 1
LH.O. Force law Fig. 9.10
F =-x (1-Dimension)
F =-r (2 or 3-Dimensions)
S | 1-D 2-D or 3-D
Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D
Total E=KE+ PE =—mv> +U(x)=—mv’> +—kx” = const. cllipses if viewed
: : 2 2 2 right!)
Equations for x-motion ) )
[x(1) c;'fd ;’X;Z (1] ar el | my’ . kx’ v Jox
given first. They apply = =
as well to dimensions 2E  2E v 2E /m \ 2E /k
[y(t) and vy=v(1)] gnd v ki Another example of
[z(t) and v:=v(¥)] in the = 4+ — (C089)2 + (sin 9)2 the old “scale-a-circle”
ideal isotropic case. 2F 2F trick...
velocity: position:

Let: (1) v=42E/mcosO, and: (2) x=+/2E/ksinf



Isotropic Harmonic Oscillator phase dynamics in uniform-body

(@) (b)
Unit 1
LH.O. Forcelaw [ O F | Fig. 9.10
F=-x (1-Dimension) W
F =-r (2 or 3-Dimensions)
S | 1-D 2-D or 3-D
Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D
Total E=KE+ PE =—mv> +U(x)=—mv’> +—kx” = const. cllipses if viewed
| . 2 2" T right)
Equations for x-motion ) )
[x(1) c;'fd :X;Z (1] ar el | my’ . kx’ v Jox
given first. They apply = =
as well to dimensions 2E  2E v 2E /m Y, 2E [k
[y(t) and vy=v(1)] gnd v ki Another example of
[z(t) and v:=v(¥)] in the = 4+ — (C089)2 + (sin 9)2 the old “scale-a-circle”
ideal isotropic case. 2F 2F trick...
velocity: position: angular velocity:  jp

Let: (1) v=4/2E/mcosB, and: (2) x=+/2E /ksinf def. (3) a):E



Isotropic Harmonic Oscillator phase dynamics in uniform-body

(a) (b)
Unit 1
LH.O. Forcelaw [ O F | Fig. 9.10
F=-x (1-Dimension) W
F =-r (2 or 3-Dimensions)
o | 1-D 2-D or 3-D
Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D
Total E= KE + PE=—mv’> +U(x)=—mv’ +—kx’ = const. ellipses if viewed
. . 2 2 T right)
Equations for x-motion ) )
[x(1) c;'fd :X;Z (1] ar el | my’ . kx’ v Jox
given first. They apply = =
as well to dimensions 2E  2F 2, 2E /m 2, 2E /k
[y(t) and vy=v(t)] and 2 2 Another example of
: mv.  kx > 2
[z(t) and v:=v(¥)] in the = 4+ — (COSQ) + (sin 9) the old “scale-a-circle”
ideal isotropic case. 2F 2F trick. .
velocity: position: angular velocity:  jp
Let: (1) v=42E/mcosO, and: (2) x=+/2E/ksinf def. (3) CO:z
(" )
/2E dx
—cos0 = v=d—
™o |
\_ J




Isotropic Harmonic Oscillator phase dynamics in uniform-body

(a) (b)
Unit 1
L.H.O. Force law Fig. 9.10
F =-x (1-Dimension)
F =-r (2 or 3-Dimensions)
S | 1-D 2-D or 3-D
Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D
Total E= KE + PE=—mv’> +U(x)=—mv’ +—kx’ = const. ellipses if viewed
. . 2 2 T right)
Equations for x-motion ) )
[x(1) c;'fd :X;Z (1] ar el | my’ . kx’ v Jox
given first. They apply = =
as well to dimensions 2E  2F v 2E /m 2, 2E /k
[y(t) and vy=v(t)] and 2 2 Another example of
: mv.  kx > 2
[z(t) and v:=v(¥)] in the = 4+ — (COSQ) + (sin 9) the old “scale-a-circle”
ideal isotropic case. 2F 2F trick. .
velocity: position: angular velocity:  jp
Let: (1) v=42E/mcosO, and: (2) x=+/2E/ksinf def. (3) CO:z
(" )
2F dx dO dx
—0089:v=d = . 40
o | %
. simple calculus )




Isotropic Harmonic Oscillator phase dynamics in uniform-body

(@) (D)

Unit 1
LH.O. Forcelaw [ O F | Fig. 9.10
F =-x (1-Dimension)
F =-r (2 or 3-Dimensions)
S | 1-D 2-D or 3-D
Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D
Total E= KE + PE=—mv’> +U(x)=—mv’ +—kx’ = const. ellipses if viewed
. . 9 9 9 right!)
Equations for x-motion ) )
[x(1) c;'fd :X;Z (1] ar el | my’ . kx’ v Jox
given first. They apply = =
as well to dimensions 2E  2F v 2E /m 2, 2E /k
[y(t) and vy=v(1)] qnd v ki Another example of
[z(t) and v:=v(t)] in the | — 4+ — (COSQ)2 + (sin 9)2 the old “scale-a-circle”
ideal isotropic case. 2F 2F trick...
velocity: position: angular velocity:  jp
Let: (1) v=4/2E/mcosB, and: (2) x=+/2E /ksinf def. (3) CO=E
(" )
2F dx dO dx dx
S T a0 ae
™o | ,
y def. (3)
\_ 3 J




Isotropic Harmonic Oscillator phase dynamics in uniform-body

(@) (D)

Unit 1
L.H.O. Force law Fig. 9.10
F=-x (1-Dimension) W
F =-r (2 or 3-Dimensions)
S | 1-D 2-D or 3-D
Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D
Total E= KE + PE=—mv’> +U(x)=—mv’ +—kx’ = const. ellipses if viewed
. . 2 2 T right)
Equations for x-motion ) )
[x(1) c;'fd :X;Z (1] ar el | my’ . kx’ v Jox
given first. They apply = =
as well to dimensions 2E  2F v 2E /m 2, 2E /k
[y(t) and vy=v(t)] and 2 2 Another example of
: mv.  kx > 2
[z(t) and v:=v(t)] in the | — 4+ — (COSQ) + (sin 9) the old “scale-a-circle”
ideal isotropic case. 2F 2F trick...
velocity: position: angular velocity:  jp
Let: (1) v=4/2E/mcosB, and: (2) x=+/2E /ksinf def. (3) CO:J
(" )
2F dx dO dx dx 2F
— €080 =y=—= =W —=0,|— cosB
m dt dt do | db k
| o |
bydef. @ | | o |
- 1




Isotropic Harmonic Oscillator phase dynamics in uniform-body

(@) (D)

Unait 1
L.H.O. Force law Fig. 9.10
F=-x (1-Dimension) W
F =-r (2 or 3-Dimensions)
S | 1-D 2-D or 3-D
Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D
Total E= KE + PE=—mv’> +U(x)=—mv’ +—kx’ = const. ellipses if viewed
: : 2 2 2 right!)
Equations for x-motion ) )
[x(1) c;'fd :X;Z (1] ar el | my’ . kx’ v Jox
given first. They apply = =
as well to dimensions 2E  2F v 2E /m v 2E /k
[y(t) and vy=v(t)] and 2 2 Another example of
: mv-  kx > 2
[z(t) and v:=v(t)] in the | — 4+ — (COSQ) + (sin 9) the old “scale-a-circle”
ideal isotropic case. 2F 2F trick. .
do
Let: (1) v=42E/mcosO, and: (2) x=+/2E/ksinf def. (3) CO:J
(" )
(" ) by def. (3)
/2E dx dO dx dx /2E
—cosf=v=—= =0 —=w,|— cosB w:d_é?
m dt dt do | db k dt
| o |
: bydet 3 | | o) |




Isotropic Harmonic Oscillator phase dynamics in uniform-body

(@) (D)

Unit 1
LH.O. Forcelaw [ O F | Fig. 9.10
F =-x (1-Dimension)
F =-r (2 or 3-Dimensions)
o | 1-D 2-D or 3-D
Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D
Total E= KE + PE=—mv’> +U(x)=—mv’ +—kx’ = const. ellipses if viewed
. . 9 9 9 right!)
Equations for x-motion ) )
[x(1) c;'fd :X;Z (1] ar el | my’ . kx’ v Jox
given first. They apply = =
as well to dimensions 2E  2F v 2E /m 2, 2E /k
[y(t) and vy=v(1)] qnd v ki Another example of
[z(t) and v:=v(t)] in the | — 4+ — (COSQ)2 + (sin 9)2 the old “scale-a-circle”
ideal isotropic case. 2F 2F trick...
do
Let: (1) v=4/2E/mcosB, and: (2) x=+/2E /ksinf def. (3) CO=E
é )

- N bydef ) \/ﬁ divze (1)
—— COS
,/Z—Ecosé?:v=dx—d9dx— dx w,/z—Ecose Ao _ N m
m

dt dt do | db k di  [2E
3 o | ‘ ydet 3 | | v | ) ~—cosb

. k by (2) derivative




Isotropic Harmonic Oscillator phase dynamics in uniform-body

(@) (D)

Unit 1
LH.O. Forcelaw [ O F | Fig. 9.10
F =-x (1-Dimension)
F =-r (2 or 3-Dimensions)
o | 1-D 2-D or 3-D
Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D
Total E= KE + PE=—mv’> +U(x)=—mv’ +—kx’ = const. ellipses if viewed
. . 9 9 9 right!)
Equations for x-motion ) )
[x(1) c;'fd :X;Z (1] ar el | my’ . kx’ v Jox
given first. They apply = =
as well to dimensions 2E  2F v 2E /m 2, 2E /k
[y(t) and vy=v(1)] qnd v ki Another example of
[z(t) and v:=v(t)] in the | — 4+ — (COSQ)2 + (sin 9)2 the old “scale-a-circle”
ideal isotropic case. 2F 2F trick...
do
Let: (1) v=4/2E /mcosO, and: (2) x— 2E/k sin6 def-(3) CO=E

r ~ by def (3) 'F divide (1)
2F dx dO dx dx 2FE - COSO
—Ccosf =y=—= =) —=m,|— cosB

m dt

| b | dt dt do do k
3 . ‘bydef.(3) | v | ) —COSQ

by (2) d t
Vv (2) deriva lve)




Isotropic Harmonic Oscillator phase dynamics in uniform-body

(@) (D)

Unit 1
LH.O. Forcelaw [ O F | Fig. 9.10
F =-x (1-Dimension)
F =-r (2 or 3-Dimensions)
S | 1-D 2-D or 3-D

Each dimension x, y, or z obeys the following: : 0 (Paths are always 2-D

Total E=KE+ PE =—mv> +U(x)=—mv’> +—kx” = const. cllipses if viewed

| . 2 2" T right)
Equations for x-motion ) )
[x(1) c;'fd :X;Z (1] ar el | my’ . kx’ v Jox
given first. They apply = =
as well to dimensions 2E  2E V2E /m V2E [k
[y(t) and vy=v(1)] qnd v ki Another example of
[z(t) and v:=v(¥)] in the = 4+ — (COSQ)2 + (sin 9)2 the old “scale-a-circle”
ideal isotropic case. 2FE 2F

trick...
angular velocity: 40

Let: (1) v=4/2E/mcosB, and: (2) x=+/2E /ksinf def. (3) a):z

(" ([ bydef (3) ™\ (by integration given constant ®:\

2F dx dO dx dx 2F do k

— cosf =v=—= =w—=m,/—cos K w=—-=,— O=|odi=wit+a
o | dt dt do | db k dt m

by def. (3 by (2
3 vt 3 | | @ | J L JAR )




=y Review of IHO orbital phasor “clock”™ dynamics in uniform-body with two “movie” examples



Review of IHO orbital phase dynamics in uniform-body

0 x-velocity v,/m

(a) 1-D Oscillator Phasor Plot -1 — |
-2
velocity|v,/o < > 2
. 3
/ \t position /\\ >( Unit 1
QOf J 4 4 x-position Fig. 9.10
Phasor goes \/ - 7& /
clockwise _ ™S 5 clockwise
by angle 0t \/ ~ \/ orbit
ol | -6 6 if x is behmd y
(b) 2-D Oscillator Phasor Plot (JZ };l haile 45 \ /7/
] .. enin - Q )
h% pgsztzon the y-Phase) (1.B) (24 Left /
3 0 O 3.5 handed
AN e
S A © Al 10(4.6)
- . ? ~ 9(5.7)
)/'VQIOCiW/ o 4 o [ counter-clockwise
v/m o V o —0(6,3) if yis behmd X

NS I\ /" | &C.7) /lgm-
\/ o1 O(8,-6) / handed

RelaWavity web simulation -
Contact ellipsometry

Introduction to Phasors at our Pirelli Relativity Site

BoxIt web simulation - With y-Phasor is on other side of xv plot



https://pirelli.hosted.uark.edu/html/phasors_single_anim.html
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Geometry of Kepler anomalies for vectors [r(¢), v(9)] in coordinate (x,y) space

rendered by animation web-apps BoxIt and RelaWavity described below after p.70.

RelaWavity web simulation - Contact ellipsometry (User Mouse Input allowed for setting phasor values)
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RelaWavity web simulation - Contact ellipsometry (User Mouse Input allowed for setting phasor values)
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Constructing 2D ITHO orbits using Kepler anomaly plots
w3 \lcan-anomaly and eccentric-anomaly geometry
Calculus and vector geometry of IHO orbits
A confusing introduction to Coriolis-centrifugal force geometry  (Derived better in Ch. 12)



Linear Harmonic

Force-Field Kepler’s
Orbits Mean Anomaly
(slope angle 04

-a Kepler’s -b

Ecce‘(ltric Anomaly Line )
(slope 1s fyolar angle p=atyn[y/x])

Step 1. Draw concentric
circles of radius a and b

and a radius OA at angle ®t

from a-circle at ot to x-axis

xX=a cos 0t

A

)
bsin ot
v | Unit 1
Fig. 11.1
(top 2/3’s)
0t
a cos Wt

Step 3. Draw horizontial line BR

Step 2. Draw vertical line AX ~ from b-circle at wt to line AX.
Intersection is orbit point R.

Another example

of a
Zig-Zag
construction.:

y A

‘ Zig!
B B R
R Zag!
7 y=bsin ot
o) b a

yX
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Force-Field
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Kepler’s
Mean Anomg

-d

Line

bsin ot

\ Kepler’s |

Ecceniry¢ Anomaly Lipe
(slope 1s polar &

Step 1. Draw concentric
circles of radius a and b

and a radius OA at angle ot

Step 2. Draw vertical line AX
from a- circle at ot to x-axis

A

xX=a cos Ot

a cos Ot

Step 3. Draw horizontial line BR
from b-circle at 0t to line AX.

Intersection is orbit point R.

R

7 y=bsin ot

o1 b p

%
7/

Step 4-N
Repeat

as often

as needed M‘

Unit 1
Fig. 11.1



Constructing 2D ITHO orbits using Kepler anomaly plots
Mean-anomaly and eccentric-anomaly geometry

m— Calculus and vector geometry of IHO orbits
A confusing introduction to Coriolis-centrifugal force geometry  (Derived better in Ch. 12)



(a) Orbi{g,,, ,
Calculus of IHO orbits = —

/ R
mean-anomaly ¢ of position vector r | pasttion |
m ' |

\

\ /Time frame angle
— b=t Unit 1

di ; "x X acos a)t | dcos ¢(\ 7 (Mean Anomaly) Flg 115
radius vector :x = = — i B
r Y bsinwt bsing J




(a) Orbits <

Calculus of IHO orblts

To make velocity vector v

just rotate by w/2 or 90° 5
the mean-anomaly ¢ of position vector r’

00\

oy

pasition |

: Ty X acosmt
radius vector . r = — — .
"y y bsinwt
. Yx —a sin mt
velocity vector : v = = =
v bw coswt

sze frame angle

_/ /// (I):Q) l‘
Joosg L ear nomaby
= b -¢( mean-anomaly ¢ of position vector r
Sin

rotated by n/2 or 90° is m.a. of vector v

acos(¢+ %’2

bsin(¢+ %) ore=

Unit 1
Fig. 11.5



(a) Orbits
Calculus of IHO orbits

To make velocity vector v
just rotate by n/2 or 90° /

7N

e f
pasition |

the mean-anomaly ¢ of position vector r.

\“ acceleration
| a)w?

Time frame angle
O=0¢
| (Mean Anomaly)

\\\ /
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radius vector :r = X = = . =| .¢ <
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velocity vector : v = = = =yF=
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a 2

: K x —am” coswt
accelerationor force vector :— =a = = ,
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or changeof velocity

bsin(q)+ %)(

mean-anomaly ¢ of position vector r

rotated by n/2 or 90° is m.a. of vector v
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dv . .
=—=vV=r=——-
dt

dt?

Unit 1
Fig. 11.5

m.a. 0+m/2 of vector v rotated by

another n/2 1s m.a. of vector a




(a) Or blts
Calculus of IHO orbits

just rotate by m/2 or 90°
the mean-anomaly ¢ of position vector r.

To make velocity vector v
/

/Time frame angle

\ d=m¢
. T x acosmt acose (\ (Mean Anomaly)
radius vector .x = = = _ = b mean-anomaly ¢ of position vector r Unit 1
Ty Y bsmat s rotated by ni/2 or 90° is m.a. of vector v . nit
Fig. 11.5
s
. Yy —aw sinwt dr acos(q) T 2’2
velocity vector : v = = =—=r= (form=1)
v b cos mt dt . m.a. 0+m/2 of vector v rotated by
y bsin|p+ 5 | <€ .
L another n/2 is m.a. of vector a
2r
, F a, _aw? coswt v . . d°r acos(d) T2 )
accelerationor force vector :—=a = = ) = I =V=f=—0= ,
: a - - s
or changeof velocity Y —bw” siwt dt bsm(¢+ 5 )
\ J
3 ...and so forth...
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(a) Orbits

Calculus of IHO orbits

To make velocity vector v
just rotate by n/2 or 90° /

the mean-anomaly ¢ of position vector r.

/Time frame angle

\ d=0m¢
Mean A
_ g X acosmt acos @ (\ (Mean Anomaly)
radius vector .x = = = bsi = b mean-anomaly ¢ of position vector r Unit 1
"y Y SIn o7 Sing rotated by ni/2 or 90° is m.a. of vector v . nit
Fig. 11.5
T
. Yx —am sin Wt dr CZCOS((Z)+ 2f
velocity vector : v = = =—=r= (for m=1)
v b coswt dt : T m.a. §+m/2 of vector v rotated by
y bsin(¢+ 5 |« .
another n/2 is m.a. of vector a
2 2 acos|¢+2F
_ F a —amw” cosmt dv . d°r 2
accelerationor force vector :—=a = = ) = E =V=r= 5=
: m a : . 27
or changeof velocity Y —bw” sinwt dt bsm((p+ b )
3 ...and so forth...
. . . Iy +aa)3 sinwt da B d3r acos(¢+ 2 )
jerk or changeof acceleration:j=| = |= =—-=a=V=f=——1=
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(a) Orbits

Calculus of IHO orbits

To make velocity vector v
just rotate by n/2 or 90° /

the mean-anomaly ¢ of position vector r.

Link = BoxlIt simulation of IHO orbits

Time frame angle
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y Y S ! s rotated by mi/2 or 90° is m.a. of vector v Fig, 11.5
T Link — THO Exegesis Plot
‘ Vy —amsinomt dr acos d) * 2 Link — IHO orbital time rates of change
velocity vector : v = = =—=r= (for m=1)
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RelaWavity orbit web-app

Link — IHO orbital time rates of change

Geometry of Kepler anomalies for vectors [r(¢), v(¢), a(®), j(®),] in coordinate (x,y) space
rendered by animation web-apps BoxIt and RelaWavity.
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Constructing 2D ITHO orbits using Kepler anomaly plots
Mean-anomaly and eccentric-anomaly geometry
Calculus and vector geometry of IHO orbits
=P | confusing introduction to Coriolis-centrifugal force geometry  (Derived better in Ch. 12)



(a) “Earthronaut” orbiting
tunnel inside Earth

(b) “Carnival kid” orbiting in

space attached to a spring

centrifugal centrifugal
force=+kr force=+kr
orbital velocity=V =+ mmAr orbital velocity=V =+mr
Earthronaut centrigetal Carnival kid
says. force= [F = says.
(due to spripg) :
“This is great! “This is awful! Unlt I
0! I'm weightless.” I can hardly Fig. 11.2
hold onto
this darn
spring.”
Unit 1
. Fig. 11.3
1 erigee . o
Negative power / \ (f —0 jg/ —b) / Velocity Positive power
( FeV=|F||V]|cos 6 <0) \ ’ / Ve
| & £ a ( FeV=|F||V|cos 6 >0)
mass losing speed e | N mass gaining speed
as it rises y perhelionfb  ~ S as it falls
Radivs r i o) P . .
‘ adl;f lr mc:reasm - / / N (Radius r decreasing)
e Voczty (e’ , apogee )
centripetal force F=-kr aphelion=a (x=a, y=0)




(a) Centrifugal and Coriolis
Forces on Merry-Go-Round
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(a) Centrifugal and Coriolis
Forces on Merry-Go-Round
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(a) Centrifugal and Coriolis
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Mathematician Forc
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velocity
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radial path
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(a) Centrifugal and Coriolis
Forces on Merry-Go-Round

Rotational
velocity

V=wr

Mathematician Force

(to hold m back)
: Coriolis for.
Constraint force (depends on = >
keeps m in radial slot ,,4:41 parn lPhySlczst Force
(where m wants to go)
speed) centrifugal force

(c) Centrifugal and Coriolis
Forces on Oscillator Orbit

centrifugal force (RZS lng P has 8)

centripetal force F=-kr

circle < 7
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(a) Centrifugal and Coriolis
Forces on Merry-Go-Round

Rotational
Mathematician Force velocity
(to hold m back) V=aor
Constraint force C(Zﬁfelﬁffﬁn Physicist Force OM
keeps m in radial slot radial path (where m wants to go) -
speed) vcentrifugal force Vcentrzfuga force

centrifugal force .

(b) Centrifugal and Coriolis
Forces on Oscillator Orbit
(Falling phase)

circle

of

curvature

(c) Centrifugal and Coriolis
Forces on Oscillator Orbit

centrifugal force (R ISi ngp has 6)

A

circle S/ . .
of ~ centrifugal force is
curvature Total inertial force F=+kr

Veloci
v

(d) Centrifugal Force
on Oscillator Orbit
(apogee and perigee)

centripetal force F=-kr

\J

circle

of

qture

centrifugal force is centripetal force F=-kr

Total inertial force F=+kr

Velocity
A%

Unit 1
Fig. 11.4
a-d

Coriolis force

A little confusing?
Discussion of Coriolis
forces will be done more elegantly

and made more physically intuitive
in Ch. 12 of Unitl and in Unit 6.




Some Kepler's “laws” for all central (isotropic) force F(r) fields

= Angular momentum invariance of IHO: F(r)=-k-r with U(r)=kr?/2 (Derived here)
Angular momentum invariance of Coulomb: F(r)=-GMm/r? with U(r)=-GMm-/r (Derived in Unit 5)
lotal energy E=KE+PE invariance of IHO: F(r)=-kr (Derived here)

Total energy E=KE+PE invariance of Coulomb: F(r)=-GMm/r? (Derived in Unit 5)



Some Kepler's “laws” for central (isotropic) force F(r)

...and certainly apply to the IHO: F(r)=-k-r with U(r)=kr?/2

t = R t =

b

(Recall from Lecture 6: k=Gm 4
3
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Some Kepler's “laws” that apply to any central (isotropic) force F(r)
...and certainly apply to the IHO: F(r)=-k-r with U(r)=kr?/2 -

t=0— t =

= 20

(Recall from Lecture 6: k=Gm

~_ | a

|

1. Area of triangle £, =r X v/2 is constant

\\

T @) .
3P Unit 1

Fig. 11.8
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2. Angular momentum L = mr Xv 1s conserved
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Some Kepler's “laws” that apply to any central (isotropic) force F(r)
...and certainly apply to the IHO: F(r)=-k-r with U(r)=kr?/2 (Recall from Lecture 6: kZGM%ﬂP@) Unit 1

B Fig. 11.8
=0 — t;tt@r(ﬁr t%ﬁr S
~_ | a % \%zbw

1. Area of triangle £, =r X v/2 is constant

rXV=ry —rv, = acosa)t-(ba) cosa)t)— asina)t-(—ba) sina)t) =ab-w

L~ for IHO
2. Angular momentum L = mr X v 1s conserved
L=m|r><vIzm(rxvy—ryvx):m-ab-a) L~ for IHO
3. Equal area 1s swept by radius vector in each equal time interval T
T TTY X @ T T
AT:Jerr: dtdtZJrXthzijdtZL L~ for IHO
2 2 2m 2m

rxdr| =rdrsin®




Some Kepler s “laws " that apply to any central (isotropic) force F(r)
...and certainly apply to the IHO: F(r)=-k-r with U(r)=kr?/2 (Recall from Lecture 6: k=Gm-"" = Po) Unit 1

b = e . Fws
a \% \%zbm

1. Area of triangle £, =r X v/2 is constant

3

{

rXV=ry —rv, = acosa)t-(ba) cosa)t)— asina)t-(—ba) sina)t) =ab-w

L~ for IHO
2. Angular momentum L = mr XV 1s conserved
2r
L=mr><v=m(rxvy—ryv) m-ab-w=m-ab-— " for IHO
T
3. Equal area 1s swept by radius vector in each equal time interval T
T TTY X dr T T
X d At X L L
AT:J—r o dt dtzj—r thz—fdt:—T v for IHO
2 2 2 2m 2m
1 2m 2mA L
In one period: T=—= n_ LA, the area 1s: A_ = il (=ab-m for ellipse orbit)

VD L 2m



Some Kepler s “laws " that apply to any central (isotropic) force F(r)

...and certainly apply to the IHO: F(r)=-k-r with U(r)=kr?/2 (Recall from Lecture 6: k=G p@) Unit 1
0 | o o Fig. 11.8
| a | | T v=bo

1. Area of triangle £, =r X v/2 is constant

rXV=ry —rv, = acosa)t-(ba) cosa)t)— asina)t-(—ba) sina)t) =ab-w

L~ for IHO
2. Angular momentum L = mr XV 1s conserved
2r
L=mr><v=m(rxvy—ryv) m-ab-w=m-ab-— " for IHO
T
3. Equal area 1s swept by radius vector in each equal time interval T
T TTY X dr T T
X d At X L L
AT:J—r o dt dtzj—r thz—fdt:—T v for IHO
2 2 2 2m 2m
1 2m 2mA L
In one period: T=—= n_ LA, the area 1s: A_ = il (=ab-m for ellipse orbit)
vV O L 2m

( Recall from Lecture 6: w=~k/m = \/Gp@47r/3 )

(IHO formulas from Lect. 6 p.70-79)
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Some Kepler's “laws” for all central (isotropic) force F(r) fields

Angular momentum invariance of IHO: F(r)=-k-r with U(r)=kr?/2 (Derived here)
= Angular momentum invariance of Coulomb: F(r)=-GMm/r> with U(r)=-GMm-/r (Derived in Unit 5)
lotal energy E=KE+PE invariance of IHO: F(r)=-kr (Derived here)

Total energy E=KE+PE invariance of Coulomb: F(r)=-GMm/r? (Derived in Unit 5)



Some Kepler's “laws” that apply to any central (isotropic) force F(r)
Apply to IHO: F(v)=-kr with U(r)=kr?/2 and Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r

) = ‘=z > Wkl /
A N N

1. Area of triangle £ =r X v/2 is constant

(

vy = ab-\/(;p@47r/3 for IHO  for IHO
ey oy ~1/2
a b\/GM@ fOl” Coul. (Derived in Unit 5) b~ for Coul.

(IHO formulas from Lect. 6 p.70-79)
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Some Kepler's “laws” that apply to any central (isotropic) force F(r)
Apply to IHO: F(v)=-kr with U(r)=kr?/2 and Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r

Coulomb. O&M % —— Qg g/
t= ' = t = L=
o A

1. Area of triangle £ =r X v/2 is constant

(

vy = ab-\/(?p@47r/3 for IHO  for IHO
ey oy -1/127, |
a b GM@ fOl” Coul. (Derived in Unit 5) l/fOl” Coul.

2. Angular momentum L = mr X v 1s conserved

-
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\

(IHO formulas from Lect. 6 p.70-79)
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Some Kepler's “laws” that apply to any central (isotropic) force F(r)
Apply to IHO: F(v)=-kr with U(r)=kr?/2 and Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r

Coulomb. ~a p N QQ" &/
= Z/WGT I
¢ |

t=20 '
IHO. \ = ey

1. Area of triangle £ =r X v/2 is constant

r
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(
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2. Angular momentum L = mr X v 1s conserved

-
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3. Equal area 1s swept by radius vector in each equal time interval T
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-
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F(r) Coulomb

r


https://modphys.hosted.uark.edu/pdfs/CMwBang_Pdfs/CMwBang_Lectures_2018/CMwithBang_Lect.6_9.10.18.pdf#page=70

Some Kepler's “laws” that apply to any central (isotropic) force F(r)

Apply to IHO: F(v)=-kr with U(r)=kr?/2 and Coulomb: F(r)=-GMm/r’ with U(r)=-GMm-/r
A o . /
Coulomb. &M N QQ" &/
\ T a e
=r X v/2 1S constant

1. Area of triangle X

(

FXV=ry, —TV, =3

ab-\/Gp®47z'/3 for IHO

a"b\|GM

L~ for IHO

fOl” Coul. (Derived in Unit 5) l/fOI” Coul.

2. Angular momentum L = mr X v 1s conserved

L=mr><V:m(rxvy—ryvx):<

-

mab-\|Gpg4m /3  for IHO  for IHO

ma”""b\JGM

for Coul. (.. in Unit 5 ¥~ for Coul

3. Equal area 1s swept by radius vector in each equal time interval T
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F(r) Coulomb

2 . 9) (not a function of a or b)
m/gkz /3 — Z /3f0rIHO
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Some Kepler’s “laws” for all central (isotropic) force F(r) fields

Angular momentum invariance of IHO: F(r)=-k-r with U(r)=kr?/2 (Derived here)
Angular momentum invariance of Coulomb: F(r)=-GMm/r? with U(r)=-GMm-/r  (Derived in Unit 5)
== Total energy E=KE+PE invariance of IHO: F(r)=-kr (Derived here)

lotal energy E=KE+PE invariance of Coulomb: F(r)=-GMm/r? (Derived in Unit 5)



Kepler laws involve X-momentum conservation in isotropic force F(r)

Now consider orbital energy conservation of the IHO: F(r)=-k-r with U(r)=k-r?/2
Total energy=KE + PE 1s constant

KE + PE = lv-M-V + lr-K-r
2 2
_ 1( ) m O Vx ( ) k 0O I
=—( v, v, | o +| 1. 1, e o
2 0 m v, 0 % r,
= lmv +lmv + lkri +lkr2
2 2 2 2 7

1 1 1
= —m(—awsinwt)” + > m(bw cosmr)” + > k(acoswt)” + > k(bsinwr)’

Vy —amsinwt v | | x | | acoswt
v, bw coswt - ', y bsin ot



Kepler laws involve X-momentum conservation in isotropic force F(r)

Now consider orbital energy conservation of the IHO: F(r)=-k-r with U(r)=k-r?/2
Total IHO energy=KE + PE 1s constant

KE + PE = lV-M-V + l1'-K-r
2 2
_ 1( ) m O Vx ( ) k 0O I
=—( v, v, | o +| 1. 1, e o
2 0 m v, 0 % r,
= lmv +lmv + lkri +lkr2
2 2 2 2 7

1 1 1 1
= Em(—aa) sinwt)” + Em(b(u coswt)’ + > k(acoswt)’ + Ek(b sinwt)’

1 | 1 1
= Emazwz(sin2 wt) + —mbzwi(cos2 wt)’ + Ekaz(cos2 wt) + Ekbz(sin2 Wt)

| 1 |
= Ema)z(az2 + blz) Given : k = mw’




Kepler laws involve X-momentum conservation in isotropic force F(r)

Now consider orbital energy conservation of the IHO: F(r)=-k-r with U(r)=k-r?/2
Total IHO energy=KE + PE 1s constant

KE + PE = lV-M-V + l1'-K-r
2 2
_ 1( ) m 0 Vx ( ) k 0O I
=—( v, v, |e o +| 1. 1, e o
2 0 m v, 0 % 7,
= lmv +lmv + lkri +lkr2
2 2 2 2 7

1 1 1 1
= Em(—aa) sinwt)” + Em(ba) coswt)’ + > k(acoswt)’ + Ek(b sinwt)’

1 1 1 1
= 5 mazwzl(sin2 wt) + 5 mb’w* (cos” wt)* + 5 ka®(cos” wt) + 5 kb*(sin” wt)
I
1 LU - 2
= Ema) (a”+b") Given : k = mw

1 1 /
E=KE+PE:5ma)2(a2+b2):5k(a2+b2) since: M = L3 :\/Gp@477:/3 or: mw’ =k
m

(IHO formulas from Lect. 6 p.70-79)
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Some Kepler's “laws” for all central (isotropic) force F(r) fields

Angular momentum invariance of IHO: F(r)=-k-r with U(r)=kr?/2 (Derived here)
Angular momentum invariance of Coulomb: F(r)=-GMm/r? with U(r)=-GMm-/r  (Derived in Unit 5)
lotal energy E=KE+PE invariance of IHO: F(r)=-kr (Derived here)

== Total energy E=KE+PE invariance of Coulomb: F(r)=-GMm/r? (Derived in Unit 5)



Kepler laws involve X-momentum conservation in isotropic force F(r)
Now consider orbital energy conservation of the IHO: F(r)=-k-r with U(r)=k-r?/2
Total IHO energy=KE + PE 1s constant

KE + PE = lV-M-V + lr-K-r
2 2
_ 1( ) m 0 Vy ( ) kK O ry
=—( v, v, |e o +| 1. 1, e o
2 0 m v, 0 k 7,
= lmv +lmv + lkri +lkr2
2 2 2 2 7

1 1 1 1
= Em(—aa) sinwt)” + Em(ba) coswt)’ + > k(acoswt)’ + Ek(b sinwt)’

1 1 1 1
= Emazcozl(sin2 wt) + Embzcoz(cos2 W)’ + Ekaz(cos2 wt) + Ekbz(sin2 wt)
I
| I I
= Ema)z(a2 +b%) Given : k = mo’

1 1 /
E=KE+PE=5ma)2(a2+b2)=5k(a2+b2) since: M = L3 :\/Gp®47r/3 or: mw’ =k
m

Wel'll see that the Coul. orbits are simpler: (like the period..not a function of b)

(IHO formulas from Lect. 6 p.70-79)
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Kepler laws involve X-momentum conservation in isotropic force F(r)
Now consider orbital energy conservation of the IHO: F(r)=-k-r with U(r)=k-r?/2
Total IHO energy=KE + PE 1s constant

KE + PE = lV-M-V + lr-K-r
2 2
_ 1( ) m 0 Vy ( ) kK O ry
=—( v, v, |e o +| 1. 1, e o
2 0 m v, 0 k 7,
= lmv +lmv + lkri +lkr2
2 2 2 2 7

1 1 1 1
= Em(—aa) sinwt)” + Em(ba) coswt)’ + > k(acoswt)’ + Ek(b sinwt)’

1 1 1 1
= Emazcozl(sin2 wt) + Embzcoz(cos2 W)’ + Ekaz(cos2 wt) + Ekbz(sin2 wt)
I
| I I
= Ema)z(a2 +b%) Given : k = mo’

1 1 /
E=KE+PE=5ma)2(a2+b2)=5k(a2+b2) since: M = L3 :\/Gp®47r/3 or: mw’ =k
m

Wel'll see that the Coul. orbits are simpler: (like the period..not a function of b)
1 1 k1 1 M M
EZKE+PE=—mV2x+—mV2 __:_mvzx_l__mvz _G @m:_G oM
2 ! r 2 2 g r da



= [11troduction to dual matrix operator contact geometry (based on IHO orbits)
Quadratic form ellipse r*Qer=1 vs.inverse form ellipse p*Q -*p=1
Duality norm relations (rep=1)
O-Ellipse tangents v/ normal to dual O -'-ellipse position p ( v'*p=0=rep’)
Operator geometric sequences and eigenvectors
Alternative scaling of matrix operator geometry
Vector calculus of tensor operation



Quadratic forms and tangent contact geometry of their ellipses

A matrix Q that generates an ellipse by reQer=1 is called positive-definite (if reQer always >0)

roQor =1 /(g;/l’\
( ) ( X )
A~ — 5 5

— 0
a X a X Y
(x y )O o :1:( X y ). = —+4 —
1 [ yj Y a’ b

O -
2 2
\ b= ) A
A inverse matrix Q- generates an ellipse by p*Q -'*p=1 called inverse or dual ellipse:
-1
1 _ Q "ep
PeQ °p =1 A

2 2y )
P a p
( px p)/ )0 a 0 [ o ZIZ(m. o :a2p£+b2pj2/
0 » py K b?



Quadratic forms and tangent contact geometry of their ellipses

A matrix Q that generates an ellipse by reQer=1 is called positive-definite (if reQer always >0)

reQer —1 /(gko/r\: p
(1 ) 2
r X
— 0 T X . )
( )' a o —1—( ). a’ _xT L Defined
S l Y S 2 2 mapping
) o4 ¢ b between
\ b s ellipses

A inverse matrix Q- generates an ellipse by p*Q -'*p=1 called inverse or dual ellipse:

) Q lep=r
1 _
p.Q .p _1 p /\A/\

2 2y )
P a p
( px p)/ )0 a 0 [ o ZIZ(m. o :a2p§+b2pi
0 » py K b?
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O-Ellipse tangents v/ normal to dual O -'-ellipse position p ( v'*p=0=rep’)
Operator geometric sequences and eigenvectors
Alternative scaling of matrix operator geometry
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(a) Quadratic form ellipse and
Inverse quadratic form ellipse

Defined

mapping
between
ellipses

p*Qlep =per = |

based on
Unit 1
Fig. 11.6



(a) Quadratic form ellipse and
Inverse quadratic form ellipse

/.

Ja-circle |

Defined

mapping
between
ellipses

\

\
\\
\\
\\ )
\ \
\ \
\ \
N\ \
\
\
\
\
\
\
N

Inverse ellipse .
p*Qlep =per =/

Here plot of p-ellipse 1s re-scaled by scalefactor S=a b

|

/Original ellipse

JreQer =rep = |

p-ellipse x-radius=1/a plotted at: S(1/a)=b (=1 for a=2, b=1)
p-ellipse y-radius=1/b plotted at: S(1/b)=a (=2 for a=2, b=1)

based on
Unit 1
Fig. 11.6
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(a) Quadratic form ellipse and based on

Inverse quadratic form ellipse FUni1t116
ig. 11.

Defined

mapping
between
ellipses

°p |

/IOriginal llipse
rep =/

Inverse elli
p*Qlep =per =/

Quadratic form r*Qer =1 has muivual duality relations with inverse form peQ-lsp =I1= per

Here plot of p-ellipse 1s re-scaled by scalefactor S=a b
p-ellipse x-radius=1/a plotted at: S(1/a)=b (=1 for a=2, b=1)
p-ellipse y-radius=1/b plotted at: S(1/b)=a (=2 for a=2, b=1)



(a) Quadratic form ellipse and based on

Inverse quadratic form ellipse FUni1t116
ig. 11.

Defined

mapping
between
ellipses

°p |

a-circle !

Inverse elli
p*Qlep =per =/

Quadratic form r*Qer =1 has mwﬁw&[{) duality relations with inverse form peQ-lsp =1= per
r

/\_Q/—\ AN A
_Qer— 1/d> 0 RERE v/’ [ (/a)cos¢ here. X=r,=acos¢=acosmt - -
P= 0o 1/p? y | | y/b* | | (1/b)sing " y=r,=bsing =bsinwr per=
Here plot of p-ellipse 1s re-scaled by scalefactor S=a b
ink = BoxIt simulation of THO orbits
p-ellipse x-radius=1/a plotted at: S(1/a)=b (=1 for a=2, b=1) imfi _, THO orbital time rates of change

Link — IHO Exegesis Plot

p-ellipse y-radius=1/b plotted at: S(1/b)=a (=2 for a=2, b=1)


https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,0&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.125
https://modphys.hosted.uark.edu/markup/BoxItWeb.html
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(a) Quadratic form ellipse and (b) Ellipse tangents based on

Inverse quadratic form ellipse FUniltll6
ig. 11.

Inverse elli
p*Qlep =per =/

Quadratic form r*Qer =1 has muivual duality relations with inverse form peQ-lsp =I1= per

L 1/a> 0 j [ X ] { x/a’ ] ( (1/a)cos@ ) X=r,=acos¢=acosmt

Qer= ° = = , where: , , SO: |per=1
0 1/b° y y/b’ (1/b)sin¢ y=r,=bsing =bsinwt

Here plot of p-ellipse 1s re-scaled by scalefactor S=a b

p-ellipse x-radius=1/a plotted at: S(1/a)=b (=1 for a=2, b=1)
p-ellipse y-radius=1/b plotted at: S(1/b)=a (=2 for a=2, b=1)

p



(a) Quadratic form ellipse and (b) Ellipse tangents based on

Inverse quadratic form ellipse FUniltll6
ig. 11.

erpendicular

peQlep =per = I to

Quadratic form r*Qer =1 has muivual duality relations with inverse form peQ-lsp =I1= per

B | 17a® 0 x | | x/a® | | (I/a)cosg _ x=r,=acos¢p=acosot ~
p=Qe-r= o = = ] where: . . SO: |[per=1
0 1/»° y y/b’ (1/b)sin¢ y=r,=bsing =bsinwt

p is perpendicular to velocity v=r , a muiual orthogonality

. —1( . . P | , . (1/a)cos¢ . r.=—asing . p.=/a)cos¢
rop—O—( oon ) [ P, ]—( —asing bcoso ) [ (1/b)sing ) where: fyzbcos¢ and: pyz(l/b)sin(p



(a) Quadratic form ellipse and (b) Ellipse tangents

: : P(d)=p(d+m/2) Unit 1
Inverse quadratic form ellipse o(0) Fig. 11.6
O+1/2)
LV \ e
x(0)
/ | d=w 1
N D(})
F(0)
,/IOriginal llipse
rep =/ ; |
vector p((¢ vector p(0) is
Inverse elli perpendicula erpendicular
p*Q/ep =per =/ to r(0) to (0) |
unit
Quadratic form r*Qer =1 has muival duality relations with inverse form peQ-lep =1 mutual
projection
1/a> 0 X x/a’ (1/a)cos¢ X=7,=acos@=acosmt
p=Q-r= ¢ = = ] where: . . so: |[per=1
0 1/b° y y/b’ (1/b)sin¢ y=r,=bsing =bsinwt
p is perpendicular to velocity v=r , a muiual orthozonality. So is ¥ perpendicular to p:  |pr=0

y

(1/b)sin¢

" =—asl =(1/
f"PZOZ( Fo ).[ ’ ]:( —asing bcos¢ ).[ /bying ) where: = asing and: p.=(l/a)cosg

Py

" 7, =bcos¢ ~ p,=(/b)sing



" Elliptical + | | Exegesis ) ( Controls ) CContextual) (Set ISM) (User's Guide)

RelaWavity Web Simulation
Ellipse/Exegesis

5 —

Geometry of dual ellipse Kepler anomalies for vectors [x(¢), p(¢®)] and Yurx(9), p(®),] in coordinate
(x,y) space rendered by animation web-app in RelaWavity and described in Lect. 12-advanced.


https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.5
https://modphys.hosted.uark.edu/markup/RelaWavityWeb.html?plotType=1,1&semiMajor=1.0&semiMinor=0.5
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Diagonal R-matrix acts on vector v,

Resulting vector has slope changed by factor ¢

. 1/a O
VT oo e

(Slope increases if @ >/.)

Action of “sqrt-"matrix R=NQO

slope slop€
/a/b /1
slope
X b/a
\

| Action of “sgrt!-"matrix R-! =\/Q -1

Dia%onal R '-matrix acts on vector v*"”.

Resulting vector has slope changed by factor b/a.
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Fig. 11.7
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Here b/a=1/2
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Diagonal R-matrix acts on vector v*”.

Resulting vector has slope changed by factor ¢

. 1/a O
YOl oo

(It increases if @ >b.)

slope  Action of “sqrt-"matrix R=NQ
(1“7,;,»"/)3’ slope slop

Qev = 0 x"" _ xla’
1/b° Y y/b*

(It increases if @ >b.)

\ _slope
/ /\/ b/a
— slope
"|| /__/"/_ ’______--—5"/' )
A 1 bé/af
~\| — ‘ %) .
" \|__Action of “sqrt!-"matrix R =\
pd __—Diagonal R™'-matrix act§ on vector v*”".

Resulting vector has slo

based on
Fig. 11.7
in Uni

Here b/a=1/2

changed by factor b/a=1/2.

we=(a 0130



Diagonal R-matrix acts on vector v*”. slope
: §<-\Cl2// b’ slope slop

\4\7 a/b /1

Resulting vector has slope changed by factor

. 1/a O
YOl oo

(It increases if « >b.)
— | slope
2 b/ a
Diagonal (R
Resulting vector iy slope
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Q ° VX/y =
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(It increages if @ >0.)

Either progess can go on forever... rever...
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Diagonal (R*"=
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Resulting vestor has slope changed by factor ™" /b -+ 4", Resulting vectot has slop¢ changed by factor b°"/a™" = 47",

based on
Fig. 11.7
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Diagonal R-matrix acts on vector v*”.

Resulting vector has slope changed by factor

Rovi I/la O x | x/a
YT o0 ww |y T
EIGENVECTOR

)

(It increases if

Diagonal (R*=Q)-matrix acts on vector v*".

Resulting vector has slope changed by factor
Qev = 1/a> 0 x| xla’
0 1/b° y y/b®

(It increases if

Either process can go on forever...
Diagonal (R*"=Q")-matrix acts on vector v*".

Resulting vector has slope changed by factor a”"/b™" = 4",

...Finally, the result approaches EIGENVECTOR |y) = ( (1) j
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Here b/a=1/2
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X)

Either process can go on forever...
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Diagonal R-matrix acts on vector v*, Here b/a=1/2

Resulting vector has slope changed by factor o /b =72,

.y [1/61 0 ][xj {x/a]
Rev™ = =
0o b || y y/b
(It increases if @ >b.) EIGENVECTOR

)

Diagonal (R*=Q)-matrix acts on vector v*".
Resulting vector has slope changed by factor ¢ /b” =

Qev Va®> 0 X xla’
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(It increases if @ >b.) EIGENVEC % OR

X)

Either process can go on forever... Either process can go on forever...

Diagonal (R*"=Q")-matrix acts on vector v*". Diagonal (R™"=Q " )-matrix acts on vector v .

Resulting vector has slope changed by factor a”" /b = 4", Resulting vector has slope changed by factor b°"/a™" = 47",
...Finally, the result approaches EIGENVECTOR |y) = ( (1) j ..Finally, the result approaches EIGENVECTOR |x) = [ (1) }
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You may rescale p-plot by scale factor S=(a'b) Here b/a=1/2
so r-Q-r and p-O-1-p ellipses are to be same size

1 slope
p-Q p —¢llipse 1/]

azpi+b2p
(a=2, b

eQer —ellipse

\ 1A2
Start with|45° unit vector v\ = o= .
y 1A2

Here plot of p-ellipse 1s re-scaled by scalefactor S=a-b
p-ellipse x-radius=1/a plotted at: S(1/a)=b (=1 for a=2, b=1)
p-ellipse y-radius=1/b plotted at: S(1/b)=a (=2 for a=2, b=1)



..or else rescale p-plot by scale factor S=b Here b/a=1/2
to separate r-Q-r and p-Qf'-p ellipses into different pegions

: e >1 and |p|<1
p-Q " p|-ellipse 1/1

1A2
Start with 45° unit vector v&°\= 2 :
y 1A2

Va=1/2 a=?2

Here plot of p-ellipse 1s re-scaled by scalefactor S=b
p-ellipse x-radius=1/a plotted at: S(1/a)=b/a (=1/2 for a=2, b=1)
p-ellipse y-radius=1/b plotted at: S(1/b)=1

e



Action of matrix Q that generates an r-ellipsg (reQer =1)
on a single r-vector r(¢.1)...

slope

/b=2
P(¢1) =Q- r(‘f’_l)

Variation of
Fig. 11.7

in Unit 1

r-Q-r-ellipse

(§-1)

N

Here plot of p-ellipse 1s re-scaled by scalefactor S=b
p-ellipse x-radius=1/a plotted at: S(1/a)=b/a (=1/2 for a=2, b=1)
p-ellipse y-radius=1/b plotted at: S(1/b)=1

S T——



Action of matrix Q that generates an r-ellipse (reQer =1)
on a single r-vector r(¢.)... is to rotate it to a new|vector p on the p-¢llipse p+Q-+p =1),
that is, Q°r(6-1) = p(6+1)

slope

e /b=2

1

P(¢)=Q-1r(¢_)

_| 1/a* 0
0 1/b°

1
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a ¢O
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b %

slgpe
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r(s 0.
P(s, (o)

—_—— N | =
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r-Q-r-ellipse

Variation of

Fig. 11.7
in Unit 1




Action of matrix Q that generates an r-ellipse (reQer =1)

on a single r-vector r(¢.,).
that is, Q°r(6-1) = p(6+1)

P(¢)=Q-1r(¢_)

1/a? 0
0 1/b

1
—COS

a ¢O
1.
—Sin

b %

.. 1S to rotate it to a new

slope
— | /b=2
b
J b=+1.0
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I(y
P(s, (o)

o

vector p on the p-¢llipse p+Q-+p =1),

slgpe
TA
)=45°
slope
a=1/2
-1

Key points
of
matrix
geometry:
Matrix Q maps any

vector r to a new
vector p normal to

the tangent Y to its
r-Q-r-ellipse.

r

—_—— N | =

- -

Variation of

Fig. 11.7
in Unit 1

r-Q-r-ellipse
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Action of matrix Q that generates an r-ellipse (reQer =1)
on a single r-vector r(¢.

that is, Q°r(6-1) = p(6+1)

P(¢)=Q-1r(¢_)

1/ a?
0

1
—COS

a ¢O
1.
—Sin

b %

—_—— N | =

- -

Variation of

Fig. 11.7
in Unit 1

0
1/ b*

... IS to rotate it to a new |vector p on the p-ellipse (p+Q-+p =1),

slope

R —— /b=2

r(s 0.
P(s, (o)

Key points
of

matrix
geometry:

Matrix Q maps any
vector r to a new
vector p normal to
the tangent Y to its
r-Q-r-ellipse.

r-Q-r-ellipse

"
Matrix O maps p
back to r that is
normal to the
tangent p to its

pe O p-ellipse.
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B#0

Derive matrix “normal-to-ellipse”’geometry by vector calculus:
Let matrix Q = [ 2 ﬁ )

define the ellipse 1=r-Q-r :( Xy )( 2 g ]( ;C ]

( ) A-x+B-y Ax*+2B-xy+D-y* =1
x ° = ~x . . —_
Y B-x+D-y Y



B=0

Derive matrix “normal-to-ellipse”’geometry by vector calculus:

, A B
Let matrix Q = [B D)

& >

define the ellipse [=r«Q-r =\ x y | Bl “l=(x y) Azt By =A-x"+2B-xy+D-y* =1
/i P 0 D )| vy B-x+D-y

Compare operation by Q on vectorr  with  vector derivative or gradient of r«Qsr

air(r-Q-r):V(r-Q-r)
(A B)£x]_£A-x+B-y] (9 )
B D y | | B-x+D-y ox i [ 24-x+2B-y
A- 2B- D-y' )=
i ( o wE y) (28-x+2D-y
L)




B=0

Derive matrix “normal-to-ellipse”’geometry by vector calculus:

, A B
Let matrix Q = [B D)

& >

define the ellipse [=r«Q-r =\ x y | Bl “l=(x y) Azt By =A-x"+2B-xy+D-y* =1
/i P 0 D )| vy B-x+D-y

Compare operation by Q on vectorr  with  vector derivative or gradient of r«Qsr

air(r-Q-r):V(r-Q-r)
(A B)£x]_£A-x+B-y] (9 )
B D y | | B-x+D-y ox i [ 24-x+2B-y
A- 2B- D-y' )=
i ( o wE y) (2B-x+2D-y
L)

Very simple result:
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Action of “sqrt-"matrix R=NQ
on a single r-vector r(¢.)..

u=Q-r(@_)=Rer(@_,)

1/a O
0 1/b

)(

acosg,

bsing,

(R generates another ellipse r-R-r =1 not shown)

. IS to rotate it to W-circle (w-u =1), that is, Re-r(¢.)) = u =(const.)r(¢o)

slope
/b=2
1

slgpe

1/1
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1.0 slope
¢
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Variation of
Fig. 11.7

in Unit 1



A ald
[a’/b°  slope
As before, these processes may be ¢3 /h
continued indefinitely. 0,
/
slgpe
1/1
0
b=1.0| __r(s) slope
' (o)
<7 oy (o) bla
¢ O,
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2 /a.7
95
-3

reQer-ellipse
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@20, b==10)

Vartiation of
1g. 11.7

in Unit 1

(@ \2.0, b==1.0




slope

...And includes a cool way to _-‘dZ /b2 slope
construct those tangents I’(¢_2) p(¢1) etc. ¢3 /b
(see exercises!) ¢2

/
slgpe
1/1
i@,) /X
b=1.0| __¥(s) frs slope
A & /r\\ >}
N4 g “rln) O \ %
¢ < \ ¢_]
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3
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Q:Where is this headed? A: Lagrangian-Hamiltonian duality
Preview of Lecture 8



The R and Q matrix transformations are like the mechanics rescaling matrices \M and M:

Like QZRZ.' [m1 0 ] . Like \/Q:R.'\/_ [\/;1 0 ] Like Q']:R'Z.‘ [1/,711 0 ]
= M =

_ _ R M—l — _ -2

e 0 Jm, 0 1/m,

(@) Lagrangian L = L(vyv) vae1  (b) Estrangian E = E(V,,V,)

v Collision line and Fig. 12.1 V2=\ m,v, Collision line and
COM tangent slope e COM tangent slope

= —m]/mZ =-16 :-\/m]/\/m2_-4

COM Bisector i
| /Slope = 1/1 \ V, :\/m]V]
COM Bisector slope

(c¢) Hamiltonian H = H(p ,,p,)
COM Bisector slope
=mym, =1/16

Collision line and
COM tangent slope




(a)

Unit 1
Fig. 12.2

Lagrangian plot

L(v)=const.=veMev/2 (b) pormyv,

E

ay = \/ZEm‘
I

(6) More mass

V2|:p ) /m p 7 =i
L=constF E | b, = [2Em,
4n\ S
\ |
/ \ (C) Overlapping plots
/ \ b
[ ‘v L=const = E
[N \/
I
[ Vi~ .
|- \I p,/m,
\ me p
VY |
\ !
\ / ’ (d) Less mass | Hamjiltoni Lm tangent/at momentum p
\ / | . / X/\ is normal to velocity v
| -
- i
e \/



AMORP r ef erence links (Updated list given on 214 and 37 pages of each class presentation)

Web Resources - front page Quantum Theory for the Computer Age 2014 AMOP
UAF Physics UTube channel Principles of Symmetry, Dynamics, and Spectroscopy 2017 Group Theory for OM
Classical Mechanics with a Bang! 2018 AMOP

Modern Physics and its Classical Foundations

Representaions Of Multidimensional Symmetries In Networks - harter-imp-1973
Alternative Basis for the Theory of Complex Spectra

Alternative Basis_for _the Theory of Complex Spectra | - harter-pra-1973

Alternative Basis for the Theory of Complex Spectra Il - harter-patterson-pra-1976
Alternative_Basis_for_the Theory of Complex_Spectra_lll_-_patterson-harter-pra-1977

Frame Transformation Relations And Multipole Transitions In Symmetric Polyatomic Molecules - RMP-1978
Asymptotic eigensolutions of fourth and sixth rank octahedral tensor operators - Harter-Patterson-dJMP-1979
Rotational energy surfaces and high- J eigenvalue structure of polyatomic molecules - Harter - Patterson - 1984

Galloping waves and their relativistic properties - ajp-1985-Harter
Rovibrational Spectral Fine Structure Of Icosahedral Molecules - Cpl 1986 (Alt Scan)

Theory of hyperfine and superfine levels in symmetric polyatomic molecules.
l) Trigonal and tetrahedral molecules: Elementary spin-1/2 cases in vibronic ground states - PRA-1979-Harter-Patterson (Alt scan)
ll) Elementary cases in octahedral hexafluoride molecules - Harter-PRA-1981 (Alt scan)

Rotation-vibration spectra of icosahedral molecules.

) lcosahedral symmetry analysis and fine structure - harter-weeks-jcp-1989 (Alt scan)
ll) Icosahedral symmetry, vibrational eigenfrequencies, and normal modes of buckminsterfullerene - weeks-harter-jcp-1989 (Alt scan)
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Resonance and Revivals
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Molecular Eigensolution Symmetry Analysis and Fine Structure - IIMS-harter-mitchell-2013
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(Int.J.Mol.Sci, 14, 714(2013) p.755-774 , OTCA Unit 7 Ch. 23-26 ),

Int.J Mol.Sci, 14, 714(2013), QTCA Unit8 Ch. 23-25, QTCA Unit 9 Ch. 26,

(PSDS - Ch. 5, 7)
PSDS Ch. 5, PSDS Ch. 7

Intro spin % coupling Irrep Tensor building
Unit 8 Ch. 24 p3 Unit 8 Ch. 25 p).
H atom hyperfine-B-level crossing
Unit 8 Ch. 24 pl5 Irrep Tensor Tables

Unit 8 Ch. 25 pl2.

Hyperf. theory Ch. 24 p48.

Hyperf. theory Ch. 24 p48. Wigner-Eckart tensor Theorem.
Deeper theory ends p33 Unit 8 Ch. 25 pl7.
Intro 2p3p coupling
Unit 8 Ch. 24 pl7. Tensors Applied to d,f-levels.
Intro LS-jj coupling Unit 8 Ch. 25 p21.
Unit 8 Ch. 24 p22.
CG coupling derived (start) Tensors Applied to high J levels.
Unit 8 Ch. 24 p39. Unit 8 Ch. 25 p63.

CG coupling derived (formula)
Unit 8 Ch. 24 p44.

Lande’ g-factor
Unit 8 Ch. 24 p26.

Intro 3-particle coupling.
Unit 8 Ch. 25 p28.

Intro 3,4-particle Young Tableaus
GrpThLect29 p42.

Young Tableau Magic Formulae
GrpThlLect29 p46-48.
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