Analysis of 1D 2-Body Collisions

(Ch. 2 to Ch. 4 of Unit 1)

Review of elastic Kinetic Energy ellipse geometry

The X2 Superball pen launcher
Perfectly elastic “ka-bong” velocity amplification effects (Faux-Flubber)

Geometry of X2 launcher bouncing in box (gravity-free)
Independent Bounce Model (IBM)
Geometric optimization and range-of-motion calculation(s)
Integration of (V1,V2) data to space-time plots (vi(1),t) and (v2(1),t) plots
Integration of (V1,V>) data to space-space plots (vi, y2)  Examples (Mi=7, M>=1) and (M;=49, M>=1)

Multiple collisions calculated by matrix operator products
Matrix or tensor algebra of 1-D 2-body collisions

Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, ['Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
Other not-so-symmetric examples: mi/m2=4 and mi/m2=7 and (M =100, M>=1)
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Review of elastic Kinetic Energy ellipse geometry

I/ \
V/WV/ﬂO\\ \ .
/CEL;?Z& N elastic
// Ve 1 uglg \\ \Final “Ka—Bong”—point\ FIN
__[2KE ig \ znlas?lc
Myw | \ FIN is
=120.42 . WV s DO
Elastic || ;‘0 \ Inelastic |
Kinetic / 77 | 50.10) Kinetic
Energy | a=Nps. niialpoint| LNIETEY
ellipse *\=60-21 AW L 4050) 701/80 | ellipse .
KE=7150 -20 Suv| (IE=6,250)
230) -30 |
| 5 .=
_Cf) 7\,f : ,_'_'l}/_
\ i -’/-’SU/P[ Momentum
\ w oy, =1 P=25
\ 90 // didh \line
\ /
\\\\ﬂ%//
S |-1207
| Fig. 2.3b
i’g 2t f)“ (Unit 1)
ni

Sunday, August 28, 2016 2



The X-2 Pen launcher and  Superball Collision Simulator™
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(With g=0 and 70:10 mass ratio)
*Launch Generic Superball Collision Web Simulator — http://www.uark.edu/ua/modphys/markup/BounceltWeb.html?scenario=6300
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The X-2 Pen launcher and  Superball Collision Simulator*

Caution: Product Liablility Disclaimer

This ballpoint pen could be hazardous to your health! i ,
The experiments which are the subject of this discussion are V1 =-1.000 cry/s
both spectacular and potentially dangerous, and care to V2 =-1.000 cnys
protect one’s eyes should be taken. The simplest experiment

The X‘Z involves sticking a ball point pen into a superball or other
hard rubber ball and dropping the two onto a hard floor.

ba l ZZQO l nt pen- If done correctly the pen will eject the ball with such force
it may stick in the ceiling of the room. Obviously you want
pen launCher to be careful with this weapon. And, this goes doubly and triply
for the more advanced models that may be developed in the
M — ] 0 gm course of studying this stuff. It is recommended that
2 experimenters wear safety glasses when doing these experiments

with pens. (We could just say don’t use pens, but that‘s an easy
way to do this experiment and probably the way most people
S Up er b al l will go about it.) Some of the tangential experiments associated
. with this development are less hazardous. To measure the
p en et ra t on potential force function of a ball one may simply paint the ball

Stperiall

d h and measure the spot size as a function of drop height 4.
ept . o 2
The saggital approximation d=r"/2R allows one to
r2 quickly convert spot radius 7 to penetration depth x for a

d = superball of radius R as shown in the figure. Equating this
¢ 2R to Mgh gives the ball potential energy function V(x).

*Superball Web
Collision Simulator
2 guaranteed to be

perfectly safe.
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(With g=0 and 70:10 mass ratio)
*Launch Generic Superball Collision Web Simulator — http://www.uark.edu/ua/modphys/markup/BounceltWeb.html?scenario=6300
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(With g=0 and 70:10 mass ratio)
*Launch Generic Superball Collision Web Simulator  http://www.uark.edu/ua/modphys/markup/BounceltWeb.html
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http..//'www.uark.edu/ua/modphys/markup/BounceltWeb.html?scenario=1007
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Geometry of X2 launcher bouncing in box (gravity-free)
——) [11]cpendent Bounce Model (IBM)

Geometric optimization and range-of-motion calculation(t)
Integration of (V1,V>) data to space-time plots (yi(t),t) and (v2(t),t) plots
Integration of (V1,V>) data to space-space plots (yi, y2)
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Geometry of X2 launcher bouncing in box (gravity-free)

Independent Bounce Model (IBM)

—) (Geometric optimization and range-of-motion calculation(s)
Integration of (V1,V>) data to space-time plots (yi(t),t) and (v2(t),t) plots
Integration of (V1,V>) data to space-space plots (yi, y2)
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Geometry of X2 launcher bouncing in box (gravity-free)

Independent Bounce Model (IBM)
Geometric optimization and range-of-motion calculation(s)

— [11tegration of (Vi1,V2) data to space-time plots (yi(1),t) and (y2(1),t) plots
Integration of (V1,V>) data to space-space plots (vi, y2) Examples (Mi=7, M>=1)

Sunday, August 28, 2016

16



Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity 1{02 vs. V1 Plot Position y vs. Time t Plot

y
Vy2 Vy7=-0.5

means M P LS

somewhere
won some path of slope -0.5
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D Vy1=—|—].0
means M] IS

somewhere
on some path of slope +1.0
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity V.
10

) Vs. Vy 7 Plot
Vy2 Vy7=-0.5

means M P LS

somewhere

Position y vs. Time t Plot

Helght %;eiling at y=7.1

y-axis |/
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity K)Z vs. Vy] Plot Position y vs. Time t Plot
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Geometric “Integration” (Converting Velocity data to Spacetime)
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Fig. 4.6a-b
in Unit 1
(Cl) VyZ VS. Vy] Plot ofBang—](OU (b) yvs. t, Plot ofBang-I(OU
Vo 5| / Y
T T Height
/// v y-a.XiS Ceiling at y=7
210 -0.5 // 0.5 yl 1.0
/
s initial o stove
ARy conditions y1(0) yo(0)=3 \_];
pad ...and y2(0)
// i y1(0)=] ]"lme
vV, @2)8/1_0,_1_0) i (Vyi VA)E(+1.0,-1.0) Bang-19}) Floon at y=0 .
Bang-1,97) Bounces (-1,-1) to (+1,-1) | position [-axis
&4(01) : ’ - (v=0,t=1)
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity 1{02 VS. Vy] Plot Position y vs. Time t Plot
V.
y2 V,r=-0.5 . . .
yZM . Helght %f/eiling at y=7.1 UlflﬂlyOM Speley
means M, 1s y-axis T e initial conditions yo(ty) ...
somewhere 05 95/1=-0.5
won some path of slope -0.5

..you don 't know which

D Vyp=+1.0 ~ v-lines to use
means M, is slope
L 1=+1 :
somewhere et Floor &t y=0 Time
on some path of slope +1.0 1-axis
Fig. 4.6a-b
in Unit 1
(Cl) VyZ VS. Vy] Plot ofBang—](OU (b) yvs. t, Plot ofBang-I(OU
Vo Jig : Y
T T Height
7 - v y-a.XiS Ceiling at y=7
210 -0.5 // 0.5 yl 1.0
/
vas initial o stone
A conditions y1(0) 7 A0)=3 o
pd ...and y2(0)
- i V0= Time
vV, @2)8/1_0,_1_0) i (V.o VE(H1.0,-1.0) Bang-19}) ¢ Floonat y=0 .
| position -axis

Bang—](OU Bounces (-1,-1) to (+1,-1) (y:O le)
’ |

I
.
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity K)Z vs. Vy] Plot Position y vs. Time t Plot
|4
Z V,0=-0.5 . . .
y2 Heioht )c;eizmg at y=7.1 Until you speci
4 you Specljy
meansM2 IS L ——— o .
y-axis |1 _sope initial conditions yo(ty)...
somewhere =105 o 5/1=0.3

yo some path of slope -0.5 ..you don 't know which

D Vyp=+1.0 ~ v-lines to use
means M, is slope
I 1/1=+1 :

somewhere et Floor &t y=0 Time

on some path of slope +1.0 1-axis

Fig. 4.6a-b
in Unit 1
(Cl) Y2 VS. Plot ofBang—](OU (b) yvs. t, Plot ofBang-I(OU
Vo // y
i Ye L. Height
7 g ” y-aXiS Ceiling at y=7
210 -0.5 // 0.5 yl 1.0
/
vah initial N
ARy conditions y1(0) ~ 2A0)=3 _];
Jid ...and y2(0)
// i y1(0)=] ]-'lme
(VyI’VyZ)g/]'O"]'O) b (V;}%(—!—].Q—].O) Bang- ](0]) ¢ Floonat y= 0_ t .
| -dxXlS
Bang—](OU Bounces (-1,-1) to (+1,-1) Ipo;)z/tlonOt ]) (y 1,t= 2)
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity V., vs.
10

'y

]PZOt

VyZ

Position y vs. Time t Plot

won some path of slope -0.5
Rl j=+1.0

y

-1.0

V..»=-0.5 .
y2 . Helght %{eilingaty=7.]
-axlLs l
somewhere Y =-0.5 S.gﬂeu =05

~

means M, is slope
L 1=+1 :
somewhere et Floor &t y=0 Time
on some path of slope +1.0 f-axis
Fig. 4.6a-b
in Unit 1
(Cl) VyZ VS. Vy] Plot ofBang—](OU (b) yvs. t, Plot ofBang-I(OU
Vo 5| / Y
T T Height
/// y-a.XiS Ceiling at y=7
0.5 // 0.5 Vyl 1.0
/
s initial o stove
/// v conditions y1(0) Yo(0)=3 _1; Bang-2(12)
/ ...and y2(0) position
// i y1(0)=] | ]"lme
V1 Vyz)a/I.O,-I.O) o (Vyi VA)E(H1.0,-1.0) Bang-19;) - ¢ Floon aty=0: .
ti L [-axis
Bang—](OU Bounces (-1,-1) to (+1,-1) !-p_oél;;’é’iz_]) | : (y:]’t:2) :
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity 1{02 VS. Vy] Plot Position y vs. Time t Plot
V.
y2 V,r=-0.5 . . .
yZM . Helght %f/eiling at y=7.1 UlflﬂlyOM Speley
means M, 1s y-axis T e initial conditions yo(ty) ...
somewhere 05 95/1=-0.5
won some path of slope -0.5

..you don 't know which

5 Vy 7=+1.0 S~ vy-lines to use
means M, is slope
I 1/1=+1 :
somewhere et Floor &t y=0 Time
on some path of slope +1.0 1-axis
Fig. 4.6a-b
in Unit 1
(Cl) VyZ VS. Vy] Plot ofBang—](OU (b) yvs. t, Plot ofBang-I(OU
Vo Jig : Y
T T Height
7 - v y-a.XiS Ceiling at y=7
210 -0.5 // 0.5 yl 1.0
/
vas initial B
AR conditions y1(0) 7 A0)=3
pd ...and y2(0)
77 ] y,(0)=1 Time
(Vop @2)8//1-0:'1-0) -1.0 (Vyi Vy2)E_J (+1.0,-1.0) ]
I-axis

Bang—](OU Bounces (-1,-1) to (+1,-1)
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Geometric “Integration” (Converting Velocity data to Spacetime)

Velocity V.

I

]PZOt

Position y vs. Time t Plot

V,2=-0.5

Y M. Helght %}eilingaty=7.]
means ZZS . ]__
y-axis |

somewhere

won some path of slope -0.5

05 _0.5/1=-0.5

D Vy=+1.0 g
means M, is f slope
somewhere . ] Flo(ff;;o Time
0 on some path of slope +1.0 {-axis
Fig. 4.6a-b
in Unit 1
(a) VyZ Vs. Vy] Plot ofBang-](OU (b) yvs. t,Plot ofBang-](OU
- | y
Height
y-ax 1S Ceiling at y=7
-1.0 -0.5 1 1.0 /
initial I AT
/// conditions y1(0) Yo0)=3 v /7 Bang-2(12)
y / ...and y2(0) 0)=1 f positlion
/ Y ~ ]
Y, @2)3/]‘0"1'0) s y%(-i‘].O,-].O) Bang-;(()]) 22 Floor aty=0: Tlme
| position | L f-axis

Bang-I(OU Bounces (-1,-1) to (+1,-1)

Sunday, August 28, 2016
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Geometric “Integration” (Converting Velocity data to Spacetime)

(@)
2| 32 %

1.0 /

%/
. ‘B ng-?(lz)
7
7
7
7 .5 \ 1.0
z Z
/ i
¢ Bang-3120)
'/
// 1.0
ST =

(b)

Height y

Bang-3 (20)

Ceiling at y=7

Bang-471-
+0.5 27 (12

k Bang-2(12) Floor at y=0

Bang—]m]) ]”Zme t
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Geometric “Integration” (Converting Velocity data to Spacetime)

(@)

20| V2 K

1.0 /

\ Yyl
Bang-3 1> )

(b)

Bang-]m])
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k Ba”g'Z(IZ) Floor at y=0

1g-1 1)

Height y

Bang-3 (20)

Ceiling at y=7

Bang-4.71»
+0.5 27 (12

Time t

(c)

1.0

B%ii -2012)

Bang;i()o)\ Bavzg\3
Bang-6/1p)

Y
Start at 7 \
7
(—L(),—If)ﬁ)( 0

Ba Zg-l( 1)

RS S
<

D]
7

(d)

Y

Bang-3 (20) Bang-5:)¢ )

Bang-4(12) ang—6(]2)
Bang-Z(]Z)

Bang—](oj) Bang—7(01)

Bang—8(2())

Ceilinfg at y=7

Bang—9(12)

Floor at y=0
Time t

Kinetic Energy Ellipse

1 1 1 7
KE==MV}+=M,V; =—+—=4
2 2 2 2
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v, XX

Ve _

= + o 2+ 2
2KE/M, 2KE/M, a a,

Fig. 4.7a-d
in Unit 1



Geometric “Integration” (Converting Velocity data to Spacetime)

(@)

2.0

1.0

Bang-3 1> ) \

(b)

Height y

Bang-3 (20)

Bang-]m])
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1g-1 1)

Ceiling at y=7

Bang-4 (12)

+0.5 27
k Ba”g'Z(IZ) Floor at y=0

Time t

Kinetic Energy Ellipse
(c) ] ] 7 1
L KE=—MV +=-M,V; =—+—-=4
} 2 2 2 2
V.
0 y2 _ ‘/12 + V22 _ xf x;
\\ 2KE/M, 2KE/M, a a;
ang-7 () | : :
d\ \ ) Ellipse radius 1 Ellipse radius 2
&}; T J2KEIM,  a,=\2KE/M,
ng-2v12
B /4(]‘))\ \
Bang;i()o)\ Banfg\g(j‘ ) [_O/y ]
Bang:6/1b) \ E
~/é>(' égzg-l( > )
Fig. 4.7a-d
in Unit 1
2
(d)
y Bang-3(20) Bang-5 20) Bang—8(20)

Ceilinfg at y=7

Bang—9(12)

Bang-4(12) ang—6(]2)
Bang-Z(]Z)

Bang—](oj) Bang—7(01)

Floor at y=0
Time t



Geometric “Integration” (Converting Velocity data to Spacetime)

(@)

2.0

1.0

1g-1 1)

(b)

Height y

Bang-3 (20)

+0.

Bang-l(OI)
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k Ba”g'Z(IZ) Floor at y=0

Ceiling at y=7

Bang-4.71»
T e

Time t

(d)

Y

(c)

Bang—](oj)

Kinetic Energy Ellipse

1

‘/12

1.0

7

1
KE==MV}+=M,V; =—+—=4
2 2 2 2

2 2 2
v, XX

p Ellipse radius 1

Bang-5(]

/

D)

=10

T

Bang-3(20) Bang-5 20)

Bang-4(12) ang—6(12)
Bang-Z(]Z)

Ba

Bang—7(01)

Bang—8(20)

D]

Ceilinfg at y=7

Bang—9(12)

Floor at y=0

a,=J2KE/M,
(12)
= 2KE/7
Ve =487
=1.07
D
Fig. 4.7a-d
in Unit 1

Time t

= + o 24_ 2
2KE/M, 2KE/M, a a,

Ellipse radius 2

a,=+J2KE/M,

=2KE/1

=,/8/1
=2.83




Geometric “Integration” (Converting Velocity data to Spacetime)

7

m2= 1kg
ml= 7kg

Y C

Q V2= 162 m's

F 65

6

L 55

5

V1=-0875 m's

5_3
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Fig. 4.8
in Unit 1
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Bouncelt Superball Collision Web Simulator:
M;=70, M>=10 with Newtonian time plot

Bouncelt Superball Collision Web Simulator:
Mi1=70, M>=10 with V> vs V; plot



http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1109
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1109
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1110
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1110

Geometry of X2 launcher bouncing in box (gravity-free)

Independent Bounce Model (IBM)

Geometric optimization and range-of-motion calculation(t)
Integration of (V1,V3) data to space-time plots (y1(t),t) and (y2(t),t) plots
ey [111€g10ION Of (V1,V2) data to space-space plots (v1, y2) Examples (Mi=7, M2=1) and (M1=49, M>=1)
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Geometric “Integration” (Converting Velocity data to Space-space trajectory)
Ellipse radius 1 Ellipse radius 2

Fig. 4.11
. & . a,=+2KE/M, a,=2KE/M,
in Unit 1
m2 = J2KE/7T =/2KE/1
Velocity axis Step-0: At starting position y(0)=(1,3) draw initial velocity v(0)=(-1,-1) line.
fym2 Step-1: Extend v(0) line to floor point y(0)=(0,?) and draw Bang-1;) = \J8/7 =/8/1
velocity v(1)=(1,-1) line. (Find v(1) using V-V plot.) —1.07 =2.83
Step-2: Extend v(1) line to collision point y(0)=(?,?) and draw Bang—2(1 2)
velocity v(2)=(0.5,2.5). (Find v(2) using V-V plot.)
m,-Height
Y ,-axis
R Ceiling aty =7 7]
yz I ! ([ [/ I [ | | |
/ 7/
// ///
2 A,
A VA
l y. ’\ 07
-II . LY /7
) A W,
¥ N 7
1.0 // Q
ml I // \:
Velocity axis S I
Vym] = ~
Bang—](OU
(0) | v( 3
-1.0 1.0° /Bang-Z(]g)
Starty at Bang-](Ol) 7

V1(0)=1,V2(0)=3)

(O) S 0No | 30 40 d0 6o
Floor at y»=0.0 m]-Helght
v(1

Y -axis
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Geometric “Integration” (Converting Velocity data to Space-space trajectory)

. Ellipse radius 1 Ellipse radius 2
Fig. 4.11 P i
in Unit 1 a,=\2KEIM, a,=y2KEIM,
m2 Velocity axis . : 7> : —
Vom b Step-2: Extend v(2) line to ceiling point y(3)=(?,7.1) and draw Bang—3(20) — /2KE/7 = [2KE/1
velocity v(3)=(1,-1) line. (Find v(3) using V-V plot.)
= Q Step-3: Extend v(3) line to collision point y(4)=(?,?) and draw Bang—4(]2) = ./8/7 =,/8/1
velocity v(4)=(0.5,2.5). (Find v(4) using V-V plot.) — 283
I 2 Step-4: Extend v(4) line to ceiling point y(4)=(?,7.1) and draw Bang—5(20) =1.07 '
‘wi'/yf 4,\| velocity v(5)=(1,-1) line. (Find v(5) using V-V plot.)
"7 0 Step-5: Extend v(35) line to collision point y(6)=(?,?) and draw Bang—6(]2)
velocity v(6)=(0.5,2.5). (Find v(6) using V-V plot.)
& (12| A 2
L
/
/
0 /
7
Bang-P;)
B
7
- 5( E| \ {0
/ ml
/ Velocity axis 3‘ @
7 S =
- Bang-3 S ' =
?’t;u;)[ a]t ) 2 oA P (20) % 30 Skl\rl{)/ﬂ \:
T F 4) S ,‘:/v(z’m)f Lyzmji ’ ':'
Bang-](()]) .0 / D, !/ .
@) SN\
1}\[2}";_ e
// “ Lg (IZ)
vVi3) 7100 20
"/

v(d)

O
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Floor at y»=0.0 m]-Helght
Y -axis
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y,-axis (height of m,)

Ellipse radius 1 Ellipse radius 2

a,=2KE/M, a,=2KEIM,
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I
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8/7 /1

2.
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07 3

Il
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0 5.0 6
v -axis (heigh

), and Y ,-axis

height of m ; ar

d m,)

0
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4.0
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1.0

Timedaxis (t
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0 5.0 6

0

7.0
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Example with masses: mi=49 and m>=1
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Geometric “Integration” (Converting Velocity data to Space-time trajectory)

Example with masses: mi=49 and m>=1

) Bang—3(%0) .i 7911]3]5 {7 19

&

S T1012

5 i L g

Ba;lqg-I(OU . . . . . . . |

Flg 5 1 Bouncelt Superball Collision Web Simulator:
. . Mi1=49, M>=1 with Newtonian time plot
in Unit 1

Bouncelt Superball Collision Web Simulator:
M1=49, M>=1 with V> vs Vi plot

Sunday, August 28, 2016
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010

Geometric “Integration” (Converting Velocity data to Space-time trajectory)

m2 Velocity axis
- oA A 1

ym2 704 8
iya ﬁx Example with masses: m;=49 and m>=1

.0

I Bang-41p)

) Bang—3(%0) .i 79]]]3]5 {7 19

&

I

I

|

I : A
| g N (1) A
| :
I

I

|

1.0 mli Valocity axis Vym]

Start at
(1.0,-1.0)

V5 1
/Du,lg-l 01)

(pBang-320)

10

S /D W R

Hime

5
Flg 51 Bouncelt Superball Collision Web Simulator:
. . Mi=49, M>=1 with Newtonian time plot
in Unit 1
7

Bouncelt\Superball Collision Web Simulator:
M1=49, M>=1 with V> vs V1 plot
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010

Geometric “Integration” (Converting Velocity data to Space-time trajectory)

|4

m2 Velocity axis 10
N

ym2 7
12 fgg

.0

J

Example with masses: mi=49 and m>=1
) Kinetic Energy Ellipse

Sunday, August 28, 2016

1 1 49 1
KE=—mV +-m\V; =—+—=25
Bangd(1p) Bang-30) 5 7 9111315 17 19 2 2 2 2
’ R A A Vl2 VZ2 xf x§
T':II.T i 1 = + = > >
5 2KE/m, 2KE/m, a, a,
Bang=27y >
( )/' Ellipse radius 1 Ellipse radius 2
a,=2KEIM,  a,=.2KE/m,
- = /2KE/49 = /2KE/1
10 ml Wocity axis Vi = /50/49 = /50/1
/Dung-] 01)
Bang—3(20)

Fig. 5.1
in Unit 1
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Multiple collisions calculated by matrix operator products
e\ {11 OF [ENSOT algebra of 1-D 2-body collisions

“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product: R= C*M

Sunday, August 28, 2016
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Multiple Collisions by Matrix Operator Products

FIN IN
yeou _ vV +vV m1v1+m2v2[ 1 }

T-Symmetry & Momentum Axioms give: 5 moam, | 1

Sunday, August 28, 2016
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Multiple Collisions by Matrix Operator Products

. . FIN
T-Symmetry & Momentum Axioms give: yeon _ V" +V" _my +myy, ( 1 ]:[ ye j: %[ v

2 m, +m, 1 yeom

Sunday, August 28, 2016
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Multiple Collisions by Matrix Operator Products

]_

T-Symmetry & Momentum Axioms give:

Gives vV in terms of v¥...

FIN coMm IN
v, 2V -V,

FIN | coMm N |
Vv, 2V -V,

Sunday, August 28, 2016

FIN IN

2

m1+m2

|

1
1

|

com
V

com
V

M
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Multiple Collisions by Matrix Operator Products

. . FIN
T-Symmetry & Momentum Axioms give: yeow _ V" +VZ _my+my, [ 1 _[ v ||
) m, +m, 1 ycom 2 FIN

Gives vV in terms of v¥...

IN IN
my, +n,v, IN
VFIN 2VC0M . VIN 2 -,
1 . 1 . m, +m,
FIN COM _ _IN N N
V) 2V V) ) my, +n,v, IN

Sunday, August 28, 2016



Multiple Collisions by Matrix Operator Products

. . FIN
T-Symmetry & Momentum Axioms give: yeow _ V" +V" _my +myv, ( 1 ]:[ yeor j:% Y
FIN

2 m, +m, 1 y oM v
Gives vV in terms of v/V... Finally as a matrix operation: v//N =NMev/V,
IN IN IN IN
IN IN my, —m,v, +2m,v m,—m 2m %
FIN coM _ _IN y R L M N P - N 2 ?N A 2 llN
Vi _ 2V —V _ m, +m, : 2myvy +myv,t —my, 2m, nm, —m, 123
vy VM I 5 myy +my, L - m, +m, - m, +m,
m, + m, ?

IN IN IN IN
2my, +2m,v, —my, —m,,

m, +m2

IN IN IN IN
2my,; +2m,v, —my, —m,v,

m1+m2

Sunday, August 28, 2016



Multiple Collisions by Matrix Operator Products

FIN IN
oM _ | VA V4 _ m\v, + m,v,

T-Symmetry & Momentum Axioms give:

2 m, +m,
Gives vV in terms of v/V... Finally as a matrix operation: vV =Mev",
. o m o e my —myv" +2m,v; m—-m,  2m, v
Vi B 2V -V B m, + m, N 2my" +myvs —myy’ 2m, m, —m, vy
V;TIN YoM _ véN , my™ +mv! n - m, +m, B m, +m,
m, + m, ?
uiz question about linear solution
Qz q m,—m, 21"2
. . . . FIN IN
Linear formula vV =Mev’" gives just one solution e | ety my
to quadratic collision equations. v 2my  omy—my vy
m, + m, m, + m,
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Multiple Collisions by Matrix Operator Products

FIN IN
oM _ | VA V4 _ m\v, + m,v,

T-Symmetry & Momentum Axioms give:

2 m, +m,
Gives vV in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
v 4 oy my —myv" +2m,v; m, —m, 2m, v
FIN coM N 211 22yl N N N N
v 2V v | m, +m, ! 2myvY +m,vs —my) 2m; my—m, v,
vglN 2V — véN ) my, +m,v, N B m, +m, B m, +m,
2
m, + m,
uiz question about linear solution
0 q m, —m, 2m,

. . . . FIN IN
Linear formula vV =Mev’" gives just one solution i | mtmy mtmy
to quadratic collision equations. v 2m mymm vy

m,+m, m, +m,

Q: What 1s the second solution and to what simple process would 1t correspond?

Example with friction
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.php?scenario=1111

Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
— “Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.
Geometry and algebra of “ellipse-Rotation” group product: R= C*M

Sunday, August 28, 2016
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Multiple Collisions by Matrix Operator Products

FIN IN
oM _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give:

2 m, +m,
Gives vV in terms of v/V... Finally as a matrix operation: vV =Mev¥
myv" —my™ +2mv m, —m 2m N
FIN com I 2mlvfw +m,vy W 11 2V V2 1M, ) X
Vi _ 2V g _ m, +m, ! 2m1va + mzvéN - mlvéN 2m, m, —m, véN
vy VM —y ¥ 5 myy +my, e - m, +m, - m, +m,
m, +m, ?

Matrix operations include...
Floor-bang F of m;:

S

Sunday, August 28, 2016



Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V 5 ——
1 2
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
. o Sy N 4y o my —myv" +2m,v; m—-m,  2m, v
Vi _ 2V -V _ m, + m, ! 2my" +myvs —myy’ ~ 2m, my, —m, vy
V§ " 2V — VéN ) my; +my, m, +m, m, +m,
moam,

Matrix operations include...
Floor-bang F of m;: Ceiling-bang € of mo:

0 1 0 -1
51
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
N N my" —m,v" +2m,vi m,—m 2m vt
FIN coM IN 2m1V1 +m2v2 —VIN N IN N IN i jN 1 2 2 1IN
12 B VT =y, B m, +m, ! 2my" +m,v, —myv, 2m;  m,—m, v,
V§ " 2V — VéN ) my, +my,’ W B m, +n, B m; +m,
. . _ m, +m, ?
Matrix operations include...
Floor-bang F of m;: Mass-bang M of m; and m; : Ceiling-bang C of m>:
( A
m, —m, 2m,
-1 0 m, +m m,+m 1 0
F — M _ 1 2 1 2 C —
0 1 2m,  m,—m, 0 -1
m,+m, m +m,

\
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/'V in terms of v/V... Finally as a matrix operation: vV =Mev",
m N L, my —myv" +2m,v; m—-m,  2m, v
v — 2V = — m, +m, o ~ 2mv" +myyy —my, B 2m my—m, vy
V;IN ZVCOM — V;N ) mlvllN + mzva _ N - m, +m, m, +m,
2
) . ] m, +m,
Matrix operations include...
Floor-bang F of mj: Mass-bang M of m;and m> : Ceiling-bang € of m>:
m, —m, 2m, )
—1 m +m, m +m 1
F — O M _ 1 2 1 2 C — O
0 1 2m, m, —m, 0 -1
| mtmy mytm,
(096 004
Let: mi=49 and m>=1 M= '
| 196 -0.96
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Multiple collisions calculated by matrix operator products

Matrix or tensor algebra of 1-D 2-body collisions
“Mass-bang” matrix M, “Floor-bang” matrix F, “Ceiling-bang” matrix C.

—) Geometry and algebra of “ellipse-Rotation” group product: R=C-M

Sunday, August 28, 2016
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Multiple Collisions by Matrix Operator Products

FIN IN
com _ Vi +V _ mv, +m,v,

T-Symmetry & Momentum Axioms give: V

2 m, +m,
Gives v/™V in terms of v/V... Finally as a matrix operation: v//N =NMev/V, .
v 4 oy my —myv" +2m,v; m—-m,  2m, v
V?N B 2VamFﬂ@I B 2 z%+m22—w 2my?+myf—my? 2m1 m, —m, V?
V§ " 2V — VéN ) my, +m,v, N ) m, +m, ) m, +m,
. . _ mom,
Matrix operations include...
Floor-bang F of mj: Mass-bang M of m;and m> : Ceiling-bang € of m>:
m, —m, 2m, )
F: _1 O M: m1+m2 m1+m2 C: 1 O
0 1 2m,  m,—m, 0 -1
| mtmy mytm,
)
096 0.04
Let: m;=49 and m>=1 M=
: ’ | 196 —0.96 )
o 17 S D . 1 0 || 09 004 |_| 096 0.04
Define “ellipse-Rotation” R as group product: R= C N|=£ 0 _1 ) ( 106 096 j ( o6 096 ]
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= C
v {1 0
vé«‘IN—9 0 -1

Sunday, August 28, 2016

i

096 0.04
196 -0.96

i

096 0.04
196 -0.96

I

0.96
1.96

M

0.04
-0.96

i

0
-1

i

0.96
1.96

M

0.04
—0.96

(INITIAL (0))
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)= € - M

e z[ 10 MO% 0.04 )
-9 7o -1 ) 196 -0.96

"
|FIN®) = B

FIN-9
i _ 096 0.04
yFIN=9 ~1.96 0.96

Sunday, August 28, 2016

- C - M

(1 0 096 0.04
0 -1 J{ 196 -0.96
W

. R

096 0.04
-1.96 0.96

° C ° M ° C ° M ° F |INO>

(1 0 )(09% 004 J(1 0 )09 004 (-1 0 ) v =-1
0 -1 196 -0.96 0 -1 196 -0.96 0 +1 )| Vo4
- S —— (INITIAL (0))
. R . R « FIn)
0.96 0.04 _ 0.96 0.04 | ow=l
-1.96 0.96 -1.96 0.96 v, =-1
(after Bang-1)

“ellipse-Rotation” group product. R= C*M
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FINYY= G M . C - M - C - M . C - M . F [IN°)

Ml (10 ) (09 004 Y[ 1 0 (09 004 J[1 0 (09 004 J(1 0 )09 004 J[ -1 0 ) v =-1

VN9 0 -1 )\ 196 096 J{ 0 -1 ) 196 <096 J{ 0 -1 )| 196 096 ) 0 -1 ) 196 <096 | 0 +1 ) ,v__
|\ U \ U \ U (INITIAL (0))

[FIN®) = E . R R . R - FIn)

R 096 0.04 | 096 0.04 | 096 0.04 | 096 0.04 [ w=t

JEIN9 ~196 0.96 196 0.96 196 0.96 ~196 0.96 vy =1
[ v=02925
| v, =—6.768

(after Bang-1)

](aﬁerBang@) “ellipse-Rotation” group product: R= C*M
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20)

/

/

‘ FIN9>= CcC - M e C -
Ml (10 Y[ 09 004 J[1 0 )
VglN—9 0 -1 1.96 -0.96 0 -1

-

|[FIN®) = R . R
FIN-9
V1 _ 096 0.04 - 096 0.04
vgmv-9 -1.96 0.96 —-1.96 0.96

m2 Velocity axis

Vym2 712 8 Vl = 02925

2y “| v, =-6.768
1 (after Bang-9)
| I % rang—O(]‘))
I I

/ bl |
! [
: : :é Bang—4(] )
ol 1
| | |
|
ol LY,
R s
| | | I //
sl g
: | : l i
| | | | //
L
{1
| | | l :
:/&.T : I 1| &Y ml Vdlocity axif|
g [l

IR

// _:I | ; \Bung—] 0])

b A

/ _%_ : |
| | l
' |
S |
' |
' |
' |
4 |
' |
' |
! |
#, |
|
|
}

\lQ
|

~
“w

IR

N
11
Sunday, August 28, 2016

1.96

[ 096 004
N

M - C- M -+ F [|n

096 0.04

096 004 (1 0 \[ 096 004 (-1 0 ) v =-1
196 -0.96 0 -1 196 -0.96 0 +1 )| IN__
- S —— (INITIAL (0))
° R ° F‘INO>
. 0.96 0.04 | om=l
-1.96 0.96 -1.96 0.96 vy =-1
(after Bang-1)

“ellipse-Rotation” group product. R= C*M

Collisions for
mass ratio
mimo= 49:1

Fig. 5.1a
(revised)
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[FINY= C M e C - M - C M -« C - M - F |IN")
FIN-9 IN —
I (1 0 )[09 004 \[1 0 )[09 004 J[1 0 |[096 004 J[ 1 0 \( 096 004 |[ -1 0 ) v =1
FIN-9 0 -1 196 -096 | 0 -1 196 —096 || 0 -1 196 -096 | 0 -1 196 —0.96 0 +1 )| JWN_o_
| U U \ U (INITIAL (0))

|FIN®) = R . R . R . R - FIn°)
M| 096 0.04 | 096 004 096 0.04 . 0.96 004 ot
JFIN-9 ~1.96 0.96 ~1.96 0.96 ~1.96 0.96 ~196 0.96 vy =—1
) (after Bang-1)

r;Z Ij:locityaxis 10 _O 2

ym 704 8 _ V=V, 925

| v, =-6.768 U S,
(after Banged) ellipse-Rotation” group product. R= C*M

\ Bang—6(]‘>)

1.0 ml Vdlocity axi.

Start at
(1.0,-1.0)

AY¥5Y 1
/Dult(g-l

R

\Bang-3 (20)

01)

) Bang53(20) 5 7 9-1!{31=5 {7

19

*

Pl A FIN—-11 FIN-9
E; -;E :;: .E::; _.](,)1_2 s '5: ji Vl _ 096 004 vl
Bang(; w,—\ VglN -1 -1.96 0.96 vé’lN—9
;: Bang44 ~~'-,‘18 m2—] _ 00100
C/ >(\ | v =-7071
/ (after Bang-11)
/ k E‘; Collisions for
'z,i;.}@,g) mee mass ratio
/ mi:my= 49:1
Bang-101) : Mo
tiime

Bouncelt Superball Collision Web Simulator:

Mi1=49, M>=1 with Newtonian time plot

Bouncelt Superball Collision Web Simulator:

M1=49, M>=1 with V> vs Vi plot

Fig. 5.1a-b
(revised)
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http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1009
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010
http://www.uark.edu/ua/modphys/markup/BounceItWeb.html?scenario=1010
http://www.uark.edu/ua/modphys/markup/BounceMatWeb.html
http://www.uark.edu/ua/modphys/markup/BounceMatWeb.html

Ellipse rescaling-geometry and reflection-symmetry analysis

— Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on

Sunday, August 28, 2016
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Ellipse rescaling geometry and reflection symmetry analysis

Convert to rescaled velocity: V,=v, \/E , V,=v, \/E , symmetrize: KE =% mﬂ’f"‘% m2v22 :% V12 "'% sz

V)
\/‘[Iljtangent
slope
-m /m,= -49
Vil
—I_J"
P
\‘\3 //fv?;[/)e
W 1/1
4 v Collisions for
I mass ratio
1 stope
21 N4 mp:m2= 49:1
19 5
17 >
15 7
13\./9
11

Sunday, August 28, 2016
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y M 1| m-my 2m, v VRN 1| m-my 2m, V) /{my
=— becomes: =
vglNl M 2my my—my V2 VzFlN1 /\Jm, V, /\m,

M

2m1 m2 - ml

V2
[11]-tangent
slope
-m /m,= -49
VA
‘IJ}
L
| fv?;;)e
1/1
Collisions for
Vi :
W mass ratio
w‘ \sope
21 N4 mp:m2= 49:1
19
17 >
15 7
13

9
11
Sunday, August 28, 2016 63



Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-my, 2m, V| VRN 1| m-my 2m, V) /I {my
=— becomes: =
VgINl M 2ml m2 - ml V2

VZFINI /\/mz 2m1 mz_ml Vz/\,mz

M
or: v/ _ L mmmy 2ymmy Ny v _ L] memm 2mmy Ve
VNI M| 2 mm, my—m, Vv, ’ v, N2 M\ 2(mmy my—m, V)

V)
[11]-tangent
slope
-m /m,= -49
VAl
—I_J"
7
\‘\3 //v?ope
W 1/1
N ’) Collisions for
I mass ratio
It slope
21 N4 mp:m2= 49:1
19 ]
17 S
15 7
13\/9
11

Sunday, August 28, 2016 64



Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-m 2m, V| VN Tm, 1| m—-my 2m, V, /(my,
=— becomes:
VgINl M 2ml m2 - ml V2

VZFINI /\/mz 2m1 mz_ml Vz/\,mz

M
VlFINl ] ny—mp 2 mymo, Vl - VIFINz ] nmy—mop 2 mym, Vl ~
or: [ VFINI =M 2 [mm e —m V2 =M.V , OrI VFINZ =M o ~ V =CeMeV
2 17742 2 1 2 1My my; —niy 2
Then collisions become reflections ( cos0 - sind } and double-collisions become rotations | ° "° ]

sin@ —cos@

—sin@® cosf
2 2 2) ?
— m,m — m,m
where: | cos@=| 22| and: sing=| SNMM | e [T ) A,
K2 m, +m, m, +m, m, +m, m, +m,
[11]-tangent
slope
-m /m,= -49
/
—U"
7]
\‘\3 //v?ope
W 1/1
N Collisions for
e .
7 NN mass ratio
I slope
210 I mima= 49:1
19 ]
17 S
15 7
13

9
11
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: V,=v,-fm, , V,=v,-Jm, , symmetrize:KE =y myv, +;m,v, =, V" +; V,

Vf e 1| mmmy 2my Vi b . VlFlNl /\my 1| mmmy 2my Vi /ymy
-, ccomes: -
vy b M 2myp my—my vy VM g | M Zm = N [y
vFIN _ ) Vv ~ VARL — 2 V -
or: 1 _ R nmym,; N YR  or: 1 _ R ) nmymy, L2 CaMeV
Vf Ny M\ 2 /mm, m,—my Vv, V; N2 M\ 2 mm, m—m, Vv,
Then collisions become reflections ( cos§  sing } and double-collisions become rotations | <% ]

sin@ —cos@ —sin@ cos@

2 2
m,—m 2. mm m,—m 2mm
. cosf=| ——=2 and: sinf=| Y12 with: s LR ) i i e By Y |
where: % [ml+m2} Vo (ml-l-m2 } (m1+m2] (ml+m2
[11]-tangent
slope
-m ,/m,= -49
y _Mmp-m; 48
my+m,
12 _14
| 50
(| ~5lope
W 1/1
| Collisions for
Vi /
7NN mass ratio

1 stope

21 N4 mp:m2= 49:1

19f J]IIN 15 Fig. 5.2a-c

17 S (revised)

15 7

13\./9
11
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: Vi=v,-\Jm, , V,=v,-Jm, , symmetrize: KE =;mv, +;m,v, =, V" +; V,

y ™ 1| m-my, 2m, V| VRN 1| m-my 2m, V) /I {my
=— becomes:
VgINl M 2ml m2 - ml V2

VZFINI /\/mz 2m1 mz_ml Vz/\,mz

M
o | V(g mme 2mm Ve g W2 e 2y [V
Vlel M\ 2 /mm, m,—my Vv, , V;INZ M\ 2 mm, m—m, Vv,
cos®  sin® } and double-collisions become rotations _C;’fe 2;“:;]

Then collisions become reflections ( b o
Sin —COS

h COSQ_[ml_mZ} and: siné?—[2 mlmzl with: (ml_m2]2+[2 elie T 1
WS X T, ) NV e ) M ) e, |
o e momy s
j 4 WA 50 2\/m] m,
‘: Cmytmy
P ! 14
| =50
1, Collisions for
vl
Ve . mass ratio
21 <! mp:m2= 49:1
1of [N Fig. 5.2a-c
17 S 5 5 (revised)
Note: If mi-m: is perfect-square, then 0-triangle is rational (32+4=5 eic.)
67
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Ellipse rescaling geometry and reflection symmetry analysis

o L2 12 1y\y2  1y\2
Convert to rescaled velocity: V,=v,-fm, , V,=v,-Jm, , symmetrize:KE =y myv, +;m,v, =, V" +; V,

Then collisions become reflections | <=0 "% ] and double-collisions become rotations

_ 2
V2 cosO = MM, and: sinf= SN V2 with:
where: m, +m, m, +m,
[11]-tangent
slope
-m ;/m,= -49
]|
k
12
:w { /@;(;pe
. \ 11
VI
V4 \\\L I
N slope
21 1 F\-\m
19 \33
17 >
15 7
13 o 9 (revised)
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Sunday, August 28, 2016

[11]-tangent
slope
-m ;/m,= -49

[11]-tangent slope

(revised)
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Ellipse rescaling-geometry and reflection-symmetry analysis

—

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7

Sunday, August 28, 2016
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What ellipse rescaling leads to...

How this relates to Lagrangian, and Hamiltonian mechanics later on

(a)vLagmngian L=L(v,v,

Collision line and velocity v, rescaled to momentum: p, =m,v,
COM tangent slope velocity v, rescaled to momentum:  p, =m,v,
= -m I/m 5 =-16
|
COM Bisector
Jlope | /Slope = 1/1
m d
\/— = || A
s )
I Vi
, - c) Hamiltonian H = H(p ,,
. () (p] pZ) Collision line and
COM Bisector slope B COM 1 ‘ol
=mym,; =1/16 Py=Myv; vé i”g]e/’; siope
\>+\ \sz v
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Fig. 12.1

What ellipse rescaling leads to... (Unit 1

How this relates to Lagrangian,

and Hamiltonian mechanics later on

(a)vLagmngian L=L(v,v,

Jlope

Sunday, August 28, 2016

Collision line and velocity v, rescaled to momentum: p, =m,v,
COM tangent slope velocity v, rescaled to momentum:  p, =m,v,

: . 1 1
COM Bisector gy Lagrangian L(v,,v,)=KE = 5’"1"12 + Emzvz2

‘ /SlOpe = 1/1 rescaled to

/7

2 2
Hamiltonian H(p,,p,)= KE = P, P

2m, 2m,
v, |

(C) Hamiltonian H = H(pl P 2) Collision line and

COM Bisector slope
_ _ D=m.,V COM tangent slope
my/m, =1/16 72.|Lv< — /]
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. . Fig. 12.1
What ellipse rescaling leads to... (Unit 1
How this relates to Lagrangian, |'Etrangian, and Hamiltonian mechanics later on
(a) Lagrangian L = L(v,,v,) (b) Estrangian E = E(V V)
v Collision line and Collision line and
COM tangent slope COy \t/angf/nt S iop ¢
=-m,/m,=-16 o m]/ m,=-4
/ -
COM Bisector \
Jlope ‘ /Sl()pe = 1/1 V]:\/mlvl
1/11:4 1 ’ /
m, | 147 COM Bisector slope
’ 2|1 | (Now we call this one
/\ vV, “I’Etrangian”)
) T c) Hamiltonian H = H(p ,,
. () (p] pZ) Collision line and
COM Bisector slope B COM 1 Lo
=mym,; =1/16 Py=Myv; vé i”ig]e/’; siope
\>+\ \sz v
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
e R oflections in the clothing store: “It’s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7

Sunday, August 28, 2016
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Reflections in clothing store mirrors

reEfT IR o F e r'l i 1 fere

fa) o==120° rotations

rifaled |'I-*_ } Fovicicd 'l

-

-I:rll I __:. ™ ) q} Jr:rll ]

|I.\_-II|. |.||I|ll.li|_:-\_- Illil-:-llll. I_Illlll.lil_:-\_.

'] . 1 i i ] Ik
|'|'.'||,I|._'|_||l='I |.-.-||_I|,_._II--,

ellected

image F lg .
5.4a-

W

(b} o==180° rotations

.7 cail

fefi ianee

-
B il immaroe
robaied |'i_ !

b =+ 150°

Ihkrge

g ]
| .II'Ii|_'I_|I|.|I

L oirend
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Symmetry: It s all done with mirrors!
(a)Reflections 6 ,=(}9), -6,4=(; ) (b)Reﬂe()CﬁOHS op=(7 0)s -0=('%
y=()A y=O}}= -0,y y=(1) [R5
=0 n x=(;)
>

W. — S|
Mirror plane =
X

_ edge-on
= (edge-on) =_.-

— A-y
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Symmetry: It s all done with mirrors!

(a)Reflections 6 ,=(,"), -0y =1 ")

(b)ReﬂectzonS oz=01), -o5=(57,

y=()4 y=()f]= -0,y
X=0, -x=(§)
" -
NPrrorrle. -x=())
_y=((;) (edge-on) ='(7A X
=5, v¥
cos¢ sing
(c) o) reflection (qu) cosd
of x- vector

(COS
X_ Sing

Sunday, August 28, 2016

x=())
>

...of y-vector:
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Symmetry: It s all done with mirrors!

(a)Reflections 6 ,=(,9), -6,4=(, ] (b)ReﬂectzonS og=(7 0> -05=(57
0 _ -
y=()A y=Ol = -0,y y=(7)
"
Trorpire -x=())
_y=(‘(§) (edge-on) _ 'GA x
=0,V
cosp sing —

(c) o) reflection (Sm b -cosd y=())

= -GB X
of x- vector (cos
X_

y sing .
| sing Flg'
{ ™ \JOS‘P S.3a-¢
cosQ >

Sing
q)y_( cosQ
cosQ -sing cosQ sing
(d)gotatwn R+¢ OpO4= (ym(p wsp)  (e)Rotation:R ¢—GAG¢ (Sm(p coso

IGA acts
]St
A AA
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Why reflections underlie all symmetry analyses

They work in 1D, 2D, 3D,......ND

Product of odd number of reflections is a reflection

... even number of reflections is a rotation (or unit-op 1 )

Product of rotations just give rotations

Classical objects are semi-rigid and rotate easily
Waves patterns are non-rigid and reflect easily

Sunday, August 28, 2016
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Why reflections underlie all symmetry analyses

They workin 1D, 2D, 3D,.....,ND

Product of odd number of reflections is a reflection

... even number of reflections is a rotation (or unit-op 1 )

Product of rotations just give rotations

Classical objects are semi-rigid and rotate easily
Waves patterns are non-rigid and reflect easily

-+ ...wave reflections underlie modern physics
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
ey [ 11t1r0duCing hexagonal symmetry De~Cs, (Resulting for mi/m2=3)
Group multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7
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“ Collisions for
]ntrocgucmg Symmetrjy Opemtors mass ragiol
L mjp.m>= 3.

|
e

\: () T | -
=1 q To make KE'e

v, =V,/\m, "

Here:
IAmi=1N3=0.577
IAm>=1AN1=1.0

-120°

n

/////
/1)
/h”/uuhu TR
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-"1'5q To make KE'e

Sunday, August 28, 2016

v, =V,/\/m, !

———- I -
N : |
L]-..‘ ! :
[...‘.I-O.'s .|D“?°...[
. : .: E
- . .

: [ 05 . o
) 3 _]_ \
R N

]ntrocgycing Symmetry Operators

Collisions for
mass ratio
mi:my= 3:1

-120°

n

L/
// /////////

TN [T

Here:

IAmi=1N3=0.577
IAm>=1AN1=1.0

m-m, m, 2 1
m+m, M 4 2
n,

83



h - “ Collisions for
A ’\ ]ntrocgucmg Symmetry Operators mass ratio
R § ' - mp:m2= 3.1
— _..1 | =
: i 5_05 O ] Y
-1 : TS
\E '.‘.i ; —e = o s os we 1._5]:. B .] .;._- s

o q 1o make KE ‘@f‘pses into circles I’Etrangian plot reduces v; scale by 1/Nm; ,etc.

Vz--: Vz/ m, ] i

Here:
INm=1N3=0.577
IANm>=1~N1=1.0

m, 1+cosO _ 3/2_3
m, l—cos@ 1/2

V=l =3

m, |
m.—m m 2 1
/ < i ettt
2y F120° T
1 , 1, - -003 | m,
KE =—m,v — =—V + -V o - Wh 9:600
2 171 2 1 2 2 //////////////’Hi HH‘\\\\\\\\\\\\\\\
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Collisions for

Intmcgucing Symmetry Operators mass ratio

mi:ma= 3:1

!
LT E AR -
B -
- L

L LT 1-—. s m wE aEmw

|
[—
Lz
I
-
a
1
a

- : I
V2 _V2/ m2 )

90° 50 N Here:
IAm;=1N3=0.577
IAm>=1AN1=1.0

o q To make KE ‘@f‘pses into circles I’Etrangian plot reduces v; scale by 1/Nm; ,etc.

m, 1+cosO _ 3/2_3
m, l—cos@ 1/2

Vi =viyfm, =v\/3

- m, l+cosf sin‘a

m, l—cos® cos’o

—tan’o

//////// ‘1200 _60 >
KE=—my+— = Evf +=V; 7 T 6 = 60°

1

///// \
i P

2 H N
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Collisions for ,l—--f-"-._--'_ -:-4 “Generic” initial velocity “Symmetric” 1nitial velocity
mass ratio . ": i (v;=1.0, v2 0. 1) (v;=1,v,=0) or (v;=1,v,=-1)
mi:mz= 3:1 -. / = ien R

Vl 1

/3
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
——- (;roup multiplication and product table
Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7
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Epc'q efc'ez €€ er¢€, [ 1 O )
Effects of Ceiling Bang Matrix - = = _ =
g g C GZ { e,Cee, e,Cee, ] [ €€ e€,¢ J 0 -1

e e 5 —C.
2 2 eICe]

_ _ O c-reflected
_Gz.e ]_e ] state
C)=C|1)

1)=1[1)

Generic
Initial
state
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e1'C'el el'C'ez €€ er¢€, [ 1 O )
Effects of Ceiling Bang Matrix - = = _ =
g g C GZ [ e, Cee, e,Cee, ] [ €€ e€,¢ ] 0 -1

¢ €

_ _ O c-reflected
_Gz.e ]_e ] state
C)=C|1)

1)=1[1)

Generic
Initial
state

€,=L.¢,=0 ¢ ,=-e
2 2 Tz 72 2
Known as matrix elements or components Known as relative direction cosines

Eff t fM B M t . M e]’MO el e]’Mo e2 61061 61062 COS6OO Sin600
C€ClS O 4SS bang atrix __G = — B B — .
300 ezoMo el e2OMo 62 ez' el ez. e2 sin60° —cos60° 0300-reﬂected
state

1)=1[1)

Generic
Initial
state
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. eee eee, -1 0
Effects of Floor Bang Matrix F=_G = 0T  e.0C - 0 1
z 2 1 2 2

Ie2

B

A

-0 ; -reflected

—_ state
| €= ¢ F)=F|1) D=1)1)
I Generic
I Initial
state
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€€ ere€, -1 0
Effects of Floor Bang Matrix —_ = _ _ =
g F GZ { €€ €6, ] ( 0 1 ]

Ie2

B

A

-0 ; -reflected
state

1)=1[1)

Generic
Initial
state

Effects of Ceiling C after Bang MZ I‘_éog =C°M=GZ'G 30° O 30°-reflected

state

1)=1[1)
Generic
Initial
state

|r—60°> = C°M| 1> =T oo | 1>

O 30° O 30°-reflected iS q I'_s0°-rotated
state state
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
——- (;roup multiplication and product table —
Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)
Other not-so-symmetric examples: mi/m>=4 and mi/mz=7
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_ _ _ _ Note: 7. =1Ir,,=r..I=r . and: [ =r
Dy | 1 |1y Ty {0y Oy O | 1 | Ty Ty 0y Oy _60 o o ) 180
L |1 Foog =1Iryy =1, =r,,and: [ =1
Tiro 1 Og =103 =051
Fino 1 Og =103 =051
O 1 o =Ilo,=0,1
O 1 O -60° —0z=090° O +60°
0. 1 7 reflection reflection reflection
1 1 plane plcme plane
1 —
0 |”120° = o V=
T 1 rotated state re ec3t% state
G O _30° |6600> — L500 | 1> 6300| 1> |r600> =
O T 1 ) reflected state R rotated itate O +30°
G reflec G6(’°|1> g |1 reflection
: plane l
Easy to make hexagonal (Ds) symmetry group table: ptane
Example I: Find G30°0-60°=____ 7 180° \ reflected state
: : fli tat
Solution: Find O 30°-plane and state-|0 -5(°) |i pidls| f>e | GZ> =0 [1)
Operate former on latter to get: 330°0-60°) =|I) o O;=0(°
That gives answer: G 30°50-60° =L reflection plane A reﬂlection
plane
Rest of @ 30° row, follows: , 5.)=5|1) 1'>-
}":w 1 Foo oo Ogw O O, ‘ 1 Tso  Teo i 0y Oy 62 reflected state Initial state
O3 ’ O3 | Oy O, To I Ty ‘ O ‘ Os O, i T 1 iy ‘
Example 2: Fll’ld r60000--600 = ? O‘+300 — _ 9 0.-30,0
. . | 1’1200> =S G, = reflection
Solution: Do Y s0°-rotation Y 60° |G -60°)=|0-30°) reflection rotated state /N = reﬂecteT tate  plane
Th . : 5 L . plane 500 | 1> |5600> = 7600> _ O _3p0 13
at gives answer.: L'60°0 -60° =0 -30 reflecte T tate rotated state
O _g|1 600 rla>
O +60° —0: O-60°
reflection reflection reflection
plane plane plane
93
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle
How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “It s all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)
Group multiplication and product table
— (C]qssical collision paths with Dg~Cs, (Resulting from mi/m2>=3)

Other not-so-symmetric examples: mi/m>=4 and mi/mz=7
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-

15 W

I-
1

-5~ 4--- -4 “Generic” initial velocity
it .

(v;=1.0,v

“Symmetric” mnitial velocity

Collisions for
mass ratio
mi:mo>= 3:1

(v;=1,v,=0) or (v;=1,v f-])
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[ 15 I __
- '3 - 2
__;.._;______i_ h L 15
- - % - L -
L 1: [ ! = - 1 H =
. = - H N L H ) 3
. [ . - § p - § it z
- [ os - - = " os H \ . -
= - = - : _ =
il Tl -1 : : 1~ .
il s PP AP e PPN PP [ s = £
- - 2 - - i H
—— s = L . - :
N - oS s ! as : =
- - - LY [ = ]
< . 5 : - 3 - =
- ) L= _ 1. _-1 i - T]=.
'-: - N - : .-I. i
zi---F124
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Scaled y down by
IN3=0.577

- T
ASANK N P
ii%g.--—‘?&:;@!;
TN AL AN TV TN
SR SAK\NE
AR AR
KTV
&AL
o P,
XAV
L‘_:’?‘T

2 SN

1_“

..or could have scaled x up by
V3=1.732

Sunday, August 28, 2016

/N

Space-space (V;, y,) paths |

Collisions for
mass ratio
mi:mo>= 3:1

R

™~

\VANIVAV
AVAN
/N/
O
\/

ected...

JANIIVAVAN
/

/\
.
X/

\
/N

\VAVARVA

and transforme
by the rest of D...
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for

Collisions

mi:ma= 3:1

<X
YL
DAL
YKL
LSS

ug AVANIAVAN
IO
AVANIVAVAVA WM&M /N

:

>
>

=

<
<
X
DK

c

...they’re just straight lines going forever.



Initial velocity vi=1, v2=0

— -

N \f0.5| \]0.5 Ij

lillllnl [

N\

& =Acos(M J—mz)/(MLJ +m2)
=Acos(1/3)=70.53°

. 1

—
--1.5I -0. 0.5
111111 g N e bl

b =60°
=Acos(1/2) -\
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ALV I AW

Initiql velocity 1=

NN

|
SR

\
\
\
\
\
\
\
\
\
\
\
\
.
.

N
_ s

WA AR

\

A

N AT AN

AW e T AP e LAY
M AL LB\

Initial velocity vi=0, v2=1

Collisions for
mass ratio
mimz= 3:1
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)

Group multiplication and product table

Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)

— Other not-so-symmetric examples: mi/ma=4 and mi/m;=7 Cuuu—
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Geometric “Integration” (Converting Velocity data to Spacetime)

(a)
2| 72 %
/
/
1.0 /
7
. ‘B ng-Z(]Z)
// .5 \ 1.0
VyI
i Bang-3 20)
’ 1.0 )X
Mo Bapg-1(9}) it
(b)
Height y

Bang-l(OI)

Sunday, August 28, 2016

Bang-3 (20)

Ceiling at y=7

Bang-4 (12)

+0.5 27
k Ba”g'Z(IZ) Floor at y=0

Time t

Kinetic Energy Ellipse
(c) ] 1 7 1
L KE=—MV +=-M,V; =—+—-=4
} 2 2 2 2
V.
0 y2 _ ‘/12 + V22 _ x12 + x;
\\ 2KE/M, 2KE/M, a a;
ang-7p}) > . .
A\ \ ) Ellipse radius 1 Ellipse radius 2
&% a,=\2KE/M, | a,=2KE/M,
. n ’—?(]2)
R /4(]‘))\ \ == 1/2KE/7 :\IZKE/I
Bang;i()o)\ Bangxg(j‘) I_/y] — 8/7 = 8/1
Bt \ B =1.07 =2.83
A/éx' -égzg_]( " )
Fig. 4.7a-d
in Unit 1
0
(d)
y Bang-3p0)  Bang-5 20) Bang-§2¢)
Cellifg aty7 Collisions for
mass ratio
~ bang51) mip-ma=7.:1
Bang-4(12) ang—6(12)
Bang-Z(]Z) Floor at y=0

Bang—](oj) Bang—7(01)

Time t
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Start at

(fIA(),—I,()i

m2 Velocity axis
14 ym2

(12)

“Gameover

collision™

occurs

way

down -

here! /o
V(E)//

7
7/

Sunday, August 28, 2016

ml
Velocity axis

Vym 1

7
7/

Step-2: Extend v(2) line to ceiling point y(3)=(?,7.1) and draw Bang-3(20)
velocity v(3)=(1,-1) line. (Find v(3) using V-V plot.)

Step-3: Extend v(3) line to collision point y(4)=(?,?) and draw Bang-4(12)
velocity v(4)=(0.5,2.5). (Find v(4) using V-V plot.)
Step-4: Extend v(4) line to ceiling point y(4)=(?,7.1) and draw Bang—5(20)
velocity v(5)=(1,-1) line. (Find v(5) using V-V plot.)

Step-5: Extend v(5) line to collision point y(6)=(?,?) and draw Bang-6(12)
velocity v(6)=(0.5,2.5). (Find v(6) using V-V plot.)

m,-Height

yQ-gxig Bang-5.5p  Ceiling aty;=7.1

“oang=o 70

[ A 3p 100]
LA v Suipa)

0=

I’z

Bang-l(()])

o Floor aty»=0.0 mJ_Helght
e . -axis
/" Heights Y1
‘ y; & y,-axis

Bang-3p0)  Bang-5 5

Velocities - 7.0

V. & V. ,caxis 6.0
so|-H )12 5.0
4.0 . 4.0
0 Bang-2(12)  Bang-4(12) Bang-6(12g. 0 p g
. - ] ang-6.12) P
20| - 2.0 Bang-412)
1.o) 1.0 Bang-Z(IZ)

P 0
= Time Bang-1¢91) Floor at y=0
ang— (()1) .
L f=aXx1s
Bang-3(20) Bang-5(20)

floor is penetrated
bym, .

Collisions for
mass ratio
mip:mo=7:1
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Ellipse rescaling-geometry and reflection-symmetry analysis

Rescaling KE ellipse to circle

How this relates to Lagrangian, [’Etrangian, and Hamiltonian mechanics later on
Reflections in the clothing store: “Its all done with mirrors!”
Introducing hexagonal symmetry De~Cs, (Resulting for mi/m>=3)

Group multiplication and product table

Classical collision paths with Ds~Cs, (Resulting from mi/m;=3)

— Other not-so-symmetric examples: m1/m ;= «uiiiapidisima

Sunday, August 28, 2016 102



First part of Exercise 1.4.1 has pen-ball initial values v,(0)=-1=v,(0) Collisions fO?‘

The ¥/,-¥',-path 7 mass ratio

2
for this problem vand 12 . — .
appears to repeat mip.m?; 4 . ]
steps 1to 4 in 18
steps 11 to 14 \ \ \
4 .

N,

15™ bounce
is off ceiling
(not like 5 bounce off floor)

h
-

7

But, the y -y -steps 1 to 5
are only a scale model of
steps 11 to 15.

Step 4 hits floor but

step 14 hits ceiling.

©o
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Collisions for
mass ratio
mipmor=4:1

—

\;.- \\\\\HHBHMT'
o
9 8

\

7]
/ ///

NI

— T

-90°
/’\’sjﬂuhm T
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The V,-V,-path

for this problem

repeats steps 0 to 12
(more or less!)

10,23....

V2 axis

8,21

2nd part of Exercise 1.4.1 has pen-ball initial velocity values v,(0)=1 and v.(0)=0

1,14,...

5,18,;..

/

6,32,\.

Sunday, August 28, 2016

9,22,..

Y, axis

Ceiling (y, = 7.0)

Floor (y, = 0)

e
i pesi

oy
1513

y; axis (y, = 0)

Simulations by Bouncelt
— 8

\

- — -

|
[

'

P

.t!

Y

——

-r

-

mass ratio

at: x,(0)=1.5 and x:(0)=3.0

Collisions for

mip:mo>=4:1
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Estrangian plot
mi/m2=4/1
collision
sequence
shows symmet

(sort of)

c.o.m. lines
(cons. of mom.)
have slope

~NmaANmi=-2/1

COM line
has slope
NmaNmi=1/2

AR
|

| \
‘I 9 O © \) \ \\\/\\)
\ \\\/\\ 1) g
9,22

/¢ —
INJA,
ﬁ%’ﬂ[wluu i
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O = acos[(m ;-m,)/(m ,+m,)] = acos[99/101]=11.4°

4

I ..
A\\\\\\\\ np Collisions for
\\ .
- 9 mass ratio
Qe ")
\\\\\ 120 2, . mi:mz>= 100:1
/
N g\
D 50| 7
N

_

90°

i

/
h\\\\/\//JQ/////, |

iy /

—_
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Collisions for
mass ratio

mi:my= 100:1
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%

y,-axis (height of m,)

~N
>

6.0

W
D

4.0

LW
O

2.0

~
P

-—h

1.0 2

0 3.0 4.

0 5.0 6

y-axis (heigh

o

o
£

y; and yy-axis

height of m; an

d m,)

0 7.0
tofm,)

4.0

3.0

2.0

1.0

Timedaxis (1 1

1 geom] units)

1.0 2.

0 3.0 4.

5.0 6.

0 7.0
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0.5

fa
1.V

n
4.V

n
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-1.0
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