
Lecture  17  
Tue 10.24.2017

Reimann-Christoffel equations and covariant derivative 
(Ch. 4-7 of Unit 3) 

 Covariant derivative and Christoffel Coefficients Γij;k  and    Γij;k 
          Christoffel g-derivative formula 
           What’s a tensor? What’s not?  
General Riemann equations of motion (No explicit t-dependence and fixed GCC) 
            Riemann-forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z) 

Christoffel relation to Coriolis coefficients  
Mechanics of ideal fluid vortex  

Separation of GCC Equations: Effective Potentials 
Small (nρ:mφ)-periodic and quasi-periodic oscillations  

2D Spherical pendulum“Bowl-Bowling” and the “I-Ball” 
(nρ:mφ)=(2:1) vs (1:1) periodic and quasi-periodic orbits 

Cycloidal ruler&compass geometry 
(To be applied to mechanics in electromagnetic fields and collisional rotation in following lectures.)



Covariant derivative and Christoffel Coefficients Γij;k  and    Γij;k

          Christoffel g-derivative formula 
          What’s a tensor? What’s not?  



Covariant derivative and Christoffel Coefficients Γij;k  and    Γij;k

GCC qm derivatives of vectors U are due to:  
                        (1) changing Um components             (2) curving GCC vectors En. 

  

∂U
∂qi =

∂
∂qi U jE j( ) = ∂U m

∂qi Em( ) +U n ∂En

∂qi



Covariant derivative and Christoffel Coefficients Γij;k  and    Γij;k

GCC qm derivatives of vectors U are due to:  
                        (1) changing Um components             (2) curving GCC vectors En. 

  

∂U
∂qi =

∂
∂qi U jE j( ) = ∂U m

∂qi Em( ) +U n ∂En

∂qi

Derivative of En is expressed using Eℓ or else Em

    

∂En

∂qi = Γ i n;ℓ Eℓ

(Note funny semi-colon ; notation)



Christoffel coefficients Γij;k of the first kind    
defined by:                                                                                                                
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∂qi U jE j( ) = ∂U m
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∂qi U jE j( ) = ∂U m

∂qi Em( ) +U n ∂En

∂qi

Derivative of En is expressed using Eℓ or else Em

    

∂En
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Γ i n;
m=gmℓΓ i n;ℓ  since: Em=gmℓEℓ  Γ i n;ℓ=gmℓΓ i n;

m  since: Eℓ=gmℓE
m  
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∂En
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i,n to n,i 
symmetry 

guaranteed here

i,n to n,i 
symmetry 

guaranteed here

Γ i n;
m=gmℓΓ i n;ℓ  since: Em=gmℓEℓ  Γ i n;ℓ=gmℓΓ i n;

m  since: Eℓ=gmℓE
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i m = ∂En

∂qi •Em  Q: Do we need a third kind of Γ-coefficient or a Λ-coefficient? 
                                 (to differentiate contravariant-En or covariant Un) 

(Note funny semi-colon ; notation)
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∂En

∂qi = Λn
i m Em  , where: Λn

i m = ∂En

∂qi •Em  

A: NO! That Λ-coefficient is just a Γ-coefficient with a (-).

   

0=
∂ δm

n( )
∂qi =

∂ En•Em( )
∂qi = ∂En

∂qi •Em+En•
∂Em
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(Note funny semi-colon ; notation)
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(Note funny semi-colon ; notation)
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⎠
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(Note funny semi-colon ; notation)



Christoffel coefficients Γij;k of the first kind   Christoffel coefficients Γij;k the second kind  
defined by:                                                                                                              defined by:   

Covariant derivative and Christoffel Coefficients Γij;k  and    Γij;k
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∂U
∂qi

= ∂Um

∂qi
+U nΓ i n;

m⎛

⎝
⎜

⎞

⎠
⎟Em =

∂Um
∂qi

−UnΓ im;
n⎛

⎝
⎜

⎞

⎠
⎟E
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∂qi = Γ i n;ℓ Eℓ = Γ i n;
m Em

    
Γ i n;ℓ =

∂En

∂qi •Eℓ = Γni;ℓ
   
Γ i n;

m =
∂En
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Defining covariant derivative Um;i  
of a contravariant component Um 

Any vector derivative can be expressed using Γij;k  in terms of Em or Em 

  

(Note more funny semi-colon ; notation)

(Note funny semi-colon ; notation)

Um ;i =
∂Um
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+U nΓ i n;

m ≡ ∂U
∂qi

•Em

∂U
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+U nΓ i n;

m⎛

⎝
⎜

⎞

⎠
⎟Em =
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⎝
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⎞

⎠
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of a covariant component Um
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(Note funny semi-colon ; notation)
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m ≡ ∂U
∂qi

•Em

∂U
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⎝
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⎠
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⎝
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⎠
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Defining covariant derivative Um;i  
of a contravariant component Um 



Intrinsic derivatives:  
(Mathematicians being cute) 



δV k

δ t
= dV

k

dt
+Γmn

k V m !qn= ∂V
k

∂qn
!qn +Γmn

k V m !qn

        =V k;n !q
n

 Defining intrinsic derivative of  
contravariant vector components.

δVk
δ t
=
dVk
dt

−Γ kn
mVm !q

n=
∂Vk
∂qn
!qn −Γ kn

mVm !q
n

        =Vk ; n !q
n

Defining intrinsic derivative of  
covariant vector components.

 
Fk =

δ pk
δ t 

F k = δ pk

δ t

δV k

δ t
=V k;n !q

n     replaces:  dV
k

dt
= ∂V

k

∂qn
!qn   

where: V k; n =
∂V k

∂qn
+Γmn

kV m

Tensor chain rules replace Cartesian chain rules. 

δVk
δ t
=Vk ;n !q

n       replaces:  
dVk
dt
=
∂Vk
∂qn
!qn

where:  Vk ; n=
∂Vk
∂qn

−Γ kn
mVm

Intrinsic derivatives: (Mathematicians being cute) 

“Cute” covariant Newton II“Cute” contravariant Newton II

contravariant                        versus                            covariant    



Covariant derivative and Christoffel Coefficients Γij;k  and    Γij;k

          Christoffel g-derivative formula 
          What’s a tensor? What’s not?  
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∂gmn
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Christoffel (gmn=Em·En)-derivative formula
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∂qn
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∂qm
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                    due to :
∂En
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= ∂2r
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=
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Christoffel (gmn=Em·En)-derivative formula



   

∂ Em •En( )
∂qi

=
∂Em

∂qi
•En + Em •

∂En

∂qi

       
∂gmn

∂qi
=    Γ i m; n     +    Γi n ; m

  

∂gmi

∂qn
=    Γn m; i     +    Γi n ; m     (switched i ↔ n)

∂gin

∂qm
=    Γ i m; n     +    Γm n ; i     (switched i ↔ m)    

  
Γ i m;n = 1

2
∂gmn

∂qi +
∂gin

∂qm −
∂gim

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

Gives the Christoffel formula

Christoffel symmetry Γ in;α = Γni;α
                    due to :
∂En
∂qi

= ∂2r
∂qi ∂qn

= ∂2r
∂qn ∂qi

=
∂Ei
∂qn

Christoffel (gmn=Em·En)-derivative formula



Covariant derivative and Christoffel Coefficients Γij;k  and    Γij;k

          Christoffel g-derivative formula 
          What’s a tensor? What’s not?  



   

∂ Em •En( )
∂qi

=
∂Em

∂qi
•En + Em •

∂En

∂qi

       
∂gmn

∂qi
=    Γ i m; n     +    Γi n ; m

  

∂gmi

∂qn
=    Γn m; i     +    Γi n ; m     (switched i ↔ n)

∂gin

∂qm
=    Γ i m; n     +    Γm n ; i     (switched i ↔ m)      

Γ i m;n = 1
2

∂gmn

∂qi +
∂gin

∂qm −
∂gim

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

… Christoffel coefficients…

What’s a tensor? What’s not? gmn = Em•En is example of 2nd rank covariant tensor



gmn = Em•En =
∂r
∂qm

• ∂r
∂q n

=
∂qm

∂r•∂r
∂qn

   

∂ Em •En( )
∂qi

=
∂Em

∂qi
•En + Em •

∂En

∂qi

       
∂gmn

∂qi
=    Γ i m; n     +    Γi n ; m

  

∂gmi

∂qn
=    Γn m; i     +    Γi n ; m     (switched i ↔ n)

∂gin

∂qm
=    Γ i m; n     +    Γm n ; i     (switched i ↔ m)      

Γ i m;n = 1
2

∂gmn

∂qi +
∂gin

∂qm −
∂gim

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

What’s a tensor? What’s not? gmn = Em•En is example of 2nd rank covariant tensor whose transformation 
to “bar-frame” is cov-cov product found by chain-saw-sum  

… Christoffel coefficients…



gmn = Em•En =
∂r
∂qm

• ∂r
∂qn

=
∂qm

∂r•∂r
∂qn

= ∂qm

∂qm
∂r
∂qm

• ∂r
∂qn

∂qn

∂qn

   

∂ Em •En( )
∂qi

=
∂Em

∂qi
•En + Em •

∂En

∂qi

       
∂gmn

∂qi
=    Γ i m; n     +    Γi n ; m

  

∂gmi

∂qn
=    Γn m; i     +    Γi n ; m     (switched i ↔ n)

∂gin

∂qm
=    Γ i m; n     +    Γm n ; i     (switched i ↔ m)      

Γ i m;n = 1
2

∂gmn

∂qi +
∂gin

∂qm −
∂gim

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

What’s a tensor? What’s not? gmn = Em•En is example of 2nd rank covariant tensor whose transformation 
to “bar-frame” is cov-cov product found by chain-saw-sum  

… Christoffel coefficients…



gmn = Em•En =
∂r
∂qm

• ∂r
∂qn

=
∂qm

∂r•∂r
∂qn

= ∂qm

∂qm
∂r
∂qm

• ∂r
∂qn

∂qn

∂qn

= ∂qm

∂qm
  gmn  ∂q

n

∂qn

     gmn =gmn
∂qm

∂qm
∂qn

∂qn

   

∂ Em •En( )
∂qi

=
∂Em

∂qi
•En + Em •

∂En

∂qi

       
∂gmn

∂qi
=    Γ i m; n     +    Γi n ; m

  

∂gmi

∂qn
=    Γn m; i     +    Γi n ; m     (switched i ↔ n)

∂gin

∂qm
=    Γ i m; n     +    Γm n ; i     (switched i ↔ m)      

Γ i m;n = 1
2

∂gmn

∂qi +
∂gin

∂qm −
∂gim

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

…but Christoffel coefficients…

What’s a tensor? What’s not? gmn = Em•En is example of 2nd rank covariant tensor whose transformation 
to “bar-frame” is cov-cov product found by chain-saw-sum  

…are NOT tensorial



gmn = Em•En =
∂r
∂qm

• ∂r
∂qn

=
∂qm

∂r•∂r
∂qn

= ∂qm

∂qm
∂r
∂qm

• ∂r
∂qn

∂qn

∂qn

= ∂qm

∂qm
  gmn  ∂q

n

∂qn

     gmn =gmn
∂qm

∂qm
∂qn

∂qn

   

∂ Em •En( )
∂qi

=
∂Em

∂qi
•En + Em •

∂En

∂qi

       
∂gmn

∂qi
=    Γ i m; n     +    Γi n ; m

  

∂gmi

∂qn
=    Γn m; i     +    Γi n ; m     (switched i ↔ n)

∂gin

∂qm
=    Γ i m; n     +    Γm n ; i     (switched i ↔ m)    

C-saw-sum gets "bar-frame" view                          from covar-derivative                         of contravar-Um: Um; n =
∂U
∂qn

•EmUm
  ;n =

∂U
∂qn

•Em

  
Γ i m;n = 1

2
∂gmn

∂qi +
∂gin

∂qm −
∂gim

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

…but Christoffel coefficients…

What’s a tensor? What’s not? 

Um  ;n =
∂qm

∂qm
∂qn

∂qn
U m;n

∂U
∂qn

= ∂Um

∂qn
+U kΓk n;

m⎛

⎝
⎜

⎞

⎠
⎟Em

       =                       Um; nEm  

From p.13-14:

gmn = Em•En is example of 2nd rank covariant tensor whose transformation 
to “bar-frame” is cov-cov product found by chain-saw-sum  

…are NOT tensorial

How to derive this?



gmn = Em•En =
∂r
∂qm

• ∂r
∂qn

=
∂qm

∂r•∂r
∂qn

= ∂qm

∂qm
∂r
∂qm

• ∂r
∂qn

∂qn

∂qn

= ∂qm

∂qm
  gmn  ∂q

n

∂qn

     gmn =gmn
∂qm

∂qm
∂qn

∂qn

   

∂ Em •En( )
∂qi

=
∂Em

∂qi
•En + Em •

∂En

∂qi

       
∂gmn

∂qi
=    Γ i m; n     +    Γi n ; m

  

∂gmi

∂qn
=    Γn m; i     +    Γi n ; m     (switched i ↔ n)

∂gin

∂qm
=    Γ i m; n     +    Γm n ; i     (switched i ↔ m)    

C-saw-sum gets "bar-frame" view                          from covar-derivative                         of contravar-Um: Um; n =
∂U
∂qn

•EmUm
  ;n =

∂U
∂qn

•Em

Um
  ;n =

∂U
∂qn

•Em =
∂qn

∂U •Em = ∂qn

∂qn
∂U
∂qn

•Em

  
Γ i m;n = 1

2
∂gmn

∂qi +
∂gin

∂qm −
∂gim

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

…but Christoffel coefficients…

What’s a tensor? What’s not? 

Um  ;n =
∂qm

∂qm
∂qn

∂qn
U m;n

∂U
∂qn

= ∂Um

∂qn
+U kΓk n;

m⎛

⎝
⎜

⎞

⎠
⎟Em

       =                       Um; nEm  

From p.13-14:

gmn = Em•En is example of 2nd rank covariant tensor whose transformation 
to “bar-frame” is cov-cov product found by chain-saw-sum  

…are NOT tensorial

How to derive this?



gmn = Em•En =
∂r
∂qm

• ∂r
∂qn

=
∂qm

∂r•∂r
∂qn

= ∂qm

∂qm
∂r
∂qm

• ∂r
∂qn

∂qn

∂qn

= ∂qm

∂qm
  gmn  ∂q

n

∂qn

     gmn =gmn
∂qm

∂qm
∂qn

∂qn

   

∂ Em •En( )
∂qi

=
∂Em

∂qi
•En + Em •

∂En

∂qi

       
∂gmn

∂qi
=    Γ i m; n     +    Γi n ; m

  

∂gmi

∂qn
=    Γn m; i     +    Γi n ; m     (switched i ↔ n)

∂gin

∂qm
=    Γ i m; n     +    Γm n ; i     (switched i ↔ m)    

C-saw-sum gets "bar-frame" view                          from covar-derivative                         of contravar-Um: Um; n =
∂U
∂qn

•EmUm
  ;n =

∂U
∂qn

•Em

Um
  ;n =

∂U
∂qn

•Em =
∂qn

∂U •Em = ∂qn

∂qn
∂U
∂qn

•Em = ∂qn

∂qn
∂U
∂qn

• ∂q
m

∂qm
Em

  
Γ i m;n = 1

2
∂gmn

∂qi +
∂gin

∂qm −
∂gim

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

…but Christoffel coefficients…

What’s a tensor? What’s not? 

contravariant E transform

Um  ;n =
∂qm

∂qm
∂qn

∂qn
U m;n

Em = ∂qm

∂r
= ∂qm

∂r
= ∂qm

∂qm
∂qm

∂r
= ∂qm

∂qm
Em

∂U
∂qn

= ∂Um

∂qn
+U kΓk n;

m⎛

⎝
⎜

⎞

⎠
⎟Em

       =                       Um; nEm                        

From p.13-14:

gmn = Em•En is example of 2nd rank covariant tensor whose transformation 
to “bar-frame” is cov-cov product found by chain-saw-sum  

…are NOT tensorial

= ∂qn

∂qn
∂qm

∂qm
∂U
∂qn

•Em

How to derive this? 
…by C-saw sums…



gmn = Em•En =
∂r
∂qm

• ∂r
∂qn

=
∂qm

∂r•∂r
∂qn

= ∂qm

∂qm
∂r
∂qm

• ∂r
∂qn

∂qn

∂qn

= ∂qm

∂qm
  gmn  ∂q

n

∂qn

     gmn =gmn
∂qm

∂qm
∂qn

∂qn

   

∂ Em •En( )
∂qi

=
∂Em

∂qi
•En + Em •

∂En

∂qi

       
∂gmn

∂qi
=    Γ i m; n     +    Γi n ; m

  

∂gmi

∂qn
=    Γn m; i     +    Γi n ; m     (switched i ↔ n)

∂gin

∂qm
=    Γ i m; n     +    Γm n ; i     (switched i ↔ m)    

C-saw-sum gets "bar-frame" view                          from covar-derivative                         of covar-Um: Um ; n =
∂U
∂qn

•EmUm   ;n =
∂U
∂qn

•Em

Um;n =
∂U
∂qn

•Em =
∂qn

∂U •Em = ∂qn

∂qn
∂U
∂qn

•Em = ∂qn

∂qn
∂U
∂qn

• ∂q
m

∂qm
Em

  
Γ i m;n = 1

2
∂gmn

∂qi +
∂gin

∂qm −
∂gim

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

…but Christoffel coefficients…

What’s a tensor? What’s not? 

covariant E transform

Um;n =
∂qm

∂qm
∂qn

∂qn
Um;n

Em = ∂r
∂qm

=
∂qm

∂r = ∂qm

∂qm
∂r
∂qm

= ∂qm

∂qm
Em

∂U
∂qn

= ∂Um

∂qn
+U kΓk n;

m⎛

⎝
⎜

⎞

⎠
⎟Em =

∂Um
∂qn

−UkΓmn;
k⎛

⎝
⎜

⎞

⎠
⎟E

m

       =                       Um; nEm  =                     Um;n  Em    

From p.13-14:

gmn = Em•En is example of 2nd rank covariant tensor whose transformation 
to “bar-frame” is cov-cov product found by chain-saw-sum  

…are NOT tensorial

= ∂qn

∂qn
∂qm

∂qm
∂U
∂qn

•Em

How to derive this? 
…by C-saw sums…



   

∂ Em •En( )
∂qi

=
∂Em

∂qi
•En + Em •

∂En

∂qi

       
∂gmn

∂qi
=    Γ i m; n     +    Γi n ; m

∂gmi
∂qn

=    Γnm;i     +    Γ i n;m

∂gin
∂qm

=    Γ im;n     +    Γmn;i  

Chain-saw-sums transform a "bar-frame" view                              of covariant derivative 

The transformation of Um;n                          is that of mixed 2nd-rank tensor Tmn

  
U m

; n = ∂q m

∂qm
∂qn

∂q n
U m

; n

  
T m

   n = ∂q m

∂qm
∂qn

∂q n T m
   n

   
= ∂U m

∂qn +U ℓΓnℓ;
m

What’s a tensor? What’s not? 

Um; n =
∂U
∂qn

•EmUm
   ; n =

∂U
∂qn

•Em

Um
  ;n =

∂U
∂qn

•Em =
∂qn

∂U •Em = ∂qn

∂qn
∂U
∂qn

•Em = ∂qn

∂qn
∂U
∂qn

• ∂q
m

∂qm
Em = ∂qn

∂qn
∂qm

∂qm
∂U
∂qn

•Em

  
Γ i m;n = 1

2
∂gmn

∂qi +
∂gin

∂qm −
∂gim

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

…but Christoffel coefficients…

…are NOT tensorial



   

∂ Em •En( )
∂qi

=
∂Em

∂qi
•En + Em •

∂En

∂qi

       
∂gmn

∂qi
=    Γ i m; n     +    Γi n ; m

∂gmi
∂qn

=    Γnm;i     +    Γ i n;m

∂gin
∂qm

=    Γ im;n     +    Γmn;i  

Chain-saw-sums transform a "bar-frame" view                              of covariant derivative 

Um
   ; n =

∂U
∂qn

•  Em =
∂qn

∂U •  Em = ∂qn

∂qn
∂U
∂qn

•  Em = ∂qn

∂qn
∂U
∂qn

•  ∂q
m

∂qm
Em

The transformation of Um;n                          is that of mixed 2nd-rank tensor Tmn

  
U m

; n = ∂q m

∂qm
∂qn

∂q n
U m

; n

  
T m

   n = ∂q m

∂qm
∂qn

∂q n T m
   n

The transformation of Um,n            is NOT so simple.

= ∂Um

∂qn
+U ℓΓnℓ;

m

 
= ∂U m

∂qn

What’s a tensor? What’s not? 

Um; n =
∂U
∂qn

•EmUm
   ; n =

∂U
∂qn

•Em

At first it looks possible.
  

∂U m

∂q n =
∂q n

∂U m
= ∂qn

∂q n
∂U m

∂qn

  
Γ i m;n = 1

2
∂gmn

∂qi +
∂gin

∂qm −
∂gim

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

…but Christoffel coefficients…

…are NOT tensorial

But, still need to write         in terms of         .
 

∂U m

∂qn
 

∂U m

∂qn
  

∂U m

∂q n = ∂qn

∂q n
∂

∂qn
∂q m

∂qm U m⎛

⎝
⎜

⎞

⎠
⎟

 U mstandard contra-tran:

  

∂U m

∂q n = ∂qn

∂q n
∂

∂qn
∂q m

∂qm U m⎛

⎝
⎜

⎞

⎠
⎟ = ∂q m

∂qm
∂qn

∂q n
∂U m

∂qn +U m ∂
∂qn

∂q m

∂qm

⎛

⎝
⎜

⎞

⎠
⎟



   

∂ Em •En( )
∂qi

=
∂Em

∂qi
•En + Em •

∂En

∂qi

       
∂gmn

∂qi
=    Γ i m; n     +    Γi n ; m

∂gmi
∂qn

=    Γnm;i     +    Γ i n;m

∂gin
∂qm

=    Γ im;n     +    Γmn;i  

Chain-saw-sums transform a "bar-frame" view                              of covariant derivative 

Um
   ; n =

∂U
∂qn

•  Em =
∂qn

∂U •  Em = ∂qn

∂qn
∂U
∂qn

•  Em = ∂qn

∂qn
∂U
∂qn

•  ∂q
m

∂qm
Em

The transformation of Um;n                          is that of mixed 2nd-rank tensor Tmn

  
U m

; n = ∂q m

∂qm
∂qn

∂q n
U m

; n

  
T m

   n = ∂q m

∂qm
∂qn

∂q n T m
   n

The transformation of Um,n            is NOT so simple.

= ∂Um

∂qn
+U ℓΓnℓ;

m

 
= ∂U m

∂qn

What’s a tensor? What’s not? 

Um; n =
∂U
∂qn

•EmUm
   ; n =

∂U
∂qn

•Em

At first it looks possible.
  

∂U m

∂q n =
∂q n

∂U m
= ∂qn

∂q n
∂U m

∂qn

  
Γ i m;n = 1

2
∂gmn

∂qi +
∂gin

∂qm −
∂gim

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

…but Christoffel coefficients…

…are NOT tensorial

But, still need to write         in terms of         .
 

∂U m

∂qn
 

∂U m

∂qn
  

∂U m

∂q n = ∂qn

∂q n
∂

∂qn
∂q m

∂qm U m⎛

⎝
⎜

⎞

⎠
⎟

 U mstandard contra-tran:

  

∂U m

∂q n = ∂qn

∂q n
∂

∂qn
∂q m

∂qm U m⎛

⎝
⎜

⎞

⎠
⎟ = ∂q m

∂qm
∂qn

∂q n
∂U m

∂qn +U m ∂
∂qn

∂q m

∂qm

⎛

⎝
⎜

⎞

⎠
⎟

1st term is OK, but 2nd term is zero 
only if Jacobian is constant matrix!      

∂U m

∂q n = ∂q m

∂qm
∂qn

∂q n
∂U m

∂qn holds if and only if
  

∂
∂qn

∂q m

∂qm

⎛

⎝
⎜

⎞

⎠
⎟ ≡ 0



   

∂ Em •En( )
∂qi

=
∂Em

∂qi
•En + Em •

∂En

∂qi

       
∂gmn

∂qi
=    Γ i m; n     +    Γi n ; m

∂gmi
∂qn

=    Γnm;i     +    Γ i n;m

∂gin
∂qm

=    Γ im;n     +    Γmn;i  

Chain-saw-sums transform a "bar-frame" view                              of covariant derivative 

Um
   ; n =

∂U
∂qn

•  Em =
∂qn

∂U •  Em = ∂qn

∂qn
∂U
∂qn

•  Em = ∂qn

∂qn
∂U
∂qn

•  ∂q
m

∂qm
Em

The transformation of Um;n                          is that of mixed 2nd-rank tensor Tmn

  
U m

; n = ∂q m

∂qm
∂qn

∂q n
U m

; n

  
T m

   n = ∂q m

∂qm
∂qn

∂q n T m
   n

The transformation of Um,n            is NOT so simple.

= ∂Um

∂qn
+U ℓΓnℓ;

m

 
= ∂U m

∂qn

What’s a tensor? What’s not? 

Um; n =
∂U
∂qn

•EmUm
   ; n =

∂U
∂qn

•Em

At first it looks possible.
  

∂U m

∂q n =
∂q n

∂U m
= ∂qn

∂q n
∂U m

∂qn

  
Γ i m;n = 1

2
∂gmn

∂qi +
∂gin

∂qm −
∂gim

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

…but Christoffel coefficients…

…are NOT tensorial

But, still need to write         in terms of         .
 

∂U m

∂qn
 

∂U m

∂qn
  

∂U m

∂q n = ∂qn

∂q n
∂

∂qn
∂q m

∂qm U m⎛

⎝
⎜

⎞

⎠
⎟

 U mstandard contra-tran:

  

∂U m

∂q n = ∂qn

∂q n
∂

∂qn
∂q m

∂qm U m⎛

⎝
⎜

⎞

⎠
⎟ = ∂q m

∂qm
∂qn

∂q n
∂U m

∂qn +U m ∂
∂qn

∂q m

∂qm

⎛

⎝
⎜

⎞

⎠
⎟

1st term is OK, but 2nd term is zero 
only if Jacobian is constant matrix!      

∂U m

∂q n = ∂q m

∂qm
∂qn

∂q n
∂U m

∂qn holds if and only if
  

∂
∂qn

∂q m

∂qm

⎛

⎝
⎜

⎞

⎠
⎟ ≡ 0

Otherwise, Um,n needs “Christoffel correction”                .           
   
U ℓΓnℓ;

m That               cannot be a Tn
m-tensor either!            

   
U ℓΓnℓ;

m

∂U
∂qn

= ∂Um

∂qn
+U kΓk n;

m⎛

⎝
⎜

⎞

⎠
⎟Em

       =                       Um; nEm  

From p.13-14:



General Riemann equations of motion (No explicit t-dependence and fixed GCC) 
            Riemann-forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z) 

Christoffel relation to Coriolis coefficients  
Mechanics of ideal fluid vortex  



Converts Cartesian kinetic energy                             to GCC
   
T = 1

2
M j k !x

j !xk

Riemann equations of motion (No explicit t-dependence and fixed GCC)
Kinetic metric γmn is a covariant tensor transform of an original Cartesian inertia tensor Mij

γ mn = M jk
∂x j

∂qm
∂xk

∂qn    
T = 1

2
γ mn !q

m !qn

   
T = 1

2
M j k

∂x j

∂qm
!qm+ ∂x j

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∂xk

∂qn
!qn+ ∂xk

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

All explicit-t-dependent terms are zero

γ mn replaces gmn
when mass matrix
Mij is involved



Converts Cartesian kinetic energy                             to GCC
   
T = 1

2
M j k !x

j !qk

Riemann equations of motion (No explicit t-dependence and fixed GCC)
Kinetic metric γmn is a covariant tensor transform of an original Cartesian inertia tensor Mij

 
γ mn = M j k

∂x j

∂qm
∂xk

∂qn
   
T = 1

2
γ mn !q

m !qn

   
T = 1

2
M j k

∂x j

∂qm
!qm+ ∂x j

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∂xk

∂qn
!qn+ ∂xk

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

All explicit-t-dependent terms are zero
(Time must be included as a dimension)

γ mn replaces gmn
when mass matrix
Mij is involved



Converts Cartesian kinetic energy                             to GCC
   
T = 1

2
M j k !x

j !qk

Riemann equations of motion (No explicit t-dependence and fixed GCC)
Kinetic metric γmn is a covariant tensor transform of an original Cartesian inertia tensor Mij

 
γ mn = M j k

∂x j

∂qm
∂xk

∂qn

Lagrange equations for fixed GCC convert to tensor form

   
Fℓ =

d
dt

∂T
∂ "qℓ

− ∂T
∂qℓ

= 1
2

d
dt

∂ γ mn "q
m "qn( )

∂ "qℓ
− 1

2

∂ γ mn "q
m "qn( )

∂qℓ

   
T = 1

2
γ mn !q

m !qn

   
T = 1

2
M j k

∂x j

∂qm
!qm+ ∂x j

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∂xk

∂qn
!qn+ ∂xk

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

All explicit-t-dependent terms are zero
(Time must be included as a dimension)



Converts Cartesian kinetic energy                             to GCC
   
T = 1

2
M j k !x

j !qk

Riemann equations of motion (No explicit t-dependence and fixed GCC)
Kinetic metric γmn is a covariant tensor transform of an original Cartesian inertia tensor Mij

 
γ mn = M j k

∂x j

∂qm
∂xk

∂qn

Lagrange equations for fixed GCC convert to tensor form

   
Fℓ =

d
dt

∂T
∂ "qℓ

− ∂T
∂qℓ

= 1
2

d
dt

∂ γ mn "q
m "qn( )

∂ "qℓ
− 1

2

∂ γ mn "q
m "qn( )

∂qℓ

1st term involves covariant momentum pℓ.

   
pℓ ≡

∂T
∂ "qℓ

= 1
2

∂ γ mn "q
m "qn( )

∂ "qℓ
= γ ℓn "q

n

   
T = 1

2
γ mn !q

m !qn

   
T = 1

2
M j k

∂x j

∂qm
!qm+ ∂x j

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∂xk

∂qn
!qn+ ∂xk

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

All explicit-t-dependent terms are zero
(Time must be included as a dimension)



Converts Cartesian kinetic energy                             to GCC
   
T = 1

2
M j k !x

j !qk

Riemann equations of motion (No explicit t-dependence and fixed GCC)
Kinetic metric γmn is a covariant tensor transform of an original Cartesian inertia tensor Mij

 
γ mn = M j k

∂x j

∂qm
∂xk

∂qn

Lagrange equations for fixed GCC convert to tensor form

   
Fℓ =

d
dt

∂T
∂ "qℓ

− ∂T
∂qℓ

= 1
2

d
dt

∂ γ mn "q
m "qn( )

∂ "qℓ
− 1

2

∂ γ mn "q
m "qn( )

∂qℓ

1st term involves covariant momentum pℓ.

   
pℓ ≡

∂T
∂ "qℓ

= 1
2

∂ γ mn "q
m "qn( )

∂ "qℓ
= γ ℓn "q

n
  !q

n = pℓγ
ℓn ≡ pn

Inverse contravariant kinetic metric γmn gives velocity 

   
T = 1

2
γ mn !q

m !qn

   
T = 1

2
M j k

∂x j

∂qm
!qm+ ∂x j

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∂xk

∂qn
!qn+ ∂xk

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

All explicit-t-dependent terms are zero

  !q
n(Time must be included as a dimension)



Converts Cartesian kinetic energy                             to GCC
   
T = 1

2
M j k !x

j !qk

Riemann equations of motion (No explicit t-dependence and fixed GCC)
Kinetic metric γmn is a covariant tensor transform of an original Cartesian inertia tensor Mij

 
γ mn = M j k

∂x j

∂qm
∂xk

∂qn

Lagrange equations for fixed GCC convert to tensor form

   
Fℓ =

d
dt

∂T
∂ "qℓ

− ∂T
∂qℓ

= 1
2

d
dt

∂ γ mn "q
m "qn( )

∂ "qℓ
− 1

2

∂ γ mn "q
m "qn( )

∂qℓ

1st term involves covariant momentum pℓ.

   
pℓ ≡

∂T
∂ "qℓ

= 1
2

∂ γ mn "q
m "qn( )

∂ "qℓ
= γ ℓn "q

n
  !q

n = pℓγ
ℓn ≡ pn

Inverse contravariant kinetic metric γmn gives velocity 

Canonical Lagrange equations valid for all GCC, fixed or explicit in time t:

   
T = 1

2
γ mn !q

m !qn

   
T = 1

2
M j k

∂x j

∂qm
!qm+ ∂x j

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∂xk

∂qn
!qn+ ∂xk

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

All explicit-t-dependent terms are zero

  !q
n(Time must be included as a dimension)

Fℓ=
dpℓ
dt
- ∂T
∂qℓ

= d
dt

∂T
∂ !qℓ

- ∂T
∂qℓ

Lagrange Force Equation 
The “4-wheel-drive garbage truck”



Converts Cartesian kinetic energy                             to GCC
   
T = 1

2
M j k !x

j !qk

Riemann equations of motion (No explicit t-dependence and fixed GCC)
Kinetic metric γmn is a covariant tensor transform of an original Cartesian inertia tensor Mij

 
γ mn = M j k

∂x j

∂qm
∂xk

∂qn

Lagrange equations for fixed GCC convert to tensor form

   
Fℓ =

d
dt

∂T
∂ "qℓ

− ∂T
∂qℓ

= 1
2

d
dt

∂ γ mn "q
m "qn( )

∂ "qℓ
− 1

2

∂ γ mn "q
m "qn( )

∂qℓ

1st term involves covariant momentum pℓ.

   
pℓ ≡

∂T
∂ "qℓ

= 1
2

∂ γ mn "q
m "qn( )

∂ "qℓ
= γ ℓn "q

n
  !q

n = pℓγ
ℓn ≡ pn

Inverse contravariant kinetic metric γmn gives velocity 

Canonical Lagrange equations valid for all GCC, fixed or explicit in time t: Fℓ=
dpℓ
dt
- ∂T
∂qℓ

= d
dt

∂T
∂ !qℓ

- ∂T
∂qℓFollowing is for fixed GCC only: 

   
Fℓ =

d
dt

γ ℓn "q
n( )− 1

2
∂γ mn

∂qℓ
"qm "qn=γ ℓn ""q

n + "qn dγ ℓn
dt

− 1
2
∂γ mn

∂qℓ
"qm "qn

   
T = 1

2
γ mn !q

m !qn

   
T = 1

2
M j k

∂x j

∂qm
!qm+ ∂x j

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∂xk

∂qn
!qn+ ∂xk

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

All explicit-t-dependent terms are zero

  !q
n(Time must be included as a dimension)

Lagrange Force Equation 
The “4-wheel-drive garbage truck”



Converts Cartesian kinetic energy                             to GCC
   
T = 1

2
M j k !x

j !qk

Riemann equations of motion (No explicit t-dependence and fixed GCC)
Kinetic metric γmn is a covariant tensor transform of an original Cartesian inertia tensor Mij

 
γ mn = M j k

∂x j

∂qm
∂xk

∂qn

Lagrange equations for fixed GCC convert to tensor form

   
Fℓ =

d
dt

∂T
∂ "qℓ

− ∂T
∂qℓ

= 1
2

d
dt

∂ γ mn "q
m "qn( )

∂ "qℓ
− 1

2

∂ γ mn "q
m "qn( )

∂qℓ

1st term involves covariant momentum pℓ.

   
pℓ ≡

∂T
∂ "qℓ

= 1
2

∂ γ mn "q
m "qn( )

∂ "qℓ
= γ ℓn "q

n
  !q

n = pℓγ
ℓn ≡ pn

Inverse contravariant kinetic metric γmn gives velocity 

Canonical Lagrange equations valid for all GCC, fixed or explicit in time t:
Following is for fixed GCC only: 

   
Fℓ =

d
dt

γ ℓn "q
n( )− 1

2
∂γ mn

∂qℓ
"qm "qn=γ ℓn ""q

n + "qn dγ ℓn
dt

− 1
2
∂γ mn

∂qℓ
"qm "qn

  

dγ ℓ n

dt
=
∂γ ℓ n

∂qm
"qmTime derivative of kinetic metric is expanded by chain rule.

   
T = 1

2
γ mn !q

m !qn

   
T = 1

2
M j k

∂x j

∂qm
!qm+ ∂x j

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∂xk

∂qn
!qn+ ∂xk

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

All explicit-t-dependent terms are zero

  !q
n(Time must be included as a dimension)

Fℓ=
dpℓ
dt
- ∂T
∂qℓ

= d
dt

∂T
∂ !qℓ

- ∂T
∂qℓ

Lagrange Force Equation 
The “4-wheel-drive garbage truck”



Converts Cartesian kinetic energy                             to GCC
   
T = 1

2
M j k !x

j !qk

Riemann equations of motion (No explicit t-dependence and fixed GCC)
Kinetic metric γmn is a covariant tensor transform of an original Cartesian inertia tensor Mij

 
γ mn = M j k

∂x j

∂qm
∂xk

∂qn

Lagrange equations for fixed GCC convert to tensor form

   
Fℓ =

d
dt

∂T
∂ "qℓ

− ∂T
∂qℓ

= 1
2

d
dt

∂ γ mn "q
m "qn( )

∂ "qℓ
− 1

2

∂ γ mn "q
m "qn( )

∂qℓ

1st term involves covariant momentum pℓ.

   
pℓ ≡

∂T
∂ "qℓ

= 1
2

∂ γ mn "q
m "qn( )

∂ "qℓ
= γ ℓn "q

n
  !q

n = pℓγ
ℓn ≡ pn

Inverse contravariant kinetic metric γmn gives velocity 

Canonical Lagrange equations valid for all GCC, fixed or explicit in time t:
Following is for fixed GCC only: 

   
Fℓ =

d
dt

γ ℓn "q
n( )− 1

2
∂γ mn

∂qℓ
"qm "qn=γ ℓn ""q

n + "qn dγ ℓn
dt

− 1
2
∂γ mn

∂qℓ
"qm "qn

  

dγ ℓ n

dt
=
∂γ ℓ n

∂qm
"qmTime derivative of kinetic metric is expanded by chain rule.

 
Fℓ=γ ℓn ""q

n + "qn
∂γ ℓn
∂qm

"qm − 1
2
∂γ mn
∂qℓ

"qm "qn

   
T = 1

2
γ mn !q

m !qn

   
T = 1

2
M j k

∂x j

∂qm
!qm+ ∂x j

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∂xk

∂qn
!qn+ ∂xk

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

All explicit-t-dependent terms are zero

  !q
n(Time must be included as a dimension)

Fℓ=
dpℓ
dt
- ∂T
∂qℓ

= d
dt

∂T
∂ !qℓ

- ∂T
∂qℓ

Lagrange Force Equation 
The “4-wheel-drive garbage truck”



Converts Cartesian kinetic energy                             to GCC
   
T = 1

2
M j k !x

j !qk

Riemann equations of motion (No explicit t-dependence and fixed GCC)
Kinetic metric γmn is a covariant tensor transform of an original Cartesian inertia tensor Mij

 
γ mn = M j k

∂x j

∂qm
∂xk

∂qn

Lagrange equations for fixed GCC convert to tensor form

   
Fℓ =

d
dt

∂T
∂ "qℓ

− ∂T
∂qℓ

= 1
2

d
dt

∂ γ mn "q
m "qn( )

∂ "qℓ
− 1

2

∂ γ mn "q
m "qn( )

∂qℓ

1st term involves covariant momentum pℓ.

   
pℓ ≡

∂T
∂ "qℓ

= 1
2

∂ γ mn "q
m "qn( )

∂ "qℓ
= γ ℓn "q

n
  !q

n = pℓγ
ℓn ≡ pn

Inverse contravariant kinetic metric γmn gives velocity 

Canonical Lagrange equations valid for all GCC, fixed or explicit in time t:
Following is for fixed GCC only: 

   
Fℓ =

d
dt

γ ℓn "q
n( )− 1

2
∂γ mn

∂qℓ
"qm "qn=γ ℓn ""q

n + "qn dγ ℓn
dt

− 1
2
∂γ mn

∂qℓ
"qm "qn

  

dγ ℓ n

dt
=
∂γ ℓ n

∂qm
"qmTime derivative of kinetic metric is expanded by chain rule.

 
Fℓ=γ ℓn ""q

n + "qn
∂γ ℓn
∂qm

"qm − 1
2
∂γ mn
∂qℓ

"qm "qn

 
Fℓ=γ ℓn ""q

n + 1
2

∂γ nℓ
∂qm

+
∂γ ℓn
∂qm

−
∂γ mn
∂qℓ

⎡

⎣
⎢

⎤

⎦
⎥ "qm "qn

   
T = 1

2
γ mn !q

m !qn

   
T = 1

2
M j k

∂x j

∂qm
!qm+ ∂x j

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∂xk

∂qn
!qn+ ∂xk

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

All explicit-t-dependent terms are zero

  !q
n

  
Γ i m;n = 1

2
∂gmn

∂qi +
∂gin

∂qm −
∂gmi

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

(Time must be included as a dimension)

 Rearrange to expose 
 Christoffel coefficients (from p 23):

Fℓ=
dpℓ
dt
- ∂T
∂qℓ

= d
dt

∂T
∂ !qℓ

- ∂T
∂qℓ

Lagrange Force Equation 
The “4-wheel-drive garbage truck”



Converts Cartesian kinetic energy                             to GCC
   
T = 1

2
M j k !x

j !qk

Riemann equations of motion (No explicit t-dependence and fixed GCC)
Kinetic metric γmn is a covariant tensor transform of an original Cartesian inertia tensor Mij

 
γ mn = M j k

∂x j

∂qm
∂xk

∂qn

Lagrange equations for fixed GCC convert to tensor form

   
Fℓ =

d
dt

∂T
∂ "qℓ

− ∂T
∂qℓ

= 1
2

d
dt

∂ γ mn "q
m "qn( )

∂ "qℓ
− 1

2

∂ γ mn "q
m "qn( )

∂qℓ

1st term involves covariant momentum pℓ.

   
pℓ ≡

∂T
∂ "qℓ

= 1
2

∂ γ mn "q
m "qn( )

∂ "qℓ
= γ ℓn "q

n
  !q

n = pℓγ
ℓn ≡ pn

Inverse contravariant kinetic metric γmn gives velocity 

Canonical Lagrange equations valid for all GCC, fixed or explicit in time t:
Following is for fixed GCC only: 

   
Fℓ =

d
dt

γ ℓn "q
n( )− 1

2
∂γ mn

∂qℓ
"qm "qn=γ ℓn ""q

n + "qn dγ ℓn
dt

− 1
2
∂γ mn

∂qℓ
"qm "qn

  

dγ ℓ n

dt
=
∂γ ℓ n

∂qm
"qmTime derivative of kinetic metric is expanded by chain rule.

 
Fℓ=γ ℓn ""q

n + "qn
∂γ ℓn
∂qm

"qm − 1
2
∂γ mn
∂qℓ

"qm "qn

 

Fℓ=γ ℓn ""q
n + 1

2
∂γ nℓ
∂qm

+
∂γ ℓn
∂qm

−
∂γ mn
∂qℓ

⎡

⎣
⎢

⎤

⎦
⎥ "qm "qn

Fℓ=γ ℓn ""q
n + 1

2
∂γ nℓ
∂qm

+
∂γ ℓm
∂qn

−
∂γ mn
∂qℓ

⎡

⎣
⎢

⎤

⎦
⎥ "qm "qn

   
T = 1

2
γ mn !q

m !qn

   
T = 1

2
M j k

∂x j

∂qm
!qm+ ∂x j

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∂xk

∂qn
!qn+ ∂xk

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

All explicit-t-dependent terms are zero

  !q
n

  
Γ i m;n = 1

2
∂gmn

∂qi +
∂gin

∂qm −
∂gmi

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

(Time must be included as a dimension)

 Rearrange to expose 
 Christoffel coefficients (from p 23):

Fℓ=
dpℓ
dt
- ∂T
∂qℓ

= d
dt

∂T
∂ !qℓ

- ∂T
∂qℓ

Lagrange Force Equation 
The “4-wheel-drive garbage truck”



Converts Cartesian kinetic energy                             to GCC
   
T = 1

2
M j k !x

j !qk

Riemann equations of motion (No explicit t-dependence and fixed GCC)
Kinetic metric γmn is a covariant tensor transform of an original Cartesian inertia tensor Mij

 
γ mn = M j k

∂x j

∂qm
∂xk

∂qn

Lagrange equations for fixed GCC convert to tensor form

   
Fℓ =

d
dt

∂T
∂ "qℓ

− ∂T
∂qℓ

= 1
2

d
dt

∂ γ mn "q
m "qn( )

∂ "qℓ
− 1

2

∂ γ mn "q
m "qn( )

∂qℓ

1st term involves covariant momentum pℓ.

   
pℓ ≡

∂T
∂ "qℓ

= 1
2

∂ γ mn "q
m "qn( )

∂ "qℓ
= γ ℓn "q

n
  !q

n = pℓγ
ℓn ≡ pn

Inverse contravariant kinetic metric γmn gives velocity 

Canonical Lagrange equations valid for all GCC, fixed or explicit in time t:
Following is for fixed GCC only: 

   
Fℓ =

d
dt

γ ℓn "q
n( )− 1

2
∂γ mn

∂qℓ
"qm "qn=γ ℓn ""q

n + "qn dγ ℓn
dt

− 1
2
∂γ mn

∂qℓ
"qm "qn

  

dγ ℓ n

dt
=
∂γ ℓ n

∂qm
"qmTime derivative of kinetic metric is expanded by chain rule.

 Rearrange to expose 
 Christoffel coefficients (from p 23):

 
Fℓ=γ ℓn ""q

n + "qn
∂γ ℓn
∂qm

"qm − 1
2
∂γ mn
∂qℓ

"qm "qn

 

Fℓ=γ ℓn ""q
n + 1

2
∂γ nℓ
∂qm

+
∂γ ℓn
∂qm

−
∂γ mn
∂qℓ

⎡

⎣
⎢

⎤

⎦
⎥ "qm "qn

Fℓ=γ ℓn ""q
n + 1

2
∂γ nℓ
∂qm

+
∂γ ℓm
∂qn

−
∂γ mn
∂qℓ

⎡

⎣
⎢

⎤

⎦
⎥ "qm "qn

   
T = 1

2
γ mn !q

m !qn

   
T = 1

2
M j k

∂x j

∂qm
!qm+ ∂x j

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

∂xk

∂qn
!qn+ ∂xk

∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

All explicit-t-dependent terms are zero

  !q
n

  
Γ i m;n = 1

2
∂gmn

∂qi +
∂gin

∂qm −
∂gmi

∂qn

⎛

⎝
⎜

⎞

⎠
⎟

(Time must be included as a dimension)

Fℓ=
dpℓ
dt
- ∂T
∂qℓ

= d
dt

∂T
∂ !qℓ

- ∂T
∂qℓ

Lagrange Force Equation 
The “4-wheel-drive garbage truck”

   
Fℓ=γ ℓ n ""q

n + Γmn;ℓ "q
m "qn

This gives covariant Riemann equations 



Converts Cartesian kinetic energy                             to GCC
   
T = 1

2
M j k !x

j !qk

Riemann equations of motion (No explicit t-dependence and fixed GCC)
Kinetic metric γmn is a covariant tensor transform of an original Cartesian inertia tensor Mij

 
γ mn = M j k

∂x j

∂qm
∂xk

∂qn

Lagrange equations for fixed GCC convert to tensor form

   
Fℓ =

d
dt

∂T
∂ "qℓ

− ∂T
∂qℓ

= 1
2

d
dt

∂ γ mn "q
m "qn( )

∂ "qℓ
− 1

2

∂ γ mn "q
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Lagrange Force Equation 
The “4-wheel-drive garbage truck”



General Riemann equations of motion (No explicit t-dependence and fixed GCC) 
            Riemann-forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z) 

Christoffel relation to Coriolis coefficients  
Mechanics of ideal fluid vortex  



Example of Riemann-Christoffel forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z)
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Example of Riemann-Christoffel forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z)
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Example of Riemann-Christoffel forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z)
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Covariant kinetic metric



   

J =

∂x
∂ρ

= cosφ ∂x
∂φ

= −ρ sinφ 0

∂y
∂ρ

= sinφ ∂y
∂φ

= ρcosφ 0

0 0
∂z
∂z

= 1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

 ,  K =

∂ρ
∂x

= cosφ ∂ρ
∂y

= sinφ 0

∂φ
∂x

= −sinφ
ρ

∂φ
∂y

= cosφ
ρ

0

0 0
∂z
∂z

= 1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

←Eρ

←Eφ

←Ez

        
↑

Eρ

↑
Eφ

↑
Ez

             = J −1                                    

Example of Riemann-Christoffel forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z)
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Example of Riemann-Christoffel forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z)
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+ f y
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Example of Riemann-Christoffel forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z)

  

Fρ = fx
∂x
∂ρ
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= − fxρ sinφ + f yρ cosφ + 0

Fz = fx
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∂ !ρ

= γ ρρ !ρ      pφ =
∂T
∂ !φ
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∂T
∂!z
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Covariant momenta

   

pρ = !ρ          

pφ = !φ          

pz = !z

Contravariant momenta



General Riemann equations of motion (No explicit t-dependence and fixed GCC) 
            Riemann-forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z) 

Christoffel relation to Coriolis coefficients  
Mechanics of ideal fluid vortex  



Example of Riemann-Christoffel forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z)

x = ρ cos φ         
y = ρ sin φ       
z = z 
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Covariant forces Covariant kinetic metric Contravariant kinetic metric

Covariant momenta Contravariant momentaLagrangian

Comparing Lagrange and the Riemann covariant force equations 



Example of Riemann-Christoffel forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z)
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Only three non-zero Christoffel coefficients appear, and only two are independent.

Covariant forces Covariant kinetic metric Contravariant kinetic metric

Covariant momenta Contravariant momentaLagrangian

Comparing Lagrange and the Riemann covariant force equations 
Note: This a much more efficient way to derive Γ-coefficients than the g-formula.  

Christoffel g-formula  
(from p. 23 to p. 36):
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Covariant forces Covariant kinetic metric Contravariant kinetic metric

Covariant momenta Contravariant momentaLagrangian
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− ∂T
∂φ

=γ φφ !!φ +Γmn;φ !q
m !qn

Comparing Lagrange and the Riemann covariant force equations 
Note: This a much more efficient way to derive Γ-coefficients than the g-formula.  
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Only three non-zero Christoffel coefficients appear, and only two are independent.

Covariant forces Covariant kinetic metric Contravariant kinetic metric

Covariant momenta Contravariant momentaLagrangian

Comparing Lagrange and the Riemann covariant force equations 

Note:Γpq;r = Γqp;r  
symmetry 

gives 2 factor for 
q≠p

Note: This a much more efficient way to derive Γ-coefficients than the g-formula.  
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Only three non-zero Christoffel coefficients appear, and only two are independent.

 Contravariant equations are acceleration equations.
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Comparing Lagrange and the Riemann covariant force equations 

Note:Γpq;r = Γqp;r  
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gives 2 factor for 
q≠p

Note: This a much more efficient way to derive Γ-coefficients than the g-formula.  
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Only three non-zero Christoffel coefficients appear, and only two are independent.
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Comparing Lagrange and the Riemann covariant force equations 

Note:Γpq;r = Γqp;r  
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gives 2 factor for 
q≠p

Note: This a much more efficient way to derive Γ-coefficients than the g-formula.  

 

pρ =
∂T
∂ !ρ

= γ ρρ !ρ      pφ =
∂T
∂ !φ

= γ φφ !φ       pz =
∂T
∂!z

= γ zz !z

    = m !ρ                       = mρ2 !φ                   = m!z



Example of Riemann-Christoffel forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z)

x = ρ cos φ         
y = ρ sin φ       
z = z 

   

J =

∂x
∂ρ

= cosφ ∂x
∂φ

= −ρ sinφ 0

∂y
∂ρ

= sinφ ∂y
∂φ

= ρcosφ 0

0 0
∂z
∂z

= 1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

 ,  K =

∂ρ
∂x

= cosφ ∂ρ
∂y

= sinφ 0

∂φ
∂x

= −sinφ
ρ

∂φ
∂y

= cosφ
ρ

0

0 0
∂z
∂z

= 1

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟

←Eρ

←Eφ

←Ez

        
↑

Eρ

↑
Eφ

↑
Ez

             = J −1                                    

  

Fρ = fx
∂x
∂ρ

+ f y
∂y
∂ρ

+ fz
∂z
∂ρ

=      fx cosφ + f y sinφ   + 0

Fφ = fx
∂x
∂φ

+ f y
∂y
∂φ

+ fz
∂z
∂φ

= − fxρ sinφ + f yρ cosφ + 0

Fz = fx
∂x
∂z

+ f y
∂y
∂z

+ fz
∂z
∂z

=          0        +      0    +fz
   

γ ρρ = m
∂x j

∂ρ
∂x j

∂ρ
= mEρ •Eρ = m cos2 φ + sin2 φ( ) = m

γ φφ = m
∂x j

∂φ
∂x j

∂φ
= mEφ •Eφ = m ρ2 cos2 φ + ρ2 sin2 φ( ) = mρ2

γ zz = m
∂x j

∂z
∂x j

∂z
= mEz •Ez = m

  

γ ρρ = 1 / m

γ φφ = 1 / mρ2( )
γ zz = 1 / m

   
T = 1

2
γ m n !q

m !qn = 1
2

m !ρ2 + 1
2

mρ2 !φ2 + 1
2

m!z2

   

pρ = !ρ          

pφ = !φ          

pz = !z

   
Fℓ =

dpℓ
dt

− ∂T
∂qℓ

=γ ℓ n ""q
n + Γmn;ℓ "q

m "qn

Comparing Lagrange and the Riemann covariant force equations 
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= m!!ρ − mρ !φ2    so:  Γφφ ;ρ = −mρ

Only three non-zero Christoffel coefficients appear, and only two are independent.

 Contravariant equations are acceleration equations.
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F ρ=γ ρρFρ=!!qρ +Γmn
ρ  !qm !qn

     = !!ρ − ρ !φ2    so:  Γφφ
ρ = −ρ

   !!ρ = Fρ + ρ !φ2  (Centrifugal acceleration)    !!φ = Fφ − 2 !ρ !φ / ρ (Coriolis acceleration)

Covariant forces Covariant kinetic metric Contravariant kinetic metric

Covariant momenta Contravariant momenta
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− 0 = mρ2!!φ + 2mρ !ρ !φ    so:  Γ ρφ ;φ = mρ = Γφρ ;φ

Note:Γpq;r = Γqp;r  
symmetry 

gives 2 factor for 
q≠p

Note: This a much more efficient way to derive Γ-coefficients than the g-formula.  
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∂ !ρ

= γ ρρ !ρ      pφ =
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∂ !φ

= γ φφ !φ       pz =
∂T
∂!z

= γ zz !z
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(makes φ positive)
..

 

!pr ≡
dpr
dt

= M !!r

= M r !φ 2− ∂U
∂r  

!pφ ≡
dpφ
dt

= 2Mr!r !φ +Mr2!!φ

= 0 − ∂U
∂φ

Centrifugal (center-fleeing) force 
equals total 

Centripetal (center-pulling) force Angular momentum pφ is conserved if 
potential U has no explicit φ-dependence

Torque relates to two distinct parts: 
Coriolis and angular acceleration 

Rewriting GCC Lagrange equations :

Conventional forms 
                     radial force:                                            angular force or torque: 

 
M !!r = M r !φ 2− ∂U

∂r  
Mr2!!φ = −2Mr!r !φ − ∂U

∂φ

L

Northern hemisphere rotation
φ >0

Inward flow to pressure Low
r<0

Coriolis acceleration with φ >0 and r<0
φ = -2 r φ /r

L

Field-free (U=0) 
         radial acceleration:                                                angular acceleration: !!r = r !φ

2

 
!!φ = −2 !r

!φ
r

Effect on  
Northern 

Hemisphere 
local weather 

Cyclonic flow 
around lows

...makes wind turn to the right

(with φ = 0)
.

(Review of Lecture 11)

Because Earth rotation is counter-clockwise (positive) in North

Hurricane Patricia 
October 23, 2015



https://www.google.com/search?
q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCF

dA0iAodl4kMsg

Hurricane Patricia 
October 23, 2015

https://www.google.com/search?q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCFdA0iAodl4kMsg
https://www.google.com/search?q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCFdA0iAodl4kMsg
https://www.google.com/search?q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCFdA0iAodl4kMsg


 Riemann-forms in cylindrical polar OCC (q1 = ρ, q2 = φ, q3 = z) 
Christoffel relation to Coriolis coefficients  
Mechanics of ideal fluid vortex  
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g
θ
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|a|=v2/r

normal N tanθ= |a|/g

|a|

Vortex surface

Rigid rotor surface

|∇xv|=0

|∇xv|=2ωv=k/r

gravity g

g
θ

centrifugal
|a|=v2/r

normal N

|a|

v=ωr

Mechanics of ideal fluid vortex 
Rotating fluid surface has normal acceleration N be sum of gravity g and centrifugal a=ea v2/r 
Case 1: Vortex with velocity field 
                             v=k/r

Case 2: Rigidly rotating fluid with velocity field 
                             v=ω r
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         Er      Eθ     Eφ                                                                                 Reduced to cylindrical coordinates:

J =

∂x
∂r

∂x
∂θ

∂x
∂φ

∂y
∂r

∂y
∂θ

∂y
∂φ

∂z
∂r

∂z
∂θ

∂z
∂φ

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

=
sinθ cosφ r cosθ cosφ −r sinθ sinφ
sinθ sinφ r cosθ sinφ r sinθ cosφ

cosθ −r sinθ 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

θ=π /2
r=ρ

⎯ →⎯⎯
cosφ 0 −ρ sinφ
sinφ 0 ρcosφ

0 −ρ 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

          det J = det J T = ∂{xyz}
∂{rθφ}

= r2 sinθ θ=π /2
r=ρ

⎯ →⎯⎯ ρ2

Jacobian matrices and determinants:

 

Covariant: grr= EriEr= 1,   gθθ = EθiEθ= r
2,   gφφ = EφiEφ= r

2 sin2θ ,  

Contravariant:         grr=1,               gθθ=1/r2,                gφφ=1/r2 sin2θ .

Covariant metric gµν is matrix product g=JT·J of Jacobian and its transpose. OCC g’s are diagonal.
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) 

Spherical coordinates with constant radius r 
implies conserved azimuthal momentum:

 
 pφ ≡

∂T
∂ !φ

= m(R2 sin2θ ) !φ = const.
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Total Energy from Hamiltonian E=T+V(gravity)=const.  :
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2
,       δ=
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2

2mR2 ,       γ =mgR      where:          pφ =mR2sin2θ( !φ )



2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const.  :

 

E = mR
2

2
!θ 2 +V effective θ( ) =  α !θ 2+ δ
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+ γ cosθ
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const.  :
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dV effective θ( )
dθ
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−γ sinθ = 0 =
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2 cosθ
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−mgRsinθ

Equilibrium point of stable orbit 
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d2V effective θ( )

dθ 2 equil

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:
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Separation of GCC Equations: Effective Potentials 
Small (nρ:mφ)-periodic and quasi-periodic oscillations  

2D Spherical pendulum or “Bowl-Bowling” and the “I-Ball” 
(nρ:mφ)=(2:1) vs (1:1) periodic and quasi-periodic orbits 



2D Spherical pendulum or “Bowl-Bowling”
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2> ωθ:ωφ >1

prograde
precession
of nodes

retrograde
precession
of nodes

ωθ:ωφ ~1ωθ:ωφ ~2

At bottom θ→π the ratio of in-out ωθ to circle ωφ  approaches 2:1
At equator θ→π/2 the ratio approaches 1:1.
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At bottom θ→π the ratio of in-out ωθ to circle ωφ  approaches 2:1
At equator θ→π/2 the ratio approaches 1:1.

Ratio is between 2 and 1 
(Usually irrational non-closed orbit).
 (2:1 is like 2D IHO, but 1:1 is like coulomb orbit.)

2> ωθ:ωφ >1

prograde
precession
of nodes

retrograde
precession
of nodes

ωθ:ωφ ~1ωθ:ωφ ~2



Cycloidal ruler&compass geometry 



http://www.uark.edu/ua/modphys/markup/PendulumWeb.html

http://www.uark.edu/ua/modphys/markup/PendulumWeb.html


http://www.uark.edu/ua/modphys/markup/CycloidulumWeb.html

http://www.uark.edu/ua/modphys/markup/CycloidulumWeb.html
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