st axioms and theorems of classical mechanics
(Ch. I thru Ch. 3 of Unit 1)

Geometry of momentum conservation axiom (ala Occam'’s Razor)
Totally Inelastic “ka-runch’collisions™ (begin 4:1 graph project)
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry*
+Intro to weighty-averages and vector notation
Comments on idealization in classical models

Geometry of Galilean translation symmetry
45° shift in (V1,V2)-space
Time reversal symmetry
...of COM collisions

Algebra, Geometry, and Physics of momentum conservation axiom
Vector algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem

Numerical details of collision tensor algebra

Note - Many of the underlined links throughout this lecture file link to the specific selected cases within those Web Simulators
*Launch Car Generic Collision Web Simulator http://www.uark.edu/ua/modphys/markup/CMMotion Web.html
*Launch Generic Superball Collision Web Simulator — http.//www.uark.edu/ua/modphys/markup/BounceltWeb.html



http://www.uark.edu/ua/modphys/markup/BounceItWeb.php
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html

A pI’Oblem lIl Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision..... After collision...

| mile Perfectly; o

elastic’
- -0.8 -0.6 -0. -0.
)i 04 -02 () .

-6 sec. Y -
ollision!

-12 sec. N
QO
N\
A
-24 sec. S
\O
N o i o i
-36 sec. -
=
E Car Simulator Car Simulator
-48 sec 4 S Space vs Space Space vs Space
~ Elastic Inelastic
4 Y
Simulator Simulator
Elastic Collision Inelastic Collision
Dual Panel Space vs Dual Panel Space vs
Space and Space vs Space and Space vs
Time (Newton) Time (Newton)
Simulator Simulator
Elastic Collision Inelastic Collision
Dual Panel Space vs Dual Panel Space vs
Space _and Time vs. Space _and Time vs.
Space(Minkowski) Space(Minkowski)

*Car Collision simulator ___http.//www.uark.edu/ua/modphys/testing/markup/CMMotion Web.html



http://www.uark.edu/ua/modphys/testing/markup/CMMotionWeb.html
http://www.uark.edu/ua/modphys/testing/markup/CMMotionWeb.html
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=10001
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=10002
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20003
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20004
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20005
http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html?scenario=20006

A pI‘Oblem ln Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision..... After collision...what velocities?
1 mile Perfectlyi e Totally )i :
-1 08 -06 -04 -02 ( elustic = ﬂelamc&\ 1/
A case _ Kabong! case wrich!
-6 sec. lision! D ‘H&
-12 . —— = A0 olLLLSsion:
sec E :é ’G
)
. >
-24 sec. -+ S
O
. L v o7 5
- sec. 1
i § (" Conventional solution: Look up the usual
48 see s | momentum and energy formulas/axioms.
A ~ | XZimVi(initial) = XimV(final)
P, Y | SimVZ(initial) = XimV?i(final)

@

4 kcmd solve... P

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

*Launch Car Collision Web Simulator http://www.uark.edu/ua/modphys/markup/CMMotion Web.html



http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html

A pI‘Oblem ln Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision.....

1 mile
< >
-l 08 -06 -04 -02 ()
A
-6 sec.

-12 sec. — — A0 ’\.
E 78
\Y)
| %!
-24 sec. = S
\e)
N—
-36 sec. ;: &
>
=S
-48 sec. S
~

% Y

2
%

After collision...what velociti

- E Totall

Perfectlyi
elastic
case

K i \/j\/ \\

ollision!

74 67

el t?}???
inelastic

— g\I/,/
case 7Ch!

(VSUV and

change Violenﬂ})

but NOT total momentum
\PToml = Msuy Vsur +

J

momentum and energy formulas/axioms.
Y.imVi(initial) = XimVi(final)
YimV?i(initial) = XimV-i(final)

kcmd solve...

(" Conventional solution: Look up the usual

J

...But an UNconventional way
is quicker and slicker.....
(Just have to draw 2 lines!)

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

*Launch Car Collision Web Simulator

http://www.uark.edu/ua/modphys/markup/CMMotion Web.html



http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html

Vs and change Violently\

A pI‘Oblem 1n Spdce-tlme « (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) vut fota l momentum iS constant

Before collision..... After collision...what velocities? | Pp..i= My Vey +
. BB &, B -
| mile Perfectly? Totally | "o=Re
-1 08 -06 -04 -02 () clastic  — ﬂelamcm\ 1/
A case __Kabong! case ,» /ich!
-6 sec. lision! o ‘:?&
i, + = otLLlisSion:.
12 sec Ei e o Inventor of
% ({0 b R »
e = 2 ccam s Razor
o
L ~ 74 74
-36 sec. =y X : 3
S (" Conventional solution: Look up the usual William of Ockham
48 sec S momen.tufn. and energy formulas/axioms: 1285-1349
~ | ZmVi(initial) = SmVi(final) ...But an UNconventional way
@”;”% Y | ZmlZi(initial) = Sim)7i(final) is quicker and slicker.....
4 \ and solve... ) ... (Just have to draw 2 lines!)

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

*Launch Car Collision Web Simulator http://www.uark.edu/ua/modphys/markup/CMMotion Web.html



http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html

A pI‘Oblem ln Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision..... After collision...what velocities?
| mile Perfectlyi e Totally )i .
-1 08 -06 -04 -02 ( clastic ﬂel"“’cg WA
A case case b !
-6 sec. lision! o ‘:?&
12 sec. 4 L ollision:
sec E :é ’G
)
. >
-24 sec. -+ S
O
L ~ 74 74
-36 sec. —+ & e ) } ™
S Conventional solution: Look up the usual
48 see s | momentum and energy formulas/axioms.
A ~ | XZimVi(initial) = XimV(final)
P, Y | SimVZ(initial) = XimV?i(final)

E

kcmd solve...

(VSUV and

change Violently\
vut ZOotal momentum 1s constant

fTomz = Msvuy Vsuv +

J

Inventor of
“Occam’s Razor”

William of Ockham
1285-1349

...But an UNconventional way
is quicker and slicker.....

J

(Just have to draw 2 lines!)

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

“Pluralitas non set poneda sine necessitate.”
and has a number of interpretations:

1. Literally:”Don t make pluralities of conjectures without necessity.”
2. Logically: “Assume less to prove more.”

3. Practical coding advice: “Keep it simple, make it powerful.”

*Launch Car Collision Web Simulator

http://www.uark.edu/ua/modphys/markup/CMMotion Web.html



http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html

A pI‘Oblem ln Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision..... After collision...what velocities?

-

= “ER
e Totally = "O==-e

Vsuy and change Violently\
vut fotal momentum 1s constant
Prowi= Msuy Vsuy + )

1 mile > Perfectly ; : Y 2002
-1 08 -06 -04 -02 ( elustic = ﬂelamc&\ 1/
case  Kabong! case /ich!
A == ==
-6 sec. isi /IE &4 ¢
. + == otLlision!
12 sec Ei ore o Inventor of
% ({0 b R »
e = 2 ccam s Razor
o
L ~ 74 74
-36 sec. = N e ) } ™
S Conventional solution: Look up the usual William of Ockham
48 sec S momen.tufn. and energy formulas/axioms: 1285-1349
~ | ZmVi(initial) = SmVi(final) ...But an UNconventional way
2 Y | Eml7i(initial) = Xim)7i(final) is quicker and slicker....
“%

kcmd solve... )

..... (Just have to draw 2 lines!)

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

GO! (INITIAL or IN) STOP! (FINAL or FIN)

VIN G 1+ VIN = VEIN G, ~+ VEIN . =constant

*Launch Car Collision Web Simulator http://www.uark.edu/ua/modphys/markup/CMMotion Web.html



http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html

A pI‘Oblem ln Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Before collision..... After collision...what velocities?

-

= “ER
e Totally = "O==-e

Vsuy and change Violently\
vut fotal momentum 1s constant
Prowi= Msuy Vsuy + )

1 mile > Perfectly ; : Y 2002
-1 08 -06 -04 -02 ( elustic = ﬂelamc&\ 1/
case  Kabong! case /ich!
A == ==
-6 sec. isi /IE &4 ¢
. + == otLlision!
12 sec Ei ore o Inventor of
% ({0 b R »
e = 2 ccam s Razor
o
L ~ 74 74
-36 sec. = N e ) } ™
S Conventional solution: Look up the usual William of Ockham
48 sec S momen.tufn. and energy formulas/axioms: 1285-1349
~ | ZmVi(initial) = SmVi(final) ...But an UNconventional way
2 Y | Eml7i(initial) = Xim)7i(final) is quicker and slicker....
“%

kcmd solve... )

..... (Just have to draw 2 lines!)

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

GO! (INITIAL or IN) STOP! (FINAL or FIN)
VNG 1+ VIN = VEING VEIN . =constant
. 60 + 10 = . B + .27 =250

*Launch Car Collision Web Simulator http://www.uark.edu/ua/modphys/markup/CMMotion Web.html



http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html

: . Vsurand Vi change Violently\
A pI‘Oblem 1n Spdce-tlme . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW) vut fOta l momentum iS constant

Before collision..... After collision...what velociti @Toml = Msuy Vsur + Myw'Viw )
1 mile Perfectlyi Y Totally ) 7O
> elastic inelastic’ |
_ i i i i Snlie — — |
] 08 06 -04 02 . case Xarboflg case Ko
-6 sec. lision! D ‘H&
) i L ollision.
12 sec. = S o Inventor of
% (‘0 b R »
e = =< ccam S nazor
)
L N 57 7
-36 sec. =y X : 3
S (" Conventional solution: Look up the usual William of Ockham
48 see. | S momen.tufn. and energy formulas/axioms. 1285-1349
~ | ZimVi(initial) = XimVi(final) ...But an UNconventional way
@»% Y SimV7i(initial) = Xim V7 (final) is quicker and slicker.....
4 \ and solve... ) .. (Just have to draw 2 lines!)

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

GO! (INITIAL or IN) STOP! (FINAL or FIN)
VING i+ My VIN = VEING 4 My VEINy =constant
. 60 + [ .10 = .7 + [/ . 7?27 =250

It’s a simple Cartesian equatio
.x + 1 .y =250

Rene Descartes
1596-1650

*Launch Car Collision Web Simulator http://www.uark.edu/ua/modphys/markup/CMMotion Web.html



http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html

(@) 100w

90
s0 | Msur —\During of Axiom-1:
70 ~7 i \collision..... My Vo 411,V
00 =constant =P.. =250
5 Omph
i Before M P
Vi 20 collision: V, =-_S0l/  + 1o
dd INITIAL
10mph =10 =-4V, +250
O 10 20 30 40 50 6 0\70 80 90 100mpr

Velocity-veiocity plot (b)

After Ka-runch ! collision...

,?FINAL?
)?

INITIAL

Let’s see if we can solve this easily with just one (or one-and-a-half) axiom(s)
Axiom-1: All mass or masses keep their total momentum until it is changed by some outsider.

*Launch Car Collision Web Simulator

GO! (INITIAL or IN) STOP! (FINAL or FIN)
VIN G ot My VN = VEIN ., & My VEIN
.60 + 1 .10 = X & ) P

It’s a simple Cartesian equatio
=250

.x+].y

—constant
=250

...with a simple Cartesian line-plot.
http://www.uark.edu/ua/modphys/markup/CMMotion Web.html

Rene Descartes
1596-1650


http://www.uark.edu/ua/modphys/markup/CMMotionWeb.html

Geometry of momentum conservation axiom

ey [0 tally Inelastic “ka-runch ”collisions
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry
+Intro to weighted-averages and vector notation
Comments on idealization in classical models



(@) 100w

Velocity-veiocity plot (b)

After Ka-runch ! collision...

90

s0 | Msur —\During of Axiom-1:

70 ~7 _\eollision..... My Vo 41,V

o0 =constant =P_. =250 5 ?FINAL?

5 Omph -

;’g Before y P |
Vow 20 collision: V, =-_S0l/  + 1o

, [VITAL INITIAL
10mph =10 =-4V, +250

0| 10 20 30 40 50 6 0\70 80 90 100mpr \

SUV =~ 60mph

It’s a simple Cartesian equation...
.x + 1 .y =250
y =250 -4 -Xx

Rene Descartes
1596-1650

...with a simple Cartesian line-plot.



(@) 100w

) After Ka-runch ! collision...
p V@Z@@E@y-vc.el@@i@ plot (b)
s0 |—Msur \During of Axiom-1:
70 7 s \collision..... My Vo 41,V
60 =constant =P =250 ,?FINAL?
5 Omph 9
5 Bejore y P
Vow 20 collision: V, =~ > VSUV + Lol
10mph 20 INIHAL — _ _'p 4 250 INITIAL
O 10 20 30 4050’7%\70 80 90 100mph \
After Ka-runch ! collision...
50mph ______ 'ﬁ]NALKa—runCh ! ) . )
} < It’s a simple Cartesian equation...
FORN x 1y =250
V PR 1 /INITIAL y =20 -4 -x
ﬂ@ngfq @'\\“ | INITIAL Vi = =10mph
X | INITIAL X =250 ...with y = x =50
'45 ‘\ | SUV —6@mph
0 50m 3 Rene Descartes

10 Omph

...with a simple Cartesian line-plot.

1596-1650



Geometry of momentum conservation axiom

Totally Inelastic “ka-runch ”’collisions
—) Porfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry
+Intro to weighted-averages and vector notation
Comments on idealization in classical models



Velocity-velocity plot (b)

After Ka-runch ! collision...

,?FINAL?
)?

INITIAL

After ka-Bong ! collision...

90
s0 | Msur —\During of Axiom-1:
70 7+ \collision..... Mg, Vo +0,V,,
60 =] =constant =P =250
50mph
i il
Vow 20 collision: e SUVV +
o 2T INITIAL Vs oo
0
5O0moh < FINALKa-runch
S
VVW R 'Q: : INITIAL
oo NS N vz Vi =tomph
N | INITIAL _
45°) : syy  —00mph
0 5 Omp )i OOmph 0

A 100mph



Geometry of momentum conservation axiom

Totally Inelastic “ka-runch ”’collisions

Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry
—) 1170 to Weighted-averages and vector notation

Comments on idealization in classical models



Geometry of Momentum Conservation Axiom -1

2 Total

Momentum COt;ervation ling: —»
L L
M V" +M V" = constant
V=V
2 Vw
100 L,
FIN
90 —
80
oles 70
Note 45° line has 0
oM _A,cOM
equal components o Vil S ' coM
com COM COM
‘/1 =V2 = V 40
30 COM | \,CO
2 —-—

20
10

x/IN

10 20 30 40 50 60\70 80 90 100 foaked

1V suy
MS G-
Ml =4 slope =-
UV MVW
M, Ji




Geometry of Momentum Conservation Axiom -1

(MM )V = MV + MV = MV MLV =MV MLV

Momentum Coi

wservation line:
IN IN
MV +M,V" = const

V2

100

—>
nnt

/QEI
VW/'

Divide Axiom -1 by A

coM
V"=

A4}‘GHV ‘Alé‘éﬁ

/|

V

— M VCOM

Total

Total — (M1+M2)

_ M1VICOM + M2V2C0M _ MlvlFlN + MZVZFIN

=50

+M,

Note 45° lin

equal components c0

90
80
70
60

e has

COM _y,COM
Vi =V,

COM 40
=V
30
20
10

com

(6(0)

/N

\

10 20 30 40 5

0 60\70 80 90 1

M +M,

M +M,



Geometry of Momentum Conservation Axiom -1

(M +M )VCOM_ M VIN+M VIN M VCOM+M VCOM_M VFIN_I_M VFIN MToleCOM
omentum ISOt;ervgnon ling: —>» Divide fLXlom-l M - —( M M )
MlV + 2V = constant IN IN CcoM COM FIN FIN
. FE VC0M= Ml‘/l M2V2 — Ml‘/l +M2V2 _Ml‘/l +M2V2 _50
Vg_ VW +M, M +M, M +M,
100 <7 FIN
90 —
50 VeoM s a (M1,M>) Weighted Average of Vi and V>
Note 45° line has :;8 It equals 50 for every point (V1,V2) on
equal components o Vi sV o the momentum line
y
‘/ICOM =V2CO]\4 = VCOM 40
30 COME Cco
20 2 /.
10 v
\

10 20 30 40 50 60\70 80 90 1




Geometry of momentum conservation axiom

Totally Inelastic “ka-runch ”’collisions
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry

TIntro 10 wei glidimtticicandls and vector Notalio) < u—

Comments on idealization in classical models



Geometry of Momentum Conservation Axiom -1
com IN IN FIN FIN
(M +M,)V | =MV, +M,V, =M1V1 +M,V,
Momentum COt;ervation line: —>»
M V"™ +

V"= constant
V,=Va
2 Vw
100 -
V"Fl

90
80

70

60 com 50 \‘
iy

M

90

50
40

30 Thisis a column-vector (or ket |IN > in QM)

20 =/IN 60 . 60
N L\ 10 ) ! =( 10

10 20 30 40 50 60\70 80 90 100 foaked

y \5(




Geometry of Momentum Conservation Axiom -1

(M1+M2 )VCOM=Ml‘/llN+M2V2[N=M1‘/1FIN+M2V2FIN

Momentum Conservation line: —»-
M V" +M V" = constant
— 6=
V2 w
19000 VA = 5 You may be used to giving coordinates as (X,y).
80 Thisis a row-vector (or bra <FIN | in QM)
70 VN = (40,90)
60 com 50 \‘
50 Veudl (AY
0 y o0
30 Thisis a column-vector (or ket |IN > in QM)
20 = 60 .
. - v

10 20 30 40 50 60\70 80 90 100 foaked




Geometry of Momentum Conservation Axiom -1

(M1+M2 )VCOM=Ml‘/llN+M2V2[N=M1‘/1FIN+M2V2FIN

Momentum Conservation line: —»-
M V" +M V" = constant
_ &S
19000 Vi = You may be used to giving coordinates as (X,y).
—4{.90
80 Thisis a row-vector (or bra <FIN | in QM)
70 V™ = (40,90)
60 com 50 \‘
20 y 50
40 YR
30 Thisis a column-vector (or ket |IN > in QM)
20 Al 60 T 60
0 "\ 10 1110
10 20 30 40 50 60\70 80 90 100 [otgh
Vi=Veur

This 1s a dot product (or scalar product)

VINey N _ (40,90)-( fg =(FIN|IN)= 40 60 + 90 10 = 2400 + 900 = 3300

of a row-vector V'™ = (40,90) (or bra <FIN |)

with column-vector = ( ?8 )(or ket | IN >)



Geometry of Momentum Conservation Axiom -1

(M1+M2 )VCOM=Ml‘/llN+M2V2[N=M1‘/1FIN+M2V2FIN

Momentum Coi

V2

100

wservation line:
IN IN
MV +M,V" = const

—>
nnt

_EE
- VVW

90
80
70
60
50

40
30

20
10

10 20 30 40 5

This 1s a outer product (or tensor product)

V’N®V”’V=( fg )@(40,90)=|IN><FIN|=

of a column-vector = (

60
10

= 50 You may be used to giving coordinates as (X,y).
Thisis a row-vector (or bra(FIN | in QM)
V™ =(40,90)
com 50 \‘
y C 50 ]
Thisis a column-vector (or ket |IN > in QM)
7/ IN 60 V IN_ 60
\ 10 T 10
0 60\70 80 90 100 [otgh
Vi=Vsur
60 40 60 90 2400 5400

)(or ket |IN>)

with a row-vector V™ = (40,90) (or bra<FIN |)

10 40

10 90

400

)

900



Geometry of momentum conservation axiom

Totally Inelastic “ka-runch ”’collisions
Perfectly Elastic “ka-bong” and Center Of Momentum (COM) symmetry
+Intro to weighty-averages and vector notation

— Comments on idealization in classical models e



The and ldealized thought experiments

Idealization 1. Ignore background.
(No rolling friction, air resistance, etc.)

50 & o

ldealization 2. Make each 1-dimensional.
(Cars “constrained” to ride on frictionless rail)

=] ﬁ System now has
: ~ [0 D = just two “dimensions”

or “degrees-of-freedom”

Landscape 1.1 Idealized model for collision model and thought experiments



Summary of Classical Mechanical Degrees of Freedom
Translation (Each body has 3 translational degrees of freedom) (Intoduced in Units 1 and 2)

\
6 translational
- degrees of freedom
for and



Summary of Classical Mechanical Degrees of Freedom
Translation (Each body has 3 translational degrees of freedom) (Intoduced in Units 1 and 2)

\
6 translational
- —3 degrees of freedom
- e $4
V& ~_ {ﬂ\:\ for and
l@ — 2
° \?"}
Rotation (Each body has 3 rotationaldegrees of freedom) (Intoduced in Units 3 and 7)

6 rotational

degrees of freedom
for and




Summary of Classical Mechanical Degrees of Freedom
Translation (Each body has 3 translational degrees of freedom) (Intoduced in Units 1 and 2)

) \
6 translational
- —3 degrees of freedom
_ e g
V& ~_ {ﬂ\:\ for and
l@ — 2
° \?"}
Rotation (Each body has 3 rotationaldegrees of freedom) (Intoduced in Units 3 and 7)

6 rotational

degrees of freedom
for and

and system involves
12 rigid-body degrees of freedom

Vibration (Each body has many vibrational degrees of freedom) (Intoduced in Units 3-8)
Generalized Curvilinear Coordinates (GCC)

NN
Kﬁ\:\ introduced in Unit 1 Chapters 10 -12
V An N-atom molecule has
’ 3N-6 vibrational degrees of freedom

Landscape 1.2 Some idealized classical model degrees of freedom




Geometry of Galilean translation symmetry
m— /50 shift in (V1,V>)-space

Time reversal symmetry
...of COM collisions



A pI‘Oblem lIl Spdce-time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)
Geometry of Galilean translation (A symmetry transformation)

If you increase your velocity by 50 mph,...

(In some direction x,y, or z...)

...the rest of the world appears to be 50 mph slower  (In that direction...)

(a) Galileo transforms to COM frame

100

L’
L Eart”

1UU

;acl\a 90
VVW 80
70

60

7
/
/
/
/

| A 50
AV

7
0
/ g 0
1 btracting
g 7 (50,50)

Galileo Galilei

7 10N
=1U

]/Eafth .
, / 1564-1642 Fg. 2.5
100 -90-80-70/—9_% o 03020- 110 20 30/49 5060 70 80 90 10 i in Unit 1
J -20 / V
P L0 e SUV
e 40 [COM %
=50
% /6/0
770
;80
/
y -90




A pI’Oblem ln Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean translation (A symmetry transformation)
If you increase your velocity by 50 mph, ...

...the rest of the world appears to be 50 mph slower (In

(a) Galileo transforms to COM frame
10 2 /

LUV L Eart”
;ﬂl:l: V 90

VW 80 /
70 v
60| ~

/

350
FCOM/

0
R U
v

/ btracting\* piri

7l (50,50

-10

/

/
/
/

0 -90-80—70—60/0

/

s
/

-40-30-20-1 30
0 10 20 49 5

20 /
-30 .

40! &

50

060 70 80 90]

VSUV
%

=JUY

in Unit 1

(In some direction x,y, or z...)

that direction...)
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Geometry of Galilean translation symmetry
45° shift in (V1,V>)-space

—)  [ime reversal symmetry
...of COM collisions



A prOblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean translation (A symmetry transformation)
If you increase your velocity by 50 mph,...

...the rest of the world appears to be 50 mph slower

(a) Galileo transforms to COM frame ve or six other reference frames

Final F and Initial 1

trade places...
Time-reversal (F-I)
symmetry pairs
(Four examples)
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Time-reversal means flip t to -t...
(Run a movie backwards)



A prOblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean translation (A symmetry transformation)

If you increase your velocity by 50 mph,...

...the rest of the world appears to be 50 mph slpwer

Final F and Initial 1
trade places...

Time-reversal (F-I)
symmetry pairs

(Four examples)
L

4 Eart}z/

-10

(a) Galileo transforms to COM frame (b) ... and tgAflve or six other reference frames
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Time-reversal means flip t to -t...
(Run a movie backwards)

That means you flip Velocity V to -V ...
(Everything goes backwards)



Geometry of Galilean translation symmetry
45° shift in (V1,V>)-space
Time reversal symmetry

— ...of COM collisions



A prOblem 1n Space'time . (60mph Cell-faxing 4ton SUV rear-ends 10mph 1ton VW)

Geometry of Galilean translation (A symmetry transformation)
If you increase your velocity by 50 mph, ...

...the rest of the world appears to be 50 mph slpwer

THE

COM Time-reversal

(Just 1 case)

symmetry pair

(a) Galileo transforms to COM frame (b) ... and tgAflve or six other reference frames .
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There is just one velocity frame I 179
in which the time-reversed collision Iy
looks just like the original collision z -100

Time-reversal means flip t to -t...

That is the
Center-of-Momentum
(COM)-frame

(Run a movie backwards)

That means you flip Velocity V to -V ...
(Everything goes backwards)



Algebra, Geometry, and Physics of momentum conservation axiom

= |'octor algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry




Quick lesson on
Gibb’s notation for
dot () product of matrix operator M and column vector V/V:

Algebra, Geometry, and Physics of momentum conservation axiom
= |'octor algebra of collisions

Matrix or tensor algebra of collisions

Deriving Energy Conservation Theorem

Energy Ellipse geometry




Quick lesson on

Quick lesson on
Dirac notation 1s

Gibb’s notation for

dot () product of matrix operator M and column vector V/V: much simpler:
MV M|IN)
A B[ G
c b )|y c D)\ ()
AXIN + ByIN
B Cx™ + DyIN

Algebra, Geometry, and Physics of momentum conservation axiom

= |/octor al gebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry




Quick lesson on Quick lesson on

Gibb’s notation for Dirac nptation is
dot (*) product of matrix operator M and column vector V/V: much simpler:
M oV Y M|IN) (...t first!)
A B ) x" (| Mx) (M) L (eI
c o )| Olmlx) Glml) | olm)
Ax"+By” (| M [x) (| IN )+ (x| M| y) (| IN)

Cx™ + DyIN

M) (x| IN)+ (| M| y) (5] IN)
Algebra, Geometry, and Physics of momentum conservation axiom

= |/octor algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry




Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M)> for 2 dimensions
=MV

P2 —

MV

2° 2

N

L denoted :P=M-V or:

Generalizing the definitio
of momentum...

With 45° diagonal V¢“” so: . VM =y M sy

100

90
80
70
60
50

40
30
20
10

10 20 30 40 5

T ==

0 6d\<0 80 90 1

=Vsur
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...and 3 ways to write Axiom-1



Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M)> for 2 dimensions

B =MV 5o o A M, 4
- denoted . P=M-+V or: =
F = MY, J Generalizing the definition 5 M, v
of momentum...
With 45° diagonal V¢“” so: . VM =y M sy ...and 3 ways to write Axiom-1

vz CO

/)

Points of vectors
V™ and V°“ and V"

30 all lie on
20 ] momentum - conservation line
Y having slope =M, | M,

10 20 30 40 50 70 80 90 100
AN
M, I SUV



General Inertia Tensor M or inertia matrix of 3 coefficients M;;, M>> and M >=M>; for 2 dimensions

With 45° diagonal V¢“" so: . VM =y M =y

Pl = M11V1 +M12V2
Pz = M21V1 t Mszz J

L

D \T U Pl Mu Mlz V1
denoted - P=M+V or: =
12 22 V

Generalizing the definition 5 2

of momentum...some more...

...and 3 ways to write Axiom-1

vz CO

Points of vectors

/]

V™ and V< and V"
all lie on
momentum - conservation line
having slope =M, | M,

10 20 30 405
-M

o

70 80 90 100
1 s
M Vz VSUV

oo



General Inertia Tensor M or inertia matrix of (n?+n)/2 coefficients Mjr =M;; for dimension n=2, 3,....

\ ( \ \( )
R=MV+M,)V, . L B M, M, -- 4
P=MJV+M,)V, - denoted :P=M+V or: P |=| M, M, - v,

Generalizing the definition , , A .
Of momentum...some more...and n\ore / \ : : . J\ : /

With 45°diagonal VCOM _(VF Ny IN )/2 s0: V, coM _VCOM _pcomM .and 3 ways to write Axiom-1

Proy = MV +MOVN = M v e p, v = M1VCOM +MVEM =M +M )V =M, VM

Points of vectors

FI M I
V™ and V°“ and V"
all lie on
momentum - conservation line

\ having slope =M, | M,
10 20 30 40 50 70 80 90 100 %
~M, —
A\ Vz — VSUV




Algebra, Geometry, and Physics of momentum conservation axiom

Vector algebra of collisions

=P\ [atrix or tensor algebra of collisions
Deriving Energy Conservation Theorem
Energy Ellipse geometry




Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M)> for 2 dimensions

R=M, I B (M 0w
-~ denoted :P=MV or: =
P = MV, | Generalizing the definition| P, 0 M, v,

’of momentum...

With 45°diagonal VO =(VN4v M) /2 so: 1 (OM =y COM )y cOM - ..and 4 or 5 ways to write Axiom-1

vz CO

/)

Points of vectors
V™ and V°“ and V"

30 all lie on
20 ] momentum - conservation line
Y having slope =M, | M,

10 20 30 40 50 70 80 90 100
R e
M, I SUV



Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M)> for 2 dimensions

R=M, I B (M 0w
-~ denoted :P=MV or: =
P = MV, | Generalizing the definition| P, 0 M, v,

° of momentum...
With 45°diagonal VO =(VN4v M) /2 so: 1 (OM =y COM )y cOM - ..and 4 or 5 ways to write Axiom-1

A product of total momentum Py and VY is expressed by tensor guadratic forms veMeu
p p y q

-> ->

VCOMPTotal _ VCOM M VIN _ VCOM M VFIN _ VCOM M VCOM _ VCOMMToleCOM

vz CO

/)

Points of vectors
V™ and V°“ and V"

30 all lie on
20 ] momentum - conservation line
Y having slope =M, | M,

10 20 30 40 50 70 80 90 100
R e
M, I SUV



Numerical details of collision tensor algebra



Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M)> for 2 dimensions

})1 = Mll/l . - _ })1 M1 O Vl
- denoted :P=M+V or: =

P = MV, | Generalizing the definition| £, 0 M, v,
° of momentum..

With 45°diagonal V< =(V*™"+v™)/2 so: VCOM =V2C0M = ¢oM . .and 4 or 5 ways to write Axiom-1

C OM -

A product of total momentum PTomz and V is expressed by tensor quadratic forms veMeu

- — -« - — -« -

VCOMPTotal _ VCOM M. VIN _ VCOM M VFIN _ VCOM M VCOM _ VCOMMToleCOM

Write this out with the numbeNn Fig. 1.3 wheré

050 50 ) 3 O} 0 J=(s0 50 ) &8

COM =50 .

o ) =50 M, 50=12,500

— T/ 48
VZ_VVW \
100
90 </5
80 VF]N=/ 40 \
70 k 90
60 / \
50 {,COM 5 0 50 Points of vectors
40 FIV - and V< and V»

‘ all lie on
/ 60 ) momentum - conservation line

having slope = M, | M,

SN———

V[N=
1N Lo
90 1/00

10 20 30 40 _50 70 80 E %
2

M SUV




Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M)> for 2 dimensions

B=MV, postv o | 00
- denoted :P=M+V or: =
P, = MV, | Generalizing the definition| £, 0 M, V)

’of momentum..

With 45°diagonal V< =(V*™"+v™)/2 so: VCOM =V2C0M = ¢oM . .and 4 or 5 ways to write Axiom-1

C OM -

A product of total momentum PTomz and V is expressed by tensor quadratic forms veMeu

- — -« - — -« -

VCOMPTotal _ VCOM M VIN _ VCOM M VFIN _ VCOM M VCOM _ VCOMMToleCOM

Write this out with the numbeNn Fig. 1.3 wheré

SRMITHIL D

COM =50 .

0
)= 50M, ,50=12,500

0 1 90
4-60 4-40
— . — . —SOM 50 12,500
(5050)(1.10) (5050)(1.9()]
50-250 = 50:-4-60+50-1-10 = 50:4-40+50-1-90 = 50-5-50 =12,500
szVﬁ //
0 orv_{ 40 ) Points of vectors
70 [ 90 ) V* and V< and V"
” éCOM/_ (o all lie on
40 / AR momentum - conservation line
zz /60 \ having slope =M, | M,
10 VIN=
: k : J T to
LA




Algebra, Geometry, and Physics of momentum conservation axiom

Vector algebra of collisions

Matrix or tensor algebra of collisions
= Deriving Energy Conservation Theorem

Energy Ellipse geometry




Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M> for 2 dimensions
R=MY, N I VA
- denoted :P=M+V or: =

Generalizing the definition| £, 0 M

, )\ F
’of momentum...

£ = MV,

With 45°diagonal V< =(V*™"+v™)/2 so: V1COM =V2COM =M _and 4 or 5 ways to write Axiom-1

A product of total momentum Py and VY is expressed by tensor guadratic forms veMeu
p p y q

yCoMp.  _JCOM (N[ YIN ZCOM (N FIV §COM (N, §COM _yyCOM py 1/ COM

Write this out with the numbeNn Fig. 1.3 wheré

0= 5050 ) &0 F[ 90 J-(50 50 )

= 100-125

->

)= S0M,, ,50=12,500

Proar =250 is the same at IN; FIN, and COM~ Now use T-symmetry: V<" =V 1vy/2

(Axiom-2)
< FIN <7 IN < FIN 7 IN < FIN <IN = FIN <7 IN
V74V o Ly VIV L V' 7+ - V74V
VCOMPTM[ — : M.V = : M.V _ > M- :
V;Vﬁ
19000 (/H
80 VF1N=( 40 )
70 90
60 - /\
= Vo 50 50—
. / / \
TZ VN 60
) | 10 ) =
VL:VSUV




Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M)> for 2 dimensions

})1 = Mll/l . - _ })1 M1 O Vl
- denoted :P=M+V or: =

P = MV, | Generalizing the definition| £, 0 M, v,
° of momentum..

With 45°diagonal V< =(V*™"+v™)/2 so: VCOM =V2COM =M _and 4 or 5 ways to write Axiom-1
A product of total momentum PTomz and VCOM is expressed by tensor quadratic forms veMeu

yCoMp  _7COM R yIN _yCOM (N[ FIV _§COM [ j[.§/COM _yCOM pp 1, COM
Write this out with the numbfh’w{‘m Fig. 1.3 wher¢
60
S0P, =( 50 50 o 1 ( o 50 50 ) ( )=50MT0m,50 = 12,500

= 100-125

Proar =250 is the same at IN; FIN, and COM~ Now use T-symmetry: V<" =V 1vy/2

(Axiom-2)
7 FIN ~7IN 7 FIN ~7IN ' FIN ~7IN 7 FIN ~x7IN
V7 oL V 7+ L V74V . V74V
VCOMPToml - . - .M.V[N —_ . .M.VF[N — .M.
l 2 ‘\\\\\\‘ l 2 ‘\\\\\\‘ 2 2
19000 (/H
80 VF1N=( 40\
70 90
60 1 / \
= Vo 50 50—
. / / |
‘TZ VN 60
) | 10 ) =
VL:VSUV




Numerical details of collision tensor algebra



Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M)> for 2 dimensions

B=MV, postv o | 00
- denoted :P=M+V or: =
P, = MV, | Generalizing the definition| £, 0 M, V)

’of momentum..

With 45°diagonal V< =(V*™"+v™)/2 so: VCOM =V2COM =M _and 4 or 5 ways to write Axiom-1
A product of total momentum PTomz and VCOM is expressed by tensor quadratic forms veMeu

COMPTotal _ VCOM VIN _ VCOM VFIN _ VCOM M-VCOM _ VCOMMToleCOM

Write this out with the numbwn Fig. 1.3 where

60
S0P
o 1 10 ( 50 50)(

ot = 50 50 )
= 100'125

P1oia1 =250 1s the same at IN; FIN, and COM.-

)= S0M,, 50 =12,500

ow use T-symmetry: VO =(V"™"4v™y/2  (Axiom-2)

)y COM p VN oy IV RV vIN yIN o VFIN,yIN yFIN IV

Total =l 5 \ = l > %.\:FIN = 5 «M- 5

_;VFIN M VIN IVIN M VIN IVFIN M VFIN éVIN.M.VFlN

. (Transpose symmetry (Mu =Mj;) of M-matrix makes ‘lopsided’ FIN-IN-terms equal:)
w i = (40 )V (VN NV _ VY oMo VN )
s 4 0 [ 60 4 0| [ 40
5 in'k SRRy 40 90 ) . =( 60 10 ) .
: S ( ) 0 1 10 ( ) 0 1 90
=ty = 100-105 - 100-105 =10,500
Pt \_ 0/




Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M)> for 2 dimensions

})1 = MlVl . - _ })1 M1 O Vl
- denoted :P=M+V or: =

P = MV, | Generalizing the definition| £, 0 M, v,
°of momentum..

With 45°diagonal V< =(V*™"+v™)/2 so: VCOM =V2COM =M _and 4 or 5 ways to write Axiom-1
A product of total momentum PTomz and VCOM is expressed by tensor quadratic forms veMeu

-> >

VCOMPTotal _ VCOM M. VIN _ VCOM M VFIN _ VCOM M VCOM _ VCOMMToleCOM

Write this out with the numbeNn Fig. 1.3 wheré

S0P, =( 50 50 )( g (1) )( fg )=( 50 50 )(

= 100-125
P1oia1 =250 1s the same at IN; FIN, and COM.-

)= S0M,, 50 =12,500

ow use T-symmetry: VO =(v"™ev™y/2  (Axiom-2)

VFIN_I_VIN L VFIN_I_V[N L VFIN_I_V[N = VFIN+V[N
pcorp _Y Ry PR vaLl _V Y P vazal _ M -
- l 2 \ l 2 \ : 2
= VMV NIV MY Y IV oMV Y IV Y oMy Y FIN-IN-term

1o IN IN _ 1 FIN FIN 1s subtracted
= IVNMV = VIV MY 0 give

SR RL _ T N | Conservation of
4 0 " 40 Kinetic Energy

(40 90 )+ o )( " ) (60 10 ( ) ( o0 ) KE =AV-M.V-=

L = 100-105 _ 100-105 10,500, IM Vs MV




Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M)> for 2 dimensions

})1 = MlVl . - _ })1 M1 O Vl
- denoted :P=M+V or: =

P = MV, | Generalizing the definition| £, 0 M, v,
°of momentum..

With 45°diagonal V< =(V*™"+v™)/2 so: VCOM =V2COM =M _and 4 or 5 ways to write Axiom-1

C OM -

A product of total momentum PTomz and V is expressed by tensor quadratic forms veMeu

VCOMPTotal _ VCOM VIN _ VCOM VFIN _ VCOM M VCOM _ VCOMMTotalVCOM

Write this out with the numbwn Fig. 1.3 where

6
S0P, =
ot =( 50 50 ) o 1 (10 50 50)(

= 100-125

P1oia1 =250 1s the same at IN; FIN, and COM.-

50 =12,500

)=50M

ow use T-symmetry: VO =(V"™"4v™y/2  (Axiom-2)

conr VEN IV . VEN N . VEIN IV GFIN I
v PT tal = -V = — M.V = M-
" l 2 \ l 2 \ 2 2
CoM 1 < FIN IN 1* < 1 FIN FIN 1S subtracted
VO Py = V' MV EV MV - VMY _ to give
50-250 -14-10.500 : VM- VIN = VI Me VI Conservation of
S (60 10 ) {60 || _ (40 90 )- 4 0| [ 40 Kinetic Energy
2 10 2 0 1 90 KE =1VeM+V-
| 2 1 2
Yy M\ViT+5 MyV3

N AN /




Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M)> for 2 dimensions

B=MV, postv o | 00
- denoted :P=M+V or: =
P, = MV, | Generalizing the definition| £, 0 M, V)

’of momentum..

With 45°diagonal V< =(V*™"+v™)/2 so: VCOM =V2COM =M _and 4 or 5 ways to write Axiom-1

A product of total momentum PTomz and VCOM 1s expressed by tensor guadratic forms velMeu
p p y q

VCOMPTotal _ VCOM M VIN _ VCOM M VFIN _ VCOM M VCOM _ VCOMMToleCOM

Write this out with the numbers used in Fig. 1.3 where
4 0 60
50P. = . . = .
( 50 50 ) ( 0 1 ) ( 10 ) ( 50 50 ) (

Total
= 100-125

)= S0M,, 50 =12,500

P11 =250 is the same at IN; FIN, and COM~ Now use T-symmetry: V- =V +v™y/2  (Axiom-2)
VFIN_I_VIN L VF[N+V[N L VF[N+V[N = VFIN+V[N
VCOMPT . — M V[N — ) .M.VF[N — .M.
- l 2 \ l 2 \ 2 .
= VI MV 1V MV IV MY VY oMY Y FIN-IN-term
COM 1 FIN IN ARV Ry 1 FIN FIN 1s subtracted
VO Py = V' MV =, VMV = VMUY to give
4 oo ) [ LGPV, N PN ) Conservation of
: 1. IlyNeM.V Ly Ne M.V nsel
50-250 -% ]0,500 1 2 4 0 1 2 40 40 Kinetic Energy
12,500 - 5,250 (60 10 )| 0 T ) (40 90 )| T L o KE =}V1V—
=1(60-4-60+10-1- 10) 1(40-4-40+90-1-90) AM V45 MLV
NS AN J




Inertia Tensor M or inertia matrix of 2 coefficients M;;=M; and M>>=M)> for 2 dimensions

R=MV, L P (m o 7
- denoted :P=M+V or: —

P = MV, | Generalizing the definition| £, 0 M, v,
° of momentum..

With 45°diagonal V< =(V*™"+v™)/2 so: VCOM =V2COM =M _and 4 or 5 ways to write Axiom-1

A product of total momentum PTomz and VCOM is expressed by tensor quadratic forms veMeu

yCoM p  _yCOM (Np IV _COM (N[ FIN _yCOM g,y COM _y,COM py 1 COM
Write this out with the numbfh’w{‘m Fig. 1.3 wher¢
S0P, =( 40 ~50M, ,50=12,500
Total 50 50 O 1 10 50 50 Total >

= 100-125

P11 =250 is the same at IN; FIN, and COM~ Now use T-symmetry: V- =V +v™y/2  (Axiom-2)

con VF]N+VIN L VF]N+VIN
V PTotal

< FIN <7 IN <7 FIN | <7 IN
_ Y eR Vel _) R 98 V921 =V +V -M-V +V
l 2 \ l 2 \ 2 2

_;VFIN M VIN IV

MV VIV MV L N oMy Y FIN-IN-term
COM 1 < FIN N 1IN <r < - —— 1s subtracted
yCoMp LYFN LY e 2\2 MV VIR to give
50250 410,500 4 WNM. VYY) = 7 VAN M VIV ) Conservation of
-1%-10, Y60 10 )- 4 0) (60| _ ' 40 o0 ) 4 0 40 Kinetic Energy
]2,500 - 5,250_7,250 2 0 1 10 2 0 1 90 KE =%{7.M.V=
ey 4. 1. _ lign. 4. 1.
=2(6O 4-60+10-1-10) = 2(40 4 4&0+90 1-90) %MIVIZ_l_%MzVZZ
L 2-3600+50 =7250 ) = 21600 + 18100 = 7250 /




Algebra, Geometry, and Physics of momentum conservation axiom

Vector algebra of collisions
Matrix or tensor algebra of collisions
Deriving Energy Conservation Theorem

= ['nergy Ellipse geometry




Geometry of Momentum Conservation Axiom -1
(M1+M2 )VCOM=M1‘/11N+M2V2]N=M1‘/1FIN+M2V2FIN
Momentum Coi:;ervation line: —)‘
MV"+

IN
V' = constant

V,=Ve

100

x 7 FIN

90 —
80
70
60
50
40
30
20
10

com

v/ IN

10 20 30 40 50 60\70 80 90 100 foaked

Collision Web Simulator
Basic elastic Collision Dual

Panel Space vs Space and
My V(VW) vs. V(SUY)

Bouncelt
Superball Web Simulator
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Bouncelt Simulation: frictionless 1D-track with elastic bumper cars bouncing between walls
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Transpose symmetry (Mjx =Mjy) of the M-matrix implies: v".M.v" = VA M.V
4 0 |[ 60 4 0 | [ 40
0 1)1 90

0 1 10
= 100-105 = 100-105 =10,500

(40 90 )¢ )=( 60 10 )°

With (M2 =0=M:)) kinetic energy KE™"™ =] VeM+V is the same at V=V'N and V=VI'\,

VCOMPT ) VF[N.M.V]N _ V]N 'M'V]N _ VF[N 'M'VF[N _ KE]NOFF]N
otal 2 2 2
(60 10 )-( 40 )-( 60 ) (140 90 )-( 40 )-( 40
soy 10500 0 1)\ 10) 0 1 )09 ) _ ey
> > >
7.250 _ 7.250



-

V[N M- VFIN

Transpose symmetry (Mjr =My;) of the M-matrix implies: v™.M.v?" -
4 0 |.[ 60 4 0 | [ 40
4 y . = 60 10 ) .
(40 90 ] 01) 10)( ) 01) 90)
100-105 =10,500

= 100-105

With (M;> =0=M>;) kinetic energy KE™"N_1v.MV is the same at V=V'N and V=VFN,
gy 2

VCOMPT . VF[N-MOV]N _ V]N .M.VIN _ VFIN .M.VFIN _ KEINorFIN
. 2 2 2
( 60 10 ).( 4 0 ).( 60 ) ( 40 90 ).( 4 0 ).( 40
12,500 - 10,500 _ 0 1 10 ) 0 1 9% ) _ K INorFIN
2 2 2
7,250 = 7,250

12,500 - 5250 =
Consider kinetic energy KE““Y when V=V*OM_1t is reduced by 7,000 from 7,250 to 6,250.

KECOM_L 7 COM  wir 57COM _1 J 4 0|, 50
? 2( 50 50 ) 0 1 )1 50
=2(50+4-50+50-1-50) = 2-2500 +5 2500

=5000+3°1250 = 6,250



Geometry of Momentum Conservation Axiom-1 — Geometry of Kinetic Energy Conservation Axiom-2/Theorem-1
(MM, )VCOM=M1‘/11N+M2V21N=M1‘/1FIN+M2V2FIN KE[N=%M1 (‘/IIN )2+lM (VIN )2=%M1 (VFIN) 41 M (VFIN) _KEFIN

Momentum Conservation line: —»-
M V" +M,V" = constant

KENorFIN Conservation ellipse:
KECOM Kq-runch ellipse:
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| Has the algebraic form: 1 = —+=—
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Transpose symmetry (Mjx =Mjy) of the M-matrix implies: v".M.v" = VA M.V
4 0| 40
90

5 O)- 6O)=(60 10 ) o}

0 1 10
= 100-105 = 100-105 =10,500

(40 90 )¢

With (M2 =0=M:)) kinetic energy KE™"™ =] VeM+V is the same at V=V~ and V=VI'\,

VCOMP ) {]F[N.M.V]N B {]]N .M.V]N ) {]F[N .M.VF[N B KE[NOFF]N
Total - = =
2 2 2
4 0 ).[ 60 4 0| 40
osop | 60 10 )( 0 1 )( 10 ) (40 90 )( 0 1 )( 90
12,500 - 2 = — — KE]NOVF[N
2 2 2
12,500 - 5250 = 7,250 - 7,250

Consider kinetic energy KE““M when V=V M 1t is reduced by 7,000 from 7,250 to 6,250.
gy y
_ VCOM' M'VCOM V[N'M'VIN VF]N°M°VIN 1 EINOFFIN+VFIN.Z/I.V]N

{ZCOM. M.VCOM
KECOM_yCoMp _ _ lVCOMPT - _ + _ =
ota 2) 9) ola 2 4 4 2
12,500
12,500 - 5 = 6,250 = 6,250 = 3,625 + 2,625 = 3,625 + 2,625
gm0 a4 0} 2)

=2(50-4:50+50-1-50) = 2:2500 +3-2500
=5000+3°1250 = 6,250
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Transpose symmetry (Mjr =My;) of the M-matrix implies: v™.M.v?" - VY M.V

4 0)[60)_ (4 0 40
(40 90 ) 01) 10)(6010) 01) 90)
-~ 100-105 - 100-105 ~10,500

With (M2 =0=M:)) kinetic energy KE™"™ =] VeM+V is the same at V=V~ and V=VI'\,

VCOMP ) VFIN.M.V]N _ {]]N .M.V]N _ {ZFIN .M.VF[N _ KE[NorF]N
Total 2 2 2
4 0 ) [ 60 4.0 |,[ 40
(60 10 )-( )-( ) (140 90 )-( )-(
12.500 _ 10,500 _ 0 1 10 _ 0 1 90 _ kg NorFIN
’ 2 2 2
12,500 - 5250 = 7,250 - 7,250
Consider kinetic energy KE““Y when V=V*OM_1t is reduced by 7,000 from 7,250 to 6,250.
{ZCOM. M.VCOM 1 {ZCOM. M.VCOM {ZIN.M.VIN VFIN.M.VIN 1 {]FIN.M.\_}IN
COM COM COM INorFIN
KE =V PT otal 2 = 5 V PT otal 9 = 4 + 4 - EKE + 4

3,625 + 2,625

12,500 - 12,500 = 6,250 = 6,250 = 3,625 + 2,625 =

TN PR

=2(50-4:50+50-1-50) = 2:2500 +3-2500
=5000+3°1250 = 6,250

Introducing
Potential Energy=PE

Difference is inelastic “ka-Runch> KE™orfIN.KFECOM - For elastic “ka-Bong” the 1,000 is|\PE““M|of compression.

K| INorFIN _ g 2 COM. _ viem.v? B VMV
4 4

1,000 3,625 - 2,625
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Transpose symmetry (Mjr =My;) of the M-matrix implies: v™.M.v?" - VY M.V

4 0)[60)_ (4 0 40
(40 90 ) 01) 10)(6010) 01) 90)
-~ 100-105 - 100-105 ~10,500

With (M;> =0=M>;) kinetic energy KE™"N_1v.MV is the same at V=V'N and V=VFN,
gy 2

VCOMP ) VFIN.M.V]N _ {]]N .M.V]N _ {ZF[N .M.VF[N _ KE[NOFF]N
Total 2 2 2
4 0 60 4 0 40
(60 10 )-( )-( ) (140 90 )-( )-(
12.500 _ 10,500 _ 0 1 10 _ 0 1 90 _ kg NorFIN
’ 2 2 2
12,500 - 5250 = 7,250 - 7,250
Consider kinetic energy KE““Y when V=V*OM_1t is reduced by 7,000 from 7,250 to 6,250.
{ZCOM. M.VCOM 1 {ZCOM. M.VCOM VIN.M.VIN VFIN.M.VIN 1 {]FIN.M.\_’]]N
CoM CoM COoM INorFIN |
KE = V PTotal_ 2 = 5 V PTotal= 2 = 4 + 4 = EKE o 4

3,625 + 2,625

12,500 - 12,500 = 6,250 = 6,250 = 3,625 + 2,625 =

KECOM_L \yCOM Ny oM _L( o 5 ) 4 0 |, | 50
? : | ) 0 1)\ 50
=2(50+4-50+50-1-50) = 2-2500 +5 2500

Introducing
Potential Energy=PE

=5000+3°1250 = 6,250
Difference is inelastic “ka-Runch> KE™orfIN.KFECOM - For elastic “ka-Bong” the 1,000 is|\PE““M|of compression.
GIN X IN O FIN xr o IN N e = -
K ENorFIN _ grpCOM _ VM.V VM.V KECOM _ V&VeMv Y N VI eMev Y
4 4 4 4
1,000 = 3,625 - 2,625 6,250 = 3,625 + = 2,625

Difference KEMNerFIN.KECOM =] ()00 is the same in all frames including COM-frame where V¢ 9"=(),



Geometry of Momentum Conservation Axiom-1 — Geometry of Kinetic Energy Conservation Axiom-2/Theorem-1
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N/ 60 a b
A |10
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s ) 3\70 80 90 100 lih Geometry OfKE COMat CenteI"OfMomentum
50-50 0 V 2 V
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\ 1 ;
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S~ - =55.90 =111.80




Geometry of Momentum Conservation Axiom-1 — Geometry of Kinetic Energy Conservation Axiom-2/Theorem-1
(MM, )VCOM=M1‘/1IN+M2V21N=M1‘/1FIN+M2V2FIN KEIN=%M1 (‘/IIN )2+lM (VIN )2=%M1 (VFIN) 41 M (VFIN) _KEFIN
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Developing
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The key axiom of mechanics
leading to
Conservation-of-Energy Theorem
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As usual in physics, opposite extremes are easier to analyze

than the generi

(a) Ideal

Elastic
(Ka-Bong!)

_J2E
belastic_ \/ M .
-

1,8

(2,2)

elastic

]

_JPE
Delastic \/M2

(3,-4 /

elastic

=35

Here T-Symmetry
is best

(b) Generic

inelastic
(Ka-whump!)

— REwhup

whump Npg
1

4 —

_ 1 2Ewhulr
a =N
whump N M

2 1

M,=6
M,=1

\

whump

=23.33

Here T-Symmetry
is less

(c) Totally

inelastic
(Ka-Runch!)

“rexder) world” in between!

=N F
CoOM ] COM
= = =
|
21E
Loom 2\% v
IE cou
=]4

Here T-Symmetry

is least

Fig. 2.3 (6-Ton SUV)

(During Bush Il era an SUV

with a mass of at least 6 tons
allowed its owner to take

a 100% write-off (up to $100,000)
on Federal Income Tax.)



Graph paper facilitates construction of energy ellipses given the two radii a and » in KE equation.
First step: draw concentric circles of radius a and b.
Then any radial line OBA “points” to point E on the ellipse.
Ellipse point E lies at the intersection of a vertical line AE thru radial intersection A with circle a
and a horizontal line BE thru radial intersection B with circle b.
Graph grid helps locate E for a radius OBA, and usually there 1s no need to draw AE or BE.
You can pick x and find y or else vice-versa.

7

-
8

=
i

wi
o mep

1

Ellipse coordinates (xg=a:cos G, ye=b-sinG) are
rescaled base and altitude
(x,=r-cos o, y,=r'sinc) of Fig. 2.6.

1 2 1 2
EMI‘/l +§ M2'V2 = KE

2
x_2+y_2=1
a- b

| (x.y)= (AA

< (a,b)=(\/2-KE,\/2-KE
M, M,
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Algebra, Geometry, and Physics of Momentum Conservation Axiom
Conservation of momentum line: _ (...one of co-many...)
J e
w suv
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100 -
I-Symmetry | | N i )
Axiom Lo
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& Lo \ T-Symmetry Axiom
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All lines of s
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(slope=1)-C
VSUVZ + VVW2 =x’ +y2
== »KE  2KE a°+b°
M M

Developing
Conservation-of-Momentum
The key axiom of mechanics
leading to
Conservation-of-Energy Theorem

If and only if...
there is T-Symmetry

Vv COM,M.V COM—]/ZV FIN.M.V IN
=12V NeMeV N=y v FINeoY FIN

These are equations for energy conservation ellipse:

KE - ]/2MSUVVSUV ’ + ]/2MVWVVW ’
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Note “crunch” cnergy ElasticK E-inetasticlE = 0.21
1s the same 1n all frames including coMm-frame.—
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Fig. 34 Galilean Frame Views of collision like Fig. 2.5 or Fig. 3.1 with Bush (6:1) SUV.
(a) Earth frame view (b) Initial VW frame (VW initially fixed) _ B . B .
(c) COM frame view (d) Final VW frame (VW ends up fixed) Fig.3.5 Momentum (P=const.)-lines and energy (KE=const.)-ellipses

appropriate for Fig. 3. 4.



