
Lecture  2 
Thur. 8.27.2015

Analysis of 1D  2-Body Collisions
(Ch. 3 to Ch. 5 of Unit 1)

Review of elastic Kinetic Energy ellipse geometry
The X2 Superball pen launcher *

Perfectly elastic “ka-bong” velocity amplification effects (Faux-Flubber)

Geometry of X2 launcher bouncing in box
Independent Bounce Model (IBM)
Geometric optimization and range-of-motion calculation(s)
Integration of (V1,V2) data to space-time plots (y1(t),t) and (y2(t),t) plots
Integration of (V1,V2) data to space-space plots (y1, y2)

Multiple collisions calculated by matrix operator products 
Matrix or tensor algebra of 1-D 2-body collisions 

Ellipse rescaling-geometry and reflection-symmetry analysis
Rescaling KE ellipse to circle

How this relates to Lagrangian, l’Etrangian, and Hamiltonian mechanics in Ch. 12 

*Launch Superball Collision Simulator       http://www.uark.edu/ua/modphys/markup/BounceItWeb.html
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Review of elastic Kinetic Energy ellipse geometry
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Geometry of X2 launcher bouncing in box
Independent Bounce Model (IBM)
Geometric optimization and range-of-motion calculation(t)
Integration of (V1,V2) data to space-time plots (y1(t),t) and (y2(t),t) plots
Integration of (V1,V2) data to space-space plots (y1, y2)
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Geometry of X2 launcher bouncing in box
Independent Bounce Model (IBM)
Geometric optimization and range-of-motion calculation(s)
Integration of (V1,V2) data to space-time plots (y1(t),t) and (y2(t),t) plots
Integration of (V1,V2) data to space-space plots (y1, y2)
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Geometry of X2 launcher bouncing in box
Independent Bounce Model (IBM)
Geometric optimization and range-of-motion calculation(s)
Integration of (V1,V2) data to space-time plots (y1(t),t) and (y2(t),t) plots
Integration of (V1,V2) data to space-space plots (y1, y2)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometry of X2 launcher bouncing in box
Independent Bounce Model (IBM)
Geometric optimization and range-of-motion calculation(t)
Integration of (V1,V2) data to space-time plots (y1(t),t) and (y2(t),t) plots
Integration of (V1,V2) data to space-space plots (y1, y2)
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Geometric “Integration” (Converting Velocity data to Space-space trajectory)

Fig. 4.11
in Unit 1
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Geometric “Integration” (Converting Velocity data to Space-time trajectory)
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Example with masses: m1=49  and  m2=1
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Geometric “Integration” (Converting Velocity data to Space-time trajectory)
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Multiple collisions calculated by matrix operator products 
Matrix or tensor algebra of 1-D 2-body collisions
“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product: R= C•M  
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Multiple Collisions by Matrix Operator Products
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=

2VCOM − v1
IN

2VCOM − v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

T-Symmetry & Momentum Axioms give:                                      VCOM = V
FIN +V IN

2
= m1v1 +m2v2

m1 +m2

Gives vFIN in terms of vIN...

2 m1v1
IN +m2v2

IN

m1 +m2

− v1
IN

2 m1v1
IN +m2v2

IN

m1 +m2

− v2
IN

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

 =

m1v1
IN −m2v1

IN + 2m2v2
IN

2m1v1
IN +m2v2

IN −m1v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

=

m1 −m2 2m2

2m1 m2 −m1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

v1
IN

v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

Finally as a matrix operation:   vFIN =M•vIN...

M =

m1 −m2

m1 +m2

2m2

m1 +m2

2m1

m1 +m2

m2 −m1

m1 +m2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

Matrix operations include...
Floor bounce F of m1:                Mass collision M of m1 and m2 :           Ceiling bounce C of m2:

F = −1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

C = 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟

Let: m1=49  and  m2=1 M = 0.96 0.04
1.96 −0.96

⎛
⎝⎜

⎞
⎠⎟

Define a “rotation” R as group product: R= C•M = 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟
⋅ 0.96 0.04
1.96 −0.96

⎛
⎝⎜

⎞
⎠⎟
= 0.96 0.04

−1.96 0.96
⎛
⎝⎜

⎞
⎠⎟
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v1
FIN

v2
FIN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2VCOM − v1
IN

2VCOM − v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

T-Symmetry & Momentum Axioms give:                                      VCOM = V
FIN +V IN

2
= m1v1 +m2v2

m1 +m2

Gives vFIN in terms of vIN...

2 m1v1
IN +m2v2

IN

m1 +m2

− v1
IN

2 m1v1
IN +m2v2

IN

m1 +m2

− v2
IN

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

 =

m1v1
IN −m2v1

IN + 2m2v2
IN

2m1v1
IN +m2v2

IN −m1v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

=

m1 −m2 2m2

2m1 m2 −m1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

v1
IN

v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

Finally as a matrix operation:   vFIN =M•vIN...

Matrix operations include...
Floor bounce F of m1:                Mass collision M of m1 and m2 :           Ceiling bounce C of m2:

Let: m1=49  and  m2=1

Define a “rotation” R as group product: R= C•M

38Friday, August 28, 2015



Multiple Collisions by Matrix Operator Products

v1
FIN

v2
FIN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2VCOM − v1
IN

2VCOM − v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

T-Symmetry & Momentum Axioms give:                                      VCOM = V
FIN +V IN

2
= m1v1 +m2v2

m1 +m2

Gives vFIN in terms of vIN...

2 m1v1
IN +m2v2

IN

m1 +m2

− v1
IN

2 m1v1
IN +m2v2

IN

m1 +m2

− v2
IN

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

 =

m1v1
IN −m2v1

IN + 2m2v2
IN

2m1v1
IN +m2v2

IN −m1v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

=

m1 −m2 2m2

2m1 m2 −m1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

v1
IN

v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

Finally as a matrix operation:   vFIN =M•vIN...

Matrix operations include...
Floor bounce F of m1:                Mass collision M of m1 and m2 :           Ceiling bounce C of m2:

Let: m1=49  and  m2=1

Define a “rotation” R as group product: R= C•M
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v1
FIN

v2
FIN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2VCOM − v1
IN

2VCOM − v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

T-Symmetry & Momentum Axioms give:                                      VCOM = V
FIN +V IN

2
= m1v1 +m2v2

m1 +m2

Gives vFIN in terms of vIN...

2 m1v1
IN +m2v2

IN

m1 +m2

− v1
IN

2 m1v1
IN +m2v2

IN

m1 +m2

− v2
IN

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

 =

m1v1
IN −m2v1

IN + 2m2v2
IN

2m1v1
IN +m2v2

IN −m1v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

=

m1 −m2 2m2

2m1 m2 −m1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

v1
IN

v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

Finally as a matrix operation:   vFIN =M•vIN...

M =

m1 −m2

m1 +m2

2m2

m1 +m2

2m1

m1 +m2

m2 −m1

m1 +m2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

Matrix operations include...
Floor bounce F of m1:                Mass collision M of m1 and m2 :           Ceiling bounce C of m2:

F = −1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

C = 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟

Let: m1=49  and  m2=1 M = 0.96 0.04
1.96 −0.96

⎛
⎝⎜

⎞
⎠⎟

Define a “rotation” R as group product: R= C•M = 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟
⋅ 0.96 0.04
1.96 −0.96

⎛
⎝⎜

⎞
⎠⎟
= 0.96 0.04

−1.96 0.96
⎛
⎝⎜

⎞
⎠⎟
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Multiple collisions calculated by matrix operator products 
Matrix or tensor algebra of 1-D 2-body collisions
“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product: R= C•M  
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v1
FIN

v2
FIN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2VCOM − v1
IN

2VCOM − v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

T-Symmetry & Momentum Axioms give:                                      VCOM = V
FIN +V IN

2
= m1v1 +m2v2

m1 +m2

Gives vFIN in terms of vIN...

2 m1v1
IN +m2v2

IN

m1 +m2

− v1
IN

2 m1v1
IN +m2v2

IN

m1 +m2

− v2
IN

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

 =

m1v1
IN −m2v1

IN + 2m2v2
IN

2m1v1
IN +m2v2

IN −m1v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

=

m1 −m2 2m2

2m1 m2 −m1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

v1
IN

v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

Finally as a matrix operation:   vFIN =M•vIN...

Matrix operations include...
Floor-bang F of m1:                

F = −1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

Define a “rotation” R as group product: R= C•M
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v1
FIN

v2
FIN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2VCOM − v1
IN

2VCOM − v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

T-Symmetry & Momentum Axioms give:                                      VCOM = V
FIN +V IN

2
= m1v1 +m2v2

m1 +m2

Gives vFIN in terms of vIN...

2 m1v1
IN +m2v2

IN

m1 +m2

− v1
IN

2 m1v1
IN +m2v2

IN

m1 +m2

− v2
IN

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

 =

m1v1
IN −m2v1

IN + 2m2v2
IN

2m1v1
IN +m2v2

IN −m1v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

=

m1 −m2 2m2

2m1 m2 −m1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

v1
IN

v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

Finally as a matrix operation:   vFIN =M•vIN...

Matrix operations include...
Floor-bang F of m1:                                                                       Ceiling-bang C of m2:

F = −1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

C = 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟

Define a “rotation” R as group product: R= C•M
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v1
FIN

v2
FIN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2VCOM − v1
IN

2VCOM − v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

T-Symmetry & Momentum Axioms give:                                      VCOM = V
FIN +V IN

2
= m1v1 +m2v2

m1 +m2

Gives vFIN in terms of vIN...

2 m1v1
IN +m2v2

IN

m1 +m2

− v1
IN

2 m1v1
IN +m2v2

IN

m1 +m2

− v2
IN

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

 =

m1v1
IN −m2v1

IN + 2m2v2
IN

2m1v1
IN +m2v2

IN −m1v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

=

m1 −m2 2m2

2m1 m2 −m1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

v1
IN

v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

Finally as a matrix operation:   vFIN =M•vIN...

M =

m1 −m2

m1 +m2

2m2

m1 +m2

2m1

m1 +m2

m2 −m1

m1 +m2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

Matrix operations include...
Floor-bang F of m1:                Mass-bang M of m1 and m2 :           Ceiling-bang C of m2:

F = −1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

C = 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟

Define a “rotation” R as group product: R= C•M
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v1
FIN

v2
FIN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2VCOM − v1
IN

2VCOM − v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

T-Symmetry & Momentum Axioms give:                                      VCOM = V
FIN +V IN

2
= m1v1 +m2v2

m1 +m2

Gives vFIN in terms of vIN...

2 m1v1
IN +m2v2

IN

m1 +m2

− v1
IN

2 m1v1
IN +m2v2

IN

m1 +m2

− v2
IN

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

 =

m1v1
IN −m2v1

IN + 2m2v2
IN

2m1v1
IN +m2v2

IN −m1v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

=

m1 −m2 2m2

2m1 m2 −m1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

v1
IN

v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

Finally as a matrix operation:   vFIN =M•vIN...

M =

m1 −m2

m1 +m2

2m2

m1 +m2

2m1

m1 +m2

m2 −m1

m1 +m2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

Matrix operations include...
Floor-bang F of m1:                Mass-bang M of m1 and m2 :           Ceiling-bang C of m2:

F = −1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

C = 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟

Let: m1=49  and  m2=1 M = 0.96 0.04
1.96 −0.96

⎛
⎝⎜

⎞
⎠⎟

Define a “rotation” R as group product: R= C•M = 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟
⋅ 0.96 0.04
1.96 −0.96

⎛
⎝⎜

⎞
⎠⎟
= 0.96 0.04

−1.96 0.96
⎛
⎝⎜

⎞
⎠⎟
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Multiple collisions calculated by matrix operator products 
Matrix or tensor algebra of 1-D 2-body collisions
“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product: R= C•M  
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v1
FIN

v2
FIN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

2VCOM − v1
IN

2VCOM − v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
=

T-Symmetry & Momentum Axioms give:                                      VCOM = V
FIN +V IN

2
= m1v1 +m2v2

m1 +m2

Gives vFIN in terms of vIN...

2 m1v1
IN +m2v2

IN

m1 +m2

− v1
IN

2 m1v1
IN +m2v2

IN

m1 +m2

− v2
IN

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

 =

m1v1
IN −m2v1

IN + 2m2v2
IN

2m1v1
IN +m2v2

IN −m1v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

=

m1 −m2 2m2

2m1 m2 −m1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

v1
IN

v2
IN

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

m1 +m2

Finally as a matrix operation:   vFIN =M•vIN...

M =

m1 −m2

m1 +m2

2m2

m1 +m2

2m1

m1 +m2

m2 −m1

m1 +m2

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

Matrix operations include...
Floor-bang F of m1:                Mass-bang M of m1 and m2 :           Ceiling-bang C of m2:

F = −1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

C = 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟

Let: m1=49  and  m2=1 M = 0.96 0.04
1.96 −0.96

⎛
⎝⎜

⎞
⎠⎟

Define “ellipse-Rotation” R as group product: R= C•M= 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟
⋅ 0.96 0.04
1.96 −0.96

⎛
⎝⎜

⎞
⎠⎟
= 0.96 0.04

−1.96 0.96
⎛
⎝⎜

⎞
⎠⎟
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C   •      M      •    C   •      M      •    C  •      M      •    C   •      M      •   F              IN 0FIN 9 =

v1
FIN−9

v2
FIN−9

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1 0

0 −1
⎛
⎝⎜

⎞
⎠⎟
⋅ 0.96 0.04

1.96 −0.96
⎛
⎝⎜

⎞
⎠⎟
⋅ 1 0

0 −1
⎛
⎝⎜

⎞
⎠⎟
⋅ 0.96 0.04

1.96 −0.96
⎛
⎝⎜

⎞
⎠⎟
⋅ 1 0

0 −1
⎛
⎝⎜

⎞
⎠⎟
⋅ 0.96 0.04

1.96 −0.96
⎛
⎝⎜

⎞
⎠⎟
⋅ 1 0

0 −1
⎛
⎝⎜

⎞
⎠⎟
⋅ 0.96 0.04

1.96 −0.96
⎛
⎝⎜

⎞
⎠⎟
⋅ −1 0

0 +1
⎛
⎝⎜

⎞
⎠⎟

v1
IN = −1

v2
IN = −1

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

INITIAL (0)( )
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C   •      M      •    C   •      M      •    C  •      M      •    C   •      M      •   F              
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⎝⎜

⎞
⎠⎟

⋅ 0.96 0.04
−1.96 0.96

⎛
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⎞
⎠⎟
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−1.96 0.96

⎛
⎝⎜

⎞
⎠⎟
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−1.96 0.96

⎛
⎝⎜

⎞
⎠⎟

⋅
v1 = 1
v2 = −1

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

after Bang-1( )

R          •          R             •         R             •          R             •   F

IN 0

IN 0FIN 9 =
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Ellipse rescaling-geometry and reflection-symmetry analysis
Rescaling KE ellipse to circle

How this relates to Lagrangian, l’Etrangian, and Hamiltonian mechanics in Ch. 12 
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Ellipse rescaling geometry and reflection symmetry analysis 
Convert to rescaled velocity:                                           symmetrize:  V1 = v1 ⋅ m1  , V2 = v2 ⋅ m1  , KE =2
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Ellipse rescaling geometry and reflection symmetry analysis 
Convert to rescaled velocity:                                           symmetrize:  V1 = v1 ⋅ m1  , V2 = v2 ⋅ m1  , KE =2
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Ellipse rescaling geometry and reflection symmetry analysis 
Convert to rescaled velocity:                                           symmetrize:  V1 = v1 ⋅ m1  , V2 = v2 ⋅ m1  , KE =2
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Ellipse rescaling geometry and reflection symmetry analysis 
Convert to rescaled velocity:                                           symmetrize:  V1 = v1 ⋅ m1  , V2 = v2 ⋅ m1  , KE =2
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Ellipse rescaling geometry and reflection symmetry analysis 
Convert to rescaled velocity:                                           symmetrize:  V1 = v1 ⋅ m1  , V2 = v2 ⋅ m1  , KE =2
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Ellipse rescaling geometry and reflection symmetry analysis 
Convert to rescaled velocity:                                           symmetrize:  V1 = v1 ⋅ m1  , V2 = v2 ⋅ m1  , KE =2
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Then collisions become reflections                    and double-collisions become rotations 
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Note: If m1·m2 is perfect-square, then θ-triangle is rational (32+42=52, etc.)
59Friday, August 28, 2015



Ellipse rescaling geometry and reflection symmetry analysis 
Convert to rescaled velocity:                                           symmetrize:  V1 = v1 ⋅ m1  , V2 = v2 ⋅ m1  , KE =2
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1m2v2
2 =2

1 V12 +21 V22
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Fig. 5.2a-c
(revised) 
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Ellipse rescaling-geometry and reflection-symmetry analysis
Rescaling KE ellipse to circle

How this relates to Lagrangian, l’Etrangian, and Hamiltonian mechanics in Ch. 12 
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What ellipse rescaling leads to...(in Ch. 9-12)

(a) Lagrangian L = L(v1,v2)

v1

v2
(b) Estrangian E = E(V1,V2)

V1=√m1v1

(c) Hamiltonian H = H(p1,p2)

p1=m1v1

p2=m2v2

V2=√m2v2

COM Bisector
slope = 1/1

Collision line and
COM tangent slope
= -m1/m2 =-16

Collision line and
COM tangent slope
=-√m1/√m2=-4

COM Bisector slope
= √m2/√m1 =1/4

Collision line and
COM tangent slope

= -1/1

COM Bisector slope
= m2/m1 =1/16

slope
√m1
√m2

=4

slope=1

Fig. 
12.1 

How this relates to Lagrangian, l’Etrangian, and Hamiltonian mechanics in Ch. 12

velocity    v1    rescaled to momentum:     p1 = m1v1

velocity    v2    rescaled to momentum:     p2 = m2v2
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What ellipse rescaling leads to...(in Ch. 9-12)

(a) Lagrangian L = L(v1,v2)

v1

v2
(b) Estrangian E = E(V1,V2)

V1=√m1v1

(c) Hamiltonian H = H(p1,p2)

p1=m1v1

p2=m2v2

V2=√m2v2

COM Bisector
slope = 1/1

Collision line and
COM tangent slope
= -m1/m2 =-16

Collision line and
COM tangent slope
=-√m1/√m2=-4

COM Bisector slope
= √m2/√m1 =1/4

Collision line and
COM tangent slope

= -1/1

COM Bisector slope
= m2/m1 =1/16

slope
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=4

slope=1

Fig. 
12.1 

How this relates to Lagrangian, l’Etrangian, and Hamiltonian mechanics in Ch. 12

velocity    v1    rescaled to momentum:     p1 = m1v1

velocity    v2    rescaled to momentum:     p2 = m2v2

Lagrangian L(v1,v2 ) = KE =
1
2
m1v1

2 +
1
2
m2v2

2    

                         rescaled to  

Hamiltonian H (p1, p2 ) = KE =
p1

2

2m1

+
p2

2

2m2
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What ellipse rescaling leads to...(in Ch. 9-12)

(a) Lagrangian L = L(v1,v2)

v1

v2
(b) Estrangian E = E(V1,V2)

V1=√m1v1

(c) Hamiltonian H = H(p1,p2)

p1=m1v1

p2=m2v2

V2=√m2v2

COM Bisector
slope = 1/1

Collision line and
COM tangent slope
= -m1/m2 =-16
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COM tangent slope
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Collision line and
COM tangent slope

= -1/1

COM Bisector slope
= m2/m1 =1/16
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=4

slope=1

Fig. 
12.1 

(Now we call this one 
      “l’Etrangian”)

How this relates to Lagrangian, l’Etrangian, and Hamiltonian mechanics in Ch. 12
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Ellipse rescaling-geometry and reflection-symmetry analysis
Rescaling KE ellipse to circle

How this relates to Lagrangian, l’Etrangian, and Hamiltonian mechanics in Ch. 12
(Preview of Lecture 3) 

Reflections in the clothing store: “It’s all done with mirrors!”  
Introducing hexagonal symmetry D6~C6v (Resulting for m1/m2=3)

Group multiplication and product table
Classical collision paths with D6~C6v (Resulting from m1/m2=3)
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Reflections in clothing store mirrors

Fig. 
5.4a-b 
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σφacts
1st

σφacts
2nd

(a)Reflections σA=( ),

x=σA·x=( )
1
0

y=( )01

-y=( )
=σA·y

-1
0

1 0
0 -1 -σA=( )-1 0

0 1

y=( ) = -σA·y
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1

1
0

-x=( )
= -σA·x
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Symmetry: It’s all done with mirrors!

Fig. 
5.3a-e 
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