Introduction to Spinor-Vector resonance dynamics
(Ch. 2-4 of Unit 4 Ch. 6-7 of Unit 6)

Review: 2D harmonic oscillator equations with Lagrangian and matrix forms
ANALOGY: 2-State Schrodinger: in0:V(t))=H|¥(t)) versus Classical 2D-HO: 0°?X=-KeX
Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w,0
Derive o-exponential time evolution (or revolution) operator U=e =g 0 upt
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

Geometry of evolution (or revolution) operator U= Mi=¢0uwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
Euler's state definition using rotations R(c,0,0), R(0,3,0),and R(0,0,7)
Spin-1  (3D-real vector) case

Spin-1/2 (2D-complex spinor) case See also:
3D-real Stokes Vector defines 2D-HO polarization ellipses and spinor states QTCA
C . Lect. 9(2.12)
Asymmetry S4 =Sz, Balance Sg =Sx, and Chirality Sc =Sy p.61-103 for
Polarization ellipse and spinor state dynamics polarization
ellipsometry

The “Great Spectral Avoided-Crossing” and A-to-B-to-A symmetry breaking
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Fig. 3.3.2 Coupled pendulums Fig. 3.3.3 One 2-dimensional coupled oscillator
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— ! X=X, —>» y=x, (Review of Lect. 23)
2D HO kinetic energy T(vi, v2) 2D HO potential energy V(xi, x2) Lagrangian L=T-V
1 -, 1 _ 2 2
T= gmlxlz +§m2x§ V= E(k1 +kyy ) %7 — kX, +§(k2 +kpy )%
1. . 1 k,+k —k
~ §<X‘ M‘ X> = —<X‘K‘ x> where: K=| | 2 12
2 —ki, Kk tky,
2D(H O Lagrange equations 2D HO Matrix operator equations
d| T . oV .
dt \ axl 8x1 y = —
/ 0 m, X) ~ki, Kk tky, X5
dlor | . . Jd . .
7 \% =myX, = I, = _8—362 = kypx) = ky + Ky )x2 Matrix operator notation:

M%) = - K-|x)
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2D harmonic oscillator equation solutions (Review of Lect. 23)

I. May rewrite equation M«|%)=-K«|x) in acceleration matrix form:  |%)=—A|x) where: A=M"'+K
( )
4 ki+k, ks
S I 0 ki+k, —k, Yo m, m, X,
Xy 0 m, —ki, ik ) —kp Ktk X
- T

2. Need to find eigenvectors|e,).|e,).... of acceleration matrix such that: Ale,)=¢ e, )=w’|e,)

Then equations decouple to: |en> = —A|en> = —8n|en> = —a)i en> where € 1s an eigenvalue

l and @, 1s an eigenfrequency

Note eigenvalue is square of eigenfrequency

To introduce eigensolutions we take a simple case of unit masses (m;=1=m>)

So equation of motion is simply: |x)=-K|x)

[ Eigenvectors |x)=|e,)are in special directions where |%)=-K|x) is in same direction as |X>]
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(Review of Lect. 23)
» ANALOGY: 2-State Schrodinger: in0:V(t))=H|V (1)) versus Classical 2D-HO: 0°X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

Derive a-exponential time evolution (or revolution) operator U=eHi=¢0uwpl
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
(Review of Lect. 23) in|\¥(¢))=H|'¥ (1)) |x> =-K- x>

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
H- A B-iC |_yt obey: (Hj) *= Hy
B+iC D

Tuesday, November 17, 2015



ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX
(Review of Lect. 23) in|\¥(¢))=H|'¥ (1)) |x> =-K- x>

First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must

H- ( A B-iC |_ gt obey: (Hj) *= Hy
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) ¥ X +ip 1 (2 =2+2)
Y ) | ntin | | @
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
H - ( A B-iC |_ gt obey: (Hj) *= Hy
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) ¥ X +ip 1 (2 =2%2)
Y ) | mtip | | @

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 15-order equation i0\U=HWV
into pairs of real 1%-order differential equations.
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ J
7 | (o) =H](0)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 1%-order equation iOW=HW ;O Mtip :( A B-iC j Xy +ipy
into pairs of real 1%*-order differential equations. or( Xy +ip, B+iC D Xy +ip;
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix ~ Hj matrix must
B+iC D
that operates on 2-D complex DiramBoth have 4 parameters
) [ L ] [ X +ip 1 (2 =2%2)
Y ) | ntin | | @ J
7 | (o) = H (1)

Separate real x; and imaginary pi parts of W amplitudes !
to convert the complex 1%-order equation iOW=HW ;O mtim :[ A B-iC ] X +ipy
into pairs of real 1%*-order differential equations. or( Xy +ip; B+iC D Xy +ip;

S L ; Y 1
X, = Ap, + Bp, - Cx, py=—4x,— Bx, —(p, iy~ py | | Ax +Bxy+Cp,y+idp, +iBp, —iCx,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
: oA 2.2\, 8 C B Do
9 = Vi | | -+ | | @ TS\ (x1x2+p1pz)+ (xlpz x2p1)+ S \P2 %2
¥, Xy TP, a

Separate real x; and imaginary pi parts of W amplitudes
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

X, = Ap,+ Bp, — Cx, p, =—Ax,— Bx, - (p,
X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C B D( 5 2

Y Xy +ip a TS\ (x1x2 +p1p2)+ (xlpz x2p1)+ S \P2 %2

¥, Xy TP a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW

into pairs of real 1%-order differential equations.

d JoH

H
. . X, = €= Ap,+ Bp, —Cx py=——5=—(4x;+ Bx, +Cp,
(= ). = —Bx. — oH . JH,
Py 2
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C B D( 5 2

Y Xy +ip a TS\ (x1x2 +p1p2)+ (xlpz x2p1)+ S \P2 %2

¥, Xy TP a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.
¢ —aHC—A B C ’ ——8HC——(A + Bx, +C )
X, = Ap, + Bp, - Cx, p, =—Ax,— Bx, - Cp, OMys. Classical ™1~ 3, ~ PLTEPy =50 T
Equations are SH  om

identical %y =——C= Bp; + Dp, + Cy by === =~(Bx+ Dx, = Cp))
Py 2

X, = Bp,+ Dp, + Cx; p, =—Bx;— Dx, +Cp,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
B A B-iC | 4+ Then start with classical Hamiltonian. (Designed to give same result.
H-= =H 2 g
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( o
9 = Vi | | -+ | | @ c=5\P1 X (x1x2+p1p2)+ (xlpz_xzpl)J“E Dy TX
¥, Xy TP, a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.
: x—%—A + Bp, — Cx ]'?=—8HC=—(Ax + Bx +Cp)
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OMys. Classical — *1= 3, ~ 7570 I ox, bR
, _ Equations are Py SH
X, = Bpl + Dp2 + Cxl Dy = —Bxl — sz + Cpl identical %, = a_c = Bp, + Dp, + Cx, py=— 8xc — _(Bx1 +Dx, — Cpl)
Py 2
Finally a 2 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
— (42 + B> +C?)x, —(4B+BD)x, - C(4+D)p — (4B + BD)x,—(B*+D*+C*)x, +C(4+ D) p For constant
( )1( )x, = C( )P, ( )1( )2 ( )7, A,B,C, and D
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =— x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
H A B-iC |_gt Then start with classical Hamiltonian. (Designed to give same result.)
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C B D( 5 2

kS Xy +ip a TS\ (3%, + PPy )+ C (3,9, =21y )+ S \P2 %

¥, Xy TP a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

. OH  0H,
— X, = Ap, + Bp, — Cx, py=—Ax, - Bx, - Cp, QE%ZZ}ZS;{ZSZ;ZM = 8— = Ap +Bp, —Cx, P = ~(Ax + B, + Cp, )
_ S py ’ / . OH,
X, = Bp, + Dp, + Cx, p, =—Bx;— Dx, +Cp, identical %, = ip = Bp, + Dp, + Cx, Py = e =—(Bx, + Dx, - Cp,)
2
Finally a 2 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p, Forconstant
A,B,C, and D
-- For C=0 2 v
¥ 2 2 0 X X K K X
"1 __| A +B AB+BD Is form of 2D Hooke < L "1 __ 11 12 1
X, AB+BD B*+D? harmonic oscillator 0" X, X Ky Ky | %
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
B A B-iC | 4t Then start with classical Hamiltonian. (Designed to give same result.
H-= =H 2 g
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. oA 2.2\, 8 C D( 52 2
9 = Vi | | -+ | | @ c =5\~ X (x1x2+p1p2)+ (xlpz_xzpl)J“E Dy TX
¥, Xy +ipy a
Separate real x; and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.
to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.
: X—%—A + Bp, — Cx ]'?=—8HC=—(Ax + Bx +Cp)
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OMys. Classical — *1= 3, ~ 7570 I ox, bR
, _ Equations are SH SH
X, = Bp,+ Dp, + Cx, Py =—Bx; = Dx, +Cp, identical X, :a—C:Bpl+Dpz+Cx1 py=- 3xc :_(Bx1+Dx2_CP1)
Py 2
Finally a 2 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |%)=-K-|x)
\ ¥ = Ap, + Bp, - Cx, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
— (42 + B> +C?)x, —(4B+BD)x, - C(4+D)p — (4B + BD)x,—(B*+D*+C*)x, +C(4+ D) p For constant
| J,~(48+ D), ~C(4+ D), (45+5D)x b+ €4+ D) Lo constan
. For C=0 2 v
2, p2 X X K., K X
f1 _ | 4°+B°> 4B+BD | % Is form of 2D Hooke 3_2 T e T B 1
X, AB+BD B*+D* )| X harmonic oscillator 0" X, X Ky Ky | %

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!

d (A B ('8)2_ B Y o> | A’+B®> AB+BD
i—= =li—| = = ——=
ot B D ot B D ot AB+BD B?*+D?
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO. 0*X=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>

First start with 2-by-2 Hermitian (self-conjugate) matrix
B A B-iC |_yt Then start with classical Hamiltonian. (Designed to give same result.)
| B+iC D |

that operates on 2-D complex Dirac ket vector |¥) .

. Al 2 2 Di o 2
|‘I—’>: \Pl _ .X1+lp1 _ a Hc=5(p1 +x1)+B(x1x2+p1p2)+C(x1p2—x2p1)+3(p2 +x2)
¥, Xy +ip) a
Separate real x; and imaginary px parts of ¥ amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation (O W=HW
into pairs of real 1%-order differential equations.

. _JdH, . OJH,
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OM vs. Classical %1~ Ip, =Ap+ Bp, = Cxy P (43, +Bxy + Cpy)
, _ Equations are SH Py
X, = Bp,+ Dp, + Cx) Py =—Bx = Dx, +Cp, identical %y == —E= Bpy+ Dp, + Cx, by === =~(Bx+ Dx, = Cp))
Py 2
Finally a 20 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |x)=-K-|x)
\§, = Ap, + Bp, —Cx, %= Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p, For constant
A,B,C, and D
; For C=0 v
Y |_ | A*+B* AB+BD | Is form of 2D Hooke i SU O P I T Ky K M
X, AB+BD B*+D* )| % harmonic oscillator o’ x, X Ky Ky )\ %

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=0) and square it!
2 2 2 2, p2
0 [ A B (.a)_ A B 0 | A*+B°* AB+BD
I—= =>|i— | = =>——F=
ot B D ot B D ot AB+BD B?*+D?

Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | [)=-K-|x)
t
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2DHO: 0*x=-KeX

(Review of Lect. 23) in|¥ (1)) =H|¥(r)) |x> =—K- x>
First start with 2-by-2 Hermitian (self-conjugate) matrix
= A B-iC | _ gyt Then start with classical Hamiltonian.
B+iC D
that operates on 2-D complex Dirac ket vector |¥) .
. Al 2 2 Di o 2
)= Yo || ntin |_| & chz(Pl +x1)+B(x1x2+1’1p2)+c(x1pz_X2P1)+E(P2+x2)
¥, Xy +ipy a
Separate real xx and imaginary py parts of U amplitudes Then Hamilton’s equations of motion are the following.

to convert the complex 1%t-order equation iOW=HWVY
into pairs of real real 15%-order differential equations.

. _JdH, . OJH,
— X, = Ap, + Bp, — Cx, p, =—Ax,— Bx, - Cp, OM vs. Classical ™1~ Ip, =Ap, + Bp, = Cx, P (4x,+ Bry + Cpy)
, _ Equations are SH Py
X, = Bp,+ Dp, + Cx) Py =—Bx = Dx, +Cp, identical %y == —E= Bpy+ Dp, + Cx, by === =~(Bx+ Dx, = Cp))
Py 2
Finally a 20 time|derivative|(Assume constant A, B, D, and let C=0) gives 2"-order classical Newton-Hooke-like equation: |x)=-K-|x)
\ i = Ap, + Bp, ~ Ci, i, = Bp, + Dp, +Cx,
=—A(Ax, + Bx, + Cp, ) — B( Bx, + Dx, - Cp,) - C(Bp, + Dp, + Cx; ) =—B(Ax, + Bx, + Cp, )— D(Bx, + Dx, - Cp, )+ C( A4p, + Bp, - Cx, )
= (42 + B> +C? |, = (4B+ BD)x, - C(4+ D) p, =—(4B+BD)x, ~(B?+ D? + C?)x, +C(4+ D) p, For constant
A,B,C, and D
" For C=0 y
Y |_ | A*+B* AB+BD | Is form of 2D Hooke i SU O P I T Ky K M
Xy AB+BD B>+D? X, harmonic oscillator or’ ) X, Ky Ky X

Here is an operator view of the QM-Classical connection: Take Schrodinger operator i0: = H (with C=() and square it!

0 A B-iC :(.a)z A B-iC 2:> 0° A?+B*+C? AB+ BD—i(AC +CD)
1— = 1— = _
o \ B+iC D ot B+iC D o> | AB+BD+i(AC+CD) B*+D*+(?

Conclusion: 2-state Schro-equation zh§|‘1’ (1)) = H|¥(r)) is like “square-root” of Newton-Hooke. | [)=-K-|x)
t
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
3 Hamilton-Pauli spinor symmetry ( o-expansion in ABCD-Types) H=w,0

Derive a-exponential time evolution (or revolution) operator U=eHi=¢0uwpl
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 o -1 1 0 i 0 2 L o1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

O

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.

...current-carrier...
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

[ A. B-ic ]:A[ o ]+B£ vl J+C[ O N }LD( 00 JZAe11+BGB+C0'C+De22
B+iC D 0 O 1 O i 0 0 1
A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 0 -1 1 0O i 0 2 0 1

A—D A+ D
H=— o +B O© +C o© + (o
/ A * B C\ 2 0 ...current-carrier...

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, Gc } are best known as Pauli-spin operators {61=09, G3=0x, Gc=Cy, 64=06 7z } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

A=D1 0 | 5 01| A 0 i | 44D} 1 0
2 o -1 1 0 i 0 2 L o1

A—D A+ D
H=— C + B Cp +C G~ +

7 A N2

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)

O

The {61, 64, 05, Gc } are best known as Pauli-spin operators {61=09, G3=0x, Gc=Cy, 64=06 7z } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.

...Current-carrier...
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ +

O

/ $ \ 2 ...current-carrier...

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {61, 64, 05, Gc } are best known as Pauli-spin operators {61=09, G3=0x, Gc=Cy, 64=06 7z } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Each Hamilton quaternion squares to negative-1 (12 =j? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)
q q g J giary

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.
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ABCD Symmetry operator analysis and U(2) spinors

Decompose the Hamiltonian operator H into four ABCD symmetry operators
(Labeled to provide dynamic mnemonics as well as colorful analogies)

A B A DO g O el O T i) O Y 2 ae) +Boy+Coc + Dey
B+iC D 0 0 1 O i 0 0 1

:A—D10+BOI+CO—i+A+DlO
2 L0 -1 1 0O i 0 2 L0 1

A—D A+ D
H=— C + B Cp +C G~ + O

/ $ \ 2 ...current-carrier...

Symmetry archetypes: 4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex-Coriolis-cyclotron-curly...)
The {01, 64, 05, Oc } are best known as Pauli-spin operators {G;=09, Op=0x, Gc=Cy, 64=0 z } developed in 1927.

Wolfgang Pauli (1927) Zur Quantenmechanik des magnetischen Elektrons Zeitschrift fiir Physik (43) 601-623

In 1843 Hamilton invents quaternions {1, 1, j, k}. oy related by i-factor:  {6;=1=0y¢, iop=i=iCy, iCc =j=iCy, i04 =k=1i07}.

Each Hamilton quaternion squares to negative-1 (12 =j? = k? = -1) like imaginary number i°=-/. (They make up the Quaternion group.)
q q g J giary

Each Pauli oy squares to positive-1 (62 = 6y? = 6 z2 = +1) (Each makes a cyclic C> group CZAZ{I, 64}, C"={1,03}, or C2C={1, oc}.)

(a) Cy-symmetry (a-b) Cy'B-symmetry (b) CHB-symmetry 1
(40) 48 [2=dd
0 D B A
X
A=Ds

Fig.3.4.1 Potentials for (a) CoA-asymmetric-diagonal, (ab) , (b) CoB-bilateral U(2)system.
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

3 Derive a-exponential time evolution (or revolution) operator U=e ™M= n-p!
3 Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing -Theorem)

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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24



\_

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e M (0))

Hamilton generalized Euler’s expansion e ' =coswt—isinw? so matrix exponential becomes powerful.
g p

LA BHC g ATDE 0 g g O T g e O g ATRE 1 0
SHi_, L BHC Do) 2 0 - 10 i 0 2 {01

04=0z2 O0p=0x Oc=0y
YA N A__D
—ioc o _j e —i - R A+ D
—e Tl 2 oW, o ere: (= pp |FRt=| wy |t= 2 -t and: w) = 5
B
Yc We C

J

Symmetry relations make spinors O v =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.

ABCD Time
evolution
operator

For constant
A,B,C, and D

Each 0y squares to one (unit matrix 1=0, .0, ) and each quaternion squares to minus-one (—1=i-i=j-j, efc.) just like i =+/-1 .
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N
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e M (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O i e B O e I = et IR evolution
_iHD Bvic D | _ 210 - 1 0 i 0 2 Lo 1
e =e = G4=0 7 Os=0r Ge=0y operator
PA WA A-D
—ioc o _j el —i - R A+ D
—e Tl 2 oW, o ere: (= pp |FRt=| wy |t= 2 -t and: w) = 5 For constant
. b A,B,C, and D
Yc C C
J

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0; powerful.

Each 0y squares to one (unit matrix 1=0, .0, ) and each quaternion squares to minus-one (—1=i-i=j-j, efc.) just like i =+/-1 .

This is true for spinor components based on any unit vector a=(a,,a,,a,) for which aea=1=a;+a, +a, .
To see this just try it out on any a-component: O, =0e®a=a,0,+a,0, +a,0,

Gj =(cea)ocea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)

a,0,a,0, +a,0.a,0, +a,0,a,0, a,a,0,0, +aya,0,0, +a,a,0,0,
= +a,0,a,0, +a,0,a,0, +a,0,a,0, = +a,a,0,0, +a,a,0,0, +a,a,0,0,
+a,0,a,0, +a,0,a,0, +a,0,a,0, +a,a,o0,0, +a,a,0,0, +a,a,0,0,
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e M (0))

Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
A BHC DR 0 g O T e O | AR 10 evolution
iHE_ | BHC D 3 2 {0 -1 1 0 i 0 2 {01
B 04=0 2z Op=0x Oc=0y operator
PA WA A__D e D
-0 —j —iGeOF —i - N +
—e e Wl 2 gm0, T here: (= pp |FRt=| wy |t= 2 -t and: w) = 5 For constant
W b A,B,C, and D
Pc C C
\_ J

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0; powerful.

Each 0y squares to one (unit matrix 1=0, .0, ) and each quaternion squares to minus-one (—1=i-i=j-j, efc.) just like i =+/-1 .

. . . A . A A 2 2 2
This is true for spinor components based on any unit vector a=(ay,a,,a,) for which aea=1=a,+a, +a; .

To see this just try it out on any a-component: O, =0e®a=a,0,+a,0, +a,0,

2 _ A A _ GZ D GX
o,=(ocea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,) [ o ][ . j [ . ] [ . ]
= =1 =10
‘ Y
a0 a0 +aXO-XClYO-Y +aXGXaZo'Z a,a,0 O +aXaYGXGY +aXaZGXGZ 06—1 s 16 0 -1 0 i 0
X VA
= +a,0,a,0, +a,0,a,0, +a,0,a,0, = +a,a,0,0, +a,a,0,0, +a,a,0,0, ( 0 1 ]( { o j ( 0 1 ] [ . ) .
= = —1 = —1 Y
+a,6,a,06y +a,6,4,06, +a,0,a,0, +a,a,0,0, +a,a,0,0, +a,a,06,0, AL 1o i 0

To finish we need another symmetry property called anti-commutation: o.0,=-0,6, , c,0,=-0,0,,elc.

o =(cea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)

2
a, 1 +aya,0,0, +a,a,0,0,
= -—a,a,0,0, +a,’1 +aya,0,0,
-aya,0,0, —a,a,0,0, +a,’1
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e M (0))
Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful.
A BHC g ATDE T 0 g gl 01 g e 0 T | AXDE L0
e—iHm_ 0 B+iC D — o 2 0 -1 1 0 i 0 2 0 1
- B 04=0 7 Op=0x Oc=0y
PA WA A-D
—ioc o _j el —i - R A+ D
—g PP Il miGeWE T e = pp |[Fw-t=| wp |t= ?3 -tand: wy = 5

Yc We C

\_ y,

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0; powerful.

. . . A . ~ ~ 2 2 2
This is true for spinor components based on any unit vector a=(ay,a,,a,) for which aea=1=a,+a, +a; .

To see this just try it out on any a-component: O, =0e®a=a,0,+a,0, +a,0,

o.=(oea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,) IGZO ) 06)1(
a,0,a,0, +a,0,a,06, +a,0,a,0, a,a,0,0, +a,a,0,0, +a,a,0,0, [ Oa_l ][u ]G 0
= +a,0,4,0, +a,0,a,0, +a,0,a,0, = +a,a,0,0, +a,a,0,0, +a,a,0,0, , f( 1 i
+a,0,a,0, +a,0,a,0, +a,0,a,0, +a,a,0,06, +a,a,0,0, +a,a,06,0, ( o ]( 0~

To finish we need another symmetry property called anti-commutation: o.0,=-0,6, , c,0,=-0,0,,elc.

o’=(ocea)oea)=(a,0,+a,0,+a,0,)a,0,+a,0,+a,0,)

ay MO, Ta,d05G,
— _WY +a§1 —MOZ :(ai+a§+a§)l:l
g0, TWa0y0,  tal

M

ABCD Time
evolution
operator

For constant
A,B,C, and D

Each 0y squares to one (unit matrix 1=0, .0, ) and each quaternion squares to minus-one (—1=i-i=j-j, efc.) just like i =+/-1 .
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

3 Derive a-exponential time evolution (or revolution) operator U=e ™M= n-p!
Spinor arithmetic like  complex arithmetic

3 Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e M (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
O i e B O e I = et IR evolution
e—iHm — e B+iC D 2 0 -1 1 0 i 0 2 0 1
B 04=0 2z Op=0x Oc=0y operator
PA WA A-D
—ioc o _j e —i - R A+ D
_o @Oe iw L] —e zcow@e iwp where: $=| ¢p |Fw- 1= Wp = 2 -t and: Wy = 5 For constant
. b A,B,C, and D
Yc C C
\ y
Symmetry relations make spinors O v =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
o-products do dot * and cross x products by symmetries: 0,0, =1i0,=-0,0,, 0,0, =10, =—0,0,, 0,0,=1i0,=-0,0,
30
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e M (0))
Hamilton generalized Euler’s expansion e =coswt—isinwt so matrix exponential becomes powerful.
A BHC g ATDE T 0 g gl 01 g e 0 T | AXDE L0
e_iHm_ 0 B+iC D — o 2 0 -1 1 0 i 0 2 0 1
- B 04=0 7 Op=0x Oc=0y
YA N A__D
—ioc o _j el —i - R A+ D
—g PP Il miGeWE T e = pp |[Fw-t=| wp |t= ?3 -tand: wy = 5

Yc We C

\_ y,

Symmetry relations make spinors O v =0z, Oy=0¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.

o-products do dot * and cross x products by symmetries: 0,0, =10,=—0,0,, 0,0, =10, =—0,0,,

c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)

a

ayb,1 +a.b,0,0, -a,b,0,0, +i(ay,b, —a,b, )0
= -a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a,b,)o,
+a,b,0,0, -a,b,0,0, +a,b,1 +i(ab, —a,b, )0,
GZ L GX
1o o 1]_[o
0 -1 1 0 -1
O'X U] GZ

1 0
0 -1

ol s

ABCD Time
evolution
operator

For constant
A,B,C, and D

0,0,=i0,=—-0,0
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e M (0))

Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
o T e A S e I s B e L evolution
—iHm_e B+iC D _ 2 0 -1 1 0 i 0 2 0 1
e = = 5.=0 7 Os=0x Oc=0y operator
YA N A__D 4D
—io —i —iGe[F —Ii . - +
—o 9T iR e e=| ¢z |F@-t=| wy |t= 2 -t and: w) = 5 For constant
. b A,B,C, and D
Yc C C
1\ J
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
o-products do dot ¢ and cross x products by symmetries: 0,0, =10,=-0,0,, 0,0, =10, =—0,0,, 0,0,=i0,=-0,0
c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)
ayb,1 +a.b,0,0, -a,b,0,0, +i(ay,b, —a,b, )0
= -a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a,b,)o,
+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,
GZ 0 GX
Write the product in Gibbs notation. (This 1s where Gibbs gof his {i,j,k} notation!) [ 1o ][ 0 1 ]:[ 0 1 ]:{ 0 i ]ziGY
0 -1 1 0 -1 0 i 0
0,0,=(cea)oceb)= (a*b)l + i(axb)eo ox oz

s A e
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
—iH 7]
()= W(0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
o T e A S e I s B e L evolution
—iHm_e B+iC D — o 2 0 -1 1 0 i 0 2 0 1
e = = 5.=0 7 Oz=0x Oc=0y operator
YA N A__D 4D
—io —i —iGe[F —Ii . - +
—o 9T iR e e=| ¢z |F@-t=| wy |t= 2 -t and: w) = 5 For constant
. b A,B,C, and D
Yc C C
1\ J
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0; powerful.
o-products do dot ¢ and cross x products by symmetries: 0,0, =10,=-0,0,, 0,0, =10, =—0,0,, 0,0,=i0,=-0,0
c,0,=(cea)oeb)=(a,0,+a,0,+a,0,)b,0,+b,0,+b,0,)
ayb,1 +a.b,0,0, -a,b,0,0, +i(ay,b, —a,b, )0
= -a,b,0,0, +a,b, 1 +a,b,0,0, = (a,by+a,b,+a,b,)1 +i(a,b,—a,b,)o,
+a,b,0,0, -—a,b,0,0, +a,b,1 +i(ayb, —a,b,)o,
GZ 0 Oy
Write the product in Gibbs notation. (This 1s where Gibbs gof his {i,j,k} notation!) ( 1o ][ 0 1 ]:[ 0 1 ]:{ 0 i ]ziGY
0 -1 1 0 -1 0 i 0
0,0,=(cea)oceb)= (a*b)l + i(axb)eo ox oz

S PR e i

(Recall (1.10.29). in complex variable unit.)

A*B= —|—z'Ay )*(B, +1B,) —iA,)(B, +1iB,)
+AYB +7,AB AYBX = AoB) + i(AxB),
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

3 Derive a-exponential time evolution (or revolution) operator U=e ™M= n-p!
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
3 Spinor exponentials  like  complex exponentials (“Crazy-Thing’-Theorem)

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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4 )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.
w(0))=e M (0))
Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
A BHC DR 0 g O T e O | AR 10 evolution
~HO_, \ BHC D _, 2Lo0 - 1 0 i 0 2 o1
e = = 5.=0 7 Os=0x Oc=0y operator
YA N A__D
—ioc o _j e —i - R A+ D
. b A,B,C, and D
Yc C C
\ y
Symmetry relations make spinors O v =05, Oy=0c, and Oz =04 or quaternions i=-iOy, j=-iOy, and k=-i0z powerful.
Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall (1.10.17).)
L . 1, . 1, . 1, . 1 1
e =1+ (~ip) + o (i) + o (i) + 5 (i) = [ e +@ = [eosy]
—ilp 4o ~) —ilsing)
35
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e M (0))

Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time
A BHC DR 0 g O T e O | AR 10 evolution
—iHE _ 0 B+iC D _ 2 0 -1 1 0 i 0 2 0 1
€ B 0O4=0y; Op=O0x Oc=0y OPQVGtOV
YA N A__D 4D
—io —i —iGe[F —Ii . - +
—o 9T iR e e=| ¢z |F@-t=| wy |t= 2 -t and: w) = 5 For constant
. b A,B,C, and D
Yc C C
1\ J
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)
o . 1, . 1, . 1, . 1 1
e =1+ (~ip) + o (i) + o (i) + 5 (i) = [ e +@ = [eosy]
Note even powers of (-i) are £/ —i(p + %@3 ) —i(siny)
-7 +7.: 0 1 . ) 3 . 4 N5 .
and odd powers of (-i) are =) =+1, (=) =—i, (i)’ ==1, (=)’ =+i, (=i)*=+1, (=i)’ =—i, etc.
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e M (0))

Hamilton generalized Euler’s expansion e ' =coswt—isinwt so matrix exponential becomes powerful. ABCD Time
A BHC DR 0 g O T e O | AR 10 evolution
e_iHm — B+iC D — o 2 0 -1 1 0 i 0 2 0 1
B B 04=0 2z Op=0x 0c=0y operator
PA “A A-D e D
—io —i —iGe[F —Ii . - +
y b A,B,C, and D
Yc C C
\ y,
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
Hamilton 1s able to generalize Euler’s complex rotation operators e and e ¥ (Recall (1.10.17).)
o . 1, . 1, . 1, . 1 1
e =1+ (~ip) + o (i) + o (i) + 5 (i) = [ e +@ = [eosy]
Note even powers of (-i) are £/ —i(p + %@3 ) —i(siny)
and odd powers of (-i) are +i.: (=)’ =41, (=i) =—i, (=Y ==L, (=i) =+i, (=i)' =41, (=i}’ =—i, etc.
Hamilton replaces (-i) with —ic in the e~ power series above to get a sequence of terms just like it.
(—ic ) =+1, (—ic ) =—ioc , (—ic )Y =-1, (mic ) =+ic , (—ic ) ' =+1, (-ic ) =—io _, etc
¢ ’ ® p? ® ’ ® p? ® ’ ¥ P2 )
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e M (0))

Hamilton generalized Euler’s expansion e =coswf—isinwt so matrix exponential becomes powerful.

LA BHC g ATDE 0 g g O T g e O g ATRE 1 0
SHi_, L BHC Do) 2 0 - 10 i 0 2 {01

04=0z Op=0x Oc=0y
YA N A__D
—i0 O —jwnlfl —icers T —iwnlf - - A+ D
—e Tl 2 oW, o ere: (= pp |FRt=| wy |t= 2 -t and: w) = 5
B
Yc We C

\_

J

Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.

Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).)

: 1 1 1 1 1
—ip . (s 2 (s 3 il 4.“: - 2 . 4“. —
e =1+( zgo)—i—Z!( i) —|—3!( ip) —1—4!( ip) 1 2!90 -|-4!90 ] [cos ]

: 1 oo
—i(p + 5903 ) —i(sing)
Note even powers of (-i) are £/ and odd powers of (-i) are ii.:(—i)O =+1, (—i)1 =—1, (—i)2 =—1, (—i)3 =+, (—i)4 =+1, (—l')5 =—1, elc.

Hamilton replaces (-i) with —ic in the e~ power series above to get a sequence of terms just like it.

. 0 __ . 1_ . . 2 _ . 3 . 4 . 5 .
(—ic.) =+1, (=io_ ) =—io_, (-ic )" =-1, (=io, ) =+io_, (—ic ) =+1, (=io_ )" =—io_, etc.

ABCD Time
evolution
operator

For constant
A,B,C, and D

This allows Hamilton to generalize Euler’s rotation € to e_i%gp forany o p=(0cep)=p,0,+¢,0,+¢0,0,=(cCeP)p

—1 . . . —i0 . .
e ¥=1 COSyYy — 1 sy generalizes to:( e ‘“90=ICOSQO — Lo,Smy )
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e M (0))

Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time

o T e A S e I s B e L evolution

e—iHm — e B+iC D _o 2 0 -1 1 0 i 0 2 0 1
B B 04=0 2z Op=0x 0c=0y operator
YA “A A=D 4D
—io —q el F —i . N +
—e P Wl 2 gm0, hare: P=| i |[Fw-tm| wp |t= 2 -t and: wy, = 5 For constant
. B A,B,C, and D
=(1cosp—io _siny)e
\- 1 J
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).) - ~
o1y ig) i 1 L iy 4 L (i) = Ll LR The
e " =14 (—ip)+ o (Hie) + o (i) + (i) = [l e e = leosy] Crazy Thing
— ’L(QO + l gp?’ .. ) _ Z( sin 90) Theorem:
3! If (v )?=-1
Note even powers of (-i) are £/ and odd powers of (-i) are ii.:(—i)O =+1, (—i)1 =—1, (—i)2 =—1, (—i)3 =+, (—i)4 =+1, (—l')5 =—1, elc. Th \
| en:

Hamilton replaces (-i) with —ic, in the e power series above to get a sequence of terms just like it. ( )¢ ,
e(v/" =1cos, +(v)sing
. 0 __ . 1_ . . 2 _ . 3. . 4 . 5 _ . \ )

(—ic.) =+1, (=io_ ) =—io_, (-ic )" =-1, (=io, ) =+io_, (—ic ) =+1, (=io_ )" =—io_, etc.

This allows Hamilton to generalize Euler’s rotation € to e_i%gp forany o p=(0cep)=p,0,+¢,0,+¢0,0,=(cCeP)p

—1 . . . —i0 . .
e ¥=1 COSyYy — 1 sy generalizes to:( e ‘“90=ICOSQO — Lo,Smy )
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

w(0))=e M (0))

Hamilton generalized Euler’s expansion e ™ = coswt—isinwt so matrix exponential becomes powerful. ABCD Time

o T i S e I s N . L evolution

e—iHm — e B+iC D _o 2 0 -1 1 0 i 0 2 0 1
B B 04=0 2z Op=0x 0c=0y operator
YA “A A=D 4D
—io —q el F —i . _ +
—e Pl 2 gm0, L hare: P=| i |[Fw-tm| wy |t= 2 -t and: wy, = 5 For constant
. B A,B,C, and D
=(1cosp—io _siny)e
\- 1 J
Symmetry relations make spinors Oy =03, Oy=0c¢, and Oz =04 or quaternions i=-iOy, jJ=-iOy, and k=-i0z powerful.
Hamilton is able to generalize Euler’s complex rotation operators e Pand e . (Recall (1.10.17).) - ~
o1y ig) i 1 L iy 4 L (i) = Ll LR The
e " =14 (—ip)+ o (Hie) + o (i) + (i) = [l e e = leosy] Crazy Thing
— ’L(QO + l gp?’ .. ) _ Z( sin 90) Theorem:
3! If (v )?=-1
Note even powers of (-i) are £/ and odd powers of (-i) are ii.:(—i)O =+1, (—i)1 =—1, (—i)2 =—1, (—i)3 =+, (—i)4 =+1, (—l')5 =—1, elc. Th \
| en:

Hamilton replaces (-i) with —ic, in the e power series above to get a sequence of terms just like it. ( )¢ ,
e(v/" =1cos, +(v)sing
. 0 __ . 1_ . . 2 _ . 3. . 4 . 5 _ . \ )

(—ic.) =+1, (=io_ ) =—io_, (-ic )" =-1, (=io, ) =+io_, (—ic ) =+1, (=io_ )" =—io_, etc.

This allows Hamilton to generalize Euler’s rotation € to e_i%gp forany o p=(0cep)=p,0,+¢,0,+¢0,0,=(cCeP)p

e V=] CoOsy — I siny generalizes to: ( e 7= lcosp — i o sin )
: A (oeg
Here: (o) =-i Here: [\ = —io_ =—i(T®p)=—i (@®)
Y
Crazy thing is
just -1
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

Derive a-exponential time evolution (or revolution) operator U=eHi=¢0uwpl
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials (“Crazy-Thing "-Theorem)

P Geometry of evolution (or revolution) operator U=e M= ®u-pt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

() =M P(0))

. . . —Q o« o . .
Hamilton generalized Euler’s expansion e ' = cosQt —isin Q¢ so matrix exponential becomes powerful.
g p p p

| —i( A B ]m —iA_D[ Lo )E—iB( 0l jm—ic[ 0~ ]m—i“”D( Lo jm | o |
o HI_ B+iC D —e 2 {0 -1 1 0 i 0 2 101 :e—z(wOGO +w00)@:e—lw0@(

ABCD Time
evolution
operator

For constant
A,B,C, and D

lcoswt—io sinw

~N

04=07 OB=Ox Oc=Oy 2
e'V=1cospy — ising
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |[FW-=| wp |f= -t and: wy = T : —\
B 2 (e “=1cosp — io,sing )
W
\ e C C y
10
e [0 ! ]SOA: 10 cosy, —i 0 sin ¢ :
0 1 4 1 A Example 1.
o | AorZ é b )
_ | cosp, —ising, 0 _| e 0 rotation T eh.
0 cosp, —ising, 0 % C;E;lzy Thing
corem:
If ( =1
J
Then:
e(\)g’ =1cosy +(\)Slngp
N\ W,
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. LoV —iton [
1 — e i(wyo + Wea) _ o 19 (
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0

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions.

() =M P(0))

. . . —Q o« o . .
Hamilton generalized Euler’s expansion e ' = cosQt —isin Q¢ so matrix exponential becomes powerful.
g p p p

| 4 B-ic )y _AD[ 10 |0 1|0
~Hn_, \ B+HC D _, 2 L0 - 10 i

ABCD Time
evolution
operator

For constant
A,B,C, and D

1coswt—io sinwﬁ)

~N

04=07 OB=Ox Oc=Oy 2
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+D
where: ©=| ¢, |[FW-=| wp |f= -t and: wy = T : —\
B 2 Ce “=1cosy - io sing )
W
L fc C C J
10
€ Z[O - ]SOA— 10 s —i 0 lsin
o 1 Ya 1 Ya Example 1:
- | AorZ é b )
_ | cosp, —ising, 0 e o rotation T eh.
0 cosp, —ising, 0 % C;E;lzy Thing
eorem:
{0 i | If ( =1
o
e [Z v ] |10 cosp,, — i 0 — sinp,, Example 2: Then: .
0 1 / i@ 0 CorY
cosp, —sing. rotation e(\)g’ =lcos¢ +(\)Slngp
B sing,  cosg, \- J
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, )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
]‘P( t)> _ e—sz‘ \P(O)> evolution
operator
. . R . —iQt .. . . For constant
Hamilton generalized Euler’s expansion e = = cos£f —isin{)f so matrix exponential becomes powerful. AB.C andD

| —i[ A B ]m —iA;D[ Lo )@—iB( 0l jm—ic[ 0~ ]m—iA;DL (1) (1) j | o |
e—le: o B+iC D —e 0 -1 1_ 0 l_ 0 _ e—l(wOGO + oGt _ ol m(lcoswt—ia sinwﬂ)
04=0z OB=Ox Oc=Oy ®
e '"=1cosp — isiny
YA YA A=-D 4D generalizes to:
where: ©=| ¢, |[FW-=| wp |f= 2 -t and: wy = T : N\
B 2 Ce “=1cosp — io,sing )
w
\ fc C C y
10
e Z[O - ]SOA— 10 feosp —4 0 lsin
1o 1 Ya 1 Ya Example 1:
o | AorZ é )
_ | cosp, —ising, 0 e oo rotation The ‘
0 cosp, —ising, 0 e Crazy Thing
Theorem:
{0 i If ( =1
¢
e [Z 0 ] ‘110 cosp,, — i [ 0 ' Ising, Example 2: Then: y
0 1 v CorY
cosp,, —sing, rotation e(\)90 =lcos¢ +(§f)singp
B sing,  cosg, - J
Let: p=w-t
e (O —1cos - io,sinp=1cosp—i (0 ®P)siny
Example 3.

Any p=wt-axial
rotation

1cosyp

—i (040 4)sing —i (OpPp)sing —i (OcPc)sing

10 COS(p —1 L0 D4 SN —1i Olg?ysingp—i 0 = Op sinp
0 1 o -1 4 1 o )78 i o '€

COSp — i) 4 Siny

(—ipp + P )sing

(—ipp —Pc)sing
Cos +ip, siny

J
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4 . )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_ evolution
w(0))=e M (0)) t
operator
. . . —i .. . . For tant
Hamilton generalized Euler’s expansion e ¥ = cosQt —isin Q¢ so matrix exponential becomes powerful. oLy
g p p p A,B,C, and D
_l.( A B-iC ]m _Z.A—D[ 10 )@—iB( 0 1 jm—ic[ 0 -i jm_l.A+D£ 10 j
e—iHm — e B+iC D —e 2 0 -1 1 0 i 0 2 0 1 _ e—l(uJOGO + e )1 _ e—l(DO m(lcoswt— i Sinwm)
04=0z OB=Ox Oc=Oy 2
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+ D
where: ©=| ¢, |[FW-=| wp |f= -t and: wy = T : —\
B 2 Ce “=1cosy - io sing )
w
L Pc C C Y,
—z[ 10 ]soA (0 i
0 —1 1 0 . 0 . = R
¢ - [ 0o 1 |FFFaT! [ L PR Example 1: e [Z ! ] |10 cosp . —i [ 0" =1 lsing Example 2:
_ C . C
o ' Aor 7 0 1 g CorY
_ | cosw, Tising, 0 :[ e A 0 ] rotation | cosp, —sing, rotation
0 cosp, —ising, 0 e | sin $, COSp,

We test these operators by making them rotate each other ....
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4 )

OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
]‘P( t)> _ e—sz‘ \P(O)> evolution
operator
. . R . —iQt .. . . For constant
Hamilton generalized Euler’s expansion e = = cos£f —isin{)f so matrix exponential becomes powerful. AB.C andD

| —i[ A B ]m —iA_D[ Lo )@—iB( 0l jm—ic[ 0~ ]m—i“”D( Lo jm | o |
o HI_ B+iC D —e 2 {0 -1 1 0 i 0 2 101 :e—l(wOGO +w00)@:e—lw0@(

1coswt—io sinwﬁ)

04=07 OB=Ox Oc=Oy 2
e '"=1cosp — isiny
YA YA A=-D generalizes to:
A= e 2 A+D
where: = SOB = t= wB = -t and: CUO = —i0_p . . \
B 2 Ce ““=1cosp — i0,siny
e “c - <
- ¢ J
—i[ 10 ]SOA (a _
01 |1 0 . 0 |. —Z[Q ¢ ](p .
c B [ 0o 1 | [ L PR Example 1: e ' " S cosp, —1i [ 0" = lsing Example 2:
- 0 1 ¢ i 0 ¢
N | AorZ CorY
_ COsS@p, —1i81yY, 0 _ e_w“ 0 rotation cosp,, —sin o rotation
0 cosp, —ising, 0 e | sing,  cosg,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:aff’mtated) :R(Cp)auR_l(Cp):R(Cp)a MRT(CP)
Rle.) - o+ R'(e)

cosp, —sing, 1 0 ]
0 —1

sing,  cosg,
2 s 2 :
cos @, —sin" @,  2sinp, cosy,

cosp, sing,

—sing, cosy,

. s 2 2
2sinp, cosp,  sin” @, —cos @,

|1 0 ]congoc—l—

0 —1 0  > or: 3=2pc =60° 1
= O, cos2¢p,+ O, sin2p; LAP: Y || ¥B =

4 2, 2, 2
. +o% +
Yc Yc \/QOA YRT¥C

2 2 2
JwA+wB+wC
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4 . )
OBJECTIVE: Evaluate and (most important!) visualize matrix-exponent solutions. ABCD Time
_ evolution
w(0))=e M (0)) t
operator
. . . —i .. ) . For tant
Hamilton generalized Euler’s expansion e ¥ = cosQt —isin Q¢ so matrix exponential becomes powerful. P
g p p p A,B,C, and D
_{ A B-iC ]m _Z.A—D[ 1o )@—iB( 0 1 jm—ic[ 0 —i jm—i“”D( 10 j
04=0z OB=Ox Oc=Oy ®
e '"=1cosp — isiny
YA YA A=-D generalizes to:
- - 2 A+ D
B 2 Ce “=1cosy - io sing )
w
L Pc C C Y,
—z[ 10 ]soA (0 i
0 -1 1 0 . 0 |. —i 0 —ily |
¢ - [ 0o 1 |FFFaT! [ L PR Example 1. e [Z v ] |10 cosp . —i [ 0" =1 lsing Example 2:
_ C . C
N | AorZ 01 00 CorY
_ COsS@p, —1i81yY, 0 _ B_WA 0 rotation B cosp,, —sin o rotation
0 cosp, —ising, 0 e | sin Yo COSQ,

. — — A A A . —l.G,A — . . . .
3D axis vector p=w-7 corresponds to generatoro,,= 049, +0p0p +0cpc of rotation e . =R(p)=1cosy — 10, sinp about axis ¢.

Any 2-by-2 o,-matrix may be rotated by any R(®) matrix acting twice (fore-and-aft™!) to give:aff’mtated) :R(Cp)auR_l(Cp):R(Cp)a MRT(CP)

-1
Rle) - o, - R(g)
_| cose. —sing, 1 0 cosp, sing,
sing,  cosg, 0 —1 —sing, cosy,

2 s 2 s
cos”p, —sin”p,  2sing, cosy,

. . 2
2sinp, cosp,  sin” @, —cos @,

1 0
0 -1
= O, cos2¢,+ O,

]cos 20, +

. 2 22
—2singp, cosp,,  cos”p, —sin’ @,

2 2 .
cos”p, —sin" ¢, 2sing, cosy,

0 1

CoS2¢p,,

—0, sin2p, + O, cos2yp,

(' The 3D-rotation is by 2, rwice the 2D angle .)

-1
R(%) o, R (‘pc)
| cosg, —sing, 0 1 cosp.,  singp,
sing,,  cosp, 1 0 —sing,,  cosp,
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

Derive a-exponential time evolution (or revolution) operator U=eHi=¢0uwpl
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
Y AT “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o) 4-D[ 1 o 0 1 0 i Notation for
H= = +— + B +C .
B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + @, Oy +0p Op +O- O, =a)060+m06:w01+w0w

A A A

Symmetry archetypes: A4 (Asymmetric-diagonal)| B (Bilateral-balanced)| C (Chiral-circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, 64=0C 7 }
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o0 A-D( 1 0 0 1 0 i Notation for
H= = +— + B +C .
B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space

= ®, O, + @, O, +0p Op +O- O, :a)060+a)00:a)01+w6w

= QO 1 + QA SA +QB SB +QC SC :QOI+ QeS

1 1 i :
5 0 0 5 0 — Notation for
~AXDE 10, ypy| 2 28] % |+ac ? s
2 0 1 o -1 L i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chirachircular-complex... )

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, 64=0C 7 }
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
4 B—iC A+D( 1 o A-D( 1 0 0 1 0 i Notation for
H= = +— +B +C :
B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space
= w0, O, + w, 0, +Op Oh +W, Op =0y0,+0eG6=w0yl+0s,
= Q, 1 + Q, S, +Q,8, +Q. Sp =Qyl+ QeS

1 1 i :
5 0 0 5 0 — Notation for
AP L0, 4 p) 2 +2B] % |+2c ? %
2 0 1 o -1 L i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

A

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chiral*circular-complex...)

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, 64=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )7z })
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

4 B—iC A+D( 1 o A-D( 1 0 0 1 0 i Notation for
H= = +— +B +C :
B+iC D 2 0 1 2 0 —1 1 0 i 0 2D Spinor space
= w0, O, + w, 0, +Op Oh +W, Op =0y0,+0eG6=w0yl+0s,
= Q, 1 + Q, S, +Q,8, +Q. Sp =Qyl+ QeS

1 1 i :
5 0 0 5 0 — Notation for
AP L0, 4 p) 2 +2B] % |+2c ? %
2 0 1 o -1 L i 3D Vector space
0" component 2 2 2
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum

Symmetry archetypes: A (Asymmetric*diagonal)| B (Bilateralfbalancedﬂ C (Chirachircular-complex... )

The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0Cy, Gc=0Cy, 64=0C 7 }

The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )7z })

. ® A-D
Notation for A 5 4+ D
: where: 0= -t=| w, |t= -t and: @, =
2D Spinor space B 2
—i[ A B-iC ]m Oc C
N . p L i -
e HIf _ e B+iC D _ e i(wno( + moc)m: e o me [ oG _ e 10 me 10,01 _ e lwom(lcosa)ﬁ— ic,, sma)m)
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

[ 4 B-ic)_4+D( 1 0 ), 4-D[ 1 0 0 1 0 —i Notation for
H= = +— + B +C :

B+iC D 2 Lo 1 2 L0 -1 1 0 i 0 2D Spinor space
= w0, O, + w, o0, +wp Oy +W, Op =0y0,+0eG6=w0yl+0s,
= L 1 + Q, S, +Qz S, +Q- S, =Qp1+ QeS

1 1 i .
A+ D 5 0 0 5 0 —5 Notation for
- POy 4-p)| 2 +2B] % |+2c ?
2 0 1 0o _L 1 i 3D Vector space
2 2 2
0" component
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum
Symmetry archetypes: 4 (Asymmetricidiagonal)| B (Bilateraﬁbalancedﬂ C (Chirachircular—complex... )
The {61, 64, 05, Oc } are the well known Pauli-spin operators {G1=0Gp, 65=0x, Gc=0Cy, C4=0C 7 }
The {1, S4, Sz, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
(Often labeled {Jv, )y, )7z })
. A—-D

Notation for DA 5 4+ D

] where: 0= -t=| w, |t= -t and: @, =

2D Spinor space B 2
_i[ A B-iC )m e C
e—iHm _e B+iC D _ e—z(a)oao + WeG)lt _ e—za)o me_i ®eG 7 _ e—za)o me—zcwa)m _ e—za)O m(lcosa)@— iO'w Sin @)
. 2 o . Y. _; Q . 0
= o U RS~ L~ QiteS —e lcos—m—io'w sin——"
2 2

Notation for ) 24 A-D 4iD

where: @=Q-t=| Q, |i= 2B -t and: Q) =

3D Vector space
Q. 2C
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

( 4 B-—ic \_4+D[ 1 0 ) 4-D[ 1 o0 0 1 0 —i Notation for
H= = +— + B +C 2D Sp;

B+iC D 2 Lo 1 2 |0 -1 1 0 i 0 Spinor space
= w0, O, + w, o0, +wp Oy +W, Op =0y0,+0eG6=w0yl+0s,
= L 1 + Q, S, +Qz S, +Q- S, =Qp1+ QeS

1 1 i .
A+D 5 0 0 5 0 —5 Notation for
- 0 4-py| 2 128 2 \y2c :
2 0 1 0o _L 1 i 3D Vector space
2 2 2
0" component
unchanged components A, B, C switch 1/2-factor from w-velocity to S-momentum
Symmetry archetypes: 4 (Asymmetricidiagonal)| B (Bilateraﬁbalancedﬂ C (Chirachircular-complex... )
“Crank’” The {61, 64, G5, Gc } are the well known Pauli-spin operators {6;=Gop, Gs=0Cx, Gc=Cy, G4=GC 7 }
vector The {1, S4, Sp, Sc } are the Jordan-Angular-Momentum operators {1=69, S;=Sx, Sc=Sy, S4=S 7}
g N W A-D | ) (Often labeled {Jv, Jy,J)z})
~ ~ 2
e=| ¢ W= w 't = 1 . A-D
B b B Notation for DA 5 A+ D
Pc e : where: =0 -t=| @, |t= -t and: @, =
\- €/ J 2D Spinor space ? b B 0" 2
_i[ A B-iC ]m e C
e—iHm _e B+iC D _ e—z(coocfo + WeG)lt _ e—za)o me_i WeGf _ e—zwo me—zcwa)m _ e—za)o m(lcosa) 7— iO'w sino @)
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ANALOGY: 2-State Schrodinger: ind:|V(t))=H|¥(t)) versus Classical 2D-HO: 0*X=-KeX
Hamilton-Pauli spinor symmetry ( a-expansion in ABCD-Types) H=w, o,

Derive a-exponential time evolution (or revolution) operator U=eHi=¢0uwpl
Spinor arithmetic like  complex arithmetic

Spinor vector algebra like  complex vector algebra
Spinor exponentials  like  complex exponentials

Geometry of evolution (or revolution) operator U=eHi=¢-iouwpt
The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space
- 2D Spinor vs 3D vector rotation
NMR Hamiltonian: 3D Spin Moment m in B field
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

U(2):2D Spinor {|")|Y)}-space (complex) R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)
State vector |W)=|T){(T|¥)+|]) (| |¥) Spin vector S=|X)(X|S)+|Y)(Y[S) +|Z){Z]S)
|¢> spin “dn” ¢
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Life in 2D Spinor space is “Half-Fast”
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The “mysterious” factors of 2 (or 1/2): 2D Spinor vs 3D Spin Vector space

U(2):2D Spinor {|")|Y)}-space (complex)
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(Only “half-way” home after 2r =360° rotation)
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R(3):3D Spin Vector {Sx, Sy, Sz}-space (real)

Spin vector S=|X)(X|S)+|Y)(Y|S) +|2)(Z|S)

Y-rotation

by ©=3=270°

Ydrotation
y