Geometry and Symmetry of Coulomb Orbital Dynamics

(Ch. 2-4 of Unit 5 12.05.15)
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Eccentricity vector € and (g, \) geometry of orbital mechanics

Isotropic field V=V(r) guarantees conservation angular momentum vector L

(Review of Lect. 26)

Coulomb V=-k/r also conserves eccentricity vector €

L=rXp=mrXr

(...for sake of comparison...)
IHO V=(k/2)r* also conserves Stokes vector S
pxL r px(rxp) gA (XX pr)
- _ = Xip1 T X2p2
km r km Sc= X1p2 = X2pi

A = km-e is known as the Laplace-Hamilton-Gibbs-Runge-Lenz vectoy,SSnerate symmetty groups:U(2) cU(2)
> or:R(3) CR(3)xR(3) CO(4)

E=r—

Consider dot product of € with a radial vector r:

...or of € with momentum vector p:

rer r0p><L rxpelL LelL e.ppor_pOprzp.fzp
gor = =r— =r— , fkm r
r km km...--~ ~“km )
Let angle ¢ be angle betwegye -and radial vector r IL i g=0 apogee
"""""" =
TR  Plkm . I
SFCOS(P = of =T £C0S( For A=L’/km that matches: r= ecosd =y A if: ¢:5 zenith
A
(a) Attractive (k>0) (b) Attractive (k>0) (c) Repulsive (k<0) e if: ¢=m perigee

Elliptic (E<0)

Hyperbolic (E>0)

Hyperbolic (E>0)

/ E latus
(Rotational pXL Serth i ;’\adius
(Nothing N XL E
momentum here) P 8\ - ~ perhelion @  aphelion
L=rxpis A
p e(\(Nothmg = > X g > e
normal to the A here) (attrative (repulsiv P Nothing ___—
. ( t e €=Tr- XL orce fOVC@ here) perigee apogee
orbit plane.) (afiractive = PAL center)
force center) km center)
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(From Lecture 26 p. 48) (Geometry of Coulomb orbits (Let: r =p here)

r/e = ME.+.r cos r=M\A-+recos r =
¢ ? l—€ecos¢
Y rcos . (Review of Lect. 2)5)
..D / :
B ;:/8 i 1 1—-¢€cosgp 1 Scos¢
€ — — _
, r A A A
r/e
i N/ (1+¢€) perhelion
el
| T L_ -k | JKX +2E 1 Im

"All conics defined by:

Defining eccentricity €

aphelion pi=>\/(1—8)

Distance to Foca-point =&+ Distance to Directrix-line

o 1m 1 /m cos¢
Major axis: p++p—=2a
p+Tp—=|\(1+e)+tX(1-¢)]/(1-e?)=2N\/|1-€?|
Focal axis: p+- p—=2ac

p+-p—=[N(1+e)-\(1-¢)]/(1-€?)=2Ne/|1-€?|

(x,y) physical (r,9) Minor radius: b=v/ (a?-a’e?)=V/ (a\) (ellipse:e<1)
parameters constants parameters  Minor radius: b=v/(a’e?-a®)=v/(\a) (hyperb:e>1)
k k m2 2 E b? €%= 1—b—2 (ellipse: £<1) b—zzw/l—ez
a=—— E=— L E= 5 = 1_—2 a - d 2
2E 2a k“m a e’=1+— (hyperbola: £>1) —=,/e’-1
L b ! .
b= L=km A= — X =a(l-€?) (ellipse:e<l)
J2m I E| km a X =a(e’-1) (hyperb:e>1)
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(R=-0.375 elliptic orbit)
(R=4+0.5 hyperbolic orbit)
Properties of Coulomb trajectory families and envelopes
Graphical e-development of orbits
Launch angle fixed-Varied launch energy
Launch energy fixed-Varied launch angle
Launch optimization and orbit family envelopes

Sunday, December 6, 2015



e-vector and Coulomb orbit construction steps
Copy double angle 2~ (/FPQ ) onto /PFT

Extend /PFT chord PT to make R-ratio scale line
Label chord PT with R=0 at P and R=-1.0 at T.

Mark R-line fractions R=0, +1/4, +1/2,... above P and
R=0,-1/8-1/4,-122,...,-3/4 below P and -5/4,-3/2,... below T.

Pick launch point P Copy F-center circle around launch point P
(radius vector r ) Copy elevation angle v (/FPP’) onto /P'PQ

and elevation angle ~y from radius ~ Extend resulting line QPQ’ to make focus locus

(momentum initial p direction )

KE/PE

Pick initial R=KE/PE value
(here R=-3/8) Draw g-vector

(From Lecture 26 p. 64)

o _ Initial KE _ mv*(0)/2
Initial PE -k /r(0)
focus F and 2™ focus ¥ allow final [

construction of orbital trajectory. =X

Initial velocity ]2_ N v (0)

Escapevelocity | /2 (c0)

Here it is an R=-3/8 ellipse.

(Detailed Analytic geometry of e-vector follows.)

Sunday, December 6, 2015 6




e-vector and Coulomb orbit construction steps

Pick launch point P

(radius vectorr ) Copy elevation angle ~ (/FPP’ ) onto /P'PQ

and elevation angle ~y from radius ~ Extend resulting line QPQ’ to make focus locus

(momentum initial p direction )

1777
a //m///(v//m;
7 A L

&
F

Copy F-center circle around launch point P

@*} A/\ ‘ (From Lecture 26 p. 65
= rom Lecture 26 p.
4‘\‘!

Copy double angle 2~ (/FPQ ) onto /PFT

Pick initial R=KE/PE value
(here R=+1/2) Draw g—vector

from focus F to R-point

(Here it intersects 2" focus F'

Extend /PFT chord PT to make R-ratio scale line
Label chord PT with R=0 at P and R=-1.0 at T.

Mark R-line fractions R=0, +1/4, +1/2,... above P and
R=0, -1/8-1/4.-1/2, ....-3/4 below P and -5/4.-3/2,... below T.

R=

KE/PE

_ Initial KE_ mv*(0)/2

 Initial PE - —k / r(0)

" - d)/
F % ocus F and 2" focus F' allow final . L \2

2 ,‘Q@ % f f fi Initial velocity v (0)

% > construction of orbital trajectory. =X : =T >

5 ¢ = o Escapevelocity v (o)

% Here it is an R=+1/2 hyperbola.
- C
| % (Detailed Analytic geometry of e-vector follows.)
co
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Ana¥ytic geometry derivation of e-constru%ions
0]

0.0

(mvo )(mvoro )sin}/ i

. pxL _,
e=rT km o km px
L =PX L
2
mv,“ /2 . KE ~
€ =r+2sin 0 =r+2siny —L
T " pE P
The eccentricty vector is:
COS
2siny| O |r= 4
1 ). | (2R+])s1

For: y=45° and: R=+ 5

W2 || W2

WN20re) | | 2n2

;The eccentricty parameter defined byi:

€=

_____________

C
?P R Initial KE: mv? (0)/2
Initial PE -k /r(0)
_ _l_( Initial velocity T: +v2 (0)
>, \og Escapevelocity V2 (o0
I
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AnaXNtic eeometry ddvivation of e-constructions mv, || mv.r, |siny .
- g i ) e-co K e=f—pXL=f—( o) (vt VLX
R=+C>o ; B E km km P
5 L =PX L
€ =f+2si mv02/2 [ =f+2si L
=r+2sin =r+2siny —
T " pE P

;For: y=45° and: R=+—

N2 W2 |
IN2(2R+]) w2 |

;The eccentricty parameter defined byi:

€=

R Initial KE mv? (0)/2

= _ mar e
(g. 5.4.3 in Unit 5 of CMwBANG! = ™ Initial PE -k /r(0)
< -
| %. «5% _ 4 Initial velocity _4Y (0)
e, & Escapevelocity V2 (o0
T NG

Sunday, December 6, 2015 9



AnaXNtic eeometry ddvivation of e-constructions mv, || mv.r, |siny .
- g i ) e-co K e=f—pXL=f—( o) (vt prx
R=+oo ; B DE km km
5 L =PX L
£ =F+2si mv02/2 [ =f+2si L
=r+2sin =r+2siny —
T " pE P

;For: y=45° and: R=+—

N2 W2 |
IN2(2R+]) w2 |

;The eccentricty parameter defined byi:

€=

R Initial KE mv? (0)/2
Initial PE -k /r(0)

. . \2 2
i( Initial velocity ) _LV (0)

Escapevelocity ) 2 (o
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AnaXNtic eeometry ddvivation of e-constructions mv, || mv.r, |siny .
- g i ) e-co K e=f—pXL=f—( o) (vt prx
R=+oo ; B DE km km
5 L =PX L
£ =F+2si mv02/2 [ =f+2si L
=r+2sin =r+2siny —
T " pE P

;For: y=45° and: R=+—

N2 W2 |
IN2(2R+]) w2 |

;The eccentricty parameter defined byi:

€=

R Initial KE mv? (0)/2
Initial PE -k /r(0)

. . \2 2
i( Initial velocity ) _LV (0)

Escapevelocity ) 2 (o
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Ana¥Ntic eeometry derivation of e-conpstructions %L mv, )| mv.r, |siny .
- o E i f e-copistructic c—p_P =f_( o) (vt T
-, =[ R = o km km px
:;) : pXEpXL
/= mv.2/2 . .
= \/8 € =f+2siny —2 =r+2siny —L
N\TC —klr, ¥ PE  PX
Z o\% 0
S 2\ 4L The eccentricty vector is:
= 5@» OO
(S
s 2\ Q(P _ 0 cCosy
= e +2siny R= .
SYACSIN 1) | QR+Dsi

;For: y=45° and: R=+—

N2 W2 |
IN2(2R+]) w2 |

;The eccentricty parameter defined byi:

€=

R Initial KE mv? (0)/2
Initial PE -k /r(0)

. . \2 2
i( Initial velocity ) _LV (0)

Escapevelocity ) 2 (o
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Ana¥tic geometry ddvivation of e-constructions %L mv, )| mv.r, |siny .
-~ - g y ) e-co ke c—p_P =f_( o) (mvery ) prx
: R=+4+c0 ; o DE km km
5 : pXEpXL
/= mv.2/2 . .
= \/8 € =f+2siny —2 =r+2siny —L
N\TC —klr, ¥ PE  PX
Z o\% 0
S 2\ 4L The eccentricty vector is:
= 5@» OO
(S
s 2\ Q(P _ 0 cCosy
= e +2siny R= .
SYACSIN 1) | QR+Dsi

;For: y=45° and: R=+—

N2 W2 |
IN2(2R+]) w2 |

;The eccentricty parameter defined byi:

€=

R Initial KE mv? (0)/2
Initial PE -k /r(0)

. . \2 2
i( Initial velocity ) _LV (0)

Escapevelocity ) 2 (o
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Review of Eccentricity vector € and (g, \)-geometry of orbital mechanics

Analytic geometry derivation of e-construction
P Connection formulas for (a,b) and (s, \) with (v,R)

Detailed ruler & compass construction of e-vector and orbits
(R=-0.375 elliptic orbit)
(R=4+0.5 hyperbolic orbit)

Properties of Coulomb trajectory families and envelopes

Graphical e-development of orbits
Launch angle fixed-Varied launch energy

Launch energy fixed-Varied launch angle
Launch optimization and orbit family envelopes
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Three pairs of parameters for Coulomb orbits:

Algebra Ofe_COnStFUCtlan gQOmetry 1.Cartesian (a,b), 2.Physics (E,L), 3.Polar (,\)

. . KE . b*
The eccentricty parameter relates ratios R = ——and — Now we relate a 4th pair: 4.Initial (V,R)
a
4 )
£2= 1+4R(R+1)sin2y
b2 . ) b2 9) . . . p2
=1-— forellipse (e<1) where: 4R(R+l)sin"y=——=¢e"—1 implying: R(R+l)<0  (or: -R">R)
a’ a® (or: 0>R>-1
b2 ) b2 7 : : : _R2 R
=1+ — for hyperbola (¢ >1) where: 4R(R+l)sin“y=+— =¢e“—1 implying: R(R+1)>0  (or:-R"<R)
L a? a2 (or: O<R<—9
—k : KE . ... .
Total 2—=E =energy = KE+PFE relates ratio R = PE to individual radii a, b, and A.
a
—k —k 1 1
—=FE=KE+PE=RIPE+PE=(RH)PE=(R+])— or: —=(R+])—=(R+])
2a r 2a r
1 : . :
a=— = assuming unit 1nitial radius (r=1).
2(R+1) \ 2(R+D)
. b = b — .
4R(R+])sin“y=7F — implies: 2\/ FR(RH)siny=—or: b= 2a\/ FR(R+1)siny
a

a

FR . /iR . : . .
b=r |[—siny| = [——siny assuming unit initial radius (r=1
[ R+l }/[ R+l 4 5 ( )D

Latus radius is similarly related:

12
[ =—=F 2rRsin27/j
a

(Review of Lect. 26 p.107-108)
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Algebra of e-construction geometry

. . KE . b
The eccentricty parameter relates ratios R=——and —

(e°= W4AR(R+)sin“y )
b? b?
= 1-—ellipse(e < 1) 4 R(R+)sin’y=——

2 /
a a ff

b? o b

=1+ —2hyperbola (e>1) 4R(RH)sin"y=+ — \
\_ a a ) \\\

/
1 : . :

4= — = assuming unit initial radius (r=1).
_ 2(RH)  2(RH])

[
/iR . /iR . . o .
b=r |[—siny| = |——siny assuming unit initial radius (=1
- R+1 y( R+1 4 8 ( )D

Latus radius 1s similarly related:

12
[ =—=F 2rRsin2y]
a

2

From &~ result (at top):

g = 2\ FR(RH)siny = \/+(1-€?)
(Review of Lect. 26 p.107-108)

Sunday, December 6, 2015
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Review of Eccentricity vector € and (g, \)-geometry of orbital mechanics

Analytic geometry derivation of e-construction
Connection formulas for (a,b) and (s, \) with (v,R)
Detailed ruler & compass construction of e-vector and orbits
> (R=-0.375 elliptic orbit)
(R=4+0.5 hyperbolic orbit)
Properties of Coulomb trajectory families and envelopes
Graphical e-development of orbits
Launch angle fixed-Varied launch energy

Launch energy fixed-Varied launch angle
Launch optimization and orbit family envelopes
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R=-3/8 elliptic orbit
construction
Extend FP to make R=-3/8
mCZJO,I’ axzs: SUm -y
FPP :(r+r'=2a) at
, °
L Intersect
of r'-arc
7/
FP

AV

Sunday, December 6, 2015
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Strike radius-r arc about
point P’to intersect original
radius-r circle about focus ¥

at ends of bisection lineBB”.
Draw radius-a circle at F

tangent to bisection lineBB

radius-a

R=-3/8 elliptic orbit
construction
R=-3/8
V=49

Sunday, December 6, 2015
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R=-3/8 elliptic orbit
construction
R=-3/8
V=49

Draw radius-a

Draw radius-a and radius-b circles.at O
(Center of bisection line (+D).

Sunday, December 6, 2015 20



R=-3/8 elliptic orbit
construction
R=-3/8
V=49

Draw radius-a

Draw radius-a and radius-b circles.at O
(Center of bisection line (D).
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R=-3/8 elliptic orbit

\/3—4 construction
=\ 1+4 R(R+])sin’y = — = .73

8—\/ +1 ( +4)sm 94 2 R=_3/8
R4 5 V=457
b= isin}/ —\/E =.54

R+ 10

2
A= b—=2Rsin2y = §=.375

a 8

b = 24/ R(R+])siny = tan 34°
a

. . /
Draw radius-a circle at F

Draw radius-a and radius-b circles.at O
(Center of bisection line (£b).) Do (a.b)-ellipse construction.
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Review of Eccentricity vector € and (g, \)-geometry of orbital mechanics

Analytic geometry derivation of e-construction
Connection formulas for (a,b) and (s, \) with (v,R)
Detailed ruler & compass construction of e-vector and orbits
(R=-0.375 elliptic orbit)
> (R=4+0.5 hyperbolic orbit)
Properties of Coulomb trajectory families and envelopes
Graphical e-development of orbits
Launch angle fixed-Varied launch energy

Launch energy fixed-Varied launch angle
Launch optimization and orbit family envelopes
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Major diameter 2a is difference (r-r'=2a). R=+]/2 hyperbglic
Major radius a is half of difference (r-r’)/2=a

Major diameter 2a needs to be centered on E-F focal axis orbit construction

R=+1/2
V=49
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Major diameter 2a is difference (r-r'=2a). R=+]/2 hyperbolic
Major radius a is half of difference (r-r')/2=a ...,

Major diameter 2a needs to be centered on E-F focal axis orbit construction
1. Bisect F-P radius r using F-P circle intersections to define r/2 sections. ----.

R=+1/2
V=49
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Major diameter 2a is difference (r-r'=2a). R=+1/2 hyperbolic
Major radius a is half of difference (r-r’)/2=a .«- e,

Major diameter 2a needs to be centered on F-F focal axis -=«=--==emmmnaemnan-. - orbit construction
1. Bisect F-P radius r using F-P circle intersections to define r/2 sections. ----*
2. Bisect F-F focal axis using E-F circle intersections to locate orbit center C ==+ R=+1/

V=49
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Major diameter 2a is difference (r-r'=2a). R=+1/ hyperbolic
Major radius a is half of difference (r-r’)/2=q -~ T '

Major diameter 2a needs to be centered on F-F focal axis -=«=--==emmmnaemnan-. - : orbit construction
1. Bisect F-P radius r using F-P circle intersections to define r/2 sections. ----+ 5
2. Bisect F-F focal axis using E-F circle intersections to locate orbit center C ==+ 5 R=+1/

. ’ . 14 . 4 . . . '
3. Bisect F -P radius r using F -P circle intersections. --------========smnsmmaemuammnaa-- '

V=49
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Major diameter 2a is difference (r-r'=2a). R=+1/2 hyperbol ic
Major radius a is half of difference (r-r')/2=a =i o -

Major diameter 2a needs to be centered on F-F focal axis «e-weeeeeeeeeeemn--. i orbit construction
1. Bisect F-P radius r using F-P circle intersections to define r/2 sections. -..-: |
2. Bisect F-F focal axis using F-F circle intersections to locate orbit center C .--- R=+1/7
3. Bisect F'-P radius r’ using F'-P circle intersections. ----------=w-=eeeemaemeemaemaemnn- :
4. Swing radius r’[2.0nto r/2 section to make major radius a=(r-r’)/2. Y :4 5°
(2 K g
e +0.50

L +0.25
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Major diameter 2a is difference (r-r'=2a). R=+1/2 hyperbolic
Major radius a is half of difference (r-r’)/2=q -~ T '

Major diameter 2a needs to be centered on F-F focal axis =---=-======x==x====- - orbit construction

1. Bisect F-P radius r using F-P circle intersections to define r/2 sections. ----+ 1 |

2. Bisect F-F focal axis using F-F circle intersections to locate orbit center C ==+ R=+1/
3. Bisect F'-P radius r’ using F'-P circle intersections. ----=-=-======s=smssesmsmasosmns-- :

4. Swing radius r’/2.onto r/2 section to make major radius a=(r-r’)/2. Y :4 5°

5. Copy circle of major radius a=(r-r’)/2 about orbit centpr C .

KE
/ PE

e +0.50

[ +0.25
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Major diameter 2a is difference (r-r'=2a). R=+1/2 hyperbolic
Major radius a is half of difference (r-r’)/2=a

Major diameter 2a needs to be centered on F-F’ focal axis orbit construction

1. Bisect F-P radius r using F-P circle intersections to define r/2 sections.

2. Bisect F-F focal axis using F-F’ circle intersections to locate orbit center C. R=+1/
3. Bisect ¥'-P radius r’ using F'-P circle intersections.

4. Swing radius r’/2.onto r/2 section to make major radius a=(r-r’)/2. Y :4 5°

5. Copy circle of major radius a=(r-r’)/2 about orbit centpr C .
6. Draw of diameter 2ae about orbit center C|.
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Major diameter 2a is difference (r-r'=2a). R=+1/2 hyperbolic
Major radius a is half of difference (r-r’)/2=a

Major diameter 2a needs to be centered on F-F’ focal axis orbit construction

1. Bisect F-P radius r using F-P circle intersections to define r/2 sections.

2. Bisect F-F focal axis using F-F’ circle intersections to locate orbit center C. R=+1/
3. Bisect ¥'-P radius r’ using F'-P circle intersections.

4. Swing radius r’/2.onto r/2 section to make major radius a=(r-r’)/2. Y :4 5°

5. Copy circle of major radius a=(r-r’)/2 about orbit centpr C .
6. Draw of diameter 2ae about orbit center C|.
7. Erect minor radius b tangent to a-circle from point a op Cég-axis to point b on
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Major diameter 2a is difference (r-r'=2a).

Major radius a is half of difference (r-r’)/2=a
. . ) 4 .

Major diameter 2a needs to be centered on F-F focal axis

1. Bisect F-P radius r using F-P circle intersections to define r/2 sections.
. 4 . . /. . . .

2. Bisect F-F focal axis using F-F circle intersections to locate orbit center C.
. ’ . 4 . 4 . . .

3. Bisect F -P radius r using F -P circle intersections.

4. Swing radius r’/2\onto r/2 section to make major radius a=(r-r’)/2.

5. Copy circle of major radius a=(r-r’)/2 about orbit centpr C .

6. Draw of diameter 2ae about orbit center C|.

7. Erect minor radius b tangent to a-circle from point a op Cég-axis to point b on
8. Complete orbit a-X-b'\box between and a-cfrcle and its

KE
/ PE

(2 +0.50

|
B I: | +0.25

-0.50

R=+1/2 hyperbolic

orbit construction

R=+1/2
V=49

Sunday, December 6, 2015
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R=+1/2 hyperbolic

9. Draw section\of hyperbolic orbit. . .
orbit construction

R=+1/2
V=45

Sunday, December 6, 2015 33



9. Draw section\of hyperbolic orbit.

R=+1/2 hyperbolic

orbit construction

R=+1/2
V=49

B r-arc

i key

i 5

s Y

E 2a-arc __ «(

\"%

i | F

; Construction based

: on: r-r=2aor. ¥=r-2a

e [*' draw an r-arc about focus F.
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9. Draw section\of hyperbolic orbit.

R=+1/2 hyperbolic
orbit construction

R=+1/2
V=49
P r-arc
5 . e
r-arc-minus-2a +0.50
: e distance €4
5 5 (also on Ce-line)
s i N ’
E | =/
5 E 2a-arc _ Y «(
- \ »
; 5 "’4
E | | F
5 . Construction based
i on: r-r'=2a or: ¥'=r-2a
eeeeeennb... 12 draw an r-arc about focus F.
25t set compass to (7-2a) using
. r-arc-minus-Z2a on Ce-line. T 70
35
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---------- distance

9. Draw section\of hyperbolic orbit.

r-arc

r-arc-minus-2a

(also on Ce-line)

Construction based
on: r-r=2a or: r=r-2a
15t draw an r-arc about focus F.

25t set compass to (7-2a) using
r-arc-minus-2a on Ce-line. T

37 draw (r-2a)-arc about focus F’.

--------------------------------

KE
/ PE

+0.50

R=+1/2 hyperbolic

orbit construction

R=+1/2
V=49

Sunday, December 6, 2015
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R=+1/2 hyperbolic

9. Draw section\of hyperbolic orbit. . .
orbit construction

R=+1/2
V=49

6 e 1
P r-arc i\ ;
: . :
! : ’_ / :
: r-arc-minus-2a r'=r-2a +0_5ZE
: - distance €
5 5 (also on Ce-line) P
1 E ‘ D ‘ —+025 :
1 : N "‘ :
. : ,«\ E
. 5 2a-arc Y % :
= « : 5
. e ‘> / 5
: : . F :
: . Construction based :
: i on: r-r'=2a or: ¥'=r-2a :
oooo...i.. ¥ draw an r-arc about focus F. 5
. 25 get compass to (7-2a) using E
. r-arc-minus-Z2a on Ce-line. T 0.
37 draw (r-2a)-arc about focus F’. “Orbit points at intersections. :

-------------------------------------------------------
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R=+1/2 hyperbolic

9. Draw section\of hyperbolic orbit. . .
orbit construction

R=+1/2
V=49
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R=+1/2 hyperbolic

9. Draw section\of hyperbolic orbit. . .
orbit construction

R=+1/2
V=49
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R=+1/2 hyperbolic

9. Draw section\of hyperbolic orbit. . .
orbit construction

R=+1/
o ’7:450

KE
/ PE

+0.50
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9. Draw section\of hyperbolic orbit.

8:\/1+4R(R+1)sin2}/: % =1.58
1 1
q=—=— 0
2(R+1) 3
R 1 Q)
b=, |——=siny —\/: =.408
R+1 6 o
2
A= b—=2Rsin27/ = l=.5 y
a 2

é = 24/ R(R+])siny = tan50.7°
a

R=+1/2 hyperbolic

orbit construction

R=+1/2
V=45

0]

0]

(0}
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Review of Eccentricity vector € and (g, \)-geometry of orbital mechanics

Analytic geometry derivation of e-construction

Connection formulas for (a,b) and (s, \) with (v,R)

Detailed ruler & compass construction of e-vector and orbits
(R=-0.375 elliptic orbit)
(R=4+0.5 hyperbolic orbit)

Properties of Coulomb trajectory families and envelopes

¥ Graphical e-development of orbits
¥ Launch angle fixed-Varied launch energy

Launch energy fixed-Varied launch angle
Launch optimization and orbit family envelopes

Sunday, December 6, 2015
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Graphs and protractors make Coulomb trajectory analysis easier

Launch Elgvation Angle

R v T I .
i \ y o / R iy
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120 o .
130 500
A4 400 (2
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<
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‘ IR o () o Iy o
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Ll Q il D00
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\"jj o =
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~ 7 N //// S 1 \\\\ JAV] —
ES 7., |30 A ES
= 27 nd W T
=280° Yo | 2P tos oS 80° —
% 7 / ik, / \ \y - ’—::

)
~h
o)
Noy
i
1ij

i ik
(&)
o
S
o]
[um—
o
S
(o]
I

Z 230° 1300
<, 220° 140°
N

/// ~N1.NO
/////// 21V 2000 16001 50 \\\\\\\
W) 1900 1800 1700\
%%Il |8|(|)| \_\M NER

Range Longitude
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-
Label Main Focus F Oo%
Start with |Construct focus locus for 2nd foci F

initial angle
a=20°

Launch Elgvation Angle

T \i\\ I o i 8(4_/ o |
’ R U 70°
(horiz. elev.) N ]
or - 130 50°
70° 1400 =y =507 400
7T 150 / PN 30° (0)
(rad. elev.) 1600/ // 200
: [/
for velocity e [/ g 100
— /U T
5 —T0=20° =
V(O) or -V(O) == AT TN T 7 0o —
— /«\\ \— PN /] W\ -
= _80° X/ \\\\\/3(4co 350° Y \u)o ) é %y . -10°\
X«R 33(0 3OC 7y :"‘s
S 30 409 7 20°
-V ;00:510 \\Y— 0 50° /\ -
\\\\ \5/ DOqono S~ 5( ?t//;//
or =v(0) SEC R yas 70072
\: 7 jU ] O i/
=280 Lot 2P B 80° =

SR (X
)
R34
) D
o]
[~
[~——
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\—7
[um—
= 5
B2
i

<\ 2(a—n)=100°

i
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D
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Z | 230° 13005
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Start with
initial angle
a=20°
(horiz. elev.)
or
v=70°
(rad. elev.)
for velocity
v(0) or -v(0)

=

ine is normal

v(0)-line

G &
‘& @
. % =
Label Main Focus F ©- ! \ =
Construct fodus locis for 2" foci F \‘“
Construct R-scale line 1o initial velogity £V, (0) line
Launch Elgvation Angle
: \ ) \ 1 I o i1 / s
R 1h0P 80 o
120 ‘k\ 04 o R-scale [
130 500 toinitial
140 \ 400
s 150055/ ~ \‘o/ 30° ; (0 )
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= 0= E
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“S :
=1 b 7
2 =
= = ——
RN R EANG? \= BEres
Start with |Label Main Focus | \é/
initial angle |Construct R-scale line }Xllitial Veloc:iﬁ%(@/ﬁ{e —
. 1 ’ ;
a=20° Constmctfo#us locilus for prime foci I XLa“un‘ChEleVaU‘ ngle a
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“S :
C;, i/ /
7 3
R o —
|tk N\ D \g‘ : el
Start with |Label Main Focus \é/
initial angle Construct R-scale line }letial Veloc:iwgfﬁn/e —
. 1 ’ ;
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[(R=200) E-line is
parallel to|R-scale line.)

Start with ¢

(0) line

initial angle |Con,
\ Launch Elgvation Angle
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[(R=200) E-line is
—parallel to|R-sc

_\%/
:. 5y m' /
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[(R=200) E-line is

ine is normal

v(0)-line
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This (R=-1) <
Start with
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Review of Eccentricity vector € and (g, \)-geometry of orbital mechanics

Analytic geometry derivation of e-construction
Connection formulas for (a,b) and (s, \) with (v,R)
Detailed ruler & compass construction of e-vector and orbits
(R=-0.375 elliptic orbit)
(R=4+0.5 hyperbolic orbit)
Properties of Coulomb trajectory families and envelopes
¥ Graphical e-development of orbits
¥ Launch angle fixed-Varied launch energy

Launch energy fixed-Varied launch angle
Launch optimization and orbit family envelopes

Sunday, December 6, 2015

53



. 7/8—
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Start with
initial
velocity

v(0)
or -v(0)

or -v(0)

/
Label Main Focus F \ 0 =T
Construct R-/ine normal }Xllitial Veloc:iﬁ(%(@/ﬁn/@ //
Construct focus locus for prime foci F’ EEN
(N=8)-sect R-line normal | to % Pl
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Start with
initial
velocity

v(0)
or -v(0)

or -v(0)

LAEd ik
/
Label Main Focus F \”6/8 PEaEE
Construct R-/ine normal }Xllitial Veloc:iﬁ(%(w/ﬁn/@ //
Construct focus locus for prime foci F’ EEN
(N=38)-sect K-line normal to % Pl
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— 3/8 ¢
~ {_/
Construct ellipse
\ point by point
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Label Main Focus F

Construct R-/ine normal Xllitial Veloc:ityW*

Construct focus locus for prime foci F’
(N=38)-sect K-line normal to

mark R=KE/PE=0,£1/8,4£2/8,%+3/ 200\
for eccentricity e-vector scale /
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/
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Review of Eccentricity vector € and (g, \)-geometry of orbital mechanics

Analytic geometry derivation of e-construction
Connection formulas for (a,b) and (s, \) with (v,R)
Detailed ruler & compass construction of e-vector and orbits
(R=-0.375 elliptic orbit)
(R=4+0.5 hyperbolic orbit)
Properties of Coulomb trajectory families and envelopes
¥ Graphical e-development of orbits
Launch angle fixed-Varied launch energy

¥ Launch energy fixed-Varied launch angle
Launch optimization and orbit family envelopes
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1
Orbit with y=47° and R=-3/8

Do one with y=60° 0

(...and same R
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Orbit with y=47° and R=-3/8
Q

Do one with y=60°

(...and same R

Orbits with the same R
have the same energy E
and the same major radii a

Hence their foci lie on
a circle of radius 2a-r

around launch point P

—
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Orbit with y=47° and R=-
Q

Do one with y=60°

(...and same R

\/

Orbits with the same R
have the same energy E
and the same major radii a

Hence their foci lie on
a circle of radius 2a-r

around launch point P
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Envelope
for KE/PE

=R=-3/8

/.

ontact Pt.
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Review of Eccentricity vector € and (g, \)-geometry of orbital mechanics

Analytic geometry derivation of e-construction
Connection formulas for (a,b) and (s, \) with (v,R)
Detailed ruler & compass construction of e-vector and orbits
(R=-0.375 elliptic orbit)
(R=4+0.5 hyperbolic orbit)
Properties of Coulomb trajectory families and envelopes
Graphical e-development of orbits
Launch angle fixed-Varied launch energy

¥ Launch energy fixed-Varied launch angle
3 Launch optimization and orbit family envelopes
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Coulomb envelope geometry

(a)

focus locus

for KE/PE
=R=-3/8

(b)

Caustic
for KE/PE
=R=-3/8

v,

for KE/PE
=R=-3/8

Fig. 5.4.4 in Unit 5 of CMwBANG!

ontact Pt.

Ideal comet “heads” or “tails” in solar wind

(d) R €(0,00)

|| —_—
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Fig. 5.4.5 in Unit 5 of CMwBANG!
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Coullt Web Simulation
Repulsive Coulomb Burst - Tight
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Review of Eccentricity vector € and (g, \)-geometry of orbital mechanics

Analytic geometry derivation of e-construction
Connection formulas for (a,b) and (s, \) with (v,R)
Detailed ruler & compass construction of e-vector and orbits
(R=-0.375 elliptic orbit)
(R=4+0.5 hyperbolic orbit)
Properties of Coulomb trajectory families and envelopes
¥ Graphical e-development of orbits
Launch angle fixed-Varied launch energy

Launch energy fixed-Varied launch angle
3 Launch optimization and orbit family envelopes
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Graphs and protractors help Co
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Find trajectory angle of minimum ener

ulomb trajectory launch optimization and orbit family envelopes
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes
Problem:

Find trajectory angle of minimum energy to fly 90° of longitude (1/4 around planet)
Solution:|Prime fodus ¥’ lies on radial line that bisects longitude angle
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes
Problem:
Find trajectory angle of minimum energy to fly 90° of longitude (1/4 around planet)
Solution:|Prime fodus ¥’ lies on radial line that bisects longitude angle
Launch Elgvation Angle
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes
Problem:
Find trajectory angle of minimum energy to fly 90° of longitude (1/4 around planet)

Solution:|Prime fodus ¥’ lies on radial line that bisects longitude angle
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes

Problem:
Find trajectory angle of minimum

energy to fly 90° of longitude (1/4 around planet)

Solution:|Prime fodus ¥’ lies on radial line that bisects longitude angle

Launch Elgvation Angle

Optimal prime focus F’ lies o \\i 'p\‘ SA’
line connecting START and FINISH ~ .~ 120 \\0 e
at tangent point of minimal 14;3 T ?:/ T WW
energy circle SF”. 1s0° // 9 \\ 0|
R-line normalmustibisect 1607 / s - \c\:;i;
angle FSF’ connecting ERLAR g ;Ri\( R

= o

foci F and ¥” and is normal \
) \\\\\ )

to initial launch vector vo \\/\\ SN

with launch angle @=22,5° | =~ & X/ .7 | \]

\
—

S

N

=3
/':' 2
A=

N
A0 s
The e-vector and R-value: \\\’300?/ INNQRRESS
. =99n° / A0° T "
Sllghﬂy below R=-3/8 S ///// 30 o
—as0e /| 0 | € E /
= = SR il K
E FINISH

I
i \ ;
\S)

N ~
) D
—a___ |
= S
<=2
@’e]
—
o
Ll

\\
\\\\\\\ N
NPT
8‘ [e]
o]

]
.fu{
Sl D

° (e}

=

)y N
1300

/1400 ™ )

\
W\
QN
Q
S
S
[e)
(=)
(o]

u'../

//
/////// Il

200

I
190° 13

30° 1707

N

[TEELAARNALIA

SRR
. \\\\\\

N

Range Longitude

Sunday, December 6, 2015

81



Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes
Problem:
With launch angle «=22.5° find trajectory to fly 207° of longitude
g jectory 10 Jiy g
Solution:|Prime fodus ¥’ lies on radial line at 103.5° that bisects longitude angle 207°
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Graphs and protractors help Coulomb trajectory launch optimization and orbit family envelopes
Problem:
With launch angle «=22.5° find maximum range of trajectory.
Solution:|Prime fodus ¥’ lies at infinity \and gives parabola|(s»x=1,R=-1) trajectory.
. S 5 o Launch Elgvation Angle
Trajectory-axisisat 1357 IR O
: . B RARTNS [ “80°
Trajectory would hit Earth at 270° |, \\i"p 0°.
. /\i\i\;,.- \ . . o 7N
...if it actually returned... ATLET = PP
Sar , AW 7 N N4
..but a pdarabola cannot! 150° | e ©. N 300 |
AT = N =
1607 \\-f:g \120°
. \ o \Q(" VO \\
But at slightly less energy a | 1™ 1\ e
51+ 77 1 o - e
very longlellipse would return N i, N
~ 8o° NOS é //// % —] ‘\\
after a very long time but L e 309 m/ m N\ \\
. ;UO Q ) 4()° g > - ugf"/ \;
at slightly less range than 270°. ﬁ%} \ AN [/ AT & \ N
\\\13 T —= X
S = R ,ﬂ |3 \ )( = \\
=900 /40, AN 5 F N e \
= I 30T N e 8 TN \
:\480(1 / 209.. l'wc \’ . Né\/
Maximum range 269.999°:. L B S VN o/ F
. 3 3y SNl 5[ P INFINISH
(with launch angle 0=22.5°)[Z ‘ F
=0 T
Parabola escapes! ... A\ EEmmn
...does not return.)|. / < SSaef
;\\Z’“rﬁ“\ Je N /
2, ' :
4 200 1602 /
/ 1908 0 1702\ 7
I </.//// 11y ///;11,18..(..)4W\ \3(/
wongitude \ / \\
4

Sunday, December 6, 2015



Launch optimization

Optimum (sm
focus-locustcircle to

Achig(e ranée P

These\angles

0+p/

Optimum energy angle relations

because of

reflection
angles

L‘G+p/2=n/2
=(1—p)/4

For low range p
the optimum angle 0
approaches 8 =m /4

(The well-known s

cs result.)
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