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NOTE: Our Coulomb field is attractive if k is positive

Coulomb V(ρ) =-k/ρ 

That is,if -k/ρ is negative.

(Explicit minus (-) convention)
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surface gravity: g = −G M⊕
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2

surface potential: PE= −G M⊕
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surface escape speed: ve= 2G M⊕
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KE = PE  relation: 1
2
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e=G
mM⊕
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G = 0.67·10−10

 

⊙-orbit energy: E⊙ = −G M⊕

2R⊕

⊙-orbit speed: v⊙ = G M⊕

R⊕

Review: “Three (equal) steps from Hell” (Lect. 7 Ch. 9 Unit 1)

1

2

3

Ground level : PE= −G 3M⊕

2R⊕

Surface level : PE= −G M⊕

R⊕

 
⊙−Orbit level : PE= −G M⊕

2R⊕

Dissociation threshold : PE= 0

Minimum

Energy

Needed to:

Escape from....... ρ=0.5 .......... to ∞

Orbit at ρ=0.5

Sit at ρ=0.5

0

k=1 m=1

ρ

Angular momentum µ=1/√2
Angular momentum µ=0

Fig. 5.2.10 Three Coulomb threshold energies: to sit (E=-2), to orbit (E=-1), and to escape (E=0) from R. 
 A 4th energy (E=-3) is for sitting at the center (ρ =0) of a uniform mass planet of radius ρ =R.

2

3
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(ρ,φ) equations for Coulomb V(ρ) =-k/ρ 

(Finding ρ = ρ(φ) trajectory solutions)
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(ρ,φ) equations for Coulomb V(ρ) =-k/ρ 
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(Finding ρ = ρ(φ) trajectory solutions)



(ρ,φ) equations for IHOscillator V(ρ) =kρ2/2

   
T = m

2
gρρ !ρ

2+ m
2

gφφ !φ
2 = m

2
!ρ2+ m

2
ρ2 !φ2 = m

2
!ρ2+ µ2

2mρ2    where:  pφ = ∂T
∂ !φ

= mρ2 !φ = const = µ

Kinetic energy T in polar coordinates: Orbital momentum pφ conserved for isotropic potential V=V(ρ) 

Total energy E=T+Veff(ρ)=T+        +V(ρ) conserved for constant parameters m and k of T and V(ρ).
  

µ2

2mρ2

Orbits in Isotropic Oscillator and Coulomb Potentials

   

!φ = µ
mρ2

For ALL central forces

  
Let: x = u2 = 1

ρ2

  

dφ = µ
m

−dx

2 − µ2

m2
x2 − 2E

m
x + k

m

⎛

⎝
⎜

⎞

⎠
⎟

  

dφ = µ
m

−du

− µ2

m2
u2 + 2k

m
u − 2E

m

⎛

⎝
⎜

⎞

⎠
⎟

Some radial V(ρ)=kρn repeatedly enjoy the integral φ(z) below. (Introduced briefly in Unit 3)

φ(z) = D dz

− Az2 + Bz +C( )∫ =
D
A

dz
− z − z+( ) x − x−( )∫ =

D
A

dz
z+ − z( ) z − z−( )∫

z± =α ± β  , where:  α= z+ + z−
2

=
−B
2A

 , and:  β= z+ − z−
2

=
B2 − 4AC

2A

Solution based on quadratic roots of Az2+Bz+C=0. 

Roots z± are classical turning points (perigee z−=α-β , apogee z+=α+β). Solve integral φ(z) for z(φ) . 

(ρ,φ) equations for Coulomb V(ρ) =-k/ρ 

Defining α and β:

(Finding ρ = ρ(φ) trajectory solutions)



(ρ,φ) equations for IHOscillator V(ρ) =kρ2/2

   
T = m

2
gρρ !ρ

2+ m
2

gφφ !φ
2 = m

2
!ρ2+ m

2
ρ2 !φ2 = m

2
!ρ2+ µ2

2mρ2    where:  pφ = ∂T
∂ !φ

= mρ2 !φ = const = µ

Kinetic energy T in polar coordinates: Orbital momentum pφ conserved for isotropic potential V=V(ρ) 

Total energy E=T+Veff(ρ)=T+        +V(ρ) conserved for constant parameters m and k of T and V(ρ).
  

µ2

2mρ2

Orbits in Isotropic Oscillator and Coulomb Potentials

   

!φ = µ
mρ2

For ALL central forces

  
Let: x = u2 = 1

ρ2

  

dφ = µ
m

−dx

2 − µ2

m2
x2 − 2E

m
x + k

m

⎛

⎝
⎜

⎞

⎠
⎟

  

dφ = µ
m

−du

− µ2

m2
u2 + 2k

m
u − 2E

m

⎛

⎝
⎜

⎞

⎠
⎟

Some radial V(ρ)=kρn repeatedly enjoy the integral φ(z) below. (Introduced briefly in Unit 3)

φ(z) = D dz

− Az2 + Bz +C( )∫ =
D
A

dz
− z − z+( ) x − x−( )∫ =

D
A

dz
z+ − z( ) z − z−( )∫

z± =α ± β  , where:  α= z+ + z−
2

=
−B
2A

 , and:  β= z+ − z−
2

=
B2 − 4AC

2A

A
D

φ(z) = dz

β2 − z −α( )2
∫ = sin−1 z −α

β

Solution based on quadratic roots of Az2+Bz+C=0. 

Roots z± are classical turning points (perigee z−=α-β , apogee z+=α+β). Solve integral φ(z) for z(φ) . 

(ρ,φ) equations for Coulomb V(ρ) =-k/ρ 

Defining α and β:

(Finding ρ = ρ(φ) trajectory solutions)
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∂ !φ

= mρ2 !φ = const = µ

Kinetic energy T in polar coordinates: Orbital momentum pφ conserved for isotropic potential V=V(ρ) 

Total energy E=T+Veff(ρ)=T+        +V(ρ) conserved for constant parameters m and k of T and V(ρ).
  

µ2
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Some radial V(ρ)=kρn repeatedly enjoy the integral φ(z) below. (Introduced briefly in Unit 3)
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Solution based on quadratic roots of Az2+Bz+C=0. Variable z may be ρ or u=1/ρ or ρ2 or x=1/ρ2... 

Roots z± are classical turning points (perigee z−=α-β , apogee z+=α+β). Solve integral φ(z) for z(φ) . 

(ρ,φ) equations for Coulomb V(ρ) =-k/ρ 

Defining α and β:

(Finding ρ = ρ(φ) trajectory solutions)
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2
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2mρ2    where:  pφ = ∂T
∂ !φ

= mρ2 !φ = const = µ

Kinetic energy T in polar coordinates: Orbital momentum pφ conserved for isotropic potential V=V(ρ) 

Total energy E=T+Veff(ρ)=T+        +V(ρ) conserved for constant parameters m and k of T and V(ρ).
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Some radial V(ρ)=kρn repeatedly enjoy the integral φ(z) below. (Introduced briefly in Unit 3)

φ(z) = D dz
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Solution based on quadratic roots of Az2+Bz+C=0. Variable z may be ρ or u=1/ρ or ρ2 or x=1/ρ2... 

Roots z± are classical turning points (perigee z−=α-β , apogee z+=α+β). Solve integral φ(z) for z(φ) . 

(ρ,φ) equations for Coulomb V(ρ) =-k/ρ 

Defining α and β:

(Finding ρ = ρ(φ) trajectory solutions)
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2mρ2    where:  pφ = ∂T
∂ !φ

= mρ2 !φ = const = µ

Kinetic energy T in polar coordinates: Orbital momentum pφ conserved for isotropic potential V=V(ρ) 

Total energy E=T+Veff(ρ)=T+        +V(ρ) conserved for constant parameters m and k of T and V(ρ).
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Let: x = u2 = 1
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Some radial V(ρ)=kρn repeatedly enjoy the integral φ(z) below. (Introduced briefly in Unit 3)

φ(z) = D dz

− Az2 + Bz +C( )∫ =
D
A

dz
− z − z+( ) x − x−( )∫ =

D
A

dz
z+ − z( ) z − z−( )∫

z± =α ± β  , where:  α= z+ + z−
2

=
−B
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 , and:  β= z+ − z−
2

=
B2 − 4AC

2A

A
D

φ(z) = dz
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∫ = sin−1 z −α
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Solution based on quadratic roots of Az2+Bz+C=0. Variable z may be ρ or u=1/ρ or ρ2 or x=1/ρ2... 

Roots z± are classical turning points (perigee z−=α-β , apogee z+=α+β). Solve integral φ(z) for z(φ) . 

(ρ,φ) equations for Coulomb V(ρ) =-k/ρ 

z(φ)

φ

radial-polar-coordinate orbit function
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2mρ2    where:  pφ = ∂T
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Kinetic energy T in polar coordinates: Orbital momentum pφ conserved for isotropic potential V=V(ρ) 

Total energy E=T+Veff(ρ)=T+        +V(ρ) conserved for constant parameters m and k of T and V(ρ).
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φ = D dz
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− z − z+( ) z − z−( )∫ =
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A
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z+ − z( ) z − z−( )∫ =
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A
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β2 − z −α( )2
∫ =
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sin−1 z −α

β

  
Let: u= 1

ρ

(ρ,φ) orbits for Coulomb V(ρ) =-k/ρ 
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2
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2mρ2    where:  pφ = ∂T
∂ !φ

= mρ2 !φ = const = µ

Kinetic energy T in polar coordinates: Orbital momentum pφ conserved for isotropic potential V=V(ρ) 

Total energy E=T+Veff(ρ)=T+        +V(ρ) conserved for constant parameters m and k of T and V(ρ).
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− Az2 + Bz +C( )∫ =
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dz
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α =
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z = α + β sinφ A

D

Roots z± are classical turning points (perigee z−=α-β , apogee z+=α+β). 

  
Let: u= 1

ρ

(ρ,φ) orbits for Coulomb V(ρ) =-k/ρ 
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2
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2
!ρ2+ µ2

2mρ2    where:  pφ = ∂T
∂ !φ

= mρ2 !φ = const = µ

Kinetic energy T in polar coordinates: Orbital momentum pφ conserved for isotropic potential V=V(ρ) 

Total energy E=T+Veff(ρ)=T+        +V(ρ) conserved for constant parameters m and k of T and V(ρ).
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− Az2 + Bz +C( )∫ =
D
A

dz
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Roots z± are classical turning points (perigee z−=α-β , apogee z+=α+β). 

  
A = µ2

m2
B = − 2E

m
C = k

m
D = − µ
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Let: u= 1

ρ

(ρ,φ) orbits for Coulomb V(ρ) =-k/ρ 



(ρ,φ) orbits for IHOscillator V(ρ) =kρ2/2

   
T = m

2
gρρ !ρ

2+ m
2

gφφ !φ
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2
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2
ρ2 !φ2 = m

2
!ρ2+ µ2

2mρ2    where:  pφ = ∂T
∂ !φ

= mρ2 !φ = const = µ

Kinetic energy T in polar coordinates: Orbital momentum pφ conserved for isotropic potential V=V(ρ) 

Total energy E=T+Veff(ρ)=T+        +V(ρ) conserved for constant parameters m and k of T and V(ρ).
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Roots z± are classical turning points (perigee z−=α-β , apogee z+=α+β). 
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A = µ2
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Let: u= 1

ρ

(ρ,φ) orbits for Coulomb V(ρ) =-k/ρ 
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2
ρ2 !φ2 = m

2
!ρ2+ µ2

2mρ2    where:  pφ = ∂T
∂ !φ

= mρ2 !φ = const = µ

Kinetic energy T in polar coordinates: Orbital momentum pφ conserved for isotropic potential V=V(ρ) 

Total energy E=T+Veff(ρ)=T+        +V(ρ) conserved for constant parameters m and k of T and V(ρ).
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For ALL central forces

  
Let: x = u2 = 1

ρ2
  

dφ = µ
m

−dx

2 − µ2

m2
x2 − 2E

m
x + k

m

⎛

⎝
⎜

⎞

⎠
⎟

  

dφ = µ
m

−du

− µ2

m2
u2 + 2k

m
u − 2E

m

⎛

⎝
⎜

⎞

⎠
⎟

φ = D dz
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Roots z± are classical turning points (perigee z−=α-β , apogee z+=α+β). 
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Let: u= 1

ρ

(ρ,φ) orbits for Coulomb V(ρ) =-k/ρ 
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2
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2mρ2    where:  pφ = ∂T
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= mρ2 !φ = const = µ

Kinetic energy T in polar coordinates: Orbital momentum pφ conserved for isotropic potential V=V(ρ) 

Total energy E=T+Veff(ρ)=T+        +V(ρ) conserved for constant parameters m and k of T and V(ρ).
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Roots z± are classical turning points (perigee z−=α-β , apogee z+=α+β). 
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Let: u= 1

ρ

(ρ,φ) orbits for Coulomb V(ρ) =-k/ρ 

Algebra details on following pages
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Kinetic energy T in polar coordinates: Orbital momentum pφ conserved for isotropic potential V=V(ρ) 

Total energy E=T+Veff(ρ)=T+        +V(ρ) conserved for constant parameters m and k of T and V(ρ).
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Roots z± are classical turning points (perigee z−=α-β , apogee z+=α+β). 
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Let: u= 1

ρ

(ρ,φ) orbits for Coulomb V(ρ) =-k/ρ 

Algebra details on following pages
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2 =
E ± E2−kµ2/m

k
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1
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µ2/m

= z+ + z−
2

β =

2E
m

⎛
⎝⎜

⎞
⎠⎟

2
− 4 µ2

m2
k
m

2 µ2

m2

β =

2Em
m ⋅m

⎛
⎝⎜

⎞
⎠⎟

2
− 4 µ2

m2
km
m2

2 µ2

m2

=
E2 − kµ2/m
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1
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Checking that roots z± are classical turning points (perigee z−=α-β , apogee z+=α+β) from p.27-29. 

(ρ,φ) orbits for IHOscillator V(ρ) =kρ2/2 (ρ,φ) equations for Coulomb V(ρ) =-k/ρ 

Algebra details and checks
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(ρ,φ) orbits for IHOscillator V(ρ) =kρ2/2
Orbits in Isotropic Oscillator and Coulomb Potentials
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1
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sin −2φ( )

(ρ,φ) orbits for Coulomb V(ρ) =-k/ρ 

x

y

ρ

Perigee is
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turning point
ρ−

Apogee is
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turning point
ρ+

ρ

Energy:
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Angular momentum:
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=
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Kepler equation of time for Coulomb orbits
 Throughout the history of astronomy a most important consideration was the timing of orbits.
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Starting with KE-eff.-PE results on p.31: or p.33:
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Geometry and Symmetry of Coulomb orbits 
            Detailed elliptic geometry 
            Detailed hyperbolic geometry 
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Geometry of Coulomb conic section orbits (Let: r =ρ here)

  
r = λ

1− ε cosφ r/ε  = λ/ε + r cos φ           r = λ + r ε cos φ  

  
1
r
= 1− ε cosφ

λ
= 1
λ
− ε
λ

cosφ

1
ρ
=

−k
µ2/m

+
k2 + 2Eµ2/m

µ2/m
cosφ

PD

O

r = ε(DP) = 0.75(DP)

ε =0.75
λ = 1.0

λ

λ/ε

r/ε

r′
r′/ε

r- /εD′ r-= perhelion = λ /(1+ε)

φ

φ

r cos φ

perhelion ρ−=λ/(1+ε) aphelion ρ+=λ/(1-ε)

ε=0 ε=0.65
ε=0.85

ε=1
ε=1.35

ellipsescircle
parabola

hyperbolas

Becoming more and more eccentric... 

Eccentricity ε=0 (circle) to 0<ε<1 (ellipses) to ε=1 (parabola) to ε >1 (hyperbolas)
Singular Case!



Geometry and Symmetry of Coulomb orbits 
            Detailed elliptic geometry 
            Detailed hyperbolic geometry 
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series “Zig-Zags” 

Lect. 5 p.5



ε =3/4 (Ellipse) ε =4/3 (Hyperbola)
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For the elliptic geometry (ε <1):     For hyperbolic geometry(ε >1): 
 b2 = a2 - a2ε2 = aλ ,                          b2 =  a2ε2 - a2  = aλ,  
 b = a √(1-ε2 )= √(aλ),                          b = a √(ε2-1)= √(aλ). 

(λ,ε)-(a,b) expressions and their inverses follow.  
 a = λ/(1-ε2)      a = λ/(ε2-1) 
 b2 = λ2/(1-ε2)      b2 = λ2/(ε2-1) 
 λ = a(1-ε2) = b2/a          λ = a(ε2-1) = b2/a 
 ε2 = 1- b2/ a2       ε2 = 1+b2/ a2 

Eccentricity
ε=√(1+2 µ2E/(k 2m))

Energy
E

Semi-major axis
a=k/|2E|

Latus radius
λ=µ2/(km)

Angular
momentumSemi-minor axis

b=µ/√|2mE|

Cartesian Parameters Polar ParametersPhysics

µ=l

Recall geometric 

series “Zig-Zags” 

Lect. 5 p.5

To be discussed 
In next Lecture….
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Rutherford scattering geometry... 

Alpha-particle beam direction →

Gold nuclear target →
To be discussed 
In next Lecture….


