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R = Initial KE
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v2 (∞)

Analytic geometry derivation of ε-constructions
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The eccentricty parameter defined by:

   ε 2=cos2γ +(2R+1)2sin2γ = 1± a
2
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Fig. 5.4.3 in Unit 5 of CMwBANG!
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Lenz Vector...analog computersAJP 44 4 (1974)
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Total 
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PE

to individual radii a, b, and λ.
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2a

=E=KE+PE=R·PE+PE=(R+1)PE= (R+1)
−k
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1

2a
= (R+1)

1
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=(R+1)

Algebra of ε-construction geometry

  

The eccentricty parameter relates ratios R= KE
PE

and 
b2

a2

   ε2=  1+4R(R+1)sin2γ

      = 1− b2

a2
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a2
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2(R+1)
= 1
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  (or: -R2>R)

  (or: -R2<R)

  (or: 0>R>−1)

  (or: 0<R<−1)

Three pairs of parameters for Coulomb orbits: 
1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (ε,λ) 

Now we relate a 4th pair: 4.Initial (γ,R)

(Review of Lect. 26 p.107-108)
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Three pairs of parameters for Coulomb orbits: 
1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (ε,λ) 

Now we relate a 4th pair: 4.Initial (γ,R)
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ε= 1+4R(R+1)sin2γ = 3

2
= 1.58

  
a= 1

2(R+1)
= 1

3
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λ = b2

a
=2Rsin2γ = 1

2
=.5 

  
b
a
= 2 R(R+1)sinγ = tan50.7° 

  
b = R

R+1
sinγ  = 1

6
= .408

CoulIt Web Simulation 
Hyperbolic R=1/2

http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=R+0.5
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=R+0.5
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Analytic geometry derivation of ε-construction 
Connection formulas for (a,b) and (ε,λ) with (γ,R) 
Detailed ruler & compass construction of ε-vector and orbits 
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                   (R=+0.5  hyperbolic orbit) 
Properties of Coulomb trajectory families and envelopes 
         Graphical ε-development of orbits 
                  Launch angle fixed-Varied launch energy 
                  Launch energy fixed-Varied launch angle 
        Launch optimization and orbit family envelopes

Lenz Vector...analog computersAJP 44 4 (1974)

https://www.uark.edu/ua/modphys/pdfs/Journal_Pdfs/Lenz_Vector_and_Orbital_Analog_Computers_-_AJP_44_p348_1976.pdf
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Properties of Coulomb trajectory families and envelopes 
         Graphical ε-development of orbits 
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CoulIt Web Simulation 
Attractive Coulomb Burst 

http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=SpaceBomb_QII
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=SpaceBomb_QII


CoulIt Web Simulation 
Repulsive Coulomb Burst - Tight 

http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=SpaceBomb_Repulsive_Tight
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=SpaceBomb_Repulsive_Tight


CoulIt Web Simulation 
Repulsive Coulomb Burst 

http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=SpaceBomb_Repulsive
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=SpaceBomb_Repulsive


CoulIt Web Simulation 
Repulsive Coulomb Burst 

w/ Flat Evelope 

http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=SpaceBomb_Repulsive_Straight
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=SpaceBomb_Repulsive_Straight
http://www.uark.edu/ua/modphys/markup/CoulItWeb.html?scenario=SpaceBomb_Repulsive_Straight
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes
Problem:  
Find trajectory angle of minimum energy to fly 90° of arc (1/4 around planet) 
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes
Problem:  
Find trajectory angle of minimum energy to fly 90° of longitude (1/4 around planet) 

START

FINISH

Solution: Prime focus F′ lies on radial line that bisects longitude angle 

? F
′ ?
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes

START

FINISH

Solution: Prime focus F′ lies on radial line that bisects longitude angle 

Optimal prime focus F′ lies on  
line connecting START and FINISH 
at tangent point of minimal 
energy circle SF′.  

? F
′ ?

F′

S

F

Problem:  
With launch angle α=22.5° find maximum range of trajectory.



60°

30°

80°

70°

50°
40°

20° 10°

3300°°

6600°°

9900°°110000°°

115500°°

1100°°

2200°°

4400°°
5500°°

7700°°8800°°

60°

120°

30°

0°

180°

300°

210°

80°

70°

50°
40°

20°10°

90°

100°

110°

130°
140°

150°
160°

170°190°
200°

220°
230°

240°

250°

260°

270°

280°

290°

310°
320°

330°
340° 350°

00°°

111100°°
112200°°

113300°°
114400°°

--1100°°

--2200°°

116600°°

117700°°

118800°°

Range Longitude

Launch Elevation Angle

F

Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes

START

FINISH

Solution: Prime focus F′ lies on radial line that bisects longitude angle 

Optimal prime focus F′ lies on  
line connecting START and FINISH 
at tangent point of minimal 
energy circle SF′.  

F′

S

F

R-line norm
alR-line normal must bisect  

angle FSF′ connecting 
foci F and F′ and is normal 
to initial launch vector v0 

Problem:  
With launch angle α=22.5° find maximum range of trajectory.
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START

FINISH

Solution: Prime focus F′ lies on radial line that bisects longitude angle 

Optimal prime focus F′ lies on  
line connecting START and FINISH 
at tangent point of minimal 
energy circle SF′.  

F′

S

F

R-line norm
alR-line normal must bisect  

angle FSF′ connecting 
foci F and F′ and is normal 
to initial launch vector v0 
with launch angle α=22.5°  

α=22.5°
v0

-1/8

-2/8

-3/8

-4/8

-5/8

-6/8

-7/8

-1.0

ε

The ε-vector and R-value:  
slightly below R=-3/8...

Problem:  
With launch angle α=22.5° find maximum range of trajectory.
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes

START

FINISH

Solution: Prime focus F′ lies on radial line at 103.5° that bisects longitude angle 207° 

F′

S

F

R-line norm
al

α=22.5°
v0

-1/8

-2/8

-3/8

-4/8

-5/8

-6/8

-7/8

-1.0

ε

The ε-vector and R-value:  
slightly below R=-5/8...

Problem:  
With launch angle α=22.5° find maximum range of trajectory.
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes

START

FINISH

Solution: Prime focus F′ lies at infinity and gives parabola (ε∞=1,R=-1) trajectory. 
Trajectory axis is at 135°. 
Trajectory would hit Earth at 270° 
...if it actually returned… 
...but a parabola cannot! 

But at slightly less energy a 
very long ellipse would return 
 after a very long time but  
at slightly less range than 270°. 

F′
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F
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al

α=22.5°
v0

-1/8
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-4/8

-5/8

-6/8

-7/8

-1.0

ε
Maximum range 269.999…°:
(with launch angle α=22.5°)

ε∞
v0+δ escapes on parabola!… 
...cannot return...

Problem:  
With launch angle α=22.5° find maximum range of trajectory.



θ is α here
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Launch optimization

For low range ρ  
the optimum angle θ
approaches θ =π/4

(The well-known sophomore physics result.)

Optimal v0 has only one 
elliptic path to target  

one optimal 
focus

Earth-center 
focus
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Launch optimization

For low range ρ  
the optimum angle θ
approaches θ =π/4

(The well-known sophomore physics result.)

Higher v0 allows two 
elliptic paths to target  

targetlaunch
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elliptic path to target  

high 
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