U(2)~R(3) algebra/geometry in classical or quantum theory

(Classical Mechanics with a BANG! Units 4-6, Quantum Theory for Computer Age - Ch. 104-B of Unit 3 )
(Principles of Symmetry, Dynamics, and Spectroscopy - Sec. 1-3 of Ch. 5 and Ch. 7 )
Reviewing fundamental Euler R(0}y) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |03Y) described by Stoke's S-vector, phasors, or ellipsometry
Darboux defined Hamiltonian H[@OO]=exp(-i€2*S) t and angular velocity Q(@Y)t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(0fy) rotation ®@=0—-4r-sequence [@V] fixed (and “real-world” applications) c

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H =( Bf'C B;)iC gg
l B
The ABC's of U(2) dynamics-Archetypes ’

x1=0.750 s

Asymmetric-Diagonal A-Type motion pLiw =0.069 |
. . _ 13
Bilateral-Balanced B-Type motion pasoo A
. . . . x1(0) =0.990 2.5
Circular-Coriolis... C-Type motion plO0=-0263
x2(0) =-0.004 ,
’ . . p2(0)/w =0.526 p
The ABC's of U(2) dynamics-Mixed modes \ 21000 \,
B =-0.1000 Y

AB-Type motion and Wigner s Avoided-Symmetry-Crossings & o0
ABC-Type elliptical polarized motion -2

W2 (Rotated 90°)

A \\
\\

Ellipsometry using U(2) symmetry and related coordinates
Conventional amp-phase ellipse coordinates
Euler Angle (a(3v) ellipse coordinates
Addenda: U(2) density matrix formalism
Bloch equation for density operator
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Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

»Euler—deﬁned state |0y described by Stoke's S-vector, phasors, or ellipsometry
Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa
Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)

A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = i D
+i
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Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)
3D-real S-vector represents state |a,3,7) of U(2) oscillaton 4 _ P e P L

-------------

(Polar coordinate) diagram

-~
-~

S
BOD frame view LAB frame view
Polar angles of Polar angles of

LAB zenith z=x3 are BOD zenith 7=x 3 are

(azimuth angle=q, Euler Angle Dial

(0
Azimuthal coordinate)

(azimuth angle=—,

polar angle=— ) polar angle=p )

=x1

. From Lecture 22
=X page 67 Euler angles

zenith

Under Construction!
Web based U(2) Calculator - Euler State

, .
X' ,=-X,81n oc+x2cos o

Fig. 10.4.3-4 Mechanical device demonstrating Euler angles (o.,3,y)
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http://www.uark.edu/ua/modphys/markup/ColorU2Web.html?cInd=2&polAngle=84&aziAngle=68
http://www.uark.edu/ua/modphys/markup/ColorU2Web.html?cInd=2&polAngle=84&aziAngle=68
http://www.uark.edu/ua/modphys/markup/ColorU2Web.html?cInd=2&polAngle=84&aziAngle=68
http://www.uark.edu/ua/modphys/markup/ColorU2Web.html?cInd=2&polAngle=84&aziAngle=68

Euler s rotation state definition using rotations R(a,0,0), R(0,3,0),and R(0,0,~)

...................................................................................

‘ a> =R (0457>‘ T> SZ Orlglnal (1) Rotate by y
= R|aabout Z|-R|Fabout Y |-R|yabout Z]‘ T> Spln State | 1> around Z

o 8 . B | e
_le® o0 Ry T, e_% o |i| 4 |T> . (2) Rotate by B Y S
| N s dyY
0 e? sin ﬁ coS g 0 e% 0 : arotmn
Sy Sy

o+ a— R :
e g e g

e %2 cos— —e ? sin— A
— 2 2 (3) Rotate by o

Pt el around Z
e ? Sing e ? cosg 0 %

6_25 COS é oy 7+ ip From Lecture 22 \a
= A 2 e 2| M 1 page 69 to 70 :
i~ . T + 7 y
e ? smg 2 T 1Py

General Spin Stateé
'¥)=R(opy)|T)-
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states  From Lecture 22

. qe age 72 to 74
Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy pag
Each point {E1,E>} defines 2D-HO phase space or analogous P-space given by 2D amplitude array: | & | _| % +tw | A
This defines real 3D spin vector (S4, Sk, Sc) “pointing” to a polarization ellipse or state. a, z, +1p,
1 1 s s 1 O a Ir =« * 1 I .
Asymmetry SA=5(0|GA|G)=§( a  a )L 0 —1 ][ alz ] =5[a1a1 —a2a2] =5[x12+p12—x§—p§]= E[coszg—sng]
1 | O 0 1 a Ir « " .oty . o— o+ o— :
Balance SB=5(a]GB’a)=5( a  a )( {0 J a: =5[a1a2 +aza1} =[p1p2 +x1x2] =I[—sm zysm 2y+cos 2y cos zy}cosgsmg
o 1 | . 0 —i a —i[r . o+y . a-y o—-y . a+y B . B
Chirality S = E(a|ac|a)= E( a, a, ) : 0 . =7[a1 ar — ara ]=[x1 D> —xzpl] =[| cos 2 sin 5 — oS 5 -—smT COSESIHE
azimuth
Three ways to picture U(2) spin or pseudo-spin states From Lecture 22 angle
page 74 to 76 Sx = ..p.S
(a) Real Spinor (b) 2-Phasor (c) 3-Dimensional Real - —G;S—ﬁ—‘@ R i
Space Picture U(2) SpinorPicture R(3)-SU(2)Vector Picture SICOS - -
(2D-Oscillator Orbit) p1=Im'y !
; (A '
q)l 1
\\WR&:‘PI
(- -
py=Im¥» . E
X=Re¥ A General Spin State:
xp=Re¥»p 2 -

“*%~>=Re¥
\\V“%

W1 = x +ipy = ¥l el ol
Y5 = XoHps = [Pl eif, SX B B
Sa = (F1* ¥ - ¥53% ¥)2
Sg=(¥1* ¥y + Wot ¥1)2
Sc=MW1*¥2 - ¥o*¥1)/2i

(a) (b) (c)
Ellipsometry  U(2) phasors 3D real R(3) vectors

¥)=R(aBy) | T)

From Lecture 22
page 70 to 76

Fig. 10.5.2 Spinor, phasor, and vector descriptions of 2-state systems .

-

S -
~
-
S -
>
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3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states

Asymmetry S4 =Sz, Balance Sp =Sx, and Chirality Sc =Sy

Each point {E,E>} defines 2D-HO phase space or analogous W-space given by 2D amplitude array:
This defines real 3D spin vector (S4, Sk, Sc) “pointing” to a polarization ellipse or state.

1 1
Asymmetry S, = 5(a|O'A|a) = 5( a,

1

Balance S =—(a’0'3’a)=l( aik

2

Chirality S = %(a|6c|a) = —( a

(a) 2
Ellipsometry

4)=a=\3

Hr

An| =b=1IN3 b=1IN3
—L%‘ a=V3

.

29 =90° phgse lag p

VI=NION3 |

L/

A2 :1
l { | b=IN

X\\

29 =90°

_ ¥)=R(@py|T)

.. Complex U(2) ellipse

(c)

w real R(3) S-vectors

Ellipsometry of U(2) states SC"S

detailed at end of this

Lecture

General Spin Stateé

of any state
corresponds to a

o 3
: e 2cos— ,
a, ]_ T, +1p, 4 2 6—%
a T +1 &
2 2 T Py eQSinﬁ
2
1 I B B (I A
2,2 2 2 2 .2
a,a; —a,a xXi+pi—x5— = —[cos” =——sin” — = —CO0S
S @~ axd 2[11’1 2P2] 2[ > 2] > B
Ir « % . a+y . o—y o+y } B . Bl I .
aa, +aray | = +x;X, | =[| —sin sin + cos cos COs—sin—=—cos o sin
2[12 21] [P1P2 12] [ ) > > ) B
—i o+y . -y a-y . o+y B.BII .[ .
a,a, —a»a, |=| x;py—x =I| cos sin —Cos -—sin——=— |cos—sin—%—sifi & sin
5 L4 21][1192 2171] [ > > } > > T> B

azimuth
angle o

-
~ -
-

———
-
. = o~
-~

sin - -

~

= o~
=~ = >

s~ -

Sy=Scosp

Note phase
or “gauge”
angle 7y 1s
killed in R(3)
a*a-squares but
lives on in U(2).
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U(2) World : Complex 2D Spinors

2-State ket [V)=

U(2) World labeled by @ ¥,
two complex phasors _;
and driven S =
by complex operator _2:2 ¥,
a4 s-ic )
B+iC D

R(3) World : Real 3D Vectors

Nsinf coso.

) State |

WNe 10V 2¢0sf/2

VNel®2ginB/2

Ellipsometry of U(2) states
described by Two “Worlds”
"112= X5 Hp, U(2) or R(3)

e-17/2

/4 B-iC
H-Operator KB-H’C D

Spin Vector Sc | ={ NsinBsino: |1 Angular velocity

S S4
(for 0=15° B=45°)

Ncosf3

g

R(3) World labeled by

real 3-D “spin” vector S

IL)

of angular momentum

X(30°))

and driven by x(45°))=(+))

real 3-D “‘spin” vector 2

of angular velocity

),

|X(60°)) -

Qsindcos®

Q=("| |2

1X(150°)) Qc|=|2¢ |=| Qsindsing
—)
$ \I | Q,
_ Ao

8445
£ S0 jﬁﬂ(—»

I

A-D, Qcos

H crank-Q vector
(for @=75° ¥=65°)

C

IR)

T)-A

X(120°))

Sunday, November 22, 2015



Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry
*Darboux defined Hamiltonian H[@O®]=exp(-i§2+S) t and angular velocity Q(@Y)t=0O-vector

Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa
Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)
A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = i D
+i
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Here spin-rotor S-polar Axis-Angle Dial

coordinates From Lecture 7 =€
are Euler angles page 86 (Angle of Crank Rotation)
BOD frame view LAB frame view
ZIB_z Zjigr ang}lles_of Bz Polar angles_z/:
| zenith z=x3 are 7 O U s ———— S
= : V| (azimuth angle=—y, | (azimuth angle=0., e Anole Srale Il 0
7 =Y polar angle=— ) X o 4 polar angle=f ) AXIS Argle Scale
)[ﬁ BOD LAB :
- (w—Axis Polar Angle)
BOD7=x2
x’-Frame
x”-Frame
(04 = '-m-f pepi T AE
x’ ;=X 08 O-+X sin o 5 | el \\

_ X’ ,=-X,SIn O+X,Cos 0
Polar coordinates o ’
for unit Spin vectorS

S, =cosa sin/J

S, =sina sin3 Spin State&Operator P
S,= cosd  |aBy)=Rpn|T)

. by Euler angles B .
Polar coordinates ‘ e e AT

for unit axis vector®  State&Operator

E’D = cos( sind ’[(Pﬁ@]> = R[¢19@]| T>
Oy =sing sind by Darboux axis angle
Q, = cos
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Euler R(oyy) versus Darboux R[@YO]

Euler Angle Dial An
B astronomer’s
diagram

Euler Angle Dial

Y - ' 3¢ (Polar coordinate)
(Twist coordinate) . :

$7X3

B

—_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

ird rotation R First rotation R(OOy)

Th (@00) Second rotation R(030)
i
* = _ Sets the ,8 dial
)
’
Sets the Qdial
— —
R((x around Z ) R(}/ around Z )
oty oy
—iL e 2 cosﬁ —el 2 sinﬁ
20 | _ 2
la . ﬁ ZZ Za_y ﬁ lw ﬁ
0 e S CoS e? e 2 sin e 2 cos

—i% cosE —sinﬁ
R(OC,B]/)Z e 0 2 2 e
o

1
0
a—ﬂ/cosﬁ 1o —i 0 1 sinﬂsinﬁ i 0 - cosﬂsinﬁ—i o sin&cos—
2 20 0 1 1 0 2 i 0 2 2 0 -1

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].

From Lecture 22
page 69 to 70

Axis-Angle Dial

O=Q1

(Angle of Crank Rotation)

£
Axis-Angle Scale -
(@—Axis Polar Angle)
™~ " o =
» A
G : { dial " o
,y 3 ] pom
Jial

Lecture 22 f M| Axis-Angle Scale
page 43 to 44 éOtationag Anabgcomputef (m—-Axisg/D\zimuth)

O -~ .0 .. O/ A
R[@}Z cos;—z@)zsmz —zsmE(G) —zG)Y)

= R[(pﬁ@] = 1
—isin%(@ +i(:)Y) cos3+i(:)zsin5

=cos9 Lo 6 sing—i 0 = @Ysing—i b0 (:)Zsing
20 0 1 2 i 0 I 2 0 -1 I 2
cos® siny sing® sind cost

. O/ : : :
—s1n3(s1nq051m9+zcosgosm19)

cos——1’00519sin9
2 2

sing(singosinﬁ—icosq)sim?) cos9+icos19sin9
2 2 2

Sunday, November 22, 2015

10



Euler Angle Dial An
B astronomer’s
diagram

Euler Angle Dial

Y - ' 3¢ (Polar coordinate)
(Twist coordinate) . :

$7X3

B

—_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) R(OOy)

i

a ’ o

Sets the ,8 dial

From Lecture 7
page 80 to 89

«

Sets the Qdial

 — —

R ((x around Z ) R (}/ around Z )

_l_oc+y _ia—}/
—iZ 0 cosg —sing % 0 e 2 cosg —e 2 sin p
R(eBy)=| ¢ e - _
i% : B i =L B LB
0 e SIn°> COSE 0 e? e 2 sinz e 2 cos
= COS ycosﬁ 1o —i 0 1 sinﬂsinﬁ—i 0 - cosy_ smﬁ—i o sm—}/cosé
20 0 1 1 0 2 2 i 0 2 0 - 2 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition:

| aBy)= R(apy)|000) (afymake better coordinates)

Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

O=Q1

(Angle of Crank Rotation)

£
Axis-Angle Scale -
(@—Axis Polar Angle)
™~ - o =
Nt
. / \_ 5
G : { dial " o
,y 3 ] —
Jial

Lecture 8
page 21 to 25

Y M| Axis-Angle Scale

¢

(w—Axis Azimuth)

Rotational A

O -~ .0 .. O/ A
R[@}Z cos;—z@)zsmz —zsm—(@ —zG)Y)

= R[(pﬁ@] = 1
—isin%(@ +i(:)Y) cos3+i(:)zsin5

=cos9 L0, &) sing—i 0 —i @Ysing—i b0 (:)Zsing
2 0 1 2 i 0 2 0 -1 ) 2
cos® siny sing® sind cost

cosz—icosﬁsin% —sin%(sinqosim9+icosgosinﬁ)

sing(singosinﬁ—icosq)sim?) cos9+icos19sin9
2 2 2

Sunday, November 22, 2015
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Euler Angle Dial An
B astronomer’s
diagram

Euler Angle Dial

Y - ' 3¢ (Polar coordinate)
(Twist coordinate) . :

$7X3

B

—_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) R(OOy)

i

a ’ o

Sets the ,8 dial

From Lecture 7
page 80 to 89

«

Sets the Qdial

 — —

R ((x around Z ) R (}/ around Z )

_l_oc+y _ia—}/
—iZ 0 cosg —sing % 0 e 2 cosg —e 2 sin p
R(eBy)=| ¢ e - _
i% : B i =L B LB
0 e SIn°> COSE 0 e? e 2 sinz e 2 cos
= COS ycosﬁ 1o —i 0 1 sinﬂsinﬁ—i 0 - cosy_ smﬁ—i o sm—}/cosé
20 0 1 1 0 2 2 i 0 2 0 - 2 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(cy) to R[@¥0O] ...
| aBy)= R(aPy)|000) (ofymake better coordinates)

Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

O=Q1

(Angle of Crank Rotation)

£
Axis-Angle Scale -
(@—Axis Polar Angle)
™~ - o =
Nt
. / \_ 5
G : { dial " o
,y 3 ] —
Jial

Lecture 8
page 21 to 25

Y M| Axis-Angle Scale

¢

(w—Axis Azimuth)

Rotational A

O -~ .0 .. O/ A
R[@}Z cos;—z@)zsmz —zsm—(@ —zG)Y)

= R[(pﬁ@] = 1
—isin%(@ +i(:)Y) cos3+i(:)zsin5

=cos9 L0, &) sing—i 0 —i @Ysing—i b0 (:)Zsing
2 0 1 2 i 0 2 0 -1 ) 2
cos® siny sing® sind cost

cosz—icosﬁsin% —sin%(sinqosim9+icosgosinﬁ)

sing(singosinﬁ—icosq)sim?) cos9+icos19sin9
2 2 2

Sunday, November 22, 2015
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e Euler Angle Dial An
Euler Angle Dial ; B astronomer’s
Y - ' ¢ (Polar coordinate) diagram
(Twist coordinate) . :

$7X3

B

—_——

goniometer

Euler Angle Dial

(0
Azimuthal coordinate)

=X,

Third rotation R(@00) Second rotation R(030) R(OOy)

i

a ’ o

Sets the ,8 dial

From Lecture 7

/) T Va page 80 to 89
-* | —— i
Sets the Q dial
— ] | - )
R((x around Z) R(ﬁﬁmd Y) R(}/ around Z)
_l_oc+y _ia—}/
-i% cosE —sinﬁ —% e 2 cosE —e 2 siné
R(Oc[)’]/)z e 0 2 2 e 0 _ 2 2 |_
i . BB i B 5P
0 e? Sin > cos B 0 e? e 2 sin e 2 cosz
= COS ycosﬁ 1o —i 0 1 sinﬂsinﬁ—i 0 - cosy_ sinﬁ—i o sina }/cosé
20 0 1 1 0 2 2 i 0 2 — 2 2

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(ofy) = R[@VYO] ...
| aBy)= R(aPy)|000) (ofymake better coordinates)

.o+y o=y .
—1 —1 . 1 x1+lp1
e 2 cosﬁ —e 2 s1n§
e sin— e COS— :
) 5 0 Xy+ip,

Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

O=821

(Angle of Crank Rotation)

Axis-Angle Scale

i
) J

(@—Axis Polar Angle)

Lecture 8
page 21 to 25

Rotational AnalogComputer

Axis-Angle Scale

¢

(w—Axis Azimuth)

cos%— iéz sinz —ising(é) — iC:)Y)

R[6 |-

.. O/ A A
—zsmz(@ +z®Y) cos5+z®zsm5

_ O 10 . ~ .0 [0
= COS— —1 O, sin——1
21 0 1 2 ]

cos( sint sin@ sin®
COS— — 1’cosz9sin9
2 2

sin%(sinq)sim? —icos@sin 19)

=R [(pz?@] = M

I)i j@Ysin%—i( (1) 01 ](:)Zsin(;)

—sin%(sinqo sint}+icos@sin 19)

(O )
cos— +icos ¥ sin—
2 2

Sunday, November 22, 2015
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Euler R(oyy) versus Darboux R[@YO]

Euler Angle Dial

(Twist coordinate)

Y

Sets the Qdial
Lo

Euler Angle Dial

(0
Azimuthal coordinate)

Third rotation R@0O)

i

a ’ o

«

 I—

— 1

R ((x around Z )

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(ofy) = R[@VOO]

Axis-Angle Dial

O=Q1

(Angle of Crank Rotation)

page 80 to 89

Euler Angle Dial An
B astronomer’s ™
(Polar coordinate) diagram oy A '
Axis-Angle Scale E 2
z:x 3 ,'9 ¥
B | (@—Axis Polar Angle)
(
----- a
- _&
e ? cosﬁ S .
F ) T 9) y
2
‘ aﬁY> ¢
o
s
e ? sinﬁ B |
2 dial L] ®
Second rotation R(030) = R(aﬂ},)|’]‘000>
Sets the 3 dia From Lecture 7 e s -
(® .

R(ﬁﬁmd Y) }/ around Z)
.oty o=y
cosE —sinﬁ e 2 cosﬁ —el 2 sinE
2 2 _ 2 2
B -y aty
SmE COSE eZ 2 sinﬁ e 2 cosﬁ
2 2
0 ﬁ i 0 - cosﬂsinﬁ—i o sinO‘—-H/cosé
1 2 i 0 2 2 0 -1 2 2

f M| Axis-Angle Scale

¢

(w—Axis Azimuth)

Lecture 8
page 21 to 25

Rotational AnalogComputef

B cosg—ié)zsin% —isinE(C:) —iC:)Y) .
R[6 |- o =R[pvO =™
—isin—(@ +i(:)Y) cos—+i(:)zsin—
2 2 2
=cos9 1o —i 0 sing—i 0 —i @Ysing—i 10 (:)Zsing
21 0 1 2 i 0 2 0 -1 I 2
cos® siny sing® sind cost

cos%—icosﬁsin; —sing(sinqosim9+icosgosinﬁ)

sing(singosinﬁ—icosq)sim?) cos9+icosﬁsin%

| opy)=R(apy)[000)  (0py make better coordjnates)
oty oy , S e Phase coherence angle
AR e ey A Xtip, e 2cos 7P0pulati0n inversion angle
2 = = e 2 \
L B S B P Overall
¢ - sy e m sy 0 X, +ip, e? sing phase angle
14
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Sets the Qdial

 — —

R ((x around Z )

Euler state definition lets us relate R(ofy) = R[@VYO] ...

.o+y o=y .
—1 —1 . 1 x1+lp1 -----------
e 2 cosﬁ —e 2 s1nﬁ
e sin — e COS— :
> > 0 Xy+ip,

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].

Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

O=Q1

(Angle of Crank Rotation)

_l,O(—}/
—i% —e 2 sinE
R(apy)=| € 2 |
oty ﬁ
0 e e 2 cos—
2
= COS ycosﬁ 1o o sinO‘—-H/cosé
20 0 1 0 -1 2 2

R Euler Angle Dial An
Euler Angle Dial ‘ ’ B astronomer’s /2
0% - ¢ (Polar coordinate) diagram oy ey '
(Twist coordinate) ' ‘ Axis-Angle Scale e }; 3278
{T7X3 "_9 |
B | > (@—Axis Polar Angle)
(
—_—— o
— —l—
e 2 cosﬁ N - .
) 2 |
‘ T ofy > = e 2
Euler Angle Dial o
o . B
Azimuthal coordinate) e SIIIE r B "
dial k]
- _ i =X . : .
Third rotation R(@00) Second rotation R(030) First rotation R(OOy) " R(aﬁy)|TOOO>
e Sets the 3 dia From Lecture 7 -
. page 80 to 89 T
% e

Y M| Axis-Angle Scale

¢

(w—Axis Azimuth)

Lecture 8
page 21 to 25

Rotational AnalogComputef

~

cosg— iC:)Z sin9 —isin—(G)
2 2

]@

cos® siny

~i0,)

2 2
.0 [0
sin——1

2 i

— @Ysing—i Lo (:)Zsing
0 2 0 -1 2

sin@ sin®

=R [(pﬁ@] = M

cosg—icosﬁsin9 —sing(sinqosim9+icosgosinﬁ)
2 2 2

sing(singosinﬁ—icosq)sim?) cos9+icos19sin9
2 2 2
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Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

©=£21¢

(Angle of Crank Rotation)

e — Euler Angle Dial An p
Euler Angle Dlal ‘ B astronomer’s /
Y - S (Polar coordinate) diagram o T # '
(Twist coordinate) - Axis-Angle Scale i ;,,)zf 78
B | 7 (@—Axis Polar Angle)
(
—— o
— —li
e 2 cosﬁ 4
P A 2 v
B : ‘ aﬁy> = €
uler Angle Dial o
o i . B
Azimuthal coordinate) e 2 SIHE d B 4
. . . N=x. dial ﬁ. .
Third rotation R(a00) Second rotation R(030) First rotation R(OOy) \= R(aﬁy)|’]‘ooo>
I
A Sets the /3 dia From Lecture 7 -8
) page 80 to 89 P &
. ¢
Sets the Qdidl Lecture 8 ¥ M| Axis-Angle Scale
p age 21 to 25 éOtatlonél Anak-,gcomputef ((D—Axisg/D\zimu(h)
R((x around Z )
_l,O(—}/ ﬁ e é . 9 e _(é _ é) )
—i% —e 2 sinz - cos 5 10, sin 5 isin e .
R(apy)=| © » _ R[6 |- o . o =R[pv0|=c
0 e o 2 Cosg —ismz(@ +i®Y) cos5+i®Z sin—
L cos Pt 0Bl 10 0 |n%tY o0sB =:cos9 Lo 6 sing—i 0 =i g sing—i 0 g sin®
: : Y z
i 200 1 - 2 2 ' 20 0 1 2 i 0 2 0 -1 2
e eeeemesseesmesseessesseesseetlIIITITIIIITIT1111107510070000000000000000000030000 , : cos@ sin® sin@ sin® cos®
Euler R(0.37) is simpler to form than ©-axis Darboux R[@00]. : : 5 6 o
.. ' ' cos— —icosvsin— —sin—(sin@sin? +icos@sin ¥}
Euler state definition lets us relate R(ofy) = R[@VYO] ... : P 2 2 2( ¢ psin?)
| OCBY>: R((XBY)| OOO> ((XB'Y make better COOFdinat@S) E ; sin%(sinq)sinz?— icosq)sinz?) cos%+ icosﬁsin%
LA o g | X Hip x; =:cos[(+)/2] cosP/2=:cosO/2:
- - : 1Py e S ERLET GO LI NEREELEET . .
e 2 cos> —e * sin- -p, = sin[(y—0)/2] sinP/2 = O sin®/2 =cos@ sind sin®/2
e sin ) e cos Py 0 X, +ip,
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Euler R(oyy) versus Darboux R[@YO]

L 7 - Euler Angle Dial An
Euler Angle Dial E B astronomer’s
Y - ' ¢ (Polar coordinate) diagram
(Twist coordinate) ' ‘

$7X3

B

Axis-Angle Scale

)

(@—Axis Polar Angle)

Axis-Angle Dial

(Angle of Crank Rotation)

O=821

Rotatloné! AnalogComputer

f M| Axis-Angle Scale

¢

(w—Axis Azimuth)

=R [(pz?@] = M

(
—_—— o
- %
e 2 cosﬁ
) 2 y
‘Taﬁy> e 2
Euler Angle Dial o
(04 iz . ﬁ
Azimuthal coordinate) e < S 5
- . . / ,_Y ;
Third rotation R(@00) Second rotation R(030) First rotation R(OOy) " R(aﬁy)|TOOO>
I
A Sets the 3 dial From Lecture 7
/) page 80 to 89
’
Sets the Qdial Lectul‘e 8
- page 21 to 25
R((x around Z)
L _e—ia;’ Sinﬁ B cosz—i(:)z sin% —iSin—(C:) —ié)y)
R(apy)=| ¢ ° 2 | R[6]-
’ oty N C A
0 e o 2 Cosg —zsmz(@ +z®Y) cos5+z®zsm5
I : N
= COS ycosﬁ 10 0 sin }/cosé =1COS— 0 —1 O, sin—-—1i O
i 200 1 - 2 2 : 20 0 1 2 l
LR EEE B I : cos( sind

Euler R(0.37) is simpler to form than ©-axis Darboux R[@0O0O)].
Euler state definition lets us relate R(oy) = R[pd0O] ..
| aBy)= R(aPy)|000) (opymake better coom’mates) :

o+y

0=y ;
—i ﬁ —i . ﬁ 1 X +ip, -------------------.---
e 2 cos— —e 2 sin— -p, = sin[(y—o )/2] smB/Z:
o—y o+y B
1— I—
Lop g | =ieosl(=09/2] sin2

e . . 0
cos— —icosVsin—
2 2

sin%(sinq)sim? —icos@sin 19)

—sin%(sinqo sint}+icos@sin 19)

(O )
cos— +icos ¥ sin—
2 2

— @Ysing—i Lo (:)Zsing
0 2 0 -1 2

'sin@ sin
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Euler R(oyy) versus Darboux R[@YO]

Axis-Angle Dial

©=£21¢

(Angle of Crank Rotation)

e — Euler Angle Dial An p
Euler Angle Dial B astronomer’s .
Y . ; (Polar coordinate) diagram o T # ¢/
(Twist coordinate) j L / ; Axis-Angle Scale e 3,; l«> ;
(a) ' - B |/> (w-Axis Polar Angle)
Euler r
angle _, o=x, -4 %
goniometer e 2cos ﬁ 3
- ) 2 .
1
‘ T ofy > = e 2
Euler Angle Dial o
o iz . B
Azimuthal coordinate) e Sll’lE ¥ B -
” - - dial ® &
Third rotation R(a00) Second rotation R(030) First rotation R(OOy) \= R(aﬁy)|’]‘ooo>
i
it Sets the 3 dia From Lecture 22 &
~ T B
g page 62 to 70 T
’ e

Sets the Qdial

Lecture 8
page 21 to 25

f M| Axis-Angle Scale

¢

(w—Axis Azimuth)

— —

Rotationé! AnalogComputer ;

R ((x around Z )

oy oy ® ~ .0 . O/ A
e_lg 0 cosg —smg e—zZ 0 e 2 cosg —e 2 sin7 Rl671- COSE_ZGZSIHE _lsmz(@ _ZGY) _R T
R(ey)= = . = 18] o, . . ) =R[gv0]=e
0 sing cosg 0 o2 elzsing S cosﬁ —isinE(G +i®Y) COSE+i®ZSinE
:cosaTﬂ/cosg( 10 ]—i[ 01 ]Sin%sing—i( 0 —i }cos%sing—i( o jsinaT”cosg :ECOS%( (1) (1) J—i[ ](:) Sin%—i( 0 z)i jéYSin%_i( (1) 01 ](:)Zsin(;)
; 0 1 10 i 0 0 -1 Ji. 2. .. 2. | i -
g cosp sin®  fsing smd os?
Euler R(0.37) is simpler to form than ©-axis Darboux R[@00]. : ¥ ] 6 6 et :
: $ . O ososin® in® (sinosing 1 i e
Euler state definition lets us relate R(ofy) = R[@VYO] ... : ' P CORy TR " (singsin® +icosgsin )
| aBy)= R(aPy)|000) (opymake better coom’inateq)_______________i E sin%(singosinz?—icosq)sim?) cos9+icosﬁsin%
@y g oy g | X Hip x; =tcos[(+0)/2] cosP/2 = :cosO/2: 5
—i —i . 1P e bk b b AL Sy : : :
e % cos> —e * sin -p, = sin[(y—0)/2] sinf/2i= O sin@/2 =cos@ sinY sinO/2 :
oL g g ) x; =ic0s[(y-0)/2] sinB/2i= ©, sin@/2 =sing sind sin©/2 §
e sin— e COS — ; Pttt
2 2 0 P -p;=sin[(y+a)/2] cosPp/2 = O, sin®/2 = .cos¢ sme®2
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Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)

A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = i D
+i

Sunday, November 22, 2015 19



Euler R(oyy) related to Darboux R[@YO](So.R(0By)=R[pHO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)
x,= cos[(y+o)/2]cos /2 = cos®/2

—p,=sin[(y—a)/2]sin§/2 = 0. sin®/2 = cos@sint} sin®/2

o+y :

oty oY
e 2 cosﬁ —e 2 sinﬁ : e 2 cos—
2 2 _ 2 |
LA Lava 2L g x,= cos[(y—)/2]sin3/2 = O, sin®/2 = sing sin®¥ sin®/2
e 2 sin= e 2 cos— 0 e 2 sin— X +ip . ~ _
2 2 2272 ) —p=sin[(y+a)/2]cos/2 =0, sin®/2 = cost sin®/2

20
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Euler R(oyy) related to Darboux R[@YO](So.R(0By)=R[pHO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)
cos®/2

_ oY B - 1 a B xtipy |- T O3

e 2 cos— —e 2 sin— e 2 cos— : . : A 3 : .

2 7 B 2 | i —p,=sin[(y—)/2]sinf3/2 = O sin@/2 = cos@sin?} sinO/2

(4 B fand B &= i; . x,=cos[(y—0)/2]sin3/2 = AYsinG)/2:sin(p siny sin®/2
e 2 sin- e 2 cos— 0 e 2 sin— X,+ip, | , - _

2 2 2 202 o= sinl(40)/2]cosf2 =0, sin@/2 = cos?) sin©/2

21
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| ofy)= R(af37)| 000)
_ & B =L B

e 2 cos= —e 2 smE

oty
- P

ia_y . ﬁ i
e 2 sin— e 2 cosz

1

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
oy make better coordinates but: R(oy)| 000)

e

o+y .
—1 x1+lp1 mrmmmdeme e
2 cosg ;
la;y . ﬁ

Euler R(oy) related to Darboux R[@YO](So.R(oy)

=R[@V0O])

= R(och) 1) = (m?}@]|1>
cos®/2

)

X, = cos[(y—a)/2]sin [3 /2=0, sin®/2 = sing sin?} sm@/2
., SINO/2 = cost} sm®/2-

—pi=sinl(+0)2]cosp/2 =6, sin®/2 = cos? sin®

22
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Euler R(oyy) related to Darboux R[@YO](So.R(0By)=R[pHO])

(7+0:)/2 = tan™ '[cos ) tan©/2]

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)
e_,-ay B _e_,-aj LB ~2 B xptip, ... = cosl(y+a)/2] 99.8.@/.2__—_: ____________________________ c0s©/2
o) 0 _ € > 2 |_ _Pz— sin[(y—o)/2]sinf3/2 = O, sin®/2 = cos@sint} sin®/2
<L g g L B 5 X, = cos[(y—)/2]sin3/2 = O, sin®/2 = sing sin?} sm@/2
e 2 sin— e % cos— 0 e % sin— X,+ip, |
2 2 2702 ) —p=sinl(y+0)2]cos B2 =O, sin@2 = ¢ 9_8_1_9___8_1!1_@_/2

23
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Euler R(oyy) related to Darboux R[@YO](So.R(0By)=R[pHO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

e g e g |y 27 g xpkip, | M=eos{(yro)2]eosf2= c0s0/2
e 2 cos— —e ? sin— e 2 cos— - B
) 2 B 2 | —p2—51n[()/—05)/2]sm[3/ =0, sin®/2 =cos@sint} sin®/2
g M g 2L g i x,=cos[(y—)/2]sin /2 = O., éiﬁé}'z':'s'fri}/}'é{rl}é"é{ﬂéii
e 2 sin- e % cos— 0 e 2 sin- X +ip, |
2 2 272 ) —py=sinl(y+a)/2]cos B2 =0, sin®2= ¢ 9_8_1_9___8_1!1_@_/2
tan[(7+0)/2] = cos? tan®/2 tan[(y—0)/2]= cote = tan[ = — ]
........................................................................... seeneennen s
(y+)/2 = tan”'[cos® tan©/2] (y—a)/2= > 1

T
L . in[(v=0)/2] = sin[ 2 — @] =
This gives Euler angles (opy) in terms of Darboux angles [¢v0] sin[(y=@)/2] = sin| 2 ]=cosg

Sunday, November 22, 2015 24



Euler R(oyy) related to Darboux R[@YO](So.R(0By)=R[pHO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

oty o oty Yti x, = cos[(y+o)/2]cos /2 = cos®/2
e : 2 Cosﬁ —e : Slnﬁ 1 e l 2 COSE ! pl S ---------------------: ------------------------------------
7 7 B 2 | —p2—51n[()/—05)/2]sm[3/ =0, sin®/2 =cos@sint} sin®/2
i A I A A L E x,= cos[(y-)/2]sinfi/2 = O sin©/2 = sinp sind) sin©/2;
e 2 sin- e % cos— 0 e 2 sin- X,+ip, |

2 2 2 2 tf?l_—_f%r_l_[ﬁm_)_/%_?95[?_/_2__?___ smO2= .8 9_8_1_9___8_199_/2

tan[(y+0)/2] = cos? iél}ié'/z" tan[(y—c/)/2]= cotg = tan[ = — @]
........................................................................... B L

(y+0)/2 = tan_l[cosﬁtan®/2]--------------------g-------------------- (y—o)/2= 57 ¢

T
. - /2 =sin[—— =
This gives Euler angles (ofy) in terms of Darboux angles | (pﬂ@] sin(y=¢)/2]=sinl- @] =cosp

0= Q—T/2-+tan™ (cost tan@/2) ~

y=T/2—@+tan"' (cos tan©®/2)
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Euler R(oyy) related to Darboux R[@YO](So.R(0By)=R[pHO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

= T S g xpbipy | AEeosl(zre)Rleospla= c0sO/2
e 2% cos— -e sin — e 2% cos— A
2 2 _ 2 | - —py=sin[(y—0)/2]sin}/2 =0 sinO/2 = cospsiny sinO/2
=L B L T B 5 X,= cos[(y—)/2]sinf3/2 = O, sin®/2 = sing s1n-1-9"§i1-1®/2§
e 2 sin— e % cos— 0 e % sin— X +ip, | :
2 2 2 22 tf?l_—_f%r_l_[ﬁm)_/%_?_czs_f?/?_ ______ szr_l_@_{%: _______ c 9_8_1_9___8_19@_/215
tan[(y+01)/2] = cos®) iél}ié'/z" tan[(7—/)/2]= cote = tan[ = — @]
........................................................................... Ty B
(y+a)/2 = tan_l[cosﬂtan®/2]--------------------3-------------------- (y—a)2= 57 ¢
g sin[(y—o)/2] = sin[z —@]=cos@
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] : 2 :
o= (p—7t/2 +tan (cosﬂ tan@/2) T Smﬁ/z:SIM smO2 :
B — 2Sln (Sln@/z Sln'ﬁ-) ....................................... g ...............
V=T/2—@+tan™ (cosOtan®/2) ... i
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Euler R(oyy) related to Darboux R[@YO](So.R(0By)=R[pHO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

oty o oty Yti x, = cos[(y+o)/2]cos /2 = cos®/2

e : 2 Cosﬁ —e : Slnﬁ 1 e l 2 Cosﬁ ! pl S ---------------------: ------------------------------------

2 2 ~ 2 | —pz—sm[(y—oc)/2]smﬂ/ =0, sin®/2=cospsiny sinO/2

i A I A A L i x,=cos[(y—)/2]sin /2 = O., éiﬁéifz'"'s'fri},}'sf{rl}é"éiﬂé)'}i

e 2 sin- e % cos— 0 e 2 sin- X,+ip, |

2 2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ O,sin02=_ ¢ 9_8_1_9___8_19@_/2.
tan[(7+0)/2] = cosd iéiié'/z" tan[(7—)/2]= cote = tan[ - — @]

........................................................................... e

(7/.'.“)/2 — tan_l[cosﬁtan(h)/z] (’)/—a)/z = 5 — (p ---------------------------

This gives Euler angles (ofy) in terms of Darboux angles | (pﬂ@] : -
o= (p—71:/2+tan l(cosOtan@y2) ;_,...........-._----.S.lnﬁ@..—.-8;1.1.1.1?.-S.l.l.l.@/.%________;____.:

B = 2s1n” (Slﬂ@/z Slnﬁ) ....................................................... ...............
V=T/2—@+tan™ (cosOtan®/2) ...

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy) . ;
0= (0L—y+Tm)/2 cos[(y—)/2]= COS[——(p] sing -
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Euler R(oyy) related to Darboux R[@YO](So.R(0By)=R[pHO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

oty o oty Yti x, = cos[(y+o)/2]cos /2 = cos®/2

e : 2 Cosﬁ —e : Slnﬁ 1 e l 2 Cosﬁ ! pl S ---------------------: ------------------------------------

2 2 ~ 2 | —pz—sm[(y—oc)/2]smﬁ/ =0, sin®/2=cospsiny sinO/2

i A I A A L i x,=cos[(y—)/2]sin /2 = O., éiﬁéifz'"'s'fri},}'sf{rl}é"éiﬁé}i

e 2 sin- e % cos— 0 e 2 sin- X,+ip, |

2 2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ O,sin02=_ ¢ 9_8_1_9___8_19@_/2.
tan[(7+0)/2] = cosd iél}ié'/z" tan[(7—)/2]= cote = tan[ - — @]

........................................................................... e

(7/.'.&)/2 — tan_l[cosﬁtan(h)/z] (’J/—a)/z = 5 — (p ---------------------------

This gives Euler angles (ofy) in terms of Darboux angles | (pﬂ@]

0= -2 Htan’ Y(cosOtan@/2) §_,...........-._----.S.m.ﬁ.@..—.-8;1.1.1.1?.-S.l.l.l.@/.%--______g____.i
B = 2sin!(sin®/2 sin®) - ................ :
V=T/2—@+tan™ (cosOHtan®/2) ...
Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)
Q= (L—Y+T)/2 cos[(7-0:)/2] = cos[ >~ ] =sin -
O = tan"'[tan /2/ sin(o+7)/2] Cosl(y=0)RISINPI2 _ G o tan = tanﬁ/z _ aw...-f
............................ sin[(y+0:)/2]cos /2 sinf(y+a)/2]
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Euler R(oyy) related to Darboux R[@YO](So.R(0By)=R[pHO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

N = RLAVAN xpbipy | AEeosl(zre)Rleospla= c0sO/2
e 2 cos— —e 2 sin— e 2 cos— A
2 2 ~ 2 | . —py=sin[(y—0)/2]sin}/2 =0 sinO/2 = coswsmﬁ-sm.@@.-
=L B P B =L B 5 Xy = cos[(}/—(x)/-Z-]- sin [3 /2=€ v SInO/2 =sing sing smG)/Z
e 2 sin- e % cos— 0 e 2 sin- X,+ip, |
2 2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ 0,sin02=_ ¢ 9_8_1_9___8_19@_/2.
tan[(7+0)/2] = cosd iél}ié'/z" tan[(7—)/2]= cote = tan[ - — @]
........................................................................... T
(y+x)/2 = tan_l[cosﬁtan(a/Z]--------------~-----g-------------------- (y—o)/2= 57 ¢
: sin[(y—o)/2] = sin[z —@]=cos@
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] : 2 :
o= (p—71:/2 +tan (cosﬂ tan@/2) T Smﬁ/z:smﬁ smO2 :
B j— 2Sln (Sln@/z Sln’ﬁ-) ....................................... g ...............
V=T/2—@+tan™ (cosOtan®/2) ... i
Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)
T .
0= (0L—y+Tm)/2 cos[(y—)/2]= COS[E—(p] = sing
- - .
U = tan [t@.f.l..ﬁ./.%/.ﬁ.l.n.@@ﬂ)./%] ................ cosl(y=e)/2JsinB2 o R
® =2 cos '[cos B/2 cos(ory)/2] e sin[(y+o)/2]cos /2 sin[(y+0)/2]
............................ x,= cos[(y+a)/2]cos /2 = cos®/2

.............................
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Euler R(oyy) related to Darboux R[@YO](So.R(0By)=R[pHO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

N = RLAVAN xpbipy | AEeosl(zre)Rleospla= c0sO/2
2 = _ I 2 = —
R T T —p,=sin[(y-)/2]sin3/2 = O sin®/2 = cossin®) sin®/2
g % g 2L g i x,= cos[(y—0r)/2]sin5/2 = © ; "siiiéfz'"'s'fri'q}'sf{ﬁ'é"éiﬁéiii
e 2 sin- e % cos— 0 e 2 sin- X,+ip, |
2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ O,sin02=__ c 9_8_1_9___8_19@_/2:.
t'a}i'[(y'l(};j}'z']'"E&s'{éiél}ié'/z" tan[(7—0)/2]= cotg = tan[~ — ]
........................................................................... T
(y+x)/2 = tan_l[cosﬁtan(a/Z]--------------~-----g-------------------- (y—o)/2= 57 ¢
: T
sin[(y—o)/2] = sin[—— @] = cos
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] : [(r=o0/2] [2 4 ¢ :
o= (p—71:/2-|—tan (cosﬂtan@/Z) [ §.............-.-----.S.lﬂﬁf.z..:.-3:1.1???.-3.1.11@./.2 .............. E
B = 2sin’ (sm®/2 SINY) oo ...............

V=T/2—@+tan™ (cosOtan®/2) ...

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)

0= (0= +m)/2 cos[(7-0:)/2] = cos[ >~ g] = sinp
0 = tan’ [ta.r.l..ﬁ./.%/.ﬁ.i.f.l.@@ﬂ)./%] ............... cosl(y=0)2sinf2_ oo a2
® =2 cos '[cos B2 cos(ort)/2] T sin[(y+a)/2]cos /2 sin[(y+a)/2]
...................... _ MeosB/2 = o/
Example: Euler angles (0=50° f=60° y=70%) 7 Aoy Tlooss .
o= (50°=70°+180°)/2 = 80°

9= tan '[tan 60°/2/sin(50°4+))/2]  =33.7°
® =2 cos '[cos 60°/2 cos(50°+Y)/2] = 128.7°
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Euler R(oyy) related to Darboux R[@YO](So.R(0By)=R[pHO])

Euler state definition lets us relate R(a/37) to R[@¥0O] ...
| afy)= R(ay)|000)  ofy make better coordinates but: R(ay)| 000) = R(afy) [1) = R[eOO]|1)

= T S g xpbipy | AEeosl(zre)Rleospla= c0sO/2
e 2% cos— -e sin — e 2% cos— -
2 2 _ _ - —py=sin[(y—0)/2]sin}/2 =0 sinO/2 = cospsiny sinO/2
g M g 2L g i x,= cos[(y—0r)/2]sin5/2 = © ; sin®/2 = sing sin® sin©/2;
e 2 sin— e % cos— 0 e % sin— X +ip, | :
2 2 2 tf?l_—_f%r_l_[_(m)_/%_?_qs_f?/?_ ______ O,sm02=__ ¢ 9_8_1_9___8_19@_/215
{a}i'[(y'l(};j}'z']""é&s'{éia}ié'/z" tan[(7—/)/2]= cote = tan[ = — @]
e 7.2: Y
(y+a)/2 = tan_l[cosﬁtan®/2]--------------~-----g-------------------- (y—a)2= 57 ¢
: T
: sin[(y—a)/2] = sin[——¢@] = cos
This gives Euler angles (ofy) in terms of Darboux angles | cpﬂ@] [(r=o0/2] [2 4 ¢
o= (p—7t/2+tan (cosﬂtan@/Z) sinf3/2 = sin®. sin®/2

f e e e o e s e s memm m om m m m o EEEEEEEEEEEEEEEEEEEEEEEEEEEEE®
............
.........

B 2Sln (Sln@/z Sln’ﬁ-) ....................................................... g ““““““““““““““
v =m/2—@+tan' (cos® tan®/2)

Inverse relations have Darboux axis angles [¢90] in terms of Euler angles (ofy)

Q= (0—y+T)2 cos[(7-0:)/2] = cos[ >~ g] = sinp
O = tan "'[tan 3/2/ sin(0+7)/2] cgs[(y—a)/z]sinﬁ/z  sin tand = tanf2 9
® =2 cos '[cos B/2 cos(0+7)/2] sin[(y+0r)/2]cos3/2 sin[(y+0)/2]

Example: Euler angles (0=50° p=60° y=70°) . hecks () Fl000]

_ o__ A0 o _ QN0 everse check: (of3y) in terms of [@
¢= (50_1 70° +180 ?/2 30 00=80°-90°+tan "' (tan (128.7°/2) c0s33.7° )=50.007°
U= tan"[tan 60°/2/sin(50°+Y)/2]  =33.7° g = 2sin"(sin 128.7°/2 in33.7°)=60.022°
® =2 cos '1[cos 60°/2 cos(50°+y)/2] = 128.7° vy=m/2-128.7°+tan ' (tan (128.7°/2)=70.007°
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Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry
Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa
*Euler R(aBy) rotation ® =0-4m-sequence [@O] fixed (and “real-world” applications)
A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = i D
+i
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Euler R(o}y) rotation ® =0-4m-sequence [@O] fixed

©=128.7° ©=180" O©=300°

(c) ® = 128.68° (d) o =180° () ® = 300°
Operator: R[¢p 8 0] = P Operator: R[¢ 8 o] = 4 Operator: R[¢ 6 ©] = Operator: R[¢ 6 ©] = ‘ Operator: R[$ 6 @] =
R[80° 33.69° 0°]=1 RI80° 33.69° 128.68°| [ ~ R[80° 33.69° 180°] R[80° 33.69° 240°] ' R[80° 33.69° 300°]
: 'V
. ¥
: . Position State: Position State: - g -
Position State: . . Position State: Position State:
o) = Rio 6 @]i1) = B e P - joBr) = R16 8 wli1) = loBy) = R14 0 wli1) = : joBy) = RI6 0 wli1) =
| -10° 0° 10° ) =|1) : o gho e
(Initial Position State) : | 15.7° 32.20° 35.7°) 150° 60° 70°) 180° 67.4° 100°) | 11480 57.4° 134.8% [ 14430 322° 16437

Under Construction!
Web based U(2) Calculator - Euler & Darboux Angles
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http://www.uark.edu/ua/modphys/markup/ColorU2Web.html?cInd=3&polAngle=84&aziAngle=68
http://www.uark.edu/ua/modphys/markup/ColorU2Web.html?cInd=3&polAngle=84&aziAngle=68
http://www.uark.edu/ua/modphys/markup/ColorU2Web.html?cInd=3&polAngle=84&aziAngle=68
http://www.uark.edu/ua/modphys/markup/ColorU2Web.html?cInd=3&polAngle=84&aziAngle=68

O=0°"

(a) m=0°
Operator: R[¢ 8 @] =
R[80° 33.69° 0°]=1

Position State:

lBy) = R[¢ 6 @]|1) =

Position State:

(oY) = R($ 6 0]|1) =
|-10° 0° 10° ) =|1)
(Initial Position State)

| 15.7° 32.20° 35.7°)

(g) ®=360°
Operator: R[¢ 0 ©] =
R[B0° 33.69° 360°)

Position State:
lefy) =R($ 6 @]i1) =
| 170° 0° 190°)

(2nd Initial State)

Position State:

lofy) = R[¢ 6 w]|1) =

| 195.7° -32.2° 215.7°)

O=360" ©=420°

Position State:
lofy) = R(¢ 6 w]|1) =

| 50° 60° 70°)

(i) = 488.68°
Operator: R[¢ 6 @] =
R[80° 33.69° 488.68°]

Position State:
lafy) = R(o 0 0]|1) =

| 230° -60° 250°)

Euler R(aPy) rotation @ =0-4m-sequence [QO] fixed
O=128.7°

(c) = 128.68°

Operator: R[¢ 0 ] =
R[80° 33.69° l28,68“]

O=180° ©=240° ©=300°

| 260° —-67.4° 280°)

(d) o= 180° (e) ® = 240° (f) ® = 300°

Operator: R[¢ 6 0] = Operator: R[¢ 6 ©] = Operator: R[¢ 6 ] =

R[80° 33.69° 180°] R[80° 33.69° 240°] R[80° 33.69° 300°] \

4

Position State: Position State: _ Position State:
jeBy) = R[$ 6 w]|1) = lefy) = Rl¢ 8 w]|1) = lefy) = R[$ 6 w]|1) =
| 80° 67.4° 100°) | 114.8° 57.4° 134.8%) | 144.3° 32.2° 164.3°)

(i) @ = 540° (k) ® = 600° (1) = 660°

Operator: R[$ 6 0] = Operator: R[¢ 6 @] = Operator: R[0 6 @] =

R[80° 33.69° 540°] R[80° 33.69° 600°] R[80° 33.69° 660°]

.

Position State: Position State:
jafy) = R[$ 6 wll1) = loefy) = R[9 6 w]|1) = |ofy) = R(® 6 w]i1) = - “

| 294.8° -57.4° 314.8°) | 324.3° =32.2° 344.3%)

O=488.7° ©=540"  ©=0600° ©O=660°
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Some “real-world” applications of
the U(2)-R(3) spinor-vector topology

Sequential models of D. A. Adams’ antitwister mechanism

From Scientific American
December 1975-p.120-125
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Some “real-world” applications of
the U(2)-R(3) spinor-vector topology

Sequential models of D. A. Adams’ antitwister mechanism

From Scientific American
December 1975-p.120-125

A e
rotaling fix
L oM
L g

obabing housing
a L%

N

;""‘f'.xcﬁ hase

the turntable rotates

Ve R

R R

A e T T T s
-m—‘“hh:_%ﬂau

]
el e

i

. -—F“_& oy e e e
i R o e e i

gl = NS

et L b
A& -ﬁ‘l&x‘t{-{ 'gh}lr- é EJ_‘
5 mobon oAl
FLERE 2 .
SR T Px% L5t
n;,}."'!"- . i = o .iq{ 1=:
P R AEERE
._i—'_' —t T F "":|'|—.—|—J.i-"'|1'f".|".':|. Mrsr—4+ el 17

Wires do not get twisted up as
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Some “real-world” applications of
the U(2)-R(3) spinor-vector topology

Sequential models of D. A. Adams’ antitwister mechanism

From Scientific American
December 1975-p.120-125

f‘ti.ﬂi{fl’-

)

Wires do not get twisted up as
the turntable rotates

1dler
pig syl
el

Periscope allows
Stationary outside
viewer to see into a
rotating frame that
appears fixed as the
turntable rotates
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Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry
Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa
Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)
A B—iC
B+iC D

Ouick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H =

Sunday, November 22, 2015 38



Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

B+iC D
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A BoiC g AXDE L0y pylf L0l 00T el
B+iC D 2 {01 0 -l 10
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A BiC g AXDE L0 oyt 0l 00T el
B+iC D 2 {01 0 -I 10 '

H= QO 1 + Q S + Qp Sy +QC

Sunday, November 22, 2015
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= @, 1 + Q, S, +Qp S, +Q. S, =Qjl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+ D

and: € =\/£2A2 +QB2 +Q, % = \/(A—D)2+ 4B*+4C?

where: Q=
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= @, 1 + Q, S, +Qp S, +Q. S, =Qjl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+ D

and: € =\/QA2 +QB2 +Q, % = \/(A—D)2+ 4B*+4C?

where: Q=

@igenvalues: Q=002
_ A+DJ_r\/ (A—D)2+ 4B%+4C?
\ 2 J
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+ D

and.: =\/§2A2 +Q 2+ Q2 =(4-D) 2+ 452+ 4C?

where: Q=

@igenvalues: Q=002
_ A+DJ_r\/ (A-D) 24 4B+ 4C?
\ 2 J

Q1 =20+2/2
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+ D

and.: =\/§2A2 +Q 2+ Q2 =(4-D) 2+ 452+ 4C?

where: Q=

Eigenvalues: Q+=Q0+0/2)  and: 9= cos (Qu/Q), and: o= cos (/) sind)= COS'l[QB/\/Q 27 ]
_ A+DJ_r\/ (A-D)*+4B*+4C?
\ 2 J

Q1 =20+2/2
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0

H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS
Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+ D

and.: =\/QA2 +Q 2+ Q2 =(4-D) 2+ 452+ 4C?

where: Q=

Eigenvalues: Q+=Q0+0/2)  and: 9= cos (Qu/Q), and: o= cos (/) sind)= COS'l[QB/\/Q 27 ]
_ A+DJ_r\/ (A-D)*+4B*+4C?
\ 2 J

or: 9= cos![(4-D) / \/(A—D)2+ 4B*+4C* |, o= cos ! [BINB*+C? ]

Q1 =20+2/2
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t

Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0
H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})

and.: =\/§2A2 +Q 2+ Q2 =(4-D) 2+ 452+ 4C?
and: 9= cos1(24/QY), and: o= cos({25/§2 sind)= COS'l[QB/\/Q BZ+QC2 ]

o= cos ! [BNB*+C? ]

A+ D

where: Q=

@igenvalues: Q=002
e 2 4 P2 22
= A+D“/(A D) +45 +4C or: 9= cos![(4-D) / \/(A—D)2+4Bz+4C2 ],

\ 2 J
Step 3.To find eigenvectors replace Euler angles (azimuth o, polar 3 ) of Euler-state  |Top,)=
Q=0 +0/2
g el% sinﬁ
S+ 2
o S =R(@pBy)| Togo)
N2
Ny
2_=p-€2/2
47
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t

Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0
H= Q, 1 + Q, S, +Q5 S, +Q. S, =Qyl+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})

and.: =\/§2A2 +Q 2+ Q2 =(4-D) 2+ 452+ 4C?
and: 9= cos1(24/QY), and: o= cos({25/§2 sind)= COS'l[QB/\/Q BZ+QC2 ]

o= cos ! [BNB*+C? ]

A+ D

where: Q=

@igenvalues: Q=002
e 2 4 P2 22
= A+D“/(A D) +45 +4C or: 9= cos![(4-D) / \/(A—D)2+4Bz+4C2 ],

\ 2 J
Step 3.To find eigenvectors replace Euler angles (azimuth o, polar 3 ) of Euler-state  |Top,)=
with the Darboux axis polar angles (azimuth o , polar v ) of H-matrix B cosg
QL =0Q0+Q/2
g el% sinﬁ
S+ 2
o S =R(@pBy)| Togo)
N2
Ny
2_=p-€2/2
48
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t

Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 0 1 0 -1 1 O i 0
H= @, 1 + Q, S, +Qp S, +Q. S, =Qjl+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})

and: € =\/QA2 +QB2 +Q, % = \/(A—D)2+ 4B*+4C?
and: 9= cos1(24/QY), and: o= cos({25/§2 sind)= COS'l[QB/\/Q BZ+QC2 ]

o= cos ! [BNB*+C? ]

ar 3) of Euler-state  |1up,)

A+ D

where: Q=

@igenvalues: Q=002

il A N2 A 22 a2
= A+D“/(A Dz) +ap +4C) or: 9= cos![(4-D) / \/(A—D)2+4Bz+4C2 ],

\_

) of H-matrix e 2 cosg

with the Darboux axis polar angles (azimuth o , polar ¥
lj/}(‘/% e 2

Q=00 +0/2 e S
O Q,)= 2 | Spin +S ]
ey Tl s Up-Crank ¢
o S 2 =R(aB)| Ty
S| -on
Ny
Q-=00-C2/2
49
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:
Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t

Hamiltonian H
A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
0 -1 1 0O i 0

B+iC D 2 0 1
H= @, 1 + Q, S, +Qp S, +Q. S, =Qjl+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+D and: ) =\/QA2 +QB2 +Q .2 = \/(A—D)2+4Bz+4c2

and. Y= cos 1 (Q4/Q), and: p= cos(C)5/€2 sin)= COS'l[QB/\/Q 27 ]

o= cos ! [BNB*+C? ]

where: Q=

@igenvalues: Q=002
e 2 4 P2 22
= A+D“/(A D) +457+ac or: Y= cos[(4-D) / \/(A—D)2+4Bz+4C2 ],

\ 2 J
Step 3.10 find eigenvectors replace Euler angles ar 3 ) of Euler-state  |1ug,)=
with the Darboux axis polar angles (azimuth @ , polar 9 or v+r) of H-matrix o2 cosB
Q. =00+0/2 ¥ S
ST @)= ¢ 2 sinb
a0 /| it
| ™ o |
Q_‘:Q‘_YTQ/Q )= ez-g Y D?al?glra-lrslk
50
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Quick U(2) way to find eigen-solutions for 2-by-2 H

Steps to find eigen-solutions for 2-by-2 H matrix:

Step 1 Find components (€24,825,C2c)of crank vector 2=0 /t
Hamiltonian H

A B=iC |_yg_A+Dp 1 0 +(A—D)% 1 0 +2B% 0 1 +2C% 0 —i
B+iC D 2 {01 0 -1 1 0 i 0
H= @, 1 + Q, S, +Qp S, +Q. S, =Qjl+ QeS

Step 2.Convert Cartesian to polar form: (C04=cost), (1p=cosy sin, (lc=Csiny sin})
A+ D

and: € =\/QA2 +QB2 +Q, % = \/(A—D)2+ 4B*+4C?
and: 9= cos I (Q4/Q), and: p= cos((2x/) sin})= COS'l[QB/\/Q 32+Qc2 ]

o= cos ! [BNB*+C? ]

where: Q=

@igenvalues: Q=002
_ A+DJ_r\/ (A—D)2+ 4B%+4C?
\_ 2 Y,

or: 9= cos![(4-D)/ \/(A—D)2+4Bz+4(32 |

Step 3.70 find eigenvectors replace Euler angles ar 3 ) of Euler-state  |Tas,)=
with the Darboux axis polar angles (azimuth @ , polar 9 or v+r) of H-matrix o2 cosB )
Q=0 +Q/2
/! |Q+>= eiz sinﬁ
+Q/2 ;
LI =R Too)
B More reliable computation:
-Q)/2
. Spin -S ¢ = atan2(C, B)
by |Q_>= 2 P Kk tan  (C' / B) is unreliable]
Q_=00-Q/2 CINDEY: Dn-Cran
‘ 2 ¥ = atan2(2N B* + C*, A-D)
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Quick U(2) way example for 2-by-2 H

Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 Je—i

H=
Jo(i+i) 8

A B —iC
B+iC D
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Quick U(2) way example for 2-by-2 H
Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 e —i)
Joi+i) 8
A=12, B=+6, =6, D=5

H=

A B —iC
B+iC D
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Quick U(2) way example for 2-by-2 H
Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 e —i)
Joi+i) 8
A=12, B=+6, =6, D=5

H=

A B —iC
B+iC D

Step 2.Convert Cartesian to polar form: (C04=82cost), {1z =Lcosy sin?}, (lc=(lsiny sin)

QO:A+D:10
2

2 2
and: Q0 =JQ 2+0.2+Q .2 =J(4-D)2+ 4B% 4C? =\ (4)24 46 + 46" =416+ 24124 =64 =8
A B
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Quick U(2) way example for 2-by-2 H
Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 Jo—i
Jo(i+i) 8
A=12, B=+6, =6, D=5

H-—

A B —iC
B+iC D

Step 2.Convert Cartesian to polar form: (C04=82cost), {1z =Lcosy sin?}, (lc=(lsiny sin)

Q, = A;D =10
and: Q :\/QA2+Q32+Q 2=\/(A—D)2+4Bz+4cz=\/(4)2+4\£2+4f2:\/16+24+24 =64 =8
()= +2/2
QO +€2/2
R oY)
“._Y_

Vez'genvalue —1 etgenvalue — 2 Q—:QO-Q/Z
“’T:“”\/? +(*/8)2+(\/E)2 wl—10—\/[# +(JE)2+(JE)2

=10+4=14 —10—4 =6

Sunday, November 22, 2015 55



Quick U(2) way example for 2-by-2 H
Can you write down all eigensolutions to the following H -matrix in 60 seconds?

] 10—|—4COS§ Zlcosgsinz—z'43inzsinz

12 61—
Joi+4i) 8

A B—1iC
B+iC D

H=

élcos%sﬁng—i—z'élsinzsimz 10—4(:08I

A=12, B=+6, C=+6, D=8

Step 2.Convert Cartesian to polar form: (C04=82cost), {1z =Lcosy sin?}, (lc=(lsiny sin)

Q= A;D ~10
and: =\/QA2+Q32+Q 2 :\/(A—D)2+4Bz+4C2 =\/(4)2+4\£2+4\f2 :\/16+24+24 =64 =8
or: Y= cos'[(4-D) / \/(A—D)2+4Bz+4c2 |=cos’![(4) /8] =n /3, QT’ZAQOJFQQ
o= cos [BA B2+ ? ] =cos ' [V6/V/12]=r /4 o |2
wT:1o+\/$2+(JE)Q+(JE)Z wl—lo—\/[$2+(£)2+(£)z

=10+4=14 —10—4 =6
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Quick U(2) way example for 2-by-2 H

Can you write down all eigensolutions to the following H -matrix in 60 seconds?

12 e—1)
Joi+i) 8

H—
B+1C D

A B—iC]:

A=12, B=+6, C=+6, D=8

10—|—4cos§ dcosZsint —idsinLain L

élcoszsimz—i—z'élsinzsimz 10—4008z
4 3 4

s s s s

Step 2.Convert Cartesian to polar form: (C04=82cost), {1z =Lcosy sin?}, (lc=(lsiny sin)

A+D
2

10

Q=

2 2
and: Q =\/QA2+QBZ+Q 2:\/(A—D)2+4Bz+4C2:\/(4)2+4\/g v afo” =\16+24424 =Jo4 =8

or: Y= cos![(4-D)/ \/(A—D)2+ 4B*+4C? |= cos[(4) /8] =m /5,

= cos  [BIN B2 +? |1 =cos ! [\V6/v/12]=m /4 Qp . +42/2
Step 3.To find eigenvectors replace Euler angles (azimuth o, polar 3 ) of Euler-state T~ | Q/2
with the Darboux axis polar angles (azimuth ¢ , polar ¥ or v+m) of H-matrix “
‘eigenfvalue —1 ‘ez’gem}alue _9 Q_=y-2/2
o0 253 4] 4] 0 25 (] (]
=10+4=14 —10—-4=6

‘eigenvector —1

e_% cosz 1 —ie
o i

+io T
e %sin—

‘ez’genvector —2

Vi
IR T
—€ S1n —

9-| 8

it T
e 8 cos—
6
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Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry
Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)
A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = e D
+i

The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion é
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion
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The ABC's of U(2) dynamics

In general.:

H=A+D 1
2
H=A+D

2
Asymmetric Diagonal A-Type motion

Sunday, November 22, 2015

[<1|H|1> (1H]2) ][ 4 peic ]D( 0
(2|H[1) (2|H|2) +iC D 2 {01

(A1) QHA2) | (4 0 \_axD L A-D
[<2HA1> (2]H]2) }[ 0 g]_ : [é (1)}

_|_

|

|

+

Q
2

I O
0 -1
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The ABC's of U(2) dynamics

Asymmetric Diagonal A-Type motion
QR (HY2) | (4 0 \_4+D( 1 0 JA-D[ 1 0 |_ 4+D o Q,
) ) Lo 2 ) Lo 1) "

24 A-D S +S
Crank : Q=| Q = Eigen—Spin:S=| § =
Q. 0

Sunday, November 22, 2015

p= %NH Sec
AHD (H2) | (4 seic L_4a+D( 1 0 ), vo| 0 i ]4=D[ 1 0 ) | H=Ql+—e0
(2H[1) (2[H|2) +iC D 2 {01 i 0 2 Lo -1
In general.: H= A2 c, + C o. + A_—DGA } A A-D
2 2 Q= Q 2
H = A;D o, +QT o, -+ % o. + Q—zA o, Qe 2C
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([H[1) (1]H[2) =[ A4 B-iC ]:A+D(
(2|H[1) (2|H|2) +iC D 2
In general.: H = A;D
H - A+ D

2

Asymmetric Diagonal A-Type motion

[<1HA1> (w2} }[ : ):A;D[l o]
0O D 0 1

(2R (2]H72)
Q5 A-D
Crank : Q=] Q = Eigen—Spin:S=| §

C

0
N =] -
z =1 ¥y

®)

)

-05 T
“_‘_‘_‘T-F;‘_‘— . xl
e

[

The ABC's of U(2) dynamics

1 0O n +C 0 —i +A—D 1 O
0 1 i 0 2 0 -1
A-D
1 + o + C o. + O,
Q Q Q
C A
%0 T % T % T %
— Q
+A D1 0 |_ 4+D L+ _AGA
2 0 -1 2 2

x1
&
2

L p2

_._._._._AXZ

_e=_
—_=_
:7p2
22 x2
‘Pz 3

] ~
pP= §N1+ SeC
g
| A-D
Q. 2C
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The ABC's of U(2) dynamics

2 ~
Q

QHL QH2) | (4 s 4D 1 0 vl 0 U a0 =i |pAzDf 10 ) | H=Ql+—eo
<2|H|1> <2|H|2> s+iC D 2 0 1 1 0 i 0 2 0 —1 =

A-D Q
In general: H=- 22 ¢ 4 c, + C o. + — o, 3 A A-D
2 2 Q= Q, |(=| 275
Q Q Q
H- A0 5 25 2o 40 a4 o 2C
2 2 2
Asymmetric Diagonal A-Type motion
A A
(H1) - (1[H7]2) [ 40 ] A+D[ 10 }+A—D[ 10 ) A+D Q9 G
= — B - P tor
y y 2 ) _1 7 0 7 A cran AVGC
QR @) | Lo o 0 1 ; 5 g R
Q\ A—D B Sa S
Crank : Q=] Q, |= 0 Eigen—Spin:S=| Sp |=| 0 - _ _B
Q. 0 Se 0 .
c‘—i_ Y,=0
P E—— . (=)
s, xl‘_‘_‘_'-_-;é_i_'—_"—‘- O Smmb'e :_K.-”.q 1
pat! | % | (+))
— @ vl T e B el Vi R
| p2 I [ l |y> @
- 05 | I
ST ety L i
9 A
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The ABC's of U(2) dynamics

p=—N1+§-6
Q
QHL QH2) | (4 s 4D 1 0 vl 0 U a0 =i |pAzDf 10 ) | H=Ql+—eo
(2H[1) (2[H|2) B+iC D 2 Lo 1 1 0 i 0 2 Lo -1 =
. _ A+ D A—D QA A—D
In general. H==—= 1 + 5o, + Co. + ——o0, ol o, |-| 5
A+D Q Q Q
H = ; o, +TB o, + TCO'C + TA o, Qc 2C

Asymmetric Diagonal A-Type motion

(HA 1) (1H7)2) :[ 4 0 ]:A+D[ 1 0 ]+A—D[ 10 ): A4+D . Q,

QY @n2) Lo e 2 Lot

x}H crank-€2 A Vector
for A-D >0

| A-D RS
Crank : Q=] Q, |= 0 Eigen—Spin:S=| Sp |=| 0 _B
Qe 0 Sc 0 L) l /
e
Y,=0
/li.;; ._.__.—-—-——'_'_'_:p s 2 L | | |(_)>
s, Xl‘_‘—'—-:nﬂj%-___._._ e p—— ﬁ_flq 1
\\_—- ] 0s :
—— el [ slow — & %fa st . |
_ej':i i )@K_i_ T S .. 'Xf'"” : |R>
> | —e \L
L P2 ] . D2
= L
| x2 BT 22 x2 i -
0 Fot e =] 51

Beat dynamics.:

KT XN \t UZ(“ n | ] “ 1
PR 0 Ei;_}'h‘a, L I ) ]
T TA Total beat ] ““i;".‘; p o LA B ””2”;
—A—r ...................... 5 frequency — N - j‘ E‘;"Slgwﬁfa‘?
Q. — l - Qa e BRI BoxIt (A-Type)
0 2 ¥, xz r Web Simulation
St 5
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.9&BU2=-0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=1.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.9&BU2=-0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=1.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.9&BU2=-0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=1.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.9&BU2=-0.0&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=1.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0

A-Type elliptical polarized motion (BoxIt Web Simulation)

x1=0.121 L.
3.
pl/w = -0.993 [
x2 = -0.195 Y1 .
p2/e = -0.460 —T
x1(0) = 1.000
p1(0)/0 = 0.000
x2(0)=0.000 | (
P20 =0.500 | \7,
A =2.1000 \ |
B = 0.0000 \
g :g 0000 it
. W2(Rotated %0°)
- -1 '5"4'1' P .. ‘ X 1)) \ 11‘:) q- /}E_L

|
'.l.‘,.l

wl =2.100
w2 = 3.400
™ = 90.000

N e I
A ) ;'_“r"’,‘,‘l ].

-41.5

N

H12.5

it

as time = 30.610 E =1475

L

I

Stokes Vector ABC-Space

O(

Q

A ‘ B

0.5

-1

UMMM o
Vi

-3
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=0.0&CU2=0.0&DU2=3.40&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=0.0&CU2=0.0&DU2=3.40&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0

Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry
Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)
A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = e D
+i

The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion

) Bilateral-Balanced B-Type motion é

Circular-Coriolis... C-Type motion
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The ABC's of U(2) dynamics
(HY H2) | (4 ssie Y _4a+D( 1 0
[<2|H|1> (2|H]2) ]_[ +iC D ) 2 (o 1

In general.: H = A;D 1
H - A+ D

Bilateral-Balanced B-Type motion

([ (2} M Q, ]Q( OH
(2H1) (2n]2) Q) Lo

Sunday, November 22, 2015

|

+

+ C o. +
Q

+ =S o, +
2

+ o

] _
pP= §N1+S.G
g
| A-D
Q= Q 2
Q. 2C
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The ABC's of U(2) dynamics

T =
p= —N1+ S0
2 -
1|H[1)  (1]H[2 . . ~ _ 52
<||><||>: A B—zC:A+D10+BOI+CO—, +AD1() \H QOI+ .G)
(2H[1) (2[H|2) B+iC D 2 Lo 1 10 i 0 2 Lo -1 -
_ Q
In general: H=2A2 4 o, + C o. + A_D(;A ) A A-D
2 2 Q=| Q, [=| 25
Q Q Q
Bilateral-Balanced B-Type motion

(W[ (H]2) }
H|) (2H]2)

T
Q B 0 H crank-(’ vector
= o, L9l Vs g, + Lo, A x)
EQ, 0 1 10 2

for negative \/
A
Q, . S, 0 - S
Crank : Q= Q, (=] 258 Eigen— Spin :S = Sy |=| +S S(O _B
Q 0 S 0 IL) I ]
¢ ¢ )
o)
R
ﬂ B IR)

) @
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(H|) - (1H2)

The ABC's of U(2) dynamics

_ A B=iC |_AEDE 1 0 | 0 o[ 0 =i | A=D1 0
(2H[1) (2[H|2) B+iC D 2 Lo 1 1 0 i 0 2 L0 -1
) A+ D A-D
In general. H-—= 1 + 2o, + Co. + ——o0,
A+ D Q, Q- Q,
H= =5~ % "5 00 500 = o
Bilateral-Balanced B-Type motion
B B [T
QR (H2) | [ s :Qo( 10 Jw( 0 1 J: oo+ Lo A
(2H 1) (2H7[2) S 01 by :
) Q, 0 ) Sy 0 -
Crank : Q=| Q, |=| 25 Eigen—Spin:S=| S, |=| 4§ S(O
L
QC 0 SC 0 | >
| (+))
Beat dynamics: ¥ B
¥~
P10 —_— Mixed || _
il F___E:_—,-. () + =) A
40 ST as x| P— —S (U mode
N 45 1?: xqmﬂ
-0 5\;
ey AN
—egx‘ﬁ ..... a5 Euﬂ“‘“&:‘f}‘g, [\ 5.0
‘\';:;- 'I'1I. ) U e
Xz My
‘}’2 | Fan R e
o : '.Z'-'i..'_;;i"“ﬁ U U
10 .04 X ! Mq;.-t.u ol Beat -
a5 period

H crank-{’ vector
X)

for negative \/
A
N—

(=)

IR)

0}

BoxIt (B-Type)
Web Simulation
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0

The ABC's of U(2) dynamics

A
L o-10 G5
r"'-' T \
vy T,
—:SXW P A
JAr . as, au%:_«,u.‘-f;:ﬁ?':u.m 5.0

—1 N -
Mz My . b
[ F Sl
\Pz | Fan o 0
e e
Y

Beat
F s period

Xy ! Lo-ia

5.0, 100 150 20

fime

‘@]

|X>H crank-

for negative \/
A
N—

vector

(=)

IR)

BoxIt (B-Type)

WH[D (H2) | (4 s _aeD( 1 o ol 0 v [0 =) 4-Df 1 0
(2H[1) (2[H|2) B+iC D 2 Lo 1 1 0 0 2 L0 -1
In general: H = A;D 1 + B o, + C o. + A_TDGA
H = A;D o, +% o, +%GC + Q—zA N
Bilateral-Balanced B-Type motion
L 1]
QR (H2) | [ s ol t o]0 L g s %y A
(2H 1) (2H7[2) D N Lo
Qu 0 Sa 0 -
Crank : Q= Q, (=] 258 Eigen— Spin :S= Sy |=| +S S O)
o. | Lo se ] Lo L)
| (+))
Beat dynamics: o ¥ B
TB Total beat ly)
R T rrvoovrr frequency i
A Q
P10 —_— Mixed Q TB Q - _A
Yriew <2 (H)+ 1) 0
L0 3N 08 x, — e X1 mode
s 1 X0 (@) F170} s
4 Quarter Wave Lo ok
....... | ( Right-Circular
....... iy Polarization)

Web Simulation

(b)
Half Wave
('Y Poldrization)

kY

-0 4l

— &
4 €

fime

iR
A
::' i n
N
= B[00 150 =20

Beat
period
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.0&BU2=-0.2&CU2=0.0&DU2=4.0&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0

B-Type elliptical polarized motion (Boxlt Web Simulation)

x1 =-0.527
pl/w = -0.686
x2 =0.562
p2/w = -0.432

x1(0) =1.000
p1(0)/w = 0.000
x2(0) = 0.000 [
p2(0)/w =0.500 |

A =2.1000
B =-0.2100
C =0.0000

D = 2.1000 K

wl =1.890
w2=2.310
® =45.000

3.5

2.5

"

SI‘J 3

L-2.5

— . A
. X
XN\

Y2 (Rotated 90°)

Vi

3.5

§3

—2.7\
12 1 1

5

1

time = 30.980

15
PO I U

E=1312

40

L

\)

Stokes Vector ABC-Space

35....410....

\/ \
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=-0.21&CU2=0.0&DU2=2.1&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=-0.21&CU2=0.0&DU2=2.1&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=0

Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry
Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)
A B—iC

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = e D
+i

The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion
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The ABC's of U(2) dynamics

i oy [t P )

1 0

i 0 2 (0
A+D A-D
In general: H-—= 1 + 2o, + Co. + ——o0,
A+D Q, Q- Q,
H= =5~ % "5 00 500 = o
Circular-Coriolis... C-Type motion

Ol (H]2) N 0, —fc

0
@H ) (2HT]2) ) L e S !

0
EAN

‘ONN-®)
Q W >
[l
7\
S0
)
N——o

|X(30°)) rs
x(@5°))=](+))

P4y

1 Q
+ —= o
O . 2 L[]
| 0 0
Crank : Q= Q, |=| 0 Eigen— Spin :S = =l 0 —
Q- 2C

IX(60°)) l ly)

-A
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The ABC's of U(2) dynamics

([H[1) (1]H[2) =[ A4 B-iC ]:A+D( 10
(2H[1) (2[H|2) B+iC D 2 L o1
In general. H = A;D 1
H - A+ D 5,

2

Circular-Coriolis... C-Type motion

Ry (HC2) N o,

(2H[1) - (2JHC[2)

0 1
1 0

|

Q, 0
Crank : Q= Q, |=| 0 Eigen— Spin : S =
2C
QC
D i__zm: @)
r 2.0
-ég}i% = Left Circular (R~ (b)
L ol (L) mode - Right Circular
? P _w"‘\.\ (LY /172 P (R) mode
_f/ LIRS ((2|L))-(-i/\/2) (<1|R>)_(1/¢2)
—@—xll {o0 a0f oo 4ld a0 b s ' QIRY ™\ in2
1 E ot [ _sin ot e sin ot
Hz l“«‘\_ E { e
P2 ) e S
2.0 o -

o)

Y e

z
=
T T
, !
L ro B
= =
=1
T -
£ o =
‘@,w““ .

: L
b0 Yoess 3 @
Eoot

o

|X(60°))

J )

T —
p= 5N1+ S'G
0 —j A-D[ 1 0 H:QOI+_.G
+C +
} [l- 0 } 2 [o —1] S } g
A-—D
+ C o + o = A-p
C 2 A Q= [ 25 ]
9 Q
+ TCO'C + TA O >
A ]
Q o, + CO‘ ° ‘
0 ] oY0 C |X(15 )> SK | $ |X(15()0)>
o (< - B
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1X(30°)) rs =)
x(45°))=|(+)) C
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The ABC's of U(2) dynamics

(H|) - (1H2)
(2H|1) {2H[2)

In general:

Circular-Coriolis..

(H[1) - (HC[2)
(2H[1) - (2JHC[2)

=[

=1
= =
—- =~
=
X
=

A B-iC |_A4A+D
B+iC D 2
H - A+ D
2
H - A+ D
2

. C-Type motion

Q, -iC [
= -Q,
iCQ
0 —
0 Eigen— Spin : S =
2C

(2)
Left Circular

in2
L 50

@Iy~

QA
Crank : Q=| Q, |=
QC
<1|L> 2.0 coswty,
E et ___,,_ an
P
7T
__e_m ;"2.-“. A0 E oot
i 0] S
—%ﬁ Xz l“a‘\_ _mt /
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QLY 2o T g

0h0 L Wozmes 3
[
o

-sin ot

Q
T - Total beat
...................... l QC frequency
e Qc

(IRY A,
(&%3) ?3925 € !

T ~
p= —N1+ S0
2 .

i - H=Q,1+—¢
10+301+CO’+AD10 L 0 G)
0 1 1 0 i 0 2 0 -1 ~

_ Q
1 + 2 o, t+ C o, + A-D DGA . A A=D
Q Q Q
C A
G *+3° 0 t 50+ oo, Q)L
Q A 2% [X)
0 —i |_ C ) W
+C = Q0.+ —0O . ‘
[ i 0 ] 070 T e kas)|&eT N\ [as00)
0
| 0) N B
- el )
Right(Cbgrcular |X(450)>:|(+)> C
(R) mode

(1RY /12
((2|R))-( W2)

50

Z

L :'?'p 71'- |

fime
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.055&BU2=-0.0&CU2=0.1&DU2=4.055&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.055&BU2=-0.0&CU2=0.1&DU2=4.055&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.055&BU2=-0.0&CU2=0.1&DU2=4.055&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.055&BU2=-0.0&CU2=0.1&DU2=4.055&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0

C-Type elliptical polarized motion (BoxIt Web Simulation)
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=0.0&CU2=0.21&DU2=2.1&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.5&wantBoxLines=1

Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

5+iC D
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

B-Type motion and Wigner s Avoided-Symmetry-Crossings ‘
ABC-Type elliptical polarized motion
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The ABC's of U(2) dynamics-Mixed modes
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=5.086&BU2=-0.27&CU2=0.0&DU2=2.024&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=5.086&BU2=-0.27&CU2=0.0&DU2=2.024&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=5.086&BU2=-0.27&CU2=0.0&DU2=2.024&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=5.086&BU2=-0.27&CU2=0.0&DU2=2.024&xInitial=1.0&yInitial=0.0&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0

AB-Type elliptical polarized motion (BoxIt Web Simulation)
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=2.1&BU2=-0.21&CU2=0.0&DU2=3.4&xInitial=0.99&yInitial=-0.004&pxInitial=-0.263&pyInitial=0.526&wantBoxLines=0
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A to B to A Symmetry breaking described by hyperbolic eigenvalues of Ao 4 +BO'B=H=( oy }
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A to B to A Symmetry breaking described by hyperbolic eigenvalues of Aa 4 +B0'B=H=(
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The failure of perturbation methods to get exact hyperbolic eigenvalues
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A view of a conical intersection:
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Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

5+iC D
The ABC's of U(2) dynamics-Archetypes

Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

AB-Type motion and Wigner s Avoided-Symmetry-Crossings
»ABC-Type elliptical polarized motion
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ABC-Type elliptical polarized motion

(a)
Stokes Vector
ABC-Space

[X) ]T#
Fig. 10.B.3
(b) . Euler-like
Polarization coordinates for
Xy—Space (a) R(3) spin vector

(b) U(2) polarization ellipse
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(a) Faraday Rotation

(b ) Birefringence
y

O—X'Jicwv———;:

e o e

rotation is difficult to achieve on an analog computer.

ABC-Type elliptical polarized motion

(from Principles of Symmetry, Dynamics, and Spectroscopy)

642 THEORY AND APPLICATION OF SYMMETRY REPRESENTATION PRODUCTS

C-Type

Figure 7.5.7 Analog computer plots of two famous examples of optical activity.
(a) Faraday rotation or circular dichroism corresponds to constant ¥ = tan" (b /a).
(b) Birefringence corresponds to constant » = tan~'(Y/X). Note that a small amount

of birefringence is present in Figure 7.11(a); i.e., ¢ oscillates slightly. Pure Faraday 7.5.8

et
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Evolution of states for various mixtures of 4 and C components.
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http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.833&BU2=0.2403&CU2=0.4162&DU2=4.277&xInitial=0.911&yInitial=-0.244&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.833&BU2=0.2403&CU2=0.4162&DU2=4.277&xInitial=0.911&yInitial=-0.244&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.833&BU2=0.2403&CU2=0.4162&DU2=4.277&xInitial=0.911&yInitial=-0.244&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0
http://www.uark.edu/ua/modphys/markup/BoxItWeb.html?AU2=4.833&BU2=0.2403&CU2=0.4162&DU2=4.277&xInitial=0.911&yInitial=-0.244&pxInitial=0.0&pyInitial=0.0&wantBoxLines=0

ABC-Type elliptical polarized motion (Boxlt Web Simulation)
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B : S
A A e I : 1

--3.5
wl =2.035 i i O
w2 = 3.465 I i
®=77.722 -3 -3
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Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

B+iC D
The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

AB-Type motion and Wigner s Avoided-Symmetry-Crossings
ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry and related coordinates
Conventional amp-phase ellipse coordinates

Euler Angle (a(3v) ellipse coordinates
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Ellipsometry using U(2) symmetry coordinates
Conventional amp-phase ellipse coordinates and related to Euler Angles (a37)
2D elliptic frequency m orbit has amplitudes
Ajand A2, and phase shifts p; and p2==p;.

xi1=Aicos(wt+p;)

-p1=A;sin(wt+p;)

x2=Axcos(®wt=pi)

-p2=A>sin(wt—p;)

Amp-phase parameters (A1,A2, ©t,p1)

. X +ip)
A]e_l(wt"'p]) B
A e—i((l)f'l)])

2 :
X,+ip,
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pi1=-4 zsin(o)t+p’

por=-Axsin(wt—pi)

x1=Aicos(wt+p;)

x>=Axcos(®Ot=pi)

2p1=60°
(phase lag is 2hr)

2PM

time

p2=V /o =

11

)
—

-175°

+105°

+120°

+135°

+150°

+165°
180°
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pi1=-4 zsin(o)t+p’

por=-Axsin(wt—pi)

x1=Aicos(wt+p;)

x>=Axcos(®Ot=pi)

2p1=60°
(phase lag is 2hr)
3PM :
v, /
time
p2=v, /o=

11

e

P1=

V_/®

+120°

+135°

+150°

+165°
180°

Sunday, November 22, 2015

95



pI= V_/®

e ?
@ \ 11 1
p1=—A1Sin(0)t+p1l =0
10 2 i
por=-Axsin(wt—pi) > 3PM
- -0
VD1
X]—A]COS((Dt+p]) 9 X=xj 3 X=x;
x>= Axcos(wt—p;) P71 6PM
20,=60° 8 i
PI= time
(phase lag is 2hr)
7 5
-175° 150
......... 180-150°%135° -120° _ -105° __° -60° 0°
" +15°
........... ............/-—\ +30°
4PM +45°
W, . - X +60°
time
, +75°
D2 :vy yors No Lx ; +90°
+105°
= o +120°
+135°
(]
VA +150°
= +165°
180°
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pI= V_/®

* e ?
@ \ 11 1
p1=—A1Sin(0)t+p1l {:0
. 10 2 i
por=-Axsin(wt—pi) > 3PM
I -]
VA —P1
X]:A]COS((Dt+p]) 9 X=xj 3 X=x;
x>=Axcos(®Ot=pi) 01 7PM
O !PI
2p =60 8 time
(phase lag is 2hr)
5
- - - qrge - : T
t 1802150%135° -120° -105° 6 -60° 0°
! ! +15°
'\ <t +30°
5PM —p1___+p; +45°
/\
WZ — o +60°
. L
time I
~ N +75°
p2=Yy /o = gl +90°
Q,
+105°
= = +120°
+135°
(]
Al X +150°
= = +165°
180°
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pi1=-4 zsin(o)t+p’

por=-Axsin(wt—pi)

x1=Aicos(wt+p;)

x>=Axcos(®Ot=pi)

2p1=60°
(phase lag is 2hr)

6PM

lime

11

e ?
\ 11 1
=0
10 2 i
i 3PM
V?pl Vx :p] p]
ﬁ 9 X=x7 3 X=xy
S, 01 8PM
p o,

-\ 4 .
E lime
)i
7 5

475 o
M_/ 180 150°-135° -105° 0 -60° 1300

+15°

+30°

+45°

+60°

: / fZ +75°

)x i +90°

=
K=
[

+105°

+120°

+135°

10

+150°

N +165°
180°
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pI= V_/®

* e
@ \ 11 1

p1=—A1Sin(0)t+p1l 0 , t,:O
LS

por=-Axsin(wt—pi) | 3PM

V?pl Vx =D] p]

X]:A]COS((Dt+p]) ;.l\I --:_ X=x7 3 x=xy

x2= Axcos(®t=pi) , | P71 9PM
v,

2p1=60°

A I . Al

: time
(phase lag is 2hr) \ ,

Y/ 7 5

= a175° —
M/E 1800_1500_1350 =105° 6 -60° 1500
7PM

time
+75°
pr=v,/®=

+90°

+105°

11

+120°

+135°

+150°

+165°
180°

10
9
8
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pI= V_/®

pi1=-4 zsin(o)t+p’

t=0
| 2 LS
p2=-Asin(®wt=p;) - 3PM
x1=Aicos(wt+p;) 3 x =y,
x>=Axcos(®Ot=pi) P71 10PM
5 : v,
2p1=60° : 8

: | y time
(phase lag is 2hr) 5 ]
| ' 7 5

V4 '
180°190°135° 105> 6 -60° 0°

+15°
+30°

SPM

+45°
+60°
lime

+75°

p2=V /o =

+90°

+105°

11

+120°

+135°

= ! \ |
@ \ +150°
O @)X\

+165°
180°
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pI= V_/®

""""""""""" 1
RSRIIAS
pir=-Asin(wt+p; f 0 , {:0
: is
por=-Axsin(wt—pi) 3PM
VADI T
\
x1=Aicos(wt+p;) f"j- \ g i 3 x =y,
x2= Axcos(®t=pi) q 01 11PM
5 : v,
2p1=60° : 8 :

: ] 5 Y time
(phase lag is 2hr) : J E
! / b 5

M_/ -1750 : _150
! 180°150°135° -12 105 6 -60° 0°
9PM

time

p2=V /o =

+105°

11

+120°

+135°

+150°

+165°
180°
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pi1=-4 zsin(o)t+p’

10
por=-Axsin(wt—pi)
x1=Aicos(wt+p;) 5
x>=Axcos(®Ot=pi)
207=60° | s
(phase lag is 2hr) )
175° ! .
180°%150°-135° 51500
+15°
+30°
10PM +45°
Vs — +60°
fime
+75°
p2 :Vy /o = +90°
+105°
= +120°
+135°
+150°
: +165°
180°
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pi1=-4 zsin((ot+p’

por=-Axsin(wt—pi)

x1=Aicos(wt+p;)

x>=Axcos(®Ot=pi)

2p,=60°

(phase lag is 2hr) \ /

-175° ; 150
180%150%135° -105° -60° 0°

11PM

time

+105°

+120°

+135°

+150°

+165°
180°
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11 1

p1=-Aisin(0t+p;

p2=-Azsin(wt=pj) Y

x1= Acos(®t+py)

2= Asxcos(wt-py) S,

2p,=60°

5 :
(phase lag is 2hr) \ f
| / 7 5

M_/ o \ 5152
1802150°135° -105° 6 -60° 0°°"0°

12PM

time

+105°

+120°

+135°

+150°

+165°
180°
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pI= V_/®

S~ 12
* \\\\\\\\ @EE» 1 !
pir=-Asin(wt+py) | f

por=-Axsin(wt—pi)

x1=Aicos(wt+p;)

Xo= Asxcos(wt—pr) ,

2p=60° E ;
(phase lag is 2hr) \ /
: 7 5

M_/ o _150
180%150°135° -120° =105° 6 -60° y°

1AM

time

+105°
+120°
/ +135°
(]
-7 o , +150°
@ N ﬁ/ +165°
180°
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pI= V_/®

S~ 12
* \ 1 !
pir=-Asin(wt+py) | f

10
por=-Axsin(wt—pi)
v?pl
x1=Aicos(wt+pr) \ 5
x2= Axcos(®t=pi) \
2p1=60° AGER LR EEEEELEREEEEPEEREEPEEE St L ;
(phase lag is 2hr) ' / :
| ) 7 5 5
M_/ 180°150°135° -120° -105° 6 -60° 51509
2AM
v, /
time
p2=v, /o =

+120°
/ +135°
. +150°

+165°
180°

2
\

E—
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pI1= V_/®

e ¥
\ 11 1

pir=-Asin(wt+p;

10
por=-Axsin(wt—pi)
x1=Aicos(wt+p;) 5
x>=Axcos(®Ot=pi)
2p1=60° AGER LR EEEEELEREEEEPEEREEPEEE St O T PRI PRI :
(phase lag is 2hr) f
o 7 5 ;
180°150°135° ° h51%0e
+15°
+30°
2AM \+45°
v, -
time
+75°
pZ :Vy /(J) +90°
+105°
+120°
+135°
+150°
5 +165°
180°
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pir=-Asin(wt+py) |
por=-Axsin(wt—pi)

x1=Aicos(wt+p;)

x>=Axcos(®Ot=pi)

2p1=60°
(phase lag is 2hr)

_-105° 6
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Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

B+iC D
The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

AB-Type motion and Wigner s Avoided-Symmetry-Crossings
ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry and related coordinates
Conventional amp-phase ellipse coordinates

Euler Angle (a(3v) ellipse coordinates
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency m orbit has amplitudes
Ajand A2, and phase shifts p; and p2==p;.

A]e—i((ot+p])

Aze_i(a)t'p])

|

x1+zp1

x2+zp2

xi1=Aicos(wt+p;)
-p1=A;sin(wt+p;)
x2=Axcos(®wt=pi)
-p2=A>sin(wt—p;)

Real xx and imaginary pi parts of phasor amplitudes
ar=xir+ipr depend on Euler angles («37) and A.
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes

Ajand A2, and phase shifts p; and p2==p;.

A]e_i(wt+p])

Aze_i(wt'p])

|

x1+zp1

x2+lp2

xi1=Aicos(wt+p;)
-p1=A;sin(wt+p;)
x2=Axcos(®wt=pi)
-p2=A>sin(wt—p;)

Real xx and 1maginary py parts of phasor amplitudes
ar=xr+ipr depend on Euler angles («37) and A4.

x,= Acos[3/2cos[(y+a)/2]
—p,= Acos3/2sin[(y+0)/2]
x,= Asin[3/2cos[(y—c)/2]
—p,= Asin[3/2sm[(y—o)/2]

x1+zpl

X2+lp2

o+y
—1

Ae 2

p

COS—

X1+lp1

X2+lp2
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes

Ajand A2, and phase shifts p; and p2==p;.

A]e_i(wt+p])

Aze_i(a)t'p])

|

x1+zp1

x2+lp2

-----

X2= Azcos(oot—pz)é
-p2=A2sin(®t=pi)

Real xx and 1maginary py parts of phasor amplitudes
ar=xr+ipr depend on Euler angles («/(37) and 4.

X, = Acosﬁ/chos[(}/+oc)/2]
— D= Acos3/2sin[(v+)/2]
x,= Asin[3/2cos[(y—c)/2]
—p,= Asin[3/2sm[(y—o)/2]

x1+zpl

X2+lp2

o+y
—1

Ae 2

p

COS—

X1+lp1

X2+lp2
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency m orbit has amplitudes Real xx and 1maginary py parts of phasor amplitudes
Arand A, and phase shifts p;and p2=-p;. ar=xi+ipk depend on Euler angles («) and 4.
| N Apgcos((o t+p1) X = ACOSﬁ/Q-;COS[(?’+OC)/2] e g X i,
4,7 OPD -pi1=Arsin(®t+py) . —p,;= Acos[3/2sin[(y+a)/2] . Sy
4,7 @PD) - x2= Aicos(®i—py): Xy)= A-S-i-r-{ﬁ-/-iicos[(}/—oc)/Z] =L B
T ) p=disint-p) i Iy Ae 2 sing || vy
p2=42: P . TP= Asm[3/2§s1n[(7/—oc)/2]
Let:iA1 ~Acos /2 |
o Arsdsin2
9t X +ip
Ade 2 cosg ) [ A]e—i(wt+/31) } b
o=y —i(wt-pyp)
i . B A,e 1
Ae ? sin 2 Xy +ip,
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes

Ajand A2, and phase shifts p rand p2==p;.

1

A e_i(a)t'p])

X, +i
4 e—i(a)t+p]) P
2

x2+lp2

-----

Real xx and 1maginary py parts of phasor amplitudes
ar=xr+ipr depend on Euler angles («/(37) and 4.

= Acosﬁ/chos[(}/+oc)/2]
— D= Acos3/2sin[(v+)/2]

Asm,B/Z COS (}/—0()/2]
= Asin[3/2: s1n[(7/—oc)/2]

--------

—l1

Ae

o+y
2

p

COS—

Let: (Dt+p I —(v+oz)/2

A e—i(wt+p1)

A e—i(wt-p])

x1+zpl

X2+lp2

X1+lp1

X2+lp2
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency  orbit has amplitudes

Ajand A2, and phase shifts p rand p2==p;.

. X +ip
AP ) -p1=A4 _],Sll/l( wi+p;i)
Ay @) x2=A gcos( Wt=p1)
x2+ip2

T s

- 1
. ]
-
‘I
I
- _p
-
o 27
LR Y
.
.
.

Real xx and 1maginary py parts of phasor amplitudes
ar=xr+ipr depend on Euler angles («/(37) and 4.

= Acosﬁ/chos[(}/+oc)/2]
— D= Acos3/2sin[(v+)/2]

Asm,B/Z COS (}/—0()/2]
Asin 3/2: s1n[(7/—oc)/2]

--------

Let: (0t+p1

~ A]e_i(wt"'p])
A e—i(wt-p])

x1+zpl

X2+lp2

—l1

Ae

o+y
2

p

COS—

=(7+a)/2

X1+lp1

X2+lp2
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Ellipsometry using U(2) symmetry coordinates

Conventional amp-phase ellipse coordinates related to Euler Angles (a37)

2D elliptic frequency m orbit has amplitudes Real xx and 1maginary py parts of phasor amplitudes
Arand A, and phase shifts p;and p2=-p;. ar=xi+ipk depend on Euler angles («) and 4.
| x+ip, X1— AIECOS((D t+p]) X1= ACOSﬁ/Z;COS[(}/-l-OC)/Z] _ia;ry ﬁ x1+ip1
4,7 OPD -p1 —AJSln(O)t+p1) . —p,;= Acos[3/2sin[(y+a)/2] Ae Sy
A, P | X2 AZCOS (0i=py): . | = Asin ,B-/-Z-'cos (}/—OC)/Z]‘ “r B )
) py=Assin(®t—py) i de * sing i,
P _____ Y 5 T p2 Asin3/2; s1n[(7/—oc)/2]
Let: lA I —Acosﬁ/Z . Let: (0t+p1 —(v+oz)/2
o AnedAsin2 Wr=pr =(y—)/2
tanP/2=A/A1  A*=Ar*+A? o=2p; V=20t

Euler parameters (o, 3,7, A) in terms of amp-phase parameters (A1,A2, ©t,p1)

o+y .
=1 ,B X tip;
Ae 2 cos— —i(wt+p;)
2 |_ { Ae ! }
o=y —i(wt-p;)
i ﬁ A.e
2 anll 2 )
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Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

B+iC D
The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

AB-Type motion and Wigner s Avoided-Symmetry-Crossings
ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry and related coordinates
Conventional amp-phase ellipse coordinates
Euler Angle (a(3v) ellipse coordinates «
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The A-view in {x1,x2}-basis ,
—i0, /2 Pa .
Angles o= pr=p2=2p1, Pa=2tan"'A2/A1, y1=2mt [ a ) A ¢ €083 ot =[ X1 TP )

define ellipses with intensity [=42=A42+A42. a eti0al2 sinz* Xy +ip;
(a) (X1.Xp) Space | Xp () (AB.C) Space s
Azimuth
angle
A 20=0,=60°

A or Z-axis Euler angles

0=04= P1-P2=2p1=60°

B=B4=2tan'A:/4:=60°

phase lag Ya=20t

20=0,=6
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The A-view in {X1,x2}-basis

Angles o=pr=p2=2p1, Pa=2tan'A2/41, y1=2w-t
define ellipses with intensity /=A4%=A4,>+A42*.

(a) (x4,X,) Space X

phase lag
20=0,=6

(a) (X1,X,) Space

C-axis

polar
elevation

/
// a/
g // C-axis
— azimuth
angle
20=

0, =40.9°

- JI—=

(b) (A,B,C) Space

LAy

A-axis
Azimuth
angle
20=0,,=60°

(b) (A,B,C) Space s

, C— polar
angle
Bo=41.4°

_lO{A/2 COSgA _a)t

e ' =
+ioe, /2

2

Xl + lpl
sin&4 Xy +1ipy

A or Z-axis Euler angles
0=04= P1-P2=2p1=60°
B=PB.=2tan"'A:/4:=60°

Va=2W-t

COS5 —i1c [ Xp+ipp ]
e =
; ) Xp+i
e+lO(C/2 Sll’lgc R DR
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Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of A, B, and C polar formulas

Il I . : I :
Asymmetry SAZECOSﬁA ZESHIOCBSlnﬁBZECOSOCC sin B~

I , Il I . :
Balance  Sp= ECOSOCA sin 3, = ECOSﬁB = Esmac sin B~

Il Il Il
Chirality  S¢ = EsinocA sinf3, = ECOSOCB sin 3, = ECOS:BC

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).

(a) (x1,Xp) Space | *2 Ciavis (b) (A,B,C) Space

polar

elevation
Al \\|I< 2y=
| / 1/2—B =48. 5 /]
A b / K a
| / P / %xl (’
/
/ a
~ - 7 C-axis

C-axis

: — polar
angle
Bo=41.4°
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Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of A, B, and C polar formulas

Il I . : I :
Asymmetry SAZECOSﬁA ZESHIOCBSlnﬁBZECOSOCC sin B~

I , Il I . :
Balance  Sp= ECOSOCA sin 3, = ECOSﬁB = Esmac sin B~

1 1 1
Chirality S, =—sino , sin 3, = —coso  sin 3, = —cos
C=5 A AT B B~ 5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).
Angles (0.c, Bc): C-axial polar angle B¢ from above.

1 N3 3

sinc , sin 34 = cos B3~ or: B =cos ' (sinco,sin )= cos™ (— —) 41.4°

(a) (x1,Xp) Space | *2 Ciavis (b) (A,B,C) Space

polar

elevation
Al \\|I< 2y=
| / 1/2—B =48. 5 /]
A b / K a
| / P / %xl (’
/
/ a
~ - 7 C-axis

C-axis

: — polar
angle
Bo=41.4°
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Converting an 4-based set of Stokes parameters into a C-based set or a B-based set
involves cyclic permutation of A, B, and C polar formulas

Il I . : I :
Asymmetry SAZECOSﬁA ZESHIOCBSlnﬁBZECOSOCC sin B~

I , Il I . :
Balance  Sp= ECOSOCA sin 3, = ECOSﬁB = Esmac sin B~

1 1 1
Chirality S, =—sino , sin 3, = —coso  sin 3, = —cos
C=5 A AT B B~ 5 C

The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xg,xz}-bases using angles (o.c, Bc, Yo).
Angles (0.c, Bc): C-axial polar angle B¢ from above.

V3 V3

sinc , sin 34 = cos B3~ or: B =cos (sina, sin B )= cos_1(7 : 7) =41.4°
C-axis azimuth angle o relates to A-axis angles o4 and B4 . See oic =2¢ below.

: 1 V3 1
cosa,sinfy _ tanoe or: o =ATN2(cosa sinfi, /cos )= ATN2(=- £ /5)=40.9"
cos 34 2 2 2

(a) (x{,X,) Space | *2

Caxis  (b) (A,B,C) Space (s
polar

: — polar
A AN elevation angle
' 1 \If< 2y= ‘ B=41.4°
m/2—.=48.6° “
Azé//g § E N (
| x,

// a
- C-axis
NS /’

SR/ —

Sunday, November 22, 2015 122



(a) (xX1,X,) Space

Alﬂ><

(a) (xX1,X,) Space

| phase lag h
i 20=0,,=6{)°
| V1
P
X1
—~-

| P1

phase lag
29=0.,=60

—

=

phase lag
29=0.,=6

| D1

A

phase lag
20=0,=60°
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- phase lag

//
—

/

,/’

phase lag

) = i R

~
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The C-view in {Xr,XL}-basis
The same orbit viewed in right and left circular polarization {xr,xz}-bases using angles (o.c, Bc, Yc).

—ioe12 . Be .
agp e T cosy _ire | xptipg
=A 3 e 2 = _
a ] Xpt+1
L g Ti%c/2 siny c RTIPR

(a) (x{,X,) Space |42 Coaxis (0) (AB,C) Space (s
polar , QF\ polar
A AN elevation >< angle
1 L W\< 2y= B=41.4°
| 12~ —48.6° /)
A b K E N
/
Nl / (pV / %XI
i\ [/ /77
2
| :
AR Cjaxzs |-0¢C 2(p
| azimuth
| angle l‘
[ 2(p: |
I
|
: \/I O('C:40 9o \‘/I/

isinf cosj Aeti%a12 Gin P AgtiCc!? Slnﬁc x; +ip;

T il T : _ —io, 12 . B —ioe /2 . Pe ,
Cos7  ising [ x| +ipy J—\/E( 1 i ] Ae OS5 i Ae oS5 e_igc [ xr+ipg
i1
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Polarization ellipse and spinor state dynamics

(a)
Stokes Vector
ABC-Space

' Mm

(b)
Polarization
Xy-Space

Iy>[

S(0

-A

< H crank-Q vector

for negativeﬁ?2

-B
e

IR)

¢

Fig. 10.5.5 Time evolution of a -type beat. S-vector rotates from A to C to -A to -C and back to A.

Fig. 10.5.6 Time evolution of a C-type beat. S-vector rotates from A to B to -A to -B and back to A.

|X(15°))

1X(30°))

7

e

Ix<45°>>=|{+)>

|X(60°))

Fig. 3.4.5 Polarization variables (a) Stokes real-vector space (ABC) (b) Complex xy-spinor-space (x1,x2).

28

ly)

A

X)

—60°" |

—
_ $ |X(150°))

H crank-Q vector
for C=1

-A Koy
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U(2) World : Complex 2D Spinors

2-State ket [V)=

U(2) World labeled by @ ¥,
two complex phasors _;
and driven S =
by complex operator _2:2 ¥,
a4 s-ic )
B+iC D

R(3) World : Real 3D Vectors

Nsinf coso.

) State |

WNe 10V 2¢0sf/2

VNel®2ginB/2

Ellipsometry of U(2) states
described by Two “Worlds”
"112= X5 Hp, U(2) or R(3)

e-17/2

/4 B-iC
H-Operator KB-H’C D

Spin Vector Sc | ={ NsinBsino: |1 Angular velocity

S S4
(for 0=15° B=45°)

Ncosf3

g

R(3) World labeled by

real 3-D “spin” vector S

IL)

of angular momentum

X(30°))

and driven by x(45°))=(+))

real 3-D “‘spin” vector 2

of angular velocity

),

|X(60°)) -

Qsindcos®

Q=("| |2

1X(150°)) Qc|=|2¢ |=| Qsindsing
—)
$ \I | Q,
_ Ao

8445
£ S0 jﬁﬂ(—»

I

A-D, Qcos

H crank-Q vector
(for @=75° ¥=65°)

C

IR)

T)-A

X(120°))
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Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

B+iC D
The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

AB-Type motion and Wigner s Avoided-Symmetry-Crossings
ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry and related coordinates
Conventional amp-phase ellipse coordinates

Euler Angle (a(3v) ellipse coordinates
Addenda: U(2) density matrix formalism «

Bloch equation for density operator
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U(2) density operator approach to symmetry dynamics  x=cosiczay2lcosps?

=-sl /2 /12
Euler phase-angle coordinates (o, [3,7) |T>:[ v, ]:Jﬁ[ X tip, ]:\/ﬁ( 2 o ] » p=-sin[(+0)/2]cosf3

and norm N of quantum state |V) ¥, Xy+ip, 2 gin B2 x,=cos[(y-0.)/2]sinf/2

p>=-sin|(y—0.)/2]sin[3/2
1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

. . 1 0 b g scaled 1 2 2y N
<\P|1’\P>= N =( ¥, Y, )( 0 1 \P; =N{p’+x°+p,° +x) by L. 50\{’1‘ +|‘P2‘ ):?
4DYnorm=1
. . by scaled 1 N ) N
<‘I’|0'Z|‘P>=2SA=( ¥, Y, )[ (1) —Ol ‘Pl =N(p12+x12—p22—x22) by%: SZ=SA=EO‘P1‘2—|‘P2|2)=?[coszg—sm2§j=gcosﬁ
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U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (0., 3,7)
and norm N of quantum state |V)

b4
b4

v

1/2 times o-operator expectation values (V|6 V)

1l

g1ves:

x;=cos[(y+a)/2]cos[3/2
0/ p;=-sin[(+0)/2]cosP/2
e "% cos B2

2 in B2

X1+lp1
X2+lp2

oz

Spin S-vector components:

x,=cos[(y—a)/2]sin3/2
po=-sin|(y—0)/2]sin[3/2

_ _ * gyt 1 0 Yo 2, .2 2, 2\ Scaled 1 2 2y N
(wlilw)= v = )( N B ey o )=2
2 2
” 4DYnorm=1 od 5 5
P - 1 0 I 2,2 2 2\ Scale o ] 2 2\_ N[ 2 2P |_N
<‘P|GZ|‘P>—2SA—( ¥, V¥, )( 0 ¥, —N(p1 +x,7—py, —x, ) by%: SZ—SA——(|‘I‘1| —|‘P2| )—?(cos 5—sm P —?cosﬁ
.. ¥, scaled . B.B N :
<‘P| |‘P>:2S :( ¥, Y, ) :2N(x1x2+p1p2) 1 S, =5,=Re¥Y¥Y, = Ncosacos—sin— =-—cosc sin/3
¥, by 5: 2 2 2

Sunday, November 22, 2015

130



U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (0., 3,7)
and norm N of quantum state |V)

1/2 times o-operator expectation values (V|6 V)

_ _ * * 1 0 lI’1
= (w0
s =\ 10 ¥

(o Jep=as,=( v vy | 00 )

J =2N(x1p2—x2p1) by |

hE

g1ves:
) ) scaled

=N plz+x12+p2 +X, 1
by 7

4DYnorm=1
_ N(pl2 +x12 —p22 _xzz)

scaled

1
by 5:

scaled
=2N(x1x2+p1p2) oL

Y 5

scaled

Y 5.

x1+zp1

X2+lp2

x;=cos[(y+a)/2]cos[3/2
0/ p;=-sin[(+0)/2]cosP/2
e "% cos B2

A02 o B2 x,=cos[(y—a)/2]sin3/2

po=-sin|(y—0)/2]sin[3/2

)

Spin S-vector components:

1 N
Ao e )=

1 2 2\ N 2B 2B} N
S,=85,==||¥,| -|¥ =—| cos” ——sIn" — |=-—cos
Z A 2(| 1| | 2| ) 2 ( 2 2 2 ﬁ
S, =8 =Re‘{’>1k‘{‘2 =Ncosacos§sin§ =%cosasinﬁ
SY=SC=Im‘P>1k‘P2 =Nsinoccos§sin§ :%Sina sin 3
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U(2) density operator approach to symmetry dynamics  x=cosiczay2lcosps?

=-51 /2 /12
Euler phase-angle coordinates (o, 3,7) |T>:[ ¥ ]: \/ﬁ[ x+ip, ]: \/ﬁ( 12 cos B ] o pr=-sin[(+0)/2]cos

and norm N of quantum state |V) P X, +ip, 2 gin B2 x,=cos[(y-0)/2]sin[3/2

2 pr=-sin[(y—-0.)/2]sinp/2

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

_ _ * x 1 0 ¥, _ 2, .2 2 2\ Scaled 1 2 2\ N
<‘P|1“I’>— N —( Y, Y, )[ 0 | ¥, =N|p, +x"+p, +)ﬂ by%: 5 “P1| +|‘P2| =5
” 4DYnorm=1 od 5 5
* * 1 0 1 2., .2 2 2\ Scdie 1 2 2 N ) .9 N
(#lo,|w)=25,=( ¥ ¥, )( I I e I B e S e
5 :
. ¥, scaled . B.B _ N :
<‘P| |‘P>=2S =( ¥, Y, ) =2N(x1x2+p1p2) 1 S, =8,=Re¥ ¥, = Ncosoxcos—sin— =-—cos sinf3
¥, by 5: 2 2 2
. . 0 —i Y, scaled . . . N . _
<‘P|6Y|‘P>:2SC=( Y, Y, )( ; Ol )[ N7 J :2N(x1p2—x2p1) by%' Sy =8,=Im¥ ¥, =Nsmoccos§s1n§ :?sma sin 3
5 ;

The density operator p = |YXW|= ! ®( S ): O
¥, LP2‘P>1k ¥,Y, \P?Pz \lepz
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U(2) density operator approach to symmetry dynamics

Euler phase-angle coordinates (0., 3,7)
and norm N of quantum state |V)

1/2 times o-operator expectation values (V|6 V)

el (v s

(¥lo [ ¥)=25,=( ¥, ¥;

—1 ¥,
<‘P|6Y|‘P>:2SC=( S O )( (1, A )[ v, ]
The density operator p = |YXW|=

py =",

1
:EN+SZ

p, =,

=S, —iSy,

py =Y, |pp="1,Y,

1

Norm: N =¥Y1*¥1 + WY2*¥?

u

g1ves:

¥ scaled

1 0 1 - N p12+x12+p22+x22 1

0 1 \P2 by 7

” 4DYnorm=1 od

1 0 1 ( 2 2 2 2) scaie
=N +x"=-p, —x

2N( N ) scaled
= XXy T PPy 1.
5 by 5
2N( ) scaled
= X\ Py =Xy P 1.
172 — P by L
LPI * * lPILIflk
®( \Pl \PZ ): *
¥, ¥,
1 .
SN+S, Sc-iS,
- | |
S +iSy SN=S,

)

(_...2—by-2 density operator p

x1+zp1

X2+lp2

x;=cos[(y+a)/2]cos[3/2
p;=-sin[(+0)/2]cosP/2
—iy/2
e :
x,=cos[(y—a)/2]sin3/2
po=-sin|(y—0)/2]sin[3/2

¢ 12 o B2
2 in B2

]:Jﬁ

Spin S-vector components:

1 N
Ao e )=

o 1 2 2y N 2B . 2B N
SZ—SA—EU‘PJ —|‘I’2| )—?(cos 5—s1n 5 —?cosﬁ
. : N :
S, =8,=Re¥ ¥, =Ncosacos§sm§ =Ecosoc sin 3
Sy=58,= Im‘PT‘Pz =Nsinacos§sin§ :%sina sin 3
Y, _[ P11 Pr2 ]: ESE ST SY o'
Y,¥, Py1 P v.\w, Y,Y,
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U(2) density operator approach to symmetry dynamics  x=cosiczay2lcosps?

=-§l /2 /2
Euler phase-angle coordinates (0, 3,7) |\P>:[ v, ]: \/ﬁ[ X +ip, ]: I 012 05 12 i p;=-sin[(}+0))/2]cosf

and norm N of guantum state |V +i io/2 x,=cos|[(y—0.)/2]sin[3/2
Nofq ) Yo+ip) e “sin /2 Day=-sin[(y=0)/2]sinB/2

¥,

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

* % 1 0 ¥, 2 2 2 ,\ scaled 1 2 2 N
el v =(wp w0 | e e Y oo )=
2 —~— Y 5
” 4Dnorm=1 od 5 5
_ owt wt 1 0 1| 2, .2 2 2\ Scate o 1 2 2\ N 2 . 2B) N
<‘P|GZ|‘P>—2SA—( Y, Y, )( 0 1 ¥, —N(p1 +x7 = py, —x, ) by%: SZ—SA—EU‘PJ —|‘I’2| )—?(cos 5—s1n Ej—zcosﬁ
. ¥, scaled . B.B _ N :
<‘P| |‘P>=2S =( Y, Y, ) v, =2N(x1x2+p1p2) by%: S, =8,=Re¥ ¥, =Ncosacoszsm5 =?cosasmﬁ
. . 0 —i Y, scaled . . . N . _
<‘P|6Y|‘P>:2SC=( Y, Y, )( ; 01 )[ N7 ] :2N(x1p2—x2p1) by%' Sy =8,=Im¥ ¥, =Nsmacos§sm§ :?sma sin 3
5 :

The density operator p = |V )XW¥|= ( " ]@)( S )= T [ P Pro ]: i WY

) SO0 R O O Pa1 Py Y, YW,
py =YY |pp =", |
1 o SN+S, S=iSy | |
_5N+SZ =8, —iSy, _| 2 _ N 1 0 +S +S, 0 —i S, 1 0
" " . 1 2 0 1 i 0 0 -1
P, =V\¥, |pyp=Y,¥, S +zSY EN_SZ
=S, +iS, :%N—SZ T P

- . -
Norm: N =¥1*¥1 +¥2*¥2  ...s0 state density operator p has o-expansion
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U(2) density operator approach to symmetry dynamics
Euler phase-angle coordinates (o, [3,7) )
and norm N of quantum state |V) )=

x;=cos[(y+a)/2]cos[3/2

. io)d p;=-sin[(+0)/2]cosP/2

Y, N x+ip, _JN e "*'“cos B2 V12

¥, Xy +ip, %2 sin B2 X,=cos[(y—01)/2]sin[3/2
po=-sin|(y—01)/2]sinf3/2

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

b g scaled 1 N
. 1 0 1 2,2, .2, .2 2 2
)= v (w0 e et end) e el )5
2 —~— Y 5
” 4Dinorm=1 od 5 5
* * 1 0 1 2., .2 2 2\ Scdie 1 2 2 N ) .9 N
<\P|GZ|\P>:25A:( ¥, Y, )( 0 —1 v, ZN(P1 TX TP TN ) by%: SZ:SAZEU\PJ _|\P2| ):?(COS 5 o Ejzgcosﬁ
b led *
<‘P| |‘P>=2S =( ‘{’T \P; )( ]{ ‘I‘; ] =2N(x1x2+p1p2) ng; §,.=8,=Re¥|¥Y, =Ncosacos§sin§ =%cosasinﬁ
. 0 —i Y, scaled . . B . P N . .
<‘P|6Y|‘P>:2SC=( Y, Y, )( ; 01 )[ ¥, ] :2N(x1p2—x2p1) by%: Sy =8,=Im¥ ¥, =NsmacosEsm5 :?smasmﬁ
The density operator p = |YXW|= { ! ]@9( S ): 1 :[ Pii Prz ]: thr 2
! B 2 vV, Y,%, P21 P2 ¥\Y, ¥,Y,
pn =Y [P, =¥, |
Iyies | o=s s RV STBY o 0 —i 1 0
o e - A TR V)
P =W, |p,=V¥, S, +iS, =N-S5, : -
1 2 1 | ~
=S, +iSy ZEN_SZ T p = EN 1 + S o) + Sy c, +§, o0, = 5N1+S-0‘

- . -
Norm: N =¥1*¥1 +¥2*¥2  ...s0 state density operator p has o-expansion
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U(2) density operator approach to symmetry dynamics  x=cosiczay2lcosps?

=-S1 /2 /2
Euler phase-angle coordinates (o, [3,7) |\P>:[ ¥ ]: \/ﬁ[ x+ip, ]: \/ﬁ( 102 o5 B2 ]e—i P sin[(y+01)/2]cosp

and norm N of quantum state |V) P X, +ip, 2 gin B2 x,=cos[(y-0)/2]sin[3/2

2 pr=-sin[(y—-0.)/2]sinp/2

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

b scaled 1 N
. 1 0 1 2,2, 2,2 2 2
el v =(wp w0 | e e Y ofe)-2
2 V2
” 4DYnorm=1 od 5 5
* * 1 0 1 2., .2 2 2\ Scdie 1 2 2 N ) .9 N
<\P|GZ|\P>:25A:( ¥, Y, )( 0 —1 v, ZN(P1 TX TP TN ) by%: SZ:SAZEU\PJ _|\P2| ):?(COS 5 o Ejzgcosﬁ
. ¥, scaled . B.B _ N :
<‘P| |‘P>=2S =( ¥, Y, )( ]{ ¥, ] =2N(x1x2+p1p2) by%: S, =8,=Re¥ ¥, =Ncosacoszsm5 =?cosasmﬁ
. u 0 —i Y, scaled . . B . B N . _
<‘P|6Y|‘P>:2SC=( Y, Y, )( ; 01 )[ ¥, ] :2N(x1p2—x2p1) by%. Sy =8,=Im¥ ¥, =NsmacosEsm5 :?smasmﬁ
The density operator p = |YXW|= { ! ]@9( S ): 1 :[ Pii Prz ]: thr 2
. . ¥, v, Y, P21 P vy, ¥,
pn =Y [P, =¥, |
Iyies | o=s s PR IR TS T 0 —i 10
o e - A TR V)
P =W, |p,=V¥, S, +iS, =N-S5, l -
1 2 1 . W_/1 -
=S, +iSy ZEN_SZ T p = EN 1 + S o) + Sy c, +§, o0, = 5N1+S-0‘

Norm: N =Y1*¥1 +W¥2*¥2  ...so state density operator p has o-expansion like Hamiltonian operator H

A B=iC |_yg_A+D[ 1 0 | A=Df 1 0 |, 50 0 1 | o 0 ~i
B+iC D 2 (01 2 (0 -1 1 0 i 0
Q, Y Q- Q

_ A — i
H= ®, O, + 5 o 4 + Op +2 Oc —w060+2oc

Qp
>
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U(2) density operator approach to symmetry dynamics  x=cosiczay2lcosps?

=-S1 /2 /2
Euler phase-angle coordinates (o, [3,7) |\P>:[ ¥ ]: \/ﬁ[ x+ip, ]: \/ﬁ( 102 o5 B2 ]e—i P sin[(y+01)/2]cosp

and norm N of quantum state |V) P X, +ip, 2 gin B2 x,=cos[(y-0)/2]sin[3/2

2 pr=-sin[(y—-0.)/2]sinp/2

1/2 times o-operator expectation values (\V|c,|V)  gives: Spin S-vector components:

b scaled 1 N
. 1 0 1 2,2, 2,2 2 2
el v =(wp w0 | e e Y ofe)-2
2 —~— Y 5
” 4Dinorm=1 od 5 5
* * 1 0 1 2., .2 2 2\ Scdie 1 2 2 N ) .9 N
<\P|GZ|\P>:25A:( ¥, Y, )( 0 —1 v, ZN(P1 TX TP TN ) by%: SZ:SAZEU\PJ _|\P2| ):?(COS 5 o Ejzgcosﬁ
. ¥, scaled . B.B _ N :
<‘P| |‘P>=2S =( ¥, Y, )( ]{ ¥, ] =2N(x1x2+p1p2) by%: S, =8,=Re¥ ¥, =Ncosacoszsm5 =?cosasmﬁ
. u 0 —i Y, scaled . . B . B N . _
<‘P|6Y|‘P>:2SC=( Y, Y, )( ; 01 )[ ¥, ] :2N(x1p2—x2p1) by%. Sy =8,=Im¥ ¥, =NsmacosEsm5 :?smasmﬁ
The density operator p = |YXW|= { ! ]@9( S ): 1 :[ Pii Prz ]: thr 2
. . ¥, v, Y, P21 P vy, ¥,
pn =Y [P, =¥, |
Iyies | o=s s PR IR TS T 0 —i 10
o e - A TR V)
P =W, |p,=V¥, S, +iS, =N-S5, l -
1 2 1 . W_/1 -
=S, +iSy ZEN_SZ T p = EN 1 + S o) + Sy c, +§, o0, = 5N1+S-0‘

Norm: N =Y1*¥1 +W¥2*¥2  ...so state density operator p has o-expansion like Hamiltonian operator H

A4 B-iC |_y_A+D[ 1 0 ), 4=D[ 1 0 |, o[ 0 1 ], [ 0 =i
B+iC D 2 {01 0 -1 10 i 0

2
_ N1+ 2, ! Qp Qe Q
p= D ! o) H= G)O GO + 7 GA +7 GB +76C IG)OGO-I—EOG
Q IR
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Reviewing fundamental Euler R(0yy) and Darboux R[@OO] representations of U(2) and R(3)

Euler-defined state |0Y) described by Stoke's S-vector, phasors, or ellipsometry

Darboux defined Hamiltonian H[@OO]=exp(-i€2+S )t and angular velocity (@O)-t=0O-vector
Euler-defined operator R(oy) derived from Darboux-defined R[@OO] and vice versa

Euler R(ofy) rotation ®=0-4r-sequence [Q@V] fixed (and “real-world” applications)

Quick U(2) way to find eigen-solutions for general 2-by-2 Hamiltonian H = 4 B-iC

B+iC D
The ABC's of U(2) dynamics-Archetypes
Asymmetric-Diagonal A-Type motion
Bilateral-Balanced B-Type motion
Circular-Coriolis... C-Type motion

The ABC's of U(2) dynamics-Mixed modes

AB-Type motion and Wigner s Avoided-Symmetry-Crossings
ABC-Type elliptical polarized motion

Ellipsometry using U(2) symmetry and related coordinates
Conventional amp-phase ellipse coordinates

Euler Angle (a(3v) ellipse coordinates

Addenda: U(2) density matrix formalism
Bloch equation for density operator «
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U(2) density operator approach to symmetry dynamics(

] ~
pP= §N1+ SeC

J

Bloch equation for density operator Q
. . " " . . H= £2()1 te0

Ket equation (time forward) and "daggered" bra-equation (time reversed). \. 2

ih|‘P> = H|‘P>, &= Dagga/r = - ih<‘1“ = <‘P|H Note: H = H.
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U(2) density operator approach to symmetry dynamics

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
ih|‘P> = H|‘P>, &= DaggarT = - ih<‘i“ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [\ )V

N . L ~
zhgp—zhp—zh|‘P><‘P‘+zh“P><‘P‘—H|‘P><\P| ¥)(¥H

\_

] ~
pP= §N1+ SeC

H=Q01+906
2

J

Note: H' = H.

p'=p
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U(2) density operator approach to symmetry dynamics

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
ih|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [\ )V

N . L ~
zhap—zhp-zh|‘l’><‘l"+zh“{’><‘{"—H“P><‘P| ¥)(¥H

The result is called &* Bloch equation. A
ihip: inp=Hp—pH=|H,p |
ot g

\_

] ~
pP= §N1+ SeC

H=Q01+906
2

J

Note: H' = H.

p'=p
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U(2) density operator approach to symmetry dynamics

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
zh|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [\ )V

N . L ~
zhgp—zhp—zh|‘P><‘P‘+zh“P><‘P‘—H“P><‘P| ¥)(¥H

The result is called &* Bloch equation. A
ihip =ihp=Hp—-pH=[H,p |
dt g
Given p and H in terms spin S-vector and crank 2-vector:

Hp = hQOI+E§00 Ni+Seo =hQOEI+Ehf)oc+hQO§oo+ﬁ(§oo)(§oc)
2 2 2 4 2

—pH= Ni+Seo hQOI+E§00 =hQOEl+EhQOG+hQO§OG+E(§OG)(QOO')
2 2 2 4 2

\_

] ~
pP= §N1+ SeC

H=Q01+906
2

J

Note: H' = H.

p'=p
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U(2) density operator approach to symmetry dynamics

Bloch equation for density operator
Ket equation (time forward) and "daggered" bra-equation (time reversed).
zh|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [\ )V
ih——p=ihp= in|\P) (| +in| W) (P| = H| W) (|| %) (¥|H
The result is called &* Bloch equation. A
d

h—p=ihp=Hp—pH=[H,

ih—-p=ihp=Hp—pH=|H,p|

y
Given p and H in terms spin S-vector and crank 2-vector:

Hp = hﬂol+§fzoo)(%l+§oo h&+}kﬁé§+@§/ﬁ+g(ﬁoc)(§oo)
hQy N1+%M+W+g(§oo)(ﬁoo)

Last terms don't cancel if the spin S and crank €2 point in different directions.

—pH= %1+§-0][ﬁ901+§§00

\_

] ~
pP= §N1+ SeC

H=Q01+906
2

J

Note: H' = H.

p'=p
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U(2) density operator approach to symmetry dynamics

Bloch equation for density operator

Ket equation (time forward) and "daggered" bra-equation (time reversed).
zh|‘P> = H|‘P>, &= DaggarT = - ih<\P‘ = <‘IJ|H
Combining these gives a time derivative of the density operator p = [\ )V

zhgp:zhp:zh|‘P><‘P‘+zh“P><‘P‘:H“P><‘P|—|\P><\P|H

J

p= %N1+§-G

H=Q01+906
\_ 2
Note: H;ZH.
P =P

The result is called &* Bloch equation. A
Aec|)(Beo)=4,B30,05=A4,Bg|0,5+i€,5,0
ihip=ihf)=Hp—pH=[H,p] ( )( ) a”B .06 B o ﬁ( op By 7)
ot ’ =A, B, +i€,p, 4,850,
Given p and H in terms spin S-vector and crank €2-vector: ~A*B+i(AxB)-o

h = N, - N - _ ho= . This
Hp = hQOI+EQoo)(71+Soo =h%+%+@980/0+5(900)(800) cancels
—pH= Ni+Seo hQOI+E§00 =Ml+%+hﬂqoo+ﬁ(§oc)(ﬁoo)
2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.

Hp—pH="(Qe0)(Se0) -2 (Sec)(Ce0)

This
remains
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U(2) density operator approach to symmetry dynamics( ,- % N1+ o0

Bloch equation for density operator

Q
, , , , H=Q 1+—e0o
Ket equation (time forward) and "daggered" bra-equation (time reversed). \. O 2 y

ih“P>=H“P>, cDaggarT:> -ih<‘{3‘:<‘P‘H

Combining these gives a time derivative of the density operator p = [\ )V

N . L _
zhap—zhp—zh“P><‘P‘+zh“P><‘P‘—H“P><‘P| ¥)(¥H

The result is called &* Bloch equation. A
Aeg)Bec)=4,8;0,05=A4,B;|6 5+i€ 50
ihipzihszp—sz[H,p] (A+c)(Beo) Gt oBp B 120, )
ot y =4, B, +ig,5, 4, Bs0,
Given p and H in terms spin S-vector and crank (2-vector: ~AeB+i(AxB)-c

N

. . . . ~ . This " This
Hp = hﬂol+§ﬂoo)(%l+800 =hQ071+%tho+hQOSoo+§(Qoo)(Soc) '

cancels v remains

pH= N +5eo hQOI+E§oo =thﬂl+Etho+hQO§oo+E(§o0)(52-0)
2 2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.
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U(2) density operator approach to symmetry dynamics( ,- % N1+ o0

Bloch equation for density operator Heo 149
= —o Q0
Ket equation (time forward) and "daggered" bra-equation (time reversed). \. O 2 y
h|¥)=H|¥), & Daggar’ = -in(¥|=({¥|H
: ‘ > ‘ > assar : < ‘ < ‘ Note: H = H.
Combining these gives a time derivative of the density operator p = [\ )V p'=p

zhgp:zhpzzh“l’><‘l“+zh“¥><‘{":H‘\P><‘P|—|\P><\P|H

The result is called &* Bloch equation. A
Aec|)(Beo)=4,B;0,05=A4,B3(0,5+i€,5,0
ihip=ihf)=Hp—pH=[H,p] ( )( ) B i ﬁ( B By V)
ot y —AaBa+zeaﬁy aBﬁay
Given p and H in terms spin S-vector and crank (2-vector: ~AeB+i(AxB)-c
N N - . A= - This ' This

Hp = hQOI+E§oo Ni+Seo =hQO—1+—thc+hQOSoc+—(ro)(Soc)
2 2 2 4 2

cancels v remains

pH= N +5eo hQOI+E§oo =thﬂl+Etho+hQO§oc+E(§o0)(52-0)
2 2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.

gtp zhp—%(fb‘(g)OG—%(é;(fl)OG
ihi(ﬂ1+§06)=ih§06= ih(ﬁxs)-c
or\ 2
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U(2) density operator approach to symmetry dynamics( ,- % N1+ o0

Bloch equation for density operator Heo 1.8
= —o Q0
Ket equation (time forward) and "daggered" bra-equation (time reversed). \. O 2 y
2 g\ ¥ .
lh“‘P>—H“‘P>, & Daggar' = -zh<‘P‘-<‘P‘H Note: H = H.
Combining these gives a time derivative of the density operator p = [\ )V p'=p
ih——p=ihp= in|\P) (| +in| W) (P| = H| ¥ ) (|- | %) (¥|H
The result is called &* Bloch equation. A
Aeg|(Beo 0,05=A4,Bs|0,5+i€,5,0
ihipzihf)=HP—PH=[H,P] (Ae0lBe0)= 42407y = 40y
ot y —AaBa+18aﬁy aBﬁGy
Given p and H in terms spin S-vector and crank €2-vector: =AsB+i(AXB)-c

Hp = hQOI+E§oo Ni+Seo =hQOEI+Ehf)oo+hQO§oo+ﬁ(§oo)(§oc)
2 2 2 4 2

pH= Ni+Seo hQ01+EQOG =hQOEl+EhQOG+hQO§OG+E(§OG)(QOG)
2 2 2 4 2

Last terms don't cancel if the spin S and crank €2 point in different directions.

(3’ ih/ = - ih/ - =
8tp zhp—z(ﬂxs)o —E(SXQ)OG
2| Y1400 |=inSec— ih(QxS)eo
dt\ 2 2
. . . S
Factoring out *G gives a classical/quantum|gyro-precession equation. 8_ —
t

\_
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