Analysis of 1D 2-Body Collisions

(Ch. 3 to Ch. 5 of Unit 1)
Review of elastic Kinetic Energy ellipse geometry
The X2 Superball pen launcher *

Perfectly elastic “ka-bong” velocity amplification effects (Faux-Flubber)

Geometry of X2 launcher bouncing in box

Independent Bounce Model (IBM)

Geometric optimization and range-of-motion calculation(s)
Integration of (V1,V>) data to space-time plots (vi(t),t) and (y2(t),t) plots
Integration of (V1,V>) data to space-space plots (y1, y2)

Multiple collisions calculated by matrix operator products
Matrix or tensor algebra of 1-D 2-body collisions

Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics in Ch. 12

*Launch Superball Collision Simulator http://www.uark.edu/ua/modphys/markup/BounceltWeb.html
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Geometry of X2 launcher bouncing in box
——) [11]cpendent Bounce Model (IBM)

Geometric optimization and range-of-motion calculation(t)
Integration of (V1,V>) data to space-time plots (yi(t),t) and (v2(t),t) plots
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Geometry of X2 launcher bouncing in box

Independent Bounce Model (IBM)

—) (Geometric optimization and range-of-motion calculation(s)
Integration of (V1,V>) data to space-time plots (yi(t),t) and (v2(t),t) plots
Integration of (V1,V>) data to space-space plots (yi, y2)
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Geometry of X2 launcher bouncing in box

Independent Bounce Model (IBM)
Geometric optimization and range-of-motion calculation(s)

— [11tegration of (V1,V2) data to space-time plots (yi(t),t) and (y2(1),t) plots
Integration of (V1,V>) data to space-space plots (yi, y2)

Friday, August 28, 2015

16



Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity I{O ) Vs. Vy ; Plot Position vy vs. Time t Plot

Vy2 Vy7=-0.5

means M P LS

somewhere
—won some path of slope -0.5
Rl ;=110

Yy .
means M ;1S

somewhere
on some path of slope +1.0

Friday, August 28, 2015



Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity V., vs.
10

'y

]PZOt

VyZ

Position y vs. Time t Plot

won some path of slope -0.5
Rl j=+1.0

y

-1.0

V.,5=-0.5 .
V2 . Helght %f/eilingaty=7.]
means M2 LS . ]__
-axiLs /I
somewhere Y =-0.5 S.gﬂeu =0.5

~

means M, is slope
L 1=+1 :
somewhere et Floor &t y=0 Time
on some path of slope +1.0 f-axis
Fig. 4.6a-b
in Unit 1
(Cl) VyZ VS. Vyl Plot ochmg—](OU (b) yvs. t, Plot ofBang-I(OU
Vo 5| / y
T T Height
/// v y-a.XiS Ceiling at y=7
0.5 // 0.5 yl 1.0
/
s initial ol done
/// v conditions y1(0) Yo(0)=3 _1; Bang-2(17)
/ ...and yz(O) position
// i y1(0)=1 | ]"lme
V1 Vyz)ZG//I.O,-I.O) o (Vyi VA)E(H1.0,-1.0) Bang-19;) - ¢ Floon aty=0: .
ti L [-axis
Bang—](OU Bounces (-1,-1) to (+1,-1) !-p_oél;;’éiz_]) | : (y:]’t:2) :

Until you specify

initial conditions yo(to)...

..you don 't know which

vy-lines to use
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Geometric “Integration” (Converting Velocity data to Spacetime)

(@)
2| V2 %

1.0

Bdng-212)

Vvl
/ Bang-31>0 )

53%?ﬁ?’m Bapg-11) b
(b)
Height y
Bang—3(20)

Ceiling at y=7
2
slope

Bang-471-
+0.5 27 (12

Bang—](OI) ]”Zme t

26
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Geometric “Integration” (Converting Velocity data to Spacetime)

(@)

20| V2 %

1.0 /

\ Yyl
Bang-3 1> )

(b)

Bang-l(OI)

k Ba”g'Z(IZ) Floor at y=0

1g-1 1)

Height y

Bang-3 (20)

Ceiling at y=7

Bang-4.71»
+0.5 27 (12

Time t

(c)

1.0

ﬁihhu)

Ban:g;i(‘ >0)\ Bang\3
Ba g-é(/] D)

Y
Start at 7 \
7
(-IA(),—IA();)( 10

Ba Zg-l( 1)

RS S
<

D]
7

(d)

Y

Bang-3(20) Bang-5 20)

Bang-4(12) ang—6(12)
Bang-Z(]Z)

Bang—](oj) Bang—7(01)

Bang—8(20)

Ceilinfg at y=7

Bang—9(12)

Floor at y=0
Time t

Kinetic Energy Ellipse

1 1 1 7
KE==MV}+=M,V; =—+—=4
2 2 2 2

2 2 2
v, XX

4 _

= + =5 T
2KE/M, 2KE/M, a a,

Fig. 4.7a-d
in Unit 1
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Geometric “Integration” (Converting Velocity data to Spacetime)

(@)

2.0

1.0

Bang-3 1> ) \

(b)

Height y

Bang-3 (20)

Bang-l(OI)

1g-1 1)

Ceiling at y=7

Bang-4 (12)

+0.5 27
k Ba”g'Z(IZ) Floor at y=0

Time t

Kinetic Energy Ellipse
(c) ] 1 7 1
L KE=—MV +=-M,V; =—+—-=4
} 2 2 2 2
V.
0 y2 _ ‘/12 + V22 _ x12 x;
\\ 2KE/M, 2KE/M, a a;
ang-7( ) >
A\ \ ) Ellipse radius 1 Ellipse radius 2
&}f T J2KE/M,  a,=.2KE/M,
ng-2v12
B /4(]‘))\ \
Bang;i()o)\ Bavzfg\g(j‘ ) [_O/y ]
Bang:6/1b) \ E
~/é>(' égzg-l( > )
Fig. 4.7a-d
in Unit 1
0
(d)
y Bang-3(20) Bang-5 20) Bang—8(20)

Ceilinfg at y=7

Bang—9(12)

Bang-4(12) ang—6(12)
Bang-Z(]Z)

Bang—](oj) Bang—7(01)

Floor at y=0
Time t
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Geometric “Integration” (Converting Velocity data to Spacetime)

(a)
2o 92 %
/
/
1.0 /
;
_pBdnepe12)
// .5 \ 1.0
/// Vy]
A Bang-31>0)
a 1.0 )X
/CZ;Q_"L‘,”/:_ Ba lg-](OI) 5
(b)
Height y

Bang-l(OI)

Bang-3 (20)

Ceiling at y=7

Bang-4 (12)

+0.5 27
k Bang-2(12)  Floor at y=0

Time t

(d)

Y

Bang-3 (20) Bang-5:¢ )

Bang-4(12) ang—6(12)
Bang-Z(]Z)

Bang—](oj) Bang—7(01)

Bang—8(20)

Ceilinfg at y=7

Bang—9(12)

Floor at y=0
Time t

Kinetic Energy Ellipse
(¢ I I 7 1
L KE:EM]\/J2+§M2V22:E+§:4
J|/v2 } _ V? s vy _ x; s X,
\ \ 2KE/M, 2KE/M, a a;
ang-7( ))9
dﬂ \ ) Ellipse radius 1 Ellipse radius 2
B%;n L, as J2KEIM, | a,=.2KE/M,
) ,4(;,)\ \ | = J2KE/T = J2KE/N
Ba"g;%w\ Bmg\s(z\) Vi =4[8/7 =/8/1
F \ B =1.07 =2.83
-ég Zg-l( 1) ¥
Fig. 4.7a-d
in Unit 1
D
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Geometric “Integration” (Converting Velocity data to Spacetime)

7

m2= 1kg
ml= 7kg

Y %_65

6

L 55

5

Q V2= 162 m's

V1=-0875 m's

5_3
__25
F 2

YE

7 t= 102

65 E= ;3;'999930

6

Fig. 4.8
s . inUnitl

f 55

F 45

\ ®

t= 25

(@) E - 39900964 ygi_
stV
-_25. ! 2

!

Pen (b) E—

278

t= 00"
3.99995 5 ()

time
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Geometry of X2 launcher bouncing in box

Independent Bounce Model (IBM)

Geometric optimization and range-of-motion calculation(t)
Integration of (V1,V>) data to space-time plots (yi(t),t) and (v2(t),t) plots

— [11t€gTAtION of (V1,V2) data to space-space plots (vi, y2)

Friday, August 28, 2015
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Geometric “Integration” (Converting Velocity data to Space-space trajectory)

Fig. 4.11
in Unit 1
n;ezlocny axis Step-0: At starting position y(0)=(1,3) draw initial velocity v(0)=(-1,-1) line.
fym2 Step-1: Extend v(0) line to floor point y(0)=(0,?) and draw Bang—l(()])
velocity v(1)=(1,-1) line. (Find v(1) using V-V plot.)
Step-2: Extend v(1) line to collision point y(0)=(?,?) and draw Bang—2(1 2)
velocity v(2)=(0.5,2.5). (Find v(2) using V-V plot.)
m,-Height
Y »-axis
R Ceiling aty =7 7]
yz I ! ([ [/ I [ | | |
// //
/ //
/ 6.0 . )7
{ :) 77
) 5.0 P\ Af6p//
N 7
[(12 QE \\'\90/ S
3 &7 S
S
S i 09
10 < JR4 ]
ml I // E
Velocity axis g I
Vymi ~
Ba”g'l(Ol)
(0) | v( N
7/
-1.0 1.0 NBang-2([2)
Starty at Bang-](Ol)

V1(0)=1,V2(0)=3)

(O) S 0No | 30 40 d0 6o
Floor at y»=0.0 m]-Helght
v(1

Y -axis
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Geometric “Integration” (Converting Velocity data to Space-space trajectory)

Fig. 4.11
in Unit 1
”1}2 Zeloc"’y axis Step-2: Extend v(2) line to ceiling point y(3)=(?,7.1) and draw Bang-3 ;5
= velocity v(3)=(1,-1) line. (Find v(3) using V-V plot.)
= Q Step-3: Extend v(3) line to collision point y(4)=(?,?) and draw Bang—4(]2)
velocity v(4)=(0.5,2.5). (Find v(4) using V-V plot.)
2 Step-4: Extend v(4) line to ceiling point y(4)=(?,7.1) and draw Bang—5(20)
‘wi'/yf 4,\| velocity v(5)=(1,-1) line. (Find v(5) using V-V plot.)
"7 0 Step-5: Extend v(35) line to collision point y(6)=(?,?) and draw Bang—6(]2)
velocity v(6)=(0.5,2.5). (Find v(6) using V-V plot.)
ing-4 m,-He lght
& (12| A 2 |
/ Y -axis
0 //
7
Bang-P;)
> .
7
7
- gﬁ, E| \ {0
/ ml
/ Velocity axis 3‘ @
7 S =
7 g Bany-3 \: 2
) B R L K
~1.0,-1. >/( i : Q Il
: N
Bang-1 01)
P
("i )
YVvJ)
V(S) Ame Floor at y,=0.0 -
coraty2=00 m ,-Height
v .
v Y j-axis
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Geometric “Integration” (Converting Velocity data to Space-time trajectory)

m2 Velocity axis
- oA A 1

ym2 700 8
12 :
3 GX Example with masses: mi=49 and m>=1
0 \ Bang—6(]‘>)
Bang-4
e Bang-3330) 5 7 9111315 17 19
S A N S A
v |
! 6
Bame=12) ¥
/ 22 S S TR
e G y :;: 8I]0]2]4:.~5
|/ _:
/
/

1.0 mli Valocity axis Vym]

Start at
(1.0,-1.0)

V5 1
X /Du’lg-l 01)

Bang-3(20)

Ba;lqg-l(oj) . . . . . . . |

Fig. 5.1
in Unit 1
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Geometric “Integration” (Converting Velocity data to Space-time trajectory)

v

m2 Velocity axis 10
N

ym2 7
12 %

.0

J

Example with masses: mi=49 and m>=1
) Kinetic Energy Ellipse

1 1 49 1
KE=—mV +-m\V; =—+—=25
Bangd(1p) Bang-30) 5 7 9111315 17 19 2 2 2 2
’ R A A Vf V22 xf xj
4 3 1= T ~ 2 2
5 2KE/m, 2KE/m, a;, a,
Bang=27y >
( )/' Ellipse radius 1 Ellipse radius 2
a,=2KEIM,  a,=.2KE/m,
- = /2KE/49 = /2KE/1
10 ml Wocity axis Vi = ,/50/49 = /50/1
/Dung-] 01)
Bang—3(20)

Fig. 5.1
in Unit 1
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Multiple collisions calculated by matrix operator products
Matrix or tensor algebra of 1-D 2-body collisions
“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product: R= C*M
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Multiple Collisions by Matrix Operator Products

FIN IN
oM _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: 5 m +m,

Friday, August 28, 2015
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Multiple Collisions by Matrix Operator Products

, . Ve v™  my +m,y
T-Symmetry & Momentum Axioms give: V™ =——"——==—""—2=
1 2

Gives vV in terms of v¥...

FIN coMm IN
v, 2V -V,

FIN | coMm N |
Vv, 2V -V,

38
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Multiple Collisions by Matrix Operator Products

, . Ve v™  my +m,y
T-Symmetry & Momentum Axioms give: V™ =——"——==—""—2=
1 2

Gives vV in terms of v¥...

IN IN
my, +m,v
FIN DYCOM _ | IN 211 22yl
Vi _ Vi _ m,+m,

FIN com N | N N
v, 2V v, ’ my, +m,v, N

m, +m2
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Multiple Collisions by Matrix Operator Products

FIN IN
oM _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: 5 ——
1 2
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
. . N , m,v 1IN +my éN o my —myv" +2m,v; m, —m, 2m, v
Vi _ 2V -V _ m, + m, ! B 2my" +myvs —myy’ ~ 2m, m, —m, vy
V§ " 2V — VéN ) myv +my, m, +m, m, +m,
moam,
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Multiple collisions calculated by matrix operator products
Matrix or tensor algebra of 1-D 2-body collisions
“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product: R= C*M
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Multiple Collisions by Matrix Operator Products

FIN IN
oM _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give:

2 m, +m,
Gives v/'V in terms of v/V... Finally as a matrix operation: vV =Mev",
myv" —myv" +2m,v" m,—m 2m vy
FIN com I 2mlvfw +m,vy W 11 2V 2V2 | —m, ) "
n = 2V " — m, +m, 1 2my +myvy —mwy 2m, m, —m, vy
vy VM —y ¥ 5 myy +my, e - m, +m, m, +m,
m, + m, ?

Matrix operations include...
Floor-bang F of m;:

S
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V 5 ——
1 2
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
. o Sy N 4y o my —myv" +2m,v; m—-m,  2m, v
Vi _ 2V -V _ m, + m, ! 2my" +myvs —myy’ ~ 2m, m, —m, vy
V§ " 2V — VéN ) my; +my, m, +m, m, +m,
moam,

Matrix operations include...
Floor-bang F of m;: Ceiling-bang € of mo:

(31 S
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
N N my" —m,v" +2m,vi m,—m 2m vt
FIN COM _ _IN QI TThVy i N N - N : jN o 2 llN
V| B 2V -V B m, +m, ! 2my, +myv, —mv, 2m, m, —m, V)
V§IN 2VC0M - V£N 2 mIVIIN + mzvgv . VIN - ml + m2 - ml + m2
. . _ m, +m, ?
Matrix operations include...
Floor-bang F of m;: Mass-bang M of m; and m; : Ceiling-bang C of m>:
( A
m, —m, 2m,
1 0 m +m, m,+m 1 0
F— M = 1 2 1 2 C=
0 1 2m,  m,—m, 0 -1
mtm,  mtm,

\
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/'V in terms of v/V... Finally as a matrix operation: vV =Mev",
m N L, my," —my, +2m,v." m—-m, 2m, v
vlFIN _ D COM _ VllN _ —— -V ) o) mlva n mzvéN _ mlvéN ) 2m, m, —m, véN
V;IN ZVCOM — V;N ) mIVIIN + mzvéN _ N - m, +m, - m, +m,
2
. . . m, + m,
Matrix operations include...
Floor-bang F of mj: Mass-bang M of m;and m> : Ceiling-bang € of m>:
( m, —m, 2m, )
—1 m +m, m +m 1
F — O M _ 1 2 1 2 C — O
0 1 2m, m, —m, 0 -1
| mtmy mytm,
(096 004
Let: mi=49 and m>=1 M= '
| 196 -0.96
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Multiple collisions calculated by matrix operator products
Matrix or tensor algebra of 1-D 2-body collisions
“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product: R= C*M
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
mv® +m, v ml"lIN - mz"llN + 2m2v§v m —m, 2m, VIIN
V?N B 2Vawgq@’ B 2 z%+m22—w 2myp+myf—my? 2m, m, —m, vf
V§ " 2V — VéN ) my, +m,v, N ) m, +m, ) m, +m,
. . _ mom,
Matrix operations include...
Floor-bang F of mj: Mass-bang M of m;and m> : Ceiling-bang € of m>:
( m, —m, 2m, )
F: _1 O M: m1+m2 m1+m2 C: 1 O
0 1 2m,  m,—m, 0 -1
| mtmy mytm,
)
096 0.04
Let: m;=49 and m>=1 M=
: ’ | 196 —0.96 )
o 17 S D . 1 0 || 09 004 |_| 096 0.04
Define “ellipse-Rotation” R as group product: R= C N|=£ 0 _1 ) ( 106 096 j ( o6 096 ]
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= C
{1 0
vglN—9 0 -1

i

096 0.04
196 -0.96

i

096 0.04
196 -0.96

i

0.96
1.96

M

0.04
-0.96

i

0
-1

i

0.96
1.96

M

0.04
—0.96

(INITIAL (0))
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‘FIN9>= C . M o C o M . C o M o C o M o F |INO>

Ml (10 ) (09 004 Y[ 1 0 (09 004 J[1 0 (09 004 J(1 0 )09 004 J[ -1 0 ) v =-1
VN 0 -1 )\ 196 096 J{ 0 -1 ) 196 <096 )\ 0 -1 )| 196 ~096 ) 0 -1 ) 196 096 | 0 +1 ) o
|\ U \ U \ U (INITIAL (0))
[FIN”)= R . R . R . R « F|n)
R 096  0.04 | 096  0.04 | 096  0.04 | 096 004 [ owm=t
JFIN-9 ~196 0.96 ~196 0.96 ~196 0.96 ~196 0.96 vy =1
2 (after Bang-1)

“ellipse-Rotation” group product. R= C*M
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‘FIN9>= C . M o C o M . C o M o C o M o F |INO>

Ml (10 ) (09 004 Y[ 1 0 (09 004 J[1 0 (09 004 J(1 0 )09 004 J[ -1 0 ) v =-1
pFIN=9 0 -1 )\ 196 096 J{ 0 -1 ) 196 <096 )\ 0 -1 )| 196 ~096 ) 0 -1 ) 196 096 | 0 +1 ) o
N — N N N
[FIN")= R . R R . R - FIn)

-9
o _ 096 004 . 096 0.04 _ 096 0.04 . 096 0.04 [ wm=t
JFIN=9 ~196 0.96 ~1.96 0.96 ~196 0.96 ~196 0.96 vy =—1
[ v =02925
| v, =—-6.768

}(INITIAL 0))

(after Bang-1)

](aﬂerBang@) “ellipse-Rotation” group product: R= C+M
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‘FIN9>: C ° M ° C ° M ° C ° M ° C ° M ° F |IN0>
_ IN
Ml (10 ) (09 004 Y[ 1 0 (09 004 J[1 0 (09 004 J(1 0 )09 004 J[ -1 0 ) v =-1
yFIN=9 0 -1 )1 196 =096 /1 0o -1 ) 196 =096 || 0 -1 )| 196 =096 )| 0 -1 | 196 096 0 +1 ) Vo

|\ U \ U \ U (INITIAL (0))
[FIN")= R . R . R . R - FIn)
R 096 004 096 004 096 004 096 004 v =1
[ FIN-9 ~196 0.96 196 0.96 196 0.96 ~196 0.96 vy =—1
2 (after Bang-1)
n;Z I;elocity axis 10 { _ O 2925

ym 704 8 V=V,
120 =
yy =—6.768 . .
ﬂ.o imm (after Bang:9) “ellipse-Rotation” group product. R= C*M
ang=67p)
[

fol |

: : ié Bang—4(] )

w1

ek

o 1

: T pBamE=2 2)

i /]

| | s

sl g

I il | /

| : | | //

i

oY (EHE

|
| 4'/| Ilj.() ml Vdlocity axif|
L)biJ |
R
” ‘il ; } \Bung-] 0])
// | | | i
/ l | :I'
) T ¢ R

| | | l

,:» ! : : Bang—3/‘>0)

| | | l I

| RN

Wil R

\ ALY
40 : 'i |
\: | lR

ol 1L

|

|

Ne A
11
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[FINYY= C M e C - M - C - M . M - F |IN°)
FIN-9 IN _
V) (1 0 )[o09 004 \(1 0 (09 004 J[1 0 )09 o004 )\[1 096 004 \( -1 o | v =-1
FIN-9 0 -1 )\ 196 <096 J{ 0 -1 ){ 196 =096 J{ 0 -1 J{ 196 -096 | 0 196 096 ) 0 +1 )| o

|\ U \ U \ U (INITIAL (0))

|FIN®) = R . R . R . . F|n°)
I 096 0.04 096 004 096 004 096 004 | ow=l
FIN- ~196 0.96 ~1.96 0.96 ~1.96 0.96 ~1.96 0.96 vy =1

) (after Bang-1)

r;Z Ij:locityaxis 10 _O 2

ym 704 8 _ V=V, 925

| v, =-6.768 U S,
(after Banged) ellipse-Rotation” group product. R= C*M

\ Bang—6(]‘>)

1.0 ml Vdlocity axi.

Start at
(1.0,-1.0)

~Bang=1 01)

. Bang53(20)

5 79111315 17
Doty

1012

Bang 6 w’_\
Bang- 4 4 ~~'-.,18

19
VlFIN_ll
V§IN—11
m2 =]

/ e
12 ni ml =49
R a'ig-%u) e
Bang-3 /
oA Bang-1 10
LS00 N | ..
Hme

096 0.04
-1.96 0.96

=0.0100

Vy = 7071

(after Bang-11)

52
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 12
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Ellipse rescaling geometry and reflection symmetry analysis

Convert to rescaled velocity: V,=v, \/E , V,=v, \/E , symmetrize: KE =% mﬂ’f"‘% m2v22 :% V12 "'% sz

V2

[11]-tangent
slope
-m /m,= -49
Vil
'I_J"

///
21 | [\f\m

19 3

17 S

1S 7
13

9
11

54
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

FIN
Vi 1 _ i my —m, 2m, 121 becomes: _
vglNl M 2my my —my 1% M

VN m | memy 2m, V, /Jm;
VzFlNl/\/mz Vz/\/mz

2m1 m2 - ml

V2
[11]-tangent
slope
-m /m,= -49
Vil
-I_J"
12
‘ | fv?ope
| 1/1
|
1 V]
/ \w slope
21 | [\-\1/1
19
174 [
15 7
13

9
11
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-my, 2m, V| VRN 1| m-my 2m, V) /I {my
=— becomes:
VgINl M 2m1 m2 - ml V2

VZFINI /\/mz 2m1 mz_ml Vz/\,mz

or: v/ _ L mmmy 2ymmy Ny v _ L] memm 2mmy Ve
Vi M\ 2 [mm, my—m V, ’ Ve M\ 2 mm, m—m, v,

M

V2
[11]-tangent
slope

-m /m,= -49

Vil

—U"

12

l‘\ 7

I //fv[ope

W 171

'\

:; V]

/ N\ slope
21 | [\-\1/1
19

17 >
15 7
13

9
11
Friday, August 28, 2015
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-m 2m, V| VN Tm, 1| m—-my 2m, V, /(my,
=— becomes:
VgINl M 2m1 m2 - ml V2

2ml m2 — ml

VN | M NS

M
or: v/ _ L mmmy 2ymmy Ny v _ L] memm 2mmy Ve
VNI M| 2 mm, my—m, Vv, ’ v, N2 M\ 2(mmy my—m, V)

Then collisions become reflections ( cos6 - sin6 } and double-collisions become rotations [ 086 sind ]

sin@ —cos@ —sin@® cosf
2 2 2) ?
m,—m : mm . m,—m mm
where: | cosf=| ——= and: sinf=| ———= |  with: AL LRy R ek e e S |
2 m, +m, m, +m, m, +m, m, +m,
[11]-tangent
slope
-m /m,= -49
V|
"I.J"
12
\‘\3 //v?ope
|| R
Vi
/// N:‘ stope
21 | [\—?/‘?
19 ]
17 S
15 7
13\/9
11
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

Vf e 1| mmmy 2my Vi b . VlFlNl /\my 1| mmmy 2my Vi /ymy
-, ccomes: -
vy b M 2myp my—my vy VM g | M Zm = N [y
vFIN _ ) Vv ~ VARL — 2 V -
or: 1 _ R nmym,; N YR  or: 1 _ R ) nmymy, L2 CaMeV
Vf Ny M\ 2 /mm, m,—my Vv, V; N2 M\ 2 mm, m—m, Vv,
Then collisions become reflections ( cos§  sing } and double-collisions become rotations | <% ]

sin@ —cos@ —sin@ cos@

2 2
— 2\mm — 2 mm
where: | cosg=| Th— ™ and: |\, sin@= INTTR L withe Ry AN
K2 m, +m, 2 m, +m, m, +m, m, +m,
[11]-tangent
slope
-m /m,= -49
y Mpmma 48
\ m;+m 50
12
\‘\3 //fiojpe B +l
| 7 F1g. 5.2a-c
VI
/// \\\i" stope .
21 lh<r (revised)

19 : " Jm 7

17 S
15\ (|7
13\/9

i1
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-my, 2m, V| VRN 1| m-my 2m, V) /I {my
=— becomes:
VgINl M 2ml m2 - ml V2

VZFINI /\/mz 2m1 mz_ml Vz/\,mz

M
o | V] mm 2 Vg MmO
Vlel M\ 2 /mm, m,—my Vv, , VfINZ M\ 2 mm, m—m, Vv,
cos®  sin® } and double-collisions become rotations _C;’fe 2;“:;]

Then collisions become reflections ( b o
Sin —COS

2 2
. | m—m . no=| 2N | e [mmmy |2,
where: |, cose_[ml_l_mz] and: Vo sme_[ o } with: (m1+m2] +[ o, ) 1
[11]-tangent
e 49 rfik
' L _my-my 48
4
\l \' m1+m2 50 2\/7’1’11 m2
| 0=16.26° “\ ", +m,
12 1
: slope : _14
e 1 "
» - v, ¥m 7 F1g. 5.2a-C
vz B-1626° : \“
o I\ T (revised)
19 :
S
17 17 S5
18 i
Note: If mi-m: is perfect-square, then 0-triangle is rational (32+4=5 eic.)
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Ellipse rescaling geometry and reflection symmetry analysis

' : 1 2,1 2 _1v/72 ,1y\72
Convert to rescaled velocity: V,=v,-\m, , V,=v,- Im, | symmetrize: KE =, m,v, +;m,v, =, V1 + V2
Then collisions become reflections | <¢ **°

sin@ —cos@

and double-collisions become rotations

_ 2
V2 cosO = MM, and: sinf= SN V2 with:
where: m, +m, m, +m,
[11]-tangent
slope
-m ;/m,= -49
/1
\
12
:w "‘ /@;(;pe
\J 11
— V7
V4 \\\L I
N slope
21 1 F\-\m
19 \33
17 >
15 7
13 o 9 (revised)
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[11]-tangent
slope
-m ;/m,= -49

19

17

15\ []/)7

13\./9
11

[11]-tangent slope

7  Fig. 5.2a-c

(revised)
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 12
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Fig.
What ellipse rescaling leads to...(in Ch. 9-12) .

12.1
How this relates to Lagrangian, and Hamiltonian mechanics in Ch. 12
(a) Lagrangian L = L(v,v,)

v Collision line and velocity v, rescaled to momentum: p, =m,v,
COM tangent slope velocity v, rescaled to momentum: p, =m,v,
=-m,/m,=-16

|
COM Bisector
Jlope /Slope = 1/1
m d
\/— = || A
[ ]l
N Vi
, - c) Hamiltonian H = H(p ,,
. () (]91 pZ) Collision line and
COM Bisector slope B COM 1 ‘ol
=mym,; =1/16 Py=Myv; vé i”g]e/’; siope
\>+\ \<]=m v
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Fig.
What ellipse rescaling leads to...(in Ch. 9-12) .

12.1
How this relates to Lagrangian, and Hamiltonian mechanics in Ch. 12
(a) Lagrangian L = L(v,v,)

v Collision line and velocity v, rescaled to momentum: p, =m,v,
COM tangent slope velocity v, rescaled to momentum: p, =m,v,
=-m,/m,=-16

|
1 1
COM Bisector gy Lagrangian L(v,,v,)=KE = 5’"1"12 + Emzvz2
Jlope / slope = 1/1 rescaled to
ml ’ d 2 2
I = | A Hamiltonian H(p,,p,) = KE = by P
’ my | ) 2m, 2m,
g |
N Vi l
- : : _
g . (C) Hamiltonian H H(pl L 2) Collision line and
COM Bisector slope B COM 1 ‘ol
=mym,; =1/16 Py=Myv; vé i”g]e/’; siope
\>+ N \<]=m v
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What ellipse rescaling leads to...(in Ch. 9-12)

Fig.
12.1

How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics in Ch. 12

(a)vLagmngian L=L(v,v,

Jlope

| /slope = 1/1

/7

Collision line and
COM tangent slope
= -m I/m 5 =-16

COM Bisector

(b) Estrangian E = E(V V)
Collision line and
COM tangent slope

=—\/m]/\/m2=—4

(c) Hamiltonian H = H(p ,p,)

COM Bisector slope

ﬁ/\ V1=\/m1v1

(Now we call this one
“I’Etrangian”)

Collision line and

_ _ D=m.,V COM tangent slope
my/m, =1/16 72.|Lv< — /]
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, ['Etrangian, and Hamiltonian mechanics in Ch. 12
(Preview of Lecture 3)
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/mz=3)
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Reflections in clothing store mirrors

left image reht image

fa) o==120° rotations

rifaled |'I-'_ ! Fovicicd 'l

- |:|::I 3 Jr : i

|I.\_-II|. |.||I|ll.li|_:-\_- Illil-:-llll. I_Illlll.lil_:-\_.

'] . 1 i i ] Ik
|'|'.'||,I|._'|_||l='I |.-.-||_I|,_._II--,

k. o
I!..I'|:I

eflected

Iage F lg .
5.4a-

W

(b} o==180° rotations

.7 cail

fefi ianee

-
B il immaroe
robaied |'i_ !

L& —+ 1807

'-_- -
gl A . ' { f a0,

i §
Fefreclicd

Ihkrge

g ]
| .II'Ii|_'I_|I|.|I

Crs oripsend
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Symmetry: It s all done with mirrors!

(a)Reflections 6 ,=(,9), -6,4=(, ] (b)Reﬂeoctions op=(; 0)s -0=(,"

y=(DA y=(?)n]= -0y y=() [0 %

_y=(‘(§) (edge-on) ] -G

=0,yy
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Symmetry: It s all done with mirrors!

(a)Reflections 6 ,=(,"), -0y =1 ")

(b)ReﬂectzonS oz=01), -o5=(57,

y=()A y=(l=-0.y
X=0, -x=(§)
" -
NPrrorrle. -x=())
_y=((§) (edge-on) ='(7A X
=5, v¥
cos¢ sing
(c) o) reflection (sm¢ cosd
of x- vector

(cos
X_ Sing

x=())
>

...of y-vector:
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Symmetry: It s all done with mirrors!

(a)Reflections 6 ,=(,9), -6,4=(, ] (b)ReﬂectzonS og=(7 0> -05=(57
0 _ -
y=(")A y=Ol = -0,y y=(7)
"
Trorpire -x=())
_y=(‘(§) (edge-on) _ 'GA x
=0,V
cosp sing —

(c) o) reflection (Sm b -cosd y=())

= -GB X
of x- vector (cos
X_

y sing .
| s Fig.
[ e \jW 5.3a-¢
cosQ >

Sing
q)y_( cosQ
cosQ -sing cosQ sing
(d)gatatzon R+¢ OpO4= (ym(p wsp)  (e)Rotation:R ¢—GAG¢ (Sm(p coso

IGA acts Y,
]St
A AA
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