Reimann-Christoffel equations and covariant derivative
(Ch. 4-7 of Unit 3)

Covariant derivative and Christoffel Coefficients 1« and 1+

Christoffel g-derivative formula
Whats a tensor? What's not?

General Riemann equations of motion (No explicit t-dependence and fixed GCC)

Riemann-forms in cylindrical polar OCC (g =p, g2 =¢, g3 =z)
Christoffel relation to Coriolis coefficients
Mechanics of ideal fluid vortex

Separation of GCC Equations: Effective Potentials

Small (n,:mgy)-periodic and quasi-periodic oscillations
2D Spherical pendulum “Bowl-Bowling” and the “I-Ball”
(np:me)=(2:1) vs (1:1) periodic and quasi-periodic orbits

Cycloidal ruler&compass geometry

(1o be applied to mechanics in electromagnetic fields and collisional rotation in following lectures.)
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—» Covariant derivative and Christoffel Coefficients 1 .« and Iy

Christoffel g-derivative formula
What s a tensor? What s not?
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Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U™ componeq_t_g_j (2) curving GCC vectors En
o\ aum E,

BU; a.(UJEj):éaU.g(Em)+U”E ol

aql aqz anli ;aqz ;
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Covariant derivative and Christoffel Coefficients 1y« and I

(1) changing U™ componen__t_g__i (2) curving GCC vectors En
U _ 9 ( ;o\ au" E,
j - ,'(U]Ej)zé i (Em)+Un ?
dg°  dq aq 99 (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, o, -T. E'
qu in;l
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U _ 9 QU IE
P (U]Ej)zé i (Em)+Un :l :
dg° dq E)q aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, aEn = FEK

............................................................................
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
oU 9 QU E
P (UJEj)zé i (Em)+Un :l :
dg° dq E)q aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, ok, — F ---------- E’ :1“”” E
Cooln,

.....................................................................................................................
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
oU 9 QU E
P (UJE],):E i (Em)+Un :l :
dg° dq E)q 9 (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, ok, — F ---------- E’ :1“”” E
Cooln,

.....................................................................................................................

5 ol
oE =1 . T ™= e =T ™
aq’ b LW ni
I/l to n, ] aE azr azr aE i,l/l to I/l,i
Symmetry r=—= = symmetry
guaranteed here ' 9q'9q" 9q"9q" 9q" cuaranteed here
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U _ 9 U IE
i (U]EJ) N E(Em)JrUn? o
dg’  dq’ E)q 9 (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, aEl} — FKEK :Fm E
aql ln, LA
Christoffel coefficients: Fl]kof the fi _l_fg_t kind Christoffel coefficients T, kthe Secandkmd
defined by T, ai,?.EE:F y definedby: - w_ 9K, jom 1 m
____________________ aql”l’ S aql ni
intoni IE azr 821‘ JE. intoni
symmetry L — = - = —1 symmetry
guaranteed here dq' dq'dq” dq"dq’ dq" guaranteed here
i . . JE" . , _ OE"
Q: Do we need a third kind of I'-coefficient or a A-coefficient? T A] E™ , where: A} = . oE
q q

(to differentiate contravariant-E" or covariant U,)
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
oU 0 U OE
i (U]EJ) j (Em)+ U —+
dg’  dq’ E)q 9 (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, aEl} — FKEK :r mE
aql ln, Ly
Christoffel coefficients: Fl]kof the fi _l_fg_t kind Christoffel coefficients T, kthe Secandkmd
defined by: JE defined by: JE
i aq?.Eﬁr”"f Cin. = 3 ;oET=T,"
................................................................. q
intoni IE azr 821' JE. intoni
symmetry L — = - = —1 symmetry
guaranteed here dq' dq'dq” dq"dq’ dq" guaranteed here
Q: Do we need a third kind of I'-coefficient or a A-coefficient? ) -=A;, E" , where: A}, = 0 il O
(to differentiate contravariant-E" or covariant U,) aq aq
A: NO! That A-coefficient 1s just a I'-coefficient with a (-). 0= = ——=——¢E +E"e—=
861 dq dq dq
So: A? =-T"
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
oU 9 QU E
P (UJEj)zé i (Em)+Un :l :
dg° dq E)q 9 (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, ok, — F ---------- E’ :1“”” E
Cooln,

.....................................................................................................................

Any vector derivative can be expressed using I';;* in terms of Ex,
ou | U™
8qi g’

o, ]E
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
oU 9 QU E
P (UJEj)zé i (Em)+Un :l :
dg° dq E)q aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, ok, — F ---------- E’ :1“”” E
Cooln,

.....................................................................................................................

Any vector derivative can be expressed using I';;* in terms of E,, or E™

OE" OE
m o =—E"e—™
| +U'T,," |E, = W " E" o " 9q'
dq’ dq’ " 9¢’
9 q q So: A" =T"

Thursday, October 20, 2016 11



Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U™ E

U _° (U’E,-)=58U. (E,,)+U"—=

dqg' dgq Jdq" Jdq"

.....................................................................................................................

Any vector derivative can be expressed using I';;* in terms of E,, or E™

OE" OE

m U ~oE = —E"e—

ali (aU +U'"T; ]Em = (a ]E’" dq'’ dq’
dq dq'’ dq'

So: A?m =—Ffm

= U" E = U . E”

) m m;i

(Note more funny semi-colon ; notation)

Thursday, October 20, 2016
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U _ 9 QU AE
P (UJEJ) j (E,)+U" o
dg' dg'* T E) 9 aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, aEl} — FEEK :rm E
aql ln, L
Christoffel coefficients: Fl]kof the fi _i_”_g__t kind Christoffel coefficients FZJ k the second kznd
JE ., OoE
defined by. F - neg, =T | defined by. T m=Tnegrayp m
____________________ L S 0g!

Any vector derivative can be expressed using I';;* in terms of E,, or E™

U _[au” o, LA L
: { +U'T,, ]Em =( ]E’" o " dq'
dq o' o' So: A" =T"
= UmE, = U, E"
Defining covariant derivative U™, (Note more funny semi-colon ; notation)
of a contravariant component U™
oUu"
U". = +U"'T, ™
) aql

Thursday, October 20, 2016
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Covariant derivative and Christoffel Coefficients 1. and I

(1) changing U" componen__t_g _______ ( _2) curvmg GCC vectors En.
U _ 9 QU AE
P (UJEJ) j (E,)+U" o
dg' dg'* T E) 9 aq (Note funny semi-colon ; notation)
Derivative of E,is expressed using Ef or else E,, aEl} — FKEK :Fm E
aql ln, L
Christoffel coefficients: FUkOf the fi _i_”_g_t kind Christoffel coefficients FZJ k the second kznd
JE ., OoE
defined by. F - neg, =T | defined by. T m=Tnegrayp m
____________________ L S 0g!

Any vector derivative can be expressed using I';;* in terms of E,, or E™

v (aum U 8E”.E :_En.aEm
i { +U'Ty, jEm :( ]Em dg' " dg'
AN 9q’ So: A =T
= U ml E = U,.i E"
Defining covariant derivative U™ ; ...and covariant derivative Uy i
of a contravariant component U™ of a covariant component U,
U™ oU
U" = +U”F " Um-i = " _Unrimn
N l s a l ’
g q

Thursday, October 20, 2016
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Intrinsic derivatives:

(Mathematicians being cute)
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Defining intrinsic derivative of Defining intrinsic derivative of

contravariant vector components. covariant vector components.
svk o avt vk Ve dVi o on Vi n s n_i en
= + I pymg"= - Vg =—-q —1T,V,a =V, .4
St dt ml 4 3q" ot dt " 9g" " "
5pk k 6pk
=~ F' ==
=5 St

Tensor chain rules.

dv* k k SV v, _dv, 14
=—=y* 4" replaces: -l g" where: Vk _I + rpm —~=p, 4", replaces: —~£4" where: ¥, =—*

n mn 5 d _FmV
Ot : dt  9q" oq" ! ! aq

aqn kn" m
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Covariant derivative and Christoffel Coefficients 1y« and I

=P Christoffel g-derivative formula
What s a tensor? What s not?

Thursday, October 20, 2016
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Christoffel g-derivative formula

J|E_ eoE

( n n)=aE’?‘En+Em'aE
dg dgq
g
a; = 1_‘im;n + 1_‘in;m

Thursday, October 20, 2016

—n

aq’
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Christoffel g-derivative formula

J(E_eE
(E,, . n):aEm -En+Em-aE',‘
aq’ aq’ aq’
dg
» 4 AA
og ™
aAqn:ll — rnvmi -+ F:v ;
_dg

Thursday, October 20, 2016

(switched 1 <> n)

(switched 1 <> m)
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Christoffel g-derivative formula

J|E_eE oE oE
( L “): LeE +E o —1
dq’ dg’ aq’
g
aqn‘l‘,n = 1—‘im;n + 1_‘in,m
(O
CefSmli [y — Ty (switched i > n)
dg" ’ A
_Jg | |
g r.... =+ Ty s (switchedi<«> m)
ag™ ’

Thursday, October 20, 2016
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Christoffel g-derivative formula

JE eoE

( n® “)=8E‘¥‘-En+Eman',‘
aq’ aq’ aq’
g
aqmln = 1_‘im;n + 1_‘in;m
g .

- gn::_rnm;i _ 1_‘in;m
oz
aql,z o 1ﬂzmn + 0

Thursday, October 20, 2016

(switched 1 <> n)

(switched 1 <> m)
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Christoffel g-derivative formula

Jo(E, *E,) OE_
: =——-oE +E_ o
aq’ Jq’

%)
gm.i’l = 1_‘im'n
oq' ’
agmi

Thursday, October 20, 2016

oE

aq’

—n

(switched 1 <> n)

(switched 1 <> m)

Gives the Christoffel formula

[r., i
im;n

agin _agim

dqg"  dq"

B

22



Covariant derivative and Christoffel Coefficients 1y« and I

Christoffel g-derivative formula
wpp [Vhat s a tensor? What's not?

Thursday, October 20, 2016
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What's a tensor? What's not?

J(E_oE
( m._ n): aE#1 oEn+Eman'?
daq' daq' daq'
g, . .
N Liin Gives the Christoffel formula
q
ag : 1B :l agmn + agin _agJ
ml . . ’ . .
—_— = (switched 1 <> n) tmn- 9 ! m n
3" dg°  dq" g
g, . .
—== T, (switched 1 <> m)
og"™ ’
Chain-saw-sums transform a "bar-frame" view " _ = aaU_ e E® of covariant derivative y” = JU *E_
s ql’l , N aqn
oG 9" 95" 9g" 95" 9¢" 0F

Thursday, October 20, 2016 24



Whats a tensor? What s not?
J(E, *E,) OE
8qi
0L _

aqi
ag mi

aq‘;‘-En+Emo

I

im;

n

Thursday, October 20, 2016

oE

n

aq’

Gives the Christoffel formula

agin agim
dqg"  dq"

(switched 1 <> n)

(switched 1 <> m)

_Ju, E™  of covariant derivative U™ = JU e E
Jq" " 9g” "
ali E = ai]ﬁ E)I{1 . ag_ E (7_"_% _ g aq_ U
dq dq" dq"  dq " 9g™ 9g”"

25



Whats a tensor? What s not?
J(E, *E,) OE

-eE +E e

oE

n

og' aq’ oq'
g, . .
N Liin Gives the Christoffel formula
q
ag = l agmn + agln _agJ
ml . . ’ . .
—_— = (switched 1 <> n) tmn- 9 ! m n
3" dg-  dq" dq
Jg; . .
—== T, (switched 1 <> m)
og"™ ’
Chain-saw-sums transform a "bar-frame" view " _ = aaU_ o E® of covariant derivative y™ = JU *E_
’ ql’l »n aql’l
- a}J T _ _ﬁa—U En—l_a?ﬁ ali. E%Zaijﬁ E)Ii. ag_Em (7_"‘;:8‘? aq_U',,;
dq dq dq" dq dq" dg"  9q " 9¢™ 97"
The transformation of U™, = " +U'T, " 1s that of general 2nd-rank tensor 77, T g™ ag” "
q

Thursday, October 20, 2016
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What's a tensor? What's not?

a(Em ) En) oE oE
: =—"eE +E _eo—"
aq’ aq’ aq’
g, . .
N Limin Gives the Christoffel formula
q
8g : . :l agmn + agin _agJ
— A= (switched 1 <> n) imsn 9 i m n
3" dg-  dq" dq
og . . :
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view " _ = aaU_ o« E™ of covariant derivative y” = AR E_
; qn g aqn
_m;ﬁ:a}Jﬁ.En—q: _ﬁa_U.Em:agﬁ a[i.En_’l:agﬁ E)Ii. angm U.n—%:aq aq_U',,;
dq dq dq" dq dq" dq"  dq " 9g™ 9g”"
The transformation of U™, = s +U'T, " is that of general 2nd-rank tensor 7, T " 0" "
q
. _ou” .
The transformation of U™ ,= 1s NOT that simple.

oq”

Thursday, October 20, 2016 27



What's a tensor? What's not?

E oFE
o n® n) _ E, -En+Em-aE'.‘
dq' dq' g’
g, . .
N Liin Gives the Christoffel formula
q
8g : 1B :l agmn + agin _agJ
ml . . : . .
—_— = (switched 1 <> n) tmn- 9 ! m n
3" dg-  dq" dq
og . . :
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view " _ = aaU_ o E® of covariant derivative y™ = JU *E_
; qn g aqn
- a}J T _ _ﬁa—U- i _ agﬁ ali. E - ailﬁ E)Ii. angm (7_"‘;:8‘? 9q" U
dq dq dq" dq dq" dg"  9q " 9¢™ 97"
The transformation of U™, = " +U'T, " 1s that of general 2nd-rank tensor 77, T g™ ag” "
q
oU" U™ 00" _3g" 00"

The transformation of U™ ,,= 1s NOT that simple. At first it looks possible.

aqn aqﬁ _aqn ac—]ﬁ aqn

Thursday, October 20, 2016 28



What's a tensor? What's not?

a(Em o En) oE oE
: =—"eE +E _eo—"
aq’ aq’ aq’
g, . .
N Limin Gives the Christoffel formula
q
—_ = (switched 1 <> n) imsn 9 [ n

3" dq dq

og . . :

—== T, (switched 1 <> m)

og"™

Chain-saw-sums transform a "bar-frame" view " _ = aaU_ o« E™ of covariant derivative y” = AR E_
; qn s n aqn
_m;ﬁ:a}Jﬁ.En—q: _ﬁa_U.Em:agﬁ al{,'En—Fai]ﬁ E)Ii. angm U.n—%:aq aq_U',,;
dq dq dq" dq dq" dq° 9q T 9g™ 9"
The transformation of U™, = " +U'T, " is that of general 2nd-rank tensor 7, T g™ ag” "
q
_ _u” , _ , 8(7"_1_ BU%_aq” U™
The transformation of U",=— ,; 1s NOT that simple. At first 1t looks possible. = === E—
dq Jdg" dq dq" dq
: . U™ . ou”
But, still need to write aaUn in terms of -
q q

Thursday, October 20, 2016 29



What's a tensor? What's not?

J(E,, oEn) _ K, VE_+E_ o &E,

aq’ aq’ aq’

g, . .

N Liin Gives the Christoffel formula
q
8g 1B — l agmn + agin _agJ
i . . . :
—_— = (switched 1 <> n) tmn- 9 ! m n

3" dg-  dq" dq

og . . :

—== T, (switched 1 <> m)

aqm s

Chain-saw-sums transform a "bar-frame" view " _ = aaU_ « E® of covariant derivative U™ = AR E_
’ qn ) aqn
_m;ﬁ: ajJﬁ. o _ﬁa_U Em=a€ﬁ ali Em:ailﬁ ali. ag_Em (7_"_% g™ 9g" U
dq dq dq" dq dq" dg"  9q 9™ og"
. aUm . Tn_1 a aq Tm
The transformation of U™, = " +U'T, " is that of general 2nd-rank tensor 7, " 2" 97"
q
. _ou” 00" ___ 90" _dq" 90"
The transformation of U ,,= ™ 1s NOT that simple. At first it looks possible. P — T g
1 standard contra-tran: " q" 9 1 %9
. .U . U™ oU™ _9q" 0 [dg"
But, still need to write in terms of . = m
oq" aq" 9" dq" dq" | 9q

Thursday, October 20, 2016
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What's a tensor? What's not?

E _oE

o n® n) _ E, ‘En+Em'aE'.l

aq’ aq’ aq’

g, . .

N Liin Gives the Christoffel formula
q
8g 1B — l agmn + agin _agJ
i . . o :
—_— = (switched 1 <> n) tm;n 9 ! m n

3" dg° dq"  dq

Jg; . .

—== T, (switched 1 <> m)

aqm s

Chain-saw-sums transform a "bar-frame" view " _ = aaU_ e« E™ of covariant derivative U = AR E_
’ qn ) aqn
_m;ﬁ: a_IJﬁ.En_q_ _ﬁa_U Em=a€ﬁ a[i,'En—a:ailﬁ ali. ag_Em (7_"_% g™ 9g" U
dq dq dq" dq dq" dg"  9q 9™ og"
The transformation of U™, = " +U'T, " 1s that of general 2nd-rank tensor 77, e E)q 7"
q
. _ou” 00" ___ 90" _dq" 90"
The transformation of U ,,= o 1s NOT that simple. At first it looks possible. P — T g
1 standard contra-tran: " q" 9 1 %9
. . U™ U™ U™ _9¢" 0 [9dg" ., |_9dg" 9¢" oU™ ., 9 [dg"
But, still need to write in terms of . e e e LG/ g
oq" aq" dg"  dq" dq"\ d¢q dq™ 0g" dq dq" \ dq

Thursday, October 20, 2016
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What's a tensor? What's not?

B(Em o En) oE oE
: =—"eE +E _eo—"
dq' dq' dq'
0Ly . .
N - Gives the Christoffel formula
q
8g : . :l agmn + agin _agi
—_— = (switched 1 <> n) tmn i m n
3" dg-  dq" dq
og . . :
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view " _ = aaU_ o« E™ of covariant derivative y” = AR E_
; qn g aqn
7" = a}Jﬁ. E7 = _ﬁa_U. Eﬁl:agﬁ ali. Em:agﬁ a[i. angm U.ﬁ% o™ oq" U
dq dq dq" dq dq" dq"  dq " 9g™ 9"
The transformation of U™, = " +U'T,," 1s that of general 2nd-rank tensor 7, n E)q 7"
q
oUu"” oU" _ 9U™ _9q" 9U"

The transformation of U™ ,,= 9" 1s NOT that simple. At first it looks possible. ;

standard contra-tran: {jm 7" 8(? ! dg" 9q"
. . ou™ . U™ U™ 3¢" 9 (ag™ .. ) |9g" 9¢" U™ ., o [og"
But, still need to write 0 in terms of : o amaal Al gAY o o
dq” dq” Jdg" dg" dq"\ dq dq" dg" dq dq" \ dq
——r

15t term is OK, but 2™ term is zero
only i1f Jacobian is constant matrix!
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What's a tensor? What's not?

J(E_eE
aq’ aq’ oq'
g, . .
N L Gives the Christoffel formula
q
8g ) . . — l agmn + agin _agi
— g”: = (switched 1 <> n) imin o 3¢ g™ 3g"
og . . :
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view " _ = aaU_ e« E™ of covariant derivative U = AR E_
’ qn ) aqn
_m.ﬁ: a}Jﬁ.En—q_ _ﬁa_U Em_agﬁ a[i.En_l:agﬁ ali. ag_Em Um_ aq 861 Um
7 dq dq" dq dg" d¢"  dq 9™ og"
The transformation of U™, = " +U'T,," 1s that of general 2nd-rank tensor 7, e E)q 27"
q
, _ou™ 00" 90" _3q" 30"
The transformation of U ,,= o 1s NOT that simple. At first it looks possible. P — = T
1 standard contra-tran: " 7" g 1 %
. . g U™ 8(7”7_8q o (97" ., _8q_"_1 doq" U™ . 0 | og"
But, still need to write In terms of : -l et G I - LAl Ry
9" dg" dg" dq" dq" \ dq dg™ dg" dq dq" \ dq
907 97" ag" AU” | o (a7" 15t term is OK, but 2™ term is zero
07" 5 " 9T 3" holds if and only 1t 97" | 9g" =0 only 1f Jacobian 1s constant matrix!

Thursday, October 20, 2016
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What's a tensor? What's not?

J(E_eE
aq’ aq’ oq'
g, . .
N Liin Gives the Christoffel formula
q
8g ) . . _l agmn _|_agin _agi
—_ g’zl: (switched 1 <> n) tmsn o g g™ 9q"
og . . :
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view g7 _= ;U « E® of covariant derivative U™ = AU E_
q " dq"
_m.ﬁ:a}Jﬁ.Em_ _ﬁa_U Em_agﬁ a[i.En_l:agﬁ ali. ag_Em Um_ aq 861 Um
7 dq dq" dq dg" d¢"  dq 9™ og"
The transformation of U™, = " +U'T,," 1s that of general 2nd-rank tensor 7, e E)q 27"
q
_ou™ 00" 90" _3q" 30"
The transformation of U™ ,,= 9" 1s NOT that simple. At first it looks possible. P — T o
standard contra-tran: " 7" g 1 %
. . 7m U™ oU™ 9q¢" 9 [0g™ .| 10" 9q" oU™ . 0 | og"
But, still need to write in terms of I e I . s ) s
9q" dq" dg" 9" dq" | 9q dq” 9" 9dq dq" \ 9q
907 9g™ 3g" QU™ | o (a7 15t term is OK, but 2™ term is zero
07 5 " 9T 9g" holds 1t and only 1f 24"\ 3g" =0 only 1f Jacobian 1s constant matrix!

Otherwise, U , needs “correction” U'T, " .

Thursday, October 20, 2016
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What's a tensor? What's not?

J(E_eE
aq’ aq’ oq'
g, . .
N Liin Gives the Christoffel formula
q
8g ) . . _l agmn _|_agin _agi
—_ g’zl: (switched 1 <> n) tmsn o g g™ 9q"
og . . :
—== T, (switched 1 <> m)
aqm s
Chain-saw-sums transform a "bar-frame" view g7 _= ;U « E® of covariant derivative U™ = AU E_
q " dq"
_m.ﬁ:a}Jﬁ.Em_ _ﬁa_U Em_agﬁ a[i.En_l:agﬁ ali. ag_Em Um_ aq 861 Um
7 dq dq" dq dg" d¢"  dq 9™ og"
The transformation of U™, = " +U'T,," 1s that of general 2nd-rank tensor 7, e E)q 27"
q
_ou™ 00" 90" _3q" 30"
The transformation of U™ ,,= 9" 1s NOT that simple. At first it looks possible. P — T o
standard contra-tran: " 7" g 1 %
. . 7m U™ oU™ 9q¢" 9 [0g™ .| 10" 9q" oU™ . 0 | og"
But, still need to write in terms of I e I . s ) s
9q" dq" dg" 9" dq" | 9q dq” 9" 9dq dq" \ 9q
907 9g™ 3g" QU™ | o (a7 15t term is OK, but 2™ term is zero
07 5 " 9T 9g" holds 1t and only 1f 24"\ 3g" =0 only 1f Jacobian 1s constant matrix!

Otherwise, U , needs “correction” U'T, " .

Thursday, October 20, 2016

And, that U'T, " cannot be a T",-tensor either!
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—P»(reneral Riemann equations of motion (No explicit t-dependence and fixed GCC)

Riemann-forms in cylindrical polar OCC (gl =p, g2 =0, g3 = z)
Christoffel relation to Coriolis coefficients
Mechanics of ideal fluid vortex

Thursday, October 20, 2016 36



Riemann equations ofmotion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj
dx’ ox"
ymn =M ——

: . , 1
it Converts Cartesian kinetic energy T = 1 M X/ W toGCC T==y 4¢""

1 ox’ O/ oxk o
T=—M_, | —4¢"+{—= /" +
2 Jk(aqmq {af H(aqﬂ {57}]

All explicit-t-dependent terms are zero

Thursday, October 20, 2016
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Riemann equations ofmotion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj
dx’ ox"
ymn =M ——

o 1 i 1 m.
3 9" Converts Cartesian kinetic energy T = EMJ' xlgt 1o GCC T= Eymnqmq”

1 ox’ O/ oxk o
T=—M_, | —4¢"+{—= /" +
2 Jk(aqmq {af H(aqﬂ {57}]

All explicit-t-dependent terms are zero
(Time must be included as a dimension)

Thursday, October 20, 2016
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 9xk : S ; 1
Youn =M kai’“ai” Converts Cartesian kinetic energy 7T = %Mj Alg% o GCC T= Eymnc]mq”
q" 9q
Lagrange equations for fixed GCC convert to tensor form . . ) .
-Mm - N -m -« N _l aim a)g dx e @f_
o _d3T _dr _1d a(Ymnq q )_la(ymnq q ) T‘szk(aqmq +{ ot }](aqnq +{ i H
bdr og" og" 2dt dg" 2 dq" All explicit-t-dependent terms are zero

(Time must be included as a dimension)

Thursday, October 20, 2016
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 9xk : S ; 1
Youn =M kai’“ai” Converts Cartesian kinetic energy 7T = %Mj Alg% o GCC T= Eymnc)mq”
q" 9q
Lagrange equations for fixed GCC convert to tensor form . . ) .
- M - N <M N _l aim a)g Ix" . @f_
o _dor T _1d a(Ymnq q )_13(7’%‘1 q ) T‘szk(aqm" +{ dr H(aqnq +{ ol H
¢ dt;aq'g . og" 24t dg" 2 dq" All explicit-t-dependent terms are zero

e , (Time must be included as a dimension)
15t term involves covariant momentumi py.

Thursday, October 20, 2016
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’ 9xk : S ; 1
Yin =M aqimﬁ Converts Cartesian kinetic energy T = %Mj Alg% o GCC T= Eymn‘]mqn
Lagrange equations for fixed GCC convert to tensor form . . ) .
- M - N <M N _l aim a)g Ix" . @f_
o _dor T _1d a(Ymnq 9 )_13(7’%‘1 9 ) T‘szk(aqm" +{ J H(aqnq +{ di H
¢ dt.og" oq" 2 dt dg" 2 dq" All explicit-t-dependent terms are zero
e : (Time must be include.d as a dimens:ion)
st term involves covariant momentumi py.;  Inverse contravariant kinetic metric ymn gives velocity g
oT 1 a(anqmqn) . M _ ,yfn _ N
pgz—g—— Y :'}/gnq q pg =P
dg" 2 g

Thursday, October 20, 2016

n
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

dx’ 9x* : S 1 ik 1 . .
Yin =M %" 34" Converts Cartesian kinetic energy T = EMJ' xlgt 1o GCC T= >V mnd"d
Lagrange equations for fixed GCC convert to tensor form ,- ,- i )
-m - N -m - n _l aim a’? Jx o1 @f_
L v I % I A |
¢ dt.og" oq" 2 dt dg" 2 dq" All explicit-t-dependent terms are zero
e : (Time must be include.d as a dimens:ion)
15t term involves covariant momentunip;i  Inverse contravariant kinetic metric ymn gives velocity ¢”
«-m - Nn Hemeed
aT la(ymnq q ) . -n: €n= n
Pi=E—=7 = :'}/gnq” q pgy =P
Iq 2 9 dp, 0T
Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢: F,= d; — o
q

The “4-wheel-drive garbage truck”
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’/ ox* 1
Youn =M a;c a;c Converts Cartesian kinetic energy 7 = %M Alg% o GCC T= Eymn‘]m‘?n
Lagrange equations for fixed GCC convert to tensor form . . ) .
""""" - M - N <M N _l aim Jx Ix" . i)f_
o _ddT 9T _1d B(anq q )_la(ymnq q ) ! 2Mf"(aqmq +{ T }](aq"q +{ i }]
¢ dt;aq’g aqf 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be included as a dimension)
15t term 1involves covariant momentum pg Inverse contravariant kinetic metric Yymn gives velocity ¢"
oT a(ymnq q ) -------- ) - tn =
pgz—%:— = :'}/gnq” q pgy =P
g 2 9 dp, 0T
Canonical Lagrange equations valid for al/ GCC, fixed or explicit in time ¢. F, = L 7
dt  9gq
FOHOWlng ISfOI‘ﬁXGd GCC Only Lagrange Force Equation
1 87/ e 5 o d}/én | aymn mn The “4-wheel-drive garbage truck”
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

J 1
Yin =M g;c g;c Converts Cartesian kinetic energy T = %M Alg% o GCC T= Eymnqmqn
Lagrange equations for fixed GCC convert to tensor form | |
T M - N <M -1 T—lM E‘m-p Jxf ox' 7"+ @fi
o _didT 9 _1d B(anq q )_13(7’,%‘1 q ) 270k 9 T T o [ agr T ) A
¢ dt;aq’g aqf 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be included as a dimension)
15t term 1involves covariant momentum pg Inverse contravariant kinetic metric Yymn gives velocity ¢"
E)T a(ymnq q ) -------- . 2l — ln —
pgz—%:— = :'}/gnq” q pgy =P
Iq 2 9 dp, 0T
Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢: F,= £ ,
dt  9gq
FOHOWlng ISfOI‘ﬁXGd GCC Only . Lagrange Force Equation
L d 2\ 1 87/ o n i o ndyén 1 a’}/mn mn The “4-wheel-drive garbage truck”
gzi_(?/gnq )__ 7 q q Yin4d Tq i 7 :
dt 2 9" T T L dt i 2 9q ; S
"""""""""""""""""""" P, 14 14
Time derivative of kinetic metric 1s expanded by chain rule den =t q"
at i 9g™
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1S a covariant tensor transform of an original Cartesian inertia tensor Mjj

J 9xk : S : 1
Yin =M gqim% Converts Cartesian kinetic energy T = %Mj X7 g* 10 GCC T= Eymnc]mq”

Lagrange equations for fixed GCC convert to tensor form | |

M - N <M -1 T—lM E‘”ﬂ- Jxf ox' 7"+ @fi
o _didT 9 _1d a(anCI g )_13(7’,%‘1 g ) =2 g T k[ 9 |
¢ dt.og" oq" 2 dt dg" 2 dq" All explicit-t-dependent terms are zero

e : (Time must be include.d as a dimens:ion)

15t term involves covariant momentuni pe..  Inverse contravariant kinetic metric ymn gives velocity q"

oT 1 a(?’mnqmqn) -------- . M _ ln _ n
Pi=E—=7 = :'}/gnq” q p[}/ =P
Iq 2 9 dp, 0T
Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢: F,= £ ,
L dt  9q
FOllOWlng IS for —ﬁxed GCC Only: E-"-"-"-"-"-"-"-"-"""""""""""""i Lag’/’ange Force Equation
7 _i . _la]/mn mn_ n .néd}/ﬁn _la]/mn mn The “4-wheel-drive garbage truck”
1=\ Ve 44" =Y, 4" 4 —q"q"
dt 2 9q dt i 2 9q p 5
: L L o : ay 4
Time derivative of kinetic metric 1s expanded by chain rule. g den =t q"
: : m
o a1y, ¥t g
FE=7/£nq T4 -4 —3 /
dq 2 dq
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ox’/ ox* 1
Yon =M, a;c a;c Converts Cartesian kinetic energy T = %M Alg% o GCC T= Eymnqmqn
Lagrange equations for fixed GCC convert to tensor form . . ) .
_________ - o 1 ox’ ., |ox ox" ., | ox
o _dor T _1d Y "4 )_13(7’;%‘1 ") = EMfk(aq_mq +{ dr H(aqnq +{ ol }]
¢ dt;aq’g aqf 2 dt aq.g 2 aqg ?lll explzczt-gdepelnc;’lelg termfl are zero)
e Time must be included as a dimension
15t term 1involves covariant momentum pg Inverse contravariant kinetic metric Yymn gives velocity ¢"
a(?’ q"q ) --------- -1 n _ n
99 2 3 dp, OT
Canonical Lagrange equations valid for al/ GCC, fixed or explicit in time ¢. F, = d; N,
Following is for fixed GCC only: %
g Y- Lagrange Force Equation
[ d (}/ .n)_laj/mn mn_ q" +q.n§d’}/€n _la]/mn qmqn The “4-wheel-drive garbage truck”
A\t T gy dt i 2 9y P
14 14
Time derivative of kinetic metric is expanded by cham rule. ; dgn =
----------- : : m
Fzmqw.amq zag q
Rearrange to expose . -"éi)yq dy B}f]
1 1 . 7 : nt In mn |.m.n
Christoffel coefficients (from p 22): Fi=y,,§ — _ q"q

= +—|: .

E m: 1

. agmn L2, 9, 2[.9¢" 99"  dq
72| o aq’" dq"
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj
dx’ ox" 1
Yin =M ax ax Converts Cartesian kinetic energy T = %M Alg% o GCC T= Eymnqmqn
q" 04

Lagrange equations for fixed GCC convert to tensor form

men o 1 ox/ . ot ||| ox* ., | o
o _dor T _1d Y "4 )_13(7’mn‘1 ") T_EMfk(aq_m" +{ dr H(aqnq +{‘a‘?}]
¢ dt;aq’g aqf 2 dt aq.g 2 aqg ?lll explzczt-gdepelnc;’lelg termfl are zero)
e Time must be included as a dimension
15t term 1involves covariant momentum pg Inverse contravariant kinetic metric Yymn gives velocity ¢"
oT 3(7 qq) """" o dn_
pﬁz—.K:E mn.g :}/an’” q _pﬂ/ =
g g e 7
Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢: F, = d; —
Following is for fixed GCC only: 9
& Y- Lagrange Force Equation
7 :i(}/ .n)_laymn m qn +qn§dan _laymn qmqn The “4-wheel-drive garbage truck”
I AN P Lt 2 94 ] X
14 14
Time derivative of kinetic metric 1s expanded by chain rule. fn - i q"

i 1y,

Ff ygnq +q 9 m q 2 9 /

Rearrange to expose _a 9 5 5 q
Christoffel coefficients (from p 22): Fo=y, " 119V ne Vin  Vmn | .m.n
f—?’an+2§am+amg 2 qq

oo 2] o o

im;n m n 1 a a a

dg' dg" 9gq F=y,, i+~ Ve N Vim Yn;n i

2l d¢™ dq"  9dq
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ax ax

ymn = M
“3q" 3q"

Converts Cartesian kinetic energy T = 1 M. kquk
2

Lagrange equations for fixed GCC convert to tensor form

1 a0

24t

dg"

15t term mvolves covarzcmt momentum pg

oT B(anq q )

Pr=—,=

aq-ﬁ 2 aq[

Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢:
Following is for fixed GCC only:

0
o d 19

t dt(n” .n)_i a(/

Rearrange to expose
Christoffel coefficients (from p 22):

[Fim-n :l[agmn +
5 2 aql

.n L
Fz=?’znqn+§

1
Fi=y,,4" + 5

This gives covariant Riemann equations

Ff =y€n qn T an;ﬁ qmqn

Thursday, October 20, 2016

17,0 d"3")
2 dq"

J J k
T—lM]k a—xmqm+{ax. } axn
2 dq ot dq

to GCC T= %ymnq'mq'”

n, )0
1 ot

All explicit-t-dependent terms are zero
(Time must be included as a dimension)

Inverse contravariant kinetic metric ymn gives velocity q

n

dp, dT
FK — -

dt  9q"
The “4-wheel-drive garbage truck”

d,}/gn _laymn m.n
' 14

..... dt i 2 9q
r‘é"n;;éq.m s
9¢" 7 20
:‘a’}/nﬂ aYﬁn _aj/mn qm n
oq" _9q" g’
aynf aYEm _aymn q qn
ag"  9g" 9"
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Riemann equations of motion (No explicit t-dependence and fixed GCC)

Kinetic metric ymn 1s a covariant tensor transform of an original Cartesian inertia tensor Mjj

ax/ ax 1

Youn =M €3 o Converts Cartesian kinetic energy 7 = %M Alg% o GCC T= Eymnq‘mq”
q" 9q

Lagrange equations for fixed GCC convert to tensor form

1 ox’ ., | dx/ ox* | ouk
B(Ymnq’”q”) = szk(aq—mq *{ Py }](aq”q *{ o ﬂ

dor_ar _1d a(anémCJ")_

dtgaq’g § aqf 2 dt aq.g 2 aqg All explicit-t-dependent terms are zero
e (Time must be included as a dimension)

15t term 1involves covariant momentum pg Inverse contravariant kinetic metric Yymn gives velocity ¢"

E)T a(ymnq q ) -------- . 2l — ln —

pEE_%:_ = :'}/an” q pﬂ/ =

Iq 2 9 dp, 0T

Canonical Lagrange equations valid for al/l GCC, fixed or explicit in time ¢: F,= £ ;
L dt  9q

Following 1s for fixed GCC only:

The “4-wheel-drive garbage truck”

b, =— (yén )__ - : :

¢ 7 ;
di 29" L. dt i 2 9q dy 3y
Time derivative of kinetic metric 1s expanded by chain rule. ; d“ = tn g"
BV 2 s s m
layhl: .m 1 Y imn .M N L dq
Rearrange to expose _:',5 q q
Christoffel coefficients: o oan 1 §ayn£ Y ¢n B Y un M -1
FE_Yan +2a m +a mi 3 7|4 4
[1‘* _ l[agmn n agm _ agmlD :q ------------ q q
imn "ol asi 9gm 94" o %0 e % | imon
27 Foi=ynd" + 5|t = =7 |44
2] 9¢™  9q"  9q
This gives covariant Riemann equations and contravariant Riemann equations.
. m . _ k
F=y,,4" +T,,.,4"q" Ff=§*+T% ¢"¢"
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General Riemann equations of motion (No explicit t-dependence and fixed GCC)

= Riemann-forms in cylindrical polar OCC (q1 = p, g2 =¢, g3 =z)
Christoffel relation to Coriolis coefficients
Mechanics of ideal fluid vortex
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3—;=cos¢ %:—psinfb 0 g_/;=005¢ 3—’;=sin¢ 0
<J>: g—l);=sin¢ %zpcosq’) 0 , <K> g_iz_sli)n(b gﬁj’}:CO;(b 0
0 0 %ﬂ 0 0 %:1
. ()
K E, E,

Thursday, October 20, 2016

«FEP

Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

(=F B4 F B F 5

=[xt ey tf-eg

X =pcosod
y=psin

Z —Z
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox

)| 2

Covariant forces

ox dy
Fp:fx$+f —+ f

ox dy oz
F¢=fx£+ —+ f —

Fz:fx?)—)zc_i_

Thursday, October 20, 2016

— =C0s¢) —=—psing
dp ¢

. dy
——=smn@ ——=pPcosP
dJp ¢

a_y_|_f

0

0

0z

ity |

0z

Zap_

—fxpsin¢+fypcos¢>+0

—— =C0s¢ 9 =sing

£l _ —sing ¢ _ cos¢

()

fxcosq)+fysin¢ +0

0

0

0z

<

Jz

(=F B4 F B F 5

=[xt ey tf-eg
X =pcosod
y=psind

Z —Z
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ax
dp

)=| 2o

ox

=Ccos¢) —=—psing

¢

sing 3—; = pcoso

0 0

Covariant forces

ox dy
Fp:fx$+f —+ f

F¢=fa_x+ a_y+f%

Ydp "V dp 7 Ip

ox dy oz
F = —_ _ R
z fxaz—'_yaz—i_fzaz

Thursday, October 20, 2016

2
Yop Fop

0 a—x=cos¢ $=sin¢ 0 «—EP
0p —sing Jdp coso
, (K X = = 0 o
’ () dx p dy p <k
0z 0z
=1 0 0 o=l
T .
E, ‘<J >
Covariant kinetic metric
. axj e’
fxcos¢)+fysm¢ +0 }/pp:mggszpoE =m
. axj e/
~SipSmOF f peosg 0 Fog = mg T =y
ox . Jx/
J
- + =m—"——=
0 4, Yz =1 0z

ap op

¢

U=F B F B F R

mE_ oK = m(p2 cos’ q)+p2 sin’ ¢) = mp

mEZOEZ =m

=[xt ey tf-eg
X =pcosod
y=psind

Z —Z

(0032 O+ sin’ q)) =m

2
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox

ox

dp

Jp

—=cos¢) — =-—psin 0 —= —— =5i 0 «E° z
op 0 g P or 0 gy T U=F B4 F B4 F R
()= Lesing Zopeoso 0|, (K)=| PomE | g = frextf,e
op % ’ ox  p A p < = I8yt 0
0 o
0 0 =1 0 0 o=l X =pcos b
C | y=psing
= J_ —_—
E, E, E. < > Z—z
Covariant forces Covariant kinetic metric
ox ady oz . e _ 2 AN
Fp:fx$+fy$+fz%: fxcos¢)+fysm¢ +0 }/pp—mgg—mEPOE —m(cos @ + sin (p)—m
ox dy 0z . _Oxgyd 3 2 2 2 . 2.\ 2
F¢=fx£+ ya—¢+f2£=—fxpsm¢+fypcos¢+0 V¢¢—m£%—mE¢‘E —m(P cos” ¢+ p” sin q))—mp
B I dy 2 B B ai E B B Contravariant kinetic metric
Religthytlys 0 © 0% V=M e e tE T Y =1/m
y¢¢ = 1/(mp2)
y= =1/m

Thursday, October 20, 2016
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox ox

_Z — = _Nhd 9P _ 9F _ EP
p cos¢ % psing 0 " cos¢® 3 sing 0 «—
| dy . oy | dp -—sing Jdp cos¢
J)y=| == — = , (K)=| L= = ¢
)| Lasng Dopeosg 0 | (x)-| BoTme W,
0z 0z
0 0 g—l 0 0 g_l «E°
T T T 0
=(J

A o)

Covariant forces Covariant kinetic metric
o L,y .0z . _ox; oy _
Fp—fx$+fy$+fz$— fxcos¢)+fysm¢ +0 }/pp—map ap—mEp E =m
L, .y, L0z . _Ox;ox

F¢_fx£+ y£+fza—¢——fxp81n¢+fyp005¢+0 V¢¢—ma¢ a¢_ ¢

ox dy 0z ox; g/
F=f—+f =—+f—= 0 + 0 + Y., =m—L—=

=0 dz "V oz £ 0z £ oz
Lagrangian
1 1, 1 1,

T=— A = —mp? + — mptd + — mz
S Ymnd" 4" =5 mP 2P¢ 5 M2

Thursday, October 20, 2016

ap op

¢

U=F B F B F R

mE_ oK = m(p2 cos’ q)+p2 sin’ ¢) = mp

mEZOEZ =m

=[xt ey tf-eg
X =pcosod
y=psind

Z —Z

(0032 O+ sin’ q)) =m

2

Contravariant kinetic metric

yPP =1/ m
y¢¢=1/(mp2)
y= =1/m
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox

ox

dp

dap

— =cos¢ —=—psin 0 — = —= =i 0 «—E” Z
ap N0 Gp TP ox 0 5,7 U=F B+ F B4 F
(=] Zosing Lopeosp 0 |, (K)=| Lo R _co9 £ = fe +f e+
p 0 ’ x p v p < =Jx€x1/) Ly /27
d d
0 0 =1 0 0 o=l X =pcos b
T T T y=psind
—(J! —
E, E, E. < > Z—z
Covariant forces Covariant kinetic metric
ox ady oz . e _ 2 AN
Fp:fx$+fy$+fz%: fxcos¢)+fysm¢ +0 }/pp—mgg—mEPOEp—m(cos @ + sin (p)—m
ox dy 0z . _Oxgyd 3 2 2 2 . 2.\ 2
F¢ = 1 £+ ) a_¢+fz % = —fxp31n¢+fypcos¢+0 Voo = m%ﬁ_ mE, oK, = m(P cos” ¢+ p” sin ¢)— mp
I dy 2 axj A’ Contravariant kinetic metric
_ s DV —m—L " =mE_eE_= _
o fxaz+ yaz—'_fzaz 0 0 Yz "or oz et ,},pp_l/m
Lagrangian Covariant momenta }’¢¢ = 1/(mp2)
1 M N 1 -2 1 232 1 .2 _a_T— —a_T— 1) —a—T— 7 zz
=mp =mp°¢ = my
Contravariant mlo)naen{a
P =p
p’=¢
pr=z
Thursday, October 20, 2016 56



General Riemann equations of motion (No explicit t-dependence and fixed GCC)

Riemann-forms in cylindrical polar OCC (gl =p, g2 =0, g3 = z)
=3 Christoffel relation to Coriolis coefficients
Mechanics of ideal fluid vortex
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox ox . ap Jip . P
—=cCos¢ —=-—psing 0 —=cos¢ ——=sing 0 «~E .
o % o y X =P cos P ’
| 9y . dy _| 99 —sing ¢ cos¢ p (1) N =F E+F E +FZE
<J>— a——sm(p a——pcosq) 0 , <K>— T 3 s 0 R’ - . P ¢
Lo 2 e V= p sin 0 _ fetfectfe
0 0 82_1 0 0 82_1 XX YTy Vi /
9z 9z < FE° Z =2z
T T T _
E, E, E. =<J 1>
Covariaant foraces ) Covarigzxntakjinetic metric q)) Contravariant kinetic metric
_ X Yy Z _ . i ox A
Fp—fx%+fy%+f$— fecosg+ [, sing +0 ypp:ma—;gszPOEp=m(cos2¢+s1n2¢)=m yppzl/m
. 0x ay oz . ox; ox/ . o _ 2
F¢—fx%+fy£+ Za—¢——fxp51n¢+fypcos¢)+0 y¢¢:ma—;%:mEqu(b:m(p2c0s2¢+p2sm2¢)=mp2 Y —1/(mp )
_,0x Oy 0z _ _ 0% ond _ zz _
Fz_fxaz+fyaz+fzaz_ ’ s 7sz—mg¥—mEzoE2_m Y =1/m
- ovariant momenta Contravariant momenta
Lagralngzan . o Sy 1 , —a—T—y 5 —a—T—y ) _BT_y ; pP:p
T==y G"q¢"=—mp"+—mp ¢~ +—mz Po=3p " Toel Pom 5™ Too® P T " Ve .
2 2 2 2 | . | 20 =6
: : . =mp . =mpTo =mz
Comparing Lagrange and the Riemann covariant force equations ;.
Fy=—b-—=v,,4 1, ,.,4°¢q
/ In mn; /!
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox ox . ap Jaip . P
— =C0S¢p —=—psing 0 ——=c0s¢) ——=sIngd 0 «—E o 7
op % ox 9y X =D cos P 0
(/)= g_yzsinq, g_;:pcosq, o |, (&)= g_tﬂ g)ﬁ:% 0 | g . g sin (]()1) \—FpE+F¢E +FE
P X p y — —_
oz dz - f.‘xex'*'f;ey'i'fz eZ
0 0 g =1 0 0 g =1  F* z =7z
T T T _
E, E, E. =<J 1>
Covariant forces Covariant kinetic metric q)) Contravariant kinetic metric
F —fa—x+f a—y+f%— f.cosp+ f sing +0 = aii— E oE = (cos2¢+sin2¢)—m pp _—
p7xy v 9 23p 7x y 7/pp_map p et T - Yy =1/m
d J 0 : ox Jx/ . 2
F¢:fxﬁ"'fyﬁ"'fza_zz—fo51n¢+fyPCOS¢+0 7/¢¢=mai(;%=mE¢0E¢=m(p2cosz¢+p2sm2¢)=mp2 ”}/¢¢ :1/(mp )
ox dy oz 0X ; J/
F=ligtho v, 00+ 04, VzﬁmTZ]g:mEz'Ez:m y==1/m
Lagrangian Covariant mogaTenta T o7 Contravariant m/ojmen/{)a
1 . . 1 . 1 . 1 . = —= - =—= ; = = Z p —
T=—ymnqmq”=—mp2+—mp2¢2+—m22 Po=3p =Vl Ps= 7, Voo? P.=5 =Tz .
2 2 2 2 , Y , p¢ =0
: : . =mp . =mp¢ =mz
Comparing Lagrange and the Riemann covariant force equations .
d | | . -
F,= % — 8_]; |=|y .4 +T, ,q"q"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
dq ’
Only tdhree non-zero Christoffel coefficients appear, and onlc}/ two are independent. Christoffel g-formula
D, dT ) Dy OT . (from p. 22 and pp. 46-49):
== mn in mi
im;n 2 aql aqm aqn
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . Jap Jip . P
—=C0s¢ —=-—psing 0 ——=c0s¢p ——=singd 0 <~ E .
5 % i oy X = cos P ’
| 9y . dy _| 99 —sing ¢ cos¢ p (1) \=F E+F E +FZE
<J>— a——sm(p a——pcosq) 0 , <K>_ T 3 o 0  EY o . P ¢o
p 0 xpo oy p y =psing = f.e.+f e +f-e
0 0 oz 1 0 0 dz _q xvx Jyvy JZVE
9z 9z < E Z =2z
T T T _
E, E, E. =<J 1>
Covarlgmt foraces ) Covarigzxntakjinetic metric q)) Contravariant kinetic metric
_ X Yy z . i dX ;
Fp_f)C%Jrfy%ﬂfz%_ fecosg+ [, sing +0 ypp=ma—;$=mEp0Ep=m(cos2¢+s1n2¢)=m yppzl/m
. 0x dy oz : x; o/ : 0P _ 2
F¢—fx%+fy£+fza—¢——fxpsm¢+fypcos¢)+0 7/¢¢=ma—(;£=mE¢0E¢=m(p2cosz¢+pzsm2¢)=mp2 Y= 1/ mp
. ox dy 0z ox; o/ zz
Fz—fxgﬁ'fygﬁ'_fzg— 0 + 0 +-fz ’)/ZZZma—ZJEZmEZ.EZZWZ ’)/ :l/m
' Covariant momenta Contravariant mgmenta
Lagralnglan . 1 1 , —a—T—y 5 —a—T—y ; —a—T—y ; pP:p
T==y G"q¢"=—mp"+—mp ¢~ +—mz Po=0p Tl PoT o5 Tee®  Pem T e .
: . . =mp . =mp-¢ =mz
Comparing Lagrange and the Riemann covariant force equations .
=Z

=T g |=|y oG T — G"q"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.

Only glree non-zero Christoffel coefficients appear, and onlc}/ two are independent. Christoffel g-formula
_dp, or p

L, =—mp

b

. oT . m. (from p. 22 and pp. 46-49):
F = +I  g"g" F=—2_2 _ o+I" .q"q"
p=ar op el mpdd 0" ar ap 90 9 12, 2, O,
d(mp) 3 (1 5., " S N PU P P
= — —m =mp—m so: I’
7 opl| 2 o p —mpe 00
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . ap Jaip . 0
—=C0s¢ —=-—psing 0 ——=c0s¢p ——=singd 0 <~ E .
0 o ox 0 — p Z
ap 0 d¢ —sin 8y cos * p cos (1) \=F E+F E +F E
| 2 _| % _=sing 3p _ cos 0 . p ¢ /
Ui=| gpmoime gg=peose 0 LK) G 5= 0 | eE y=psino _
0 0 oz 1 0 0 dz _q - fxex+ﬁzey+féez
9z 2z «E° z — Z
T T T .,
E, E, E. :<J >
Covarlgmt foraces ) Covarigmt kinetic metric q)) Contravariant kinetic metric
X . J
Fy=foo 4 fy =+ foo= fcos¢+ f,sing +0 ypp=ma—;%ip=mEp.Ep=m(cos2¢+sm2¢)=m ¥PP =1/m

. Ox dy oz . x; o/ , 09 _ 2
F¢—fx%+fy£+fza—¢——fxp51n¢+fypcos¢)+0 y¢¢=ma—(;;—¢=mE¢0E¢=m(p2cosz¢+pzsm2¢)=mp2 y —1/(mp )

o ox Ly 0 s ) -
Fz_fxaz+fyaz+fzaz_ ! MR yZZ_mTZJE_mEZ.EZ_m Y =1/m
Lagrangian Covariant "7034]?”“1 T o7 Contravariant m/ojmen/{)a

1 . . 1 . 1 I 1 . =—= s =—= . = —= Z p —
T:—ymnqmq”=—mp2+—mp2¢2+—m22 o= YopP Py % Yos® P, % V= .
2 2 2 2 , y _ p¢ =g
: : . =mp . =mp-¢ =mz
Comparing Lagrange and the Riemann covariant force equations ;.
d | p =z
F,= % - 8_]; |=|y .4 +T, ,q"q"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
dq ’
Only three non-zero Christoffel coefficients appear, and onlc?/ two are independent. Note:L'pg:r = Lgp:r
dpp oTr . men _apy T .. o ama ~ symmetry
o= dt op “VopP L p 474 o 7_£_7¢¢¢+ mnp9d 4 gives ZJ;izctorfor
: q7P
:d(mp)_ J lm 2(52 =mp—m q52 so: I =—m _d(mp2¢) 25 -
i ol 2 p =mp—mp - L gg.p =TMP —T—O—mp 0+2mpp¢ so: 'y, =mp=1I, ,
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . ap Jaip . P
—=C0s¢ —=-—psing 0 ——=c0s¢) ——=singd 0 <~ E
ap o ox dy X = COS (P
| 9y . dy _| 99 —sing ¢ cos¢ p (1) _F E F¢E F E
(J)= 3= Sn0 gg=peoss 0 (K)= w o s CE’ y=p $in (l)
oz dz = fxex+ﬁzey+féez
0 0 $=1 0 0 g—l  F* z =7z
T T T .,
E, E, E. :<J >
Covarlant forceS Covarzgmt kinetic metric q)) Contravariant kinetic metric
. X 9y
F, f = f Yir —= focosp+ f,sing +0 Vpp=m $a"—p_mE *E,, = m(cos? ¢-+sin? 9) = m YPP =1/ m
: ax ox’ . 0P _ 2
fx% fyﬁ fZ£ —fxp51n¢+fypcos¢)+0 Yoo = 8¢ ;q) —mE¢0E¢=m(p2cosz¢)+pzsm2¢)=mp2 Y —1/(mp )
X, dx
F, = f— fyg f— 0 + 0 4+ Y.=m %aa—zj—mE oE_=m y=“ =1/m
Lagrangian Covariant mogaTenta T o7 Contravariant m/%men{a
1 . . 1 . 1 M 1 . _— - == j = — = > p — p
T = _»}/mnmel’l — Empz +Emp2¢2 +§m22 Py ) VopP Py 96 Y¢¢¢ p, Py V.. < . .
=mp =mp°¢ = mz p =9
Comparing Lagrange and the Riemann covariant force equations ;.
d | p =z
F =20 _ a—T=y G"+I ,¢"q"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
l dt aq( || ‘n mn;{ y
Only three non-zero Christoffel coefficients appear, and onlc?/ two are independent. Note:Lpgir = Lapir
p, or . - Py OT I symmetry
p- ? - g_y”pp * an;p 74 ¢ 7 a¢ _7¢¢¢+ an;q)q q gives ZfCICtOrfOI/'
. q7p
_dlmp)_ 3 Lm0 | = mp—mpg® so: T,y =-mp d(mp ¢) 2 -
dt  odp\?2 00:p ZT—Ozmp O+2mppy so: I'y,=mp=T,y ,

Contravariant equations are acceleration equations. F*=y*F =j* + I 4"¢"
Fp_yppF _qp +Fp iy mgn F¢—y¢¢F =GP +Fp g q¢
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . Jap Jip . P
—=C0s¢ —=-—psing 0 ——=c0s¢p ——=singd 0 <~ E .
ap o ox dy X = COS p Z
Dol 2 e 2 o | (| B_sne B o | p cos ¢ =F E+F,E+F 1
op o9 ox  p dy p y=psind = fetfetf.e
0 0 i 0 o 9 : _ XYy JZVE
dz Jdz < E Z - Z
T T T _
E, E, E. =<J 1>
Covarlgmt foraces ) Covarigzxntakjinetic metric q)) Contravariant kinetic metric
X )y 4 ) ; .
szfx%+fy%+f25: focosg+f sing +0 j/pp=ma—;;—p=mEpoEp=m(cos2¢+sm2¢)=m )/ppzl/m
o o) o . X . v/
F¢:fxﬁ"'fyﬁ"'fza_zz—fo51n¢+fyPCOS¢+0 7/¢¢=mai(;%=mE¢0E¢=m(p2cosz¢+p2sin2¢)=mp2 ]/¢¢ :1/(mp2)
. Ox dy 0z ox; o/
Fz—fxg+fyg+fzg— 0 + 0 +fz ’)/(ZjZ:mTZjE:mEZQEZ:m ')/ZZ:I/m
Lagrangian ovariant momenta Contravariant mgmenta
1 m.on_ 1 o 1 50y 1 5 po= Ty b = eyyd p=my pP=p
T==y, .4 q =-mp°"+—-mp°¢°+—m:z Pop PP P 9g T TRy = ,
2 2 2 2 | N | 0=
: : . =mp . =mp7P =mz
Comparing Lagrange and the Riemann covariant force equations _
=Z
dp, or | . . . . P
)= % — 887 |=|y . g"+I ’ G"q"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
q b
Only three non-zero Christoffel coefficients appear, and only two are independent. Note:Lpgr = Lgpr
dp, or y mn o dpy oT . rgmgn symmetry
P g %Z}/Ppp L pd 4 0 g %‘W‘f’ g4 4 gives 2 factor for
. : q7p
M) (10N s i s Ty o doos)
dt dp\ 2 P PP AT p :T_O = mp¢+2mpp¢ SO: Fp¢;¢ =mp = F¢p;¢

Contravariant equations are acceleration equations. F*=y*F =j* + T

FP=yPF,=if +T04"q" Oy X R+ Td"d"
=p-p¢* so: Th=-p _yP=1/m =+2p9/p soi [he=1/p=rf, 1" 1/[mp’)
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Example of Riemann-Christoffel forms in cylindrical polar OCC (ql = p, g2 =0, g3 = z)

ox _ ox . Jap Jip . P
—=C0s¢ —=-—psing 0 ——=c0s¢p ——=singd 0 <~ E .
ap o ox dy X = COS p Z
Dol 2 e 2 o | (| B_sne B o | p cos ¢ =F E+F,E+F 1
op o9 ox  p dy p y=psind = fetfetf.e
0 0 i 0 o 9 : _ XYy JZVE
dz Jdz < E Z - Z
T T T _
E, E, E. =<J 1>
Covarlgmt foraces ) Covarigzxntakjinetic metric q)) Contravariant kinetic metric
X )y 4 ) ; .
szfx%+fy%+f25: focosg+f sing +0 j/pp=ma—;;—p=mEpoEp=m(cos2¢+sm2¢)=m )/ppzl/m
o o) o . X . v/
F¢:fxﬁ"'fyﬁ"'fza_zz—fo51n¢+fyPCOS¢+0 7/¢¢=mai(;%=mE¢0E¢=m(p2cosz¢+p2sin2¢)=mp2 ]/¢¢ :1/(mp2)
. Ox dy 0z ox; o/
Fz—fxg+fyg+fzg— 0 + 0 +fz ’)/(ZjZ:mTZjE:mEZQEZ:m ')/ZZ:I/m
Lagrangian ovariant momenta Contravariant mgmenta
1 m.on_ 1 o 1 50y 1 5 po= Ty b = eyyd p=my pP=p
T==y, .4 q =-mp°"+—-mp°¢°+—m:z Pop PP P 9g T TRy = ,
2 2 2 2 | N | 0=
: : . =mp . =mp7P =mz
Comparing Lagrange and the Riemann covariant force equations _
=Z
dp, or | . . . . P
)= % — 887 |=|y . g"+I ’ G"q"| Note: This a much more efficient way to derive I'-coefficients than the g-formula.
q b
Only three non-zero Christoffel coefficients appear, and only two are independent. Note:Lpgr = Lgpr
dp, or y mn o dpy oT . rgmgn symmetry
P g %Z}/Ppp L pd 4 0 g %‘W‘f’ g4 4 gives 2 factor for
. : q7p
M) (10N s i s Ty o doos)
dt dp\ 2 P PP AT p :T_O = mp¢+2mpp¢ SO: Fp¢;¢ =mp = F¢p;¢

Contravariant equations are acceleration equations. F*=y*F =j* + T

FP:z}/PPFp:qP + anqmqn F")=y¢¢F¢=éjP +1"an-an
.. S ; o . . _ e 00 _1/(, 2\
=p=pd ot Tg=—p y"=lim -6+200/p soi Dop/p=ry, 1" [ne]
ﬁ = FP + p¢2 (Centrifugal acceleration) d) = F¢ — 2p¢ / P (Coriolis acceleration)
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Rewriting GCC Lagrange equations :

dp, M
dr r Centrifugal (center-fleeing) force
9 equals total

=M r(f)z— —U Centripetal (center-pulling) force
r

p, =

Conventional forms 7
radial force: M¥=M r¢°——

or
Field-free (U=0)

mdlal accelemtton i = r¢2
] PR )ﬂ cii

(Review of Lecture 11)

dp . Torque relates to two distinct parts:

Po =gy =2MITOXMES Coriolis and angular: acceleration

ou T

=0-—— Angular momentum py is conserved if

d9 potential U has no explicit ¢-dependence

. . oU
angular force or torque: Mr*¢ = -2Mrig — —

9P
X

angular acceleration: ¢ = —2—-
r

#° . Because Eart& rotation is counter-clockwise (positive) in North

_)

GOES-FLOATER VISIE

..makes\wind| turnfo the right

V

. Coriolis acceleration Wlth (]) >() and r<0
(1) =27 (1) /r o

Effect on

Inwgrd flow|to pressyre Low Northern
<0 Hemisphere

local weather

makes & pdsitive)

Cyclonic flow

Hurricane PCZtVlClCl

October 23, 2015

Thursday, October 20, 2016

(with d) Northérn hemzsphere otation
9|>0

around lows
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Hurricane Patricia

October 23, 2015

https://www.google.com/search?q=Satellite+view+of
+Patricia&biw=181 | &bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb|7N728sgCFdAQiAodI4kMsg
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https://www.google.com/search?q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCFdA0iAodl4kMsg
https://www.google.com/search?q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCFdA0iAodl4kMsg
https://www.google.com/search?q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCFdA0iAodl4kMsg
https://www.google.com/search?q=Satellite+view+of+Patricia&biw=1811&bih=1247&tbm=isch&tbo=u&source=univ&sa=X&ved=0CD0QsARqFQoTCLb17N728sgCFdA0iAodl4kMsg

Riemann-forms in cylindrical polar OCC (g1 = p, g2 =§, g3 = z)

Christoffel relation to Coriolis coefficients
=3 Mechanics of ideal fluid vortex

x=-0.82 y=-4.8

\A' 25
- 2

15
<1

" &

Xt

o
L0

-
o S 2 3

25 -15 @.5& 6.5/} 15 25 I 35

|IIJ 11 l'IIIIII: !|\llfl‘:“: ||!I#i!‘.ll~!lldalllll\l‘villll‘

oo e

I X

A=0.5+10.5
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Mechanics of ideal fluid vortex

Rotating fluid surface has normal acceleration N be sum of gravity g and centrifugal a=e, v°/r

Case 1: Vortex with velocity field Case 2: Rigidly rotating fluid with velocity field
v=k/r V=w7

O\ normal N tanO= |a|/g Rigid rotor surface

v,/)

a centrifugal
2=
grgvity |8
= }
v=k/r Vxv|=20 : centrifulgal
=v2/
Vortex surface gravity g|a| o
V=1
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Mechanics of ideal fluid vortex

Rotating fluid surface has normal acceleration N be sum of gravity g and centrifugal a=e, v*/r
Case 1: Vortex with velocity field Case 2: Rigidly rotating fluid with velocity field
v=k/r V=0 7
In either case slope 0 of normal N is:
dz |a| v*Ir
dr g g

tan@ =

O\ normal N tanO= |a|/g Rigid rotor surface

v,/)

a centrifugal
2=
grgvity |8
= }
v=k/r Vxv|=20 : centrifulgal
=v2/
Vortex surface gravity g|a| o
V=1

Thursday, October 20, 2016
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Mechanics of ideal fluid vortex

Rotating fluid surface has normal acceleration N be sum of gravity g and centrifugal a=e, v*/r
Case 1: Vortex with velocity field Case 2: Rigidly rotating fluid with velocity field
v=k/r V=0 7
In either case slope 0 of normal N is:
dz |a| v*Ir
dr g g

tan@ =

O\ normal N tanO= |a|/g Rigid rotor surface

Y >/ >
a| centrifugal
" al=v7/f
grghity |g
- >
vk V=20 : centrifugal
—
Vortex surface aravilg
V=0r
2 2
9_d2_|a|_v/r_k dz |a| Viir ©*
tant=--=""= E tan = —=-—= -
dr g g 8" dr g g g
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Mechanics of ideal fluid vortex

Rotating fluid surface has normal acceleration N be sum of gravity g and centrifugal a=e, v°/r

Case 1: Vortex with velocity field Case 2: Rigidly rotating fluid with velocity field
v=k/r V=w7

In either case slope 0 of normal N is:

dz |a| v*Ir
dr g g

tan@ =

O\ normal N tanO= |a|/g Rigid rotor surface

a| centrifugal
" la|=vZ/f
grgvity (g
vk ] centrifugz
—/2
Vortex surface aravilg
V=0r
d 2/ k? 2 2
tan9=dZ=|a|:V T : tan@:dz:|a|:v /r_o |
g g g 8r dl" g g g
Integr cging: 2 2 Integrating: 2 :
A
A=l dr=l 5= 2 =1Car =1 =0
- 28 dr g 2g
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Mechanics of ideal fluid vortex

Rotating fluid surface has normal acceleration N be sum of gravity g and centrifugal a=e, v*/r
Case 1: Vortex with velocity field Case 2: Rigidly rotating fluid with velocity field
v=k/r V=W 7
In either case slope 0 of normal N is:

dz |a| v*Ir

tan@ =
r g g Ideal vortex without drain

has a parabolic “eye”
O\ normal N tanO= jaj/g  Ri gid rotor surface P g

O\ normal N
Y ,/ -
a| centrifugal
" al=v/ 5
grgity g :
v=kir Vxv=20 : centrifug% ‘
—/2
Vortex surface gravity g|a| v
vV=0r
d “/r Kk : :
an@ — z:|a|:V r_ : tané?:dz:|a|=v /r:a) |
dr g g ar dr g g g
Integrating. Integrating.
) (. Ik2 y ki dz 0’ | o, Somewhat analogous to the
Z\r)=|\—ar=|——ar =— - | — - | — _ ‘ . i3]
dr o7 2072 z2(r)=] ar dr=[—rdr 29 r Sophomore-Physics Earth
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—>» Separation of GCC Equations: Effective Potentials

Small (n,:mg)-periodic and quasi-periodic oscillations
2D Spherical pendulum or “Bowl-Bowling” and the “I-Ball”
(ny:mqy)=(2:1) vs (1:1) periodic and quasi-periodic orbits

Thursday, October 20, 2016
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Separation of GCC Equations: Effective Potentials

1 mn 1 5 Il o0 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp T 2) mp ¢ + 2 mz=+V ( correct ONLY'! )
1 mn 1 2 1 2 1 2 Formall i
_ _ y and Numerically
2’)/ pmp”+v zmpp+2mp2p¢+2mpz+v ( correct )

Thursday, October 20, 2016
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Separation of GCC Equations: Effective Potentials (For isotropic H(r,pr,$,py)

1 mn 1, I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

L mn I o 1 2 L 5 Formall i
= — - S y and Numerically
2’)/ pmp”+v zmpp+2mp2p¢+2mpz+v ( correct )

If potential V 1s isotropic (cylindrical) function of radius p. (V' = V(p))
H has no explicit p—dependence and the p—momenta 1s constant.

mp2q5 =Py = const.= U
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Separation of GCC Equations: Effective Potentials (For isotropic H(r,pr,$,py)

_ 1 .M -n _ ) 1 232 1 > Numerically
H_Eymnq q +V_§mp + Emp 0" + Emz v ( correct ONLY'! )

L mn L o 1 o 1 5 Formally and Numericall
==Y pmpn+vz%pp+ p¢+_pz+v ( ormally an umerically

o) I'm p2 2m correct
Potential V' is isotropic (cylindrical) function of radius p. (V' = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, too.
20 _ . B
mp-¢ = p, = const.= Ul mz=p_=const.=k
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Separation of GCC Equations: Effective Potentials

1 men 1 5 I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

1 mhn 1 2 1 2 1 2 Formall i
= — - S y and Numerically
2’)/ pmp”+v zmpp+2mp2p¢+2mpz+v ( correct )

Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p))
H has no explicit p—dependence and the p—momenta 1s constant.

mp2q5 =Py = const.= U

1 2 2
=—p2+ H +k +V(p):E:const.
2m" P amp?  2m

H

Thursday, October 20, 2016

If H has no explicit z—dependence
then the z—momenta is constant, too.

mz=p_=const.=k
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Separation of GCC Equations: Effective Potentials

1 men 1 5 I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

L mn I, 1 5 1 5 Formally and Numericall
:—’)/ pmpn—|—V:%pp+ p¢+_pz+v ( ormally an umerically )

o) I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, too.
mp*¢g = py = const.= i mz=p_=const.=k
| S =
H 2, H + +V (p) = E = const. (Let k =0)

= —p-+
om Fp 2mp>  2m
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Separation of GCC Equations: Effective Potentials

1 men 1 5 I 50 1 5 Numericall
= — = — — — y
H 0 ymn qg 49 + 4 2 mp t 2) mp ¢ + 2 mz=+V ( correct ONLY'! )

L mn I, 1 5 1 5 Formally and Numericall
:—’)/ pmpn—|—V:%pp+ p¢+_pz+v ( ormally an umerically )

o) I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, too.
mp*¢g = py = const.= i mz=p_=const.=k
| S =
H=—p2+ H + +V(p):E:const. (Let k =0)
2m" P amp?  2m

Symmetry reduces problem to a one-dimensional form.

L SR A RN
H—%pp+V (p)—E—const.
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Separation of GCC Equations: Effective Potentials

l 51 A1 L 2 1 232 L Numericall
= — = — —_ — y
" 2'}/mnq ¢tV 2mp i 2mp 0" zmz +V ( correct ONLY'! )

L mn LGSR S SRS S Formally and Numericall
==Y pmpn+V:%pp+ p¢+_PZ+V ( ormally an umerically

2 I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, t00.
mp*¢g = p, =const.= [ mz=p_=const.=k
| S
H=—p2+ H + +V(p):E:const. (Let k =0)
2m" P amp?  2m
Symmetry redufes problem to a one-dimensional form.
H=—7p>+V¥ (p)=E = const.
om P (,0)
An effective potential Vefi(p) has a centrifugal barrier.

i u
Ve (p) = rm? + V(P)
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Separation of GCC Equations: Effective Potentials

l 51 A1 L 2 1 232 L Numericall
= — = — —_ — y
" 27/mn61 ¢tV 2mp i 2mp 0" zmz +V ( correct ONLY'! )

L mn LGSR S SRS S Formally and Numericall
==Y pmpn+V:%pp+ P¢+_PZ+V ( ormally an umerically

o) I'm p2 2m correct
Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta is constant. then the z—momenta is constant, too.
mp>¢ = p, = const.= |l mz=p_=const.=k
| S =
H=—p2+ H + +V(p):E=const. (Let k =0)
2m" P amp?  2m

Symmetry redufes problem to a one-dimensional form.
H= 2yl (p)zEzconst.

P4
2m~ P
An effective potential Vefi(p) has a centrifugal barrier.
2
Veﬁ (p) = H > + V(p)
2mp
Velocity relations: p 5 » »
: . H
¢:‘u/(mp2) p = P_ = p:i\/—(E—Veﬁ(p))
dt dp p M m
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Separation of GCC Equations: Effective Potentials

l 51 A1 L 2 1 232 L Numericall
= — = — —_ — y
" 27/mn61 ¢tV 2mp i 2mp 0" zmz +V ( correct ONLY'! )

L mn I 2 1 2 I 5 Formall '
= — - S y and Numerically
2’)/ pmp”+v zmpp+2mp2p¢+2mpz+v ( correct )

Potential V' 1s isotropic (cylindrical) function of radius p. (V = V(p)) If H has no explicit z—dependence
H has no explicit p—dependence and the p—momenta 1s constant. then the z—momenta is constant, too.

mp*¢ = p, = const.= |l mz=p_=const.=k

1 ,uz i’
H=—p2+ + +V(p):E=const. (Let k =0)
2m" P amp?  2m
Symmetry reduces problem to a one-dimensional form.

1 2 eff
H=—-p +V p)= E = const.
2m’ P ( )

An effective potential Vefi(p) has a centrifugal barrier.
2

v (p)= Z:szpz +V(p)

Velocity relations: \/

: H P
¢=u/(mp2) p=dP_ O _Fp_,
dt Bpp m

2(E-v (p)

m

Equations solved by a quadrature integral for time versus radius.

f P
| odi= | ap

)

m

= (Travel time p,, to Pl) =h
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Separation of GCC Equations: Effective Potentials

= Small (n,:ms)-periodic and quasi-periodic oscillations
2D Spherical pendulum or “Bowl-Bowling” and the “I-Ball”
(np:my)=(2:1) vs (1:1) periodic and quasi-periodic orbits

Thursday, October 20, 2016
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.
v (p)
dp

21 eff

=O, with: dLZ
d

Po p Po

>0 .

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

. . ! 2d° VY
P (p) =V po) £ 0+ 5P =po) =

Po

Stable flat d;VZﬂ‘
p

<0

Po

2yreff
-0 Unstable flat “-

2
Po dp

o). M

= q x&

Fig.2.74 Phase paths around fixed points (a) Stable point (b) Unstable saddle point

N
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.

dVeﬁ 2vreff
(p) =0, with: d V2
dp dp
Pstable Pstable

>0.

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

1 2d* VY
Veﬁ (P) - Veff (pstable) +0+ E(p B pstable) d 2
Pstable
An effective "spring constant” at the stable point giving approximate frequency of oscillation.
keﬁ" _ d2V6ﬁ| . - keﬁ’ - \/l d2Veff
d2 pstable_Vm_I”l/la’2
P Pstable P Pstable
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.

dVeﬁ 2vreff
(p) =0, with: d V2
dp dp
Pstable Pstable

>0.

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

1 2d* VY
Veﬁ (P) - Veff (pstable) +0+ E(p B pstable) d 2
Pstable
An effective "spring constant” at the stable point giving approximate frequency of oscillation.
keﬁ" _ d2V6ﬁ| . - keﬁ’ - \/l dZVeff
d2 pstable_Vm_I”I/la’2
P Pstable P Pstable

Small oscillation orbits are closed if and only 1f the ratio of the two 1s a rational (fractional) number.

(), D () P n
stable _ __Tstable _ _ _P o Orbit is closed-periodic
)

¢ ¢ (P stable ) an
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Small radial oscillations

Stable minimal-energy radius will satisfy a zero-slope equation.

dVeﬁ 2vreff
(p) =0, with: d V2
dp dp
Pstable Pstable

>0.

A Taylor series around this minimum can be used to estimate orbit properties for small oscillations.

1 2d* VY
Veff (P) - Veff (pstable) +0+ E(p B pstable) d 2
Pstable
An effective "spring constant” at the stable point giving approximate frequency of oscillation.
keﬁ" _ d2V€ﬁ| . - keﬁr - \/l d2Veff
d2 pstabloe_Vm_I”l”la’2
P Pstable P Pstable

Small oscillation orbits are closed if and only if the ratio of the two 1s a rational (fractional) number.

(), D () P n
stable _ __Tstable _ _ _P o Orbit is closed-periodic
)

¢ ¢ (P stable ) an

Some generic shapes resulting from various ratios np . ng m:n c (°) |
l‘/m-ﬂ)fbw v

N/

¥
old
I:}fu [

o @ e
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Separation of GCC Equations: Effective Potentials

Small (n,:mg)-periodic and quasi-periodic oscillations
2D Spherical pendulum or “Bowl-Bowling” and the “I-Ball”
(np:my)=(2:1) vs (1:1) periodic and quasi-periodic orbits

Thursday, October 20, 2016

89



2D Spherical pendulum or “Bowl-Bowling” and the “I-Ball”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Thursday, October 20, 2016
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2D Spherical pendulum or “Bowl-Bowling” and the “I-Ball”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 29 g¢ sinfcos¢ rcosf@cos¢ —rsinfsing cosp 0 —psing 5
J = By ag B(J; =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg detJ =detJ' = B{{X—gﬁ =7’ sinew>p2
r - v -
9 9z oz cos6 —rsinf 0 P 0 -p 0 P
or 90 d¢
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2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 29 §¢ sinfcos¢ rcosf@cos¢p —rsinfsing cosp 0 —psing 5
J = By ag B(J; =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg detJ =detJ' = B{{X—gﬁ =7’ sinewno2
r - v -
9 9z oz cos6 —rsinf 0 P 0 -p 0 P
or 90 d¢

Covariant metric gyuy 1s matrix product g=J7-J of Jacobian and its transpose. OCC g’s are diagonal.
Covariant: g =E E =1, g,,=E,qE,=7r", o= EyE,= r’sin’ @,

Contravariant: g"=l, g”=1/r, g%=1/r"sin"0.
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2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 29 §¢ sinfcos¢ rcosf@cos¢p —rsinfsing cosp 0 —psing 5
J = ay ag B(Jﬁj =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg detJ =detJ' = B{{X—g;é =7’ sinew>p2
r - v -
9 9z oz cos6 —rsinf 0 P 0 -p 0 P
or 90 d¢

Covariant metric gyuy 1s matrix product g=J7-J of Jacobian and its transpose. OCC g’s are diagonal.
Covariant: g =E E =1, g,,=E,qE,=7r", o= EyE,= r’sin’ @,
Contravariant: g"=l, g”=1/r, g%=1/r"sin"0.

(Lagrangian form) (Hamiltonian form)

m . 2 H 1 rr
I'= E(grrrz +g0992 + g¢¢¢2) = %(g prz +g09p92 +g¢¢p¢2)

1 . . . 1 -
=S Y00 4 7,07) =5 (P Y py +17,)

2 2
M, .2 242 . 2 . 2pi2 1 2, Py Py
=—# " +r 0 +rsin“00p°)=— + +
2( ?) 2m(pr > r?sin’6

)
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2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 29 §¢ sinfcos¢ rcosf@cos¢p —rsinfsing cosp 0 —psing
J= ay ag ag =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg
r -
= 9 a: cosf —rsin@ 0 P 0 -p 0
or 90 d¢

Covariant metric gyuy 1s matrix product g=J7-J of Jacobian and its transpose. OCC g’s are diagonal.

Covariant: g =E E =1, g,,=E,qE,=7r", o= EyE,= r’sin’ @,
Contravariant: g"=l, g”=1/r, g%=1/r"sin"0.

(Lagrangian form) (Hamiltonian form)

1 . . . 1 -
=S Y00 4 7,07) =5 (P Y py +17,) Py

2 2
M, .2 242 . 2 . 2pi2 1 2, Py Py
=—# " +r 0 +rsin“00p°)=— + +
2( ?) 2m(pr > r?sin’6

)

Thursday, October 20, 2016

detJ =detJ" = Mzrz

: 2
Sinb—5—5— P

Spherical coordinates with constant radius r
T= %( g, 7"+ 80" +2,,07) = ﬁ( g p+g%p, +¢"p,”) implies conserved azimuthal momentum:

(R*sin’ 0)p = const.
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2D Spherical pendulum or “Bowl-Bowling”

Spherical coordinates: {g/=r, g*=0, g°=¢ } obvious choice:
x=x!=rsin0 cos®, y=x’=rsin0 sind, z=x>=rcos0,

Jacobian matrices and determinants:

E E, E Reduced to cylindrical coordinates:
gr 39 §¢ sinfcos¢ rcosf@cos¢p —rsinfsing cosp 0 —psing 5
J = ay ag 8; =| sinfsing rcosfsing rsinfcos¢ |———| sing 0 pcosg detJ =detJ' = B{{X—g;é =7’ sin@w>p2
r - v -
9 9z oz cos6 —rsinf 0 P 0 -p 0 P
or 90 d¢

Covariant metric gyuy 1s matrix product g=J7-J of Jacobian and its transpose. OCC g’s are diagonal.

Covariant: g, =E E =1, g=EgE=r", g,=EE=r"sin"0,

Contravariant: g"=l, ¢%=1/r?, ¢%=1/r’sin’0.
(Lagrangian form) (Hamiltonian form) Spherical coordinates with constant radius
=—(grrr + 2gg0” +£,,9°) ——(g p,+8%p, +e"p,}) implies conserved azimuthal momentum:
oL dT :
_ .2 )2 12 _1 o2 06 2 o9 2 = = =m R2 Sin29 = const
—5(7’,,/” +Y9e0" +75507) —5 Y'p, +7" Py YD) Py 96 90 ( ) -
2
m., ., pe p¢
=—(F*+r’0° +r’sin* 09> )= — +
2 (7 tr a ) (p r2 r sin29)

Total Energy from Hamiltonian E= T+ V( gravity)=const.

p .
E——H2 y lective (9 92 ¢ +meoRcos® = B+ +vcos6
2 (0)== 0 e "¢ sin’0 |
R> 2 . :
Let: o=22 &= Po ~, y=mgR  where: p,=mR’sin’6(¢ )
2 2mR

Thursday, October 20, 2016
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

B mR*

E 9'2 + Veﬁective (0) — a9'2_|_
R’ X

Let: a=2" ,  O= Py >
2 2mR

+yYcos6
sin” 0 Y

, ’}/=ng where: Py =”}’leSinze(qS )
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

R’ . . .

E — m 92 + Veﬁectlve (0) — a62+
R’ ;

Let: o = m ., 0= Po =,
2 2mR

+yYcos6
sin” 0 Y

y=mgR  where:

Equilibrium point of stable orbit

dVeme(g)  28cosh
=— —vsinf=0= 3
do sin” @ 2mR*sin” 0

-2 pq% cos6

—mgRsin6

Thursday, October 20, 2016

p,=mR’sin’6(¢ )
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

Fe mR*

9’2 + Veﬁective (0) — aé2+

R> ’
Let: a=2" ,  O= Py =,
2 2mR

+yYcos6
sin” 0 Y

’}/=ng where: Dy =mstin29(¢ )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

AV« (9) 25 cos cquit\2 _ 1 d’yereene (9)|
= —ysinf@=0= —mgRsinf Wg =
do sn’o omR s’ ° ( ) mR> d6?

-2 pq% cos6

equil
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

Fe mR*

9’2 + Veﬁective (0) — aéZ_I_

R ;
Let: a=——, &= Po =,
2 2mR

+yYcos6
sin” 0 Y

’}/=ng where: Dy =mRZSiIl29((]S )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dveﬁ‘ectl’ve (0) _25 cosB . _zpq% cosB . equil 2 B 1 dZVeﬁective (9)|
=——— ——ysinf=0= S — mMgRsin6 Wy ) 2
do sin” 6 2mR*sin” 0 mR do equil
0=(mR*sin@)§* cos@ —mgRsin® or:  § ;= 5 (Polar angle librational frequency @S

ReosBequir s related to azimuthal frequency ¢5§quiz )
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

B mR*

E 9’2 + Veﬁective (0) — aéZ_I_

R ;
Let: a=——, &= Po =,
2 2mR

+yYcos6
sin” 0 Y

’}/=ng where: Dy =”nRzSian((,ZS )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dveﬁ‘ective (0) _25 cosB . _zpq% cosB . equil 2 B 1 dZVeﬁective (9)|
= —ysinf=0= 55— —mgRsin6 D¢ —— 2 2
do sin” 6 2mR*sin” 0 mR do equil
0=(mR*sin@)§* cos@ —mgRsin® or:  § ;= 5 (Polar angle librational frequency @S

ReosBequir s related to azimuthal frequency ¢5§quiz )

V-Derivative for small oscillation frequency:

dryelective(g) 28sinf  3-28cos* 6 sin” @ + 3cos” 6
- =—ycosO+——F—+—— =—ycosO+20 —
do sin” @ sin” @ sin” @
SN VRERY
2(mR sin” 6 ¢) 1+2c0s26
= —ng COSG + 2 . 4
2mR sin” 6

= —mgR cosO + mR*¢* (1+200329)
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

B mR*

E 9’2 + Veﬁective (0) — aéZ_I_

R> ’
Let: Oc:m—, 0= Py =,
2 2mR

+yYcos6
sin” 0 Y

’}/=ng where: Dy =mR28iH29(¢ )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dVAee(9) 28 cos , -2 pé cos6 . equil\> 1 szeﬁCec”ve(Q)|
= s ———Ysinf=0= S — mMgRsin6 oF) ) 2
do sin” 6 2mR*sin” 0 mR do equil
. H . . . . .l
0=(mR*sin@)§* cos@ —mgRsin® or:  § ;= - g@ (Polar angle librational frequency g™
COS . . . 12
equil1g related to azimuthal frequency @, .)
V-Derivative for small oscillation frequency: At equilibrium:
2y seffective . ) 2 . 2 2 2y seffective
Ly (6) - ycosgs 2080 326c08%0 ) ssin®0rSaosl0) 42V (0)| maReos, gy 2| ———E (14200,
do sin’6~ sin*6 sin 6 do® | . ! R o8B,
2(mR2 sin @ ¢) 1+2c0s26 mgR 2
— —meRcosO + =" (1430826,
MEmens 2mR? sin* 6 €08 O g e )
=—mgRcos0 + mR2q52 (1+200329)
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

o MR

0> + V()= af’+ +7ycos6

R> ’
Let: Oc:m—, 0= Py =,
2 2mR

sin” @

’}/=ng where: Dy =mR28iH29(¢ )

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dVAee(9) 28 cos , —2p§ cos6 . equil\> 1 szeﬁCec”ve(Q)|
=——— ——ysinf=0= S — mMgRsin6 Wg =" 2
do sin” 6 2mR*sin” 0 mR do equil
. 7 . . . . l
0=(mR*sin@)§* cos@ —mgRsin® or:  § ;= - g@ (Polar angle librational frequency g™
COS . . . 12
equil1g related to azimuthal frequency @, .)
V-Derivative for small oscillation frequency: At equilibrium:
2y seffective . ) 2 . 2 2 2y seffective
Ly (0)_ o g4 2050 326c08%0 o ) gsin®0rJaostp) VI (0)| maReos, gy 2| ———E (14200,
do sin” 0 sin” 6 , sin” 0 do equil R Coseequil
2(mR*sin’6 ¢ 2 mgR 2
=—mgRcos6 + ( 5 ) 1+2C§)S 2 ~ cosO I+3cos Oequ”)
2mR sin” 0 5 COS equil
22 2 ] ;
=—-mgRcos0+mR"¢ (1+2czos 9) (wgqull) /( ¢e2quil) — (1+300829equil)
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Separation of GCC Equations: Effective Potentials

Small (n,:mg)-periodic and quasi-periodic oscillations
2D Spherical pendulum or “Bowl-Bowling” and the “I-Ball”
(np:my)=(2:1) vs (1:1) periodic and quasi-periodic orbits
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

B mR*

E 9'2 + Veﬁective (9) — a92+

R> ’
Let: Oc:m—, 0= Py =,
2 2mR

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

+vcosf
sin” 0 Y

Y=mgR where: p¢=mR28iIl29(¢ )

dVeﬁeCﬁve(O) —20 cos6 : —21?; coso : equil \* _ 1 dy eere (9)|
=———= ——Ysinf=0= S — mMgRsin6 Dg =3 2
do sin” 6 2mR* sin” 0 mR do equil
0=(mR*sin@)§* cos@ —mgRsin® or:  § . =- - g@ (Polar angle librational frequency @S
CO5%equil i related to azimuthal frequency ¢z, .)
V-Derivative for small oscillation frequency: At equilibrium:
2y seffective . ) 2 . 2 2 2y seffective
d’v : (0) _ Ly cosO+ 2§s;n9 .3 2.50405 0 _ Ly cos 42650 9.+fcos 0| d°v : (9)‘ = mgRC0s0, + R N (1+2005298quﬂ)
do sin” @ sin” 0 , sin” 0 do equil R Coseequil
6 2(mR2 éin’ 6 (/)) 1+2c0s26 mgR 2
_ =———"—(1+3co0s°8,,,,
mgR cos6 + 2 it g A c086, q l)
_ 22 2 /] %) 2
mgR cos0+ mR“¢ (1+2c:os 9) (wgqm ) /( ¢equil): (l+3COS Oequil)
At bottom 06— the ratio of in-out wy to circle wy approaches 2:1
At equator 0—Tt/2 the ratio approaches 1:1. :
q pPp (DO:(D(I) ) 2> ‘(D(l) >1

g «
rograde retrograde
¥§/§refessc§0n \K // P’”teCég;SiO”l

of nodes of nodes
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2D Spherical pendulum or “Bowl-Bowling”

Total Energy from Hamiltonian E=T+V(gravity)=const. :

R? . . .
E=""¢ + Ve (9) = o+ ——=+ycosH
) , sin"6
R _ :
Let: o= m_, _ Do -, y=mgR  where: P =mR’sin’0(¢ )
2 2mR

Equilibrium point of stable orbit and small oscillation frequency near equilibrium:

dveﬁ‘ective (0) _25 cosB . _2pq% cos@ . equil 2 B 1 d2veﬂectlve (9)|
=——— ——ysinf=0= S — mMgRsin6 Wg =" 2
do sin” 6 2mR* sin” 0 mR do equil
. H . . . . .l
0=(mR*sin@)§* cos@ —mgRsin® or:  § . =- - g@ (Polar angle librational frequency g™
cosB, i - - 2
equil 1s related to azimuthal frequency ¢, .)
V-Derivative for small oscillation frequency: At equilibrium:
2y seffective . ) 2 . 2 2 2y seffective
dv : (0) — ycosB+ 26 s;n@ N 3 2.50403 0 _ yc0s0426 sin Ojl-jcos 0| 4V : (9)‘ = —mgRc036,, e mR2| - 8 (1+200529equi1)
do sin” @ sin” 0 , sin” 0 do equil Rcos 9equil
0 2(mR*4n’6 ¢ 2 mgR
2mR sin” 0 5 COS equil
252 2 ] ;
=—-mgRcosO +mR"¢ (1+2c:os 9) (wgqml) /( (Pezquil) = (1+3008296quil)

At bottom 06— the ratio of in-out wy to circle wy approaches 2:1
At equator 0—m/2 the ratio approaches 1:1. 0)9:(0(1) 9 2> :(D(l) >1

Ratio is between 2 and 1 %§\ % \ /
(Usually irrational non-closed orbit). ¥%%rograde retrograde
(2:1 1s like 2D IHO, but 1:1 1s like coulomb orbit.) precession \ K // precession

of nodes of nodes
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—>» Cycloidal ruler&compass geometry
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time = 53.940 Y
© =-0.381
dO/dt = -1.933 T

E = +0.940 /
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time = 174.180
O =+1.384
o = +1.000
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Here the radius jis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n

is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
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AR Va
................................................................................. BAY/A8 S BN
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\v/ \\ \ \\\ lé_/// /_(_\_\

AN/ 74 \

\\ D/Q’/“" = Radius K

i 37m=95/] /

\ NN

N

2n  1Iw/6 10m/6 9m/6 8m/6  Tm/6 5m/6 2m/3 w2 w3 w6 () Rotation angle ¢

17 11 10 Q Q r g A ’ g) () o>clock

14 11 11V 7 / JD “r o po 1 U

12/2 11/2 10/2 9/2 872 7/2 6/2 5/2 4/2 3/2 2/2 1/2 Arc length Ro+ (3/%)95
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Here the radius jis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n
is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
Re¢d circle rolls left-to-right|on y=3.82 ceilin
Contact point goes [from (x==6/2{=3.82) to =0
\
\\ \\\ P
Ceiling y=3.82 ‘\5\ AL AN %Q\
________________________________________ Pl ____A________________I\ RN AV I A % .
i NG N SR N
NN SN
/ / \ \ \ [ SOWAA. \
] ] | :@z 865
LN {SEEEESE 8P%
\ \ / / N AT s N N/
\ \ / / AV VAV A &SN N R
NG AN B SR E57%08 78 BRRRE PNV /7 4 LAY Va
Cethnpy=1-91-r-—-—-"""7-"""==-7----- BN *""B\‘{;/é""/ SEmmmmEmES! ,/‘ AZ ‘/"‘ Q‘G\‘X/\ 9:1/\
: = : —— — = ).t
Green circle rolls right-to-left on y=[1.91 celimg”_ A~ | B TN Ngl__. [ z ‘
Contact point goes [from (x=0, y=1.91) to X26/2 AN /ﬁ/ /6 \
/ N AN RNZANE 7@; 77\
: A )
3R=995 = Radius R
/ \\} /
\ T N IS s
NS i NIV /
---------------------------------------- e S LS SN
pn llw/6 10m/6 9m/6 8m/6  Tm/6 |m S5n/6 2m/3 w2 w3 w6 Rotation angle ¢
124t —-10-9— 8 F G5 dpFe Do} P otolock
122 112 102 92 &2 72 62 52 42 32 22 )2 Arc length Ro+ (3/7)p
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Here the radius jis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n

is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
Re¢d circle rolls left-to-right|on y=3.82 ceilin

Contact point goes (from (x=6/2, y=3.82) to x=0.

Ceiling|y=3.82
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12/2 11/2 10/2 9/2 8/2 72 6/2 5/2 4/2 3/2 2/2 1/2 Arc length Rp= (3/m)p
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Here the radius fis plot}ted as an irrational R=3/m=0.955 length so r&lling by rational angle ¢ = mmn /n
is a rational length of rolled ~out circumference Rp= (3 /7 )mm /n=5m /n. Diameter is 2R=6/r=1.91
Re¢d circle rolls left-to-right|on y=3.82 ceilin
Contact point goes (from (x=6/2, y=3.82) to x=0.
\\
Ceiling|y=3.82
_____________________________________ e AN
// \
/
l\ )
\
- £
Cethnpy=-99-r-——""""73—"""=""7--=-= BN
Green. circle rolls right-to-left on y=[1.91_ceilj
Contact point goes [from (x=0, y=1.91) to P \
// \
1us K/
______________________________________ N /
2r 1Im/6 10m/6  9m/6  8m/6
19 11 10 ) 8 - g A /] g) ] () o’clock
14 11 1V 7 / J ar N L 1 \Uj
12/2 11/2 10/2 9/2 82 712 6/2 5/2 4/2 3/2 2/2 1/2 Arc length Rp= (3/m)p
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