Parametric Resonance and Multi-particle Wave Modes
(Ch. 7-8 of Unit 4 11.24.15)

Two Kinds of Resonance: Linear-additive vs. Nonlinear-multiplicative (Parametric resonance)
Coupled rotation and translation (Throwing revisited: trebuchet, atlatl, etc.)
Schrodinger wave equation related to Parametric resonance dynamics

Electronic band theory and analogous mechanics

Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
C3 symmetric spectral decomposition by 3rd roots of unity
Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves
Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, ...)
Cn symmetric mode models: Made-to order dispersion functions
Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic

Algebra and geometry of resonant revivals: Farey Sums and Ford Circles

Relating Cy symmetric H and K matrices to differential wave operators
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Two Kinds of Resonance

Linear or additive resonance.
Example: oscillating electric E-field applied to a cyclotron orbit .

itwix=E, cos(a)st) Chapter 4.2 study of FDHO
(Here damping 1'>0)
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Two Kinds of Resonance

Linear or additive resonance.
Example: oscillating electric E-field applied to a cyclotron orbit .

itwix=E, cos(a)st) Chapter 4.2 study of FDHO
(Here damping 1'>0)

Nonlinear or multiplicative resonance.
Example: oscillating magnetic B-field is applied to a cyclotron orbit.

X+ (a)g + Bcos(wst))x =0 Chapter 4.7

Also called parametric resonance.
Frequency parameter or spring constant k=m? is being stimulated.
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Two Kinds of Resonance

Linear or additive resonance.
Example: oscillating electric E-field applied to a cyclotron orbit .

itwix=E, cos(a)st) Chapter 4.2 study of FDHO
(Here damping 1'>0)

Nonlinear or multiplicative resonance.
Example: oscillating magnetic B-field is applied to a cyclotron orbit.

X+ (a)g + Bcos(wst))x =0 Chapter 4.7

Also called parametric resonance.
Frequency parameter or spring constant k=m? is being stimulated.
...Or pendulum accelerated up and down (model to be used here)
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Two Kinds of Resonance: Linear-additive vs. Nonlinear-multiplicative (Parametric resonance)
Coupled rotation and translation (Throwing revisited: trebuchet, atlatl, etc.)
Schrodinger wave equation related to Parametric resonance dynamics

Electronic band theory and analogous mechanics
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Coupled Rotation and Translation (Throwing)
Early non-human (or in-human) machines: trebuchets, whips.. (3000 BCE-1542 CE)

X-stimulated pendulum: Y-stimulated pendulum:
(Quasi-Linear Resonance) (Non-Linear Resonance) ¢
‘ Ax(®) Ay() \\
/ X /[
For small ¢ For small ¢
(cosd~1): (sin & ~0 ) :
General ¢:
Forced Harmonic Resonance ~ Parametric Resonance
20, g _ Ax(®) d26 A
_ g (t B
2 07 @+(—+L))¢ =0 (1542-2012 CE)

A Newtonian F=Ma equation A Schrodinger-like equation
Lorentz equation (with '=0) (Time ¢ replaces coord. x)

dz_(l) + ngAy(t)sin O + Ax(®

General case: A Nasty equation!
dt2 / /

cosd =0
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Coupled Rotat10n and Translation (Throwing)

The “Arkansas Whirler”

-

(picture of Hog)

Chaotic motion from both linear and non-linear resonance (a) Trebuchet, (b) Whirler .

Positioned for linear resonance Positioned for nonlinear resonance

device we hope to build
(...someday)
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Two Kinds of Resonance: Linear-additive vs. Nonlinear-multiplicative (Parametric resonance)
Coupled rotation and translation (Throwing revisited: trebuchet, atlatl, etc.)
= Schrodinger wave equation related to Parametric resonance dynamics
Electronic band theory and analogous mechanics
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Schrodinger Equation <Related 10> Jerked-Pendulum

Parametric Resonance Trebuchet Dynamics
Schrodinger Wave Equation (With m=1 and h=1) Jerked Pendulum Equation
( \
42 main difference: 2 A (¢t
—;b + (E — V(x)) »=0 independent variable M + g + ﬁ ¢ — ()
dx <«—space=x d+2 14 14
. . . \ )
With per(' lO)dlC potential o) bte.COmets_) On periodic roller coaster: y=-A,, cos wyt
V(x) = -V, cos(NVzx tme=
0

Ay (t) = waAy cos(wyt)
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Schrodinger Equation <Related 10> Jerked-Pendulum

Parametric Resonance Trebuchet Dynamics
Schrodinger Wave Equation (With m=1 and h=1) Jerked Pendulum Equation
( \
42 main difference: 2 A [t
—¢ + (E — V(@) » =20 independent variable M 4+ g + A o =0
dz? <«—space=x dt2 14 14
. . . \
With Pel(” IO)dIC potential o) bfcom ets_) On periodic roller coaster: y=-A)y cos wyt
V(x) ==V cos(Nz e
0 A (t)=w?A cos(w t
Mathieu Equation y( ) gy ( Y )
( \
2 2 A
d w
—qb—l—(E—l—VOcos(Nx))qb:O d—d)—i- Iy Y Y cos(w t)|¢p =0
dr? dt* ¢ ¢ g
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Schrodinger Equation <Related 10> Jerked-Pendulum

Parametric Resonance Trebuchet Dynamics
Schrodinger Wave Equation (With m=1 and h=1) Jerked Pendulum Equation
[ \
42 main difference: 2 A [t
_(]5 + (E — V(fE)> ¢ =0 independent variable M + g . A o =0
dz? <«—space=x dt2 14 14
. . . \
With periodic potential beOm ets_) On periodic roller coaster: y=-A)y cos Wt
_ ime=
V(z) = =V, cos(Nz) A (t) _ 24 cos(w 1)
Mathieu Equation Np—=w t Y y 9 Y
y R ( 2 v
2
6 R
— T+ (E +V, COS(_N{E)) o =0 /’onnection MR A cos(w t)|p =0
dr? Relations d+2 4 4 Y
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Schrodinger Equation <Related 10> Jerked-Pendulum

Parametric Resonance Trebuchet Dynamics
Schrodinger Wave Equation (With m=1 and h=1) Jerked Pendulum Equation
( \
42 main difference: 2 A [t
4o + (E V( )) ¢ =0 independent variable ¢ + g + A ¢ =10
do? <«—space=x dt2 ( (
With periodic potential beOm ets_) On periodic roller \coaster.‘ y=-/fy cos Wt
_ ime=
V(x) = =V, cos(Nx) A, (t) _ wyz A, cos(w, 1
Mathieu Equati _
athieu Equation ; Nr =w, / : : + \
—+(E+V COSN:I: o =0 Connectlo/ IS [T Jcos(w t)|lo =0
de Relations dt2 14 4 Y
N
—dz = dt —da: _a? |
W 2
Y w

Yy
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Schrodinger Equation <Related 10
Parametric Resonance

Schrodinger Wave Equation (With m=1 and h=1)

Jerked-Pendulum
Trebuchet Dynamics

Jerked Pendulum Equation

( \
42 main difference: 2 A (t
¢ (E V( )) ¢ =0 independent variable a9 + J L ( ) » =0
dz? <«—space=x dt2 ( (
. L . )
With periodic potential beOm ets_) On periodic roller \coaster.‘ y=-4,, cos wyt
_ ime=
V(z) = -V, cos(Nz) A (t) =w 24 cos(w t)
Mathieu Equation N _w { Y g /
% v ’ 2 v
— =+ (E + V COS N:E =0 Connectzo/ — 4| =+ J_J cos(w t) » =0
dr? Relations dt2 ( (
N
w—da::dt —2dx —da? |
( \
Y w 2
Y 2 2 w <A
Let N=2 to get M-i— N— g-}- gy 9 COS(N.CE) ¢ = ()
Band-edge modes d£B2 W 21/ /
gy \ )
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Schrodinger Equation <Related 0> Jerked-Pendulum
Parametric Resonance Trebuchet Dynamics

Schrodinger Wave Equation (With m=1 and h=1)

Jerked Pendulum Equation

9 o . ( \
d main difference: 2 A ([t
—¢ + (E V( )) ® =0 independent variable M + 9 Y ( ) o =0
dz? <«—space=x dt? 14 (
. . . \ /
With periodic potential bte.comets_) On periodic roller coaster: y=-A4,, cos wyt
V(z) ==V, cos(Nz e
(2) o cosiV) A (t) = w %A cos(w t)
Mathieu Equation * Nz :w t ’ ( A +y \
— + (E + V], cos( Nac qb 0 ﬁonnectw/ — L+ LT cos(w t) | =0
de Relations dt2 ( ( Y
w— dr = dt —Qd:z: —a? |
( \
Y w 2
Y 2 2 w A
\/ Let N=2 to get CZ—¢+ N— g—|— g J COS(NZE) o =0
N2 0 Band-edge modes dﬁL’Q i 2 (/0 14
F = J Y \* )
wy2 4 OM Energy E -10-W, Jerk frequency Connection
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Schrodinger Equation
Parametric Resonance

Schrodinger Wave Equation (With m=1 and h=1)

d*

d:c‘2

+(E - V(x) o =

With periodic potential

V(z) = =V, cos(Vz)

Mathieu Equation

2
%
al:z:‘2

<Related 10,

main difference:
independent variable

<«—space=x

v

Edﬂ::dt

W
Y

becomes

lime=t=—p

':w

t

Jerked Pendulum Equation

at* | ¢

o, 40

o

/

Jerked-Pendulum
Trebuchet Dynamics

0

On periodic roller coaster: y=-A,, cos w,t

— 24 o
Ay (t) =w, Ay (,Ob(wy t)

(E +V cos(Na: » =0 /Connectzo

Relations

/

Let N=2 to get
Band-edge modes

d%

dt?
— dt?
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OM Potential V -A,, Amplitude Connection

(
0 KA,
(¢

\ f /'

* \

| cos(wy t)
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Schrodinger Equation <Related 10> Jerked-Pendulum
Parametric Resonance Trebuchet Dynamics

Schrodinger Wave Equation (With m=1 and h=1)

Jerked Pendulum Equation

9 o . ._ ( \
d main difference. 2 A ([t
—¢ -+ (E V($)) independent variable d_(p + g Y ( ) O =0
dz? <«—space=x dt? ( (
With periodic potential b?COI”WS On periodic roller coaster: y=- /; cos Wt
V(z) = =V, cos(Nz) lime=i—> 9 : :
0 A (t)=w “A cos(w t)
Mathieu Equation e — w / J ( ) S J
— T4 ( E + V COS(N:L‘ o =0 /Connectzo / — g + y Y cos(w, t) O =0
d:z:z Relations dt? ( ( 4
N .. y )
: ( \
Y W
U dz NZ %A
? J 478 Y cos(Nz)|p =0

\/ [LetN—2 toget] —_—t —
Band-edge modes 2 '
4 S
2
y

OM Energy E-to-m, Jerk frequency Connection

For N=2
[ and (=1 ] VO = 4Ay
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Two Kinds of Resonance: Linear-additive vs. Nonlinear-multiplicative (Parametric resonance)
Coupled rotation and translation (Throwing revisited: trebuchet, atlatl, etc.)
Schrodinger wave equation related to Parametric resonance dynamics

¥ Electronic band theory and analogous mechanics
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Electronic band theory and analogous mechanics

Suppose Schrodinger potential V' 1s zero and, by analogy, the pendulum Y-stimulus 4, 1s zero

d 2¢ independent variable dz 0

_ 2
_ 2 v <€«—space=x " —w
d 2 E¢ becomes dt2 O¢
X time=t —>

Wednesday, November 16, 2016
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Electronic band theory and analogous mechanics

Suppose Schrodinger potential V' 1s zero and, by analogy, the pendulum Y-stimulus 4, 1s zero

2 independent variable 2
_M_ E¢ <€« space=x _M_a) 1)
> becomes dr* 0

X time=t —>

Eigen-solutions are the familiar Bohr orbitals or, for the pendulum, the familiar phasor waves

+zkx Timnt
<x‘k> Pe(x)= \/_n where: E=* <t‘a)>:q§w(t): e\/z—;: , where: woz\/%

Wednesday, November 16, 2016
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Electronic band theory and analogous mechanics

Suppose Schrodinger potential V' 1s zero and, by analogy, the pendulum Y-stimulus 4, 1s zero
a’2¢ independent variable dz 0

—— L = <€«—space=x il SRS,
> E¢ bl;comes dr? 0?
. : X . time=t =—>» -
Eigen-solutions are the familiar Bohr orbitals or, for the pendulum, the familiar phasor waves
tik i
¢ 2 € Co |8
x|k)=¢,(x)= , Where: E=k tw)=¢ (t)= , Where: @ —\/:
Bohr has periodic boundary conditions x between 0 and L. Pendulum repeats perfectly after a time 7.
' 2 0T 21tm
0(0)=9(L) =e"" =1, or: k=== 0(0) =9(T) =™ =1, or: 0)==""

Wednesday, November 16, 2016 20



Electronic band theory and analogous mechanics

Suppose Schrodinger potential V' 1s zero and, by analogy, the pendulum Y-stimulus 4, 1s zero
d2¢ independent variable dz 0

— 2
—_—— = <€ space=x — =
2 E¢ b};comes dr? 0?
, dx . time=t —>» B
Eigen-solutions are the familiar Bohr orbitals or, for the pendulum, the familiar phasor waves
tik i
¢ 2 € Co |8
x\k)=¢,(x)= , where: E=k tHo)=¢ (t)= , Where: @ —\/:
Bohr has periodic boundary conditions x between 0 and L. Pendulum repeats perfectly after a time 7.
. o T 2Ttm
0(0)=9(L) =e"" =1, or: k=== 0(0) = 9(T) =" =1, or: ="

Limit L=2n=T for both analogies. Then the allowed energies and frequencies follow

E=k%=0,1,4,9,16... W, =m=0,:1,:2,:3,+4,...
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Electronic band theory and analogous mechanics

Suppose Schrodinger potential V' 1s zero and, by analogy, the pendulum Y-stimulus 4, 1s zero
d2¢ independent variable dz 0

— 2
—_—— = <€ space=x — =
2 E¢ b};comes dr? 0?
, dx . time=t —>» B
Eigen-solutions are the familiar Bohr orbitals or, for the pendulum, the familiar phasor waves
tik i
¢ 2 € Co |8
x\k)=¢,(x)= , where: E=k tHo)=¢ (t)= , Where: @ —\/:
Bohr has periodic boundary conditions x between 0 and L. Pendulum repeats perfectly after a time 7.
. o T 2Ttm
0(0)=9(L) =e"" =1, or: k=== 0(0) = 9(T) =" =1, or: ="

Limit L=2n=T for both analogies. Then the allowed energies and frequencies follow
E=k%=0,1,4,9,16... W, =m=0,:1,:2,:3,+4,...
Schrodinger equation with non-zero V solved in Fourier basis

2
—% +V, cos(Nx)p=E¢ , (D + V)‘¢> = E‘¢>
X

Fourier representation:( | D|k) = j*6

2(/]|(D+V)|k)(k|¢) = £(j|0)

(Matrix eigenvalue equatiOn)
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Electronic band theory and analogous mechanics

Suppose Schrodinger potential V' 1s zero and, by analogy, the pendulum Y-stimulus 4, 1s zero
d 2¢ independent variable dz 0

_ 2
—_—— = <€ space=x — =
> £¢ b}écomes dr* 09
. . x eq e time:t q eq e
Eigen-solutions are the familiar Bohr orbitals or, for the pendulum, the familiar phasor waves
e 2 € Cy = |8
x|k)=¢,(x)= , where: E=k Ho)=¢ (t)= , where: @ —\/:
R)=0,0= (0) =0, 0= . wher: 0,
Bohr has periodic boundary conditions x between 0 and L. Pendulum repeats perfectly after a time 7.
. o T 2Ttm
0(0) = (L) = = 1, or: k=% #(0)=¢(T) =" =1, or: )=~
Limit L=2n=T for both analogies. Then the allowed energies and frequencies follow
E=k%=0,1,4,9,16... W, =m=0,:1,:2,:3,+4,...
Schrodinger equation with non-zero V solved in Fourier basis
2
—% +V,cos(Nx)p=E¢p,  (D+V)¢)=E|¢)
Fourier regresentation°< j|D|k)=j*6" and (] v]&) 2Jn 7 e v cos(N )eﬂkx 21“ p ¢ ) . e N 4N
: = ) = X cos( Nx = b
’ / o ~2m ' N on Y 2
{0+ V)R) (k)= (o) (3o 1)

(Matrix eigenvalue equatiOn)
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Electronic band theory and analogous mechanics

Suppose Schrodinger potential V' 1s zero and, by analogy, the pendulum Y-stimulus 4, 1s zero

2
d* d’¢
> dt
Eigen-solutions are the familiar Bohr orbitals or, for the pendulum, the familiar phasor waves
tik i
¢ 2 € Co |8
x|k)=¢, (x)= , where: E=k tHw)=¢ (t)= , where: @ —\/:
< ‘ > k \/ﬁ < ‘ > 0] \/% 0\
Bohr has periodic boundarjy conditions x between 0 and L Pendulum repeats perfectly after a time 7.
2 2Ttm
#(0)=o(L) =™ =1, or: k—% #(0)=o(T) = of —1. or: wO_T

Limit L=2n=T for both analogies. Then the allowed energies and frequencies follow
E=k%=0,1,4,9,16... W, =m=0,:1,:2,:3,+4,...
Schrodinger equation with non-zero V solved in Fourier basis

2
N Y

X o .
— ' —i| j—k)x —i
i jx e+lkx 2, (] ) e i Nx i Nx

Fourier representation:<j|D|k>:jzéj? and < ‘V‘ >_ dei/ﬂVCOS(Nx)\/ﬂ _ (J)dx - v, 2+€
£()](D+ V) {Klo) = £(jlo) ST

(Matrix eigenvalue equatiOn)

(Move Fourier reps. to top)
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Electronic band theory and analogous mechanics
Schrodinger equation with non-zero V solved in Fourier basis

2
—%+ Vcos(Nx)p=E¢,  (D+V)¢)=E|¢)
X ¥ ' —I| j—K)x —i Nx i Nx
Fourier representation:< j|D| k> = j255‘7 and < j|V ‘ k> = 2jn dx%Vocos(Nx)% = 2jn dx < (2];) V, e 2+e i
. , 0 T T 0
(D +V) k) (K|o)=E{jl9) A
(Mam’x eigenvalue equation) :7(51‘ +5j )

Wednesday, November 16, 2016
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Electronic band theory and analogous mechanics
Schrodinger equation with non-zero V solved in Fourier basis

2
_a¢ +V,cos(Nx)p = E¢ ,
dx?

Fourier representation: < Jj | D| k> = j%8 ;‘ and < j‘ V‘ k> — 217[ dx——V,, cos(Nx)

X(|(D+V k) (ki) = E(j|9)
CMatrix eigenvalue equation)

<j‘(D + V)‘ k> = (forjand k even)

- 6) ) -2) o) ).

|7
A O
<= 9
AN
> <
<

I
[\
<
9
N
<

+ T+
I
<
= N
B

+
®))
<

/\/\/\/l\/\/\/\
> e e e
<
-
<

4),

(D+V)|9)=E|9)

—i jx +ikx g —i( j—k)x
e e =] dxe Voe
V21 V2 o 2
V
_ 0 Sk+N k—N
5 (6J. +5J. )

(j|(D+V)|k)=(forj and k odd)

sy,

3),

: \ Connection relations
fromp. 15-16 Here: v=

<—7‘ 7%

<—5 v 5%y

<—3 y 3 v

<—1 v 17 v

<+1 v 12y
(+3 v 32
(+5 y 5
24, \ ForN2J

;< and t=1
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Em-values vary with amplitude /s or wiggle amplitude A, =Vl/N2=2v/N2=v/2. (N=2 and

]

. (=1 here)
Eigenvalues for Vp=0.2 or v=0.1 and Vy=2.0 or v=1.0 .

E,= | —0.0050 {& inverted E,= | —0.4551 | €= inverted Connection relations
E,_=| 08988 E_=|-01102 |« inverted Jrom p. 15-16
E, = 1.0987 E, =| 18591

E,_=| 3.9992 E, =| 39170

E, =| 4.0042 E, =| 43713

E, =| 9.0006 E, =| 9.0477

E,, =| 9.0006 E, =| 9.0784

When pendulum is “normal” and near its lowest point (¢p~0) then cos ¢ ~1 and sin o~o

2 2 2 Y 2 2 N34
d;b+N2 g_a’y ycos(Nx) ¢=0=d¢+ N &_ -
dx @, l dx? a)y2 l
When pendulum 1s "inverted" near highest point (¢ ~7m ) then cos ¢ ~ -1 and sin ¢ ~ T—0 .

7 2
M_ g a)yA

cos(Nx)]q), (where: ¢ ~ 0)

Wednesday, November 16, 2016

Y
= — ———=cos(w t —-1)=0, O~
2| . (@,1) (p—m) (where: ¢ ~ 1)
Em-eigenvalue determines pendulum Y-wiggle frequency mym).
2 L
__N" g implies: o - N [8_ 2 (g=1, too)
Em="5—", Y= JE N JE
a)y(m) 14 m m
Pendulum Y-wiggle frequency wym) for V9=0.2 and for Vy=2.0.
® 0 =2/N.0050 | =28.2843 |€= inveried ® ) =2/NA551 | =2.9646 |l jneried
o =2/+/.8988 | =2.10959 o =2/L1102 | =6.02475 L 1verted
y y
o =2/+/1.0987 | =1.90805 a)y(l+)=2/\/1.8591 =1.4668
Y
© =2/+/3.9992 | =1.00010 ° =2/~/3.9170 | =1.0105
Y
0) o = 2/+/4.0042 | =0.99948 a)y(2+):2/\/4.3713 =0.9566
Y
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E

Ny

w? L

Y

OM Energy E-Related to-
o, Jerk frequency

E

"

OM Potential V-A,, Amplitude

Connection
-3 -2
I
N ZAI/ x"""‘
o=—
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O+A:‘ \

Stable Hanging
Band(2)

il

|
(@

l"".'

o~
AI
S

+
«+— Unstable Resonance

A

Gap (2)

Unstable Resonancel .
5 Gap (1)
|6 l'? |8 |9 I11 |12 I13

- Stable Inverted
Band(0)
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E

4
E=—g
W

y

OM Energy E-Related to-
o, Jerk frequency

®, = 2\/E

E
For N=2
and =1

OM Potential V-A,, Amplitude

Connection A ’
4 .2
|
‘/0 — 4Ay __,"'.-"I'

Wednesday, November 16, 2016

V=2.0 Bands B ,
T

3- 3By
Stable Hanging [l
Band(2) ///ll‘m

(e
e WS
y 2+ A

Unstable Resonancel .
5 Gap (1)
|6 I? |8 |9 }1 }2 ES

- \
r

- Stable Inverted
Band(0)
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®,(47)=0.9566
A.,=05 ¥ __

214 ; Mode

Ay:0.5

2°A P Mode

0y (By)=1.4668

A,,=0.5
1TB_ Mode

2
I'B] Mode
A,=0.5
y f
0, (B)=6.02475

y

Jerklt Simulation: 1- B1 Mode

074 ; Mode $1
4,=0.5 g

JerklIt Simulation: 1+ B, Mode

sin@@j

sing@-

0.5

Y-accelemtion:A(z‘)Z—Ay(o 2cosm,t

Bt SV‘/\{m

®y(A )2.9646}.‘?5. N

1_@[:-3-&5
JerklIt Simulation: 0+ A1 Mode
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IRV

"~ Equivalent V-well bottoms—%

Jerklt Web Simulation

Unstable Resonance
Gap (2)

N Unst?ablfe Rgeéohc:mceé
[ Gap (D)

TAANI

JerkIt Web Simulation
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http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=2+
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=2+
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=2-
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=2-
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=Gap(1)
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=Gap(1)
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=2-
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=2-
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=Amp50Omega147-
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=Amp50Omega147-
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=Amp50Omega602
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=Amp50Omega602
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=Amp50Omega296
http://www.uark.edu/ua/modphys/markup/JerkItWeb.html?scenario=Amp50Omega296

A quick look at band splitting for a square periodic potential (Kronig-Penney Model)

W=15nm Ome 10me 2O0meV 30meV
— , 50 /
| [N E A0
L=5nm 20_7 Allowed Band (5)
v,=5 —=—Jan o (From Ch. 14 Unit 5
POORTOR O /011l Band (4 Quantum Theory for the
. 207 - Computer Age (OTnCA)
Units
120 = .
V=4 —» ~ Brillouin Band
2 - Allowed Band (3) % boundaries
_ Hx’f
10_7
1)223 —>E 10__Jsg 2) Forbidden Gap (2)
—] ___.."-. — —
V,2=2 —*1 ~Lerli - i
9 - and ( Band (0) Forbidden Gap (1)
V=15 4 — -
UZZO I:II II|IIII]_i:|IIII|I”IE.I|:iIII|IIIlgllzlllllllIlld.lljllllllllﬁlzl

Fig. 14.2.7 Bands vs. V. (W=15nm well ,L=5nm barrier) showing Bohr splitting for (N=2)-ring.
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A quick look at band splitting for a square periodic potential (Kronig-Penney Model)

f

15

B1B2 crossing R
2
2 //B;—
B
f—%ﬁ _2 (From Ch. 14 Unit 5
lm 20/ Al 25\/ Quantum Theory for the

P Computer Age (OTnCA)

1 2 = 1 1 1

Fig. 14.2.13 (B, B>) crossing for:(N=2) at V=12 and E=16, and (N=6) at V=144 and E=108.
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Wave resonance in cyclic symmetry
3 Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, .
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry
2+ B? C,| 1 o

H:(A B):A(l O]JFB(O 1] K:sz[A+B 22AB2J , .

B A 0 1 10 2AB  A’+B 1|1 o,

=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1
Reflection symmetry 6g defined by (o8)*=1 in C; group product table.
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry

2+ B? C,| 1 o
H=| 4 B |_4 1 O |45 01 K=m2=| 45 22’432 2 B
B A 0 1 10 2AB  A’+B 1|1 o

=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1
Reflection symmetry 6g defined by (o8)*=1 in C; group product table.
(a) unit base Stat]e 11)=1|1) (b) unit base State \UB> osl|1)

0=h=) =g D=b)=1)=| COBHED
x,)=0 x;=0
I uuw!l D m
> l->
xy=1 X1—
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry

2+ B? C,| 1 o
H=| 4 B |_4 1 O |45 01 K=m2=| 45 22’432 2 B
B A 0 1 10 2AB  A’+B 1|1 o

=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1
Reflection symmetry 6g defined by (o8)*=1 in C; group product table.
(a) unit base Stat]e 11)=1|1) (b) unit base State \UB> osl|1)

0=k=2)=(y D=b)=1)=| CHC
x,)=0 x;=0
i3 D m
e X= "> (oB)*=1 or: (oB)*-1=0 gives projectors:
xg=1 (08+1)-(08-1)=0= p(*- p(-V
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Wave resonance in cyclic symmetry

Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry

2+ B? C,| 1 o
H=| 4 B |_4 1 O |45 01 K=m2=| 45 22’432 2 B
B A 0 1 10 2AB  A’+B 1|1 o

=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1
Reflection symmetry 6g defined by (o8)*=1 in C; group product table.
(a) unit base Stat]e 11)=1|1) (b) unit base State \UB> osl|1)

0=k=2)=(y D=b)=1)=| CHC
x,)=0 x;=0
i3 D m
e X= "> (oB)*=1 or: (oB)*-1=0 gives projectors:
xg=1 (08+1)-(08-1)=0= p(*- p(-V

P*=(1+og)/2 and P~=(1-0B)/2
(Normed so: P(Y+P=1 and: P™-Pm= P(m))
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Wave resonance in cyclic symmetry

Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry

2+ B? C,| 1 o
H=| 4 B |_4 1 O |45 01 K=m2=| 45 fABZ 2 B
B A 0 1 10 2AB  A’+B 1|1 o

=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1
Reflection symmetry 6g defined by (o8)*=1 in C; group product table.
(a) unit base Staie 11)=1|1) (b) unit base State \UB> osl|1)

0)=he)=2) = D=py=-1=| LG
x,)=0 x,;=0
it D m
L3 '-> (oB)*=1 or: (68)°-1=0 gives projectors:
xXo=1 A1 (ow+1):(08-1)=0= p(+V- p(-
C2 symmetry ( B-type) modes P(H=(1+08)/2 and P=(1-0g)/2

(Cl) Even mode |—|->:|02> =<5>/\/2 (Normed so: P(V+P“=1 and: P -Pm= P(m)

r ) f
“““ U

x0—1/\/2 x1—1/\/2
(b) Odd mode |-)= |12>— Nz

wr
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry
A>+B> 2AB G| 1 o
H-= A B A 1 0O ny: 0 1 K= H2 — , , 2 B
B A 0 1 10 2AB  A’+B 1|1 o,
=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1

Reflection symmetry 6g defined by (o8)*=1 in C; group product table.
(a) unit base Staie 11)=1|1) (b) unit base State \UB> osl|1)

0)=he)= |2>—(0) D=by=1)=| COC:

x0=0 x1=0
> x "’ (o8)*=1 or: ( i

oB)’-1=0 gives projectors:
xy=1

(os+1)-(0B-1)=0=p™*"- p(-
C> symmetry (B-type) modes o P(=(1+08)/2 and PO=(1-05)/2
Mode state projection:
(a) Even mode |+)=|0,) _<§>N2 (Normed so: P(Y+P=1 and: P("-P("= P(m)
=10, =

[+)=]02)=P*|0)v/2

~~~~~ v I v =(|0)+]2)) /v
i =(|1)+| oB)) />

x0—1/\/2 x1—1/\/2
(b) Odd mode |-)= |12>— Nz

)=]02)=P~|0)v/2
m JW jﬂjﬂl (10)-[2)) /v
=(|1)-|o8))/v2

xO—I/\/Z xl——l/\/2
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry (B-type)

Hamiltonian matrix H or spring-constant matrix K=H-? with B-type or bilateral-balanced symmetry

24 B C,| 1 o
H=| 4 B |_4 1 O |45 01 K=m2=| 45 fABZ 2 B
B A 0 1 10 2AB  A’+B 1|1 o

=A-1 +B-0p =(A2+B*)1 +2AB-Gp opl0, 1
Reflection symmetry 6g defined by (o8)*=1 in C; group product table.
(a) unit base Staie 11)=1|1) (b) unit base State \UB> osl|1)

0)=he)= |2>—(0) D=by=1)=| COC:

x0=0 x1=0
> x "’ (o8)*=1 or: ( i

oB)’-1=0 gives projectors:
xy=1

(os+1)-(0B-1)=0=p™*"- p(-
C> symmetry (B-type) modes o P(=(1+08)/2 and PO=(1-05)/2
Mode state projection:
(a) Even mode |+)=|0,) _<§>N2 (Normed so: P(Y+P=1 and: P("-P("= P(m)
=10, =

4)=|02)=P(*|0)v/2 C, mode phase & character tables
~~~~~ v ) =(0)-+[2))/v:
=(|1)+|oB))/V2 A A

x0—1/\/2 x1—1/\/2 () 1 1
(b) Oddmode| —)= |12>_ /\/2 2

)=102)=P[0) > 1 A
m Anh ‘ A]HJJJI ( |2>)/\/2 State * ° Overal
( | 0'B>) / V2 m=wave-number )perator

norm:.

or “momentum’” norm.
XO_]/\/Z x]—-l/\/Z IN2 (modulo-2) 1/2
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
3 Harmonic oscillator with cyclic Cs symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, .
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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Wave resonance in cyclic symmetry

Harmonic oscillator with cyclic C3 symmetry
3-fold £120° rotations r=r! and (r)*=r’=r-'

(11141081
2 1
obey: (r)’=r’=1=r° and a C3 gtg-product-table 3
G, =1 rl=r? r?=r"! ,
M
0

r=1 1 r r
r’=r| r? 1 r!
rl=r? r! r’ 1 . .
H-matrix and each r’-matrix based on g{g-table.
g=r” heads p”-column. Inverse g'=g-! heads p™-row
th it oto=1=0"!1 ' th_d ] o 172 1 00 0 1 0 0 0 1
en unit g'g=1=g'g occupies p*-diagonal. e =l 0 10 lenl o 0 1 ksl 10 o
7"] 7'2 rO 0O 0 1 1 0 O 0 1 O
H — 7‘01 +I’]°I'1 +l”2'1‘2
r'=1
Fig 4.8.1
Unit 4
CMwBang
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Wave resonance in cyclic symmetry

Harmonic oscillator with cyclic C3 symmetry
3-fold £120° rotations r=r! and (r)*=r’=r-'
obey: (r)’=r’=1=r’ and a C3 gtg-product-table

G, =1 r'=r? r’=r"!
=1 1 r! r’
r’=r| r? 1 r!
rl=r—? r! r’ 1

g=r? heads p”-column. Inverse g'=g! heads p’-row

2 “ m\ ; 1
\

H-matrix and each r’-matrix based on gfg-table.

- - - o T1 72 1 00 010 0 0 1
to=1=c-1 th_
then unit g'g=1=g-'g occupies p”-diagonal. m oo =m0 10 40l 0 0 1 l+nl 1 0 o
non oo 00 1 1 0 0 0 10
_ 1 2
Cs unit base states H = 75l +rp-T +r,r
r'=1
(p=0) unit base state ]\ (p=1) unit base state | (p=2) unitbasestate/O\
=0y 10 D=r'l0=rI0emll|  ami=rl0)=rj0) |0
0 Yo i
M M M ; : M
x,=1 x,=I
-120°=240°
x =] Unit displacement M | rotation rotation .
0 of mass point-0 r! rl=rt2? Fig 4.8.1
M  from equilibrium Unit 4
CMwBang
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Wave resonance in cyclic symmetry

Harmonic oscillator with cyclic C3 symmetry
3-fold £120° rotations r=r! and (r)*=r’=r-'

(11141081
2 1
obey: (r)’=r’=1=r° and a C3 gtg-product-table 3
G, =1 rl=r? r?=r"! ,
M
0

=1 1 r r?
r=r"! r’ 1 r
r=r r r’ 1

H-matrix and each r’-matrix based on gfg-table.
g=r” heads p”-column. Inverse g'=g'! heads p”-row

r r
then unit g'g=1=g-'g occupies p”-diagonal. rz r(]) rj FO[(I) (1) 8] or 8 é (1)] +r2[(1) 8 (1)]
non o1 00 1 1 0 0 010
Cs unit base states H = 75l +”1'r1 +’”2'1‘2
r'=1
(p=0) unit base state ]\ (p=1) unit base state | (p=2) unitbasestate/g\
0=10) [0 JD=r'(0)=r20)gm/

12)=r?|0)=r"|0) \0/ r2 r'=1
T Sy e

M M M |
— — 1 ]
| -120°=240° ' |O>
—7 Unit displacement M | rotation rotation M
Xp= ! +2 Fig. 4.8.1

of mass point-0 ri=r
M  from equilibrium Unit 4

CMwBang

Each H-matrix coupling constant »,={ro, r;, r2} is amplitude of its operator power r’={r’, r!, r’}
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
¥ C; symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, ..
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

Pozeiozl
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

. 21
lm§

1=r" implies : 0= r’—1= (r—po)(—-p1)(x—-p,1) where: p,, =e

Each eigenvalue p, of r, has idempotent projector P such that r-P™=p, P

po=e"=l1
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

. 21
lm§

1=r" implies : 0= r’—1= (r—po)(—-p1)(x—-p,1) where: p,, =e

Each eigenvalue p of r, has idempotent projector P such that r-PW=p,,P("

All three P™ are orthonormal (P™ P =6mn P™ ) and complete (sum to unit 1).
2T

p1:€l§ 1 = P(O) 4+ P(l) 4+ P(z)

po=e"=l1

P2 =
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

. 2_7[
1=r" implies: 0=r"~1=(r—py)(r~ p1)(r—p,1) where: p, ="
Each eigenvalue p of r, has idempotent projector P such that r-PW=p,,P("

All three P™ are orthonormal (P™ P =6mn P™ ) and complete (sum to unit 1).
2T

p1:€l§ 1 = P(O) 4+ P(l) 4+ P(z)

0
P():el :1 r — pO P(O) + pl P(l) + p2 P(z)

P2 =
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

. 2_7[
1=r" implies : 0= r’—1=(r- poD(x — p,1)(r—p,1) where: p,, = P
Each eigenvalue p of r, has idempotent projector P such that r-PW=p,,P("
All three P™ are orthonormal (P P® =bymy P™ ) and complete (sum to unit 1).

2T
P =el : 1 = P(O) 4+ P(l) 4+ P(z)
0
p():el :1 r — pO P(O) + pl P(l) + p2 P(z)
— _izﬁn 2 2 5(0) 2 (1) 25(2)
Pr = r :(,00) P +(P1) P +(P2) P
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,

2w

1=r1> implies: 0=1>-1=(r— p,1)r = p,1)r - p,1) where: p, =e"
Each eigenvalue p of r, has idempotent projector P such that r-PW=p,,P("
All three P™ are orthonormal (P P® =bymy P™ ) and complete (sum to unit 1).
2T
p1:€l§ 1 = P(O) 4+ P(l) 4+ P(z)
10 _ 0 1 2
po=e =1 r = p, P+ p P+ p P
_jm
— 3 2 2p(0 2 p(l 2p(2
Py =e€ r’=(py) P +(py) PV +(p,) P

Easy to resolve spectral projectors P

P(O):%(r0+ ri+ r2)=%(1+ ri+ rz)

p()— 3(r +P1" +p2r ):%(IJF e—i27r/3 1, +i2n/3 r2)
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C3 Spectral resolution: 3 roots of unity

We can spectrally resolve H 1f we resolve r since 1s H a combination 7,r” of powers r”.

r-symmetry is cubic r3=1, or r3-1=0 and resolves to factors of 3’ roots of unity pm=e™%3,
2r

1=r1> implies: 0=1>-1=(r— p,1)r = p,1)r - p,1) where: p, =e"
Each eigenvalue p of r, has idempotent projector P such that r-PW=p,,P("
All three P™ are orthonormal (P P® =bymy P™ ) and complete (sum to unit 1).
2T
p1:€l§ 1 = P(O) 4+ P(l) 4+ P(z)
0
P():el :1 r — pO P(O) + pl P(l) + p2 P(z)
_jm
py=e r? = (p)* P +(p)* P +(p,)? P
Easy to resolve spectral projectors P and eigen-bra-vectors ()|
P(O):%(I_O Lol rz)z%(H Pl r?) <(o3)|=<o\P(°)\/§=\/§( 11 1)
P(l) 3(1' _|_p1r +p2r )=%(1+ e—i27r/3 1 +127r/3 2) <(13)|:<O’P(1)\/§=\/g(1 o 12713 €+i27r/3)
p(2)_ 3(1, 4 pzl‘ I Pll‘ ) 3(1 4 pti2mi3 1y —i2n3 2) <(23)‘:<0‘P(2) 3= \/g (1 273 gi2ml3y

(m3) means: m-modulo-3 (Details follow)
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

¥ Resolving Cs projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, ..
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

<(03)‘=<0‘P(0)\5:\g(1 1)
(1) =<O\P(1)\@ _ \g (1 283 gridnidy
(0] =(0[PON3= L (1 o275 25
(m3) means: m-modulo-3 (Details follow)

Real+axis

0)y__1,..0 1 2 1 1 2
P! )zg(r + r+ ro)=1+ r -+ ro)
(1) _ —i27/3 1, +i2m/3 2
P (r + plr Ly pzr ) =3 (11L ro)
(2)_ _1 +i27t/3 1 —1271'/3 2
P 3(1' +p2r+p1r )—3(1_'_6 )

F1270/3
pl_e\ +10
)p():lze Real axis
/ C, mode phase character tables
=127/3 f

P m=03 po=1 py=1 pr=1

wave-number ] * 1 sk 2T0/3 % 127/3
m= m=L Pr=1Py=c  Pp=C
“momentum’”

2m/3 ¥ -i270/3

% %
m=23 p,=1p,=e" Tp,=c

norm.

2
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

P(O):%(rOJr r1+ r2):l(1+ r'+ r’)

P = 3(r +p2r +plr ):§(1+e

+1270/3

p 1_6\ :
| +10
pu— :e .
)p() Real axis

/ C, mode phase character tables

+i27t/3 1 —127t/3 2)

<(03)‘=<0‘P(0)\5:\g(1 1)
(1) =<O\P(1)\@ _ \g (1 283 gridnidy
(0] =(0[PON3= L (1 o275 25
(m3) means: m-modulo-3 (Details follow)

Real+axis

_-i2n/3
e 0 |pr=1 pf=1 pr=1 |1

3
wave-number B ] * _1 * 213 % 127/3 /
m= m= 3 P;p=1pP;,=C P;,=¢C
“momentum’”
_) * _1 * w3 * om3
m=a, Poy=1Py=¢  Py=F€

< >
norm: <T>
1/ T
~~~~~~ L=lattice length(=3 here)
N=symmetry(=3 here) :

a=lattice spacing(=1 here)
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

PO=L0 + ¢l P)=las rl+ r?) <(o3>\=<o\1><°>ﬁ=@<1 I

p(H_1 (r n ,011‘ 1 pzl‘ 2) 3(1 2Byl 232y ((1,)] = o] P NEE \g (1 7273 grimliy

p(2) 3(1, +p2r +p1r ):§(1+ oTi2m/3 L1, 23 2) <(23)‘:<0‘P(2)\/§:\/3I(1 gH2m/3 gi2ml3y

Fi27/3 (ms3) means: m-modulo-3 (Details follow)

py~c .
+10
’P 0 1=¢ Real axis Real+axis

/ C, mode phase character tables
=127/3
Py=¢ m=0 p;kzl p>0!<:1 p>0!<:1 T T T R L .

3 :
wave-number B ] * _1 *  -i2m3 % 127m/3 s . @_@_@_ <)
= m= ; p] = p] =¢ p] =e norm. <T>

“momentum”’ . . i 1/ L s
_ _ _ w3 ot -2m3 oo L=lattice length(=3 here)
" 23 P2~ pyme pysme % . N=symmetry(=3 here) :

i 1 a=lattice spacing(=1 here)

Two distinct types of “quantum” numbers.
=(0,1,0r 2 1s of operator r” and defines each oscillator’s

m=0,1,or 2 1s mode momentum m of the waves or wavevector k,=2m/ \n=27m/L. (L—Na 3)
wavelength \,=27/k,= L/m
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

P(O):%(ro + o r2):l(1+ ri+ r’) <(03)\=<O\P(°)x@=\/g(1 1)
p()_ 3(r n ,011‘ 1 pzl‘ 2) 3(1 2Byl 232y ((1,)] = o] P NEE \g (1 7273 grimliy
p(2)_1 (r +p2r +p1r ):§(1+ oTi2m/3 L1, 23 2) <(23)‘:<0‘P(2)\/§:\/3I(1 gH2m/3 gi2ml3y

Fi27/3 (ms3) means: m-modulo-3 (Details follow)

py~c .
+10
’P 0 1=¢ Real axis Real+axis

/ C, mode phase character tables
=127/3
Py=¢ m=0 p;kzl p>0!<:1 p>0!<:1 T T T R L .

3 :
wave-number B ] * _1 *  -i2m3 % 127m/3 s . @_@_@_ <)
= m= ; p] = p] =¢ p] =e norm. <T>

“momentum”’ . . i 1/ L s
_ _ _ w3 ot -2m3 oo L=lattice length(=3 here)
" 23 P2~ pyme pysme % . N=symmetry(=3 here)

i 1 a=lattice spacing(=1 here)

Two distinct types of “quantum” numbers.
=(0,1,0r 2 1s of operator r” and defines each oscillator’s

m=0,1,or 2 1s mode momentum m of the waves or wavevector k,=2m/ \n=27m/L. (L—Na 3)
wavelength \,=27/k,= L/m

Each quantum number follows modular arithmetic: sums or products are an integer-modulo-3,

that 1s, always 0,1,or 2, or else -1,0,or 1, or else -2,-1,0r 0, etc., depending on choice of origin.
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Easy to resolve spectral projectors P and eigen-bra-vectors ()|

P(O):%(rOJr r1+ r2):l(1+ r'+ r’)

<(O3)‘ :<O‘P(O)\/§=\/g( 1 1 1 )
<(13)‘ = <O‘P(1)\/§ _ \/31( | o i2m/3 e+i27r/3)
<(23)‘ = <0‘P(2)\/§ _ \/31(1 o273 e—i27r/3)

(m3) means: m-modulo-3 (Details follow)

Real+axis

P(2) 3(1' _|_p2r +P1r ) 3(1_|_ +l27t/3r1_|_ 8—1271'/31_2)
F1270/3
pl_e\ :
+10
’p(): 1=¢ Real axis
/ C, mode phase character tables
=127/3
pPy=¢ _ * _ % % _
2 =0 |z =1 p3=1 py=1 ot

wave-number
m=1

* 1 * -2T0/3 % 121/3 /
“momentum’”
_) * _1 * w3 * om3
m= 3 Pry=1pP,,=€ pP,,=¢€

e

norm.: —
1/ : ST T T U ORISR
~~~~~~ L=lattice length(=3 here)
N—sy.mme.fry.(té’. f.l.e.r.ei)...

Two distinct types of “quantum” numbers.
=(0,1,0r 2 1s

of operator r” and defines each oscillator’s

m=0,1,or 2 1s mode momentum m of the waves or wavevector k,=2m/ \n=27m/L. (L—Na 3)
wavelength \,=27/k,= L/m

Each quantum number follows modular arithmetic: sums or products are an integer-modulo-3,
that 1s, always 0,1,or 2, or else -1,0,or 1, or else -2,-1,0r 0, etc., depending on choice of origin.

For example, for m=2 and p=2 the number (p)P’=(e™?73) is eimp2r3= gi42n3= il 2m3 giln= ei2r3=p;,
That 1s, (2-times-2) mod 3 is not 4 but / (4 mod 3=1, the remainder of 4 divided by 3.)
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
> Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, ..
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

i m0 27 i ml 27 i m2 27
_______ +re 3 +rye 3

m'" Eigenvalue of r .
<Wl‘ r \m>: e imp2w/3 R
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

i m0 27 i ml 27 i m2 27

m'" Eigenvalue of r
(m| v |m)= e im»2m/3
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

i m0 27 i ml 27 i m2 27

m'" Eigenvalue of r
(m| v |m)= e im»2m/3
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

1 m 2 iml = 1m2 =

1
IR A R g ! (

m'" Eigenvalue of r S 2am . 2mm r,+2r (for m=0)
(m| v |m)= e im»2%/3

T
[l
o\‘
QN
W
+
~
A~
o
W
+
(N
W
—
[l
O\‘
+
(\®)
~
@)
@)
7))
—~
NS}
wl§
) ——
[l

ry—r (form==l)
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

m'" Eigenvalue of r
(m| v |m)= e im»2m/3

H-eigenvalues:

K r r !
0 i2 mmu
rory r e 3
2mm
r r K e
0 e ! 3

Wednesday, November 16, 2016

|

1 +2r cos(z’%”)

)

1 m

-

1y +2r (for m=0)

ry—r (form==l)
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

1 m 2 iml = 1m2 =

1
IR A R g ! (

m'" Eigenvalue of r " o o2m 2am2am , o +2r (for m=0)
- o = 3 +r(e 3 +e 3 )=r,+2rcos(“’¥") =+
(m| v m) ry—r (form==l)
H-eigenvalues: K-eigenvalues:
1 1 1 1

o 7T ;2mm 5 ;2mm K -k -k j2mm ) j2mm

A e 3 = (”0 + 2rcos( "%”)) e 3 k K -k e 3 = (K— 2k cos( n%ﬂ)) e 3

roor o1 e_l.2n§m e_Zanm k -k K e_i2n§177: e_l-2n§m
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

C ) 27 C ] 2T : e 27
<m‘H|m>:<m|rorO+r1rl+r2 2‘m>=roe_l_’_%___3_ +r1@l_jn___3_ +rye lm3
i Bgemalie ofF | P ey ] 72 @00
(m| ¥ |m)= e tmv2m3 e =he e e PRSI o (form= 1)
H-eigenvalues: K-eigenvalues:
1 1 1 1
o 7T 2mrm 2mrm K -k -k 2mm 2mm
rory r e 3 (r0+2rcos(2”§”)) e 3 * K -k el 3 :(K—2kcos(2"%”)) el 3
ror xR —iz%m —i2”§m -k -k K _,-2’%17? _,-2’%1”
e e e e
Moving eigenwave Standing eigenwaves H — eigenfrequencies | K — eigenfrequencies
g elg g g
() () : —
‘(+1) >_ 1| gti2m/3 ‘c > ‘(+1)3>+‘( 1)3> I | ry +2rcos(“'F ) \/k0—2kcos( 3 )
3/ 73 3 Vo | _
oi21/3 V2 — ~To—" =\ kyt+k
\ J
( 1 \ ( 0 \ 2 2mm
— T
PRI R VR SIS N | KRS ko = 2kcos(5)
3/ 3 3 2 _
oi2n/3 2 L -1 R =Kyt k
\ J
( i A
1
(0))=4] 1 iy +2r k, — 2k
.
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

_ 0 l 2 _ 3
<m‘ H| m> = <m| rgr +nr +rr ‘m> =ne_.... +re. .

m'" Eigenvalue of r
<m‘ r ‘m>: e imp2w/3 ErzzEy

H-eigenvalues:

Iy r 1
rory r
ror o n

1
.2n§m _ (

Hy+2rcos("3")

i m0 27 i m1 27 i m2 27

DoAne 2.
R ¥ S 2nm_27m
3 +r(e 3 +e
K-eigenvalues:
1
3 k K -k e
~i2" k -k K
e

(K — 2kcos(2"%7r )) e

Moving eigenwave

Standing eigenwaves

H — eigenfrequencies

K — eigenfrequencies

1
orizn/3

|(+1)5) =J§l

—i2m/3
e

1
o i2n/3

|(_1)3> =J§l

+i2m/3
e

|(0)3> :\51

_|GD5)=]¢Dys)

|S3> 2

1

1

. - cos( 2T
1y +2rcos(™3

:I"O—I

-2mn
ry+2rcos(53)
=r,—r
nt 2r

\/ko —2kcos(*"")

:./ko+k

\/ko —2kcos(*"")

:./ko+k

ko — 2k

C, standing wave modes and eigenfrequencies of K

c A6 -1/N6 -1/16

s |0 1A2 -1A2
m=0 [IN3 13 1AN3||/F

Wednesday, November 16, 2016

/’ > (2“‘3 |
2
Ny

f \\T\M 05 | |

m=—1 m=0 m=+1

1y +2r (for m=0)

ry—r (form==l)

1
2mm
3

—l1

2mm
e 3
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

1 m-0 27 I m-l 27 I m2 27

_ 0 1 2 _ 3 3 3
<m‘ H| m> = <m| R +nr +rnr ‘m> =1e....0 +I”1I€ ______ Tre 7.

. .l::::::::::::::::::::'- ----------- ! (
m'" Eigenvalue of r s 2w 2am T 2am , o +2r (for m=0)
(m| v |m)= e imv2/3 bzt =re 3 4r(e 3 +e 3 )=ry+2rcos(7y) =+
ry—r (form==l)
H-eigenvalues: K-eigenvalues:
1 1 | 1
h r 1 Py ) 2mn K -k -k 2mn , 2mz
A e 3 =(r0 +2rcos( "%”)) e 3 k K -k e 3 =(K—2kcos( ’%n)) e 3
_;2mm _;j2mm k- _2mm _2mm

roron S S k -k K , ; ’%1 , i ’%1

Moving eigenwave Standing eigenwaves H — eigenfrequencies | K — eigenfrequencies
1
| e ClEnd+En,) L2 || 2rcos ko — 2k cos(") Transverse (to k) Waves
|+Ds) = | |e3)= 5 3 e | Ny
e 213 -1 0 - N (26, -1N6, -1/N6) (0 +1A2, -1A2)
1 y k
|(_1) >_ 1| i2ns3 |s >_ ’(+1)3>—‘(—1)3> 1 fl % +2rcos(_2§’””) \/ko —2kcos(2"%”)
3/ 3/ . -
v 23 2 V2 1 =h~r =kt .. OIS
! Radial
|(0)5)= 4 ry+2r Jko —2k
I Modes

(13, 143, 143)

C, standing wave modes and eigenfrequencies Of K

¢ s 146 16l I AT i
s lo v a2 || ZNG

m=0 [1N3 1~N3 1IR3 F5 7F 7 F Tl |

After:
: Fig. 4.8.3
........... : Unit 4
CMwBang
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Easy to resolve spectral projectors P and eigenvalues w,, or dispersion functions w)

0. I 2 im0 %ﬂ i ml %ﬂ bmel 3
()= o s = S B g

e ' ' -

m™ Eigenvalue of " W ip02m 2am _27m , ry+2r (for m= 0)
: N = 3 3 3 )= Ty _ ]
p _ L, imp2n)3 Ezzzsh =r,e +r(e +e )=r,+2rcos(“z )=
(m| ¥ |m)= e 0 0 S n—r (form=1=1)
H-eigenvalues: K-eigenvalues:
1 1 | 1
o 7T ;2mm 5 ;2mm K -k -k j2mm ) j2mm
A e 3 =(r0 +2rcos( "%”)) e 3 k, K -k e 3 =(K—2kcos( ’%”)) e 3
_12n_17t _12n_17t _ _ _2mr _2mm
roron S S k -k K , i° , i*
Moving eigenwave Standing eigenwaves H — eigenfrequencies | K — eigenfrequencies
1 : :
= | e | o2l ED i 2 e 2reosCy ko~ 2kcos(F) Longitudinal (to k) Waves
3/ 73 3/~ “Jo| — o
o273 2 —1 )| T =\kotk (216, -1N6, -1N6 ) (0 412, -1A2)
1
()= A e s >=|(“)3>‘|(_”3>: 1 fl o+ 2reos(4™) |k~ 2kcosE)
W 2713 : 2 - 1 ]| ThTr =Jky+k
1
|(0)5)= 4 ry+2r ko — 2k
1

C, standing wave modes and eigenfrequencies Of K

¢ s 16 16l I AT i
s lo v a2 || ZNG

m=0 [1N3 1~N3 1IR3 F5 7F 7 F Tl |
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

3 Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, ..
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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Cs Symmetric Mode Model: Distant neighbor coupling

(a) 1" Neighbor C, (b) 2™ Neighbor C, (c) 3" Neighbor C,

HB!1(6)=| - THy-r - - |© HYB2A6)=| S - H,- -5 -

-

= H,1 - 1’ - tr

el

’ﬂ*

N'
|

Fig. 12 International Journal of Molecular Science 14, 749 (2013)
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Ce Spectral resolution: 6t roots of unity

C 6 wave phasors

2o | r-rr ¥ ¥ ¥ r
o 000000
lg 1
2, 1
3¢ =3¢ 1
4e=-2 1
S¢="1¢ 1
Wavefunction: ‘¥

Fig. 13 International Journal of Molecular Science 14, 752 (2013)
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Ce Spectral resolution of nth Neighbor H: Same modes but different dispersion

(a) - @ige(jn-'a]/uef Ofg‘Hill(i(, ) |
i I/H? ! — ' :r ] 1St Nelgthr H
; orHoor - |
- H.‘ roo- 3
© oo THper [
<«
1> .

P
eigenvalues of H B2(6)

(b) p0 I 2 3 4 35
_26 .26 6* Z i 16 /H: . =§ . =5 . \0
Y . _" '] let Woubler . H_, . -5 . -S ]
l 6\ N /6 -S H, - -s 2
| A : s« H,- -s |3
\—5 -S H, - |+
2r =2s=2 -5 « -5 - H: 5
§) Z
2 m =0 . i)
3, eigenvalues of H"-
- } p0 1 2 3 4 3
(©) Is Al <14 9 (H R \O
2r =2t=2i H., - ot S i
H, - -t |
Y t - - Hye - |3
A 'l'l |«’| \ -T . / / 3 4
\ f oo Ho s
_1 y _‘. { _‘. = | \', ',|l -
2 %, \ / Y,
<6 (’ “6 & , &
0 T [ m=0 / 2 3

Fig. 14 International Journal of Molecular Science 14, 754 (2013)

Wednesday, November 16, 2016 74



Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
¥ Csspectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, ..
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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Ces Spectra of 1st neighbor gauge splitting by C-type (Chiral, Coriolis,...,

Wednesday, November 16, 2016

1st Neighbor H

ZB1(6) eigenvaliies

T ~ 1..'
| xlaf 1t
el LB L A0l
E :

W, Zeeman splitting

.@’@
r%

;%@?f

r=|r|e'?

Fig. 15 International Journal of Molecular Science 14, 755 (2013)
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, ..
3§ Cn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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Cn Symmetric Mode Models:
N=2
9@

Wednesday, November 16, 2016

Fig. 4.8.4
Unit 4
CMwBang
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Cn Symmetric Mode Models: g@. g

N=2 EN=48
-0 00
©
N=3 T @
© ®V-s® Fig. 4.8.4
5 % % § Unit 4
0@ =0 CMwBang
1st Neighbor K-matrix
F, K —k, . . . e =k, %
F —k, K <k, .. e X,
K=k+2k
F, —k, K —k, . X, . 12
N 1 = : . —k;, K <k, - . * X3 where: k:7g
F, _ka K _ X, ()=0
: : : _klz :
Fyo k;, -k, K XN-1
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Cn Symmetric Mode Models: @ . g

N=2 EN=48
-0 020
@
N=3 ST g
[ ) ®N-5® Fig. 4.8.4
5 % % § Unit 4
0@ =0 CMwBang
1st Neighbor K-matrix
F, K —k, . . . e =k, %
F —k, K <k, .. e X,
K=k+2k
F, k, K k;, X, . 12
N 1 = : . —k;, K <k, - . * X3 where: szg
F, _ka K _ X, ()=0
. : : . —k12 .
Fyo -k, . . . . =k, K XN-1

Nth roots of 1 ¢ (77 2%/N =(m| v/ |m) serving as e-values, eigenfunctions, transformation matrices,
dispersion relations, Group reps. etc.

_12827'5 /2 i 6271:1'/4 627'Ci/3
‘|—] _] _|_] _]

— 2Wi/4  ,-2mi/3
2mi/3 e ¢
4T/,
Fig. 4.8.5
Unit 4
-2mi/3 CMwBang
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Cn Symmetric Mode Models:

Nth roots of 1 ¢ 77 2%/N=(m| v’ |m) serving as e-values, eigenfunctions, transformation matrices,

dispersion relations, Group reps. etc.

0o 1 .2 .3 0 .1 .2 .3 .4 _5
0 ! r r r r r r rorror

/&/v\‘ m‘/m A

\
7 R’\ A\

X - s,
A\ :\/f\\, A\

O 4 -
1| TSN T T
. = -
2, NN -
— e v
o 1 2 3 1N\ / J \‘,/'f \/
rrr 't ot (
O 3 [ 0 S x//
PR T 1
13 \ \\__‘:}{: - 15 N e
T, 7N d gl
2. NN AN S
3 \ LA 25 Sy ;\_\/ A
XN /X X |
35| NN\ N\
NV2NV2NWZN
45 \‘z(f\\\‘: \34//\/
0 3 4 5 6
C12 0 1 2 3 4 5 6 7 1.8 9 10 11 r r r r r r r
07 .
| I N /”
L e N > NN
2 NSNS
o ; 35 7 v'
e
= 4, 22\
/
Y
[/

m\mAmAmAAAm”
Wavelt C12 Web Simulation
Fig. 4.8.6-7
Unit 4 Fourier
CMwBang

transformation matrices
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98]

(b)

0, 0., OOOD

LOQ LOGCOO
]\@31’0 r!or? 24@@@@
%@@@ © 34@@@@
13@@@ Nos 10T

-
W

2,DO

OO0

N OGO

Rew 2;DQOC

25-35(DO OO

" 15-4sDOOQ
(g)

Clzr 'SR SR SR AR SR SR SR SR R S o

OOCOVN2I99

2,000 VDI
3. COPOCOIOCOI|
+.C92OCP20CP20CP
5. OPCPDOOOCICD|
6, Q‘O‘O‘Q“O‘O_
.POPCOOODPCIO|
3.0 POCODCOICOIO
2% PPOCOPIOCOIOC
10 /4VPOCOOIDOC )|
10D OO CO@|

POOOG~

Entry in

Row-m p and Column-rP

of a Fourier Wave Table
is a plane wave phasor

sk .
\Pm(xp) :élkmxp

with
wavevector:

ky,=m2 /N

xp=p

position point:

Wavelt Ci2 Character Phasors Web Simulation
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=false&docolor=false&ImWave=true&ReWave=true&hand=false
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=false&docolor=false&ImWave=true&ReWave=true&hand=false
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=12&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
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. Q090000 OIGOIEH ¢
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. 0000000000000000 . . -
. 0NG9CIC000D:IE90 1, =¢""
0 ONCD0GIC0NED0GIS
1. 090090090590 C00e
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. 0090006 60990006 0
5009999900000 C-HO/ i

position point p=0,1,2...
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=16&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=16&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=16&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=16&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=32&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
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Invariant phase
“Uncertainty”
hyperbolas:
m-p=const.
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character
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o e 7
. . . 2 i m ik, r

- 2 wimp
— ¢ 256

Invariant phase
“Uncertainty”
hyperbolas:
m-p=const.

magnetic quanta or momentum m=0,1,2...

R i S Wavelt Cas6 Character Phasors
1333333333833
ididicscscccs Web Simulation

positi'bn point p:O,] 2.
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http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true
http://www.uark.edu/ua/modphys/markup/WaveItWeb.html?scenario=C(n)_Character_Table&rdim=256&clock=true&docolor=true&ImWave=false&ReWave=false&hand=true

Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, ..
Cwn symmetric mode models: Made-to order dispersion functions

3 Quadratic dispersion models: Super-beats and fractional revivals
Phase arithmetic
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Cn Symmetric Mode Models: Made-to-Order Dispersion (and wave dynamics)

(Making pure linear w=ck, quadratic w=ck’ , etc. ? )
Archetypical Examples of Dispersion Functions

(a) Constant dispersion (b) Linear dispersion (c) Quadratic dispersion (d) Phonon dispersion  (e) Exciton dispersion
[, [ ®,, [ 0, :— Oy - Oy,

- C -

[ XXYYYY Y} Eoooooooo \ E Py \..E
- [ ) - ] - o ® -
0.5 [] —0.5 L] 5 —0.5
: s F &° [ -
WEduwuad SRARKRRRN RN Gudad sARRRRAR LT E ERdRaad SESNRRNA
ke =m kJ ke =m kj ky,=m kj
Applications:
Uncoupled Weakly coupled pendu- Weakly coupled pendu- Strongly coupled pendu- Strongly coupled pendu-
pendulums lums (No gravity) lums (With gravity) lums (No gravity) lums (With gravity)
Movie marquis Light in vacuum (Exactly) Light in fiber (Approx) Acoustic mode in solids  Optical mode in solids
Xmas lights Sound (Approximately) Non-relativistic Relativistic matter
Schrodinger matter wave (If exact hyperbola)

Reading Wave Velocity From Dispersion Function by (k,®) Vectors

slope
(0_5-0_p)/(k_5-k_5)

is
(-5,-2)- group velocity
»

slope — 0)
(©_5+0_)/(k_5+k_») m
I

(-3.-2)- B
mean phase velocity

| slope
|
: A (0)8-(1)3)/(](8—/(3)
: is (8,3)- group velocity
|

slope (0_g/k_g)
. —8 _ l T

is (-8)-phase velocity is (8,3)-mean phase velocity

|

Fig. 489 slope (@7/k7)

Unit 4

CMwBang _%;_\7 _‘6_.5_‘4_‘3_,

is (7)- phase velz’ocily
|

2345678 _
U Tk Emokg

Wednesday, November 16, 2016

a=k, x—, t

b=k, x—@,t

ia;—b a— b
=e ° COS
Things determined by

Dispersion @ = w(k)

Individual phase velocity:
(k)

ko

Pairwise phase velocity:

w(k,)+w(k,)
Vphase—2 —
k, +k,
Pairwise group velocity:
v _ 0(k,)—w(k,)

group—2 k . kb

a

Vphase—l —
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Hj S im T/ll atin g COm D l ex SyS rems [Harter, J. Mol. Spec. 210, 166-182 (2001)]

With Simpler Ones
=2 H Made of Quantum Dots

vy HoHjyH-yH3 HyHyj
H1HOH1H2H3H2\
HyHyHoHy H>H3
H2 H3 Hy Hy HyHy H;
H3 \H2H3H2H1H0H1
HyH>H3z HyHjHp

Wednesday, November 16, 2016 89




Hj S lmul atin g COmp l ex SyS tems [Harter, J. Mol. Spec. 210, 166-182 (2001)]

With Simpler Ones
=2 H Made of Quantum Dots

Making pure quadratic w=ck’ (Bohr dispersion)
_____ hok)

vy HoHjyH-yH3 HyHyj

H1HOH1H2H3H2\
HyHyHoHy H>H3
H3HyHyjHoHjy H>
HoyH3 HyHyHpHjy
Hy HyHz Hy Hy Hy
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H; Simulating Complex Systems
With Simpler Ones
=) ] Made of Quantum Dots
_——_|nok)
=3 s e e e e o

[Harter, J. Mol. Spec. 210, 166-182 (2001)]

Making pure quadratic w=ck’ (Bohr dispersion)

HI1 HygHy H>Hj H) “sn16s 0520
HyHyHoHy H) Hg vt [0 Tepaer [Lewt
H3 HyHyHyHy H) vos 16 Lases om0
HyH3HyHy HyHyp vots s Taisie 26t
HyHyHsz HyHy Hy vty ot Taesst [asms

-0.5858
-1/3

-0.7639
-0.5733

-0.8511
-1.2862
-1.1708
-1.6199
-1.5340

172
0.0895
0.5528
02510
2/3
04194
0.8180
0.6058
1
081413

-1/2

-0.0726
-0.5359
-0.2028
-0.6160
-1/3

-0.7232
-04732

1/2
006116
0.5260
0.1708
0.5858
02781

-1/2

-0.0528

-05198 1/2
-0.1479 0.0465
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Wave resonance in cyclic symmetry
Harmonic oscillator with cyclic C> symmetry
C> symmetric (B-type) modes
Harmonic oscillator with cyclic C3 symmetry
Cs symmetric spectral decomposition by 3rd roots of unity

Resolving C3 projectors and moving wave modes
Dispersion functions and standing waves

Cs symmetric mode model:Distant neighbor coupling
Cs spectra of gauge splitting by C-type symmetry(complex, chiral, coriolis, current, ..
Cwn symmetric mode models: Made-to order dispersion functions

Quadratic dispersion models: Super-beats and fractional revivals
P Phase arithmetic
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2-level-system and (> symmetry phase dynamics

Cy Phasor-Character Table

0 1 .
r =0 r G=m L %

C, Character Table describes eigenstates

symmetric Aj 1=7° pr=¢"' even  +45°
Omod?2
1 1 +) S
VS. g g
+1mod?2 1 —1 C2
' ' ~ parity
antisymmetric A» | 3 parity
Phasor notazlon % 0‘
Imaginari =) g A

Phasor C, Characters describe local state beats

Initial sum

1/4-beat

1/2-beat l
3/4-beat
/ full-beat is simplest example of a revival

Wédnesday, November 16, 2016




2-level-system and C,; symmetry phase dynamics

C, Phasor-Character Table

0 (i_ - Coupled Optical \ — T
r =0 r (¢=m Pendula  E(t) 0

even +45°

H+) W
ww
C LA

Space-time plot

parlly
states odd

- 88 %

localz ed

2

revivals P
or bedts

Din=2.7 Dx=240

full-bea

Wednesday, November 16, 2016 94



2-level-system and (> symmetry phase dynamics

C, Phasor-Character Table

0 1 _
r =0 r =m G "

even +45° A S S S S S B S —
n 98
2 i \; s 'I l]'
par ll:y . ) s ]"-,.‘ "‘}Ill
1800 states oddA -45 | W\ ;
=) .
1 ) |_> g oy S’:
o0 |

revivals I localized X
or bedts SN 7
Initiah, ,/
\\\ /// ‘[
t I O Oo //).
/7
_ ’
/7
// .
1/47 % ")
\J\\ ’,I

1
10
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C; symmetry phase in ,(2) or 3-level-systems

C3 Eigenstate Characters
p=0 / 2
"IN ; Chiral
Nonl|- chiral ) o
0 ............. | quantum-Hall-like
3 0°! C 3v|SYS rem systems
A deserve special treatment
] 120° -120° 4
3 | &
‘- 120° 120° ‘ f’; S
‘ ‘ WPhasor notation TQQS
44 « >
Imaglnari
1z 0 Az 0
I
:\\\x\ ..............
i - (O
]/3 0()° \ M
{D_‘. 1 1N Je= 0
N N/
‘_ o i £ T e
2/3 w '30:’ '3():. C/NM =i
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Cs symmetry phase in {2, 3, or 4 level-systems

C4 Eigenstate Characters
m,. p=0 1] 2 3

Nonl|- chiral
Ca|system

Cy Revwals ; ' I\ - /
Po N , ,

174l e (O TS 7T 7T
2/4 . —

g o o

3/ 4

% @ lh o
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(s symmetry phase in /7, 2,...5 level-systems

N
5

n

W O N~ O S
o

45

Cs Revivals
n =0

C 51 Ezgenstate Characters
p=0 1

99999

_72°

OG-
g

()

.\4 )
R

O

.“" ,.
r
SM-144°  144°0/

1 2 3 +

.........

vsiey @ & & @
vs|ey €

A A
vs|@) & = = &

Wednesday, November 16, 2016

Phasor notation TQ:

~

eda

<

Imaginari

t=0.00

98



(s symmetry phase 1n /, ...6 level-systems

Cg Eigenstate Characters
m, p=0 1 2 3 4 5

=

S
Phasor notation T§

<«
Imagmari

/12

1/ 6F

/12

2/6

5/12

3/ 6]

7712 |

4/ 6

9/12

5/ 6|.

11/12
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Cn algebra of revival-phase dynamics
Discrete 3-State or Trigonal System  Discrete 6-State or Hexagonal System

(1lesla’s 3-Phase AC) (6-Phase AC)
Cg Eigenstate Characters
C3 Eigenstate Characters m._ p=0 1 2 3 4 5
2 N

. p=0 1
N

—_a&» |[Note 2-phase
- 6sub-symmetry
o (The “Mother

of all symme-
try”is Cy)

Note 3-phase
sub-symmetry
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C, algebra of revival-phase dynamics

Quantum rotor fractional take turns at Cn symmetiy
-%u

A C3 “Three-fold Moment*
/ 3-<cloned revival’pedks
“ pop up at t=T/3
(Using €3 character tables)
) 200 2010

) -15 -10 -5 O 5 1015

e

/3

e

(Harter, J. Mol Spec. 210, 166-182 (200
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Algebra and geometry of resonant revivals: Farey Sums and Ford Circles

Wednesday, November 16, 2016 102



TlIIl@rf .(Lljuts of fundamelgal Pe;nod T) (Imagine "Wrap-é_erlJlrglrd" qb—coordinate)

T
m
1/4
_1/4
0

-1/2

: -1/4 .0 1/4
Coordinate ¢ (units of 277)
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N-level-rotor system revival-beat wave dynamics

(Just 2-levels (0, £1) (and some +2) €Xxcited)

/1A |W(x,t)| in space-time

Simplest quantum revival.:

» Exciting first two levels
(€=O and €=::1)
1s like a
2-level system quantum beat
1/2 in space-time

1/4

0/1
space time

< > [Harter, J. Mol. Spec. 210, 166-182 (2001)]
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N-level-rotor system revival-beat wave dynamics

(Just 2-levels (0, £1) (and some +2) €Xcited) (4-levels (0, 1 2 ,+3) (and some +4) €XCl1ted)

1/]

Am =3

-2-1012 34 =m

2Ax = 24%
< >

Simplest fractional quantum revivals: 3.4,5-level systems

Wednesday, November 16, 2016



N-level-rotor system revival-beat wave dynamics

(9 orl0-levels (0, +1, +2, 3, +4...., +9, z10, :11..) €XcClted)

1/1

i fractional quantum revivals:
in 3.4,..., N-level systems
Number increases rapidly with
number of levels

172 and/or bandwidth

Time ¢

5 {units of T) of excitation

[Harter, J. Mol. Spec. 210, 166-182 (2001)]
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N-level
-roto |
r system revival-beat wave d
ynamics

Zerosq@l
@ and “particle-packets” h
ave paths

labeled i
by fraction sequences like: 01234561
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(a) Big ball moves in and traps small ball between it and The Wall Lect. 5 (9 11 14)

o dpace > v The Classical
“Monster Mash”

Classical introduction to

The Wall

Heisenberg “Uncertainty” Relations

_ const.
V2 = %

1s analogous to: Ax-Ap=N-h

or: Y -v,=const.

Recall classical “Monster Mash” 1n Lecture 5

with small-ball trajectory paths having same geometry
as revival beat wave-zero paths

Farey-Sum arithmetic of revival wave-zero paths
(How Rational Fractions N/D occupy real space-time)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

. 1/1
Tlme t ' n /d P path slope is 1/d p

(units of 1) '

(n,-1)/d,
____________________ n,/d, path

3/d, fractions
numerator/denominator

2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)

Harter, J. Mol. Spec. 210, 166-182 (2001) and ISMS (2013)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Tlme t ]/] ----------- }/dﬁi— T n/death slope is 1/d2

(units of Ty)

(n,-1)/d,
____________________ n,/d, path
3/d, fractions
. numerator/denominator
2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)

Harter, J. Mol. Spec. 210, 166-182 (2001) and ISMS (2013)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Tlme t ]/] ----------- }/dﬁi— T n/death slope is 1/d2

(units of Ty) :

(n]—|—])/d1 Inz'/d2/

n I/d ;
(n,-1)/d,
____________________ n,/d, path
3/d, fractions
. numerator/denominator
2/d, 2/d,
1/d, 1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)

Harter, J. Mol. Spec. 210, 166-182 (2001) and ISMS (2013)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

Time Z— """""" ]'/d& T '*']3/61] n./d, path slope is 1/d,,
, T ~—112/d
(untsof ©¢) - | ... T T— | !
(n]—|—])/d1 Inz'/d2/
n,/d;—
(n2—l)/d2 n/d, path slope is-1/d, o

. n /d; and n,/d, path

3/d, fractions
numerator/denominator

2/d,

1/d, 1/d,
0/] | Coordinate ¢

-2 -14 0 14 12 (ynits of 2m)

Harter, J. Mol. Spec. 210, 166-182 (2001) and ISMS (2013)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

, 1/1
Time ¢
(units of Ty) -

(n,+1)/d,
(n,-1)/d,
2/d,

1/d,
0/1

-1/2

Wednesday, November 16, 2016

14/d,
13/ d] nZ/dZ path slope is ]/d2
-1
12/d, % = 1/d,
: M
I/l2/d2 El/dl -t
n/d——12-¢ — ~ld,

—_——

n ]/d ; path slope is -1/d ;

: n,/d, and n,/d, path
3/d, | intersection time
(Farey-Sum)

1/d,

Coordinate ¢

-1/4 0

1/4

1/2

(units of 27)

[John Farey, Phil. Mag.(1816)]

Harter, J. Mol. Spec. 210, 166-182 (2001) and ISMS (2013)
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Farey Sum algebra of revival-beat wave dynamics
Label by numerators N and denominators D of rational fractions N/D

, 1/1
Time ¢

(units of Ty) -
(n,+1)/d,

(n,-1)/d,

n,/d, and n./d, path

intersection point |
_ diny-nd, | .
@ d] n d2 2/d,

(Ford-Cross) 1/d
2

0/1

-1/2

14/d,
13/ d] n Z/d P path slope is 1/d P
]2,/d] 2/dZ -1 = 1/d;

2=
: M
Inyd, ny/d, -t

A

—

ny/d——12-¢  — ~ld,
n /d, path slope is -1/d,

. n,/d, and n,/d, path
3/d, | intersection time
2d, | 1= T

2| ®  d,+d,
(Farey-Sum)

1/d,

Coordinate ¢

-1/4 0 1/4

[Lester. R. Ford, Am. Math. Monthly 45,586(1938)]

Wednesday, November 16, 2016

1/2

(units of 27)

[John Farey, Phil. Mag.(1816)]

Harter, J. Mol. Spec. 210, 166-182 (2001) and ISMS (2013)
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Ford-Circle geometry of revival paths
(How Rational Fractions N/D occupy real space-time)
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o Py

P2

PP

Unit Real Interval

B S L U A N

Numerator Axis N

8 9 I 12 13 14 16 17 18 19

1
1.0

Farey Sum
related to
vector sum

and
Ford Circles

1/1-circle has
diameter /

A. Li and W. Harter,
Chem. Phys. Letters,
633, 208-213 (2015)

Harter and Alvason Li
Int. Symposium on
Molecular Spectroscopy
OSU Columbus (2013)
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Unit Real Interval

"N\
&
— S

% Farey Sum

ol P P2 PR P PSP DT P8, P9 0 related t
= clalca Lo
o] vector sum
< 18
A 10 and
@ = Ford Circles
éé B 1/1-circle has
o diameter /
& |
S
=1
S -
Q ]
NS
Q =
Q-
'Q"_
=
g
- Farey-Sum of fractions 0/1 and 1/1 1s 12
= .
- hat 1s vector sum vot+v;= (1,2)=v>
"_': A. Liand W. Harter,
= Chem. Phys. Letters,
VOZ(O,I)— 633, 208-213 (2015)
MAV = . Harter and Alvason Li
y 3 Nume’ﬂal"Or A.XZS N y 71t. 5)/73@0?&1{% O)n
olecular Spectroscopy
-3 2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19 OSU Columbus (2013)
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Unit Real Interval % Farey Sum

"N\
&
— S

ol P P2 PR A PSP PTL PR P00 el
e | elated to
o] vector sum
< 18
A 10 and
=g Ford Circles
gé : 1/1-circle has
S 14 diameter /
& N
3 -r-: 13
§ = 12
S, This vector v
3‘1 points to real value
<] 1/2=0.5]
SEp
iy
< 6
- Farey-Sum of fractions 0/1 and 1/1 1s 12
&4 4 .
1, hat 1s vector sum vot+v;= (1,2)=v>
"_': A. Liand W. Harter,
e Chem. Phys. Letters,
VOZ(O,I)— 633, 208-213 (2015)
MAV = . Harter and Alvason Li
y Nume’/al"O’/ A.XZS N y 71t. §y7ﬂ7f1gosiLt?1 O)n
olecular Spectroscopy
3 2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19 OSU Columbus (2013)
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1

1
.
—

:

19
18
17

16

vy circle radius intersectin
14 .
5 line

13
12

11

Denominator Axis D

ou o P P2 PP PR P

Unit Real Interval % Farey Sum

Pe T PR P20 related to

vector sum

and
Ford Circles

1/1-circle has
diameter /

This vector v;
points to real value

1/2 =0.5\

IIP'IZIIP':[;IIp'ﬁ.lIP'§IIP'(ISIIp'7I|p'|8|Ip

|
|

P.

30020 -1 1 2 3 4 6 7 8 9
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Farey-Sum of fractions 0/1 and 1/1 1s 12

Numerator Axis N

hat 1s vector sum vot+v;= (1,2)=v>

A. Li and W. Harter,
Chem. Phys. Letters,
633, 208-213 (2015)

Harter and Alvason Li
Int. Symposium on
Molecular Spectroscopy

12 13 14 16 17 18 19 OSU Columbus (2013)
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-

Unit Real Interval

(a) 1 Farey Sum
T IO DO 2 ST AT A A IO o A A o A o T 2 rel
e | elated to
o] vector sum
= 18
A 14 \\ and
iy “ Ford Circles
ol . . ! 1/1-circle has
~ | vpcircle radius‘infersectin .
N S 14 . diameter /
S - 2 line .
S B oo o e /0 e
§ = 12
S, This vector v;
3‘1 points to real value
<] 1/2=0.5]
= 8
7
g
- Farey-Sum of fractions 0/1 and 1/1 1s 12
&4 4 .
1, hat 1s vector sum vot+v;= (1,2)=v>
"_': A. Liand W. Harter,
e Chem. Phys. Letters,
VOZ(O,I)— 633, 208-213 (2015)
MAV = . Harter and Alvason Li
¥ Numerator Axis N Molooulor Speciroseopy
-3 -2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19 OSU Columbus (2013)
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Unit Real Interval 1

0
(a) . Farey Sum
I NI DRI A LA L A Lo A A B L rel
e | elated to
o] vector sum
=4 18
A 14 \\ and
=g “ Ford Circles
ol . . ! 1/1-circle has
= vpcircle radiusinfersectin .
N S 14 . : diameter /
S . 2 ling center ;
S of v2 Ford !/>-Circle
S .
S, This vector v,
3‘1 points to real value
<] 172=0.5
= 8
L7
<6
- Farey-Sum of fractions 0/1 and 1/1 1s 12
&4 4 .
1, hat 1s vector sum vot+v;= (1,2)=v>
"_': A. Liand W. Harter,
e 2 Chem. Phys. Letters,
VOZ(O,I)— 633, 208-213 (2015)
- , V.= . Harter and Alvason Li
F Numerator Axis N otser peemonry
-3 2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19 OSU Columbus (2013)
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Unit Real Interval 1

0
(a) . Farey Sum
ol P P2 PP P PP P PR PP rel
e | elated to
o] vector sum
=4 18
~ and
=g Ford Circles
= . : . 1/1-circle has
= vpcircle radiysinfersecti .
N S 14 . : diameter /
S . 2 ling center ;
S of v2 Ford !/>-Circle
S .
S, This vector v;
3‘1 points to real value
<] 172=0.5
= 8
7
<1
- Farey-Sum of fractions 0/1 and 1/1 1s 12
&4 4 .
1, hat 1s vector sum vot+v;= (1,2)=v>
"_': A. Liand W. Harter,
e 2 Chem. Phys. Letters,
VOZ(O,I)— 633, 208-213 (2015)
AP V.= . Harter and Alvason Li
F Numerator Axis N otser peemonry
-3 2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19 OSU Columbus (2013)
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"N\
&
— S

1

1
.
—

;|

ou o P P2 PP PR

19 y

0.5

18

16

vy circle radiusintersectin
14 .
5 line

13
12

11

Denominator Axis D

Pb  P7 PR PP

17 \

Unit Real Interval % Farey Sum

related to
vector sum

and
Ford Circles

1/1-circle has
diameter /

of vo> Ford !/>-Circle

This vector v
points to real value

172 =0.5 \

IIP'IZIIP':[;IIp'ﬁ.lIP'§IIP'(ISIIp'7I|p'|8|Ip

|
|

P.

30020 -1 1 2 3 4 6 7 8 9
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Farey-Sum of fractions 0/1 and 1/1 1s 12

Numerator Axis N

hat 1s vector sum vot+v;= (1,2)=v>

A. Li and W. Harter,
Chem. Phys. Letters,
633, 208-213 (2015)

Harter and Alvason Li
Int. Symposium on
Molecular Spectroscopy

12 13 14 16 17 18 19 OSU Columbus (2013)
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0 1 - 1
(b ) 1 % Unit Real Interval 1 Farey Sum
Y
o L P2, P3P S s 07, P PO 0 related to
/
o] vector sum
= 18 d
Q : 17 ® an
=iy : Ford Circles
‘33 B 1/1-circle has
;S xy 14 diameter /
SRR 1/2-circle has
S S, diameter 1/2?=1/4
S -
Q 11
~
QS
Qo
<t
SHIF
17
<16
<14
: 3 A. Liand W. Harter,
| V/,= Chem. Phys. Letters,
S P 1 633, 208-213 (2015)
— O 1 — arter and Alvason Li
VO ( . ) Hlntt. Sym;l?fjium onL
g Numerator Axis N O e
-3 -2 -1 1 2 3 4 6 7 8 9 11 12 13 14 16 17 18 19
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Unit Real Interval
]S_L | P?_L | P?.L | P%.L | P?.L

(¢)

I_L-J'llI_L

— 1O

1
|
1.

Denominator Axis D \‘
T ||0'|2| | IO%| | pf“ | p§| | p|6| | |0|7| | |0|8| | |09| |

1/3 (1,3)
v,;5—(1,2)

V. =L

<
>
~
\’O
0.0 .1
4 \T/|O|
N

Numerator Axis N

30020 -1 0 1 2 3 4 5 6 7 8 9 w1 12 13 14 15 16 17 18 19 20
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Farey Sum
related to
vector sum

and
Ford Circles

1/2-circle has
diameter 1/2?=1/4

1/3-circles have
diameter 1/3°=1/9

A. Liand W. Harter,
Chem. Phys. Letters,
633, 208-213 (2015)

Harter and Alvason Li
Int. Symposium on
Molecular Spectroscopy
OSU Columbus (2013)
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Farey Sum
related to
vector sum

and
Ford Circles

% Unit'Real Interval
oPs s p7 p P9

I_L-J'lll_L

|

1/2-circle has
diameter 1/2?=1/4

1/3-circles have
diameter 1/3°=1/9

W [

Denominator Axis D
(U N AN

|

n/d-circles have
diameter 1/d?

~J |

A. Liand W. Harter,
Chem. Phys. Letters,
633, 208-213 (2015)

—i

P

Harter and Alvason Li
Int. Symposium on
Molecular Spectroscopy

=V Numerator Axis N OSU Columbus (2013)

30020 -] 0 1 2 3 - 5 6 7 8 9 w1 12 13 14 15 16 17 18 19 20
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Unit Real Interval
S P6  P7, P8 P

Farey Sum
related to
vector sum

and
Ford Circles

—

==

(e}

—~ OO0 |—
— O\ |—
=l
=
=l
o

—

(@)
—9 | —
=l

|9
DN

s SRR

5 C —
A O—
(S
O=
s
~
< =
O
be
3

=

— — —
J oo O

[

A

1/2-circle has
diameter 1/2?=1/4

1/3-circles have
diameter 1/3°=1/9

Denominator Axis D

|0’|1|||0'|2|||0'%|||0'f1||p'§||p’|6|||0'|7|||0'|8|||0'?||

n/d-circles have
diameter 1/d?

A. Liand W. Harter,
Chem. Phys. Letters,
633, 208-213 (2015)

Harter and Alvason Li
Int. Symposium on
Molecular Spectroscopy

=V Numerator Axis N OSU Columbus (2013)

-3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
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Pt |t

Thales
t  Rectangles

I provide
. ; 1 analytic geometry
p | of
& 2 2
5 0.6¢ 1 ) 304 fractal structure
. 3 3 3|
y ‘;'j ly A Ny | 4
E NRARNEN
& Iy 2y v vdv S|
A 5. 5 «5 5 5|4
| |
. 6 6 6 6 6
- 374 576 7)1
7 17 7 7 T 7|
0.2 + y 1 2 3 S 6+1 8 4
N8 & 8 &8 ¥ & 8 &8
1 A. Li and W. Harter,
Chem. Phys. Letters,
[V-?- =0 1)] + + + + 1 633, 208-213 (2015)
Numerator AXlS _ Harter andAl\.)ason Li
/ 2 3 A . Int. Symposium on
J £ - . - . * : + . + ) .- ' Molecular Spectroscopy
).0 04 X 0.6 08 1.0 OSU Columbus (2013)
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o 7’ 7’
/’ /
7/ 7/
’

-+

~ “Quantized”

Thales

Rectangles

provide

analytic geometry
of
fractal structure

A. Liand W. Harter,
Chem. Phys. Letters,
633, 208-213 (2015)

Harter and Alvason Li
Int. Symposium on

Molecular Spectroscopy
OSU Columbus (2013)
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Relating Cy symmetric H and K matrices to differential wave operators
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Relating Cn symmetric H and K matrices to wave differential operators

The 15t neighbor K matrix relates to a 21 finite-difference matrix of 2 x-derivative for high Cy.

2
K=(k(21-r—- r_]) analogous to: — kg 5
X

1st derivative momentum: p = —

hdy hy(x+Ax)— y(x)

2nd derivative KE: 2mE =

2000yt &) = 2p(x0) + y(x - Ax)

[ dx i (Ax) (Ax)?
-1 - 1 17 o2 -1 . ») Vo= 20+,
h -1 - Y2 |_h| 27N 2 -1 2 -1 - Y2 |2 N2t
I 1 -1 V3 I V3= W -1 2 -l Y3 Y2=2y3t 4
: V4 V4~ V3 -2 V4 V3=2y4+ s

H and K matrix equations are finite-difference versions of quantum and classical wave equations.

p 2
ihg 1//> = H’l//> ( H-matrix equation) _aa_z y>=K‘ y> (K-matrix equation)
t
a hz 82 82 82
h—y)=(————=+V Scrodi ti ———|y)=—k— Classical /
i >, l//> ( 2 92 )‘l//> (Scrodinger equation) 7 y> 2 y> (Classical wave equation)

Square p? gives 15t neighbor K matrix.  Higher order p3, p#,.. involve 2nd, 3rd_4th peighbor H

1

Wednesday, November 16, 2016

-1

2

-1

6

—4

1

' ' 4 1 4 6 —4 1

h 1. h 1. _ 1. =

h 1 - h - _ 2 12 -l A
: : -1 2 1 -4 6
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Symmetrized finite-difference operators

132
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